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Abstract

Slices are digraphs that can be composed together to form larger digraphs.
In this thesis we introduce the foundations of a theory whose aim is to provide
ways of defining and manipulating infinite families of combinatorial objects
such as graphs, partial orders, logical equations etc. We give special attention
to objects that can be represented as sequences of slices. We have successfully
applied our theory to obtain novel results in three fields: concurrency theory,
combinatorics and logic. Some notable results are:

Concurrency Theory:

• We prove that inclusion and emptiness of intersection of the causal
behavior of bounded Petri nets are decidable. These problems had
been open for almost two decades.

• We introduce an algorithm to transitively reduce infinite families
of DAGs. This algorithm allows us to operate with partial order
languages defined via distinct formalisms, such as, Mazurkiewicz
trace languages and message sequence chart languages.

Combinatorics:

• For each constant z ∈ N, we define the notion of z-topological or-
der for digraphs, and use it as a point of connection between the
monadic second order logic of graphs and directed width measures,
such as directed path-width and cycle-rank. Through this connec-
tion we establish the polynomial time solvability of a large number
of natural counting problems on digraphs admitting z-topological
orderings.

Logic:

• We introduce an ordered version of equational logic. We show that
the validity problem for this logic is fixed parameter tractable with
respect to the depth of the proof DAG, and solvable in polynomial
time with respect to several notions of width of the equations being
proved. In this way we establish the polynomial time provability of
equations that can be out of reach of techniques based on comple-
tion and heuristic search.
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Sammanfattning

Slices är riktade grafer som kan sammansättas för att forma större rik-
tade grafer. Avhandlingen beskriver en ny metod, ’slice-teori’, vars syfte är att
hantera komplexa beräkningar på kombinatoriska objekt som exemplifieras
med grafer, partialordningar och logiska ekvationer. Dessa objekt represen-
teras som sekvenser av slices. Vi har framgångsrikt använt vår teori för att
etablera nya resultat inom tre områden: concurrency-teori, kombinatorik och
logik. Några viktiga resultat är som följer:

Concurrency-teori:

• Vi bevisar att inklusion och snittomhet för det kausala beteendet
för begränsade Petrinät är avgörbara. Dessa problem uppstår vid
verifiering av parallella system och har varit öppna i nästan två
decennier.

• Vi introducerar en algoritm för att transitivt reducera oändliga
familjer av riktade acykliska grafer. Denna algoritm gör det möjligt
att hantera partialordningsspråk definierade genom distinkta for-
malismer som Mazurkiewicz-spår och meddelandesekvensdiagram.

Kombinatorik:

• Vi introducerar idén om en z-topologisk ordning för digrafer, med
tillhörande komplexitetsmått zig-zag-tal, och använder den för att
knyta ihop andra ordningens monadiska logik för grafer med riktade
breddmått, såsom riktad stigbredd och cykelrangordning. Genom
denna konstruktion bevisar vi att ett stort antal naturliga beräkn-
ingsproblem med digrafer som tillåter en z-topologisk ordning är
lösbara i polynomisk tid, närhelst z är fixerad.

Logik:

• Vi introducerar en ordnad variant av ekvationslogik. Vi visar att
giltighetsproblemet för denna logik är fixparameterlösligt med
avseende på djupet i den riktade acykliska bevisgrafen, och lösbar i
polynomisk tid med avseende på flera mått på bredd hos ekvation-
erna som finns med i beviset. På detta sätt etablerar vi bevisbarhet
i polynomisk tid för ekvationer i ekvationslogik som kan ligga utom
räckhåll för tekniker som baseras på komplettering och heuristisk
sökning.
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Chapter 1

Combinatorial Slice Theory

In this thesis we introduce combinatorial slice theory, a theory aimed at describing
how to manipulate and represent infinite families of combinatorial objects via for-
mal languages over finite alphabets of slices. We call these formal languages slice
languages. We will use slice theory to obtain novel algorithmic results in three
fields: concurrency theory, combinatorial graph theory and logic. In the following
subsections we will describe the main contributions of our theory to each of these
fields.

Partial Order Behavior of Petri nets

Within concurrency theory slice languages will be used to represent infinite families
of DAGs and infinite families of partial orders. In particular we will apply slice
languages to study the partial order behavior of mathematical objects called Petri
nets [123, 122]. We will restrict ourselves to the class of bounded place/transition
nets, since they are the most prominent and well studied type of Petri net. While
the behavior of p/t-nets has since long been well understood whenever concurrency
is interpreted as the nondeterministic choice of sequential executions of events,
the behavior of bounded p/t-nets has proven to be a difficult subject of research
when concurrency is interpreted from the perspective of causality between events
[50, 69, 77, 81, 112].

In this thesis we apply slice theory to solve several problems that had remained
open within the causal semantics of bounded p/t-nets. Our most notable result
states that the causal behavior of any bounded p/t-net can be finitely and canon-
ically represented via finite automata over alphabets of slices. By canonical we
mean that if two p/t-nets N1 and N2 have the same causal behavior, then they are
mapped to the same automaton. This is the first time that such a representation
is introduced since the definition of the notion of causal run of a p/t-net almost
thirty years ago [69]. Additionally, our result settles a open problem stated in [104]
of whether such a representation could even exist. Using our representation we
are able to decide both inclusion and emptiness of intersection of the partial order
behavior of bounded p/t-nets. The last advancements towards the comparison of

3



4 CHAPTER 1. COMBINATORIAL SLICE THEORY

the causal behavior of p/t-nets were made almost two decades ago in the context
of 1-safe p/t-nets [89, 90]. We will also address the verification of the causal behav-
ior of bounded p/t-nets from infinite partial order languages specified via regular
slice languages. Previously, verifying whether a set Lpo of partially ordered runs is
present in the causal behavior of a bounded p/t-net was only known to be possible
whenever Lpo is finite [92]. Finally for each fixed b ∈ N we address the synthesis of
b-bounded p/t-nets from infinite sets of partial orders, solving in this way an open
problem stated in [104].

Algorithmic Metatheorems and Digraph Width Measures

Within combinatorial graph theory, we will use slice languages to represent infinite
families of digraphs satisfying certain pre-defined properties, and to provide an
algorithmic metatheorem connecting the monadic second order logic of graphs to
the field of directed width measures.

In the early nineties, Courcelle showed that any graph property expressible in
monadic second order logic can be model checked on graphs of constant undirected
treewidth [32]. This result, together with its generalization to counting due to
Arnborg, Lagergren and Seese [4], are considered to be the earliest examples of
algorithmic metatheorems. The importance of such theorems stems from the fact
that many problems that are hard for NP, such as Hamiltonicity and 3-colorability
[29, 93, 61, 102], and even problems that are hard for higher levels of the polynomial
hierarchy [107], can be expressed in monadic second order logic, and thus can be
solved efficiently on graphs of constant undirected treewidth.

The notion of undirected treewidth was generalized to digraphs by Johnson,
Robertson, Seymour and Thomas [91]. They introduced the directed treewidth of a
digraph, a width measure that is equal to undirected treewidth if all pairs of anti-
parallel edges are present on the digraph, but that can be strictly smaller if some
of these edges are missing. They showed that some NP-complete linkage problems,
such as Hamiltonicity can be solved in polynomial time on graphs of constant di-
rected treewidth. A remarkable fact about this result is that families of digraphs
of constant directed treewidth can have unbounded undirected treewidth. For in-
stance, any DAG has directed treewidth 0, while there exist DAGs whose undirected
treewidth can be as large as n. Following the introduction of the notion of directed
treewidth in [91] much effort has been devoted into trying to identify digraph width
measures satisfying two essential properties: first, being small on several interesting
instance of digraphs, and second, many hard problems should become feasible when
the measure is bounded by a constant. While the first property is satisfied by most
of the digraph width measures introduced so far [12, 17, 18, 19, 73, 75, 84, 130, 134],
the goal of identifying large classes of problems which can be solved in polynomial
time when these measures are bounded by a constant has proven to be extremely
hard to achieve.

In this thesis we will use slice languages to provide for the first time an al-
gorithmic metatheorem connecting the monadic second order logic of graphs to a
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directed width measure. We will use regular slice languages to show that counting
the number thin subgraphs satisfying a given MSO property can be done in polyno-
mial time on digraphs of constant directed pathwidth. By thin we mean that these
subgraphs should satisfy the additional property of being the union of k directed
paths, for some constant k. This result will allow us to establish the polynomial
time solvability of many interesting counting problems on digraphs of constant di-
rected pathwidth. As in the case of directed treewidth there are classes of graphs
of constant directed pathwidth, but unbounded undirected treewidth. Thus our
results cannot be reduced to the classic metatheorems in [4, 32].

Equational Logic

Within equational logic [125], slice languages will be used to represent infinite sets
of logical equations and to provide new algorithms for the problem of determining
whether an equation t1 = t2 follows from a set of axioms E. In a first step we
will define a variant of equational logic in which sentences are pairs of the form
(t1=t2, ω) where ω is an arbitrary ordering of the sub-terms appearing in t1=t2.
We call such pairs ordered equations. With each ordered equation we will associate
a notion of width and with each proof of validity of an ordered equation one we will
associate a notion of depth. We define the width of such a proof to be the maximum
width of an ordered equation occurring in it. Finally, we introduce a parameter b
which restricts the way in which variables are substituted for terms. We say that a
proof is b-bounded if all substitutions used in it satisfy such restriction.

We will show that one may determine whether an ordered equation (t1=t2, ω)
can be proved from a set of axioms E by a b-bounded proof of width c and depth d,
in time f(E, d, c, b) · |t1=t2|. In other words this task is fixed parameter linear with
respect to the depth, width and bound of the proof. Subsequently we will restrict
ourselves to what we call oriented proofs, where the order of a term is always
smaller than the order of its subterms. We will show that given a classical equation
t1=t2, one may determine whether there exists an ordering ω such that (t1=t2, ω)
has a b-bounded oriented proof of depth d and width c in time that is bounded
by f(E, d, c, b) · |t1=t2|O(c). In other words this task is fixed parameter tractable
with respect to the depth and bound of the proof. Observe that this last result
is particularly interesting because the ordering ω is not given a priori, and thus,
we are indeed parameterizing the provability of equations in classical equational
logic. In view of the expressiveness of equational logic, and to its applicability to a
wide variety of fields, such as, program verification [113, 68, 143, 67], specification
of abstract data types [47], automated theorem proving [9] and proof complexity
[82, 26], our algorithm implies new fixed parameter tractable algorithms for a whole
spectrum of problems, including polynomial identity testing, program verification,
automatic theorem proving and the validity problem in undecidable equational
theories.
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Organization of this Chapter

Next, in Section 1.1, we introduce slices and slice languages from a very intuitive
perspective. Subsequently, in Section 1.2, we will state our main theorems connect-
ing slice theory with the partial order theory of concurrency. In Section 1.3 we will
state our main results in combinatorial graph theory. In Section 1.4 we will state
our main theorems within the field of equational logic. In Section 1.5 we will make
a list of our most important contributions. Finally in Section 1.6 we will describe
the organization of this thesis.

1.1 Slices

A slice S is a digraph whose vertex set is partitioned into a set of center vertices
and two additional sets of in- and out-frontiers vertices that are used to perform
composition. The composition S1 ◦ S2 of a slice S1 with a slice S2 is well defined
whenever the out-frontier of S1 has the same size as the in-frontier of S2 In this
case the slice S1 ◦ S2 is obtained by gluing the out-frontier of S1 to the in-frontier
of S2 as exemplified in Figure 1.1.ii.

1

2

3

1

2

=i ii

Figure 1.1: i) A slice and its pictorial representation. ii) Composition of slices.

We say that a slice with at most one vertex in the center is a unit slice. Unit slices
may be regarded as the building blocks of digraphs in the same way that letters from
an alphabet are the building blocks of words. We say that a sequence U = S1S2...Sn

of unit slices is a unit decomposition if S1 has empty in-frontier, S2 has empty out-
frontier and if Si can be composed with Si+1 for each i ∈ {1, ..., n− 1}. In this case

the composition of all slices in U yields a digraph
◦

U= S1 ◦ S2 ◦ ... ◦ Sn. In Figure
1.2 below we show a unit decomposition U and the resulting digraph

◦

U.

U =

U= =

Figure 1.2: A unit decomposition U and its derived digraph
◦

U.
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Conversely, any digraph H can be decomposed into a sequence of unit slices.
Indeed, there may be several unit decompositions U such that

◦

U= H (Figure 1.3).

Figure 1.3: Several unit decompositions corresponding to the same digraph.

The width of a slice is the size of its largest frontier. A slice alphabet is any
finite set Σ of unit slices. In particular we denote by Σ(c, q) the set of all unit slices
of width at most c whose frontier vertices are labeled with numbers from {1, ..., q}
in such a way that the labeling is injective on each frontier. We say that a slice
S with frontiers (I,O) is normalized if the vertices in the in-frontier I are labeled
with numbers in {1, ..., |I|} and the vertices in the out-frontier O are labeled with
numbers in {1, ..., |O|}. We write simply Σ(c) for the subset of Σ(c, q) consisting
only of normalized slices. An important subset of a slice alphabet Σ(c) is the set
−→
Σ(c) of all normalized slices in which the edges are oriented from the in-frontier
towards the out-frontier. This restricted alphabet will be of particular importance
to our applications in concurrency theory. Below, in Figure 1.4 we depict the slice

alphabet
−→
Σ(2).

Figure 1.4: The slice alphabet
→

Σ (2).

If Σ is a slice alphabet, then we denote by Σ∗ the free monoid generated by Σ.
In other words, Σ∗ consists of the set of all sequences of slices S1S2...Sn for n ∈ N
that can be formed from elements of Σ. Observe that an arbitrary sequence of slices
in Σ∗ may not correspond to a digraph, since they may not be unit decompositions.
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We denote by L(Σ) the set of all unit decompositions in Σ∗. A slice language over
Σ is any subset L of L(Σ). With any slice language L we can associate a graph
language LG consisting of all digraphs obtained by composing the slices in the unit
decompositions in L. Depending on the application we have in mind, with each
digraph in LG we can associate another combinatorial object of a particular type.
Thus we may consider that a slice language L indeed represent a possibly infinite
family of objects of such type. For instance, within concurrency theory, the slice
languages of interest are those for which the graph language consists of directed
acyclic graphs (DAGs). In this case, from the language LG we can derive a set Lpo

of partial orders. If we are interested in applying slice languages in equational logic,
then the graphs represented by unit decompositions will correspond to equations.
Thus in this case, we can associate with LG a set Leq of equations.

Until now we have defined slice languages from a completely abstract perspec-
tive. It turns out that to perform useful operations with infinite slice languages,
we need to define ways of representing them effectively. This is the point where
automata theory comes into place. In principle we can effectively define slice lan-
guages belonging to any level of the Chomsky hierarchy. For instance we can define
recursively enumerable slice languages using Turing machines, context sensitive
slice languages via linearly bounded non-deterministic Turing machines, context
free slice languages via non-deterministic push-down automata and regular slice
languages via finite automata over alphabets of slices. In this thesis we will con-
centrate on the algorithmic implications of regular slice languages, since already for
this class we can find several non-trivial and interesting applications. For instance,
in Figure 1.5 we depict a finite automaton over slices. We notice however that in
this thesis we will mostly of the time represent regular slice languages using a type
of automaton that we call slice graph (Chapter 2), which are precisely as expressive
as finite automata, but which are more convenient to operate with.

q
0

q
1

q
2

Slice Language:  L Graph Language: LG

Figure 1.5: Finite Automaton Over Slices
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Our choice to work with regular slice languages stems from the fact that most
useful operations such as union, intersection, complementation, shuffle products,
tensor products, projections, and inverse homomorphisms can be carried by apply-
ing transformations on their corresponding finite automata or slice graphs. How-
ever, we should keep in mind that in most of our applications our goal will not be to
perform operations on slice languages themselves, but rather on the infinite families
of combinatorial objects they represent. This task will be in general complicated
by the fact that several unit decompositions in a slice language L may correspond
to the same digraph G in its graph language LG (Figure 1.3). This fact means that
many operations on the slice languages are not reflected in the graph languages
they represent. For instance, let L = {U} and L′ = {U′} be two singleton slice
languages where U and U′ are distinct unit decompositions of a digraph H. Then
we have that LG ∩ L′

G = {H}, while L ∩ L′ = ∅! Additionally, we in some cases,
several digraphs in LG will correspond to the same combinatorial object in Lcomb.
To deal with this issue we will need to identify interesting classes of slice languages
in which it is possible to define a faithful correspondence between the operations
performed on slice languages and the operations performed on the infinite sets of
combinatorial objects they represent. Fortunately, there are very intuitive classes
of slice languages for which such correspondence can be established (Chapter 3).
In the next three sections we will show how regular slice languages can be used
to address several interesting problems in concurrency theory, combinatorial graph
theory and equational logic. Some of the problems we were able to address had
been open for several years.

1.2 Slices in Concurrency Theory

It is widely recognized that both true concurrency and causality of concurrent sys-
tems can be expressed via partial orders [66, 57, 141, 88, 100]. In order to repre-
sent the whole concurrent behavior of systems, several methods of specifying infi-
nite families of partial orders have been proposed, such as, partial languages [71],
series-parallel languages [103], concurrent automata [44], causal automata [114],
approaches derived from trace theory [52, 110, 41, 80, 98] and approaches derived
from message sequence chart theory [79, 62, 63]. In this thesis we show that reg-
ular slice languages may be used as a suitable formalism for the representation of
infinite families of partial orders. Additionally our point of view unifies several
of the approaches mentioned above, and allows us to address problems within the
partial order theory of concurrency that are out of reach of previously proposed
formalisms.

With concurrency theory in mind, we will restrict our slice alphabets to those
containing only directed unit slices with precisely one vertex in the center. Addi-
tionally the center vertex of a unit slice will always be labeled with an element of a
finite set T , which should be regarded as a set of possible transitions in a concurrent

system. We denote by
−→
Σ(c, T ) the set of all directed normalized unit slices whose
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center vertex is labeled with an element from T . We say that a slice language over
−→
Σ(c, T ) is a directed slice language. This terminology is justified by the fact that

for any slice language L over
−→
Σ(c, T ), all the digraphs in LG are directed acyclic

graphs (DAGs) whose vertices are labeled with elements from T . For a given DAG
H, let tc(H) denote the transitive closure of H. From a slice language L over
Σ(c, T ) one can derive two languages of interest:

LG = {
◦

U | U ∈ L} and Lpo = {tc(
◦

U) | U ∈ L}. (1.1)

The first language LG is the set of all DAGs obtained by gluing the slices in the
unit decompositions in L. The second language Lpo is the set of all partial orders
obtained by taking the transitive closure of DAGs in LG . Notice that several slice
languages may correspond to the same partial order language. Let tr(H) be the
transitive reduction of a DAG H, i.e., the minimal subgraph H ′ of H for which
tc(H ′) = tc(H). It can be shown that the transitive reduction of any given DAG
is unique up to isomorphism. We say that a DAG H is transitively reduced if

H = tr(H). We say that a slice language L over
−→
Σ(c, T ) is transitively reduced

if all DAGs in LG are transitively reduced. We say that a DAG H is the union of
c paths if there exist c directed simple paths p1, p2, ..., pn in H with pi = (Vi, Ei)
such that E = ∪c

i=1Ei. A partial order ℓ is a c-partial-order if tr(H) is the union of
c paths. Let ud(H) denote the set of all unit decompositions of a DAG H. Then
we say that a directed slice language L is saturated if for each DAG H ∈ L we
have that ud(H) ⊆ L. As we will show in Chapter 4.2, all unit decompositions of
the Hasse diagram of a c-partial-order have width at most c. This fact implies the
following proposition.

Proposition 1. For any set P of c-partial-orders whose vertices are labeled with
elements from a set T , there exists a unique transitively reduced saturated slice

language L over
−→
Σ(c, T ) such that Lpo = P.

We will use partial orders to give a parameterized description of the concurrent
behavior of bounded Petri nets. A Petri net is a mathematical object consisting of
a set of places and a set of transitions. Each place is initialized with set of tokens,
and the firing of a transition remove some tokens of some places and adds some
tokens to some places. Petri nets play a foundational role in concurrency theory due
to the fact that they have a simple and elegant mathematical structure, which is
however powerful enough to express the properties of many interesting distributed
systems. To a place/transition net N one can associate two partial order semantics:
the causal semantics and the execution semantics. Within the causal semantics the
existence of an edge (v, v′) connecting to nodes of a partial order ℓ indicates that the
event represented by v′ causally depends on the occurrence of the event represented
by v. Within the execution semantics the existence of such an edge (v, v′) does not
imply any causality relation between the events represented by v and v′. It simply
means that the event represented by v′ does not occur before the event represented
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by v. We say that a partial order ℓ is a causal order of a place/transition net N
if we should interpret ℓ according to the causal semantics and we say that ℓ is an
execution of N if it should be interpreted according to the execution semantics. The
precise way in which executions and causal orders are assigned to Petri nets will be
described in Chapter 10. We denote by Pcau(N) the set of all causal orders of N ,
and we denote by Pex(N) the set of all partial orders representing executions of N .
We denote by Pcau(N, c) the set of all c-partial orders in Pcau(N) and by Pex(N, c)
the set of all c-partial orders in Pex(N). We say that a p/t net is b-bounded if
each of its places is filled with at most b tokens after the firing of any sequence of
transitions. The next theorem establishes a close relationship between the partial
order semantics of place/transition nets and regular, transitive-reduced, saturated
slice languages.

Theorem 1 (Expressibility Theorem). Let N = (P, T ) be a b-bounded p/t-net.
Then there exist unique saturated transitively reduced slice languages L(N, c, ex)

and L(N, c, cau) over
−→
Σ(c, T ) such that:

1. Lpo(N, c, ex) = Pex(N, c),

2. Lpo(N, c, cau) = Pcau(N, c).

We note that the proof of Theorem 1 is constructive and yields slice graphs
SG(N, c, ex) and SG(N, c, cau) with L(SG(N, c, ex)) = L(N, c, ex) and
L(SG(N, c, cau)) = L(N, c, cau) respectively. Theorem 1, which was proved by us
in [38, 39], settles a problem stated in [104] concerning the existence of a purely be-
havioural object which is able to represent the partial order behavior of (bounded)
p/t-nets. While behavioural objects such as unfoldings [50, 112] and event struc-
tures [81, 77] have been defined to capture the notion of concurrency in p/t-nets,
they are not able to provide a representation of their full partial order behavior.
The next proposition states that the Hasse diagrams of causal orders of bounded
p/t-nets are the union of b · |P | paths.

Proposition 2. Let ℓ be a causal order of a b-bounded p/t-net N = (P, T ). Then
ℓ is a (b · |P |)-partial-order.

We note that a similar result does not hold for the execution semantics since
there are very simple examples of p/t-nets with the property that fora any c ∈ N
there is an execution that is not the union of c paths. Therefore, the parameter c
is necessary if one wants to represent the execution behavior of bounded p/t-nets
via regular slice languages. On the other hand, Proposition 2 guarantees that by
setting c = b · |P |, we are able to represent via regular slice languages the full set of
causal orders of any b-bounded p/t-net N = (P, T ), as stated in Corollary 1 below.

Corollary 1. Let N = (P, T ) be a b-bounded p/t-net. Then there exists a unique

saturated transitively reduced slice language L(N, cau) over
−→
Σ(b · |P |, T ) such that

Lpo(N, c, cau) = Pcau(N).
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Subsequently we address the verification of the partial order behavior of b-
bounded p/t-nets from a set of partial orders specified via regular slice languages.
The problem of verifying whether a finite set of partial orders is present in the
execution behavior of a general p/t-net was solved by Juhas, Lorenz and Desel in
[92]. Our verification results extends [92] to the case of infinite languages specified
by regular slice languages. Additionally, if the set of partial orders is specified via
regular saturated slice languages, then one can perform the inclusion test in the
other direction as well. From now on we write Psem(N, c) to indicate that a result
holds both with respect to the execution semantics (sem = ex) and with respect
to the causal semantics (sem = cau).

Theorem 2. Let N = (P, T ) be a b-bounded p/t-net and L be a regular slice

language over
−→
Σ(c, T ).

1. We may effectively determine whether Lpo ⊆ Psem(N, c).

2. We may effectively determine whether Psem(N, c) ∩ L = ∅.

3. If L is saturated, we may effectively determine whether Psem(N, c) ⊆ Lpo.

From these results we are able to compare the partial order behavior of two
given Petri nets N1 and N2: first derive slice graphs generating Psem(N1, c) and
Psem(N2, c) and then verify whether Psem(N1, c) ⊆ Psem(N2, c).

Theorem 3 (Comparison of the Partial Order Behavior of two p/t-nets). Let N1 =
(P1, T ) and N2 = (P2, T ) be two b-bounded p/t-nets with equal sets of transitions
and let c ∈ N.

1. One may effectively test whether Psem(N1, c) ⊆ Psem(N2, c).

2. One may effectively test whether Psem(N1, c) ∩ P(N2, c) = ∅.

Testing whether two p/t-nets have the same partial order behavior is a prob-
lem that remained open for several years. Previously Jategaonkar-Jagadeesan and
Meyer [90] had shown that inclusion was decidable for 1-safe p/t-nets, while Mon-
tanari and Pistori [114] had shown how to determine whether two p/t-nets have
bisimilar causal behaviors.

In our next results, we address the problem of automatically synthesizing a
bounded p/t-net from a given regular slice language. The philosophy behind the
automated synthesis of systems is the following: instead of constructing a system
and verifying if it behaves as expected, we specify a priori which runs should be
present in the system, and then we automatically construct a system satisfying the
given specification [97, 127, 28]. If the synthesis algorithm succeeds, the synthesized
system is guaranteed to be correct by construction. In our setting the systems
are modeled via p/t-nets and the specification is made in terms of regular slice
languages.
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We say that a b-bounded p/t-net is c-executionally minimal for a partial order
language Lpo if Lpo ⊆ Pex(N, c) and if there is no other b-bounded p/t-net N ′ with
Lpo ⊆ Pex(N ′, c) ⊆ Pex(N, c).

Theorem 4 (Synthesis with Execution Semantics). Given a regular slice language
L specified by a slice graph SG and numbers b, c ∈ N one can effectively determine
whether exists a b-bounded p/t-net N(SG, b, c) which is c-executionally minimal for
Lpo. In the case such a net N(SG, b, c) exists one can effectively construct it.

We say that two places p1 and p2 of a p/t-net N are repeated if they have the
same initial marking and if each transition of N puts and takes from p1 and p2

the same amount of tokens. While adding a repeated place to a p/t-net does not
change its execution behavior, the causal behavior of p/t-nets may be increased by
the addition of repeated places. Thus, to address the synthesis of p/t-nets with the
causal semantics, one needs to specify the number of times a place is allowed to
be repeated. We say that a p/t-net is (b, r)-bounded if it is b-bounded and if each
place appears repeated at most r times. A (b, r)-bounded p/t-net N is c-causally
minimal for a partial order language Lpo, if Lpo ⊆ Pcau(N) and if there is no other
(b, r)-bounded p/t-net N ′ with Lpo ⊆ Pcau(N ′) ( Pcau(N). In the next theorem
we address the synthesis of causally minimal p/t-nets from regular slice languages.

Theorem 5 (Synthesis with Causal Semantics). Given a regular slice language L
specified by a slice graph SG and numbers b, c, r ∈ N one can effectively determine
whether there exists a (b, r)-bounded p/t-net Nr(SG, ϕ, b, c) which is causally mini-
mal for Lpo. In the case such a net Nr(SG, b, c) exists one can effectively construct
it.

The synthesis of Petri Nets from behavioural specifications was already consid-
ered by Ehrenfeucht and Rozenberg in the 1980’s [46]. In the context of p/t-nets
with the classic interleaving semantics, the synthesis was extensively studied by
Badouel and Darondeau [10, 11, 36, 37]. Subsequently, Badouel and Darondeau’s
techniques were lifted in [14, 15] (see also [108]) to address the synthesis of p/t-nets
with the execution semantics from some restricted partial order formalisms which
are however unable to express the behavior of arbitrary bounded p/t-nets. Theo-
rems 4 and 5 were proved by us in [38]. Theorems 4 and 5 settle an open problem
stated in [104] concerning the possibility of synthesizing bounded p/t-nets from a
formalism that is able to finitely represent the partial order behavior of arbitrary
bounded p/t-nets. Observe that our synthesis results can be understood as the
inverse of our expressibility result (Theorem 1). At one hand one can use Theorem
1 to represent the c-partial order behavior of N = (P, T ). On the other hand, de-
pending on the semantics, one can apply either Theorem 4 or Theorem 5 to recover
a Petri net N ′ whose c-partial order behavior is equivalent to the behavior of N .
In particular, by setting c = b · |P |, we know by Corollary 1 that we can establish a
full correspondence between the whole causal behavior of p/t-net and regular slice
languages.
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Another interesting application of regular slice languages to concurrency theory
concerns the verification of the partial order behavior of bounded p/t-nets from
monadic second order logic specifications. In the next theorem (Theorem 6) we
let P(c, T, ϕ) denote the set of all c-partial orders whose vertices are labeled with
elements from a finite set T and which satisfy a fixed monadic second order formula
ϕ.

Theorem 6 (Model Checking the Partial Order Behavior of p/t-nets). Let ϕ be a
MSO formula, N be a b-bounded p/t-net and c ∈ N.

1. One may effectively determine whether P(N, c, sem) ⊆ P(c, T, ϕ).

2. One may effectively determine whether P(c, T, ϕ) ⊆ P(N, c, sem).

3. One may effectively determine whether P(N, c, sem) ∩ P(c, T, ϕ) = ∅.

In Chapter 13 we will show that two well studied partial order formalisms,
namely, Mazurkiewicz trace languages and Message Sequence Chart Languages,
may be mapped to regular slice languages. However, the slice languages arising
from natural translations of these formalisms are very far from being transitively
reduced. This motivates the importance of the following theorem.

Theorem 7 (Transitive Reduction of Slice Graphs). For any slice graph SG over

a slice alphabet
−→
Σ(c, T ), there is an algorithm that takes SG as input and outputs

a slice graph tr(SG) such that Lpo(tr(SG)) = Lpo(SG). Additionally, if SG is satu-
rated, then tr(SG) is also saturated.

Theorem 7 is important for the fact that it allows us to extend the applicability
of Theorems 2, 4 and 5 to well known partial order formalisms. In this sense,
regular slice languages not only provide a way to obtain several interesting results
within p/t-net theory, but they also can be viewed as a formalism that generalizes
connects several other approaches which have previously been used to study the
partial order theory of concurrency.

1.3 Slices in Combinatorial Graph Theory

Two cornerstones of parametrized complexity theory are Courcelle’s theorem [31]
stating that monadic second order logic properties may be model checked in linear
time in graphs of constant undirected tree-width, and its subsequent generaliza-
tion to counting given by Arnborg, Lagergren and Seese [4]. The importance of
such metatheorems stems from the fact that several NP-complete problems such as
Hamiltonicity, colorability, and even problems that are hard for higher levels of the
polynomial hierarchy, can be modeled in terms of MSO2 sentences and thus can be
efficiently solved in graphs of constant undirected tree-width.

In this thesis, we will show that regular slice languages can be used to partially
generalize the results in [31, 4] to the so called directed width measures. Our
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point of departure for this generalization will be the introduction of the notion of
z-topological orderings for digraphs. Let G = (V,E) be a directed graph. For
subsets of vertices V1, V2 ⊆ V we let E(V1, V2) denote the set of edges with one
endpoint in V1 and another endpoint in V2. We say that a linear ordering ω =
(v1, v2, ..., vn) of the vertices of V is a z-topological ordering of G if for every
directed simple path p = (Vp, Ep) in G and every i with 1 ≤ i ≤ n, we have that
|Ep ∩E({v1..., vi}, {vi+1, ..., vn})| ≤ z. In other words, ω is a z-topological ordering
if every directed simple path of G bounces back and forth at most z times along ω.
The terminology z-topological ordering is justified by the fact that any topological
ordering of a DAG G according to the classic definition, is a 1-topological ordering
according to our definition. Conversely if a digraph admits a 1-topological ordering,
then it is a DAG.
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Figure 1.6: Left: A 3-topological ordering of a graph. Right: A 2-topological
ordering of the same graph.

We denote by MSO2 the monadic second order logic of graphs with edge set
quantification. An edge-weighting function for a digraph G = (V,E) is a function
w : E → Ω where Ω is a finite commutative semigroup of size polynomial in |V |
whose elements are totally ordered. The weight of a subgraph H = (V ′, E′) of G is
defined as w(H) =

∑

e∈E′ w(e).
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Theorem 8. For each MSO2 formula ϕ and any positive integers k, z ∈ N there
exists a computable function f(ϕ, z, k) such that: Given a digraph G = (V,E) of
zig-zag number z on n vertices, a weighting function w : E → Ω, a z-topological
ordering ω of G, a number l < n, and a weight α ∈ Ω, we can count in time
f(ϕ, z, k) · nO(z·k) the number of subgraphs H of G simultaneously satisfying the
following four properties:

(i) H |= ϕ,

(ii) H is the union of k directed paths1,

(iii) H has l vertices,

(iv) H has weight α.

Our result implies the polynomial time solvability of many natural counting
problems on digraphs admitting z-topological orderings for constant values of z
and k. We observe that graphs admitting z-topological orderings for constant
values of z can already have simultaneously unbounded tree-width and unbounded
clique-width, and therefore the problems that we deal with here cannot be tackled
by the approaches in [31, 4, 34]. For instance any DAG is 1-topologically orderable.
In particular, the n × n directed grid in which all horizontal edges are directed to
the left and all vertical edges oriented up is 1-topologically orderable, while it has
both undirected tree-width Ω(n) and clique-width Ω(n). In what follows, we will
show how regular slice languages are used to prove Theorem 8.

To illustrate the applicability of Theorem 8 with a simple example, suppose
we wish to count the number of Hamiltonian cycles on G. Then our formula ϕ
will express that the graphs we are aiming to count are cycles, namely, connected
graphs in which each vertex has degree precisely two. Such a formula can be easily
specified in MSO2 . Since any cycle is the union of two directed paths, we have
k = 2. Since we want all vertices to be visited our l = n. Finally, the weights in this
case are not relevant, so it is enough to set the semigroup Ω to be the one element
semigroup {1}, and the weights of all edges to be 1. In particular the total weight
of any subgraph of G according to this semigroup will be 1. By Theorem 8 we can
count the number of Hamiltonian cycles in G in time f(ϕ, k, z) · n2z. We observe
that Hamiltonicity can be solved within the same time bounds for other directed
width measures, such as directed tree-width [91].

Interestingly, Theorem 8 allow us to count structures that are much more com-
plex than cycles. In our opinion it is rather surprising that counting such complex
structures can be done in XP. For instance, we can choose to count the number
of maximal Hamiltonian subgraphs of G which can be written as the union of k
directed paths. We can repeat this trick with virtually any natural property that is

1A digraph H is the union of k directed paths if H = ∪
k

i=1pi for not necessarily vertex-disjoint
nor edge-disjoint directed paths p1, ..., pk.
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expressible in MSO2 . For instance we can count the number of maximal weight 3-
colorable subgraphs of G that are the union of k paths. Or the number of subgraphs
of G that are the union of k directed paths and have di-cuts of size k/10. Observe
that our framework does not allow one to find in polynomial time a maximal di-cut
of the whole graph G nor to determine in polynomial time whether the whole graph
G is 3-colorable, since these problems are already NP-complete for DAGs, i.e., for
z = 1.

If H = (V,E) is a digraph, then the disorientation of H is the undirected graph
H ′ obtained from H by forgetting the orientation of its edges. A very interesting
application of Theorem 8 consists in counting the number of maximal-weight sub-
graphs of G which are the union of k paths and whose disorientation satisfy some
structural property, such as, connectedness, planarity, bounded genus, bipartite-
ness, etc. The proof of the next corollary can be found in Chapter 6.

Corollary 2. Let G = (V,E) be a digraph on n vertices and w : E → Ω be an
edge weighting function. Then given a z-topological ordering ω of G one may count
in time O(nk·z) the number of maximal-weight subgraphs that are the union of k
directed paths and whose disorientation satisfy any combination of the following
properties:

1. being connected,

2. being a forest,

3. being bipartite,

4. being planar,

5. having constant genus g,

6. being outerplanar,

7. being series-parallel,

8. having constant treewidth t,

9. having constant branchwidth b,

10. satisfying any minor closed property.

The families of problems described above already incorporate a large number
of natural combinatorial problems. However the monadic second order formulas
expressing the problems above are relatively simple and can be written with few
quantifier alternations. As Matz and Thomas have shown however, the monadic
second order alternation hierarchy is infinite [107]. Additionally Ajtai, Fagin and
Stockmeyer showed that each level r of the polynomial hierarchy has a very natural
complete problem, the r-round-3-coloring problem, that belongs to the r-th level of
the monadic second order hierarchy (Theorem 11.4 of [2]). Thus by Theorem 8 we
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may count the number of r-round-3-colorable subgraphs of G that are the union of
k directed paths in time f(ϕr, z, k) · nO(z·k).

We observe that the condition that the subgraphs we consider are the union
of k directed paths is not as restrictive as it might appear at a first glance. For
instance one can show that for any a, b ∈ N the a × b undirected grid, in which
each undirected edge is represented as a pair of opposite directed edges, is the
union of 4 directed paths. Additionally these grids have zig-zag number number
O(min{a, b}). Therefore, counting the number of maximal grids of height O(z) on
a digraph of zig-zag number z is a nice example of problem which can be tackled by
our techniques but which cannot be formulated as a linkage problem, namely, the
most successful class of problems that has been shown to be solvable in polynomial
time for constant values of several digraph width measures [91].

In the remainder of this section we will show how regular slice languages play
a role in the proof of Theorem 8. First we state a lemma relating regular slice
languages and the monadic second order logic of graphs.

Lemma 1. For any k, z ∈ N, any q ≥ k · z and any MSO2 formula ϕ, there is a
regular normalized slice language L(ϕ, z, k) over Σ(z · k) such that U ∈ L if and

only if U has zig-zag number at most z,
◦

U|= ϕ and
◦

U is the union of k paths.

Next we will show how to use Lemma 1 to obtain algorithmic results. If S is a
slice then a sub-slice of S is a slice S′ that is a subgraph of S. If U = S1S2...Sn is
a unit decomposition of a digraph G, then a sub-unit decomposition of U is a unit
decomposition U′ = S′

1S′
2...S

′
n such that S′

i is a sub-slice of Si.

Lemma 2. Let U be a unit decomposition in Σ(q, q)∗. Then the set L(U, c, q) of
all sub-unit decompositions of U of width at most c is a finite regular slice language
over Σ(c, q).

Let U = S1S2...Sn be a unit decomposition in Σ(q, q)∗ where Si has frontiers
(Ii, Oi). Then we say that U is normalized if for each Si the numbers assigned to
its in-frontier vertices lie in {1, ..., |Ii|} and the numbers assigned to its out-frontier
vertices lie in {1, ..., |Oi|}. Now we are in a position to state our main technical
theorem.

Theorem 9. Let G be a digraph, ω = (v1, v2, ..., vn) be a z-topological ordering of
G and U ∈ Σ(q, q)∗ be a normalized unit decomposition of G. Then the set of all
subgraphs of G that satisfy ϕ and that are the union of k paths is represented by
the regular slice language L(U,ϕ, z, k, q) = L(U, z · k, q) ∩ L(ϕ, z, k, q).

The algorithmic relevance of Theorem 9 stems from the fact that the slice lan-
guage L(U, ϕ, z, k, q) can be represented by a deterministic slice graph SG(U, ϕ, z, k, q)
on f(ϕ, z, k) · qO(k·z) states for some computable function f(ϕ, z, k). Notice that if
G = (V,E) then q can be at most |E|. Additionally, since L(U, ϕ, z, k, q) is finite,
SG(U, ϕ, z, k, q) is acyclic. We should also notice that each such subgraph of G
corresponds to a unique sub-unit-decomposition in L(U, ϕ, z, k, q), and thus to a
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unique accepting path in SG(U, ϕ, z, k, q). Therefore counting the number of sub-
graphs of G that at the same time satisfy ϕ and are the union of k paths, reduces to
counting the number of accepting paths in SG(U, ϕ, z, k, q). Since SG(U, ϕ, z, k, q)
is acyclic, counting the number of accepting paths in it can be done in polynomial
time via standard dynamic programming techniques.

1.4 Slices in Equational Logic

Equational logic is a fragment of first order logic in which all variables are implicitly
universally quantified and in which the only relation is equality between terms.
Besides playing a central role in the meta-mathematics of algebra [125], equational
logic finds several applications in the verification of programs [113, 68, 143, 67], in
the specification of abstract data types [47], in automated theorem proving [9] and
in proof complexity [82, 26]. The success of most of these applications relies on a
tight correspondence between equational logic and term rewriting systems. Indeed
to each set of equations E one can associate a term rewriting system R(E) such
that an equation t1=t2 can be inferred from E if and only if both t1 and t2 can be
transformed into the same term u by sequences of rewriting rules from R(E). In
many cases of theoretical and practical relevance, completion techniques such as the
Knuth-Bendix method [94] or unfailing completion [8] are able to produce rewriting
systems that are both Noetherian (terminating) and Church-Rosser (confluent). In
these systems each term t has a unique normal form n(t) that is guaranteed to be
found in a finite amount of time. Therefore determining whether an equation t1=t2
follows from a set of axioms E amounts to verifying if the normal forms n(s) and
n(t) are syntactically identical.

Completion techniques have witnessed a success in equational theorem proving
[7, 6, 126], where for instance the EQP theorem prover was able to positively
settle Robbin’s conjecture [111, 142], a problem in boolean algebra that had been
open for several decades. Another successful example is the Waldmeister theorem
prover which has won for several consecutive years the first place in equational
theorem proving competitions [25]. However, completion techniques also have some
drawbacks. The main drawback is that there exist very simple finitely presented
algebraic structures for which the validity problem is undecidable [106]. Or more
dramatically, there exist even examples of finitely generated universal algebras,
such as the free modular lattice on five generators [55], which have undecidable
word problems.

In this work we study the validity problem in equational logic from the per-
spective of parameterized complexity theory. In particular we parameterize the
provability of equations according to three measures: depth, width and bound of a
derivation. In particular, we will show that determining whether a classical equa-
tion t1=t2 can be derived from a set of axioms E by a b-bounded oriented proof of
depth d and width c can be done in time f(E, d, c, b) · nO(c). In other words, this
task is fixed parameter tractable with respect to the width and depth of the deriva-
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tion, and it is in polynomial time for constant values of c. Our results complement
approaches based on completion and heuristic search in several aspects. First we
do not assume that one can derive from E a confluent and terminating rewriting
system. Indeed we do not assume even that the equational theory induced by E
is decidable. Second, we notice that fixing the depth, width and the bound of a
derivation does not restrict the size of the equations used in the proof. Finally, our
methods diverge substantially from heuristic search, in the sense that we declare
whether an equation can be proved or not via a derivation satisfying the above
mentioned properties without the need to actually construct a search tree.

Our point of departure is the introduction of what we call ordered equational
logic, which consists of a syntactic variation of the classical equational logic. Instead
of equations of the form t1=t2 the sentences are ordered equations of the form
(t1=t2, ω). Here ω is an ordering of the multiset of sub-terms occurring in t1=t2
(or more precisely, an ordering on the positions of these subterms). Notice that a
term u may appear more than once as a subterm of t1 or t2, and ω will associate a
different number to each such occurrence of u. Despite such a seemingly technical
definition, an ordered equation can be represented just like a classical equation,
but with a number above each function symbol2 or variable symbol as exemplified
below.

6

f (
5
x,

1
g (

8
y,

2
x)) =

4

h (
7
x,

3
y)

In such a representation, for each subterm u of t1=t2, we write the number
ω(u) above its leading symbol. Thus in our example, the order of the subterm
f(x, g(y, x)) is 6, the order of g(y, x) is 1, the order of h(x, y) is 4, the term x
occurs three times with orders 5, 2 and 7 respectively, and the term y occurs two
times with orders 8 and 3 respectively. Notice that all numbers are distinct.

In classical equational logic, the equational theory derived from a set of equa-
tions E is the smallest set of equations E that contains E and that is closed under
six rules of inference: reflexivity, symmetry, transitivity, congruence, substitution
and renaming3. A celebrated theorem due to Birkhoff [21] states that an equation
t1=t2 is valid in all models of an equational theory E if and only if t1=t2 ∈ E . In
a first step towards the parameterization of equational logic, we define the ordered
equational theory derived from a set of classical equations E to be the smallest set
Eo that contains all ordered versions of equations in E and that is is closed under
six rules of inference that will be defined precisely in Chapter 14: o-reflexivity, o-
symmetry, o-transitivity, o-congruence, o-substitution, o-renaming. Below we state
an ordered version of Birkhoff’s Theorem.

2Constants are treated as functions of arity zero.
3In this thesis, for technical reasons we split the usual substitution rule in two: the substitution

rule and the renaming rule.
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Proposition 3. Let E be a set of equations. Then an equation t1=t2, is valid in
all models of the equational theory E if and only if there exists an ordering ω such
that (t1=t2, ω) ∈ Eo.

In Chapter 14 we will introduce three parameters concerning the provability
of an ordered equation. The first parameter, the depth is simply the height of
the proof tree corresponding to a derivation. To each ordered equation (t1=t2, ω)
one may naturally associate a digraph G(t1=t2, ω) by taking the union of the tree
representations of t1 and t2 and by adding special edges tagged as "variable edges"
connecting vertices corresponding to the same variable. The width of an equation
(t1=t2, ω) is the cut-width of G(t1=t2, ω) with respect to the ordering induced by
ω on its vertices. The third parameter, the bound b imposes a restriction in the
way the o-substitution and o-reflexivity rules are applied. We say that a proof of
an ordered equation has width at most c if all ordered equations appearing in it
have width at most c and we say that this derivation is b-bounded if all o-reflexivity
and o-substitution inference steps used in it are b-bounded. If E is a finite set of
equations then we write Ec,b

d ⊢ (t1=t2, ω) to indicate that the ordered equation
(t1=t2, ω) can be inferred from E through a b-bounded proof Π of depth at most
d and width at most c. Our first main result states that determining whether an
ordered equation may be derived from a given set of equations E by an ordered
equational calculus proof of depth d, width c and bound b is fixed parameter linear
with respect to all three parameters.

Theorem 10. Let E be a finite set of equations, d, c, b ∈ N, l(E) be the size of the
largest equation in E and q = |E| · 2O(l(E) log l(E))2O(c log c). Then for any ordered

equation (t1=t2, ω) one may determine whether Ec,b
d ⊢ (t1=t2, ω) in time

q2d

· 2O(d·(b+c)·(log c))|t1=t2|.

We say that an ordered equation (t1=t2, ω) is oriented if for any two sub-terms
u, u′ of t1 or of t2, we have that if u is a sub-term of u′ then ω(u) > ω(u′). We say
that a proof of an ordered equation (t1=t2, ω) is oriented if every ordered equation
appearing in it is oriented. Our second result states that given a classical equation
t1=t2, one may determine whether there exists an ordering ω for which (t1=t2, ω)
has a b-bounded oriented proof of depth d and width c in time f(E, d, c, b)·|t1=t2|O(c).

In this sense, when dealing with oriented proofs we eliminate the need of providing

an initial ordering ω. If E is a finite set of equations we denote by
−→
E c,b

d ⊢ (t1=t2, ω)
the fact that (t1=t2, ω) has a b-bounded oriented proof of depth at most d and width
at most c.

Theorem 11. Let E be a finite set of equations, d, c, b ∈ N, l(E) be the size of the
largest equation in E and q = |E| · 2O(l(E) log l(E))2O(c log c). Then for any equation
t1=t2 one may determine whether there exists an oriented ordering ω such that
−→
E c,b

d ⊢ (t1=t2, ω) in time q2d

· 2O(d·(c+b)(log c))|t1=t2|O(c).
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We note that during the search for such a proof, terms of arbitrary size may be
substituted for variables in an equation. Additionally, a term u may potentially be
substituted for a variable x into an unbounded number of places at the same time.
Although in order to keep the width constant, one must take into consideration a
trade-off between the number of variables on a term and the number of places it
is substituted for. Finally, different terms can be substituted into an unbounded
number of distinct variables in one inference step. These facts rule out for instance
the possibility of applying exhaustive search towards deciding the validity of an
equation, since already in constant depth, width and bound, the number of possible
equations to be considered may be infinite. Another interesting observation is
that our algorithm declares whether an ordered equation (t1=t2, ω) is provable
or not in depth d and width c without trying to explicitly construct a derivation
of this fact. In this sense our algorithm is blind with respect to the size of the
equations appearing in a purported proof of t1=t2, which can be potentially larger
than |t1=t2| itself. The next proposition states that Theorem 11 provides a true
parameterization of provability in classical equational logic, in view of the fact that
for any equation t1=t2 there exists suitable b, c ∈ N such that if t1=t2 can be
proved in depth d in classical equational logic, then for some oriented ordering ω
of t1=t2 the ordered equation (t1=t2, ω) can be proved via a b-bounded oriented
proof of depth d and width c.

Proposition 4. Let E be a finite set of equations. Then an equation t1=t2 is
derivable in depth d in classical equational logic if and only if there exists an ordering
ω of t1=t2 and c, b ∈ N such that (t1=t2, ω) has a b-bounded oriented proof of depth
d and width c.

Ordered Equational Logic and Regular Slice Languages

In this section we trace a roadmap for the proofs of Theorem 10 and Theorem 11
which will be built in terms of regular slice languages. In Chapter 14, we will define
classical equational logic, and building on it we will formally introduce ordered
equational logic. In the same chapter we will formally define the notions of depth,
width and bound of ordered equational derivations.

The proof of Theorem 10 will proceed in two main steps. First, we will define
in Chapter 15 what we call slice calculus. In this calculus, sentences (including
axioms) are unit decompositions representing ordered equations. The rules of in-
ference derive new unit decompositions from previous ones. Just as in ordered
equational logic, to each sentence we can associate a natural notion of width and
to each derivation of a sentence, we may associate a notion of depth. Similarly
to the previous case, the width of a derivation is the maximum width of an unit
decomposition appearing in it. Additionally, we can also define a notion of bound
for derivations involving unit decompositions. As we will show in Proposition 27,
an ordered equation (t1=t2, ω) has a b-bounded proof in depth d and width c if and
only if some unit decomposition U = S1S2...Sn compatible with (t1=t2, ω) has a
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b-bounded proof of depth d and width c. In this sense, the set L(E, d, c, b) of all
unit decompositions that can be proved from E by a b-bounded proof of depth d
and width c represents precisely the set of ordered equations that can be derived
from E by a b-bounded proof of depth d and width c.

In our second step, we will address the problem of representing L(E, d, c, b) ef-
fectively. Towards this goal, we will use what we call slice graphs, which consist
of a slice theoretic variation of finite automata. We will show that for each set of
axioms E and each d, c, b ∈ N, the set of unit decompositions L(E, d, c, b) can be ef-
fectively represented by a slice graph SG(E, d, c, b). The slice language L(E, 0, c, d)
will encode all unit decompositions of axioms in E together with unit decompo-
sitions of axioms expressing the reflexivity rule (i.e. t = t for all t). A central
technical contribution of this thesis consists in describing how to obtain the slice
graph SG(E, d, c, b) representing L(E, d, c, b) from the slice graph SG(E, d − 1, c, b)
representing L(E, d− 1, c, b). Towards this goal, we will define in Chapter 2.2 sev-
eral elementary operations on slice languages: tensor product (⊗) , shuffle product
(⋄), dilation (∆), permutation contraction (∆), expansion (E) and projection (π).
Subsequently, in Chapter 15.1 we will use these elementary operations together
with union, intersection, and concatenation of slice languages, to define the slice
calculus operators: symmetry Sy, transitivity Tr, congruence Co, substitution Su

and renaming Re. Each of these slice calculus operators will be used to simulate
the application of a slice calculus rule to all unit decompositions in a slice language,
in the sense that each operator Op takes a slice language L representing an infinite
set of ordered equations as input and returns the set Op(L) representing the set
of all unit decompositions obtained from L by the application of the slice calculus
rule represented by Op. In Chapter 2.3 we will show how to effectively represent
slice languages via slice graphs. We will also show that all elementary operations
introduced in Chapter 2.2 can be made effective into slice graphs. Since all slice
calculus operators are defined in terms of elementary operations, we have that given
an effective representation SG(E, d, c, b) of the slice language L(E, d, c, b) represent-
ing all ordered equations that have a b-bounded proof of depth d and width c, one
can effectively derive a finite representation SG(E, d+ 1, c, b) representing the slice
language L(E, d+ 1, c, b) corresponding to the next depth.

In Chapter 16 we will prove our main theorems (Theorem 10 and Theorem 11).
In order to verify whether an ordered equation (t1=t2, ω) follows from E by a b-
bounded proof of depth d and width c, we just need to find a unit decomposition U
compatible with (t1=t2, ω) and then verify whether U is accepted by SG(E, d, c, b).
This task can be accomplished in linear time, since slice graphs are equivalent
to finite automata over alphabets of slices [38, 39], Observe that for each set of
equations E, and d, c, b ∈ N the slice graph SG(E, d, c, b) is constructed once and
for all by this process, in such a way that it is completely independent from the
ordered equation (t1=t2, ω) whose validity one is trying to determine. To prove

Theorem 11 we will first create a slice graph
−→
SG(E, d, c, b) representing the set of

all unit decompositions that can be derived in depth d and width c by a b-bounded
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oriented proof. Subsequently we will show that for each classical equation t1=t2,
and each c ∈ N, we can construct a slice graph SG(t1=t2, c) on |t1=t2|O(c) vertices
whose slice language consists precisely of the unit decompositions corresponding to
oriented orderings of t1=t2 of width c. Therefore in order to determine whether
there exists a b-bounded oriented proof of depth d and width c of the equation

t1=t2 we just need to test whether the language L(E, d, c, b) ∩ L(
−→
SG(t1=t2, c)) is

not empty. This can be be done in time |t1=t2|O(c).

1.5 Main Contributions of this Thesis

The material presented in this thesis is mainly based on four papers, three of which
are published. The fourth is not yet submitted. All the results listed in this thesis
and in the four papers listed below are a result of solo work.

1. M. de Oliveira Oliveira. "Hasse Diagram Generators and Petri Nets". Funda-
menta Informaticae 105:3 pages 263-289. 2010. Conference version: In pro-
ceedings of the 30th Conference on Applications and Theory of Petri Nets,
volume 5606 of Lecture Notes in Computer Science, pages 183-203. Springer,
2009.

2. M. de Oliveira Oliveira. "Canonizable Partial Order Generators". In proceed-
ings of the 6th Conference on Language and Automata Theory and Appli-
cations. Volume 7183 of Lecture Notes in Computer Science, Pages 445-457,
2012.

3. M. de Oliveira Oliveira. "Subgraphs Satisfying MSO Properties on
z-Topologically Orderable Digraphs". In proceedings of the 8th International
Symposium on Parameterized and Exact Computation. Sophia Antipolis,
France. Volume 8246 of Lecture Notes in Computer Science, Pages 123-136.

4. M. de Oliveira Oliveira. "The Parameterized Complexity of Equational Logic".

The following are the main results of each of the four paper listed above. The
numbers of the theorems and lemmas mentioned in the following lists are respective
to this thesis.

Results from "Hasse diagram generators and Petri nets".

1. Theorem 1 and Corollary 1 stating that the partial order behavior of bounded
p/t-nets can be finitely represented by slice graphs. In particular Corollary 1
states that the whole set of causal orders of a bounded p/t-net can be finitely
represented by a transitively reduced saturated slice graph.

2. Theorem 3 stating that the partial order behavior of p/t-nets can be com-
pared. In particular it implies that the full causal behavior of bounded Petri
nets can be compared. This problem had been open for several years.
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3. Theorem 2 showing how to compare the partial order behavior of p/t-nets
with an infinite set of partial orders represented by slice graphs.

4. Theorems 4 and 5. These results solve an open problem stated in [104] con-
cerning the synthesis of p/t-nets from infinite partial order languages.

Results from "Canonizable Partial Order Generators".

1. We introduced the notion of 1-saturated slice languages (Chapter 3) and
showed that the slice graphs representing the partial order behavior of bounded
p/t-nets are 1-saturated.

2. Theorem 7 stating that for any regular slice language represented by a slice
graph SG it is possible to obtain a transitively reduced slice graph tr(SG) such
that Lpo(SG) = Lpo(tr(SG)).

3. Lemmas 21 and 22 translating Mazurkiewicz trace languages and Message
Sequence Chart languages to slice languages. The importance of this result
stems from the fact these two formalisms are widely employed in concurrency
theory. By an application of our transitive reduction algorithm we were able
to address the verification and synthesis of p/t-nets from infinite sets of partial
orders specified via Mazurkiewicz trace languages and MSC languages.

Results from "Subgraphs satisfying MSO properties on z-topologically
orderable digraphs".

• We introduced the zig-zag number of a graph, a digraph width measure that
is strictly more expressive than directed pathwidth (Theorem 17).

• We introduced the notion of z-saturated slice languages, and proved Theorem
21 which states that given a z-saturated slice language L and a digraph G,
one can count in polynomial time the number of subgraphs of G that are in
LG .

• We connected the monadic second order logic of graphs to z-saturated slice
languages (Lemma 1). Using this connection in conjunction with Theorem
21 we provided the first MSOL algorithmic metatheorem yielding polynomial
time algorithms for a whole spectrum of counting problem on digraphs of
constant zig-zag number (Theorem 8).

Results from "The Parameterized Complexity of Equational Logic".

• We introduced the notion of ordered equational logic, which can be studied
from the perspective of parameterized complexity theory.

• Theorem 10 showing that one can determine in linear time whether an ordered
equation has a proof of depth d, width c and bound b.
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• Theorem 11 showing that one can determine whether a classical equation
t1 = t2 has an ordered proof of depth d, width c and bound b, from a set of
axioms E, in time f(E, d, c, b) · |t1 = t2|O(c).

Results which are in this thesis but in none of the papers cited above.

• Theorem 6 stating that it is possible to model check the partial order behavior
of p/t-nets against MSO specifications.

• Theorem 22 stating that given a DAG G and a pattern DAG H which is the
union of k paths, one can determine whether G has a subgraph homeomorphic
to H in time |G|O(k).

1.6 Overview of the Thesis

In this section we describe the organization of the thesis. The remainder of this
thesis is divided into four parts. Part II deals with slices and slice languages as
a subject on its own. In Chapter 2 we will introduce the basics of slices and slice
languages, define several operations that can be performed with slice languages,
introduce slice graphs as a way to effectively represent infinite slice languages, and
show that all these operations can be made effective on slice graphs. Finally we
will discuss some decidability issues involving slice graphs. In Chapter 3 we will
introduce the notion of saturated slice languages and z-saturated slice languages.
In Chapter 4, we will introduce the first algorithmic applications of slice languages.
We will start by showing that families of graphs of constant slice-width which satisfy
properties characterizable by flows can be represented via regular slice languages.
Subsequently, we will give an example of how to determine whether a graph is 3-
colorable using slices. Then we will show how to represent infinite families of graphs
that are the union of k-paths via regular slice languages. We will end Chapter 4
by describing an algorithm that transitively reduces slice languages represented by
slice graphs.

Part III concerns the applications of slice languages to combinatorial graph
theory. In Chapter 5 we will introduce directed width measures and compare them
with the zig-zag number of a digraph. In Chapter 6 we will define the monadic sec-
ond order logic of graphs, and discuss some useful properties that can be described
within this logic. In Chapter 7 we will show how z-saturated slice languages can be
used to count subgraphs on digraphs admitting a z-topological ordering. In Chapter
8 we will relate the monadic second order logic of graphs with z-saturated regular
slice languages. Subsequently, in Chapter 9 we will show how slice languages can
be used to address the subgraph Homeomorphism problem on DAGs.

Part IV deals with the applications of slice languages to concurrency theory. In
Chapter 10 we will discuss in details the causal and execution semantics of Petri
nets. Subsequently, in Chapter 11 we will show how to characterize p/t-nets causal
orders and executions in terms of what we call interlaced flows. In Chapter 12 we
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we will combine interlaced flows with regular slice languages to prove our theorems
from Section 1.2. Finally, in Chapter 13 we will compare slice languages with
Mazurkiewicz trace languages and MSC languages.

Part V concerns the applications of regular slice languages to equational logic.
In Chapter 14, we will extend classical equational logic to ordered equational logic.
Subsequently in Chapter 15 we will show how to translate ordered equational logic
into Slice calculus. In Chapter 16 we will prove our results from Section 1.4 assum-
ing the truth of some technical lemmas. These technical lemmas will be proved in
Chapters 17-21.

We end this thesis, by making some final comments and discussing some future
directions in Part V I (Chapter 22).
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Chapter 2

Slices

In this Section we will formally define our main object of study: slice languages.
We will define several operations that can be performed on slice languages, intro-
duce effective ways of representing infinite slice languages, and finally address some
decidability issues.

2.1 Slices and Slice Languages

A slice S = (V,E, F, lV , lE , s, t) is a digraph comprising a set of vertices V , a set of
edges E, a vertex labeling function lV : V → ΓV for some finite set of symbols ΓV ,
an edge labeling function lE : E → ΓE for some finite set of symbols ΓE and total
functions s, t : E → V associating with each edge e ∈ E a source vertex es and a
target vertex et. Alternatively, we say that es and et are the endpoints of e. The
vertex set V is partitioned into three disjoint subsets: an in-frontier I ⊆ V a center
C ⊆ V and an out-frontier O ⊆ V . Additionally, we require each frontier-vertex in
I ∪O to be the endpoint of exactly one edge in E and that no edge in E has both
endpoints in the same frontier. The frontier vertices in I ∪O are labeled by lV with
numbers from the set {1, ..., q} for some positive integer q ≥ max{|I|, |O|} in such
a way that no two vertices in the same frontier receive the same number. Vertices
belonging to different frontiers may on the other hand be labeled with the same
number. The center vertices in C are labeled by l with elements from ΓV \{1, ..., q}.
We say that a slice S is normalized if l(I) = {1, ..., |I|} and l(O) = {1, ..., |O|}.
Non-normalized slices will play an important role later in this section when we
introduce the notion of sub-unit decomposition. Let i ∈ {1, ..., q}. If i ∈ lV (I) then
we denote by I(i) the unique in-frontier vertex in I labeled with i by lV and denote
by e(I, i) the unique edge which has I(i) as endpoint. Analogously if i ∈ lV (O)
then we denote by O(i) the unique out-frontier vertex in O labeled with i by lV ,
and denote by e(O, i) the unique edge which has O(i) as endpoint. In what follows
we will leave the functions s and t implicit and write simply S = (V,E, lV , lE) when
denoting a slice.

31
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A slice S1 = (V1, E1, lV1
, lE1

) with frontiers (I1, O1) can be glued to a slice
S2 = (V2, E2, lV2

, lE2
) with frontiers (I2, O2) provided that lV1

(O1) = lV2
(I2),

lE1
(e(O1, i)) = lE2

(e(O2, i)) for each i ∈ lV1
(O1) = lV2

(I2), and that either O1(i)
is the target of e(O1, i) and I2(i) the source of e(I2, i), or O1(i) is the source of
e(O1, i) and I2(i) the target of e(I2, i). In this case, the glueing gives rise to the
slice S1 ◦ S2 = (V3, E3, lV3

, lE3
) with frontiers (I1, O2) which is obtained by taking

the disjoint union of S1 and S2 and subsequently fusing e(O1, i) with e(I2, i) for
each i ∈ lV1

(O1). More precisely, for each i ∈ lV1
(O1) we create an edge ei, la-

bel it with lE3
(ei) = lE1

(e(O1, i)) and set either es
i = e(O1, i)

s and et
i = e(I2, i)

t

if e(O1, i)
t ∈ O1 or set es

i = e(I2, i)
s and et

i = e(O1, i)
t if e(O1, i)

s ∈ O1. Fi-
nally we delete the vertices O1(i), I2(i) and the edges e(O1, i), e(I2, i). In this way,
in the glueing process the frontier vertices belonging to the glued frontiers disap-
pear. A unit slice is a slice with at most one vertex in its center. Any slice S
may be decomposed into a sequence S1S2...Sn of unit slices in such a way that
S = S1 ◦ S2 ◦ ...◦ Sn. The manipulation of slices should be intuitive for those famil-
iar with braids for instance [5]. The only difference is that twists are replaced by
vertices, and homeomorphisms by labeling preserving graph isomorphisms. Within
computer science, slices may be related to several formalisms such as multi-pointed
graphs [48], the objects manipulated by graph automata [137, 24], graph rewriting
systems [30, 13, 48], and others [65, 64, 23, 22].

We say that a slice is initial if its in-frontier is empty and final if its out-frontier
is empty. A slice with empty center is called a permutation slice. Since by definition
a frontier vertex of a slice is an endpoint of precisely one edge, we have that each
vertex in the in-frontier of a permutation slice is necessarily connected to a vertex
in its out-frontier and vice-versa. The empty slice, denoted by ε, is the slice with
empty center and empty frontiers. We regard the empty slice as a permutation
slice. Even though empty slices and permutation slices might seem useless, they
are not. Both kinds of slice will be important when defining the notions of sub-unit-
decompositions, dilation of slice languages and tensor product of slice languages.

In the same way that letters may be concatenated by automata to form infinite
languages of strings, we may use automata or regular expressions over alphabets
of slices to define infinite families of digraphs. Before formalizing this idea we will
introduce some additional notation. The width w(S) of a slice S with frontiers
(I,O) is defined as max{|I|, |O|}. Let Γ and Γ2 be two finite sets of labels. Then
we denote by Σ(c, q, ν, Γ1, Γ2) the set of all slices of width at most c, whose frontier
vertices are labeled with numbers from {1, ..., q}, whose center contains at most ν
vertices, whose center vertices are labeled with elements from Γ1 and whose edges
are labeled with subsets of Γ2. We say that Σ(c, q, ν, Γ1, Γ2) is a slice alphabet.
We denote by Σ(c, q, ν, Γ1, Γ2)∗ the free monoid generated by Σ(c, q, ν, Γ, Γ2). Ob-
serve that at this point, the operation of the monoid is simply the concatenation
SS′ of slices and should not be confused with the composition S ◦ S′. Thus the
elements of Σ(c, q, ν, Γ1, Γ2)∗ are simply sequences of slices regarded as dumb let-
ters. The unit of the monoid is just the empty symbol λ for which Sλ = λS = S,
and should not be confused with the empty slice ε. If W = S1S2...Sn is a se-
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quence of slices in Σ(c, q, ν, Γ1, Γ2) then we say that the length of W is n. We
let L(Σ(c, q, ν, Γ1, Γ2)) denote the subset of Σ(c, q, ν, Γ1, Γ2)∗ consisting only of
sequences of slices S1S2...Sn for which S1 is initial, Sn is final and Si can be glued
to Si+1 for each i ∈ {1, ..., n− 1}. We call the elements of L(Σ(c, q, ν, Γ1, Γ2)) unit
decompositions. We will always denote unit decompositions with the symbol U,
which may possibly be subscripted or superscripted. General sequences of slices
which are not necessarily unit decompositions will be denoted analogously by W .
We say that a unit decomposition U = S1S2...Sn is normalized if Si is a normalized
slice for each i ∈ {1, ..., n}. A slice language over Σ(c, q, ν, Γ1, Γ2) is any subset L
of L(Σ(c, q, ν, Γ1, Γ2)). We say that a slice language is normalized if each unit de-
composition in it is normalized. Each unit decomposition U = S1S2...Sn gives rise
to a digraph

◦

U= S1 ◦ S2 ◦ ... ◦ Sn. Thus each slice language L over Σ(c, q, ν, Γ1, Γ2)
gives rise to a graph language LG consisting of all digraphs that are obtained by
composing the slices in the unit decompositions in L:

LG = {
◦

U | U = S1S2...Sn ∈ L} (2.1)

However we observe that a set LG of digraphs may be represented by several
different slice languages, since a digraph in LG may be decomposed in several ways
as a string of unit slices. A unit decomposition U = S1S2...Sn naturally induces
an ordering ω on the vertices of the digraph

◦

U= S1 ◦ S2 ◦ ... ◦ Sn. In this ordering,
ω(v) < ω(v′) if and only if v ∈ Si and v′ ∈ Sj for j > i.

i

Figure 2.1: i) Composition of Slices. ii) A unit decomposition of zig-zag number
3. The path 1 − 2 − 3 − 4 has zig-zag number 1 while the path 1 − 4 − 2 − 3 has
zig-zag number 3 iii) A slice graph SG iv) The graph language represented by SG.
Following the upper branch of SG the generated graphs are cycles of size at least 3
with a protuberance. Following the lower branch, the generated graphs are directed
lines of size at least 4.
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We say that the unit decomposition U is dilated if it contains permutation
slices, including possibly the empty slice. The slice width of U is the minimal c for
which U ∈ L(Σ(c, q, 1, Γ1, Γ2)). A subslice of a slice S is a subgraph of S that is
itself a slice. If S′ is a sub-slice of S then we consider that the numbering in the
frontiers of S′ are inherited from the numbering of the frontiers of S. Thus even if
S is a normalized slice, a subslice of S may not be normalized. If U = S1S2...Sn

is a unit decomposition of a digraph G then a sub-unit-decomposition of U is a
unit decomposition U′ = S′

1S′
2...S

′
n of a subgraph of G such that S′

i is a sub-slice
of Si for 1 ≤ i ≤ n. We observe that sub-unit-decompositions may be padded with
empty slices, on their left or right sides, without affecting the represented graph.

An identity slice is a slice in which the i-th in-frontier vertex is connected to the
i-th out-frontier vertex. In other words, in an identity slice all edges are parallel.
There may exist several identity slices of a given width. All of them will differ only
in the way their edges are directed, and in the way their edges are labeled. However,
for each slice U there exists a unique identity slice id(S) for which S ◦ id(S) = S.
A dilation of a unit decomposition U = S1S2...Sn is a unit decomposition

U′ = εk0 ◦ S1 ◦ id(S1)k1 ◦ S2 ◦ id(S2)k2 ◦ ... ◦ id(Sn−1)kn−1 ◦ Sn ◦ εkn

for some non-negative integers k0, k1, ..., kn ∈ Z+ (ki may possibly be zero).
In other words, a dilation of a unit decomposition U is a unit decomposition U′

obtained from U by intercalating an arbitrary number (possibly zero) of appropriate
identity slices between each two consecutive slices in U. The width of each identity
slice must agree with the size of the frontiers of the slices in which they are being

intercalated at. Observe that if U′ is a dilation of U, we have that
◦

U
′
=

◦

U. We
say that a unit decomposition U can be embedded into a unit decomposition U′

if a dilation of U is a sub-unit-decomposition of U′. Alternatively we say that U
is embeddable into U′ and denote this fact by U →֒ U′. We say that two unit
decompositions U1 and U2 are equivalent if there exists a unit decomposition U
for which both U1 and U2 are dilations of U. We write U1≡U2 to denote that
two slices are equivalent.

2.2 Operations On Slice Languages

In this section we will introduce a series of elementary operations on slice languages.
These operations will be used mostly in Chapter 15 but we consider that they are
of independent interest. In what follows we will consider that the label sets Γ1 and
Γ2 are fixed, and write simply Σ(c, q, ν) instead of Σ(c, q, ν, Γ1, Γ2).

Concatenation If L and L′ are two slice languages over Σ(c, q, ν), then the
concatenation L · L′ is the slice language over Σ(c, q, ν) obtained by concatenating
unit decompositions in L with unit decompositions in L′.
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L · L′ = {UU′|U ∈ L and U′ ∈ L′} (2.2)

Observe that if U = UU′ is the concatenation of U with U′ then

◦

U
′′
=

◦

U ◦
◦

U′=
◦

U ∪
◦

U′ .

Tensor Product If S1 = (V1, E1, lV1
, lE1

) is a slice in Σ(c1, q1, ν1) and S2 =
(V2, E2, lV2

, lE2
) is a slice in Σ(c2, q2, ν2) then the tensor product

S1 ⊗ S2 = (V3, E3, lV3
, lE3

)

is the slice in Σ(c1 + c2, q1 + q2, ν1 + ν2) obtained by piling S1 over S2 (Figure
2.2.i). More precisely, let V1 = I1∪̇C1∪̇O1 and V2 = I2∪̇C2∪̇O2. Then we set
V3 = V1∪̇V2, E3 = E1∪̇E2, lE3

|E1
= lE1

, lE3
|E2

= lE2
, lV3

|V1
= lV1

, lV3
|C2

= lV2
|C2

,
lV3

|I2
= lV2

|I2
+ |I1| and lV3

|O2
= lV2

|O2
+ |O1|. In other words, we take the disjoint

union of S1 and S2 and add the value |I1| to the label of each in-frontier vertex in
I2 and add the value |O1| to the label of each out-frontier vertex in O2. Observe
that by our definition, if both S1 and S2 are normalized, then S1 ⊗ S2 is also
normalized. If U = S1S2...Sn and U′ = S′

1S′
2...S

′
n are two unit decompositions

of same length, then the tensor product U ⊗ U′ is the unit decomposition (S1 ⊗
S′

1)(S2 ⊗ S′
2)...(Sn ⊗ S′

n). If L is a slice language over Σ(c1, q1, ν1) and L′ a slice
language over the alphabet Σ(c2, q2, ν2) then we define the tensor product L ⊗ L′

as

L ⊗ L′ = {U ⊗ U′ | U ∈ L,U′ ∈ L′, |U| = |U′|} (2.3)

Again, if both L and L′ are normalized slice languages, then L ⊗ L′ is also
normalized. For operational reasons in some cases it may be more convenient to
use the following equivalent definition of the tensor product:

L ⊗ L′ = L ⊗ L(Σ(c2, q2, ν2)) ∩ L(Σ(c1, q1, ν1)) ⊗ L′ (2.4)

More generally we have that if L1, ...,Lk are slice languages where each Li is a
slice language over Σi = Σi(ci, qi, νi) for i ∈ {1, ..., k} then then

L1 ⊗ L2 ⊗ ...⊗ Lk =

k
⋂

i=1





i−1
⊗

j=1

L(Σj)



⊗ Li ⊗





k
⊗

j=i+1

L(Σj)



 (2.5)

Dilation Given a slice language L we will consider the operation of intercalating
the unit decompositions in L with harmless sequences of identity slices that will
not affect the graph language derived from L. In other words, we will consider
the language of all possible dilations of unit decompositions in L. We call the slice
language obtained in this way the dilation of L and denote it by ∆(L).
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Figure 2.2: i) The tensor product U ⊗ U′ of two unit decompositions U and U′.
ii) An element in the shuffle product {U}⋄{U′}.

∆(L) =
⋃

S1S2...Sn∈L

ε∗ · S1 · id(S1)∗ · S2 · id(S2)∗ · ... · Sn · ε∗ (2.6)

Vertical Saturation If G = (V,E, lV , lE) is a graph, ω = (v1, ..., vn) is an or-
dering of the vertices of G, then we say that a dilated unit decomposition U =
S1S2...Sm for m ≥ n is compatible with (G,ω) if

◦

U= G and if there is a se-
quence of slices Sj1

Sj2
...Sjn

such that ji < ji+1 for i ∈ {1, ..., n − 1} and vi is the
center vertex of Sji

. In other words, U is compatible with (G,ω) if U is a unit
decomposition of G and if the disposition of the vertices of G along U respects
the ordering ω. It turns out that for each pair (G,ω) and each length m ≥ |G|
there may be several unit decompositions of length m that are compatible with
(G,ω). If U = S1S2...Sm is a unit decomposition then the profile of U is the set
prof (U) = { i | Si ∈ U has non-empty center } consisting of all slices in U which
are not permutation slices. As we will state in Proposition 5, all unit decomposi-
tions with the same length and same profile which are compatible with a pair (G,ω)
are related by local permutations of the frontier vertices of each of its slices. Let
π be a permutation slice. Then we denote by π−1 the permutation slice which is
obtained by mirroring π along its out-frontier, and reversing the direction of the
edges (so that the directions of π−1 become coherent with the directions of π). In
other words, the inverse of a permutation slice π is the unique permutation slice
π−1 such that the composition π ◦ π−1 is an identity slice.

Proposition 5 (Adaptation from [40].). Let G be a digraph, ω = (v1, v2, ..., vn)
be a linear ordering of the vertices of G, U and U′ be two unit decompositions
of length m ≥ n compatible with (G,ω) such that prof (U) = prof (U′). Then
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there is a sequence π1,π2, ...,πm−1 of permutation slices such that S′
1 = S1 ◦ π1,

Si = π−1
i−1 ◦ Si ◦ πi , for 2 ≤ i ≤ m− 1, and S′

m = π−1
n−1 ◦ Sm.

The vertical saturation of a slice language L is the slice language vSat defined
as follows:

vSat(L) = {(S1 ◦ π1)(π−1
1 ◦ S2 ◦ π2)...(π−1

n−1 ◦ Sn) | S1S2...Sn ∈ L} (2.7)

A language L is vertically saturated if vSat(L) = L and it is dilated saturated
if vSat(∆(L)) = L. Observe that both dilation and vertical saturation are idem-
potent operators, meaning that ∆2 = ∆ and vSat2 = vSat. Notice also that
vSat(∆(vSat(L))) = vSat(∆(L)).

Permutation Contraction In the opposite direction of the dilation of a slice
language, we consider the operation of eliminating all permutation slices from each
unit decomposition in a slice language L without changing its graph language LG .
To make this notion precise, we denote by π a sequence π1π2...πk of permutation
slices of same width and by

◦

π the composition π1 ◦ π2 ◦ ... ◦ πk of all slices in π.
We define the permutation contraction of L to be the slice language

∆(L) = vSat({(
◦

π0 ◦S1 ◦
◦

π1)(S2 ◦
◦

π2)...(Sn ◦
◦

πn+1) | π0S1π1S2π2....Snπn+1 ∈ L})
(2.8)

Observe that
◦

π0 and
◦

πn are just sequences of empty slices in ε∗.

Projection A slice projection is a function π : Σ(c, q, ν) → Σ(c′, q′, ν′) between
slice alphabets that preserves glueing of slices, initial slices and final slices. In other
words, π(S) is initial/final whenever S is initial/final and π(S1) can be glued to
π(S2) whenever S1 can be glued to S2. If L is a slice language over Σ(c, q, ν), then
we denote by π(L) the slice language over Σ(c′, q′, ν′) defined as

π(L) = {π(S1)π(S2)...π(Sn)|S1S2...Sn ∈ L}. (2.9)

Slice projections will play a central role in this thesis. An important example
of slice projection is the normalizing projection which adjusts the labels of a slice
S with frontiers (I,O) in such a way that the numbers associated to in-frontier
vertices lie in {1, ..., |I|} and the numbers associated to the out-frontier vertices lie
in {1, ..., |O|}. More precisely, if S = (V,E, lV , lE) is such that V = I ∪̇ C ∪̇ O then
η(S) = (V,E, l′V , lE) where l′V |C = lV |C ; l′V |I = {1, ..., |I|}; l′V |O = {1, ..., |O|};
l′V (v) < l′V (v′) if and only if lV (v) < lV (v′) for each two vertices v, v′ ∈ I; and
lV (v) < lV (v′) if and only if lV (v) < lV (v′) for each two vertices v, v′ ∈ O.

Shuffle Product The next operation we describe is a slice analog of the shuffle
product of string languages [16]. Recall that if L and L′ are languages over arbitrary



38 CHAPTER 2. SLICES

alphabets Σ and Σ′, then their shuffle product is defined as

L ⋄ L′ = {u1w1u2w2...unwn | u = u1u2...un ∈ L, ui ∈ Σ∗,
w = w1w2...wn ∈ L′, wi ∈ (Σ′)∗}

The shuffle product defined above is not appropriate to the slice setting because
given two unit decompositions U = W1W2...Wk and U′ = W ′

1W
′
2...W

′
k where

for each i ∈ {1, ..., k}, Wi and W ′
i are sequences of slices (possibly the empty

sequence λ), then the interleaving W1W
′
1W2W

′
2...WkW

′
k may not even be a valid

unit decomposition. Instead if L and L′ are two normalized slice languages over
Σ(c, c, 1) then the shuffle product L⋄L′ is defined as follows:

L⋄L′ = vSat(η ([∆(L) ⊗∆(L′)] ∩ Σ(c, 2c, 1)∗)) (2.10)

In other words, first we consider all ways of piling the dilation of a unit de-
composition in L over the dilation of a unit decomposition in L′. Subsequently we
intersect this language with the free monoid generated by Σ(c, 2c, 1). This step
will eliminate all unit decompositions of width greater than c as well as those unit
decompositions containing slices with more than one vertex in the center. Then we
apply the normalizing projection η : Σ(c, 2c, 1) → Σ(c, c, 1) which will guarantee
that each unit decomposition in L⋄L′ is normalized. Finally, we apply the vertical
saturation operator, which will guarantee that the shuffle product is commutative
(L⋄L′ = L′⋄L).

Expansion An expansion is a function E : Σ(c, q, ν, Γ1, Γ2) → 2Σ(c′,q′,ν′,Γ ′
1,Γ ′

2)

that associates to each slice S ∈ Σ(c, q, ν, Γ1, Γ2), a set E(S) of slices in the alphabet
Σ(c′, q′, ν′, Γ ′

1, Γ
′
2). We say that an expansion is well behaved if E(S) ∩ E(S′) = ∅

for each two distinct slices S,S′. If L is a slice language then the expansion of L is
the slice language

E(L) = {S′
1S′

2...S
′
n | S1S2...Sn ∈ L,S′

i ∈ E(Si) and S′
i can be glued to S′

i+1}
(2.11)

In conjunction with projections, expansions can be used to manipulate digraphs
in a local way. Indeed, given a unit decomposition U of a digraph G, we can use
expansions together with projections to add, delete or tag vertices and edges of G
by working on each slice of U independently. Thus these operations can be lifted
to whole infinite sets of slice languages.

2.3 Slice Graphs

In Sections 2.1 and 2.2 we defined slice languages and several operations that can
be be performed with them without considering any effective way of representing
such slice languages. It turns out that for the majority of the results of this thesis,
it will be enough to restrict ourselves to the class of regular slice languages. We
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will represent regular slice languages using what we call slice graphs which will be
defined below. We will show that all operations described in Section 2.2 can be
realized on slice graphs.

We say that a slice language L over a slice alphabet Σ(c, q, ν, Γ1, Γ2) is regular
if there is a finite automaton A over Σ(c, q, ν, Γ1, Γ2) such that L is the language
accepted by A. Equivalently, a slice language is regular if and only if it can be
generated by what we call slice graphs which are defined below [38].

Definition 1 (Slice Graph). A slice graph over a slice alphabet Σ(c, q, ν, Γ, Γ ′) is
a labeled directed graph SG = (V, E ,S, I, T ) possibly containing loops but without
multiple edges, where I ⊆ V is a set of initial vertices, T ⊆ V a set of final vertices
and the function S : V → Σ(c, q, ν, Γ1, Γ2) satisfying the following conditions:

• S(v) is a initial slice for every vertex v in I,

• S(v) is final slice for every vertex v in T and,

• (v1, v2) ∈ E implies that S(v1) can be glued to S(v2).

We say that a slice graph is deterministic if none of its vertices has two out-
neighbors labeled with the same slice and if there are no two initial vertices labeled
with the same slice. In other words, in a deterministic slice graph no two distinct
walks are labeled with the same sequence of slices. We denote by L(SG) the slice
language generated by SG, which we define as the set of all sequences of slices
S(v1)S(v2) · · · S(vn) where v1v2 · · · vn is a walk on SG from an initial vertex to a
final vertex. We write LG(SG) for the language of graphs obtained from L(SG) by
gluing the slices in each of its unit decompositions. The next lemma (Lemma 3)
states that all elementary operations for slice languages defined in Section 2.2 are
constructive for slice graphs.

Lemma 3. Let SG be a slice graph over Σ(c, q, ν, Γ1, Γ2) and SG′ be a slice graph
Σ(c′, q′, ν′, Γ ′

1, Γ
′
2).

1. For any slice projection π : Σ(c, q, ν, Γ1, Γ2) → Σ(c′, q′, ν′, Γ ′
1, Γ

′
2) there is a

slice graph π(SG) over Σ(c′, q′, ν′, Γ ′
1, Γ

′
2) of size |SG| generating π(L).

2. For any expansion E : Σ(c, q, ν, Γ1, Γ2) → 2Σ(c′,q′,ν′,Γ ′
1,Γ ′

2) there exists a slice
graph E(SG) over Σ(c′, q′, ν′, Γ ′

1, Γ
′
2) of size 2O(c′ log c′) generating E(L).

3. There is a slice graph vSat(SG) over Σ(c, q, ν, Γ1, Γ2) of size 2O(c log c) gen-
erating vSat(L).

4. There is a slice graph SG ∪ SG′ over Σ(c, q, ν, Γ1, Γ2) ∪ Σ(c′, q′, ν′, Γ ′
1, Γ

′
2) of

size |SG| + |SG′| generating L ∪ L′.

5. There is a slice graph SG ∩ SG′ over Σ(c, q, ν, Γ1, Γ2) ∩ Σ(c′, q′, ν′, Γ ′
1, Γ

′
2) of

size |SG| · |SG′| generating L ∩ L′.
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6. There is a slice graph SG ⊗ SG′ over Σ(c, q, ν, Γ1, Γ2) ⊗ Σ(c′, q′, ν′, Γ ′
1, Γ

′
2) of

size |SG| · |SG′| generating L ⊗ L′.

7. There is a slice graph ∆(SG) over Σ(c, q, ν, Γ1, Γ2) of size O(|SG|2) generating
∆(L).

8. There is a slice graph SG⋄SG′ over Σ(c+ c′, c+ c′, 1, Γ1 ∪ Γ ′
1, Γ2 ∪ Γ ′

2) of size
|SG| · |SG′| generating L⋄L.

9. There is a slice graph ∆(SG) over Σ(c, q, ν, Γ1, Γ2) of size |SG|2 generating
∆(L).

10. There is a slice graph SG+ over Σ(c, q, ν, Γ1, Γ2) of size |SG| generating the
Kleene plus language L+ =

⋃

i≥1 Li.

Projection (Proof of Lemma 3.1) Let SG = (V, E ,S) and π(SG) = (V, E ,S ′)
be slice graphs over Σ(c, q, ν, Γ1, Γ2) with identical vertex and edge sets but such
that S ′(v) = π(S(v)) for a projection π : Σ(c, q, ν, Γ1, Γ2) → Σ(c′, q′, ν′, Γ ′

1, Γ
′
2).

Let v1v2...vn be a path from an initial to a final vertex in SG labeled with a unit
decomposition U = S1S2...Sn. Then the same path v1v2...vn is labeled with the
unit decomposition U′ = π(S1)π(S2)...π(Sn) in SG′. Since π is by assumption
gluing preserving, the unit decomposition U′ is accepted by SG′. This proves that
π(L) ⊆ L(π(SG)). Now let v1v2...vn be a path from an initial to a final vertex in
SG′. Then this path is also a path in SG whose label is U = S(v1)S(v2)...S(vn).
Thus each label of an accepting path in π(SG) is the projected version of the
corresponding accepting path in SG. This proves that L(π(SG)) ⊆ π(L). �

Expansion (Proof of Lemma 3.2) Let SG = (V, E ,S) be a slice graph gener-
ating L(SG) and let E : Σ(c, q, ν, Γ1, Γ2) → 2Σ(c′,q′,ν′,Γ ′

1,Γ ′
2) be an expansion. Then

the slice graph E(SG) = (V ′, E ′,S ′) is obtained as follows. For each v ∈ V and each
slice S ∈ E(S(v)), we create the vertex vS and label it with S. Now we add an edge
(vS, v

′
S′) if and only if (v, v′) ∈ E and S is gluable to S′. Now let v1v2...vn be a path

in SG′ whose label is S(v1)S(v2)...S(vn). Then if S1S2...Sn is a unit decomposition
such that Si ∈ E(S(vi)) and such that Si is gluable to Si+1 for i ∈ {1, ..., n−1} then
this unit decomposition will label the walk v1

S1
v2

S2
...vn

Sn
in SG′. This proves that

E(L(SG)) ⊆ L(E(SG)). For the converse, assume that S1S2....Sn labels the walk
v1

S1
v2

S2
...vn

Sn
in E(SG). Then for each edge (vi

Si
, vi+1

Si+1
) in this path, the edge (v, v′)

belongs to SG. Additionally by construction Si ∈ E(S(vi)) and Si+1 ∈ E(S(vi+1)).
This fact in turn implies that S1S2...Sn belongs to E(S(v1)S(v2)...S(vn)). This
proves that L(E(SG)) ⊆ E(L(SG)).�

Vertical Saturation (Proof of Lemma 3.3) We will show that the vertical
saturation of a slice language can be cast as an expansion. We will assume that all
slices we are dealing with are normalized. Let L be a slice language generated by
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the slice graph SG over Σ(c, q, ν, Γ1, Γ2). For each slice S ∈ Σ(c, q, ν, Γ1, Γ2) define
the following expansion

vSat(S) = {π ◦ S ◦ σ|π,σ ∈ Πc and π ◦ S and S ◦ σ are well defined.}

Then we have that U = S1S2...Sn ∈ L if and only if

U′ = (π1 ◦ S1 ◦ σ1)(π2 ◦ S2 ◦ σ2)....(πn ◦ Sn ◦ σn)

is in vSat(L) for each two sequences π1π2...πn and σ1σ2...σn of permutation slices
where πi is gluable to Si for each i ∈ {0, ..., n}, Si is gluable to σi for i ∈ {1, ..., n}
and πi = σ−1

i−1 for i ∈ {1, ..., n − 1}. Observe that π1 = σn = ε. Since each

set vSat(S) has at most 2O(c log c) elements, the slice graph vSat(SG) constructed
according to the proof of 3.2) given above has at most 2O(c log c) vertices. �

Union (Proof of Lemma 3.4) Let SG = (V, E , S, I, T ) and SG′ = (V ′, E ′, S ′, I′, T ′)

be two slice graphs over Σ(c, q, ν, Γ1, Γ2) and Σ(c′, q′, ν′, Γ ′
1, Γ

′
2) respectively. Then

the slice graph SG∪ = (V∪, E∪,S∪, I∪, T ∪) is simply the disjoint union of SG and
SG′. Namely, V∪ = V∪̇V ′ E∪ = E∪̇E ′, I∪ = I∪̇I ′, T ∪ = T ∪̇T ′ and S∪(v) = S(v)
if v ∈ V and S∪(v′) = S ′(v) if v′ ∈ V ′. Observe that the if SG and SG′ are
deterministic then the slice graph SG∪ may not be deterministic since two initial
vertices may have the same label. If one wishes to construct SG∪ in such a way that
determinism is preserved, then we can use a construction which is similar to the
usual product construction of finite automata. For instance, see the construction
of the intersection slice graph given below. �

Intersection (Proof of Lemma 3.5) The proof of this item mimics the usual
product construction of finite automata. Let SG = (V, E ,S, I, T ) and SG′ =
(V ′, E ′,S ′, I ′, T ′) be two slice graphs over Σ(c, q, ν, Γ1, Γ2). Then we construct
the slice graph SG∩ = (V∩, E∩,S∩, I∩, T ∩) as follows:

V∩ = {[v, v′] | v ∈ V, v′ ∈ V ′,S(v) = S ′(v′)}

E∩ = {([v1, v
′
1], [v2, v

′
2]) | [vi, v

′
i] ∈ V∩, (vi, v

′
i) ∈ E , i ∈ {1, 2}}

S∩([v, v′]) = S(v) = S ′(v′) for [v, v′] ∈ V∩

I∩ = {[v, v′] ∈ V∩ | v ∈ I, v′ ∈ I ′} T ∩ = {[v, v′] ∈ V∩ | v ∈ T , v′ ∈ T ′}

Now we have that there is a path [v1, v
′
1][v2, v

′
2]...[vn, v

′
n] labeled with S1S2...Sn

from an initial to a final vertex in SG∩ if and only if there exist paths v1v2...vn in
SG and v1v2...vn in SG′ in which both paths are labeled with S1S2...Sn. �
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Tensor product (Proof of Lemma 3.6) We start by describing how to con-
structively define the tensor with the free monoid. Let L be a slice language gen-
erated by a slice graph SG over Σ(c, q, ν, Γ1, Γ2) and let Σ(c′, q′, ν′, Γ ′

1, Γ
′
2). Define

the expansion E⊗ : Σ(c, q, ν, Γ1, Γ2) → 2Σ(c+c′,q+q′,ν+ν′,Γ1∪Γ ′
1,Γ2∪Γ ′

2) as follows:

E⊗(S) = {S ⊗ S′|S′ ∈ Σ(c′, q′, ν′, Γ ′
1, Γ

′
2)} (2.12)

Then we have that L ⊗ L(Σ(c′, q′, ν′, Γ ′
1, Γ

′
2)) = E⊗(L). Since for each slice

S ∈ Σ(c, q, ν, Γ1, Γ2) the set E⊗(S) has 2O(c log c) elements, the slice graph E⊗(SG)
has 2O(c log c) · |SG| vertices. For general tensor products L ⊗ L′ we use the previous
items together with the fact that

L ⊗ L′ = L ⊗ L(Σ(c′, q′, ν′, Γ ′
1, Γ

′
2)) ∩ L(Σ(c, q, ν, Γ1, Γ2)) ⊗ L′.

�

Dilation (Proof of Lemma 3.7) Let L be a slice language accepted by a slice
graph SG = (V, E ,S, I, T ) over Σ(c, q, ν, Γ1, Γ2). Then the slice graph ∆(SG) =
(V ′, E ′,S ′, I ′, T ′) is defined as follows:

V ′ = V ∪ {[v, v′] | (v, v′) ∈ E} I ′ = I T ′ = T

S ′(v) = S(v) for v ∈ V S ′([v, v′]) = id(S(v)) for (v, v′) ∈ E

E ′ = E ∪ {(v, [v, v′]), ([v, v′], [v, v′]), ([v, v′], v′) | (v, v′) ∈ E}

In other words, for each edge (v, v) ∈ E we create a vertex [v, v], label it with
the identity slice that can be glued to S(v), and add to it an edge coming from v,
an edge going to v′ and a loop edge to itself. Intuitively, after leaving v a walk in
∆(SG) can loop an arbitrary number of times around [v, v] before proceeding to v′.
Each time such a walk loops around [v, v′] it adds an identity slice between S(v)
and S(v′). Thus a unit decomposition S1S2...Sn belongs to L(SG) if and only if the
slice language S1id(S1)∗S2id(S2)∗...id(Sn−1)∗Sn is contained in L(∆(SG)). �

Shuffle Product (Proof of Lemma 3.8) Follows from the previous items and
from the fact that

L⋄L′ = vSat(η ([∆(L) ⊗∆(L′)] ∩ Σ(c, 2c, 1, Γ1, Γ2)∗)) (2.13)

Permutation Contraction (Proof of Lemma 3.9) Let SG = (V, E ,S, I, T ) be
a slice graph generating a slice language L. Recall that a permutation contraction
of a slice language L is a slice language ∆(L′) such that no unit decomposition in
L′ has a permutation slice, but such that for each ordered equation (t1=t2, ω), a
unit decomposition U ∈ L is compatible with (t1=t2, ω) if and only if there is a
a unit decomposition U′ ∈ ∆(L′) that is also compatible with (t1=t2, ω). Notice
that there may be several slice languages satisfying this property. Thus in order to
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make ∆(L) unique we will consider that it is additionally vertically saturated. The
construction of a slice graph ∆(SG) generating ∆(L) will proceed in three steps.
First consider the vertical saturation vSat(SG) = (V ′, E ′,S ′, I ′, T ′) of SG. Then
Since any two unit decompositions U and U′ of a graph H are related by a sequence
of local permutations (Proposition 5), we have for each unit decomposition U =
S1π1S2π2...πn−1Sn in L(SG), where πi is a sequence of permutation slices, there
is a corresponding unit decomposition U′ = S′

1id(S′
1)|π1|...S′

n−1id(S′
n−1)|πn−1|S′

n

in L(vSat(SG)) such that
◦

U=
◦

U′. In other words, U′ is obtained from U by
untwisting all its permutation slices, transforming them into identity slices, and
adjusting the unit slices that are not permutation slices so that both U and U′

give rise to the same graph. An identity path from a vertex v to a vertex v′ is a
sequence vv1v2...vnv

′ where each internal vertex vi is labeled with the identity slice
id(S(v)). Our next step consists in adding an edge (v, v′) whenever there exists
an identity path between v and v. Subsequently, we delete all vertices that are
labeled with permutation slices, as well as the vertices that are not reachable from
an initial vertex or that cannot reach a final vertex. As a last step, we vertically
saturate this resulting slice graph. �

2.4 Decidability Issues for Slice Languages

We will end this chapter by showing that operations that are performed on slice
languages are not necessarily reflected into the graph languages they represent. In-
deed we show that even determining whether the intersection of the graph languages
represented by two regular slice languages is empty, is undecidable.

Theorem 12. Let L and L′ be two slice languages over Σ(c, q, ν, Γ1, Γ2). Then it
is undecidable whether LG ⊆ L′

G as well as whether LG ∩ L′
G = ∅.

Proof. We reduce the Post correspondence problem over a two letter alphabet,
which is undecidable [128], to both the emptiness of intersection and the inclusion of
graph languages. Let PCP = (Γ ; (u1, v1), (u2, v2)..., (un, vn)) be an instance of the
Post correspondence problem, where Γ = {a, b} and (ui, vi) are pairs of non-empty
words over Γ . The Post correspondence problem asks whether for some k ∈ N
there exist integers m1,m2, · · · ,mk ∈ [n] such that um1

um2
...umk

= vm1
vm2

...vmk
.

Consider the regular expressions over slices SE= and SE6= which are depicted in
figure 2.3 and let LG(SE=) and LG(SE6=) be their respective graph languages. We
note that each graph in LG(SE=) corresponds to a pair (u, v) of non-empty words
u, v ∈ Γ ∗ for which u = v. Similarly, a graph belongs to LG(SE6=) iff it corresponds
to a pair of words (u, v) which differ in at least one position. Consider as well the
PCP-instance-dependent regular expression SEP CP = Suv(S1 + S2 + · · · + Sn)+Sε

where Si is a slice corresponding to the pair (ui, vi) as exemplified in figure 2.3. As
is usually done for regular expressions, we write (· · · )+ in place of (· · · )(· · · )∗. It
should be clear that PCP has a solution iff LG(SE=)∩LG(SEP CP ) 6= ∅. Conversely,
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PCP has no solution iff LG(SEP CP ) ⊆ LG(SE6=). Thus both inclusion and emptiness
of intersection of graph languages are undecidable.

Figure 2.3: Undecidability of inclusion and emptiness of intersection for graph
languages represented by regular slice languages.

Although inclusion and emptiness of intersection are undecidable on general
slice languages, we will show in the next chapters that there are very interesting
families of slice languages for which these two problems become decidable.



Chapter 3

Saturated Slice Languages

In Chapter 2.4 we saw that some operations performed on slice languages, such as
intersection, are not necessarily reflected into the graph languages they represent.
In this chapter we will study subclasses of slice languages for which it is possible
to establish a close correspondence between operations performed at the level of
slice languages, i.e., the syntactic level, and operations performed in on the set of
graphs they represent, i.e., the semantic level. We call these languages saturated
slice languages. Indeed there are several notions of saturation. We will start by
defining a notion of saturation that is appropriate for infinite families of DAGs.
Subsequently, we will generalize 1-saturation to the notion of z-saturation which
can be defined for general digraphs. We assume that all slice languages considered in

this section are normalized. We denote by
−→
Σ(c, Γ1) the set of all directed normalized

unit slices of width at most c whose (unique) center vertex is labeled with a symbol
from Γ1.

3.1 1-Saturation

We say that a unit decomposition U is undilated if it has no permutation slices.
For undilated unit decompositions we have |U| = |

◦

U |, i.e., the number of slices

in U is equal to the number of vertices in the graph
◦

U. If H = (V,E) is a DAG
whose vertices are labeled with elements from a finite set of labels Γ1, then we let

ud(H, k) the set of all normalized undilated unit decompositions of H in
−→
Σ(k, Γ1).

We denote by ud(H) the set of all unit decompositions of H. More precisely,

ud(H) = ∪k≥1ud(H, k). (3.1)

Notice that for each digraph H there is a k for which ud(H, k′) = ud(H, k) for
every k′ ≥ k. Below we define the notion of 1-saturated slice languages.

Definition 2 (1-Saturated Slice Language). A slice language L over
−→
Σ(c, Γ1) is

1-saturated if for every DAG in LG ud(H) ⊆ L.

45
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If H = (V,E) is a DAG, then a topological ordering of H is an ordering ω =
(v1, ..., vn) such that for every i1, i2 ∈ {1, ..., n}, i1 > i2 implies that there is no
edge e ∈ E whose source is vi2

and whose target is vi1
. Let H = (V,E) be digraph

whose vertices are labeled over a finite set of labels Γ1 and let ω = (v1, v2, ..., vn)
be a topological ordering of H. We say that an undilated unit decomposition U of
H is compatible with ω if vi is the center vertex of Si for i ∈ {1, ..., n}. We denote
by ud(H,ω) the set of all unit decompositions of H that are compatible with the
ordering ω.

Definition 3 (Weakly 1-Saturated Slice Languages). We say that a slice language
L is weakly 1-saturated if for every DAG H ∈ LG and every topological ordering
ω = (v1, v2, ..., vn) there is a unit decomposition U ∈ L such that

◦

U= H and such
that U is compatible with ω.

Definition 4 (Vertically Saturated Slice Language). A slice language L is vertically
saturated if for every H ∈ LG and for every U compatible with a topological ordering
ω of H, we have that ud(H,ω) ⊆ L.

Proposition 6 (Saturation). A slice language L over
−→
Σ(c, Γ1) is saturated if and

only if it is simultaneously weakly saturated and vertically saturated.

Proof. A slice language L is saturated if and only if L = ∪H∈LG
∪ωud(H,ω), where

for each H, ω ranges over all topological orderings of H.

Below we state several nice decidability properties concerning 1-saturated reg-

ular slice languages. We denote by Lmax(
−→
Σ(c, Γ1)) the maximal 1-saturated slice

language over
−→
Σ(c, Γ1). If L is a 1-saturated slice language over

−→
Σ(c, Γ1) then the

c-complement of L is the slice language L
c

= Lmax(
−→
Σ(c, Γ1))\L.

Theorem 13. Let L and L′ be 1-saturated slice languages over
−→
Σ(c, Γ1) and sup-

pose that L is 1-saturated.

1. Let L∪ = L ∪ L′. Then L∪
G = LG ∪ L′

G

2. Let L∩ = L ∪ L′. Then L∩
G = LG ∩ L′

G

3. L
c

is saturated and L
c

G = Lmax
G (

−→
Σ(c, Γ1))\LG.

4. L′ ⊆ L′ if and only if L′
G ⊆ LG.

5. L ∩ L′ = ∅ if and only if LG ∩ L′
G = ∅.

6. If L′ is also 1-saturated then L∪ and L∩ are also saturated.

Proof. Union: A DAG H belongs to L∪
G if and only if H ∈ LG or H ∈ L′

G , if and
only if H has a unit decomposition U such that U ∈ L or U ∈ L′. Intersection:
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the inclusion L∩
G ⊆ LG ∩ L′

G always holds even if none of the slice languages is 1-
saturated. We show that, assuming that L is 1-saturated, the inverse inclusion also
holds. To see this notice that if H ∈ LG ∩L′

G then there exists a unit decomposition
U of H such that U ∈ L′. Additionally, since L is saturated, ud(H) ⊆ L. Since
U ∈ ud(H), we have that U ∈ L and thus U ∈ L ∩ L′. Complementation: since L
is saturated, for each DAG H ∈ LG the whole ud(H) is deleted from the language

Lmax(
−→
Σ(c, Γ1)). Thus there is no unit decomposition yielding H in L

c
. Inclusion:

L′
G ⊆ LG if and only if for each DAG H ∈ L′, H ∈ L. But since L is saturated,

for any unit decomposition U ∈ L′ with
◦

U= H, we have that U ∈ L as well. Thus
L′ ⊆ L. Emptiness of intersection: follows as a special case of the intersection.

Weakly saturated slice languages are important for two reasons. First they are
easier to reason about, since one just needs to take care of guaranteeing that for
each DAG in the graph language, there is at least one unit decomposition in the slice
language that is compatible with each topological ordering of the graph. Second,
because they can be saturated by an application of the vertical saturation operator
defined in Chapter 2.

Proposition 7. Let L be a weakly saturated slice language over
−→
Σ(c, Γ1). Then

the slice language vSat(L) is saturated and [vSat(L)]G = LG.

We note that by Proposition 7, all nice decidability results that hold for 1-
saturated slice languages also hold with respect to weakly saturated slice languages.

Slice Traces

It turns out that the notion of 1-saturation can be restated in terms of the closure
of a slice language, under a notion of commutation defined on its slice alphabet.
Suppose that any unit decomposition of a DAG in the graph language represented
by a slice language L has slice width at most c. We say that two unit slices S and

S′ in
−→
Σ(c, Γ1) are independent of each other if there is no edge joining the center

vertex v of S to the center vertex v′ of S′ in the slice S ◦ S′. Let W and W ′ be
strings over

−→
Σ(c, Γ1) in which every two consecutive slices are gluable. We say

that the slice string WS1S2W
′ is similar to WS′

1S′
2W

′ (uS1S2w ≃ uS′
1S′

2w) if
S1 ◦ S2 = S′

1 ◦ S′
2. The reflexive and transitive closure ≃∗ of ≃ is an equivalence

relation on unit decompositions. If the composition of the slices in a slice string
S1S2 · · · Sn gives rise to a DAG H, then the equivalence class in which S1S2 · · · Sn

lies is equal to the set of unit decompositions of H, i.e. ud(H). Our equivalence
relation on strings of slices gives us a way to test whether a regular slice language
L is saturated. As we show in the next theorem, it suffices to determine whether
the minimal finite automaton generating L is "diamond" closed. In Chapter 13.1
we will compare our notion of independence with the notion of independence used
in Mazurkiewicz trace theory.
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Theorem 14. Let SG be a slice graph over a slice alphabet
−→
Σ(c, Γ1). Then we may

effectively determine whether the slice language generated by SG is saturated.

Proof. Let c be the size of the largest slice labeling a vertex of SG. Thus the

slice language generated by SG is a subset of
−→
Σ(c, Γ1). In order to verify whether

a slice graph SG generates a saturated slice language, it is enough to test the
following condition: if a unit decomposition WS1S2W

′ belongs to L(SG) then
every unit decomposition WS′

1S′
2W

′ satisfying S′
1 ◦ S′

2 = S1 ◦ S2 belongs to L(SG)

as well. Let SA be the minimal deterministic finite automaton over
−→
Σ(c, Γ1) that

generates the same slice language as SG. Since the automaton is minimal and
deterministic, any string S1S2...Sk ∈ L(SA) corresponds to a unique computational
path of SA. In particular this implies that to verify our condition, we just need
to determine whether SA is "diamond" closed. In other words we need to test
whether for each pair of transition rules qS1r and rS2q

′ of the automaton and each
unit decomposition S′

1S′
2 of S1 ◦ S2, the automaton has a state r′ and transitions

qS′
1r

′ and r′S′
2q

′. Clearly this condition can be effectively verified efficiently, since
S1 ◦ S2 can have at most a polynomial (in the size of S1 ◦ S2) number of unit
decompositions.

Loop Connected Slice Graphs

In this subsection we introduce the notion of loop-connectivity, which is a topological
property of slice graphs. Slice graphs satisfying this property can be saturated. We
recall that a directed graph is strongly connected if for any two vertices v and v′

there is a path going from v to v′ and a path from v′ to v. Below we will define the
notion of loop-connected slice graph. In Theorem 15 we will prove that every loop-
connected slice graph can be transformed into a saturated slice graph representing
the same set of partial orders.

Definition 5 (Loop-Connected Slice Graph). A slice graph SG = (V, E ,S) is loop
connected if for every loop v1v2...vnv1 in SG the graph obtained by gluing the out-
frontier of the slice S(v1) ◦ S(v2) ◦ ... ◦ S(vn) with its own in-frontier has a unique
strongly connected component (Figure 13.3.ii).

Theorem 15. For every loop-connected slice graph SG over a slice alphabet Σ,
there is a saturated slice graph SG′ over a slice alphabet Σ′ representing the same
partial order language.

Proof. Let SA be the minimal deterministic automaton over the slice alphabet Σ

which generates the same slice language as SG, and let n be the number of states

in SA. We repeat the following procedure n times: For each path q1
S1−→ q2

S2−→ q3

and each two slices S′
1 and S′

2 such that S1 ◦ S2 = S′
1 ◦ S′

2, add a state q′
2 to the

automaton and the transitions q1
S

′
1−→ q′

2 and q′
2

S
′
2−→ q3 if such a state is not already

present in the automaton. We claim that if SG is loop-connected then after iterating
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this step n times, SA will generate a saturated slice language representing the same
set of partial orders. To see this, let SAn be the automaton after the n-th iteration
and suppose it is not saturated. Then for some slice string S1S2...Sm in L(SAn)
with m > n, there exists i such that Si is independent of Si+1 and there are S′

i and
S′

i+1 such that Si ◦ Si+1 = S′
i ◦ S′

i+1 but S1S2...S
′
iS

′
i+1...Sm is not in L(SAn). This

means that for some slice string S′′
1S′′

2 ...S
′′
m in the slice language of the original slice

automaton SA, and for some i, j with j − i > n there is no path from the center
vertex of S′′

i to the center vertex of S′′
j in the composed slice S′′

1 ◦S′′
2 ◦ ...◦S′′

m. From
the pumping lemma for regular languages we know that there exist slice strings
x, y, z ∈ Σ(c, Γ1)∗ such that S′′

i S′′
i+1...S

′′
j = xyz and such that xyrz ∈ L(SA) for

every r ≥ 0 and thus the slice string y labels a cycle in SA. Since there is no path
from the center vertex of Si to the center vertex of Sj then gluing the in-frontier
of the slice S(y) with its own out-frontier, we have a graph which is not strongly
connected.

3.2 1-Saturated Slice Languages and Partial Orders

Then we let P(c, Γ1) denote the set of all c-partial-orders whose vertices are labeled
with elements from Γ1.

Proposition 8 (All-c-partial-orders). There is a unique transitively reduced satu-

rated slice language Ltr(
−→
Σ(c, Γ1)) representing the set P(c, Γ1).

Let Lpo be a subset of P(c, Γ1). Then we define the c-complement of Lpo

to be the set of partial orders L
c

= P(c, Γ1)\Lpo. The following lemma says that
operations performed on transitively reduced saturated slice languages are reflected
on the partial order languages they represent.

Lemma 4 (Properties of Saturated Slice Languages [39]). Let L and L′ be two

transitively-reduced slice languages over
−→
Σ(c, Γ1) respectively represented by slice

automata A and A′. Assume that L is saturated.

1. Let L∪ = L ∪ L. Then L∪
po = Lpo ∪ L′

po.

2. Let L∩ = L ∩ L′. Then L∩
po = Lpo ∩ Lpo.

3. Let L
c

= Ltr(
−→
Σ(c, Γ1))\L. Then L

c

po = P(c, Γ1)\Lpo.

4. L′ ⊆ L if and only if L′
po ⊆ Lpo.

5. L ∩ L′ = ∅ if and only if Lpo ∩ L′
po = ∅.

6. If L′ is also saturated then slice languages L∪, L∩ and L
c

are transitively
reduced and saturated.
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Therefore we have that union, intersection and c-complementation of partial
order languages represented by transitively reduced saturated slice automata are
computable, and inclusion and emptiness of intersection of these partial order lan-
guages are decidable.

3.3 z-Saturated Slice Languages

A slice language L is z-saturated, if L has zig-zag number at most z and if for every
digraph H ∈ LG , every z-topological ordering ω of H and every unit decomposition
U of H that is compatible with ω we have that U ∈ L.

Proposition 9. Let L and L′ be two slice languages over Σ(c, Γ1), such that L
has zig-zag number z and such that L′ is z-saturated. If we let L∩ = L ∩ L′, then
L∩

G = LG ∩ L′
G.

Proof. The inclusion L∩
G ⊆ LG ∩ L′

G holds for any two slice languages L and L′

irrespectively of whether they are saturated or not: Let H be a digraph in L∩
G .

Then H has a unit decomposition U = S1S2...Sn in L ∩ L′. Since U ∈ L, H ∈ LG

and, since U ∈ L′, H ∈ L′
G . Thus L∩

G ⊆ LG ∩ L′
G . Now we prove that if L′ is

saturated the converse inclusion also holds: Let H be a digraph in LG ∩ L′
G . Since

L has zig-zag number z, there exists a unit decomposition U = S1S2...Sn of H of
zig-zag number z in L. Since L′ is z-saturated any unit-decomposition of H of zig-
zag number at most z is in L′, and in special U ∈ L′. Therefore U ∈ L∩ = L ∩ L′

and H ∈ L∩
G .

Proposition 10. Let H = (V,E) be a digraph, and ω = (v1, v2, ..., vn) be a z-
topological ordering of H of cut width c.

1. If H ′ is a subgraph of H and ω′ is the restriction of ω to the vertices of H ′,
then

a) H ′ has cut-width at most c w.r.t. ω′.

b) ω′ is a z-topological ordering of H ′.

2. The zig-zag number z is at most the cut-width c.

3. If H ′ = (V,E′) is any digraph with same set of vertices as H and if H ′ has
cut-width c′ with respect to ω then H ∪ H ′ has cut-width at most c + c′ with
respect to ω.

4. Let {p1, p2, ..., pk} be a set of not necessarily edge disjoint nor vertex disjoint

paths of H such that H =
⋃k

i=1 pi. Then c ≤ k · z.

Proof. 1a) Since H has cut width c with respect to ω, we have that there are at
most c edges with one endpoint in {v1, ..., vi} and other endpoint in {vi+1, ..., vn} for
each i with 1 ≤ i ≤ n−1. Therefore there are at most c edges with one endpoint in
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V (H)∩{v1, ..., vi} and other endpoint in {vi+1, ..., vn} for each such an i. Implying
in this way that H has cut-width at most c w.r.t the ordering ω′ induced by ω.
1b) Since ω is a z-topological ordering of H, any path of H has cut-width at most
z w.r.t. the restriction ωp of ω to the vertices of p. Since any path p′ of H ′ is a
sub-path of some path p of H, by item 1.a p′ has cut-width at most z with respect
to the ordering ωp′ induced by ωp (and consequently by ω′) on the vertices of p′.
2) The proof is by contradiction. Suppose z > c. Then there exists a path p in
H that has cut-width z with respect to the restriction ω′ of ω to the vertices of p.
Since p is a subgraph of H, by item 1a, z < c contradicting the assumption that
z > c. 3) For any i such that 1 ≤ i ≤ n− 1, there exist at most c edges of H with
one endpoint in {v1, ..., vi} and other endpoint in {vi+1, ..., vn}. Analogously there
are at most c′ edges of H ′ with one endpoint in {v1, ..., vi} and other endpoint in
{vi+1, ..., vn}. Therefore there are at most c+ c′ edges of H ∪H ′ with one endpoint
in {v1, ..., vi} and other endpoint in {vi+1, ..., vn} for each such an i. Thus H ∪H ′

has cut-width at most c+ c′. 4) Since ω is a z-topological ordering of H, each path
p of H has cut-width at most z with respect to ω. Since H = ∪k

i=1pi for paths
p1, ..., pk, by item 3 of this proposition, c ≤ k · z.

If ω is a z-topological ordering of a digraph G and if U is a dilated unit decom-
position of G that is compatible with ω, then we say that U has zig-zag number z.
The zig-zag number of a slice language L is the maximal zig-zag number of a unit
decomposition in L. If a dilated unit decomposition U has zig-zag number z then
any of its sub-unit decompositions has zig-zag number at most z (Proposition 10).
Thus the zig-zag number of L(SUBc(U)) is at most z.

Proposition 11. Let U be a unit decomposition of zig-zag number z. Then any
sub-unit-decomposition in L(SUBc(U)) has zig-zag number at most z.





Chapter 4

Initial Applications

In this chapter we will introduce the first algorithmic applications of regular slice
languages. We will start by illustrating the role of expansions in such algorith-
mic applications. Indeed in our first and simplest example, we describe how slice
languages can be used to address the k-colorability of graphs of small slice-width.
Subsequently we will show how to generate families of graphs that are the union
of k paths. Then we will show how to transitively reduce infinite families of DAGs
specified by slice languages. These two last applications will be used in the proofs
of our main results connecting slice languages to concurrency theory.

4.1 Sliced Graph Coloring

We illustrate the applicability of expansions with a simple example, the k-colorability
of digraphs. Recall that a digraph G = (V,E) is k-colorable if there exists a map-
ping λ : V → {1, ..., k} such that for every edge e ∈ E, λ(es) 6= λ(et). In other
words, G is k-colorable if one can assign a color to each of its vertices in such a way
that the source and target vertices of any edge of G receive different colors. Below
we will slightly reformulate the k-colorability of graphs in such a way that we can
determine whether a graph is k-colorable or not by looking only at each vertex and
at the sets of edges for which it is an endpoint.

Observation 1 (k-Colorability). A digraph G = (V,E) is k-colorable if and only
if there exist functions λ : V → {1, ..., k} and ξ : E → {1, ..., k} such that for each
vertex v ∈ V and each edge e ∈ E,

1. if es = v then λ(v) = ξ(e),

2. if et = v then λ(v) 6= ξ(e).

Intuitively, once a color of a vertex v is set, this color is propagated through
each edge e that has v as source. Whenever e meets its target vertex v′, we need
to make sure that v′ has a different color from e and therefore from v. The only
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reason we have reformulated k-colorability as in Observation 1 is that it allows us
to give a sliced characterization of when a digraph of slice-width c is k colorable.
First, lets define what is legal k-coloring of a unit slice.

Definition 6 (Sliced k-Coloring). Let S = (V,E, λ, ξ) ∈ Σ(c, {1}, {1}) be a unla-
beled normalized unit slice. A slice S′ = (V ′, E′, λ′, ξ′) ∈ Σ(c, {1, ..., k}, {1, ..., k})
is a k-colored version of S if V ′ = V , E′ = E, and if for each center vertex v ∈ V ′

and each edge e ∈ E

1. if es = v then λ′(v) = ξ′(e),

2. if et = v then λ′(v) 6= ξ′(e).

Notice that the constraints in Definition 8 are only relative to the center vertex
of S′. The frontier vertices are not colored. In particular, if S has no center vertex,
then we can color its edges arbitrarily.

Proposition 12. Let U = S1S2...Sn be a unit decomposition in L(Σ(c, {1}, {1})).

Then
◦

U is k-colorable if and only if there exists a unit decomposition U′ = S′
1S′

2...S
′
n

in L(Σ(c, {1, ..., k}, {1, ..., k})) such that S′
i is a k-colored version of Si for i ∈

{1, ..., n}.

Below we define the k-coloring expansion of a unit slice.

Definition 7 (k-Coloring Expansion). The k-coloring expansion is a function
EkCOL : Σ(c, {1}, {1}) → 2Σ(c,{1,...,k},{1,...,k}) that associates to each slice S ∈
Σ(c, {1}, {1}) the set EkCOL of all k-colored versions of S.
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Figure 4.1: Coloring Expansion.
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Proposition 13. Let L be a slice language over Σ(c, {1}, {1}). Then a unit de-
composition U′ = S′

1S′
2...S

′
n belongs to EkCOL(L) if and only if there is a unit

decomposition U = S1S2...Sn ∈ L such that
◦

U is k-colorable and such that S′
i is a

k-colored version of Si for each i ∈ {1, ..., n}.

Let πkCOL : Σ(c, {1, ..., k}, {1, ..., k}) → Σ(c, {1}, {1}) be the projection that
erases the colors of the slices in Σ(c, {1, ..., k}, {1, ..., k}).

Theorem 16. Let L be a slice language over Σ(c, {1}, {1}). Then a digraph H
belongs to πkCOL(EkCOL(L))G if and only if H ∈ LG and H is k-colorable.

In other words, Theorem 16 provides a way of filtering from L only those unit
decompositions that give rise to k-colorable digraphs. This filtering operation aris-
ing from a combination of expansions and projections will be used several times in
this thesis. In the next sections we give some more interesting examples of the use
of expansions.

4.2 Graphs that are unions of k directed paths

As our second application we will show how to represent infinite families of digraphs
that are the union of k directed paths. We say that a digraph H = (V,E) is the
union of k paths if there exist directed paths p1p2...pk, where each path pi = (Vi, Ei)
is subgraph of H and such that V = ∪k

i=1Vi and E = ∪k
i=1Ei. In this section we will

be concerned only with the representation of infinite families of DAGs. We start
with a simple proposition. Since we are only interested on DAGs, we will state our

results in terms of the directed alphabet
−→
Σ(k, Γ1). Let ud(H,

−→
Σ(k, Γ1)) denote the

set of all unit decompositions of H over
−→
Σ(k, Γ1).

Proposition 14. Let H be the union of k paths. Then

ud(H,
−→
Σ(k, Γ1)) = ud(H,

−→
Σ(k′, Γ1))

for any k′ ≥ k.

Proof. Let U = S1S2...Sn ∈ L(
−→
Σ(c, Γ1)) be a unit decomposition of H = ∪k

i=1pi.
Then we have that for each i ∈ {1, ..., k} and each j ∈ {1, ..., n}, pi crosses each
frontier of each slice Sj at most one time. Therefore, each frontier of each slice in
U is crossed at most k times by edges of H. Thus U ∈ ud(k, Γ1).

If H is a DAG, then we say that a vertex v of H is minimal if v is not the
target of any edge in H. We say that v is maximal it is not the source of any edge
in H. A vertex is internal if it is neither minimal nor maximal. We say that an
edge e ∈ E is minimal if it has a minimal vertex as endpoint and we say that e is
maximal if it has a maximal vertex as endpoint. Observe that if H is the union
of k paths p1, p2, ..., pk then we can assume that pi is a path from a minimal to a
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maximal vertex in H for each i ∈ {1, ..., k}, since if pi is a path from an vertex v
to a vertex u, then we can always complete it to a path p′pip

′′ where p′ is a path
from a minimal vertex to v and p′′ is a path from u to a maximal vertex.

Proposition 15 (Flows vs Paths). Let H = (V,E) be a DAG. Then H is the
union of k paths if and only if there exists a function f : E → {1, ..., k} such that
the following conditions are satisfied.

1. Conservativity: for any internal vertex v,
∑

e,et=v f(e) =
∑

e,es=v f(e).

2. Minimal Edges:
∑

e∈min(E) f(e) ≤ k.

Proof. Let H be the union of k paths p1, p2, ..., pk where pi = (Vi, Ei) is a path
from a minimal to a maximal vertex of H. Then we obtain a flow f : E → {1, ..., k}
as follows: f(e) = |{e ∈ Ei|i ∈ {1, ..., k}}|. Notice that since each path pi is from
a minimal to a maximal vertex, we have that for each internal vertex v of H, and
for each edge e1 such that es

1 = v, if e1 ∈ Ei then there exists an edge e2 ∈ Ei such
that et

2 = v. Analogously, for each edge e1 such that et
1 = v, if e1 ∈ Ei then there

is an edge e2 ∈ Ei such that es
2 = v. Thus condition Conservativity is satisfied.

To see that condition Minimal Edges is also satisfied, notice that no two minimal
edges belong to the same path. Thus

∑

e∈min(E)

f(e) =
∑

e∈min(E)

|{i|e ∈ Ei}| = k.

For the converse, suppose that f : E → {1, ..., k} is a function satisfying condi-
tions Conservativity and Minimal Edges. And let

∑

e∈min(E) f(e) = k′ for k′ ≤ k.

We will show how to construct k′ paths p1, p2, ..., pk′ from a minimal vertex to a
maximal vertex of H. The construction is by induction on k′. In the base case,
if k′ = 1, then H has a unique minimal edge. Additionally, the conservativity
condition implies that any internal vertex of H has at most one outgoing edge.
This implies that H is consists of a single path p together possibly with isolated
vertices. Now let k′ > 1. We proceed as follows, choose any path p = e1e2...er in
H where e1 is a minimal edge and er is a maximal edge. Consider the function
f ′ : E → {1, ..., k′ −1} which is defined as f ′(e) = f(e) if e /∈ p and f ′(e) = f(e)−1
such if e ∈ p. Consider the DAG H ′ = (V ′, E′) which is obtained from H by
deleting every edge e for which f ′(e) = 0. Then we have that f ′|E′ is a function
satisfying the Conservativity. Also we have that

∑

e∈min E′ f(e) = k′ − 1. Thus by
the induction hypothesis, H ′ is the union of k′ − 1 paths p1, ..., pk′−1. This implies
by its turn that H is the union of k′ paths p1, ..., pk′−1, p.

Below we will introduce a local way of determining whether a DAG

Definition 8 (Sliced k-flow). Let S = (V,E, λ, ξ) ∈
−→
Σ(k, Γ1, {1}) be a normalized

unit slice whose edges are unlabeled. A slice S′ = (V ′, E′, λ′, ξ′) ∈
−→
Σ(k, Γ1, {1, ..., k})

is an k-flow enriched version of S if V ′ = V , E′ = E, λ′ = λ and if the following
conditions are satisfied.
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1. Conservativity: if v is the center vertex of S′ then
∑

e,et=v f(e) =
∑

e,es f(e)

2. In Frontiers:
∑

e,e∈Ein f(e) ≤ k

Definition 9 (k-flow expansion). A k-flow expansion is an expansion Ek−flow :
−→
Σ(k, Γ1, {1}) →

−→
Σ(k, Γ1, {1, ..., k}) that assigns to each unit slice S ∈

−→
Σ(k, Γ1, {1})

the set of all k-flow enriched versions of S.

Proposition 16. Let U = S1S2...Sn be a unit decomposition in L(
−→
Σ(k, Γ1, {1})).

Then
◦

U is is the union of k paths if and only if there exists a unit decomposition

U′ = S′
1S′

2...S
′
n in L(

−→
Σ(k, Γ1, {1, ..., k})) such that S′

i is a k-flow enriched version
of Si for i ∈ {1, ..., n}.

The following lemma says that there the set of all DAGs which are the union of
k paths and whose vertices are labeled with elements from a finite set of labels Γ1,
can be represented by a slice graph on 2O(k log k) vertices.

Lemma 5. There is a saturated slice graph SG over
−→
Σ(k, Γ1, {1}) on 2k log k vertices

whose graph language LG(SG) consists of all DAGs that are the union of k paths
and whose vertices are labeled with elements from Γ1.

Proof. Let SG(
−→
Σ(k, Γ1, {1})) be the slice graph generating L(

−→
Σ(k, Γ1, {1})). Then

SG(
−→
Σ(k, Γ1, {1})) has 2O(k log k) vertices. By proposition 14, if H is the union of

k paths, then any unit decomposition of H belongs to L(
−→
Σ(k, Γ1, {1})). Thus we

just need to take care of eliminating from L(
−→
Σ(k, Γ1, {1})) all unit decompositions

that correspond to DAGs which are not the union of k paths. Towards this goal we
will need two tools: the first is the k-flow expansion of Definition 9. The other tool

is simply a projection π :
−→
Σ(k, Γ1, {1, ..., k}) →

−→
Σ(k, Γ1, {1}) that erases from the

edges of a slice S′ ∈
−→
Σ(k, Γ1, {1}) all the flow information attached to its edges.

Then we have that SG = πk−flow(Ek−flow(SG(
−→
Σ(k, Γ1, {1})))).

4.3 Slice Languages and Hasse Diagrams

The Hasse coloring introduced below in Definition 10 will allow us to characterize
the structure of Hasse diagrams at the slice level. In other words, Hasse colorings
will enrich the edges of unit slices with some additional information in such a way
that the coherent composition of these new colored slices is guaranteed to yield
a Hasse diagram. This result will be formally stated in Lemma 6 and will be
of particular importance for our expressibility theorem (Theorem 1), which shows
that the behavior of bounded p/t-nets can be adequately captured by transitively
reduced slice graphs. In this section we will assume that all DAGs we are dealing
with have a unique minimal vertex.
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Figure 4.2: i) A DAG G whose edges are colored with a 4-flow f , and two unit
decompositions of G colored with sliced versions of f . Suppose that L is a slice
language and that G /∈ LG . Then the unit decomposition to the left belongs to
(Σc

S
)∗\L for c = 3, but not the unit decomposition to the right, which has slice

width 4. ii) A c-flow f can be regarded as the sum of c unit flows (In this case c = 4).
iii) A diamond DAG D and a diamond with an additional edge D′. Let L = ud(D)
and L′ = ud(D′) then both L and L′ are saturated and Lpo(D) = Lpo(D′) 6= ∅ but
L ∩ L′ = ∅ and LG ∩ L′

G = ∅.

Definition 10 (Hasse Coloring). Let S = (V,E, l) be a unit standard slice whose
unique center vertex is v. Then a partial function H : E2 → {0, 1}2 is a Hasse
coloring of S if the following conditions can be verified for every e1, e2 ∈ E:

1. H(e1e2) is not defined if and only if (e1=e2) or (et
1=es

2) or (es
1=et

2),

2. if H(e1e2) = xy then H(e2e1) = yx (for x, y ∈ {0, 1}),

3. if et
1=et

2 then H(e1e2) = 11,

4. if es
1=es

2 then H(e1e2) = 00,

5. if es
1 ∈ I and et

1 ∈ O and es
2 = v then H(e1e2) ∈ {01, 11} and

H(e1e2) = 01 iff (∃e, et=v)(H(e1e) ∈ {00, 01}).

The Hasse expansion of a slice S is the set EHa(S) of all pairs (S,H) where H is
a Hasse coloring of S.

In what follows it will be convenient to write simply j for the unique edge
touching a frontier vertex v of a slice S = (V,E, l) in which l(v) = j. The context
will always clarify whether v is an in or an out frontier vertex. In this setting we
write js to indicate the source vertex of j and jt to indicate its target vertex. Let S
be a slice with possibly more than one vertex in the center. We say that two edges
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Figure 4.3: i) i, j diverge in S. ii) i is shorter than j in S. iii) and iv) i, j converge
in S′. v) Any unit decomposition of a Hasse diagram has a Hasse coloring. vi) If
a DAG is not a Hasse diagram, none of its unit decompositions can be coherently
Hasse-colored.

i, j of S converge if they touch the in-frontier of S and it = jt (Fig. 4.3.iv). We say
i, j diverge if they touch the out-frontier of S and is = ts (Fig. 4.3.i) . Finally we
say that i is shorter than j if they touch the out-frontier of S and if there is a path
with at least one edge from is to js (Fig. 4.3.ii). Below in Proposition 17, we state
some easily verifiable facts about Hasse colorings which will be used in the proof of
Lemma 6.

Proposition 17.

1. Let S1S2...Sn be a unit decomposition of a slice S with a unique minimal
vertex, H1H2...Hn a Hasse coloring of S1S2...Sn and i, j ∈ On be two out-
frontier vertices of Sn. Then

• Hn(i, j) = 00 ⇔ i and j diverge in S. See Fig. 4.3-i.

• Hn(i, j) = 01 ⇔ i is shorter than j in S. See Fig. 4.3-ii.

2. Let S,S′ be two (not necessarily unit ) slices such that S can be composed
with S′. And let i, j be two convergent in-frontier vertices in S′. If i, j are
divergent in S or if i is shorter than j in S then S ◦ S′ is not transitively
reduced. See Figs. 4.3-iii and 4.3-iv.

3. Let S and S′ be two unit slices such that S can be composed with S′ and H be
a Hasse coloring of S. If there is no Hasse coloring H′ of S′ such that (S,H)
can be composed with (S′,H′), then there exist i, j such that H(i, j) ∈ {00, 01}
and i, j converge in S′. See Fig. 4.3-vi.
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Lemma 6 (Hasse Colorings and Hasse Diagrams). Let H be a Hasse diagram, with
a unique minimal vertex and let EHa be the Hasse expansion of Definition 10. Then
H is a Hasse diagram if and only if for each unit decomposition U = S1S2...Sn of
H, EHa(U) 6= ∅.

Proof. First we show that if H is not a Hasse diagram then for any unit decompo-
sition U of H, EHa(U) = ∅. For the sake of contradiction, let U = S1S2...Sn be a
unit decomposition of H and suppose that (S1,H1)(S2,H2)...(Sn,Hn) ∈ EHa(U).
Then we have that for each l ∈ {1, ..., n− 1}, (Sl,Hl) can be glued to (Sl+1,Hl+1).

Since
◦

U is not a Hasse diagram, there exist two vertices v and v′ which are con-
nected either by multiple edges, or by an edge and a path of length greater than one.
Let v′ be in Sk+1 for some 1 ≤ k ≤ n−1. Then there are i, j such that i, j converge
in Sk+1. Furthermore either i, j diverge or i is shorter than j in S1 ◦ S2 ◦ ... ◦ Sk.
By proposition 17-1, we have that Hk(i, j) ∈ {00, 01}. By proposition 17-3, there is
no Hk+1 such that (Sk,Hk) can be composed with (Sk+1,Hk+1). This contradicts
the assumption that (S1,H1)(S2,H2)...(Sn,Hn) ∈ EHa(U).

For the converse, let U = S1S2...Sn be a unit decomposition of H. We show
that if EHa(U) = ∅ then H is not a Hasse diagram. Let S1S2...Sk be the greatest
prefix of U for which there is a sequence H1,H2...,Hk of Hasse colorings for which
(Si,Hi) can be glued to (Si+1,Hi+1) for i ∈ {1, ..., k − 1}. By proposition 17-1,
either i, j diverge or i is shorter than j in S1 ◦ S2 ◦ ... ◦ Sk. This implies, by
Proposition 17-2 that S1 ◦ ... ◦ Sk ◦ Sk+1 is not transitively reduced, and so neither
is H = S1 ◦ ... ◦ Sn.

Lemma 7. For any c ∈ N and set of labels Γ1 there is a unique transitively reduced

saturated regular slice language Ltr(
−→
Σ(k, Γ1)) whose graph language Ltr

G (
−→
Σ(k, Γ1))

consists of all DAGs which are the union of c paths and whose vertices are labeled

with elements from Γ1. Additionally, Ltr(
−→
Σ(k, Γ1)) can be represented by a slice

graph SGtr(
−→
Σ(k, Γ1)) on 2O(c2) vertices.

Proof. Let L(Σ(k, Γ1)) be the maximal slice language over Σ(k, Γ1) for which all
DAGs in LG(Σ(k, Γ1)) have a unique minimal vertex. If (S, R) is an enriched slice,
let π be a projection that sends (S, R) to S. Note that for each U, π ◦ EHa(U) =
{U}. Notice also that EHa(L(k, Γ1)) =

⋃

U∈L(Σ(k,Γ1) EHa(U). Then Ltr(Σ(k, Γ1))

is equal to π◦EHa(L(Σ(k, Γ1))), since by Lemma 6, a unit decomposition U belongs
to EHa(L(Σ(k, Γ1))) if and only if U ∈ L(Σ(k, Γ1)) and U is a Hasse diagram
with a unique minimal vertex. The lemma follows by noticing that L(Σ(k, Γ1))
can be generated by a slice graph on 2O(c log c) vertices, and that for each slice S,
|EHa(S)| ≤ 2O(c2).

4.4 Transitive Reduction of Slice Languages

In the last section we defined a way to select from a slice language L only those
unit decompositions that give rise to transitively reduced DAGs. In this section we
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will show how expansions and projections can be used to transitively reduce regular
slice languages.

The transitive reduction of a DAG G = (V,E, l) is the unique minimal subgraph
tr(G) of G with the same transitive closure of G, i.e., such that tc(G) = tc(tr(G)).
We say that a DAG G is transitively reduced if G = tr(G). We say that a slice
language L is transitively reduced if every DAG in LG is transitively reduced. The
transitive reduction of a slice language L is the unique slice language tr(L) which
is transitively reduced, vertically saturated and such that for each DAG G ∈ LG

and unit decomposition U compatible with a topological ordering ω of G, there
is a unit decomposition U′ ∈ tr(L) of tr(G) which is compatible with U. Notice
that by our definition of transitive reduction, if L is saturated, then tr(L) is also
saturated. In this section we will show how to obtain the transitive reduction of a
slice language over

−→
Σ(c, Γ1) by applying appropriate expansions and projections.

In particular, if L is a regular slice language specified by a slice graph, then our
method of transitively reducing a slice language gives rise to an efficient algorithm.

We say that an edge e of a simple DAG H is superfluous if the transitive closure
of H equals the transitive closure of H\{e}. In this section we will develop a method
to highlight the sliced parts of superfluous edges of a graph H on any of its unit
decompositions S1S2 · · · Sn (Fig. 4.4-vi). Deleting these highlighted edges from
each slice of the decomposition, we are left with a unit decomposition S′

1S′
2 · · · S′

n

of the transitive reduction of H. It turns out that we may transpose this process to
slice graphs. Thus given a slice graph SG we will be able to effectively compute a
transitively reduced slice graph tr(SG) that represents the same language of partial
order as SG, i.e. Lpo(SG) = Lpo(tr(SG)).

A function T : E2 → {0, 1}2 defined on the edges of a unit slice S = ({v}, E, l)
is called a coloring of S. A sequence of functions T1T2 · · · Tn is a coloring of a unit
decomposition S1S2 · · · Sn of a DAG H if each Ti is a coloring of Si and if the
colors associated by Ti to pairs of edges touching the out-frontier of Si agree with
the colors associated by Ti+1 to pairs of edges touching the in-frontier of Si+1 (Figs.
4.4-i,4.4-ii).

Figure 4.4: The transitivity coloring of the unit decomposition of two DAGs. i) The
DAG is transitively reduced. No edge is marked. ii) The DAG is not transitively
reduced. The sliced parts of each superfluous edge are marked (in gray). Deleting
the marked edges and composing the slices we are left with the transitive reduction
of the original DAG.

Below we define the notion of transitivity coloring that will allow us to perform
a "sliced" transitive reduction on DAGs.
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Definition 11 (Transitivity Coloring). Let S = (I ∪ {v} ∪O,E, l) be a unit slice.
Then a transitivity coloring of S is a partial function

T : E2 ∪ E → {0, 1}2 ∪ {marked, unmarked}

such that:

1. T (E2) ⊆ {0, 1}2 and T (E) ⊆ {marked, unmarked}.

2. Undefinedness: T (e1e2) is not defined if and only if (es
1=et

2) or (et
1=es

2)

3. Antisymmetry: If T (e1e2) = ab then T (e2e1) = ba.

4. Transitivity:

a) If e1 and e2 6= e1 have the same source vertex, then T (e1e2) = 00.

b) If es
1 ∈ I and et

1 ∈ O and es
2 = v then T (e1e2) ∈ {01, 11} and

T (e1e2) = 01 iff (∃e, et=v)(T (e1e) ∈ {00, 01}).

5. Relationship between marking and transitivity:

If et = v then e is marked ⇔ (∃e1, e
t
1 = v)T (ee1) = 01.

We observe that an isolated unit slice may be transitivity colored in many
ways. However as stated in the next lemma (Lemma 8), a unit decomposition
S1S2 · · · Sn of a simple DAG H with unique minimal and unique maximal vertices,
can be coherently colored in a unique way. Furthermore, in this unique coloring,
each superfluous edge of H is marked. Later, in Lemma 10 we will provide a
generalization of Lemma 8 that takes DAGs with multiple edges into consideration.

Lemma 8 (Sliced Transitive Reduction). Let S1S2 · · · Sn be a unit decomposition
of a simple DAG H with unique minimal and unique maximal vertices. Then

1. S1S2 · · · Sn has a unique transitivity coloring T1T2 · · · T2.

2. An edge e in Si is marked by Ti if and only if e is a sliced part of a superfluous
edge of H (Fig. 4.4-ii).

Proof. Let T1T2 · · · Tn be a transitivity coloring of S1S2 · · · Sn. By the rule of
composition of colored slices and by conditions 2 to 5 of Definition 11, the value
associated by Ti to each two distinct edges of Si is completely determined by the
values associated by Ti−1 to edges touching the out-frontier of Si−1. Furthermore,
since H has a unique minimal vertex, T1 associates the value 00 to each two distinct
edges of S1. Thus the values associated by each Ti to distinct edges of Si are unique.
It remains to show that the marking is unique.

Let e be a superfluous edge of H, and e1e2..ek be a path from es to et, then
the transitivity conditions in Definition 11.4 assure that for any sliced part e′ of
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e and any sliced part e′
i of ei lying in the same slice Sj , Tj(e′, e′

i) = 00 if i = 1
and Tj(e′, e′

i) = 01 for 2 ≤ i ≤ k (Fig. 4.4). Let Sj be the slice that contains
the target vertex of e, and let e′ and e′

k be respectively the sliced parts of e and
ek lying in Sj . Then T (e′e′

k) = 01 and thus, by condition 5 of Definition 11, e′ is
marked, implying that any sliced part of e lying in previous slices must be marked
as well. Now suppose that e1 and e2 have the same target vertex, and that e1 is
not superfluous. Then for any sliced part e′

1 of e1 and any sliced part e′
2 of e2

lying in the same slice Sj , we must have Tj(e′
1, e

′
2) = 10 if e2 is superfluous and

Tj(e′
1, e

′
2) = 11 if e2 is not superfluous. Thus by condition 5 of Definition 11, no

sliced part of e1 can be marked. We observe that Tj(e′
1, e

′
2) 6= 00 since otherwise e1

and e2 would have the same source and thus form a multiple edge.

Definition 12 (Transitivity Reduction Expansion A). The transitivity reduction
expansion is the function EA

tr that associates to each slice S the set EA
tr(S) consisting

of all pairs (S, T ) such that T is a transitivity coloring of S.

Let πA
tr be the projection that associates to each enriched slice (S, T ) the

slice S′ which is obtained from (S, T ) by removing all the values in {0, 1}2 ∪
{marked, unmarked} associated to edges of S, and by deleting every edge e with
T (e) = marked. Intuitively the edges of S that are labeled with marked are edges
which were identified as superfluous and for this reason need to be deleted.

Lemma 9. Let U be a unit decomposition of a simple DAG H with a unique
minimal vertex. Then there exists a unique unit decomposition U′ in πA

tr ◦EA
tr(U).

Additionally
◦

U′= tr(
◦

U).

Proof. Follows immediately from Lemma 8. If U = S1S2...Sn then there exists a
unique unit decomposition (S1, T1)(S2, T2)...(Sn, Tn) in EA

tr(U). Additionally for
each Si, the function Ti colors an edge e ∈ Ei with the tag marked if and only if it
is a sliced part of a superfluous edge of H. Therefore, by applying the projection
πtr to U we are left with a unit decomposition U′ = S′

1S′
2...S

′
n in which each S′

i

is obtained from (Si, Ti) by deleting precisely the edges tagged by Ti as marked.

Thus
◦

U
′
= tr(

◦

U).

In general the graph language of a slice graph may contain DAGs with multi-
ple edges. Below we extend Definition 11 to deal with these DAGs. Given a unit
decomposition S1S2 · · · Sn of a DAG H, we partition each frontier of Si into num-
bered cells in such a way that two edges touch the same cell of a frontier if and
only if they are the sliced parts of edges with the same source and target in H.

Definition 13 (Multi-edge Transitivity Coloring). A multi-edge transitivity color-
ing of a unit slice S = (I ∪ {v} ∪ O,E, l) is a triple (T ,Pin,Pout) where T is a
transitivity coloring of S, Pin is a numbered partition of the in-frontier vertices S
and Pout a numbered partition of the out-frontier vertices of S, such that:
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Figure 4.5: i) An illustration of how multiple edges are collapsed. ii) A slice graph
and an intuitive depiction of its graph language. iii) A transitively reduced slice
graph obtained from the slice graph to the left. The marked edges (in gray), which
should be deleted, and the values of the coloring were left to illustrate the proof of
Lemma 9.

1. If two edges touch the same cell in one of the partitions then either both are
connected to v or both touch the same cell in the other partition.

2. For any edge e and any distinct edges e1 and e2 touching the same cell of Pin

or the same cell of Pout, T (ee1) = T (ee2).

3. In each cell of Pin and in each cell of Pout either all edges are marked or all
edges are unmarked.

4. If v is the target of two edges e1, e2 and T (e1e2) = 00 then e1 and e2 belong
to the same cell of Pin.

A sequence (T1,P
in
1 ,Pout

1 )(T2,P
in
2 ,Pout

2 ) · · · (Tn,P
in
n ,Pout

n ) is a multi-edge tran-
sitivity coloring of a unit decomposition S1S2 · · · Sn of a DAG H, if T1T2 · · · Tn is a
transitivity coloring of S1S2 · · · Sn and for each i, two edges e1, e2 in Si touch the
same cell of Pout

i if the corresponding edges to which they are glued in Si+1 touch
the same cell of Pin

i+1.
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We note in particular that condition 4 of Definition 13 will guarantee that in
a coherent multi-edge transitivity coloring of a unit decomposition of a DAG, all
sliced parts of multiple edges with the same source and target in the DAG, will touch
the same cells in both of the partitions. This happens because in each transitivity
colored slice of the decomposition, two distinct edges with the same target are
colored with the value 00 if and only if they are the sliced parts of multiple edges in
the original DAG. From our discussion, we may state an adapted version of Lemma
9 that takes multiple edges into account (Lemma 10). In this case there may be
more than one valid coloring, but they differ only in the way the vertices of the
frontier of each slice are partitioned.

Lemma 10 (Sliced Multi-edge Transitive Reduction). Let S1S2 · · · Sn be a unit
decomposition of a DAG H with a unique minimal and maximal vertices.

1. S1S2 · · · Sn has at least one multi-edge transitivity coloring

(T1,P
in
1 ,Pout

1 )(T2,P
in
2 ,Pout

2 ) · · · (Tn,P
in
n ,Pout

n ).

2. An edge e in Si is marked by Ti if and only if e is a sliced part of a superfluous
edge of H (Fig. 4.4-ii).

3. Two edges e1, e2 of Si touch the same cell of Pin
i or the same cell of Pout

i if
and only if they are sliced parts of edges e′

1, e
′
2 of H with same source and tail

vertices.

As a consequence, our transitive reduction algorithm described in Lemma 9 may
be adapted to work with general slice graphs, and not only with those that generate
simple DAGs.

Definition 14 (Transitivity Reduction Expansion B). The transitivity reduction
expansion B is the function EB

tr that associates to each slice S the set EB
tr(S)

consisting of all pairs (S, T ) such that T is a multi-edge transitivity coloring of S.

Let πB
tr be the projection that associates to each enriched slice (S, T ,Pin,Pout)

the slice S′ which is obtained from (S, T ,Pin,Pout) by removing all the values in
{0, 1}2∪{marked, unmarked} associated to edges of S, by deleting every edge e with
T (e) = marked, and by collapsing all edges belonging to the same cell in Pin or
Pout into a single edge. Intuitively the edges of S that are labeled with marked are
edges which were identified as superfluous and for this reason need to be deleted.
The edges belonging to the same partition are identified as multi-edges with the
same source and target, and for this reason should be collapsed.

Lemma 11. Let U be a unit decomposition of a simple DAG H with a unique

minimal vertex. Then for any unit decomposition U′ in πB
tr ◦ EB

tr(U),
◦

U′= tr(
◦

U).
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Proof. Follows immediately from Lemma 10. If U = S1S2...Sn then for any unit
decomposition (S1, T1)(S2, T2)...(Sn, Tn) in EB

tr(U), and any i ∈ {1, ..., n}, the func-
tion Ti colors an edge e ∈ Ei with the tag marked if and only if it is a sliced part
of a superfluous edge of H. Additionally, two edges e1, e2 will belong to the same
partition if and only if they are sliced parts of multiple edges inH. Therefore, by ap-
plying the projection πB

tr to U we are left with a unit decomposition U′ = S′
1S′

2...S
′
n

in which each S′
i is obtained from (Si, Ti) by deleting precisely the edges tagged by

Ti as marked and by collapsing those edges that are identified as having the same

source and target. Thus
◦

U
′
= tr(

◦

U).

We end this section by proving Theorem 7.

Proof of Theorem 7: Let SG be a slice graph. Then by Lemma 11 a unit

decomposition U′ belongs to L(πB
tr ◦ EB

tr(SG)) if and only if
◦

U′ is the transitive
reduction of some DAG in L(SG). Additionally, this transformation preserves weak
1-saturation since for any U ∈ L(SG), the topological ordering v1, v2, ..., vn induced

by U on the vertices of
◦

U is the same as the ordering induced by U′ on the vertices

of
◦

U
′
. Thus by setting tr(SG) = vSat(πB

tr ◦EB
tr(SG)) we have that the language of

tr(SG) is saturated, since it is both weakly saturated and vertically saturated. �
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Chapter 5

Directed Width Measures

Since the last decade, the possibility of lifting the metatheorems in [31, 4] to the
directed setting has been an active line of research. Indeed, following an approach
delineated by Reeds [130] and Johnson, Robertson, Seymour and Thomas [91],
several digraph width measures have been defined in terms of the number of cops
needed to capture a robber in a certain evasion game on digraphs. From these
variations we can cite for example, directed tree-width [130, 91], DAG width [17], D-
width [134, 73], directed path-width [12], entanglement [18, 19], Kelly width [84] and
Cycle Rank [45, 75]. All these width measures have in common the fact that DAGs
have the lowest possible constant width (0 or 1 depending on the measure). Other
width measures in which DAGs do not have necessarily constant width include
DAG-depth [58], and Kenny-width [58].

The introduction of the digraph width measures listed above was often accom-
panied by algorithmic implications. For instance, certain linkage problems that are
NP-complete for general graphs, e.g. Hamiltonicity, can be solved efficiently on
graphs of constant directed tree-width [91]. The winner of certain parity games
of relevance to the theory of µ-calculus can be determined efficiently in digraphs
of constant DAG width [17], while it is not known if the same can be done for
general digraphs. Computing disjoint paths of minimal weight, a problem which
is NP-complete in general digraphs, can be solved efficiently in graphs of bounded
Kelly width. However, except for such sporadic successful algorithmic implications,
researchers have failed to come up with an analog of Courcelle’s theorem for graph
classes of constant width for any of the digraph width measures described above. It
turns out that there is a natural barrier against this goal: It can be shown that un-
less all the problems in the polynomial hierarchy have sub-exponential algorithms,
which is a highly unlikely assumption, MSO2 model checking is intractable in any
class of graphs that is closed under taking subgraphs and whose undirected tree-
width is poly-logarithmic unbounded [95, 96]. An analogous result can be proved
with respect to model checking of MSO1 properties if we assume a non-uniform
version of the extended exponential time hypothesis [60, 59]. All classes of di-
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graphs of constant width with respect to the directed measures described above are
closed under subgraphs and have poly-logarithmically unbounded tree-width, and
thus fall into the impossibility theorem of [95, 96]. It is worth noting that Cour-
celle, Makowsky and Rotics have shown that MSO1 model checking is tractable
in classes of graphs of constant clique-width [34, 35], and that these classes are
poly-logarithmic unbounded, but they are not closed under taking subgraphs.

We define the zig-zag number of a digraph G to be the minimum z for which
G has a z-topological ordering, and denote it by zn(G). The zig-zag number is a
digraph width measure that is closed under taking subgraphs and that has interest-
ing connections with some of the width measures described above. In particular we
can prove the following theorem stating that families of graphs of constant zig-zag
number are strictly richer than families of graphs of constant directed path-width.

Theorem 17. Let G be a digraph of directed path-width d. Then G has zig-zag
number z ≤ 2d + 1. Furthermore, given a directed path decomposition of G one
can efficiently derive a z-topological ordering of G. On the other hand, there are
digraphs on n vertices whose zig-zag number is 2 but whose directed path-width is
Θ(log n).

Theorem 17 legitimizes the algorithmic relevance of Theorem 8 since path-
decompositions of graphs of constant directed path-width can be computed in poly-
nomial time [136]. The same holds with respect to the cycle rank of a graph since
constant cycle-rank decompositions1 can be converted into constant directed-path
decompositions in polynomial time [74]. Therefore all the problems described in
Chapter 1.3 can be solved efficiently in graphs of constant directed path-width and
in graphs of constant cycle rank. We should notice that our main theorem circum-
vents the impossibility results of [95, 96, 60, 59] by confining the monadic second
order logic properties to subgraphs that are the union of k directed paths. Thus
within our framework we cannot for instance express problems that are already
NP-complete for DAGs such as 3-colorability of the whole digraph G, nor finding
a maximal di-cut of the whole digraph. However what we are indeed allowed to do
is to ask how many 3-colorable subgraphs of G are the union of k directed paths,
or how many subgraphs of G are the union of k directed paths and have di-cuts of
size k/10 for instance.

A pertinent question consists in determining whether we can eliminate either z
or k from the exponent of the running time f(ϕ, k, z) · nO(k·z) stated in Theorem
8. The following two theorems say that under strongly plausible parameterized
complexity assumptions [43], namely that W [2] 6= FPT and W [1] 6= FTP , the
dependence of both k and z in the exponent of the running time is unavoidable.

Theorem 18 (Lampis-Kaouri-Mitsou[99]). Determining whether a digraph G of
cycle rank z has a Hamiltonian circuit is W [2] hard with respect to z.

1By cycle-rank decomposition we mean a direct elimination forest[74].
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Since by Theorem 17 constant cycle rank is less expressive than constant zig-zag
number, the hardness result stated in Theorem 18 also works for zig-zag number.
Given a sequence of 2k not necessarily distinct vertices σ = (s1, t1, s2, t2, ..., sk, tk),
a σ-linkage is a set of internally disjoint directed paths p1, p2, ..., pk where each pi

connects si to ti.

Theorem 19 (Slivikins[135]). Given a DAG G, determining whether G has a
σ-linkage σ = (s1, t1, s2, t2, ..., sk, tk) is hard for W [1].

Thus, since a σ-linkage is clearly the union of k-paths, Theorem 19 implies that
the dependence of k on the exponent is necessary even if z is fixed to be 1.

5.1 Zig-Zag Number versus Other Digraph Width

Measures

Cops-and-robber games provide an intuitive way to define several of the directed
width measures cited in the beginning of this chapter. Let G be a digraph. A
cops-and-robber game on G is played by two parties. One is controlling a set of
k cops and the other is controlling a robber. At each round of the game the cop
either stands on a vertex of G or flies in an helicopter, meaning that it is temporarily
removed from the digraph. The robber stands on a vertex of G, and can at any time
run at great speed along a cop-free directed path to another vertex. The objective
of the cops is to capture the robber by landing on a vertex currently occupied by
him, while the objective of the robber is to avoid capture.

Let µ be the minimum number of cops needed to capture the robber in a digraph
G. The directed tree-width of G (dtw(G)) is equal to µ if at each round the robber
only moves to a vertex within the strongly connected component (SCC) induced by
the vertices that are not blocked by cops [91]. The D-width of G (Dw(G)) is equal
to µ if the cops capture the robber according to a monotone strategy, i.e., cops
never revisit vertices that were previously occupied by some cop. The robber is
also required to move within the SCC induced by the non-blocked vertices[74]. The
DAG-width of G (dagw(G)) is equal to µ when the cops follow a monotone strategy
but when the robber can move along arbitrary cop free paths, independently of
whether it stays within the SCC component induced by the non-blocked vertices
[17]. The directed path width of G (dpw(G)) is equal to the quantity µ − 1 if we
add the additional complication that the cops cannot see the robber [12]. The
Kelly-width of G (kellyw(G)) is equal to µ if the cops cannot see the robber and
if at each step the robber only moves when a cop is about to land in his current
position[58]. Finally, the DAG-depth of G (ddp(G)), which is the directed analog of
the tree-depth defined in [120], is the minimum number of cops needed to capture
the robber when the cops follow a lift-free strategy, i.e., the cop player never moves
a cop from a vertex once it has landed [58].

Some other width measures are better defined via some structural property. For
instance, the K-width of G (Kw(G)) is the maximum number of different simple
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paths between any two vertices of G [58]. The weak separator number of G is
defined as follows: If G = (V,E) is a digraph and U ⊆ V , then a weak balanced
separator for U is a set S such that every SCC of G[U\S] contains at most 1

2 |U |
vertices. The weak separator number of G, denoted by s(G) is defined as the
maximum size taken over all subsets U ⊆ V , among the minimum weak balanced
separators of U . Finally, the cycle rank of a digraph G = (V,E) denoted by r(G)
is inductively defined as follows: If G is acyclic, then r(G) = 0. If G is strongly
connected and E 6= ∅, then r(G) = 1 + minv∈V {r(G − v)}. If G is not strongly
connected then r(G) equals the maximum cycle rank among all strongly connected
components of G. Below we find a summary of the relations between the zig-zag
number of a digraph and all the digraph width measures listed above. We write
A � B to indicate that there are graphs of constant width with respect to the
measure A but unbounded width with respect to the measure B. We write A � B
to express that A is not asymptotically greater than B.

zn(G) � dpw(G)
[74]

� cr(G)
[59]

�

{

Kw(G)
ddp(G)

cr(G)

log n

[74]

� s(G) (5.1)

zn(G)

log n
� s(G)

[74]

� Dw(G)
[74]

� dagw(G)
[17]

� dpw(G) (5.2)

√

zn(G)

log n
� dtw(G)

[84]

� kellyw(G)
√

Dw(G)
[51]

� dtw(G)
[51]

� Dw(G) (5.3)

The numbers above � and � point to the references in which these relations
where established. The only new relations are zn(G) � dpw(G), zn(G)/ log n �
s(G) and

√

zn(G)/ log n � dtw(G) for which we provide a justification below.

Proof of equations 5.1, 5.2 and 5.3: The relation zn(G) � dpw(G) comes
from our Theorem 17. The fact that zn(G)/ log n � s(n) is implied by cr(G)/ log n �
s(G) together with zn(G) � cr(G). Finally

√

zn(G)/ log n � dtw(G) is implied by
√

Dw(G) ≤ dtw(G) together with zn(G)/ log n � Dw(G). We observe that we are
not aware of a generalization of the well known inequality pw(G) ≤ tw(G)·O(log n),
relating undirected path-width to undirected tree-width, to the directed setting. In
other words we do not know whether dpw(G) ≤ dtw(G) ·O(log n). Such a general-
ization would imply zn(G)/log(n) � dtw(G). �

5.2 Directed Path-Width, Directed Vertex Separation

Number and Zig-Zag Number

In this section we will define the notions of directed path width, directed vertex
separation number, and prove Theorem 17.
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Let G = (V,E) be a digraph. Then a directed path decomposition of G is a
sequence P = X1,X2, ...,Xp ⊆ V of subsets of vertices of G such that i) ∪p

j=1Xj =
V , ii) for every i, j, k with i < j < k, Xi ∩ Xk ⊆ Xj and iii) for every directed
edge (u, v) ∈ E, there exists a pair i, j of indexes with i ≤ j such that u ∈ Xi and
v ∈ Xj . The width of P, denoted dpw(G,P) is the size of the largest set in P. The
directed path-width of G, denoted dpw(G) is the minimal value of dpw(G,P) where
P ranges over all path decompositions of G. In this section we will prove the two
claims made in Theorem 17. The first, stating that constant directed path-width
implies constant zig-zag number (Part I), and the second stating that there are
graphs of constant zig-zag number but unbounded directed path-width (Part II).

Before proving the first part of Theorem 17, we will first define another digraph
measure, the directed vertex separation number (d.v.s.n.) of a digraph. Let ω =
(v1, v2, ..., vn) be a linear ordering of the vertices of a digraph G. Then the directed
vertex separation number of G with respect to ω, denoted by dvsn(G,ω), is the
maximal number of vertices in {vi, vi+1, ..., vn} that have a successor in {v1, ..., vi−1}
for some i.

dvsn(G,ω) = max
i

|{vj |(vj , vk) ∈ E, j ≥ i, k < i}| (5.4)

The directed vertex separation number of a digraph G, denoted by dvsn(G), is
the minimal value of dvsn(G,ω) among all linear orderings of the vertex of G. It can
be shown that the d.v.s.n. of a graph is equal to its directed path-width [145], and
that given a linear ordering ω ofG of d.v.s.n. equal to d, one can construct efficiently
a directed path decomposition of G of width d, and vice versa. Additionally, given a
positive integer d, one may determine in time O(mnd+1) whether G has an ordering
ω satisfying dvsn(G,ω) ≤ d, and in case it exists, return it in the same amount
of time [136]. Therefore to prove that bounded path-width implies bounded zigzag
number, it is enough to show that any ordering of G of dvsn(G) = d has zig-zag
number at most 2d+ 1.

Proof of Theorem 17 - Part I : Let G be a digraph of directed path-width
d. Then it follows from [145] that there exists a linear ordering ω = (v1, ..., vn)
of the vertices of G such that of direct vertex separation number d. Therefore
for any i ∈ {1, ..., n − 1} we have that there are at most d vertices vj1

, ..., vjd
in

V [i..n] = {vi, ..., vn} which are the source of an edge with target in V [1, ..., i− 1] =
{v1, ..., vi−1}. This implies that for any path p of G there are at most d edges of
p going from V [i, ..., n] to V [1, ..., n − 1]. But this by its turn implies that there
are at most d+ 1 edges of p going in the opposite direction, from V [1, ..., n− 1] to
V [i, ..., n]. Therefore the cut width of p w.r.t. ω is at most 2d+ 1. �

Proof of Theorem 17 - Part II :

Lemma 12 ([12]). Let G be an undirected graph, and let D be the digraph obtained
from G by replacing every undirected edge {u, v} with two anti-parallel directed edges
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(u, v) and (v, u). Then the directed path-width of D is equal to the undirected path-
width of G.

The complete binary tree T (n) is the binary tree on n vertices in which every
level, except possibly the last is completely filled, and all nodes are as far left as
possible. In the next Lemma we show that the directed version of T (n) has zig-zag
number 2 but has unbounded directed path-width.

Lemma 13. Let T (n) be the complete binary tree on n vertices, and let D(n) be
the digraph obtained from T (n) by replacing each of its undirected edges by a pair of
directed edges of opposite directions. Then D(n) has zig-zag number zn(D(n)) ≤ 2,
while it has directed path-width dpw(D(n)) = Ω(logn).

Proof. It is well known that the complete binary tree on n vertices has undirected
path-width Θ(log n), and indeed this tight bound follows from a characterization of
path-width of a graph in terms of the number of cops needed to capture an invisible
robber on it. Applying Lemma 12 we have that the digraph D(n) derived from T (n)
has directed path-width Θ(log n). On the other hand we will show that D(n) has
zig-zag number at most 2 for any n. Let ω = (v1, v2, ..., vn) be the ordering that
traverses the vertices of D(n) according to a depth first search starting from the
root. In other words, if v is a vertex of D(n), vL belongs to the left subtree of v,
and vR belongs to the right subtree of v, then ω(v) < ω(vL) < ω(vR) (Figure 5.1).
We show that D(n) has zig-zag number at most 2 with respect to ω. Notice that
since D(n) has the structure of a tree, for any two vertices v1, v2 there is a unique
simple path from v1 to v2. Now let v be the minimal vertex such that both v1 and
v2 are in the subtree rooted on v (Observe that v might be potentially equal to v1

or to v2) Then the path from v1 to v2 has necessarily to pass trough v. Given that
ω is a depth first ordering, each each of the paths p1 and p2 from v1 to v and from
v to v2 respectively, has zig-zag number at most 1 with respect to ω (it can have
zig-zag number 0 if v = v1 or v = v2). Therefore the path p1 ∪ p2 from from v1 to
v2 has zig-zag number at most 2. �

Figure 5.1: The digraph D(7) obtained from the complete binary tree on 7 vertices
T (7). The ordering depicted in the figure has zig-zag number 2.



Chapter 6

The Monadic Second Order Logic

of Graphs

The monadic second order logic of graphs MSO2 extends first order logic by allowing
for quantification over sets of vertices and sets of edges. In this Chapter we will
briefly introduce the logic MSO2 and show how it can be used to express some
useful graph properties. For an extensive account of the monadic second order
logic of graphs we refer the reader to the treatise [33] (in particular, Chapters 5
and 6). As is customary, we will represent a digraph G by a relational structure
G = (V,E, s, t, lV , lE , dir) where V is a set of vertices, E a set of edges, s, t ⊆ E×V
are respectively the source and tail relations, lV ⊆ V × ΣV and lE ⊆ V × ΣE are
respectively the vertex-labeling and edge-labeling relations and dir ⊆ E is the
orientation relation. We give the following semantics to these relations: s(e, v) and
t(e, v′) are true if v and v′ are respectively the source and the tail of the edge e;
lV (v, a) is true if v is labeled with the symbol a ∈ ΣV while lE(e, b) is true if e is
labeled with the symbol b ∈ ΣE . Finally, dir(e) is true if e is a directed edge and
false if it is undirected. If e is directed then we assume that it is oriented from its
source to its tail, while if e is undirected, we simply disregard the orientation of
e. In this way we do not view an undirected edge as a pair of edges with opposite
orientations. Let {x, y, z, z1, y1, z1, ...} be an infinite set of first order variables and
{X,Y,Z,X1, Y1, Z1, ...} be an infinite set of second order variables. Then the set of
MSO2 formulas is the smallest set of formulas containing:

• the atomic formulas x ∈ X, V (x), E(x), s(x, y), t(x, y), lV (x, a) for each
a ∈ ΣV , lE(x, b) for each b ∈ ΣE ,

• the formulas ϕ ∨ ψ, ¬ϕ, ∃x.ϕ(x) and ∃X.ϕ(X), where ϕ and ψ are MSO2

formulas.

If X is a set of second order variables, and G = (V,E) is a graph, then an
interpretation of X over G is a function M : X → 2V that assigns to each variable
in X a subset of vertices of V . The semantics of a formula ϕ(X ) over free variables
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X being true on a graph G under interpretation M is the usual one. A sentence
is a formula ϕ without free variables. For a sentence ϕ and a graph G, if it is the
case that ϕ is true in G, then we say that G satisfies ϕ and denote this by G |= ϕ.

6.1 Useful MSO Expressible Properties

In the next formulas, for simplicity, vertex variables will be denoted by x, edge
variables by y, vertex set variables by X and edge set variables by Y .

Path from x1 to x2 with X as internal vertices and Y as internal edges

Path(x1, x2,X, Y ) ≡ [x1 = x2 ∧X = ∅ ∧ Y = ∅] ∨
[x1 6= x2 ∧ x1 /∈ X ∧ x2 /∈ X ∧
∀x ∈ X ∪ {x1} ∃y ∈ Y s(x, y) ∧
∀x ∈ X ∪ {x2} ∃y ∈ Y t(x, y) ∧
∀y ∈ Y ∃x ∈ X ∪ {x1} s(x, y) ∧
∀y ∈ Y ∃x ∈ X ∪ {x2} t(x, y) ∧
∀y, y′ ∈ Y ∀x ∈ X ∪ {x1} ¬s(x, y) ∨ ¬s(x, y′)
∀y, y′ ∈ Y ∀x ∈ X ∪ {x2} ¬t(x, y) ∨ ¬t(x, y′)]

Intuitively, Path(x1, x2,X, Y ) states that either x1 = x2 and there is no internal
vertices and edges, or x1 6= x2 and every vertex in X∪{x1} is the source of a unique
edge in Y , every vertex inX∪{x2} is the target of a unique edge in Y , and every edge
in Y has a source in X ∪{x1} and a target in X ∪{x2}. Notice that we do not need
to specify that the source and target of each edge is unique, since this condition is
already assumed when we are dealing with digraphs as relational structures. From
the formula Path(x1, x2,X, Y ) we can construct the formula Path(x1, x2) stating
that there exists a path from x1 to x2:

Path(x1, x2) ≡ ∃X ∃Y Path(x1, x2,X, Y )

Using Path(x1, x2) we can define a formula stating that a set of vertices X is a
connected component of the digraph,

Connected(X) ≡ ∀x1, x2 ∈ X,Path(x1, x2) ∨ Path(x2, x1)

or strongly connected component:

StronglyConnected(X) ≡ ∀x1, x2 ∈ X,Path(x1, x2)

If H is a digraph, then a subdivision of H is a digraph H ′ which is obtained
by replacing one or more edges of H by a path. For any digraph H = (V,E)
where V = {v1, ..., vr}, E = {e1, ..., ek} there is a MSO2 sentence ϕH expressing
the property that a digraph has a subdivision of H as a subgraph.
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ϕH ≡ (∃xv1
, ..., xvr

)(∃X1, ...,Xk)(∃Y1, ..., Yk)
∧k

i=1 PATH(xes
i
, xet

i
,Xi, Yi) ∧

∧

i6=j [(¬∃y) y ∈ Yi ∧ y ∈ Yj ] ∧
∧

i6=j [(¬∃x)x ∈ Xi ∧ x ∈ Xj ]

(6.1)

The following formula expresses the existence of a Hamiltonian cycle:

ϕHamP ath(x1, x2) ≡ (∃X,Y )[Path(x1, x2,X, Y ) ∧ (∀x)V (x) → x ∈ X ∪ {x1, x2}]
(6.2)

ϕHamCycle ≡ (∃x1, x2)[ϕHamP ath(x1, x2) ∧ (∃y)[s(x2, y) ∧ t(x1, y)]] (6.3)

We will end this chapter by providing a proof of Corollary 2.

Proof of Corollary 2 We start from item 10: Robertson and Seymour’s graph
minor Theorem states that any minor closed graph property P is characterized
by a finite set F of forbidden minors [56]. The non-existence of each minor in F
can be expressed by a monadic second order formula ϕF (See for example [33]);
The properties in items 2, 4, 5, 6, 7, 8, 9 are all closed under minors, and therefore, by
Item 10 there is a monadic second order formula expressing each of these properties.
1: Clearly there exists a MSO2 formula expressing connectedness, namely, that
there is a path between any two vertices. 3 : A graph is bipartite if and only if it
has no cycle of odd length, which is also easy to express in MSOL. �





Chapter 7

Counting Subgraphs Intersecting a

z-Saturated Regular Slice

Language

In this chapter we show that if L is a fixed z-saturated slice language then given
any z-topologically orderable digraph G, together with a z-topological ordering ω
of G, we can count in polynomial time the number of subgraphs of G which are
isomorphic to some graph in LG .

We start by defining some notation. A sub-slice of a slice S is a subgraph of S
that is itself a slice. If S′ is a sub-slice of S then we consider that the numbering
of the frontiers of S′ is inherited from the numbering of the frontiers of S. If
U = S1S2...Sn is a unit decomposition of digraph G then a sub-unit-decomposition
of U is a unit decomposition U′ = S′

1S′
2...S

′
n of a subgraph of G such that S′

i is
a sub-slice of Si for 1 ≤ i ≤ n. We observe that sub-unit-decompositions may
be padded with empty slices. A unit decomposition U = S1S2...Sn may have
exponentially many sub-unit-decompositions of a given slice-width c. However, as
we will state in Lemma 14 the set of all such sub-unit decompositions of U may be
represented by a slice graph of size polynomial in n.

Lemma 14. Let G be a digraph with n vertices, U = S1S2...Sn be a unit decompo-
sition of G of slice-width q and let c ∈ N be such that c ≤ q. Then one can construct
in time n · qO(c) an acyclic and deterministic slice graph SUBc(U) on n · qc vertices
whose slice language L(SUBc(U)) consists of all sub unit-decompositions of U of
slice-width at most c.

Proof. The slice graph SUBc(U) = (V, E ,S, I, T ) is constructed as follows: For
each slice Si ∈ U (recall again that Si belongs to Σ(q, Γ1, Γ2) and not to Σ(c, Γ1, Γ2),
and that q ≥ c) we let SUBN c(Si) be the set of all numbered sub-slices of Si of
slice-width at most c (Figure 7.1.iv), including slices with empty in-frontier, empty
out-frontier or both (this last case embraces both the empty slice and slices with a
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unique vertex in the center and no frontier vertex). We should pay attention to the
fact that the numbering of the frontier vertices of each such a sub-slice is inherited
from the numbering of Si, as illustrated in figure 7.1.iii, and thus these subslices are
not necessarily normalized. This observation is crucial and will play a role in the
fact that SUBc(U) is deterministic. For each such a sub-slice S ∈ SUBN c(Si) (now
S ∈ Σ(c, Γ1, Γ2)) we add a vertex vi,S to V and label it with S (i.e., S(vi,S) = S
). Subsequently we add an edge (vi,S , vj,S′) if and only if j = i + 1 and if S can
be glued to S′ respecting the numbering of the touching-frontier vertices. Observe
that a slice with empty out-frontier can always be glued to a slice with an empty
in-frontier. This last observation allows us to represent some unit decompositions
of disconnected sub-graphs. The initial vertices in I are the vertices labeled with
the sub-slices of SUBN c(S1) with empty in-frontier (including the empty slice),
while the terminal vertices in T are those labeled with slices from SUBN c(Sn)
with empty out-frontier. We observe that all the sub-unit-decompositions gener-
ated by SUBc(U) will have length n, irrespectively of the size of the subgraph of
G that each of them represents. Therefore each such a sub-unit decompositions
will be potentially padded with sequences of empty slices to its left and right. Now
it should be clear that a sequence U = S′

1S′
2...S

′
n is a sub-unit decomposition of

U = S1S2...Sn if and only if there exists a sequence v1,S′
1
v2,S′

2
...vn,S′

n
labeled with

U. Therefore the slice language L(SUBc(U)) represents precisely the set of sub-
unit decompositions of U of slice-width at most c. As mentioned above, SUBc(U) is
deterministic. This fact is guaranteed by the fact that even if a vertex in SUBc(U)
has two forward neighbors labeled with slices carrying the same structure, their
frontiers will forcefully have distinct numberings, and thus will be considered dif-
ferent. Finally, the construction we just described can be realized in time nqO(c)

since there are at most
(

q
O(c)

)

subslices of each slice Si and we only connect vertices

in SUBc(U) labeled with neighboring subslices.

A slice S with in-frontier I and out-frontier O is normalized if the vertices in
I are injectively numbered in such a way that l(I) = {1, ..., |I|} and if the vertices
in O are injectively numbered in such a way that l(O) = {1, ..., |O|}. If S is a
normalized slice of slice-width c with in-frontier I and out-frontier O then a q-
numbering of S for q > c is a pair of functions in : I → {1, ..., q}, out : O →
{1, ..., q} satisfying the constraint that for each two vertices v, v′ ∈ I, l(v) < l(v′)
implies in(l(v)) < in(l(v′)) and for each two vertices v, v′ ∈ O, l(v) < l(v′) implies
out(l(v)) < out(l(v′)). We let (S, in, out) denote the slice obtained from S by
renumbering each frontier vertex v ∈ I with in(l(v)) and each out frontier vertex
v ∈ O with the out(l(v)). The q-numbering-expansion of a normalized slice S is
the set N q(S) of all q-numberings of S. Let SG = (V, E ,S, I, T ) be a normalized
slice graph over Σ(c, Γ1, Γ2). Then the q-numbering expansion of SG is the slice
graph N q(SG) = (V ′, E ′,S ′, I ′, T ′) defined as follows. For each vertex v ∈ V and
each slice (S(v), in, out) ∈ N q(S(v)) we create a vertex vin,out in V ′ and label it
with (S, in, out). Subsequently we connect vin,out to v′

in′,out′ if there was an edge
(v, v′) ∈ E and if (S, in, out) can be glued to (S′, in′, out′).
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Proposition 18. Let SG be a slice graph. Then a unit decomposition U = S1S2...Sn

belongs to L(SG) if and only if the unit decomposition

U′ = (S1, in1, out1)(S2, in2, out2)...(Sn, inn, outn)

belongs to L(N q(SG)) for a set of pairs of functions {(ini, outi)}i where (ini, outi)
is a q-numbering of Si.

Theorem 20. Let G be digraph, U = S1S2...Sn be a unit decomposition of G of
slice-width q and zig-zag number z, SG be a z-saturated slice graph over Σ(c, Γ1, Γ2)
and N q(SG) be the q-numbering expansion of SG. Then the set of all sub-unit-
decompositions of U of slice-width at most c whose composition yields a graph
isomorphic to some graph in LG(SG) is represented by the regular slice language
L(SUBc(U)) ∩ L(N q(SG)).

Proof. Let H be a digraph on k vertices and assume that H is a subgraph of G
which is isomorphic to a digraph in LG(SG). Since H is a subgraph of G, there is
a unit decomposition U′ = S′

1S′
2...S

′
n that is a sub-unit decomposition of U. By

Proposition 11.1, U′ has zig-zag number at most z, and therefore U′ is compatible
with some z-topological ordering of ω = (v1, v2, ..., vk) of the vertices of H. Now
notice that the slices S′

i are not normalized. Therefore there exists a normalized
unit decomposition U′′ = S′′

1S′′
2 ...S

′′
n of H such that S′

i = (S′′
i , ini, outi) for some q-

numbering (ini, outi) of S′′
i . Since SG is saturated, H ∈ LG(SG) and U′′ also has zig-

zag number z, we have that U′′ ∈ L(SG). Thus by Proposition 18, U′ ∈ L(N q(SG)),
and therefore U′ ∈ L(SUBc(U)) ∩ L(N q(SG)).

Conversely, assume that the numbered unit decomposition

U′ = (S′′
1 , in1, out1)(S′′

2 , in2, out2)...(S′′
n, inn, outn)

of the digraph H belongs to the slice language L(SUBc(U)) ∩ L(N q(SG)). Then
by proposition 18, the unit decomposition U′′ = S′′

1S′′
2 ...S

′′
n belongs to SG and since

U′′ is also a unit decomposition of H, we have that H ∈ LG(SG). Since by Lemma
14 all unit decompositions in L(SUBc(U)) are sub-unit decompositions of U we
have that H is a subgraph of G. Therefore H is a subgraph of G isomorphic to a
digraph in LG(SG).

Proposition 19 (Counting Paths in a DAG). Let D = (V,E) be a DAG on n
vertices and let S and T be two arbitrary subsets of V . Then one may count the
number of distinct simple paths from S to T in time O(n3).

Proof. We start by adding a vertex v0 to D and connecting it to each vertex in S.
Similarly, we add a vertex vf to G and add a directed edge from each vertex in T
to vf . We will assign weights for each vertex of G. For each v ∈ V ∪ {v0, vf }, the
weight w(v) will count the number of paths from v to vf . Indeed we will define a
sequence of functions w0, w1, ..., wh which will converge to w when h is greater or
equal to the height of D, i.e., the size of the longest path from v0 to vf . Initially, we
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will set w0(vf ) = 1 and w0(v) = 0 for all other vertices in V ∪ {v0}. Subsequently,
for each v ∈ V ∪ {v0}, let N+(v) be the set of all forward neighbors of v. Then set
wi(v) =

∑

v′∈N+(v) wi−1(v′) for i ≥ 1. By induction on the height of D, we have

that for each v ∈ V ∪ {v0}, the weight wh(v) represents precisely the number of
simple paths from v to vf . In particular wh(v0) represents the number of simple
paths from v0 to vf which is equal to the number of simple paths from S to T .
Therefore, let w(v) = wh(v) for each v ∈ V .
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Figure 7.1: i) A digraph G and a sub-digraph H of G ii) A normalized unit decom-
position of G iii) An unnormalized unit decomposition of H. S′

3 is a permutation
slice iv) Some sub-slices in SUBN (S2) and in SUBN (S3) and how they are con-
nected. v) A normalized slice (leftmost slice) and its 3-numbering expansion (all
slices together).

Theorem 21 (Subgraphs in a Saturated Slice Language). Let G be a digraph of cut-
width q with respect to a z-topological ordering ω = (v1, v2, ..., vn) of its vertices,
and let SG be a deterministic z-saturated slice graph on r vertices over the slice
alphabet Σ(c, Γ1, Γ2). Then we may count in time rO(1) · nO(1) · qO(c) the number
of subgraphs of G that are isomorphic to some subgraph in LG(SG).

Proof. Let U = S1S2...Sn be any unit decomposition that is compatible with ω,
i.e., such that vi is the center vertex of Si for i = 1, ..., n. Clearly such a unit
decomposition can be constructed in polynomial time in n. Since SG is saturated,
by Theorem 20 the set of all subgraphs of G that are isomorphic to some digraph in
LG(SG) is represented by the regular slice language L(SUBc(U)) ∩ L(N q(SG)). By
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Lemma 14 SUBc(U) has n · qO(c) vertices and can be constructed within the same
time bounds. The numbering expansion N q(SG) of SG has

(

q
O(c)

)

· r = r · qO(c)

vertices and can be constructed within the same time bounds. Let SG∩ = N q(SG)∩
SUBc(U)) be the slice graph generating L(N q(SG)) ∩ L(SUBc(U)). Since SG∩ can
be obtained by a product construction, it has r · n · qO(c) vertices. Since SUBc(U)
is acyclic, SG∩ is also acyclic. Therefore counting the subgraphs in G isomorphic
to some graph in LG(SG) amounts to counting the number of simple directed paths
from an initial to a final vertex in SG∩. The label of each such a path identifies
unequivocally each such a subgraph. By standard dynamic programming we can
count the number of paths in a DAG from a set of initial vertices to a set of final
vertices in time polynomial in the number of vertices of the DAG (Proposition 19).
Thus we can determine the number of subgraphs of G that are isomorphic to some
digraph in L(SG) in time rO(1)nO(1)qO(c).





Chapter 8

Slice Languages and

MSO2 Properties

We will start this section by stating a crucial lemma relating regular slice languages
and the monadic second order logic of graphs. Intuitively Lemma 15 below says
that for any MSO2 formula ϕ the set of all unit decompositions of a fixed width of
digraphs satisfying ϕ forms a regular slice language.

Lemma 15. For any MSO2 sentence ϕ over digraphs and any c ∈ N, the set
L(ϕ,Σ(c, Γ1, Γ2)) of all unit decompositions S1S2...Sk in L(Σ(c, Γ1, Γ2)) such that
S1 ◦ S2 ◦ ... ◦ Sk = H and H |= ϕ is a regular subset of Σ(c, Γ1, Γ2)∗.

Lemma 15 gives a slice theoretic analog of Courcelle’s model checking theorem:
In order to verify whether a digraph G of slice-width at most c satisfies a given
MSO property ϕ, one just needs to find a slice decomposition U = S1S2...Sn of G
and subsequently verify whether the deterministic finite automaton (or slice graph)
accepting L(ϕ,Σ(c, Γ1, Γ2)) accepts U.

Before proving Lemma 15, we will define some notation. In the composition
S1 ◦ S2 of slices which we have been using until now, both the out-frontier vertices
of S1 and the in-frontier vertices of S2 disappear, since they are not meant to be
part of the structure of the composed graph. To prove Lemma 15 however, it will be
convenient to define a slightly different composition of slices. In this composition,
which we denote by S1 ⊕S2 we simply add an edge from each out-frontier vertex of
S1 to its corresponding equally numbered in-frontier vertex in S2. Indeed we will
represent the existence of such an edge by a predicate ConsecutiveFrontiers(u, u′)
which will be true whenever u belongs to the out-frontier of a slice S, u′ belongs to
the in-frontier of a consecutive slice S′ and both u and u′ have the same number.
By consecutive slices we mean two slices that appear in consecutive positions in
a unit decomposition. We notice that the edge relation of graphs that arise by
gluing slices according to the first composition can be recovered from the edge
relation of the graphs that arise if they were composed using ⊕. More precisely, let
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G◦ = (V ◦, E◦, s◦, t◦, l◦V , l
◦
E) = S1 ◦ S2 ◦ ... ◦ Sn and G⊕ = (V ⊕, E⊕, s⊕, t⊕, l⊕V , l

⊕
E) =

S1 ⊕ S2 ⊕ ... ⊕ Sn. Then we define the formula s◦(X,Y ) to be true if and only
if X is the set of edges of a path v0e1u1u

′
1e2u2u

′
2...uk−1u

′
k−1ekvǫ in G⊕ such that

Y = {v0}, vǫ is not a frontier vertex, and ConsecutiveFrontiers(ui, u
′
i) holds for

every i with 1 ≤ i ≤ k − 1. Analogously, t◦(X,Y ) is true if X is the set of edges
of a path v0e1u1u

′
1e2u2u

′
2...uk−1u

′
k−1ekvǫ in which Y = {vǫ}, v0 is not a frontier

vertex and ConsecutiveFrontiers(ui, u
′
i) for all all intermediary vertices ui, u

′
i with

1 ≤ i ≤ k − 1. The existence of such a path can easily be expressed in MSO2 .
Observe that the way in which slices are composed and the way in which slice graphs
are defined will guarantee that for any two non-frontier vertices v1, vk+1 there exists
at most one path v0e1u1u

′
1e2u2u

′
2...uk−1u

′
k−1ekvǫ such that all intermediary vertices

are frontier vertices. Therefore each edge in G◦ will correspond to exactly one such
a path in G⊕ and vice versa. Analogously, the relations l◦V and l◦E can be easily
simulated in terms of MSO2 formulas involving l⊕V and l⊕E .

Without loss of expressiveness, one may eliminate the need to quantify over first
order variables [138]. This will be in useful to reduce the number of special cases
in the proof of Lemma 15 below. The trick is to simulate first order variables via a
second order predicate singleton(X) which is interpreted as true whenever |X| = 1
and as false otherwise. To avoid a cumbersome notation, whenever we refer to a
variable X as being a single vertex or edge, we will assume that singleton(X) is
true. Since we will deal with slices, it will also be convenient to have in hands a
relation frontier(X) which is true if and only if X represents a frontier vertex, and
a relation samefrontier(X,Y ) which is true if X and Y represent vertices in the
same frontier of a slice. More formally, let ΣV be a set of vertex labels, ΣE be a
set of edge labels, {X,Y, ...,X1, Y1, ...} be an infinite set of second order variables
ranging over sets of vertices and let ϕ(X) denote a formula with free variable X.
Then the set of MSO2 formulas over directed graphs is the smallest set of formulas
containing:

• the atomic formulas, V (X), E(X), singleton(X), X ⊆ Y , s(X,Y ), t(X,Y ),
lV (X, a) for each a ∈ ΣV , lE(X, b) for each b ∈ ΣE ,
frontier(X) and sameFrontier(X,Y );

• the formulas ϕ∨ψ, ϕ∧ψ, ¬ϕ and ∃Xϕ(X), where ϕ and ψ are MSO2 formulas.

Now we follow an approach that is similar to that used in [138, 105] but lifted
in such a way that it will work with slices. Let ϕ be a MSO2 formula with k free
second order variables X = {X1, ...,Xk} and S be a unit slice with r vertices and r′

edges (including the frontier vertices). We represent an interpretation of X in S as
a k× (r+ r′) boolean matrix M whose rows are indexed by the variables in X and
the columns are indexed by the vertices and edges of S. Intuitively, we set Mij = 1
if and only if the vertex or edge of S corresponding to the j-th column of M belongs
to the i-th variable of ϕ. In this setting a sequence M1M2..Mn of interpretations
of a unit decomposition S1S2...Sn, in which Mi is an interpretation of Si, provides
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a full interpretation of the graph S1 ⊕ S2 ⊕ ... ⊕ Sn. Let Σ(c, Γ1, Γ2) be the slice
alphabet of width c. We define the interpreted extension of Σ(c, Γ1, Γ2) to be the
alphabet

Σ(c, Γ1, Γ2,X ) =
⋃

S∈Σ(c,Γ1,Γ2)

SX

where

SX = {(S,M)|M is an interpretation of X over S}. (8.1)

Now we are in a position to prove Lemma 15. For each formula ϕ over a set
of free variables X we will define a regular subset L(ϕ,Σ(c, Γ1, Γ2,X )) of the free
monoid generated by Σ(c, Γ1, Γ2,X ) satisfying the following property: A string

(S1,M1)(S2,M2)...(Sn,Mn) ∈ (Σ(c, Γ1, Γ2,X ))∗

belongs to L(ϕ,Σ(c, Γ1, Γ2,X )) if and only if the digraph G = S1 ⊕ S2 ⊕ ... ⊕ Sn

satisfies ϕ(X ) with interpretation M1M2...Mn.

Proof of Lemma 15

Proof. By the discussion above we start by replacing each occurrence of the atomic
formulas s(X,Y ), t(X,Y ), ... in ϕ by the atomic formulas s◦(X,Y ), t◦(X,Y ),...
so that we can reason in terms of the composition ⊕ instead of in terms of the
composition ◦. Let Si = (Vi, Ei, si, ti, lVi

, lEi
). First we will construct a finite

automaton which accepts precisely the interpreted strings

(S1,M1)(S2,M2)...(Sn,Mn) ∈ (Σ(c, Γ1, Γ2,X ))∗

for which G = S1 ⊕ S2 ⊕ ...⊕ Sn |= ϕ with interpretation M1,M2, ...,Mn of X over
G. The proof is by induction on the structure of the formula. It is easy to see that
the atomic formulas V (X), E(X), singleton(X), X ⊂ Y , lVi

(X, a), lEi
(X) = b for

each a ∈ ΣV and b ∈ ΣE , can be checked by a finite automaton. For instance,
to check whether Xi ⊆ Xj holds in (S1,M1)(S2,M2)...(Sn,Mn), the automaton
verifies for each interpretation Mk with 1 ≤ k ≤ n and for each column l of Mk,
that whenever (Mk)il = 1 then (Mk)jl = 1. To determine whether s⊕(X,Y ) (or
t(X,Y )) is true, first check whether X,Y are singletons. If this is not the case,
reject. Otherwise let X be interpreted as {e} and Y as {v}. Then accept either if
e and v belong to the same slice and if si(e, v), which can be done by table lookup.
To determine whether ConsecutiveFrontiers(X,Y ) is true, check whether X and
Y are singletons, X, belongs to the out-frontier of a slice and Y to the in-frontier
of a consecutive slice. Disjunction, conjunction and negation are handled by the
fact that DFAs are effectively closed under union, intersection and complement. In
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other words,

L(ϕ ∨ ϕ′,Σ(c, Γ1, Γ2,X )) = L(ϕ,Σ(c, Γ1, Γ2,X )) ∪ L(ϕ′,Σ(c, Γ1, Γ2,X ))

L(ϕ ∧ ϕ′,Σ(c, Γ1, Γ2,X )) = L(ϕ,Σ(c, Γ1, Γ2,X )) ∩ L(ϕ′,Σ(c, Γ1, Γ2,X ))

L(¬ϕ,Σ(c, Γ1, Γ2,X )) = L(ϕ,Σ(c, Γ1, Γ2,X ))

(8.2)

To eliminate existential quantifiers we proceed as follows: For each variable X,
define the projection ProjX : Σ(c, Γ1, Γ2,X ) → Σ(c, Γ1, Γ2,X \{X}) that sends
each symbol (S,M) ∈ Σ(c, Γ1, Γ2,X ) to the symbol (S,M\X) in Σ(c, Γ1, Γ2,X \{X})
where M\X denotes the matrix M with the row corresponding to the variable X
deleted. Extend ProjX homomorphically to strings by applying it coordinatewise,
and subsequently to languages by applying it stringwise. Then set

L(∃Xϕ(X ),Σ(c, Γ1, Γ2,X \{X})) = ProjX(L(ϕ(X ),Σ(c, Γ1, Γ2,X ))).

Notice that even though homomorphisms in general do not preserve regularity, in
the case of projections of symbols as defined above, this is not an issue. In par-
ticular one can obtain a DFA A accepting L(∃Xϕ(X ,Σ(c, Γ1, Γ2,X \{X})) from
a DFA A′ accepting L(ϕ,Σ(c, Γ1, Γ2,X )) by simply replacing each symbol (S,M)
appearing in a transition of A by the symbol (S,M\X). At the end of this induc-
tive process, all variables will have been projected, since ϕ is a sentence. Thus the
language L(ϕ,Σ(c, Γ1, Γ2)) will accept precisely the slice strings whose composition
yield a digraph that satisfies ϕ. As a last step in our construction, we eliminate
illegal sequences of slices, from the language generated by our constructed automa-
ton, we intersect it with another automaton that rejects precisely the sequences of
slices S1S2...Sn in which two slices that cannot be composed appear in consecutive
positions. �

8.1 MSO2 and Saturated Slice Languages

For a matter of clarity, from now on we will relax our MSO2 language and use
lower case letters whenever referring to single edges and vertices. Let the pred-
icate PathV ertices(X) be true whenever X is the set of vertices of some path,
PathEdges(Y ) be true whenever Y is the set of edges of some path and the
Path(X,Y ) be true whenever X is the set of vertices and Y the set of edges of
the same path. Then the fact that a unit decomposition S1S2...Sn has zig-zag
width at most z can be expressed in MSO2 as

ZigZag(z) ≡ (∀X)(∀x1, x2, ..., xz+1)
[PathV ertices(X) ∧

∧

i xi ∈ X ⇒
∨

i6=j ¬Samefrontier(xi, xj)]

Basically it says that if X is the set of vertices of a path and if x1, ..., xz+1 are
z + 1 vertices in this path then at least two of them belong to different frontiers.
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Recall that a digraph H = (V,E) is the union of k paths if there is a set of not
necessarily edge disjoint nor vertex disjoint paths {p1, ..., pk} with pi = (Vi, Ei)
such that V = ∪k

i=1Vi and E = ∪k
i=1Ei. The fact that a digraph H is the union of

k paths can be expressed by following MSO2 formula:

Unitable(k) ≡ (∃X1, ...,Xk, Y1, ..., Yk)
[V ⊆

⋃

i Xi ∧ E ⊆
⋃

i Yi ∧
∧

i Path(Xi, Yi)] .

Proof of Lemma 1 Let ϕ′ = ϕ ∧ ZigZag(z) ∧ Unitable(k). By Lemma 15,
there is a regular slice language L(ϕ, k, z) over Σ(k · z, Γ1, Γ2) generating all unit
decompositions over Σ(k · z, Γ1, Γ2) whose composition yields a graph G satisfying
ϕ′, and in particular ϕ. Since the factor Unitable(k) is present in ϕ′ all these graphs
can be cast as the union of k paths. Since the factor ZigZag(z) is present in ϕ′,
all unit decompositions in L(ϕ, k, z) have zig-zag number at most z. It remains
to show that every unit decomposition of zig-zag number at most z of a graph
H ∈ LG(ϕ, k, z) is in L(ϕ, k, z). This follows from the fact that G is the union of k
directed paths, and from Proposition 10.4 stating that any unit decomposition of
zig-zag number at most z of a digraph that is the union of at most k directed paths
has slice-width at most k · z. Thus L(ϕ, k, z) is z-saturated. To finish the proof set
SG(ϕ, k, z) as any slice graph generating L(ϕ, k, z). �

8.2 Proof of our Algorithmic Metatheorem

Finally we are in a position to prove our algorithmic metatheorem connecting zig-
zag number with the monadic second order logic of graphs (Theorem 8). The proof
will follow from a combination of Lemma 1, Theorem 21, and the following easy
propositions.

Proposition 20. Let Σ(c, Γ1, Γ2) be a slice alphabet. Then there exists a slice
graph SG(l, c, Γ1, Γ2) on |Σ(c, Γ1, Γ2)| · lO(1) vertices such that

LG(SG(l, c, Γ1, Γ2)) = {
◦

U | U ∈ L(Σ(c, Γ1, Γ2)), |
◦

U| = l}.

Below if G is a digraph whose edges are labeled by elements of a semigroup Ω,
then we let w(G) denote the weight of G, i.e., the sum of the weights of all edges.

Proposition 21. Let Σ(c, Γ1, Ω) be a slice alphabet. Then for each α ∈ Ω there
is a slice graph SG(α, c, Γ1, Ω) on O(|Σ(c, Γ1, Ω)|) vertices such that

L(SG(α, c, Γ1, Ω)) = {
◦

U | U ∈ L(Σ(c, Γ1, Ω)), w(
◦

U) = α}.

Proof of Theorem 8 Given a monadic second order formula ϕ, and positive
integers k and z, first we construct the saturated slice graph SG(ϕ, z, k) over the
slice alphabet Σ(k·z, Γ1, {1}) as in Lemma 1. In other words the digraphs generated
by this slice graph are unweighted. The intersection SG(ϕ, z, k)∩SG(l, k ·z, Γ1, {1})
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will generate only the digraphs that satisfy ϕ, are the union of k paths and have
l vertices. Consider the expansion EΩ that sends each slice S ∈ Σ(k · z, Γ1, {1})
to the set consisting to all weighted versions of S in Σ(k · z, Γ1, Ω). Then the slice
graph SG(α, l, ϕ, z, k) = EΩ(SG(ϕ, z, k) ∩ SG(l, k · z, Γ1, {1})) ∩ SG(α, k · z, Γ1, Ω)
will generate precisely the graphs satisfying ϕ which are the union of k-paths, have
l vertices and weight α.

Since the slice-width of a digraph with m edges is at most O(m), and we assume
that m = nO(1), if we plug q = nO(1), r = |SG(α, l, ϕ, z, k)| and SG(α, l, ϕ, z, k) into
Theorem 21, and if we let f(ϕ, z, k) = rO(1), then we get an overall upper bound of
f(ϕ, z, k) ·nO(k·z) for computing the number of subgraphs of G that have l vertices,
weight α, satisfying ϕ and are the union of k directed paths. �



Chapter 9

Subgraph Homeomorphism

The graph homeomorphism problem asks whether a graph H (the pattern graph)
can have its edges subdivided in such a way that it becomes a subgraph of a given
graph G (the host graph). Another variant of a more topological nature asks
whether a subdivision of H is isomorphic to a subgraph of a subdivision of G. Due
to its wide applicability the graph homeomorphism problem has been studied since
at least the 1970s [101]. When the graph H is not fixed then the problem is known
to be NP -complete. This hardness result holds both if the graphs are directed
or undirected. Additionally, in the directed case, if H is not fixed the subgraph
homeomorphism problem remains NP complete even if G and H are DAGs.

Robertson and Seymour showed that if the pattern graph H is fixed, then the
undirected subgraph homeomorphism problem can be solved in polynomial time
[131, 132]. Building on a simplification of Robertson and Seymour’s techniques [86],
Grohe, Kawarabayashi, Marx and Wollan [72] proved that the undirected subgraph
homeomorphism problem is indeed fixed parameter tractable with respect to the
size of H. They showed that the problem can be solved in time f(|H|)|G|3 for some
computable function f , solving in this way a long standing open problem posed by
Downey and Fellows [43].

In the case of directed graphs, Fortune, Hopcroft and Wylie [54] proved that
even if H is fixed, the problem remains NP-complete. However they showed that
the problem can be solved in time |G||H| if both graphs are acyclic. On the other
hand, it can be shown that the subgraph homeomorphism problem is complete for
the first level W [1] of the W hierarchy, even if both graphs G and H are DAGs
[135]. Therefore under the widely believed assumption that the W hierarchy does
not collapse to FPT, the results in [135] imply that it is not possible to devise
a fixed parameter tractable algorithm for the directed version of the subgraph
homeomorphism problem, in contrast to the FPT algorithm given in [72] for the
undirected case. In this chapter we will show that if H is the union of k directed
paths then the subgraph homeomorphism problem can be solved in time
|G|O(k) · |top(H)|/|Aut(H)|, where top(H) denotes the set of topological orderings
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of H and Aut(H) denotes the set of automorphisms of H.
If e = uv is an edge of a graph, then the operation of subdividing e consists

in replacing e with two edges uw and wv where w is a new vertex. A subdivision
of a graph H is a graph H ′ obtained from H by subdividing zero or more of its
edges. A graph H is a topological minor of a graph G if there exists a subgraph
of G that is isomorphic to a subdivision of H. Alternatively, we may say that
H is topologically embeddable into G. The graph homeomorphism problem asks
whether a given graph H is a topological minor of a graph G. Below we let Aut(H)
denote the automorphism group of H and top(H) denote the set of all topological
orderings of H.

Theorem 22 (Subgraph Homeomorphism). Let H be a DAG that is the union of
k-paths. Let G be a DAG with a topological ordering ω = (v1, v2, ..., vn) of cut-width
w.

1. One may determine whether a subdivision of H is a subgraph of G in time

wO(k) · |G|O(1)|H|!

|top(H)|
. (9.1)

2. One may determine whether a subdivision of H is isomorphic to a subgraph
of a subdivision of G in time

wO(k) · |G|O(1)|H|!

|top(H)|
. (9.2)

Therefore Theorem 22 provides a polynomial time algorithm for the subgraph
homeomorphism problem even when |H| = O(logn/ log logn) provided that H the
union of k directed paths.

For j ≤ c the (c, j)-homeomorphism slice is the unit slice in which both frontiers
have c vertices, there is a unique center vertex connected to the k-th vertex of each
frontier and such that for i 6= j the i-th in-frontier vertex is connected to the i-th
out-frontier vertex (Fig. 9.1).

Definition 15 (Homeomorphism Gadget). The c-homeomorphism gadget is the
slice graph Hc = (V, E ,S) with c vertices V = {v1, v2, ..., vc}, edge set E = V × V,
i.e., including self loops, and such that for each i, the label S(vi) is the (c, i)-
homeomorphism slice (Fig. 9.1).

Let SG = (V, E ,S) be a slice graph. For an edge e = (v, v′) ∈ E we let w(e) be
the size of the out-frontier of S(v), which is equal to the size of the in-frontier of
S(v′).

Proposition 22 (Almost commutativity). Let Sc,i be the (c, i)-homeomorphism
slice and let S be a slice that is independent from Sc,i. Then for some c′ and i′ we
have that Sc,i ◦ S = S ◦ Sc′,i′ .
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Figure 9.1: i) Two consecutive slices ii) How a 3-homeomorphism gadget (sur-
rounded by the dashed circle) is interpolated between these slices.

Figure 9.2: i An illustration of Proposition 22. Observe that the homeomorphic
slices on both sides do not need to have the same width.

Definition 16 (Homeomorphic Extension). Let SG = (V, E ,S) be a slice graph.
The homeomorphic extension HE(SG) of SG is the slice graph obtained by adding
a copy He of the w(e)-homeomorphism gadget for each edge e = (v, v′) ∈ E, and
adding an edge (v, v′′) from v to each vertex v′′ in He and an edge (v′′, v′) from
each v′′ in He to v′. (Figure 9.1).

Theorem 23. Let SG be a slice graph over
−→
Σ(c). Then HE(SG) has O(c) · |SG|

vertices and

LG(HE(SG)) = {H ′ | H ∈ LG , H
′ is a subdivision of H}. (9.3)

Additionally, if L is weakly saturated then HE(SG) is also weakly saturated.

Proof of Theorem 22 i) Let H be a DAG. For each topological ordering ω
of H consider some arbitrary unit decomposition Uω = S1S2...Sn which is com-
patible with ω. Let SG(Uω) be the slice graph whose vertex set is {v1, ..., vn}
and whose edge set is (vi, vi+1) for i ∈ {1, ..., n − 1} and S(vi) = Si. Then we
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have that L(SG(Uω)) = {U}. Now consider the slice graph vSat(HE(SG(Uω))).
Then we have that a subgraph of G is isomorphic to a subdivision of H if and
only if SUB(U′, c) ∩ vSat(HE(SG(Uω))) 6= ∅ for some ω ∈ top(H). Now since
vSat(SG(Uω)) = vSat(SG(Uω′)) for any two orderings ω and ω′ that are related
by an automorphism of H, we just need to test whether the above intersection is
non-empty for |top(H)|/|Aut(H)| orderings. ii) For each topological ordering ω
of H, verify whether HE(SUB(U′, c)) ∩ vSat(HE(SG(Uω))) 6= ∅. Observe that
the only difference is that now we consider the intersection of vSat(HE(SG(Uω)))
with the homeomorphic extension HE(SUB(U′, c)) of SUB(U′, c), since we want
to determine whether some subdivision of H is isomorphic to a subdivision of a
subgraph of G. �



Part IV

Partial Orders and Petri Nets
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Chapter 10

Petri Nets and their Partial Order

Semantics

Petri nets [123, 122] are recognized as an elegant mathematical formalisms for the
specification of concurrent systems. They are popular both among theoreticians
and practitioners due to their structural simplicity and suitability to model many
concurrent systems of practical relevance [117]. In this thesis we will show how
regular slice languages can be used to shed light into several questions regarding
the partial order semantics of Petri nets. In our study, we will restrict ourselves to
the class of bounded place/transition nets, since they are the most prominent and
well studied type of Petri nets.

When concurrency is interpreted accordingly to the interleaving semantics, the
execution of concurrent actions is identified with the non-deterministic choice among
all possible orders in which such actions can occur. Although satisfactory for many
applications of practical relevance, this point of view has some drawbacks. First,
the interleaving semantics is not compatible with the notion of action refinement,
in which an atomic action is replaced by a set of sub-actions [139, 140]. Second, this
point of view is not appropriate to model concurrent scenarios in which several users
have concurrent read/write access to databases [53] since in these applications, it is
important to distinguish between the nondeterministic choice of conflicting trans-
actions and the order of execution of non-conflicting transactions. Due to these
drawbacks, during the last thirty years, researchers have proposed several alterna-
tive semantics for the interpretation of concurrency, which allow for an inherent
representation of the notion of simultaneity [41, 52, 77, 80, 98, 110, 129].

In this work we will be particularly concerned with notions of concurrency based
on partial orders [129, 70]. There are two widely studied partial order semantics
for place/transition nets. The first, the causal semantics was introduced by Goltz
and Reisig in [70] based on the notion of non-sequential processes [124]. Within
this semantics an edge (v, v′) connecting two events v and v′ indicates that the
occurrence of v′ depends on the occurrence of v. The second, is the execution
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semantics which was first studied by Vogler [141]. Within this semantics an edge
(v, v′) simply indicates that the event v′ does not occur before the occurrence of v,
however no causal dependence is implied. While the causal semantics is suitable to
describe causal runs of p/t-nets, the execution semantics is suitable to describe the
behavior of a p/t-net when observed from the point of view of an external observer.

While the interleaving semantics of bounded p/t-nets is well understood [49],
many fundamental questions regarding the partial order behavior of bounded p/t-
nets remained open for several decades. In this thesis we use slice theory to answer
several of these fundamental questions. First we show that the set of all causal runs
of any bounded p/t-net can be canonically represented by a transitively reduced
saturated regular slice language. In other words this behavior can be finitely de-
scribed via finite automata or slice graphs over alphabets of slices. By canonical
representation we mean that two nets with identical causal behavior are mapped to
the same slice graph. A similar result holds for the execution semantics. We show
that for any c ∈ N, the c-execution behavior of any bounded p/t-net can be canon-
ically represented via slice graphs. This is the first time since the definitions of
causal runs and executions in [70, 141] that the whole causal behavior of a bounded
p/t-net is represented by a single behavioral structure. Using this result we are
able to compare the partial order behavior of two p/t-nets with respect to inclu-
sion, and emptiness of intersection. Previously, such a comparison could only be
achieved in the context of 1-safe p/t-nets [90]. Subsequently we show how to verify
whether the partial order behavior of a p/t-net contains all partial orders specified
by a regular slice language. This is the first result stating the feasibility of verifying
whether an infinite number of partial orders is included on the causal behavior of
a p/t-net. Previously verifying whether a set Lpo of partial orders is present on the
causal behavior of a p/t-net was only known to be feasible when Lpo is finite [92].
Finally, given a number b ∈ N and a regular slice language L specified by a slice
graph, we consider the problem of automatically constructing a b-bounded p/t-net
which is behaviorally minimal for the set Lpo of partial orders specified by L. This
result solves a problem stated in [104] concerning the possibility of automatically
synthesizing bounded p/t-nets from infinite partial order languages with the causal
semantics.

In Section 10.1 below we will formally introduce p/t-nets and their causal and
execution behavior. In Chapter 11 we will introduce interlaced flows, a crucial tool
towards the proof of our theorems. Subsequently in Chapter 12 we will prove our
main all the results mentioned above. Finally, in Chapter 13 we will show how to
translate well known partial order formalisms to p/t-nets, widening in this way the
applicability of our synthesis and verification results.

10.1 p/t-Nets

Let T be a finite set of transitions. Then a place over T is a triple p = (p0, p̌, p̂)
where p0 denotes the initial number of tokens in p and p̌, p̂ : T → N are functions
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which denote the number of tokens that a transition t respectively puts in and takes
from p. A p/t-net over T is a pair N = (P, T ) where T is a set of transitions and
P a finite multi-set of places over T . We assume through this thesis that for each
transition t ∈ T , there exist places p1, p2 ∈ P for which p̌1(t) > 0 and p̂2(t) > 0. A
marking of N is a function m : P → N. A transition t is enabled at marking m if
m(p) ≥ p̂(t) for each p ∈ P . The occurrence of an enabled transition at marking m
gives rise to a new marking m′ defined as m′(p) = m(p) − p̂(t) + p̌(t). The initial
marking m0 of N is given by m0(p) = p0 for each p ∈ P . A sequence of transitions
t0t1...tn−1 is an occurrence sequence of N if there exists a sequence of markings
m0m1...mn such that ti is enabled at mi and if mi+1 is obtained by the firing of
ti at marking mi. A marking m is legal if it is obtained from m0 by the firing of
an occurrence sequence of N . A place p of N is b-bounded if m(p) ≤ b for each
legal marking m of N . A net N is b-bounded if each of its places is b-bounded.
The union of two p/t-nets N1 = (P1, T ) and N2 = (P2, T ) having a common set
of transitions T is the p/t-net N1 ∪ N2 = (P1 ∪ P2, T ). Observe that since we are
dealing with the union of multisets, if a place p occurs with multiplicity r1 in P1 and
with multiplicity r2 in P2 then the same place will occur with multiplicity r1 + r2

in P1 ∪ P2.

10.2 Process

The notion of process, upon which the partial order semantics of p/t-nets is derived,
is defined in terms of objects called occurrence nets. An occurrence net is a DAG
O = (B∪̇V, F ) where the vertex set B∪̇V is partitioned into a set B, whose elements
are called conditions, and a set V , whose elements are called events. The edge set
F ⊆ (B × V ) ∪ (V ×B) is restricted in such a way that for every condition b ∈ B,

|{(b, v) | v ∈ V }| = 1 and |{(v, b) | v ∈ V }| = 1.

In other words, each condition has a unique incoming edge and a unique outgoing
edge. Additionally an occurrence net has a unique minimal event vι and a unique
maximal event vε. This definition is slightly different from the usual definition of
occurrence net, but has the same expressive power.

A process of a p/t-net is an occurrence net in which conditions are labeled with
places of N and events are labeled with transitions of N in such a way that the
number of conditions labeled by a place p ∈ N which immediately precedes an event
labeled by a transition t is equal to p̂(t) and that the number of conditions labeled
by a place p ∈ N which immediately follows an event labeled by a transition t is
equal to p̌(t).

Definition 17 (Process [70]). A process of a p/t-net N = (P, T ) is a labeled DAG
pr = (B∪̇V, F, ρ) where (B∪̇V, F ) is an occurrence net and the labeling function
ρ : (B ∪ V ) → (P ∪ T ∪ {ι, ε}) satisfies the following properties.
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1. Places label conditions and transitions label events.

ρ(vι) = ι ρ(vε) = ε ρ(B) ⊆ P ρ(V \{vι, vε}) ⊆ T

2. For every v ∈ V , and every p ∈ P ,

|{(b, v) ∈ F : ρ(b)=p}| = p̂(ρ(v)) and |{(v, b) ∈ F : ρ(b)=p}| = p̌(ρ(v))

3. For every p ∈ P ,
|{(vι, b) ∈ F : ρ(b) = p}| = p0.

The only point our definition of process differs from the usual definition of p/t-
net process [70] is the addition of a minimal event vι which is labeled with a letter
ι /∈ T and a maximal event vε which is labeled with a letter ε /∈ T . Intuitively, ι
loads the initial marking of N and ε empties the marking of N after the occurrence
of all meaningful events of the process. We call attention to the fact that the
number of conditions connected to vε varies according to the process.

Figure 10.1: A p/t-net N , a process pr of N and the Hasse diagram of the causal
order induced by pr .

Let R ⊆ X × X be a binary relation on a set X. We denote by tc(X) the
transitive closure of R. If pr = (B ∪ V, F, ρ) is a process then the causal order of
pr is the partial order ℓpr = (V, tc(F )|V ×V , ρ|V ) which is obtained by taking the
transitive closure of F and subsequently restricting it only to pairs of events of
V . In other words the causal order of a process pr is the partial order induced by
pr on its events. We denote by Pcau(N) the set of all partial orders derived from
processes of N . We say that Pcau is the causal language of N .

Pcau(N) = {ℓpr |pr is a process of N}

Observe that several processes of a p/t-netN may correspond to the same partial
order. A sequentialization of a partial order ℓ is any partial order ℓ′ = (V,<′, l) for
which <⊆<′. If N is a p/t-net then an execution of N is any sequentialization of a
causal order in Pcau(N). We denote by Pex(N) the set of all executions of N .

Pex(N) = {po| po is a sequentialization of a causal order in N}

We write Psem(N) to indicate that a result works both with respect to the
causal semantics of a p/t-net and with respect to the execution semantics.
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10.3 Causal vs Execution Semantics

A prefix of a partial order ℓ = (V,<, l) is a partial order ℓ′ = (V ′, <′, l′) where
V ′ ⊆ V , <′ is the restriction of < to V ′ × V ′, l′ = l|V ′ and for every v′ ∈ V ′ and
v ∈ V , if v < v′ then v ∈ V ′. For technical reasons, when considering a prefix of a
causal order or execution ℓ, we take the additional care to augment ℓ by a adding to
it a maximal vertex vε labeled with the symbol ε. With this technical adjustment,
any prefix of a causal order or of an execution of a p/t-net N is itself a causal order
or execution of N . Additionally, any sequentialization of an execution of N is also
an execution of N . Thus while the causal language of N , Pcau(N), is prefix closed,
the execution language of N , Pex(N), is both prefix and sequentialization closed
[141][14].

Closure under sequentialization brings to the execution language of a p/t-net
some robustness which is not enjoyed by its causal language. For example, Pex(N)
remains the same if we multiply all the quantities defining the token game of N by
the same constant. Also, adding a place to N can at most restrict its execution
behavior. If the added place is a linear combination of places already in N , then
Pex(N) does not change at all. In particular Pex(N) remains invariant under
repetition of places.

Lemma 16 ([14], [141]). Let N = (P, T ) be a p/t-net p = (p0, p̌, p̂) a place in P
and σ ∈ Q+ where Q+ is the set of non negative rational numbers. Denote σp the
triple (σp0, σp̌, σp̂) and σN = ({σp|p ∈ P}, T ). Then

1. if σN is a p/t-net, then Pex(N) = Pex(σN).

2. Let p′ be a place over T . Then Pex(N ∪ (p′, T )) ⊆ Pex(N). If additionally
p′ =

∑

p∈P σpp for σp ∈ Q+ , then Pex(N) = Pex(N ∪ (p′, T )).

None of these properties are true with respect to the causal language of a net,
as we show in Figure 10.3. Multiplying a net by a constant may introduce causal
orders which were not present in the causal language of the original net. The same
is true if we repeat places. As a consequence, when applying the causal semantics
to partial order languages, the synthesis of p/t-nets from partial order languages
turns out to be harder than if we were adopting the execution semantics. Still,
specification through the causal semantics may be more precise and desirable for
some applications. In Chapter 12, we will approach the synthesis problem for both
cases.

We notice that even for very simple examples of bounded p/t-nets N , the sets
of c-partial-order executions of N may form an infinite hierarchy

Pex(N, 1) ( Pex(N, 2) ( Pex(N, 3) ⊆ ...

where P(N, 1) is simply the set of all occurrence sequences of N . For instance, in
Figure 10.3, the execution behavior Pex(N) of the p/t-net N, contains subfamilies of
partial orders whose Hasse diagrams have unbounded slice width, and that for this



102CHAPTER 10. PETRI NETS AND THEIR PARTIAL ORDER SEMANTICS

ℓ ℓ

ℓ

ℓ

ℓ

Figure 10.2: In this figure we identify partial orders with their Hasse diagrams. ℓ1

is a causal order of N1. ℓ2 is an execution of N1, since it is a sequentialization of
ℓ1. However ℓ2 is not a causal order of N1. Multiplying N1 by 2 or repeating the
place p, we get the nets N2 and N3 which generate ℓ2 as a causal order.

reason, cannot be represented as a whole through slice languages over finite slice
alphabets. An example of such a subfamily is the set of partial orders induced by
the sequence {Hn = (Vn, En, ln)}n∈N of Hasse diagrams defined below and depicted
in Figure 10.3.iv. Therefore, the parametrization of the language of executions of
a p/t-net with respect to c is unavoidable, if we are willing to represent executions
via regular slice languages.

On the other hand, when dealing with the causal behavior of bounded p/t-nets
such a parametrization is not essential since the whole causal behavior of b-bounded
p/t-nets with set of places P can already be captured by regular slice languages

over
−→
Σ(b · |P |, T ). In other words Pcau(N, b · |P |) = Pcau(N, c′) for any c′ ≥ b · |P |

(Figure 10.3.iii).

Vn = {vι, vε} ∪ {va1
, ..., van

} ∪ {vb1
, ..., vbn

}

l(vι) = ι, l(vε) = ε, l(vai
) = a, l(vbi

) = b

En = {(vι, va1
), (vι, vb1

), (va2n
, vε), (vb2n

, vε)} ∪
{(vai

, vai+1
), (vbi

, vbi+1
)|1 ≤ i ≤ 2n− 1} ∪

{(vai
, vbn+i

), (vbi
, van+i

)|1 ≤ i ≤ n}
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Figure 10.3: i) A 1-bounded p/t-net N ii) The causal language Pcau(N) of N iii)
A weakly saturated (but not yet transitively reduced) slice language representing
Pcau(N) iv) An intuitive depiction of a family of partial orders that is included
in the set Pex(N) of executions of N . This family is not representable via slice
languages over alphabets of fixed size.





Chapter 11

Interlaced Flows, Executions and

Causal Orders

In this chapter we introduce the notion of p-interlaced flow in order to characterize
Hasse diagrams of p/t-net causal orders and executions. We show that a graph H
is the Hasse diagram of a partial order corresponding to a p/t-net N if and only
if for each place p of N , there exists a p-interlaced flow fp which associates four
values to each edge of H. Establishing an interlacing relation between these values,
we are able to recover from the flows p/t-net processes whose causal order is the
partial order induced by H.

Interlaced flows can be regarded as a refinement of token flows defined in [92, 14].
The main difference being that the latter needs to attach values to edges that do
not belong to the transitive reduction of a partial order. As a consequence token
flows are not adequate to provide local characterizations of p/t-nets causal orders
and executions, which are a pre-requisite for the statement of our main results.
In contrast in Chapter 12 we do provide such local characterizations by “slicing”
interlaced flows.

Definition 18 (Interlaced Flow). Let H = (V,E, l) be a Hasse diagram. Then a
four-tuple f = (bb, bf ,pb,pf) of functions of type E → N is called an interlaced
flow in H if the following equation is satisfied for each vertex v ∈ V :

∑

et=v

bf(e) + pf(e) =
∑

es=v

pb(e) + pf(e) (11.1)

Intuitively, for each e ∈ E, pb(e) counts some of the tokens produced in the
past of es and consumed by et; pf(e), some of the tokens produced in the past of
es and consumed in the future of et, and bf(e), some of the tokens produced by
es and consumed in the future of et. Thus equation 11.1 states that on interlaced
flows, the total number of tokens produced in the past of a vertex v, that arrives at
it without being consumed, will eventually be consumed in the future of v. bb(e),
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which does not appear in equation 11.1 counts the total of tokens produced by
es and consumed by et. This component of the flow will be used below in the
definition of unit flows as well as in the definition of p-interlaced flows.

As we shall see in Lemma 17 any interlaced flow can be decomposed into a
sum of unit flows. Each unit flow is aimed to keep track of the trajectory of a
unique token, from the event where the token is created until the event where it
is consumed. The sum of flows is performed componentwise. We write f(e) =
(bb(e), bf(e),pb(e),pf(e)) for the 4-tuple of values associated by a flow f to an
edge e of a Hasse diagram.

Definition 19 (Unit flow). Let H = (V,E, l) be a Hasse diagram and w =
v1e1v2...vkekvk+1 be a path in H. Then the unit flow of w in H, is the func-
tion fw : E → N4 where fw(e) = (0, 0, 0, 0) for e ∈ E\{e1, ..., ek} and fw(ei) is
defined as follows for 1 ≤ i ≤ k:

fw(ei) =















(1, 0, 0, 0) if i = 1 and k = 1
(0, 1, 0, 0) if i = 1 and k > 1
(0, 0, 0, 1) if 1 < i < k and k > 1
(0, 0, 1, 0) if i = k and k > 1

(11.2)

Intuitively fw represents a unique token that is produced at the first vertex of w
and is consumed at its last vertex, after traveling untouched along all intermediary
vertices (fig 11.1.iv). At each edge, one component of the interlaced flow is equal
to 1 and the other three are 0. If w has a unique edge, i.e. k = 1, the token
produced by es

1 is consumed by et
1, thus bb(e1) = 1. For k > 1, the token produced

by es
1 travels to the future of et

1. In this case, bf(e1) = 1. For 1 < i < k, the
token is produced in the past of es

i and consumed in its future, hence pf(ei) = 1.
Finally, for ek we have pb(ek) = 1 since the token is produced in the past of es

k and
consumed by et

k. It is easy to verify that for any path w of H, fw is an interlaced
flow in H. This and some other properties of interlaced flows are described in the
following lemma, which will be used in the proof of Theorem 24.

Lemma 17. Let H = (V,E, l) be a Hasse diagram, w a path in H and f, f ′ : E →
N4 be two interlaced flows in H where f = (bb, bf ,pb,pf) and
f ′ = (bb′, bf ′,pb′,pf ′). Then

1. Let z : E → N4 be the zero flow, i.e., z(e) = (0, 0, 0, 0) for every e ∈ E. Then
z is an interlaced flow in H.

2. fw is an interlaced flow in H.

3. f + f ′ is an interlaced flow in H.

4. Let w = v1e1v2...vkekvk+1 be a path in H and suppose f = f ′ + fw, then

a) bb(e1) + bf(e1) = bb′(e1) + bf ′(e1) + 1

b) pb(ek) + bb(ek) = pb′(ek) + bb′(ek) + 1
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Figure 11.1: i) A p/t-net N . ii) A process pr of N . iii) The Hasse diagram H of
the causal order derived from pr together with an interlaced flow. H with the flow
attached on it can be cast as the composition of a sequence of colored slices. iv)
The flow attached to H is decomposed into unit flows. One for each condition bi

of pr .

5. Let e ∈ E. Then

a) bb(e)+bf(e) ≥ 1 if and only if there exists a path w = v1e1v2..vkekvk+1

and an interlaced flow f ′ in H such that e1 = e and f = f ′ + fw.

b) pb(e) +bb(e) ≥ 1 if and only if there exists a path w = v1e1v2..vkekvk+1

and an interlaced flow f ′ in H such that ek = e and f = f ′ + fw.

6. There exists a multiset M of paths of H such that f =
∑

w∈M fw.

7. Let M be a multiset of paths of H and f =
∑

w∈M fw. Then for each v ∈ V

a)
∑

es=v bb(e) + bf(e) = |{w ∈ M |v is the first vertex of w}|

b)
∑

et=v bb(e) + pb(e) = |{w ∈ M |v is the last vertex of w}|

Proof. Items 1-3 follow from the definitions of interlaced flow (18) and of unit flow
(19 ). Items 4.a and 4.b follow from the definition of unit flow. For the proof
of one direction of item 5.a, suppose that there is a path w = v1e1v2...vkekvk+1

where e1 = e, f = f ′ + fw and f ′ is interlaced. Then by item 4.a bb(e) + bf(e)
must be greater than 1, since bb′(e) + bf ′(e) ≥ 0. For the other direction, suppose
bb(e) + bf(e) ≥ 1. If bb(e) ≥ 1 then the path has length 1 and consists of e itself.
Now let bb(e) = 0 and bf(e) ≥ 1. Then by the equation of Definition 18, there
exists an edge e2 in H with et = es

2 for which pb(e2) + pf(e2) ≥ 1. If pb(e2) ≥ 1
take w = (es)e(et)e2(et

2). Otherwise also by the equation of Definition 18 there
exists an edge e3 with et

2 = es
3 and pb(e3) + pf(e3) ≥ 1 and so on. For some k we

must have pb(ek) ≥ 1 since H is finite. This ek will be the last edge of the path.
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The proof of item 5.b is analogous. For the first direction we use 4.b instead of 4.a.
For the other direction we construct the path w in the reverse order, starting from
the last edge. Item 6 follows from items 5.a and 5.b: decompose f successively
until the zero interlaced flow is reached. Indeed, item 5 assures that while the flow
is non-zero, such decomposition is possible. Item 7.a follows from items 5.a and 4.a
and item 7.b from 5.b and 4.b.

11.1 Characterization of Causal Orders and Executions in

Terms of p-interlaced Flows.

Next, in Definition 20 we define a special type of interlaced flow, which we will
use in Theorem 24 to characterize Hasse diagrams of p/t-net executions and causal
orders.

Definition 20 (p-interlaced flow). Let N = (P, T ) be a p/t-net, H = (V,E, l) a
Hasse diagram with l : V → T and p ∈ P a place of N . Then a p-interlaced flow is
an interlaced flow f : E → N4 which satisfies the two following additional equations
around each vertex:

(IN) In(v) =
∑

et=v

bb(e) + pb(e) = p̂(l(v))

(OUT ) Out(v) =
∑

es=v

bb(e) + bf(e) = p̌(l(v))

As we will show in Theorem 24 below, executions and causal orders of p/t-nets
are intimately connected to p-interlaced flows. We will prove that whenever a Hasse
diagram H induces an execution of a given p/t-net N , a set of p-interlaced flows
may be associated with it, one flow for each place of N . It turns out that the
converse is also true: if we are able to associate such a set of flows to a Hasse
diagram H then its induced partial order is an execution of N . A similar result
holds with respect to Hasse diagrams of causal orders of N . The only difference is
that if an edge belongs to the Hasse diagram of a causal order of N , then it must
represent a token that was transmitted from the event that labels its source vertex
to the event that labels its target vertex, by using at least one place p as a channel.
Thus in the flow that corresponds to p, the component which is responsible for the
direct transmission of tokens must be strictly greater than zero. We are ready to
state our interlaced flow theorem:

Theorem 24 (Interlaced Flow Theorem). Let N = (P, T ) be a (not necessarily
bounded) p/t-net and H = (V,E, l) be a Hasse diagram. Then

(i) The partial order induced by H is an execution of N iff there exists a p-
interlaced flow fp : E → N4 in H for each place p.
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(ii) The partial order induced by H is a causal order of N iff there exists a set
{fp}p∈P of p-interlaced flows such that for every edge e of H, the component
bbp(e) of fp(e), which denotes the direct transmission of tokens, is strictly
greater than zero for at least one p ∈ P .

Proof. The proof is constructive. Suppose we are given a process pr of N and the
Hasse diagram H of one of its executions, i.e., a sequentialization of ℓpr . Then we
will construct a set of p-interlaced flows in H, one for each place of N . This will
prove one direction of item (i). In order to prove the same direction of item (ii), we
will notice that if H is indeed the Hasse diagram of ℓpr itself, then the constructed
flows satisfy the additional restriction concerning the direct transmission of tokens.
Conversely, provided we are given a Hasse diagram H and a set of p-interlaced flows
on it, we will construct a process pr of N and show that H is the Hasse diagram of
some sequentialization of ℓpr , proving in this way the other direction of item (i). In
order to prove the same direction of item (ii) we will notice that if the flows satisfy
the additional requirements concerning the direct transmission of tokens, then H
is indeed the Hasse diagram of ℓpr . The details follow.

From Processes to Flows

(i) Let pr = (B∪̇V, F, ρ) be a process of N and suppose that H∗ = (V,<, l) is
an execution of N that is a sequentialization of the causal order ℓpr derived
from pr . For each place p ∈ N we extend the functions p̂, p̌ : T → N to
p̌ : T ∪ {ι, ǫ} → N and p̂ : T ∪ {ι} → N by making p̌(ι) = p0, p̌(ǫ) = 0 and
p̂(ι) = 0 . p̂(ǫ) represents the number of tokens in p after the occurrence of
all events of pr . For each b ∈ B with (v, b), (b, v′) ∈ F for some v, v′ ∈ V we
choose an arbitrary path wb in H (not in H∗) from v to v′. Since H is the
Hasse diagram of a sequentialization of the causal order ℓpr of pr , such a path
always exists. We claim that for each p ∈ P , fp =

∑

ρ(b)=p fwb
is a p-interlaced

flow of N . By Lemma 17.2, each fwb
is interlaced. Thus by Lemma 17.3, fp

is interlaced as well. By the definition of process (17), for each v ∈ V we have
|{(v, b) ∈ F : ρ(b)=p}|= p̌(ρ(v)) and thus exactly p̌(l(v)) chosen paths whose
first vertex is v. It implies, by Lemma 17.4 that

∑

es=v bbp(e) + bfp(e) =
p̌(l(v)). Thus condition (OUT ) of Definition 20 is satisfied. Analogously
|{(b, v) ∈ F : ρ(b) = p}| = p̂(ρ(v)) and thus exactly p̂(l(v)) chosen paths
whose last vertex is v, which implies

∑

et=v pbp(e) + bbp(e) = p̂(l(v)). Thus
condition (IN) of Definition 20 is satisfied as well.

(ii) Suppose thatH = (V,E, l) is the Hasse diagram of the causal order ℓpr derived
from pr , and let e = (v, v′) ∈ E be one of its edges. Then for some p ∈ P
there exists a condition b in pr whose label is p for which (v, b), (b, v′) ∈ F .
Thus fwb

(e) = (1, 0, 0, 0) which implies that bbp(e) ≥ 1. In other words, the
component of fp relative to the direct transmission of tokens is strictly greater
than zero.
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From Flows to Processes

(i) Suppose that there is a p-interlaced flow fp : E → N4 in H for each p ∈ P .
We construct a process pr = (B∪̇V, F, ρ) of N for which H∗ = (V,<, l) is
one of its executions. First we set ρ(v) = l(v) for each v ∈ V . By Lemma
17.6, for each fp, there exists a multiset Mp of paths of H for which fp =
∑

w∈Mp
fw. For each path w = v1e1v2...vkekvk+1 in Mp we create a condition

bw in B labeled by p, i.e. ρ(bw) = p, and put (v1, bw) and (bw, vk+1) into
F . We claim that for each v ∈ V , |{(b, v) ∈ F : ρ(b) = p}| = p̂(ρ(v)) and
|{(v, b) ∈ F : ρ(b)=p}|= p̌(ρ(v)). Since each fp is a p-interlaced flow, we have
∑

et=v pbp(e)+bbp(e) = p̂(l(v)) and
∑

es=v bbp(e)+bfp(e) = p̌(l(v)) for each
v ∈ V . By Lemma 17.7, for each p ∈ P , there exist exactly p̌(l(v)) paths in
Mp whose first vertex is v and exactly p̂(l(v)) paths in Mp whose last vertex
is v. Furthermore for v = vι, there are p̌(ι) = p0 minimal conditions, which
correspond to paths whose first vertex is vι.

It remains to check that H∗ is indeed a sequentialization of the causal
order ℓpr = (V,<pr , l) derived from pr . Notice that we can define the causal
order ℓpr of a process pr as the transitive closure of the DAG Gpr = (V,E′, l)
where E′ = {(v, v′)|(v, b) ∈ F and (b, v′) ∈ F}. Thus, in order to show that
<pr⊆<, it is enough to show that E′ is included in <. Let (v, v′) ∈ E′

and (v, b), (b, v′) ∈ F for some b in B. Then by our construction of pr this
condition b = bw corresponds to a path w in H whose first vertex is v and
last is v′, which implies that v < v′ in H∗ and proves the claim.

(ii) Suppose that for each e = (v, v′) ∈ E we have bbp(e) ≥ 1 for at least one
place p ∈ P . Then by the construction of process described above, we have
a condition bw such that (v, bw), (bw, v

′) ∈ F . This implies that the edge
(v, v′) is also in the causal order derived from pr . Thus E ⊆<pr . Since < is
the transitive closure of E, we have <⊆<pr . Since the inclusion in the other
direction was already proved, we have <=<pr .



Chapter 12

Applications

In this Chapter we will prove our main theorems connecting regular slice languages
to bounded place/transition nets. We will start by providing a sliced characteriza-
tion of p/t-net executions and causal orders. Then we will prove our expressibility,
verification, synthesis and model checking results.

12.1 Sliced Interlaced Flows

Below we define a sliced version of interlaced flows.

Definition 21 (b-bounded p-coloring). Let T be a finite set of transitions, p be a

place over T and S = (V,E, lV ) be a unit slice in
−→
Σ(c, T ). A b-bounded p-coloring

of S is a function f : E → {0, ..., b}4 that associates to each edge e ∈ E a four-tuple
f(e) = (bb(e), bf(e),pb(e),pf(e)) in {0, ..., b}4. The values associated to the edges
of S must satisfy the following equations.

1.
∑

e,et=v bf(e) + pf(e) =
∑

e,es=v pb(e) + pf(e)

2. In(v) =
∑

e,et=v bb(e) + pb(e) = p̂(l(v))

3. Out(v) =
∑

e,es=v bb(e) + bf(e) = p̌(l(v))

4.
∑

e∈Ein(bb(e) + bf(e) + pb(e) + pf(e)) ≤ b

5.
∑

e∈Eout(bb(e) + bf(e) + pb(e) + pf(e)) ≤ b

Definition 22 (p expansion). Let T be a finite set of transitions and p be a place
over T . Then the b-bounded p-expansion is a function Ep,b that associates to each

slice S ∈
−→
Σ(c, T ) the set Ep,b(S) = {(S, f)|f is a b-bounded p-coloring of S}.

If (S1, f1)(S2, f2)...(Sn, fn) is a unit decomposition with Si = (Vi, Ei, li) and
fi : E → Γ2 for some label alphabet Γ2, and if U = (V,E) then we denote by
f = f1 ◦ f2 ◦ ... ◦ fn the function f : E → Γ2 which is obtained by setting for each

111
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e ∈ E, f(e) = a whenever the sliced part of e lying at Si is such that fi(ei) = a.
We have the following proposition

Proposition 23. Let T be a finite set of transitions, p be a place over T and U =
S1S2...Sn be a unit decomposition in L(Σ(c, T )). Then (S1, f1)(S2, f2)...(Sn, fn) is
a unit decomposition in Ep,b(U) if and only if f = f1 ◦ f2 ◦ .... ◦ fn is a b-bounded

p-flow for
◦

U.

Definition 23 (b-bounded P -coloring). Let T be a finite set of transitions and
P = {p1, ..., pn} be a set of places over T . Let S = (V,E, lV ) be a slice in
Σ(c, T ). Then a b-bounded P coloring of S is a function f that associates to
each edge e ∈ E a set of four tuples F (e) = {fp(e)}p where for each p ∈ P ,
fp(e) = (bbp(e), bfp(e),pbp(e),pfp(e)) ∈ {0, ..., b}4 and such that

• for each e ∈ E there exists a p ∈ P with bbp(e) ≥ 1,

• for each p ∈ P the function fp : E → {0, ..., b} is a b-bounded p-coloring of S.

Definition 24 (b-bounded P -expansion). Let T be a finite set of transitions and p
be a place over T . Then the b-bounded P -expansion is a function EP,b that associates

to each slice S ∈
−→
Σ(c, T ) the set EP,b(S) = {(S, F )|F is a b-bounded P -coloring of S}.

Proposition 24. Let T be a finite set of transitions, P be a set of places over
T , U = S1S2...Sn be a unit decomposition in L(Σ(c, T )) and

◦

U= (V,E). Then
(S1, F1)(S2, F2)...(Sn, Fn) with Fi = {f i

p}p∈P is a unit decomposition in EP,b(U) if
and only if for each p ∈ P , fp = f1

p ◦ f2
p ◦ ... ◦ fn

p = (bbp(e), bfp(e),pbp(e),pfp(e))

is a p-interlaced flow for
◦

U and if for each e ∈ E there exists a p ∈ P for which
bbp(e) ≥ 1.

Proposition 25. Let N = (P, T ) be a b-bounded p/t-net, H be the Hasse diagram
of an execution of N , U = S1S2...Sn be a unit decomposition of H where Si =
({vi}, Ei, li), and mi : P → N be the marking of N after the firing of the transitions
l(v1)l(v2)...l(vi). Then

(i) if (S1, f1)(S2, f2)...(Sn, fn) belongs to Ep,b(U), then for each fi : Ei → N4

with fi = (bbi, bf i,pbi,pf i) the following equation is satisfied

∑

e

bbi(e) + bf i(e) + pbi(e) + pf i(e) = mi(p) (12.1)

where the sum is over all edges e touching the out-frontier of Si.

(ii) if (S1, F1)(S2, F2)...(Sn, Fn) is in EP,b(U) then for each i, the size of the
out-frontier of Si is at most b · |P |.

Proof. i) says that in if f1 ◦ f2 ◦ ... ◦ fn is a b-bounded p-flow of H then for each
i ∈ {1, ..., n − 1} the sum of all tokens attached to the edges of the out-frontier of
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the unit slice Si is equal to the number of tokens at place p after the execution of
the firing sequence l(v1)l(v2)...l(vi), where for 1 ≤ j ≤ i, vj is the center vertex of
Sj . ii) In a b-bounded p/t-net, in which P is the set of places, at most b · |P | tokens
may be present in the whole net after each firing sequence. Thus item ii follows
from item i together with the fact that for each j and edge e ∈ Sj , the component
bbj

p(e) of the function f j
p = (bbj

p, bf
j
p,pb

j
p,pf

j
p) ∈ Fj = {f j

p}p∈P must be strictly
greater than 0 for at least one p ∈ P .

12.2 Expressibility Theorem

In this section we will prove Theorem 1, which states that for any b-bounded p/t-net
N = (P, T ) there are saturated transitively reduced slice languages L(N, c, ex) and
L(N, c, cau) for which Lpo(N, c, ex) = Pex(N, c) and Lpo(N, c, cau) = Pcau(N, c)
respectively. The proof is an immediate consequence of Lemma 18. The function
π below is a projection that takes a colored slice (S, R) and sends it to S, deleting
in this way the information provided by R.

Lemma 18. Let N = (P, T ) be a b-bounded p/t-net. Define

1. SG(N, c, ex) =
⋂

p∈P π ◦ Ep,b(SGtr(
−→
Σ(c, T ))) and

2. SG(N, c, cau) = π ◦ EP,b(SGtr(
−→
Σ(c, T ))).

Then Lpo(SG(N, c, ex)) = Pex(N, c) and Lpo(SG(N, c, cau)) = Pcau(N, c).

Proof. The slice graph SGtr(
−→
Σ(c, T )) is transitively reduced and generates pre-

cisely the set of c-partial orders whose vertices are labeled with elements from T .

In particular the graph language of SGtr(
−→
Σ(c, T )) consists of all Hasse diagrams

whose edges can be covered by c paths. 1) By Proposition 23 if a unit decomposi-

tion (S1, f1)(S2, f2)...(Sn, fn) belongs to the slice language of Ep,b(SGtr(
−→
Σ(c, T )))

then the Hasse diagram S1 ◦ S2 ◦ ... ◦ Sn has a p-interlaced-flow. Conversely, if
a Hasse diagram H is the union of c paths, then any of its unit decompositions

U = S1S2...Sn is in L(SGtr(
−→
Σ(c, T ))). Additionally, if H has a p-flow f , then

there exists a unit decomposition (S1, f1)(S2, f2)...(Sn, fn) ∈ Ep,b(U) for which

f = f1 ◦ f2 ◦ ... ◦ fn. Thus the slice language of π ◦ Ep,b(SGtr(
−→
Σ(c, T ))) consists

precisely of the set of unit decompositions corresponding to Hasse diagrams that
admit a p-flow and that are the union of c paths. This implies that the DAGs in

LG(
⋂

p∈P π ◦ Ep,b(SGtr(
−→
Σ(c, T )))) are precisely the Hasse diagrams that are the

union of c paths and that admit a p-interlaced-flow for each p ∈ P . Implying in
this way that all these Hasse diagrams are executions of N . 2) By Proposition 24

a unit decomposition (S1, F1)(S2, F2)...(Sn, Fn) belongs to L(EP,b(SGtr(
−→
Σ(c, T ))))

if and only if S1 ◦ S2 ◦ ... ◦ Sn is a causal order of N .
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12.3 Verification of p/t-nets from Slice Languages

In this section we prove Theorem 2, which states that given a b-bounded p/t-net
N = (P, T ) it and a slice language represented by a slice graph SG one can verify
both whether Lpo ∩ Psem(N, c) = ∅ and whether Lpo ⊆ Psem(N, c).

By Lemma 18, we have that Lpo(SG(N, c, sem)) = Psem(N, c) where sem ∈
{ex , cau}. Additionally the slice language L(SG(N, c, sem)) is both saturated and
transitively reduced. Thus by Lemma 4 we have that Lpo ⊆ Psem(N, c) if and only if
L ⊆ L(SG(N, c, sem)) and Lpo∩Psem(N, c) = ∅ if and only if L∩L(SG(N, c, sem)) =
∅. Thus we have reduced the problem of testing inclusion and emptiness of inter-
section of partial order languages to the inclusion and emptiness of intersection of
regular slice languages, which is known to be decidable. Additionally, by a similar
argument, if L is also saturated then we can decide whether Psem(N, c) ⊆ Lpo by
testing whether SG(N, c, sem) ⊆ L.

12.4 Synthesis

We start by proving Theorem 4. This theorem states that given a regular slice lan-
guage a slice graph SG and numbers b, c ∈ N one can effectively determine whether
exists a b-bounded p/t-net N(L, b, c) which is c-executionally minimal for Lpo(SG).
In the case such a net N(L, b, c) exists one can effectively construct it. The proof
follows from the following Lemma.

Lemma 19. Let SG be a slice graph over
−→
Σ(c, T ), and let b, c ∈ N. Then

N(SG, b, c) = (P, T ) where

P = {p | p is a b-bounded place over T and L(SG) = π ◦ Ep,b(tr(SG))} (12.2)

Proof. As a first step we apply our transitive reduction algorithm (Theorem 7)
to derive from SG a transitive reduced slice graph tr(SG) with the same partial
order language as SG. The graph language π ◦ Ep,b(tr(SG)) consists precisely on
the set of Hasse diagrams which admit a p-flow. Thus the condition L(SG) =
L(π ◦Ep,b(tr(SG))) is satisfied if and only if every Hasse diagram in L(SG) has a b-
bounded p-flow. This means that the set P is defined to be the set of all places p for
which any DAG in LG(SG) has a b-bounded p-flow. This condition is satisfied if and
only if every Hasse diagram in L(π ◦ Ep,b(tr(SG))) is an execution of N = (P, T ).
The minimality of the execution behavior of N follows from the fact that adding
places to a p/t-net can only restrict its execution behavior.

Next we prove Theorem 5 which states that given a regular slice language L
specified by a slice graph SG and numbers b, c, r ∈ N one can effectively determine
whether there exists a (b, r)-bounded p/t-netNr(L, ϕ, b, c) which is causally minimal
for Lpo. Notice that since we are assuming the net is b-bounded, then there are at

most bO(T ) places over T . Thus there are at most 2r·bO(T )

possible (b, r)-bounded
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p/t-nets. Let N (b, r, T ) denote the set of all (b, r)-bounded p/t-nets over a set T
of places. We have that N (b, r, T ) is clearly constructible since we can enumerate
all possible nets whose places are initialized with less than b tokens, and such that
each transition takes/puts at most b tokens at each place, and then we can test
whether each such net is b-bounded by using, for instance, Karp-Miller algorithm.
Consider the set

F(SG, b, r, T ) = {N ∈ N (b, r, T )|L(SG) ⊆ L(SG(N, c, cau))} (12.3)

Observe that since L(SG(N,T, cau)) is saturated and transitively reduced then
by Lemma 4, L(SG) ⊆ L(SG(N, c, cau) if and only if Lpo(SG) ⊆ Lpo(SG(N, c, cau)).
Thus the set F(SG, b, r, T ) consists precisely of the (b, r)-bounded p/t-nets for which
Lpo(SG) ⊆ Pcau(N, c). If F(SG, b, r, T ) = ∅ we conclude that there is no (b, r)-
bounded p/t-net whose causal behavior includes Lpo(SG). Otherwise, we define a
partial order ≤ on F(SG, b, r, T ) by setting N ≤ N ′ if and only if L(SG(N, c, cau)) ⊆
L(SG(N, c, cau)). In other words, N ≤ N ′ if and only if Pcau(N, c) ⊆ P(N ′, c, cau).
Finally we chose any minimal p/t-net N with respect to the partial order ≤ as our
synthesized p/t-net. �

12.5 Model Checking the Partial Order Behavior of Petri

Nets

In this section we will prove Theorem 6 which states that the partial order behavior
of p/t-nets can be model checked against partial order specifications.

We will represent a partial order ℓ by a relational structure ℓ = (V,<, l) where
V is a set of vertices, <⊂ V × V is an ordering relation and l ⊆ V × T is a vertex
labeling relation where T is a finite set of symbols (which should be regarded as
the labels of transitions in a concurrent system). First order variables representing
individual vertices will be taken from the set {x1, x2, ...} while second order variables
representing sets of vertices will be taken from the set {X1,X2, ...}. The set of
MSOpo formulas is the smallest set of formulas containing:

• the atomic formulas xi ∈ X, xi < xj , l(xi, a) for each i, j ∈ N with i 6= j and
each a ∈ T ,

• the formulas ϕ ∧ ψ, ϕ ∨ ψ, ¬ϕ, ∃xi.ϕ(xi) and ∃Xi.ϕ(Xi), where ϕ and ψ are
MSOpo formulas.

A MSOpo sentence is a MSOpo formula ϕ without free variables. If ϕ is a
sentence, and ℓ = (V,<, l) a partial order, then we denote by ℓ |= ϕ the fact that ℓ
satisfies ϕ. Recall that if G is a DAG than tr(G) denotes the transitive reduction
of G. In particular if G is a partial order then tr(ℓ) is its Hasse diagram.

Proposition 26 (Partial Orders vs Hasse Diagrams). For any MSOpo formula ϕ
expressing a property of partial orders, there is a MSO2 formula ϕgr expressing a
property of DAGs such that for any partial order ℓ, ℓ |= ϕ if and only if tr(ℓ) |= ϕgr .
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Proof. If ℓ = (V,<, l) is a partial order and if tr(ℓ) = (V,E, l) is the tran-
sitive reduction of ℓ then we have that v < v′ if and only if there is a path
v = v1e1v2...en−1vn = v′ from v to v′ in tr(ℓ). Now let path(x1,X, Y, x2) be a
msotwo formula which is true in a DAG H whenever there is a path p = (X,Y ) in
H from x1 to x2. For a MSOpo formula ϕ, let ϕgr be the MSO2 formula which is
obtained from ϕ by replacing each occurrence of the atomic formula x < y in ϕ by
the formula ∃X ∃Y path(x1,X, Y, x2) and subsequently making a conjunction with
the formula ϕtred which is true whenever a DAG is transitively reduced. Now have
that ℓ |= ϕ if and only if tr(ℓ) |= ϕgr . �

Lemma 20. For any MSOpo formula and any k ∈ N there exists one can construct
a saturated transitively reduced slice graph SG(ϕ, k, T ) whose partial order language
Lpo(SG(ϕ, k, T )) consists precisely of the k-partial-orders whose vertices are labeled
with elements from T .

Proof. First, from ϕ we derive the MSO2 formula ϕgr as in proposition 26. Sub-
sequently we apply Lemma 1 to construct the 1-saturated slice graph SG(ϕgr , z, k)
with z = 1 whose graph language LG(SG(ϕgr , z, k)) consists of all DAGs satisfying
ϕgr . Since ϕgr has the factor ϕtred all DAGs satisfying ϕgr are transitively reduced.
This implies that SG(ϕgr , z, k) is also transitively reduced.

Finally, we are in a position to prove Theorem 6. First, using our expressibility
result (Theorem 1), we construct the slice graphs SG(N, c, ex) and SG(N, c, cau)
whose partial order languages are respectively Pex(N, c) and Pcau(N, c). Using
Lemma 20 we construct the slice graph SG(ϕ, k, T ) whose partial order language is
constituted by the k-partial-orders satisfying ϕ. Since SG(c, T, ϕ), SG(N, c, ex) and
SG(N, c, cau) are transitively reduced and 1-saturated, we have that, by Lemma 4,
Psem(N, c) ⊆ P(c, T, ϕ) if and only if L(SG(N, c, ex)) ⊆ L(SG(c, T, ϕ)), P(c, T, ϕ) ⊆
Psem(N, c) if and only if SG(c, T, ϕ) ⊆ L(SG(N, c, ex)), Psem(N, c) ∩ P(c, T, ϕ) = ∅
if and only if L(SG(N, c, ex)) ∩ L(SG(c, T, ϕ)) = ∅. �



Chapter 13

Translating Partial Order

Formalisms into Slice Languages

In Chapter 12 we have established a close relationship between the partial order
behavior of p/t-nets and regular slice languages. In particular we showed that the
causal behavior of bounded p/t-nets can be completely described solely in terms
of regular saturated slice languages. Based on such description we showed how to
address the verification and synthesis of p/t-nets using regular slice languages. The
goal of this chapter is to extend the applicability of our results by translating two
well know partial order formalisms into regular slice languages. The first formalism,
Mazurkiewicz trace languages [110], has a more algebraic flavour and has played
an important role in the formalization of several aspects of concurrency theory.
The second formalism, Message Sequence Chart (MSC) languages [79], is visually
appealing and has been used in practice to formalize the behavior of modern soft-
ware. Before introducing our translation algorithms we will motivate the relevance
of these two formalisms.

Message Sequence Charts (MSCs) are a visual formalism for the specifica-
tion of scenarios describing interaction between processes of a concurrent system
[1, 76, 78, 79]. An MSC can be used both to formalize what an engineer would clas-
sify as a good scenario, which should be present in the system, or a bad scenario
that should not be present in the system. A possibly infinite collection of MSCs,
i.e. an MSC language, may be either used to specify a possible infinite collection
of good behaviors, or to specify a collection of bad behaviors. The practical rel-
evance of MSC languages can be witnessed for example by the fact that they are
part of the Unified Modeling Language (UML) notational framework [133], which
is widely used among system engineers to specify system’s use cases at an early
stage of development. Additionally, a standardized syntax for MSCs appears as a
recommendation of the ITU-TS (the Telecommunication Standardization section
of the International Telecommunication Union) [87].

The notion of trace was first studied by Cartier and Foata [27] under a purely

117



118
CHAPTER 13. TRANSLATING PARTIAL ORDER FORMALISMS INTO

SLICE LANGUAGES

combinatorial perspective. In [109, 110] Mazurkiewicz used traces to define a partial
order semantics for Petri nets and to study the non-sequential behavior of concur-
rent systems via its observed sequential executions. Since its inception, the notion
of Mazurkiewicz trace has played a very influential role within concurrency theory,
and is the base of many generalizations which are able to represent more expressive
families of partial orders [42, 52, 116].

In the next sections we show that both trace languages and MSC languages
can be mapped to slice languages representing the same set of partial orders. In
particular, both Mazurkievicz trace languages specified via finite automata, and
MSC languages specified via message sequence graphs [3, 119, 115] may be mapped
to slice graphs representing the same set of partial orders. We point out that in
general, the slice graphs arising from these mappings may be far from being tran-
sitively reduced. However by applying our transitive reduction algorithm we can
transform these slice graphs further into transitively reduced slice graphs. This im-
plies that both the verification and synthesis of bounded p/t-nets may be addressed
from partial order languages specified via these very well studied, and largely em-
ployed partial order formalisms, making our results accessible to a wider spectrum
of theoreticians and practitioners (Corollary 3).

13.1 Mazurkiewicz Traces

In Mazurkiewicz trace theory, partial orders are represented as equivalence classes
of words over an alphabet of events [110]. Given an alphabet Σ of events and a
symmetric and anti-reflexive independence relation I ⊆ Σ × Σ, a string αabβ is
defined to be similar to the string αbaβ (αabβ ≃ αbaβ) if aIb. A trace is then
an equivalence class of the transitive and reflexive closure of ≃∗ of the relation ≃.
We denote by [α]I the trace corresponding to a string α ∈ Σ∗. A partial order
poI(α) is associated with a string α ∈ Σ∗ of events in the following way: first, we
consider a dependence DAG depI(α) = (V,E, l) that has one vertex vi ∈ V labeled
by the event αi for each i ∈ {1, ..., |α|}. An edge connects vi to vj in E if and
only if i < j and (αi, αj) /∈ I. Then poI(α) is the transitive closure of depI(α).
One may verify that two strings induce the same partial order if and only if they
belong to the same trace. The trace language induced by a string language L ⊆ Σ∗

with respect to an independence relation I is the set [L]I = {[α]I |α ∈ L} and the
trace closure of L is the language LI = ∪α∈L[α]. Given a finite automaton A over
an alphabet Σ and an independence relation I ⊂ Σ × Σ, we denote by L(A) the
regular language defined by A and by Lpo(A, I) = {poI(α)|α ∈ L(A)} the partial
order language induced by (A, I). The next lemma (Lemma 21) says that for any
finite automaton A and independence relation I, there is a slice graph SG(A, I)
inducing the same partial order language as (A, I). We notice again that the slice
graph SG(A, I) obtained by the translation given below is not at all guaranteed to
be transitively reduced. However, by applying our transitive reduction algorithm
(Theorem 7) we are able to obtain a transitively reduced slice graph tr(SG(A, I))
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generating the same partial order language as SG(A, I).

Figure 13.1: i) Translation from Mazurkiewicz traces to slices.

Lemma 21 (From Traces to Slices). Let A be a finite automaton over an alphabet
Σ and I ⊂ Σ × Σ an independence relation. Then there exists an effectively con-
structible slice graph SG(A, I) such that Lpo(A, I) = Lpo(SG(A, I)). Furthermore,
if L(A) is trace closed, then SG is weakly saturated.

Proof. From an independence alphabet (Σ, I) we will derive a slice alphabet Σ =
{Sa|a ∈ Σ} (FIG. 13.1) in such a way that the partial order poI(α) induced by a
string α = α1α2 · · ·αk ∈ Σ∗ will be identical to the partial order induced by the
unit decomposition Sα1

Sα2
· · · Sαk

over Σ. In other words, poI(α) will be equal to
the transitive closure of the DAG S(α) = S1 ◦S2 ◦...◦Sk. We assume without loss of
generality that Σ has two special symbols ι and ε that are not independent from any
other symbol in Σ. The initial symbol ι appears a unique time in the beginning of
each word accepted by A while the final symbol ε appears a unique time at the end
of each word. Let Σ′ = Σ\{ι, ε}, and D = (Σ′ ×Σ′)\I be a dependence relation.
For each symbol a ∈ Σ we define the slice Sa as follows: both the in-fronter I
and the out-frontier O of Sa have |D| vertices indexed by D, and the center of Sa

has a unique vertex va which is labeled by a. In symbols I = {Iab|{a, b} ∈ D}
and O = {Oab|{a, b} ∈ D}. For each pair {b, c} ∈ D with a 6= b and a 6= c we
add an edge (Ibc, Obc) in Sa, and for each pair {a, x} ∈ D we add edges (Iax, va)
and (va, Oax) into Sa (FIG. 13.1.vi). We associate with ι an initial slice Sι, with
center vertex vι and out-frontier O, and to ε, a final slice Sε with center vertex
vε and in-frontier I. We may assume that the DAGs S(α) = Sα1

◦ Sα2
◦ ... ◦ Sαk

and dependence DAG depI(α) associated with a string α ∈ Σ∗ have identical sets
of vertices, with vertex vi corresponding to the i-th symbol of α. Nevertheless
these DAGs are not isomorphic. Neither one is necessarily a subgraph of the other.
However one can verify the following fact: for each edge (vi, vj) ∈ depI(α) there is
a path in S(α) joining vertices vi to vj . Conversely, for each edge (vi, vj) in S(α)
there is a path joining vi to vj in depI(α). Hence, both S(α) and depI(α) induce
the same partial order. Let f : Σ → Σ be the isomorphism that maps each symbol
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a ∈ Σ to its slice Sa. Then the isomorphic image of L(A) under f is a regular1

slice language inducing Lpo(A, I), and thus can be represented by a slice graph
SG(A, I).

In chapter 3 we defined a notion of trace for directed slices. Namely, two slices

S1S2 ∈
−→
Σ(c, Γ1) are independent if in the composition S1 ◦S2 there is no edge going

from the center vertex of S1 to the center vertex of S2. There is a substantial differ-
ence between our notion of independence, defined on slice alphabets and the notion
of independence in Mazurkiewicz trace theory. While the independence relation on
slices is determined solely based on the structure of the slices, without taking into
consideration the events that label their center vertices, the Mazurkiewicz indepen-
dence relation is defined directly on events. As a consequence, once an independence
relation I is fixed, the nature of the partial orders that can be represented as traces
with respect to I is restricted. This is valid even for more general notions of traces,
such as Diekert’s semi-traces [41] and the context dependent traces of [80], in which
for instance, partial orders containing auto-concurrency cannot be represented. In
our setting any partial order po labeled over a set of events T may be represented
by a slice trace: namely the set of unit decompositions of its Hasse diagram.

13.2 Message Sequence Charts

Message Sequence Charts (MSCs) are used to depict the exchange of messages
between the processes of a distributed system along a single partially ordered exe-
cution. Although being only able to represent partial orders of a very special type,
MSCs find several applications and are in particular suitable to describe the be-
havior of telecommunication protocols. Infinite families of MSCs can be specified
by hierarchical (or high-level) message sequence charts (HMSCs) or equivalently,
by message sequence graphs (MSGs) [3, 119, 115]. In this section we choose to
work with message sequence graphs for they have a straightforward analogy with
slice graphs. Namely, message sequence graphs are directed graphs without multi-
ple edges, but possibly containing self loops, whose vertices are labeled with MSCs
instead of with slices. Thus our translation from MSGs to slice graphs amounts to
translate MSCs to slices in such a way that the composition of the former yields the
same partial orders as the composition of the latter. We notice that the resulting
slice graphs are not guaranteed to be transitively reduced. However, after applying
our transitive reduction algorithm, they can be further transitively reduced (Fig.
13.2).

We formalize MSCs according to the terminology in [115]. Let I be a finite set
of processes, also called instances. For any instance i ∈ I, the set Σint

i denotes
a finite set of internal actions, Σ!

i = {i!j|j ∈ I\{i}} a set of send actions and
Σ?

i = {i?j|j ∈ I\{i}} a set of receive actions. The alphabet of events associated

1The term regular here is used in a fair sense, since f maps isomorphically the free monoid
generated by Σ to the free monoid generated by Σ.
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with the instance i is the disjoint union of these three sets: Σi = Σint
i ∪ Σ!

i ∪ Σ?
i .

We shall assume that the alphabets Σi are disjoint and let ΣI =
⋃

i∈I Σi. Given
an action a ∈ ΣI , Ins(a) denotes the unique instance i such that a ∈ Σi. Finally,
for any partial order po = (V,E, l) whose vertices are labeled over ΣI , we denote
by Ins(v) the instance on which the event v ∈ V occurs: Ins(v) = Ins(l(v)).

Definition 25 (Message Sequence Chart (MSC)). A message sequence chart is a
partial order M = (V,≤, l) over ΣI such that:

• Events occurring on the same process are linearly ordered: For every pair of
events v, v′ ∈ V if Ins(v) = Ins(v′) then v ≤ v′ or v′ ≤ v.

• For any two distinct processes i, j, there are as many send events from i to j
as receive events of j from i: #i!j(V ) = #j?i(V ).

• The n-th message sent from i to j is received when the n-th event j?i occurs,
i.e., the channels are assumed to be FIFO. l(v) = i!j and l(v′) = j?i and
#i!j(↓ v) = #j?i(↓ v′) then v ≤ v′.

• If v ≺ v′ and Ins(v) 6= Ins(v′) then l(v) = i!j, l(v′) = j?i and #i!j(↓ v) is
equal to #j?i(↓ v′).

The composition M ◦M ′ of two MSCs M = (V,≤, l) and M ′ = (V ′,≤′, l′) can
be interpreted directly on the partial order level as the transitive closure of the
graph

M ∪M ′ ∪ {(v, v′) ∈ V × V ′|Ins(v) = Ins(v′)}.

The partial order language generated by a message sequence graph M is the set
Lpo(M) of all partial orders obtained by the composition of sequences of MSCs
which label walks in M. A language L of MSCs is linearization-regular [79] if its
set of linearizations lin(L) = ∪M∈Llin(M) is recognizable in the free monoid Σ∗

I .
The connectivity graph of an MSC M is the graph C(M) whose vertices are the
instances of M and there is an edge from instance i to instance j if i sends some
message to j. An MSG M = (V, E , l) is locally synchronized [118] (called bounded
in [3]) if for each loop w = v1v2...vnv1 in M the connectivity graph of the MSC
l(v1) ◦ l(v2) ◦ ... ◦ l(vn) ◦ l(v1) has a unique strongly connected component. It can be
proved that an MSC language generated by an MSG is linearization-regular if and
only if it is locally synchronized [79]. In the next lemma we prove that the partial
order language of any MSG can be represented by a slice graph. Furthermore,
locally synchronized MSGs correspond to loop-connected slice graphs, which can
be saturated by Theorem 15.

Lemma 22 (From MSCs to Slices). Let M be a message sequence graph. Then
there exists a slice graph SGM satisfying Lpo(M) = Lpo(SGM). Furthermore if
Lpo(M) is linearization-regular then SGM is loop-connected.
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Figure 13.2: i) MSG whose vertices are labeled with MSC1 and MSC2. ii) Com-
position of MSC1 ◦ MSC2. III) Direct translation from MSG to a slice graph
which is not transitively reduced. iv) Canonical slice graph generating the same
set of partial orders. v) An elegant way of specifying the same language using a
slice expression.

Proof. We associate to each MSC M a slice SM in such a way that for each two
MSCs M1 and M2, the partial order M1 ·M2 is equal to the partial order induced by
the transitive closure of SM1

◦ SM2
(modulo the frontier vertices). Each frontier of

SM will have |I| nodes, one for each instance i ∈ I. If M is an MSC then the slice
SM is the Hasse diagram of M together with the new frontier vertices and some new
edges which we describe as follows: if for some instance i ∈ I, there is no vertex v of
M such that Ins(v) = i, then we add an edge from the i-th in-frontier of SM to the
i-th out-frontier of M . For all the other instances in I, add an edge from the i-th
in-frontier vertex of SM to the unique minimal vertex v of M satisfying Ins(v) = i,
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and an edge from the unique maximal vertex v′ of M satisfying Ins(v′) = i to the i-
th out-frontier vertex of SM . We observe that although each slice SM is transitively
reduced, the composition SM1

◦ SM2
is not necessarily transitively reduced (Fig.

13.2.iii). Now if the partial order language represented by M is linearization-
regular, then M is locally synchronized. Furthermore each sequence M1M2...MnM1

of MSCs labeling a loop in M corresponds to a sequence SM1
SM2

...SMn
SM1

labeling
a loop in SG. One can then verify that if the connectivity graph of M1 ◦M2 ◦ ...◦Mn

has a unique strongly connected component, then gluing the out frontier of the slice
SM1

◦SM2
◦...◦SMn

with its own in frontier we also have a unique strongly connected
component, and thus SG is loop-connected.

Comparison between MSC languages and Slice languages

A special property which is satisfied by MSC’s, and which is also observed in partial
orders represented by Mazurkiewicz trances is the following: If M,M ′ are two
partial orders represented through MSC’s (or through Mazurkiewicz traces) then
M is not isomorphic to M ′ if and only if lin(M) ∩ lin(M ′) = ∅ [115, 79] where
lin(M) denotes the set of linearizations of M . This property which is fundamental
for the development of several aspects of MSC-language theory and Mazurkiewicz
trace theory, turns also to be a bottleneck for their expressiveness. For instance,
some very simple partial order languages, such as the one depicted in Figure 13.3.i
cannot be represented by any formalisms satisfying this property. This bottleneck
is not a issue when dealing with slices languages because the role of linearization of
a partial order is completely replaced by the notion of unit decomposition of their
Hasse diagrams.

Figure 13.3: i) A simple partial order language Lpo that cannot be represented
through Mazurkiewicz traces, but which can be represented by a slice language
L. ii) A slice expression whose corresponding slice graph is loop connected. iii)
A slice expression whose corresponding slice graph is weakly saturated but not
loop-connected.

A notion of atomic MSC has also been defined: An MSC M is a component of
an MSC M ′ if there exist MSCs M1 and M2 such that M ′ = M1 ◦ M ◦ M2. We
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say that M is an atomic MSC if the only component of M is M itself. Two atomic
MSCs M1 and M2 are independent if their vertices are labeled with actions from
disjoint sets of processes (instances). We notice however that not every MSC can be
decomposed into atomic MSC’s consisting of a unique event, or more appropriately,
consisting of a unique message being sent and received. Contrast this with the fact
that any DAG can be written as a composition of unit slices.

Finally, the notion of local synchronizability of message sequence graphs shares
some similarity with the notion of loop-connectivity of slice graphs. However, as
mentioned above, an MSG M generates a regular partial order language if and
only if M is locally synchronized, while an analogous characterization of saturated
slice graphs is not valid, i.e., while loop-connected slice graphs can be saturated,
there are saturated slice graphs which are not loop-connected, as shown in Figure
13.3.iii.

13.3 Application to Petri Nets

We end this chapter by stating a connection between the partial order theory of
Petri nets and partial order languages specified by Mazurkiewicz trace languages
and Message Sequence Chart languages. Corollary 3 below follows from our verifi-
cation result (Theorem 2), our synthesis results (theorems 4 and 5) and the trans-
lations from Mazurkiewicz trace languages and MSC languages to slice languages
given in the previous sections.

Corollary 3 (p/t-nets and Regular Slice Languages [38, 39]). Let N be a b-bounded
p/t-net and P be a partial order language specified either by a Mazurkiewicz pair
(A, I) or by a message sequence graph M.

i) Verification:

a) It is decidable whether Psem(N, c) ∩ P = ∅,

b) It is decidable whether P ⊆ Psem(N, c),

c) If (A, I) defines a trace closed language (if M defines a linearization reg-
ular MSC language) then it is decidable whether Psem(N, c) ⊆ P.

ii) Synthesis: For any b, r ≥ 1, one may automatically determine whether there
is a (b, r)-bounded p/t-net Nr(A, c, b) which is behaviorally minimal for P. In
the case such a net exists, one may automatically construct it.

We emphasize that the verification and synthesis results of Theorem 2 do not
require the slice graph to be saturated. Analogously, Corollary 3.i does not require
the language specified by the pair (A, I) to be recognizable (i.e. the trace closure
of L(A) to be recognized by a finite automaton), nor the partial order language
specified by the message sequence graph M to be linearization-regular.
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It is worth noting that Corollary 3.ii addresses the synthesis of unlabeled p/t-nets
from partial order languages represented by traces or message sequence graphs. The
synthesis of labeled p/t-nets (i.e., nets in which two transitions may be labeled by
the same action) from Mazurkiewicz trace languages and from local trace languages
[81] was addressed respectively in [85] and in [98]. However there is a substantial
difference between labeled and unlabeled p/t-nets when it comes to partial order
behavior. For instance, if we allow the synthesized nets to be labeled, we are helped
by the fact that labeled 1-safe p/t-nets are already as partial order expressive as
their b-bounded counterparts [20]. Thus the synthesis of unlabeled nets tends to
be harder. Additionally, this is the first time that the synthesis of Petri nets from
infinite sets of partial orders specified via MSC languages is addressed.
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Chapter 14

Ordered Equational Logic

In this chapter we will introduce ordered equational logic, a variant of equational
logic in which sentences are ordered equations. For clarity we will start by defining
classical equational logic, and then lift it to its ordered version by using minor
adaptations.

Classical Equational Logic

Let Σ be an alphabet of function symbols and constant symbols and let X be a set
of variables with Σ ∩ X = ∅. To each function symbol f ∈ Σ we associate an arity
a(f), which intuitively indicates the number of input arguments of f . Constant
symbols may be regarded as function symbols of arity 0. The set Ter(Σ,X) of
terms over Σ ∪ X is inductively defined as follows: if x is a variable in X then
x is a term in Ter(Σ,X), if a is a constant symbol in Σ then a is a term in
Ter(Σ,X) and finally if f ∈ Σ is a function symbol of arity a(f) and if t1, ..., ta(f)

are terms in Ter(Σ,X), then f(t1, ..., ta(f)) is a term in Ter(Σ,X). The positions
Pos(t) of a term t are sequences of integers defined inductively as follows: If t is a
variable, then Pos(t) = {ε}. If f is a function symbol and t = f(t1, t2, ..., ta(f)) then

Pos(t) = {ε} ∪
⋃

a(f)
i=1 {ip | p ∈ Pos(ti)}. The sequences in Pos(t) are used to index

subterms of t. The subterm of t at position p is denoted by t[p] and is inductively
defined as follows: in the basis case we have t[ε] = t. Now if t = f(t1, t2, ..., ta(f))
then t[ip] = ti[p] for 1 ≤ i ≤ a(f). We let sub(t) = {t[p] | p ∈ Pos(t)} be the set of
all subterms of t. We denote by var(t) the set of variables appearing as sub-terms of
t. A substitution is a function σ : X → Ter(Σ,X) assigning to each variable x ∈ X
a term σ(x) in Ter(Σ,X). The action tσ of σ on a term t ∈ Ter(Σ) is inductively
defined as follows: xσ = σ(x) for any variable x ∈ X; aσ = a for any constant
symbol a ∈ Σ; f(t1, ..., ta(f))

σ = f(tσ1 , ..., t
σ
a(f)) for any function symbol f ∈ Σ

and terms t1, t2, ..., ta(f) ∈ Ter(Σ,X). The support of a substitution σ is the set
supp(σ) ⊆ X of all variables that are not mapped to themselves. In this work we will
only be concerned with substitutions with finite support. A substitution σ is pure if

129
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var(σ(x))∩var(σ(y)) = ∅ for x 6= y. Additionally, we assume that whenever a pure
substitution σ is applied to an equation t1=t2, [var(s) ∪ var(t)] ∩ var(σ(x)) = ∅ for
every x ∈ X , meaning that in a pure substitution all introduced variables are new.
A substitution ρ : X → X in which each variable is mapped to another variable is
called a renaming of variables . We notice that we allow several variables to be
mapped to the same variable, and thus we do not require a renaming of variables
to be injective, as it is often assumed in other contexts. Also, as opposed to pure
substitutions, when applying a renaming of variables ρ to an equation t1=t2, we
allow ρ(x) ∈ var(s) ∪ var(t). Any substitution α can be cast as α = ρ ◦ σ where σ
is a pure substitution and ρ a renaming of variables. Thus unless explicitly stated
otherwise, whenever we use the term substitution we will mean a pure substitution.
Let E be a finite set of equations. Then the equational theory T (E) induced by E
is the smallest set of equations containing E and which is closed under the following
rules of inference:

t = t
Reflexivity

∀t1=t2 ∈ E t1=t2
Equation

t1 = t2
t2=t1

Symmetry

t1 = t2 t2 = t3
t1=t2

Transitivity
t11 = t12 ... t

a(f)
1 = t

a(f)
2

f(t11, ..., t
a(f)
1 ) = f(t12, ..., t

a(f)
2 )

Congruence

t1=t2
tσ1 = tσ2

Substitution
t1=t2
tρ1 = tρ2

Renaming

In the rules of inference above, f is an arbitrary function symbol in Σ, σ is any
pure substitution and ρ is any renaming of variables. Observe that the substitution
rule defined above together with the renaming rule are equivalent to the substitution
rule that is usually found in the literature, and which does not require substitutions
to be pure. The only reason we consider a split version of the substitution rule is
the fact that in this way our proofs will be simpler.

Ordered Terms and Ordered Equations

In this section we introduce ordered terms and ordered equations which will form
the basis of the ordered equational logic which we will define in the next section.
An ordered term is a pair (t, ω) where t is a term and ω : Pos(t) → {1, ..., |Pos(t)|}
is an injective function associating to each position p in Pos(t) an order ω(p). If
T = {ti}i∈I is an indexed set of terms in Ter(Σ,X) for a finite set I ⊆ N of indexes,
then the set of positions of T is is defined as

Pos(T ) =
⋃

i∈I

{ip | p ∈ Pos(ti)}.
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If T is an indexed set of terms, and if p ∈ Pos(T ) then we denote by T [p] the
subterm of a term in T indexed by p. If T = {ti}i∈I is an indexed set, then an
indexed subset of T is an indexed set U = {ti | i ∈ J} for J ⊆ I. A subterm
ordering of T is an injective function ω : Pos(T ) → {1, ...,Pos(T )}. If T is an
indexed set of terms, U is an indexed subset of T and ω is a subterm ordering of
T then we let ω|U be the subterm ordering ordering induced by ω on Pos(U). In
other words, ω|U is the unique subterm ordering of Pos(U) such that for any two
positions p1, p2 in Pos(U), we have that ω|U (p1) < ω|U (p2) if and only if ω(p1) <
ω(p2). An ordered equation is a pair (t1=t2, ω) where t1=t2 is an equation and
ω : Pos({t1, t2}) → {1, ...,Pos({t1, t2})} is a subterm ordering of {t1, t2}. Below,
we show an ordered equation ( f(x, g(z, x))=g(x, y) , ω ) and the orderings induced
by ω on the sub-terms of f(x, g(z, x)) and of g(x, y) respectively. The order of a
sub-term is indicated by a number above its leading symbol.

6

f (
5
x,

1
g (

8
z,

2
x)) =

4
g (

7
x,

3
y)

4

f (
3
x,

1
g (

5
z,

2
x))

2
g (

3
x,

1
y)

We denote by ord(t) the set of all subterm orderings of a term t; by ord(T )
the set of all subterm orderings of a set of terms T ; and by ord(t1=t2) the set of
all subterm orderings of {s1, s2}. An ordered substitution is a pair (σ,ω) where σ
is a substitution and ω is a function that associates to each variable x ∈ supp(σ)
an ordering ωx of the sub-terms of σ(x). In this sense, the pair (σ(x),ωx) is an
ordered term for each x ∈ X. If T is a set of terms, and x is a variable in X then
we let Pos(T, x) be the subset of positions in Pos(T ) corresponding to the variable
x. More precisely,

Pos(T, x) = {p ∈ Pos(T ) | T [p] = x} (14.1)

If t is a term then the leading symbol ls(t) is defined as follows: If t = x for a
variable x then ls(t) = x otherwise, if t = f(t1, t2, ..., tk) then ls(t) = f . We say that
two terms t and t′ are syntactically equal if Pos(t) = Pos(t′) and if ls(t[p]) = ls(t′[p])
for each p ∈ Pos(t). We will write t1 ≃ t2 to denote that t1 is syntactically equal
to t2.

Ordered Equational Logic

We introduce ordered equational logic as a variation of classical equational logic in
which sentences are ordered equations. The rules of inference for the corresponding
ordered equational calculus will mimic very closely those rules for its unordered
counterpart, except for some minor adaptations to make these rules meaningful in
the ordered setting. We start by defining the ordered version of the Equation rule.

o-Equation

(t1=t2, ω)
o-Equation

for any t1=t2 ∈ E and any ω ∈ ord({t1, t2})
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Observe that the only difference with respect to the Equation rule in the classical
equational calculus is that, since an equation can be ordered in several ways we will
consider all such orderings. Next, we define the reflexivity rule

o-Reflexivity

(t1=t2, ω)
o-Reflexivity

provided that t1≃t2, ω ∈ ord(t1=t2) and ω|t1
= ω|t2

Observe that this rule is meant to precisely mimic its unordered counterpart.

Namely while the equation
1

f (
3
x,

5
y) =

2

f (
4
x,

6
y) is to be considered an axiom because

the restriction of the ordering to both sides yields
1

f (
2
x,

3
y), the ordered equation

1

f (
4
x,

5
y) =

3

f (
2
x,

6
y) is not an axiom because the restriction to the left term yields

1

f (
2
x,

3
y) while the restriction to the right term yields

2

f (
1
x,

3
y).

The symmetry rule is identical to its unordered correspondent.

o-Symmetry
(t1=t2, ω)

(t2=t1, ω)
o-Symmetry

For instance if
1

f (
4
x,

5
y) =

3
g (

2
x,

6
y) then we can infer that

3
g (

2
x,

6
y) =

1

f (
4
x,

5
y). Next

we define the transitivity rule.

o-Transitivity
(t1=t3, ω1) (t3=t2, ω2)

(t1=t2, ω3)
o-Transitivity

provided there exists ω ∈ ord({t1, t2, t3}) such that







ω1 = ω|{t1,t3}

ω2 = ω|{t2,t3}

ω3 = ω|{t1,t2}

In other words the transitivity rule is consistent with the fact that if (t1=t2, ω3)
can be derived from (t1 = t3, ω1) and (t3 = t2, ω2) then (t1 = t3, ω1) can be derived
from (t1=t2, ω3) together with (t2 = t3, ω2) and (t2 = t3, ω2) can be derived from
(t2 = t1, ω3) together with (t1 = t3, ω1). For instance, the following is a valid
application of the transitivity rule

5

f (
1
x,

6
y) =

3
g (

2
y,

4
z)

2
g (

1
y,

4
z) =

5

h (
6
z,

3
w)

5

f (
1
x,

6
y) =

3

h (
4
z,

2
w)

since the ordering on each pair of terms is obtained by a restriction of the
following ordering on the three terms:
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{
8

f (
1
x,

9
y) ,

3
g (

2
y,

5
z) ,

6

h (
7
z,

4
w)}

The ordered congruence rule follows a similar principle

Congruence For any function symbol f ∈ Σ,

(t11=t12, ω1) ... (t
a(f)
1 = t

a(f)
2 , ω

a(f))

(f(t11, ..., t
k
1) = f(t12, ..., t

k
2), ω)

o-Congruence

provided ω|{ti
1,ti

2} = ωi for each i ∈ {1, ..., a(f)}

In other words when restricting the ordering ω to the positions of each pair
of subterms {ti1, t

i
2}, this restriction should be equal to the original ordering ωi

assigned to ti1 = ti2. The substitution rule is slightly more complicated than its
unordered counterpart.

Substitution If (σ,ω) is an ordered substitution, then

(t1=t2, ω)

(tσ1 = tσ2 , ω
′)

o-Substitution

provided that

(i) for every p ∈ Pos({t1, t2}, x) if we let u = {t1, t2}[p] then (u, ω′|u) = (σ(x),ωx).

(ii) ω = ω′|Pos({t1,t2}).

Recall that according to the notation introduced in the previous section, {t1, t2}[p]
denotes the subterm of either t1 or t2 at position p. If p = 1p′ for some p′ then
{t1, t2}[p] denotes the subterm t1[p′] of t1. Otherwise, if p = 2p′ then {t1, t2}[p]
denotes the subterm t2[p′] of t2. Notice also that Pos({t1, t2}, x) ⊆ Pos({t1, t2}) ⊆
Pos({tσ1 , t

σ
2 }). Condition (i) says that if a term σ(x) = u is substituted for a vari-

able x, then the relative order of the subterms of u will be the same (namely, ωx)
in each copy of u in tσ1 = tσ2 . Condition (ii) says that the ordering induced by ω′

on the positions belonging to the equation t1=t2 before the substitution has taken
place, is the same as the original ordering ω. For instance, if (σ,ω) is an ordered

substitution and if σ(x) =
1

h (
2
z,

3
w), then the following is a valid inference step,

1

f (
3
x,

5
y) =

2
g (

6
y,

4
x)

1

f (
3

h (
5
z,

7
w),

9
y) =

2
g (

10
y ,

4

h (
6
z,

8
w))
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Renaming If ρ is a renaming of variables then

(tρ1=tρ2, ω)

(t1=t2, ω)

In other words, when renaming a variable x with a variable y in an equation
t1=t2, the numbering assigned to each occurrence of y in the new equation is the
same as the number assigned to the corresponding occurrence of x in t1=t2. For
instance, if ρ(x) = y then the following is a valid inference step.

1

f (
4
x,

5
y) =

3

f (
2
x,

6
y)

1

f (
4
y,

5
y) =

3

f (
2
y,

6
y)

Proof DAGs, Orientedness, b-boundness

A proof of an ordered equation (t1=t2, ω) is a sequence of ordered equations

Π = (t11=t12, ω1)(t21=t22, ω2)...(tn1 = tn2 , ωn)

where tn1 = t1, tn2 = t2, ωn = ω and for each i with 1 ≤ i ≤ n − 1, (ti1=ti2, ωi)
is either an axiom or follows from previous ordered equations by the application
of one of the inference rules defined in Subsection 14. With a proof Π one can
associate a directed acyclic graph G(Π) = (V,E) where V = {v1, v2, ..., vn} and
where (vi, vj) ∈ E if and only if j > i and (ti1=ti2, ωi) is used in the deduction of

(tj1=tj2, ωj). The depth of a proof Π is defined as the size of the longest path from a
vertex labeled with an axiom to the final vertex labeled with (t1=t2, ω). We say that
an ordering ω of a term t is oriented if for each p ∈ Pos({t1, t2}), ω(ip) > ω(p). An
ordered equation (t1=t2, ω) is oriented if both (t1, ω|t1

) and (t2, ω|t2
) are oriented.

Finally an ordered equational proof is oriented if every ordered equation appearing
in it is oriented.

If σ : X → Ter(Σ,X) is a pure substitution and x a variable in the support of
σ, and p is a sequence of positive integers (i.e., a position), then we let Pos(σ, x, p)
denote the set obtained by concatenating p with the positions in σ(x). More pre-
cisely,

Pos(σ, x, p) = {pq | q ∈ Pos(σ(x))}. (14.2)

Let t1 = t2 be an equation over Ter(Σ,X). If x is a variable occurring in
t1 = t2, we denote by Pos({t1, t2}, x) the set of all positions ip ∈ Pos({t1, t2})
such that ti[p] = x. In other words, Pos({t1, t2}, x) is the set of all positions in
which the variable x occurs. The following set consists of all positions of tσ1 = tσ2
corresponding to the copies of the term σ(x) which was substituted for x in the
equation t1 = t2.

Pos(t1=t2, x, σ) = ∪p∈Pos({t1,t2},x)Pos(σ, x, p). (14.3)
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If (t1=t2, ω) is an ordered equation and ip is a position in Pos({t1, t2}) then we
define inf (t1=t2, ω, ip) = min{ω(q)| q ∈ Pos(ti[p])}. In other words, inf (t1=t2, ω, ip)
is the minimum order assigned by ω to a position of the subterm ti[p]. For a variable
x occurring k times in the equation t1=t2, let Pos({t1 = t2}, x) = {px

1 , p
x
2 , ..., p

x
k}

where inf (tσ1 =tσ2 , ω, p
x
j ) ≤ inf (tσ1 =tσ2 , ω, p

x
j+1) for j ∈ {1, ..., k − 1}. We say that an

application (t1=t2, ω1) → (sσ = tσ, ω2) of the substitution rule is b-bounded with
respect to x if for each j ∈ {1, ..., k − 1} and each position q ∈ σ(x) we have that
|ω2(px

j q) − ω2(px
j+1q)| ≤ b. We say that the application of the substitution rule

(t1=t2, ω1) → (sσ = tσ, ω2) is b-bounded if it is so with respect to each variable x
occurring in t1=t2. If t1 ≃ t2, i.e., if t1 is syntactically equal to t2, then we say that
a reflexivity axiom (t1=t2, ω) is b bounded if |ω(1p) − ω(2p)| ≤ b for each position
p ∈ Pos(t1) = Pos(t2). We say that a proof Π of an ordered equation is b-bounded
if all all reflexivity axioms and all applications of the substitution rule used in it
are b-bounded.

Graphs Associated with Terms and Equations

In this section we will formally define a way to associate graphs to ordered terms and
equations. This association has two motivations. First, we will eliminate the need
to use variable names. Indeed two nodes of such a graph will represent the same
variable if and only if they are connected by a path. Second, it will allow us to define
in Chapter 15 slice languages representing infinite families of ordered equations. If
(t, ω) is an ordered term and x a variable and p be a position in Pos(t, x), then
we let nextx

t,ω(p) be the position in Pos(t, x) with smallest order after p. In other
words ω(nextx

t,ω(p)) > ω(p) and there is no other position p′ ∈ Pos(t, x) such that
ω(nextx

t,ω(p)) > ω(p′) > ω(p). Analogously, if (t1=t2, ω) is an ordered equation, x a
variable and p a position in Pos({s, t}, x), then we let nextx

t1=t2,ω(p) be the smallest
position in Pos({s, t}, x) with smallest order after p.

Graph Associated with a Term The graph G(t, ω) = (V,E, lV , lE) associated
to an ordered term (t, ω) is defined as follows: The vertex set V has a vertex vp for
each position p ∈ Pos(t). If t[p] = f(t1, t2, .., ta(f)) for some function symbol f , then
we let lV label vu with f and add the directed edges (vp, vip) to E for 1 ≤ i ≤ a(f).
Each such edge (vp, vip) is labeled by lE with the number i, indicating that ti is the
i-th argument of f . If u[p] = x for a variable x ∈ X then the vertex vp is labeled by
lV with the tag ”var” indicating that vp is a variable vertex. Notice however that
vp is not labeled with the variable x itself. Now we add edges connecting vertices
that correspond to the same variable. More precisely, to each variable x and each
two positions p, p′ ∈ Pos(t, x) we add an edge (vp, vp′) if and only if p′ = nextx

t,ω(p).
Each such edge (vp, vp′) is labeled with the tag ”inner −var” indicating that it is an
inner variable edge. In other words, the graph G(t, ω) is constructed by taking the
tree representation of the term t and connecting the leaves of this tree corresponding
to the same variable by a sequence of inner-variable edges. Finally, the root vertex
vε is tagged by lV as being a "root".
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Graph Associated with an Equation The graph G(t1=t2, ω) associated to
an ordered equation (t1=t2, ω) is intuitively constructed by taking the disjoint
union of the graphs G(t1, ω|t1

) and G(t2, ω|t2
), and adding some additional edges

to connect vertices representing the same variable. Formally the construction pro-
ceeds as follows: Let G(t1, ω|t1

) and G(t2, ω|t2
) be the graphs associated to the

ordered terms (t1, ω|t1
) and (t2, ω|t2

) respectively. Let L(G(t1, ω|t1
)) be the graph

derived from G(t1, ω|t1
) by tagging all its edges and vertices with the left sym-

bol L, and R(G(t2, ω|t2
)) be the graph derived from G(t2, ω|t2

) by tagging all
its edges and vertices with the right symbol R. Now consider the disjoint union
L(G(t1, ω|t1

))∪̇R(G(t2, ω|t2
)) of these two graphs. Finally, we connect the vertices

of both graphs corresponding to the same variable using outer-variable edges. More
precisely, for each variable x and each two positions p, p′ in Pos(t1=t2, x) we add
an edge (vp, vp′) if and only if p′ = nextx

t1=t2,ω(p). We label each such edge with
the tag ”outer −var”, indicating that this edge is an outer-variable edge. Observe
that while the inner variable edges connect the vertices in increasing order with
respect to ω|t1

and ω|t2
respectively, the outer-variable edges connects the vertices

in increasing order with respect to the whole ordering ω. In Figure 14.1 we show
the graphs associated with the equation x · (y + z) = x · y + x · z according to two
orderings: the infix ordering (Figure 14.1.i) and the prefix ordering (Figure 14.1.ii).
Notice that the prefix ordering of an equation is one example of oriented ordering.

Width of Equations If G = (V,E) is a graph, then for any two sets V1, V2 ⊆ V
we let E(V1, V2) be the set of edges of G with one endpoint in V1 and another
endpoint in V2. If ω = (v1, v2, ..., vn) is an ordering of the vertices of G then the
cut-width of G with respect to ω is defined as

cw(ω) = max
j

|E({v1, ..., vj}, {vj+1, ..., vn})|.

If (t1=t2, ω) is an ordered equation then the ordering ω induces an ordering ωG

on the vertices of the graph G(t1=t2, ω) by setting ωG(vp) < ωG(vp′) if and only
if ω(p) < ω(p′). The width of an ordered equation (t1=t2, ω) is defined as the
cut-width of the graph G(t1=t2, ω) with respect to the ordering ωG. Observe that
the graphs G(t1=t2, ω) and G(t1=t2, ω

′) may be different for distinct orderings
ω, ω′ since the disposition of the variable edges depends on the ordering assigned
to t1=t2.

Proof of Proposition 4

We end this Section with a constructive proof of Proposition 4 stating that for
any valid equation t1=t2, one can always find an oriented ordering ω and suitable
b, c ∈ N for which (t1=t2, ω) is provable in width c by a b-bounded oriented proof.
Let E be a finite set of equations, and let T = (V,E, l) be a tree like proof of
an equation t1=t2. In other words, the nodes of T are labeled with equations in
such a way that the root of T is labeled by l with the equation t1=t2 that is being
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i

ii

Figure 14.1: Two graphs corresponding to the equation x · (y + z) = x · y + x · z
expressing the distributivity law. The graph (i) corresponds to the infix ordering
ω1 of the equation, while the graph (ii) corresponds to its prefix ordering ω2. The
edges represented by full bold lines are inner-variable edges. The edges represented
by dashed lines are outer variable edges. The vertices are ordered from left to right
according to the ordering induced by ω1 and ω2 respectively. The width of both
graphs is 6. Each box above is a unit slice as defined in Section 2.1.

proved, the leaves are labeled by l with equations in E, and in such a way that the
equation labeling each internal node of T is obtained from the equations labeling its
children by the application of some some of the six rules of the six rules of inference
reflexivity, symmetry, transitivity, congruence, substitution and renaming. We will
construct an oriented ordered tree-like proof To = (Vo,Eo, lo) of an ordered version
of t1=t2. We start by noting that the structure of the proof To will be precisely
the same as the proof T. In other words Vo = V and Eo = E. The only difference
is that the vertices of To will be labeled with suitable ordered equations instead of
classical equations. The proof is by induction on the depth of T. Suppose T has
a unique node v. Then the label l(v) is the equation t1=t2 that we are trying to
prove. And since this node is also a leaf, this equation is either an axiom axiom of E
or both t1 and t2 are copies of a term t (i.e., we are applying the reflexive rule). Let
vo be the corresponding node in To. Then we chose any arbitrary oriented ordering
ω of t1=t2, and label vo with (t1=t2, ω). Now suppose that T has depth d ≥ 1 and
that for an internal node v of T labeled with an equation t1=t2 we have already
found a suitable oriented ordering ω of t1=t2 and labeled vo with (t1=t2, ω). We
will describe how to label the children of vo in T o with ordered equations. There
are five cases, depending on how t1=t2 was obtained from the equations labeling
the children of v in T.
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• Symmetry : If t1=t2 was obtained by the application of the symmetry
rule, then v has a unique child v1, which is labeled with t2 = t1. If (t1=t2, ω)
is the corresponding ordered equation labeling vo then set the label of vo

1 to
be (t2 = t1, ω).

• Congruence : Let f(t11, t
2
1, ..., t

a(f)
1 ) = f(t12, t

2
2, ..., t

a(f)
2 ) be the equation

labeling v and suppose it was obtained by the application of the congruence
rule. Then v has a(f) children, v1, v2, ..., va(f) which are labeled by l in such
a way that the label of vi is ti1 = ti2. Then we label vo

i with (ti1 = ti2, ω|{ti
1,ti

2}).

• Renaming : If the label of v is the equation tρ1 = tρ2 which was obtained
by an application of the renaming rule, then v has a unique child u which is
labeled with t1=t2. Thus if vo is labeled with the ordered equation (tρ1 = tρ2, ω)
then, since Pos(tρ1 = tρ2) = Pos(t1=t2), we label uo with the ordered equation
(t1=t2, ω), where ω is the same ordering in both ordered equations.

• Substitution : If the label of v is the equation tσ1 = tσ2 which was obtained
by an application of the substitution rule, then v has a unique child u which
is labeled with t1=t2. Thus if vo is labeled with the ordered equation (tρ1 =
tρ2, ω) then, since Pos(t1=t2) ⊆ Pos(tσ1 = tσ2 ), we label uo with the ordered
equation (t1=t2, ω|Pos({t1,t2})), where ω|Pos({t1,t2}) is the restriction of ω to
Pos({t1, t2}).

• Transitivity : Now suppose that v is labeled with t1=t2 and that this
equation was obtained by an application of the transitivity rule. Then v

has two children, u1 labeled with the equation t1 = t3 and u2, labeled with
t3 = t2. Let the vertex vo be labeled with (t1 = t2, ω). Then first we
extend the ordering ω, which is defined on Pos({t1, t2}) to an ordering ω′ of
Pos({t1, t2, t3}). Subsequently we label uo

1 with (t1 = t3, ω
′|Pos({t1,t3})) and

label uo
2 with (t3 = t2, ω

′|Pos({t2,t3})).

Up to now we have proved that given a proof of an equation t1 = t2 in classic
equational logic, we can derive a proof of of an ordered version of t1 = t2 in the
same depth. Now it remains to determine the width c of the proof, and the bound
b. We set c to be the maximum width of an ordered equation occurring in the proof.
We set the bound b to be the maximum bound of a substitution step or reflexivity
step used in the proof. �



Chapter 15

Slice Calculus

In this chapter we will rephrase the ordered equational calculus defined in Section 14
in terms of what we call slice calculus. Sentences in slice calculus are unit decompo-
sitions that give rise to equations. More precisely, we say that a unit decomposition
U is compatible with the ordered equation (t1=t2, ω) if

◦

U= G(t1=t2, ω). If E is
a set off equations, then we let Σ(c, c, 1, Γ1(E), Γ2(E)) denote the set of all unit
slices (not necessarily normalized) whose vertices are tagged with elements from
Γ1(E) and edges are tagged with elements from Γ2(E). In particular, we assume
that Γ1(E) includes all function symbols appearing in equations in E, as well as the
tags var, L,R, root used to indicate that a vertex is respectively a variable vertex,
a left vertex, a right vertex or a root vertex. Analogously we assume that Γ2(E)
includes the tags inner −var , outer −var , L,R used to indicate that an edge is a
inner-variable edge, an outer-variable edge, a left edge and a right edge respec-
tively. Observe that both vertices and edges belonging to a slice may potentially
receive more than one tag. From now on we will simply write Σ(c, E) to denote
Γ (c, c, 1, Γ1(E), Γ2(E)).

If L is a slice language over Σ(c, E) and if every unit decomposition in L is
compatible with some ordered equation, then we say that L is an equational slice
language. The set of all ordered equations derived from an equational slice language
L is defined as

Leq = { (t1=t2, ω) | G(t1=t2, ω) ∈ LG}. (15.1)

Let (t, ω) be an ordered term. Then we let L(t, ω, c) denote the set of all
unit decompositions of width at most c of the graph G(t, ω) and set L(t, c) =
⋃

ω∈ord(t) L(t, ω, c). Analogously, for an indexed set of terms T = {ti}i∈I and a

subterm ordering ω of T , we let L(T, ω, c) denote the set of all unit decompositions
of the graph G(T, ω) and set

L(T, c) =
⋃

ω∈ord(T )

L(T, ω, c) (15.2)

139



140 CHAPTER 15. SLICE CALCULUS

If (t1=t2, ω) is an ordered equation then we let L(t1=t2, ω, c) be the set of all unit
decompositions of width at most c of the graph G(t1=t2, ω) and let L(t1=t2, c) =
⋃

ω∈ord({t1,t2}) L(t1=t2, ω, c). We let σ : Σ(c, E) → Σ(c, E) be the projection

which acts on a slice S by swapping the tags L and R attached to its edges and
vertices. Recall that if U = S1S2...Sn is a unit decomposition of G(t1=t2, ω),
then σ(U) denotes the unit decomposition σ(S1)σ(S2)...σ(Sn). Thus if U ∈
L(t1=t2, ω, c) then σ(U) ∈ L(t2 = t1, ω, c). In the slice calculus, sentences are
normalized unit decompositions belonging to L(Σ(c, E)) for some fixed c. For sim-
plicity we will write Ut to denote a unit decomposition in L(t, c) and Ut1=t2

to
denote a unit decomposition in L(t1=t2, c). If Ut1=t2

is a unit decomposition in
L(t1 = t2, c) and p ∈ Pos(t1=t2), then we denote by Ut1=t2

[p] the sub-unit decom-
position of U corresponding to the term {t1, t2}[p]. In the sequel, if E is a finite
set of equations (axioms), then we assume that for every equation t1=t2 ∈ E, every
ordering ω ∈ ord(t1=t2) and every unit decomposition of the digraph G(t1=t2, ω)
has width at most c. Since E is finite, there is always a c for which these con-

ditions are satisfied. Below we let t1 = (t11, t
2
1, ..., t

a(f)
1 ) and t2 = (t12, t

2
2, ..., t

a(f)
2 )

where f is a function symbol. We recall that a unit decomposition U is equivalent
to a unit decomposition U′ if ∆({U}) ∩ ∆({U′}) 6= ∅. In other words, two unit
decompositions are equivalent if both of them can be dilated into a common unit
decomposition U′′. Finally if Ut1=t2

is a unit decomposition corresponding to the
equation t1 = t2 then we let sk(Ut1=t2

) denote the unit decomposition which is
obtained from Ut1=t2

by deleting from each of its slices all inner and outer variable
edges. In other words the graph obtained by gluing the slices in sk(Ut1=t2

) consists
of two trees, one corresponding to t1 and other to t2. The set of all unit decom-
positions that can be inferred from a set of equations E in width c is inductively
defined as follows:

1. Axioms: If t1=t2 ∈ E, then E ⊢ U for any U ∈ L(t1=t2, c).

2. Vertical Saturation: If E ⊢ U ∈ L(t1=t2, c) then E ⊢ U′ for any U′ ∈
vSat(U).

3. Symmetry: If E ⊢ U then E ⊢ σ(U).

4. Transitivity: If E ⊢ Ut1=t2
and E ⊢ Ut2=t3

then E ⊢ Ut1=t3
provided there

exist Ut1
, Ut2

, Ut3
, Ut1=t2

∈ ∆(Ut1=t2
), Ut2=t3

∈ ∆(Ut2=t3
) such that

L(Ut2
) ⊗R(Ut2

) ⊆ Ut1=t2
⊗ Ut2=t3

L(Ut1
) ⊗R(Ut3

) ⊆ Ut1=t2
⊗ Ut2=t3

L(Ut1
) ⊗R(Ut3

) ⊆ Ut1=t3
⊗ Ut1=t3

5. Congruence: IfE ⊢ Ut1
1=t1

2
, E ⊢ Ut2

1=t2
2
, ..., E ⊢ U

t
a(f)
1 =t

a(f)
2

and if Uf(t1)=f(t2)

is such that Uti
1=ti

2
→֒ Uf(t1)=f(t2) then E ⊢ Uf(t1)=f(t2).



15.1. SLICE CALCULUS OPERATORS 141

6. Substitution If E ⊢ Ut1=t2
and (σ,ω) is an ordered substitution then

E ⊢ Utσ
1 =tσ

2
provided that

a) for every x ∈ supp(σ) there exists Uσ(x) such that for every position
p ∈ Pos({t1, t2}, x), Utσ

1 =tσ
2
[p] ≡ Uσ(x)

b) Ut1=t2
is compatible with (t1=t2, ω), Utσ

1 =tσ
2

is compatible with
(tσ1 = tσ2 , ω

′) and ω = ω′|Pos({t1,t2}).

7. Renaming: If E ⊢ Ut1=t2
and if Ut

ρ
1=t

ρ
2

is such that sk(Ut1=t2
) = sk(Ut

ρ
1=t

ρ
2
)

then E ⊢ Ut
ρ
1=t

ρ
2
.

Proposition 27. An ordered equation (t1=t2, ω) has a b-bounded proof of depth d
and width c if and only if there exists a unit decomposition U ∈ L(t1=t2) that has
a b-bounded slice calculus proof of depth d and width c.

15.1 Slice Calculus Operators

Let L be an equational slice language over Σ(c, E). Then we denote by Syc(L),
Trc(L), Coc(L), Suc(L) and Rec(L) the equational slice languages over Σ(c, E)
obtained from L by one application of the symmetry, transitivity, congruence, sub-
stitution and renaming rules respectively. As we will show in Chapter 16 the set
of all unit decompositions that can be derived by b-bounded proofs of depth d and
width c can be defined in terms of these operators. The goal of this section is to
show that each of these operators can be by its turn defined the elementary slice
language operations defined in Chapter 2.2. The proof of our main results will
follow from the fact that these elementary operations can be performed effectively
on slice graphs (Chapter 2.3).

Symmetry Operator

We start with the symmetry operator Sy for simplicity. Indeed in this case we
do not need to do anything since the operator σ : Σ(c, E) → Σ(c, E) used in the
definition of the symmetry rule is already a projection.

Syc(L) = σ(L) = {σ(U)|U ∈ L}. (15.3)

In other words the symmetry operator takes each unit decomposition U in L
and swaps all the L and R tags attached to each the edges and vertices of each slice
in U. The other remaining operators will not be so simple, but the principle is the
same: apply an inference rule of the slice calculus to the whole slice language at
the same time.
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Congruence Operator

For each function symbol f ∈ Σ of arity a(f), let

Coc(L, f) = {Uf(t1)=f(t2) | t1=(t11, ..., t
a(f)
1 ), t2=(t12, ..., t

a(f)
2 ) and

∀i ∈ {1, ..., a(f)} ∃ Uti
1=ti

2
∈ L

such that Uti
1=ti

2
→֒ Uf(t1)=f(t2)}

(15.4)

then the congruence operator is defined as

Coc(L) =
⋃

f∈ΣF

Coc(L, f). (15.5)

Therefore in order to show that that Coc can be defined in terms of elementary
operations, we just need to show that for each function symbol f the language
Coc(L, f) can be defined in terms of elementary operations. Let f be a function
symbol of arity a(f). We denote by G(f) the graph defined as follows. First, create
two vertices vL

f and vR
f and label each of them with the symbol f . Subsequently,

create vertices vL
1 , ..., v

L
a(f) and vR

1 , ..., v
R
a(f), and for each i ∈ [a(f)], label both vL

i

and vR
i with the number i. As a next step add a directed edge from vL

f to each vL
i

and label it with a tag L (for "left") and add a directed edge from vR
f to each vR

i

and label it with a tag R (for "right"). The vertices vL
1 , ..., v

L
a(f) and vR

1 , ..., v
R
a(f) are

receive the tag connector indicating that they are connector vertices.

Definition 26 (Function Symbol Language). Let f be a function symbol of arity
a(f). Then we denote by L(f) the slice language consisting of all dilated unit
decompositions U = S1S2...Sm such that S1 ◦ S2 ◦ ... ◦ Sn = G(f).

Observe that L(f) is not an equational slice language since it does not generate
graphs corresponding to equations. Indeed, even though L(f) has infinitely many
unit decompositions (due to the fact that these unit decompositions may be dilated),
the graph language LG(f) associated with it is just the singleton {G(f)}. Now let
L be an equational slice language. Let ζi : Σ(c, E) → Σ(c, E) be a projection that
adds the label i to the center vertex of S if this center vertex is a root vertex, and
acts as the identity otherwise. A unit decomposition Ut1=t2

= S1S2...Sn will be
mapped to ζi(Ut1=t2

) = ζi(S1)ζi(S2)...ζi(Sn) under the action of ζi. In that case,
the center vertices of precisely two slices will be marked with i. Each of these slices
will correspond to one side of the equation.

Lemma 23 (Congruence Operator Lemma). Let L be an equational slice language.
Then there exists a projection γ : Σ(c, E)⊗(a(f)+1) → Σ(c, E) ∪ {λ} such that

Coc(L, f) = Σ(c, E)∗ ∩ γ(L(f) ⊗ ζ1(∆(L)) ⊗ ...⊗ ζa(f)(∆(L)).
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Each sequence of slices in L(f)⊗ζ1(∆(L))⊗...⊗ζ
a(f)(∆(L)) consists of a dilated

unit decomposition Uf of the graph G(f) piled over dilations of unit decomposi-
tions Ut1

1=t1
2
,...U

t
a(f)
1 =t

a(f)
2

. The projection γ has two functionalities. The first is,

whenever possible, to merge the piled unit decompositions Uf ,Ut1
1=t1

2
,...U

t
a(f)
1 =t

a(f)
2

into a unique unit decomposition Uf(t1)=f(t2) of the equation f(t11, ..., t
a(f)
1 ) =

f(t12, ..., t
a(f)
2 ). These merged unit decompositions will be the elements of Coc(L, f).

The second functionality is to eliminate piled unit decompositions that cannot give

rise to valid unit decompositions of f(t11, ..., t
a(f)
1 ) = f(t12, ..., t

a(f)
2 ). It turns out γ

will perform these tasks in a completely local fashion, by sending a "legal" element
S0 ⊗ S1 ⊗ S2... ⊗ S

a(f) ∈ Σ(c, E)⊗(a(f)+1) to its corresponding merged version in

Σ(c, E) and by sending an illegal element in Σ(c, E)⊗(a(f)+1) to the "garbage" sym-
bol λ. Whenever some string of slices W in L(f) ⊗ ζ1(∆(L)) ⊗ ...⊗ ζ

a(f)(∆(L)) is
mapped to a string γ(W) containing the garbage symbol λ then the whole string
γ(W) will be discarded from Coc(L, f) due to the fact that it will not belong to
the free monoid Σ(c, E)∗. The construction of γ and the proof of Lemma 23 will
be given in Chapter 17.

Transitivity Operator

Let L ⊆ Σ(c, E)∗ be an equational slice language. Then the action of the transi-
tivity operator on L is given by

Trc(L) = {Ut1=t3
| There exist Ut1=t2

∈ ∆(L), Ut2=t3
∈ ∆(L), Ut1

, Ut2
, Ut3

such that L(Ut2
) ⊗R(Ut2

) ⊆ Ut1=t2
⊗ Ut2=t3

L(Ut1
) ⊗R(Ut3

) ⊆ Ut1=t2
⊗ Ut2=t3

L(Ut1
) ⊗R(Ut3

) ⊆ Ut1=t3
⊗ Ut1=t3

}.
(15.6)

To obtain Trc we will proceed as follows. First, we will consider the slice lan-
guage ∆(L) ⊗∆(L) whose elements are of the form Ut1=t2

⊗ Ut′
2=t3

where Ut1=t2

and Ut′
2=t3

are dilations of unit decompositions U′
t1=t2

∈ L and U′
t′

2=t3
∈ L respec-

tively. Subsequently, we will apply a projection τma : Σ(c, E)⊗2 → Σ(c, E)⊗2 with
the goal to inject garbage symbols in all unit decompositions Ut1=t2

⊗ Ut′
2=t3

in
which we cannot embed a unit decomposition of the form L(Ut2

)⊗R(Ut2
). In par-

ticular, no decomposition in which t2 6= t′2 will survive. Subsequently we will apply
a projection τer that will erase from each surviving decomposition U′

t1=t2
⊗ Ut2=t3

all edges and vertices in L(Ut2
)⊗R(Ut2

). In the next step we will use an expansion
E1

T together with a special regular slice language Lgood , which will be responsible
for identifying in each slice, pairs of outer-variable edges and pairs of variable ver-
tices corresponding to the same variable. Once these pairs of edges and pairs of
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vertices have been identified, we will apply a projection τme which will merge each
pair of edges into a single edge and each pair of vertices into a single vertex. Once
this merging has occurred we will apply a projection τ 1

el followed by and expansion
E2

T and a projection τ 2
el with the aim to eliminate some some left-over outer vari-

able vertices and edges corresponding to the term t2 which was erased. Finally, we
will apply a normalizing projection η and consider the intersection with the slice
language L(Σ(c, E)) which make that only unit decompositions of width at most
c can survive. By setting τ = τer ◦ τma, τ = τ 1

el ◦ τme and τ = η ◦ τ 2
el we have

the following lemma whose proof will be detailed in Chapter 18.

Lemma 24 (Transitivity Operator Lemma). There exist finite slice alphabets Σ1,
Σ2, Σ3, Σ4, projections τ : Σ(c, E)⊗2 → Σ1, τ : Σ2 → Σ3 and τ : Σ4 →
Σ(2c, E), expansions E1

T : Σ1 → 2Σ2 and E2
T : Σ3 → 2Σ4 , and a regular language

slice language Lgood over Σ3 such that

Trc(L) = L(Σ(c, E)) ∩ τ ◦ E2
T ◦ τ(Lgood ∩ E1

T ◦ τ(∆(L) ⊗∆(L))).

We should note that despite the technical statement of Lemma 24 the only
thing we need to keep in mind at this moment is that the language Trc(L) can be
constructed from L by the use of a constant number of elementary operations, all
of which are effective on slice graphs.

Substitution Operator Lemma

Recall that if Ut1=t2
is a unit decomposition corresponding to the ordered equa-

tion (t1=t2, ω) and if u is a subterm of t1=t2 then Ut1=t2
|u denotes the sub-unit-

decomposition of Ut1=t2
corresponding to u. We notice that the unit decomposition

Ut1=t2
|u is compatible with the ordered term (u, ω|u). The action of the substitu-

tion operator on an equational slice language is defined as

Suc(L) = {Utσ
1 =tσ

2
| Utσ

1 =tσ
2

is compatible with (tσ1 = tσ2 , ω
′),

there exists Ut1=t2
∈ L compatible with (t1 = t2, ω)

such that ω = ω′|Pos({t1,t2}), and
∀x ∈ supp(σ) ∃Uσ(x)∀p ∈ Pos({t1, t2}, x)
Utσ

1 =tσ
2
[p] ≡ Uσ(x)}

(15.7)
Let {t1, ...tk} be a set of k-copies of a pure term t over Ter(Σ,X). In other words

for each i, ti is syntactically equal to t. Let ω : Pos({t1, ..., tk}) → |{t1, ..., tk}|
be a subterm ordering of {t1, ..., tk}. For each i ∈ {1, ..., k}, we denote by ip ∈
Pos({t1, ..., tk}) be the position p of ti. Then we say that ω is b-bounded if for
every i ∈ {1, ..., k − 1}, and every position p ∈ Pos({t}), |ω(ip) − ω([i + 1]p)| ≤ b
and if ω|Pos({ti}) = ω|Pos({tj}) for i 6= j. In other words ω is b-bounded if the set
of positions all terms has the same relative ordering with respect to ω and if the
order associated with corresponding positions in consecutive terms are at most b
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apart from each other. We denote by G(t, k1, k2, ω) the graph obtained by taking
the disjoint union L(G(t1)) ∪ ... ∪ L(G(tk1

)) ∪ R(G(tk1+1)) ∪ ... ∪ R(G(tk1+k2
)),

where each ti is a copy of t, connecting the vertices corresponding to the roots
of t1, ..., tk1+k2

by a sequence of edges which respects the ordering ω, connecting
the left variable vertices corresponding to the same variable by a sequence of inner
variable edges which respect the ordering ω, connecting the right variable vertices
corresponding to the same variable by a sequence of inner variable edges which
respect the ordering ω, and finally, connecting all variable vertices corresponding to
the same variable with a sequence of outer variable edges which respects the ordering
ω. If U = S1S2...Sn is a unit decomposition, possibly containing permutation slices,
then we let U(j) be the j-th slice of U which is not a permutation slice. We say
that a unit decomposition U in Σ(c, E) is compatible with G(t, k1, k2, ω) if for each
position p ∈ Pos({t1, ..., tk1+k2

}) the vertex vp of G(t, k1, k2, ω) corresponding to
the subterm t[p] lies at the slice U(ω(p)).

Lc,b(t, k1, k2) = {U ∈ Σ(c, E)|U is compatible with G(t, k1, k2, ω)
for some b-bounded ordering ω}

(15.8)

Subsequently we consider the union of all Lc,b(t, k1, k2) where t ranges over all
terms in Ter(Σ,X) and k1, k2 ranges over N.

Lc,b(Ter(Σ,X)) =
⋃

t∈Ter(Σ,X),k1,k2∈N

Lc,b(t, k1, k2) (15.9)

Finally, we define the substitution language to be

SUBc,b =
[

Lc,b(Ter(Σ,X))+
]⋄c

. (15.10)

where ⋄c means that the shuffle product is taken c times. The substitution
operator lemma stated below will be proved in Chapter 19.

Lemma 25 (Substitution Operator Lemma). Let L be an equational slice language
over Σ(c, E). There exist expansions E1

Su : Σ(c, E) → 2Σ1 , E2
Su : Σ(c, E) → 2Σ2 ,

Eel
Su : Σ3 → 2Σ4 , and projections ς1 : Σ1 ⊗ Σ2 → Σ3, ς2 : Σ4 → Σ(2c, E) such

that

Suc,b(L) = L(Σ(c, E)) ∩ ς2 ◦ Eel
Su ◦ ς1(E1

Su(∆(L)) ⊗ E2
Su(SUBc,b)) (15.11)

Renaming Operator

The action of the renaming operator on an equational slice language L ⊆ Σ(c, E)∗

is defined as

Rec(L) = {Ut
ρ
1=t

ρ
2

| Ut1=t2
∈ L, ρ is a renaming of variables,

and sk(Ut1=t2
) = sk(Ut

ρ
1=t

ρ
2
)}

(15.12)
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In Lemma 26 below we will show how to rewrite the renaming operator in
terms of expansions and projections. If G(t1=t2, ω) is the graph corresponding
to an ordered equation (t1=t2, ω), then the operation of renaming a variable x to
an already existing variable y in t1=t2 is reflected on G(t1=t2, ω) by merging the
lines corresponding to the variables x and y in such a way that the ordering ω is
preserved. Expansions will be used to mark on each unit decomposition U of the
graph G(t1=t2, ω) edges corresponding to lines that should be merged. Projections
will then be used to realize the merging of edges which are marked as belonging to
the same variable. The proof of Lemma 26, can be found in Chapter 20.2.

Lemma 26. There exist slice alphabets Σ1, Σ2, Σ3, expansions EP : Σ(c, E) →
2Σ1 , EOL : Σ1 → 2Σ2 , EM : Σ2 → 2Σ3 , and EIL : Σ(c, E) → 2Σ(c,E), and a
projection ρ : Σ3 → Σ(c, E) such that

Rec(L) = L(c, E) ∩ EIL ◦ ρ ◦ EM ◦ EOL ◦ EP (L) (15.13)



Chapter 16

Provability in Ordered Equational

Logic

In this chapter we will prove theorems 10 and 11. Recall that Theorem 10 states
that one can determine in linear time whether an ordered equation follows from a
set of axioms by a b-bounded proof of depth d and width c. On the other hand,
Theorem 11 states that one can determine in time f(E, d, c, b)|t1 = t2|O(c) whether
a classical equation t1 = t2 can be proved by a b-bounded oriented proof of depth
d and width c.

Let E be a finite set of equations. We denote by Lc,b
ref (E) the set of all unit

decompositions over Σ(c, E) that are compatible with a reflexivity axiom (t1=t2, ω)
where t1 ≃ t2 and ω is a b-bounded ordering of t1 = t2. We let L(E, d, c, b) be the
set of all unit decompositions that can be deduced from E by an ordered equational
logic proof of depth d and width c. This set is inductively defined as follows.

L(E, 0, c, b) = Lc,b
ref (E) ∪ {U | U is a unit decomposition of G(t1=t2, ω) for some

equation t1=t2 ∈ E and ordering ω of t1=t2.}
(16.1)

L(E, d, c, b) = L(E, d− 1, c, b) ∪ vSat ◦∆ ( Syc(L(E, d− 1, c, b))∪
Trc(L(E, d− 1, c, b))∪
Rec(Coc(L(E, d− 1, c, b)))∪

Rec(Suc,b(L(E, d− 1, c, b))))
(16.2)

Intuitively the language L(E, 0, c, b) contains all the unit decompositions cor-
responding to equations in E together with all b-bounded unit decompositions of
reflexive axioms of the form t = t. The set L(E, 0, c, b) is a regular language over
Σ(c, E), and thus can be represented by a slice graph over Σ(c, E). On the other
hand, for each d ∈ N, L(E, d, c, b) is obtained from L(E, d−1, c, b) by applying some
rule of inference to equations in L(E, d− 1, c, b). The operator vSat is applied to

147
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ensure that all unit decompositions of an ordered equation in Leq(E, d, c, b) are in
L(E, d, c, b).

Lemma 27. Let E be a finite set of equations, l(E) be the size of the largest
equation in E, a(E) be the largest arity of a function symbol used in an equation in
E, and let c ∈ N be a fixed positive integer larger than the width of any equation in
E. Then

1. the function language L(f) can be generated by a slice graph SGf (E, c) over
Σ(c, E) on 2O(a(f) log a(f)) vertices.

2. the b-bounded reflexive language Lc,b
ref (E) can be generated by slice graph

SGref (E, c, b) over Σ(c, E) on 2O(b·c log c) vertices.

3. the b-bounded substitution language SUBc,b can be generated by a slice graph
SGSu(E, c, b) over Σ(c, E) on 2O(b·c2 log c) vertices.

Proof. See the end of this chapter.

Lemma 28. Let E be a finite set of equations, l(E) be the size of the largest
equation in E, a(E) ≥ 1 be the largest arity of a function symbol used in an equation
in E, and let c ∈ N be a fixed positive integer larger than the size of any equation
in E. Suppose that the slice language L(E, d, c, b) is generated by a slice graph
SG(E, d, c, b) on r vertices. Then L(E, d + 1, c, b) is generated by a slice graph
SG(E, d+ 1, c, b) on 2O(a(E)·c·log c)rO(a(E)) vertices.

Proof. In equation 16.2 we show how to construct the equational slice language
L(E, d + 1, c, b) from the equational slice language L(E, d, c, b) by using the slice
calculus operators Syc, Coc, Trc, Suc,b and Rec. In Lemmas 23, 24, 25, 26,
we showed that each of these operators can be written in terms of a constant
number of elementary operations on slice languages. These elementary operations
are union, intersection, projections, expansions tensor product, shuffle product, and
dilation. In Lemma 3 we showed that these operations can be performed efficiently
on slice graphs. Asymptotically, the most expansive operator is the congruence
operator Coc(L) = ∪f∈ΣCoc(L, f), since the definition of Coc(L, f) involves the
application of an a(f)-fold tensor power of ∆(L). Thus if L can be represented by
a slice graph on r vertices ∆(L) has asymptotically rO(a(f)) vertices. The factor
2a(E)·c·log c comes from the vertical saturation operation, which blows the size of a
slice graph on r vertices by to 2O(a(E)·c log c) · r.

Proof of Theorem 10 By Lemma 27.2, the b-bounded reflexive language of
width c can be generated by a slice graph on 2O(b·c log c) vertices. Additionally, since
E has |E| equations and each equation can be ordered in at most 2O(l(E) log l(E))

ways, we have that there is a slice graph on |E| · 2O(l(E) log l(E)) vertices generating
the set of all unit decompositions of width at most c of equations in E. Therefore
the language LG(E, 0, c, b) can be represented by a vertically saturated slice graph



149

SG(E, 0, c, b) on q = |E| · 2O(l(E) log l(E))2O(c log c). Now assume that the equational
slice language L(E, d, c, b) can be generated by a slice graph SG(E, d, c, b) on r
vertices. By Lemma 28, SG(E, d+1, c, b) can be generated by a slice graph SG(E, d+
1, c, b) on 2O(a(E)·c·log c)rO(a(E)) vertices. Therefore, solving this recurrence relation
in terms of the size of the initial slice graph SG(E, 0, c, b) we have that SG(E, d, c, b)

has roughly 2a(E)O(d)·c·log cqa(E)O(d)

vertices. Now to determine whether an ordered
equation (t1=t2, ω) has a b-bounded proof of depth d and width c, all one needs to
do is to pick a unit decomposition U = S1S2...Sn compatible with (t1=t2, ω) and
then verify whether U is accepted by SG(E, d, c, b). Since L(E, d, c, b) is a regular
language, this task can be accomplished in linear time. �

Theorem 10 concerns the provability of ordered equations. In other words, to
ask about the provability of an equation t1=t2 we need to specify an ordering ω a
priori. If we restrict our search to oriented proofs however, we gain some flexibility,
in the sense that the ordering ω may be determined automatically. Before stating
the proof of Theorem 11, we need to state two auxiliary lemmas. The first (Lemma
31) says that for any given equation t1=t2 we may construct a slice graph generating
precisely the set of unit decompositions of width at most c that are compatible with
oriented orderings of t1=t2.

Lemma 29. Let t1=t2 be an equation and c ∈ N. Then one may construct in time
|t1=t2|O(c) a vertically saturated slice graph SG(t1=t2, c) over Σ(c, E) on |t1=t2|O(c)

vertices generating the following slice language:

L(SG(t1=t2, c)) = {U | U ∈ Σ(c, E),
◦

U= G(t1=t2, ω), ω ∈ ord(t1=t2)}

The second lemma (Lemma 30) states that the set of all unit decompositions
of width at most c compatible with some oriented ordered equation can also be
generated by a slice graph. Observe that in Lemma 30 below the equation t1 = t2
is not fixed. Thus we are representing unit decompositions of all possible ordered
equations of width c, while in Lemma 31, the equation t1 = t2 is fixed and we are
only interested in representing the unit decompositions corresponding to ordered
versions of t1 = t2.

Lemma 30. For any positive integer c ∈ N one can construct in time 2O(c log c) a

vertically saturated slice graph
−→
SG(c) generating the following language

L(
−→
SG(c)) = {U | U ∈ Σ(c, E), t1=t2 is an equation,

ω ∈
−→
ord(t1=t2),

◦

U= G(t1=t2, ω)}

Proof of Theorem 11 Analogously to the proof of Theorem 10 we will construct

a slice graph
−→
SG(E, d, c, b) generating the equational slice language

−→
L (E, d, c, b)

representing the set of all unit decompositions compatible with oriented ordered
equations which have a b-bounded oriented proof of depth d and width c. The
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only difference is that instead of using the reflexive language Lc,b
ref (E) and the sub-

stitution language SUBc,b we will employ their oriented versions Lc
ref ∩

−→
SG(c) and

SUBc ∩
−→
SG(c). Also the initial language

−→
L (E, 0, c, b) = L(E, 0, c, b) ∩

−→
SG(c). It

turns out that the slice graph
−→
SG(E, d, c, b) generating the equational slice language

−→
L (E, d, c, b) will have asymptotically 2a(E)O(d)·c·log cqa(E)O(d)

vertices. Now to de-
termine whether there exists an oriented ordering ω of t1=t2 such that the ordered
equation (t1=t2, ω) has a b-bounded oriented proof of depth d and width c, we

first construct the slice graphs
−→
SG(E, d, c, b) and

−→
SG(t1=t2, c) and verify whether

the intersection
−→
SG(E, d, c, b) ∩

−→
SG(t1=t2, c) is empty. Since both slice graphs are

vertically saturated, we have that Leq(
−→
SG(E, d, c, b)) ∩ Leq(

−→
SG(t1=t2, c)) if and only

if L(
−→
SG(E, d, c, b)) ∩ L(

−→
SG(t1=t2, c)). Thus if this intersection is non-empty, then

there is some oriented ordering ω of t1=t2 such that some unit decomposition U

compatible with the ordered equation (t1=t2, ω) is accepted by
−→
SG(E, d, c, b). �

Proof of Lemma 27

1. The graph G(f) has 2a(f) + 1 vertices. Consider the slice graph SG whose
slice language has one unit decomposition for each of the (2a(f) + 1)! ways of
permuting the vertices of G(f). This slice graph has at most 2O(a(f) log a(f))

vertices. Then we set set SGf (E, c) to be the dilation of SG. Since dilation
only blows the size of a slice graph by a constant, SGf (c, E) will also have
2O(a(f) log a(f)) vertices.

2. We need to define a slice graph which accepts all unit decompositions U over
Σ(c, E) such that there is a term t and a undilated unit decomposition Ut

which can be embedded into U precisely twice. However the b-boundedness
condition imposes that each slice of Ut is embedded in two positions of U
that are at most b slices apart. Thus we can devise a slice graph SGref (E, c, b)

accepting Lc,b
ref (E) by a standard sliding window argument. Namely at each

step i we keep track of the b last read slices of U and consider that the
leading symbol of the term t[ω−1(i)] has been read whenever it appears two
times along the sliding window. Since our sliding window has b slots and each
slot can be occupied with one out of 2O(c log c) possible slices in Σ(c, E), we
have that our slice graph will need at most 2O(b·c log c) vertices to keep track
of all possible ways of filling the slots with slices from Σ(c, E).

3. We just need to define a slice graph accepting the language Lc,b(Ter(Σ,X)) =
⋃

t∈Ter(Σ,X),k1,k2∈N
Lc,b(t, k1, k2) given in Equation 15.9, since by equation

15.10 the substitution language can be constructed from Lc,b(Ter(Σ,X)) by
an application of the Kleene plus operation and the c-fold shuffle product.
The construction of a slice graph accepting Lc,b(Ter(Σ,X)) follows the same
principle as the construction of the slice graph representing the reflexivity
language. We can one more time use the sliding window argument, but instead
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of keeping track of the b last read symbols we need to keep track of the 2b+ 1
last read symbols. Thus Lc,b(Ter(Σ,X)) can be accepted by a slice graph
on 2O(b·c log c) vertices. Taking the Kleene plus and subsequently the c-fold
shuffle product of this slice graph, we will have slice graph SGSu(E, c, b) on

2O(b·c2 log c) vertices accepting SUBc,b. �





Chapter 17

Proof of the Congruence Operator

In this section we will proof the Congruence Operator Lemma (Lemma 23). Recall
that the congruence operator Coc is defined as

Coc(L) =
⋃

f∈ΣF

Coc(L, f). (17.1)

where

Coc(L, f) = Σ(c, E)∗ ∩ γ(L(f) ⊗ ζ1(∆(L)) ⊗ ...⊗ ζa(f)(∆(L)).

In this chapter we will explicitly construct the projection γ. First however we
will describe the action of the congruence operator Coc(L, f) on an equational slice
language L. We can describe this action in two steps. In the first step we pile up a
unit decomposition Uf ∈ L(f) over a(f) unit decompositions Ut1

1=t1
2
, ...,U

t
a(f)
1 =t

a(f)
2

where Uti
1=ti

2
in ζi(∆(L)). In the second step, if all these unit decompositions

are piled up coherently, we merge them into a single unique unit decomposition

Uf(t1)=f(t2) corresponding to the equation f(t11, ..., t
a(f)
1 ) = f(t12, ..., t

a(f)
2 ). Recall

that for each i ∈ {1, ..., a(f)}, the projection ζi adds the tag i to the center vertex
of a slice S in Uti

1=ti
2
, if and only if this center vertex is a root vertex. Intuitively

ζi is used to indicate that the left root of
◦

Uti
1=ti

2
will be merged with the i-th input

of the left function symbol f , while the right root of
◦

Uti
1=ti

2
will be merged with

the i-th input of the right function symbol f . Technically, the piling up operation
can be described by taking the tensor product

U = Uf ⊗ Ut1
1=t1

2
⊗ ...⊗ U

t
a(f)
1 =t

a(f)
2

.

The merging operation can be formalized by applying the projection γ to each slice
in U. The projection γ is also used to inject the "garbage symbol" λ on each illegal
slice of U. Thus if U contains some slice that is mapped to the garbage symbol
λ, then the unit decomposition γ(U) will be discarded from Coc(L) since in this
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case γ(U) will be eliminated after the intersection with the free monoid Σ(c, E)∗.
We will split the congruence projection γ into two parts: γ = γme ◦ γma. The
congruence matching projection γma will be responsible for injecting the garbage
symbol λ into unit decompositions that are piled incorrectly. Thus, whenever no
λ is injected into U, we can be sure that the slices are piled up coherently. The
congruence merging projection γme will be used to merge the input vertices of the
left and right function symbol f occurring in Uf with the root vertices in the unit
decompositions Uti

1=ti
2
, and to erase some leftover tags that were used to determine

how the unit decompositions were supposed to be piled up and merged.

Congruence Matching Projection We start by describing the action of the
congruence matching projection

γma : Σ(c, E)⊗a(f)+1 → Σ(c, E)⊗a(f)+1 ∪ {λ}

If S = S0⊗S1⊗...⊗S
a(f). Then we set γma(S) = λ if some of the three following

conditions fail. We set γma(S) = S if all three conditions below are satisfied.

1. S has at most two center vertices (possibly no center vertex),

2. if S has exactly one center vertex, then it is neither a root vertex, nor a
connector vertex,

3. if S has two center vertices, one is a connector vertex in S0 and the other is
a root vertex in Sj for some j ∈ {1, ..., a(f)}. Additionally either both are
tagged as a left vertex or both are tagged as a right vertex. Finally, both are
tagged with the same number i ∈ {1, ..., a(f)}.

CongruenceMergingProjection Subsequently we define the congruence merg-
ing projection

γme : Σ(c, E)⊗a(f)+1 → Σ(c · (a(f) + 1), E) (17.2)

First we set γme(λ) = λ. In other words, the garbage symbol is always sent to
itself. If S = S0 ⊗ S1 ⊗ ...⊗ S

a(f) then if S has two center vertices vc and vr where
vc is tagged as a connector vertex and vr as a root vertex, then we set γme(S) = S′

where S′ is obtained from S by deleting vc and by setting et = vr where e is the
edge that was connected to vc. Additionally we remove from vr the tag "root" and
the tag i. In any other case we simply set γme(S) = S.

In Figure 17.1 below we depict the action of the congruence projection. In this
example we know that g(· · · ) = g′(· · · ) and that h(· · · ) = h′(· · · ). We want to
prove that f(g(· · · ), h(· · · )) = f(g′(· · · ), h′(· · · )).
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Figure 17.1: i) After the application of the congruence matching projection γma

the only unit decompositions that survive are those for which the j-th left (right)
connection vertex in the upper unit decomposition is in the same slice as the j-th
left (right) root vertex. ii) The resulting unit decomposition after the application of
the congruence merging projection γme, which merges each connector vertex with
its respective root vertex. iii) A clearer illustration of the final unit decomposition
after the application of γ.





Chapter 18

Proof Of the Transitivity Operator

Lemma

In this chapter we will prove the transitivity operator lemma (Lemma 24). We
will construct projections τ, τ and τ, the expansions E1

T and E2
T , and the slice

language Lgood . Indeed each of the projections listed above is split in two parts:
By setting τ = τer ◦τma, τ = τ 1

el ◦τme and τ = η ◦τ 2
el . The role of each of these

projections and expansions is illustrated in Figure 18.1.

Transitivity Matching Projection τma: As we already mentioned in Chapter
15.1, if L is an equational slice language, then the elements of ∆(L) ⊗ ∆(L) are
of the form Ut1=t2

⊗ Ut′
2=t3

where Ut1=t2
is a dilation of a unit decomposition

U′
t1=t2

∈ L and Ut′
2=t3

is a dilation of a unit decomposition U′
t′

2=t3
∈ L. The

goal of the transitivity matching projection τma is to mark as defective all unit
decompositions Ut1=t2

⊗Ut′
2=t3

in which we cannot embed a unit decomposition of
the form L(Ut2

)⊗R(Ut2
), and to leave alone all those strings that do. This can be

accomplished locally, by a projection that sends each slice S1 ⊗ S2 to the garbage
symbol λ whenever the "left" subslice of S1 is not precisely the same as the "right"
subslice of S2, and which act as the identity otherwise. More formally, let S be
an equational slice. Then we denote by left(S) the subslice of S consisting only of
vertices and edges marked with the left symbol "L" and by right(S), the subslice of
S consisting only of edges and vertices marked with the right symbol "R". Finally,
denote by forget(S) the slices obtained by erasing the right or left tags of each edge
and vertex in S.

Definition 27 (Transitivity Matching Projection). Let S1 and S2 be two equational
slices in Σ(c, E). Then the transitivity matching projection τma : Σ(c, E)⊗2 →
Σ(c, E)⊗2 is defined as follows:

τma(S1 ⊗ S2) =

{

S1 ⊗ S2 if forget(L(S1)) = forget(R(S2))
λ otherwise.

(18.1)
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The next proposition formalizes the action of the transitivity matching projec-
tion.

Proposition 28. Let L be an equational slice language over Σ(c, E) and let τma

be the transitivity matching projection. Then a unit decomposition Ut1=t2
⊗ Ut′

2=t3

belongs to τma(∆(L) ⊗ ∆(L)) if and only if t2 = t′2 and if there exists a unit
decomposition Ut2

such that L(Ut2
) ⊗R(Ut2

) is embeddable in Ut1=t2
⊗ Ut′

2=t3
.

Transitivity Erasure Projection: Our next step will be to erase from the
slices of τma(Ut1=t2

⊗ Ut2=t3
) the edges and vertices of both the upper and lower

decompositions that correspond to the term t2. In the upper decomposition Ut1=t2

these will be precisely the vertices and edges marked with the left symbol L while
in the lower decomposition Ut2=t3

these will be the vertices and edges marked
with the right symbol R. Therefore this erasing process can be implemented via
a projection that erases the left edges in the upper decompositions and the right
edges in the lower decomposition, as shown in Figure 18.1.ii.

Definition 28 (Erasure Projection). Let S1 and S2 be two slices in Σ(c, E) and
let S = τma(S1 ⊗ S2). Then the transitivity erasure projection τer : Σ(c, E)⊗2 →
Σ(c, E)⊗2 is defined as

τer(S) = (S\left(S1)) ⊗ (S\right(S2)) (18.2)

Transitivity Expansion 1 Once we have deleted the edges corresponding to
the term t2, we need to merge inside each slice of τer ◦ τma(Ut1=t2

⊗ Ut2=t3
) the

outer variable edges belonging to Ut1=t2
with the outer variable edges belonging

to Ut2=t3
, whenever these outer variable edges correspond to the same variable.

Before performing this merging operation however, we will need to identify locally
when two outer variable edges belong indeed to the same variable. In order to do
such identification we will color the outer variable lines of the unit decomposition
U = τer ◦τma(Ut1=t2

⊗Ut2=t3
) in such a way that two outer variable lines crossing

the same slice will correspond to the same variable if and only if they are colored
with the same color. To make this idea work locally we will need two ingredients.
First we will apply an expansion ET which will expand each slice S ∈ Σ(c, E)⊗2

into a set ET (S) consisting of all ways of coloring the edges of S in such a way that
certain conditions are satisfied.

Let Σ(c, E, {0, ..., 2c}) denote the set of all slices that are obtained from slices in
Σ(c, E) by coloring its edges with numbers from 0 to 2c. The transitivity expansion

E1
T : Σ(c, E)⊗2 → 2Σ(c,E,{0,...,2c})⊗2

is a function that associates to each slice
S1 ⊗ S2 ∈ Σ(c, E)⊗2 the set of all slices in Σ(c, E, {0, ..., 2c})⊗2 satisfying the
following properties:

1. Each outer variable edge and each variable vertex in S1 ⊗ S2 is colored with
a color from {0, ..., 2c}. A vertex/edge colored with 0 means that the ver-
tex/edge should not be considered to be merged.
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2. If a variable vertex v is colored with the color i ∈ {0, ..., 2c} then then any
outer variable edge having v as endpoint is colored with i

3. If there is a variable vertex in the center of S1 and a variable vertex in the
center of S2 then both vertices receive the same color i ∈ {1, ..., 2c}. Observe
that in this case the color 0 is not allowed.

4. If two outer variable edges in S1 receive the same color, then both have a
variable vertex v as endpoint. Analogously, if two outer variable edges in S2

receive the same color, then both have a variable vertex v as endpoint.

Let U1 ⊗ U2 be a unit decomposition over Σ(c, E)⊗2. Then conditions 1 and
2 guarantee that all sliced parts of each outer variable line in U1 and in U2 are
colored coherently on any unit decomposition in E1

T (U1 ⊗ U2). We say that an
outer variable line crosses a slice, if some of its vertices or edges lie in that slice.
Condition 4 guarantees that no two outer variable lines crossing the same slice
in U1 are colored with the same color. Analogously, no two outer variable lines
crossing the same slice in U2 are colored with the same color. Observe however
that two outer variable lines crossing a slice S1 ⊗ S2 ∈ U1 ⊗ U2 can have the same
color as long as one of them crosses S1 and the other S2. We also notice that outer
variable lines within U1 (and within U2) may have the same color as long as they
do not cross the same slice.

Intersection with the language Lgood: We say that a unit decomposition
U1 ⊗ U2 ∈ ET (U′

1 ⊗ U′
2) is badly colored if there exists outer variable lines l1, l2

and l3 receiving the same color i > 0, and slices S1 ⊗ S2 and S′
1 ⊗ S′

2 such that

1. either l1 and l2 are subgraphs of
◦

U1, l3 is a subgraph of
◦

U2, l1 crosses S1, l2
crosses S′

1 and l3 crosses both S2 and S′
2,

2. or l1 and l2 are subgraphs of
◦

U2, l3 is a subgraph of
◦

U1, l1 crosses S2, l2
crosses S′

2 and l3 crosses both S1 and S′
1.

Intuitively U1 ⊗ U2 is badly colored if this coloring would cause two outer
variable lines that do not correspond to the same variable be merged into a single
line. To avoid the presence of badly colored unit decompositions, we will consider
the regular slice language Lbad over Σ(c, E, {0, ..., 2c})⊗2 consisting of all possible
unit decompositions U1 ⊗U2 which are badly colored. The slice language Lbad can
be easily shown to be regular, since to check whether there is a badly colored triple
l1, l2, l3, we just need to construct a slice automaton (or slice graph) on 2O(c) states
that when reading a unit decomposition U1 ⊗ U2 = (S1

1 ⊗ S1
2)...(Sn

1 ⊗ Sn
2 ) keeps

track of all lines that are crossing a slice Si
1 ⊗ Si

2 at a time, and accepts if for some
line l3 in U2 crossing slices Sj

1 ⊗ Sj
2 and Sk

1 ⊗ Sk
2 with k > j, there are two disjoint

lines l1, l2 such that one crosses Sj
1 ⊗ Sj

2 and the other Sk
1 ⊗ Sk

2 . Thus the language

Lgood = Lbad will will contains precisely the unit decompositions over Σ(c, E)⊗2

which are not badly colored.
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Transitivity Merging Projection: The next step is to apply a projection
τme : Σ(c, E, {0, ..., 2c})⊗2 → Σ(2c, E, {0, ..., 2c}) whose action on a slice S1 ⊗S2 ∈
Σ(c, E, {0, ..., 2c}) is to fuse vertices and edges from S1 and S2 that have the same
color, as depicted in Figure 18.1.iv. Observe that after the fusion operation the
resulting slice τme(S1 ⊗ S2) is not necessarily the tensor product of two slices in
Σ(c, E, {0, ..., 2c}). Rather τme(S1 ⊗ S2) will be an element of Σ(2c, E, {0, ..., 2c}).
If there are no two outer variable edges and no two variable vertices with the same
color, then we simply set τme(S1 ⊗ S2) = S1 ⊗ S2.

Transitivity Elimination Projection 1: Subsequently we apply a projection
τ 1

el : Σ(2c, E, {0, ..., 2c}) → Σ(2c, E) whose action on a slice S is to remove the
colors from edges and vertices of S, and to eliminate left over vertices which are
reminiscent from the subunit decomposition corresponding to the term t2 which
was eliminated. The operation of eliminating such vertices is very simple. Either a
left-over variable vertex v is isolated, and is not the endpoint of any edge, or it is the
endpoint of a unique outer-variable edge and no other edge, or it is the endpoint of
two outer-variable edges and no other edge. In the first case, eliminating v consists
simply in deleting it from S. In the third case, in which v is the endpoint of precisely
two outer variable edges e1 and e2, with et

1 = v = es
2 then eliminating v can be

done by deleting v and e2 from S and by setting the target vertex of e1 to be the
target vertex of e2, i.e., et

1 = et
2. The second case in which v is connected to a single

outer variable edge will be treated below.

Transitivity Expansion 2: After the application of the transitivity elimination
projection τ 1

el , left-over vertices that are connected to a single outer variable edge
(but to none other edge), are still not eliminated. These vertices, whenever present,
belong to some extremity of an outer variable line. We say that these vertices are
dead. We say that a vertex is alive if it is the endpoint of an edge that is not an
outer-variable edge. Notice that the single edge having a dead vertex as an endpoint
also must be eliminated. This elimination however cannot be done by an application
of a projection alone. Before that we will need to apply an expansion, which will
consider all ways of tagging the edges of a slice with the values {DD,DA,AD,AA}.
Intuitively, if an edge e is tagged with DD then both of its endpoints are dead
vertices. If e is marked with DA then es is dead and et is alive. If e is tagged with
AD then es is alive and et is dead. Finally if e is tagged with AA then both of
its endpoints are alive. The E2

T is a function that takes a slice S ∈ Σ(c, E) and
returns a set E2

T (S) consisting of all tagged version of S, where the tagging satisfies
the following conditions

1. Only outer variable edges are tagged. Let v be a variable vertex and e be an
outer variable edge.

2. If v is dead and es = v then e is tagged either with DD or with DA.

3. If v is dead and et = v then e is tagged either with DD or with AD.
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4. If v is alive, and es = v then e is tagged either with AD or with AA.

5. If v is alive, and et = v then e is tagged either with DA or with AA.

Transitivity Elimination Projection 2: The edges that receive a tag from
the set {DD,DA,AD} are connected to a dead vertex, and should be deleted. The
edges that are tagged with AA are connected only to alive vertices, and thus should
remain. This deletion is performed by the τ 2

el : Σ(2c, E, {DD,DA,AD,AA}) →
Σ(2c, E) which acts on a slice S ∈ Σ(2c, E, {DD,DA,AD,AA}) as follows: Any
edge tagged with the {DD,DA,AD} are deleted from S. If the center vertex of S
is dead, then it is also deleted. Finally any edge tagged with AA becomes untagged
in τel(S).

Normalization and elimination of wide slices: The last step, which is
depicted in Figure 18.1.viii. Consists in applying the normalizing projection η :
Σ(2c, E) → Σ(2c, E) which normalizes the numbering associated to each frontier
of a slice in Σ(2c, E). In the last step, we intersect the slice language resulting
from the application of all projections and expansions described above with the
slice language L(Σ(c, E)). In this way, in the final language contains only unit
decompositions of width at most c. �

In Figure 18.1 below we illustrate the action of the transitivity operator. In
this illustration we will show that from unit decompositions representing the equa-
tions h(x, x) = g(x, x) and g(x, x) = f(x, x) we can derive a unit decomposition
representing the equation equation h(x, x) = f(x, x). Figure 18.1.i depicts a unit
decomposition corresponding to the equation g(x, x) = f(x, x) piled over a unit
decomposition of the equation h(x, x) = g(x, x). These piled unit decompositions
have survived the application of the transitivity matching projection. Figure 18.1.ii
shows the action of the transitivity erasure projection. Figure 18.1.iii illustrates the
action of the first transitivity expansion, which identifies which outer variable lines
should be merged. Figure 18.1.iv shows the merging of these lines taking place.
Figure 18.1.v shows the action of the first transitivity elimination projection. See
that the left over vertex in the third slice from left to right was deleted. Figure
18.1.vi shows how the second transitivity expansion identifies dead and alive outer
variable edges. In Figure 18.1.vii we show how the dead edges are deleted by the
second transitivity elimination projection. Finally, in Figure 18.1.viii we show the
resulting unit decomposition after the application of the normalizing projection.
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Figure 18.1: Action of the Transitivity Operator.



Chapter 19

Proof of the Substitution Operator

Lemma

In this chapter we will prove the Substitution Operator Lemma (Lemma 25). Recall
from Chapter 15 that if t1, ..., tk are k terms which are syntactically equal to a term
t, and if ω is a subterm ordering of {t1, ..., tk} then the graph G(t, k, ω) is obtained
by taking the disjoint union of the graphs G(t1)...G(tk), connecting the roots of
these graphs by a line respecting the ordering ω, and connecting all the variable
vertices which correspond to the same variable, by an outer variable line. We say
that the line connecting the roots of G(t1), .., G(tk) is a guiding line because this
line will be used to guide the way in which these roots will be glued to outer variable
vertices on unit decompositions belonging to the substitution language. We call the
edges belonging to a guiding line, guiding edges.

Substitution Coloring Expansion 1: Our first step will consist in expanding
each unit decomposition U in the slice language SUBc,b into a set ESu(U) consisting
of all copies of U in which the guiding lines are colored with colors from {1, ..., c} in
such a way that no two guiding lines crossing the same slice receive the same color.
This can be achieved locally by an expansion E1

Su : Σ(c, E) → Σ(c, E, {1, ..., c})
that expands each slice S in Σ(c, E) into the set of slices E1

Su(S) consisting of all
copies of S in which guiding edges and root vertices are colored with colors from
{1, ..., c}.

Substitution Coloring Expansion 2: Analogously, we will expand each unit
decomposition U in the slice language ∆(L) into all copies of U in which outer
variable lines are colored with colors from {0, ..., c} in such a way that no two lines
crossing the same slice receive the same color in {1, ..., c}. The color 0 should be
considered as "no-color". Thus two outer-variable lines crossing the same slice can
be tagged with 0. The coloring of these outer variable lines can be achieved locally
by applying an expansion E2

Su : Σ(c, E) → 2Σ(c,E,{1,...,c}) that expands each slice
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in Σ(c, E) into a set E2
Su(S) consisting of all copies of S in which outer variable

vertices and outer variable edges are colored with elements from {0, ..., c} in such
a way that no two such edges are receive the same color from {1, ..., c}.

Substitution Matching Projection: Subsequently we will select from
E2

Su(∆(L)) ⊗ E1
Su(SUBc,b) only the unit decompositions U ⊗ U′ in which each

guiding line in U has a parallel outer variable line in U′. By parallel we mean that
for each slice Sj ⊗ S′

j ∈ U ⊗ U′, the guiding line has a vertex in Sj if and only if
the outer variable line has a vertex in S′

j . This pairing of lines can be achieved by
a projection ςma : Σ(c, E, {1, ..., c}) ⊗Σ(c, E, {0, ..., c}) which acts on a slice S ⊗ S′

by sending it to the garbage symbol λ whenever S has a variable vertex colored
with a color i and S′ has a root vertex colored with a color i 6= j. Otherwise we set
ςma(S ⊗ S′) = S ⊗ S′.

Substitution Merging Projection: After the application of ςma to a unit
decomposition U ⊗ U′, if no slice in U ⊗ U′ is sent to the garbage symbol λ,
then we can be sure that the colored outer variable lines in U have been correctly
matched with their respective equally colored guiding lines in U′. The next step
consisting in merging the variable vertices belonging to each such colored line in U,
with its corresponding equally colored root vertex in U′. This merging operation
can be performed by a projection ςme : Σ(c, E, {0, ..., c}) ⊗ Σ(c, E, {1, ..., c}) →
Σ(2c, E, {0, ..., c}) which will act on a slice S ⊗ S′ with center vertices v and v′

respectively by deleting v, and by setting et = v′ for each edge e who had v as a
target vertex and by setting es = v′ for each edge e who had v as a source vertex.
Finally we delete from v′ the tag "root".

Substitution Elimination Projection 1: After the application of the projec-
tion ςme to a unit decomposition U ⊗ U′ we need to eliminate the outer and inner
variable lines that touch the merged vertices, as well as the guiding lines that were
used to guide the merging process. The elimination of of outer variable lines and
guiding lines can be easily done by a projection ςel which simply deletes from a
slice S any edge that has been colored with a color in {1, ..., c}. The elimination
of inner variable edges is slightly more complicated and will be addressed below.
Observe that we do not remove yet the colors from the merged vertices, since they
will be important to indicate which inner variable edges should be removed.

Substitution Elimination Expansion: Now we need to eliminate the left over
inner-variable edges. We say that an inner variable edge e is dead if both of its
endpoints are connected to a non-variable vertex. We say that it is alive if both
endpoints are connected to variable vertices. We do not need to worry about inner
variable edges having one variable vertex as endpoint and one non-variable vertex
as other endpoint, since these edges will not appear in the unit decompositions we
are interested in. We will apply an expansion with the goal to mark in the slices
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belonging to a unit decomposition U those edges which are sliced parts of dead
edges, and those who are sliced parts of edges which are alive. We will tag a dead
edge with the tag "D" and an edge that is alive with the tag "A". The substitution
elimination expansion Eel

Su is an expansion that takes a slice S and tags its inner
variable edges with tags "D" and "A" subject to the constraint that if the center
vertex of S is a variable vertex and e is an inner variable edge which has v as
endpoint, then e is tagged with "A". Analogously if v is a non-variable vertex and
e has v as endpoint then e is tagged with "D". Observe that inner-variable edges
crossing both frontiers of a slice can be tagged with either A or D.

We have that if U is a unit decomposition (without garbage symbols) that has
been obtained from a unit decomposition Ut1=t2

⊗ U′ where U′ ∈ SUBc,b, by the
successive applications of all expansions and projections described above, then we
will have that all the sliced parts of dead edges in U will be marked with "D" and
all sliced parts of edges that are alive will be tagged with "A".

Substitution Elimination Projection 2 In the next step we apply a projection
ςel

2 : Σ(2c, E, {0, ..., 1}) → Σ(2c, E) whose action on a slice S is to delete from it
all inner variable edges tagged with "D". Additionally, if S has a variable vertex in
its center which is colored with a color in {0, ..., 1}, then this color is removed.

Normalization and Intersection with Σ(c, E)∗: As a last step, we apply the
normalizing projection η : Σ(2c, E) → Σ(2c, E) that will normalize the numbering
in the frontiers of each slice. The last step consists in intersecting the slice language
obtained by the application of all projections and expansions described above with
the free monoid generated by Σ(c, E)∗, so that only the unit decompositions of
width at most c are considered. �

Figure 19.1 below depicts the action of the substitution operator. We show that
from a unit decomposition corresponding to the equation f(x, x) = g(x) we can de-
rive a unit decomposition corresponding to f(h(y), h(y)) = g(h(y)). Figure 19.1.i
shows a unit decomposition of f(x, x) = g(x) piled over a unit decomposition in
the substitution language, after the application of the two first substitution expan-
sions and the substitution matching projection. Notice that the outer variable line
corresponding to x is colored with the same color as the guiding line corresponding
to the unit decomposition of L(G(h(y))) ∪ L(G(h(y))) ∪ R(G(h(y))). The other
operations are aimed at merging these two lines and subsequently erasing left over
vertices and edges (Figure 19.1.ii and Figure 19.1.iii).
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Figure 19.1: Action of the Substitution Operator.



Chapter 20

Proof of the Renaming Operator

Lemma

20.1 Notation

To prove the renaming operator lemma we will define some notation. If S = (V,E, l)
is a slice then we will denote by I,O and C respectively the set of in-frontier vertices,
out-frontier vertices and the center of S. We will denote by Ein the set of edges
intersecting the in-frontier of S, Eout the set of edges intersecting the out-frontier
of S and Ein−out the set of edges in Ein ∩ Eout , and EC the set of edges touching
some center vertex. We will also denote by EL and ER the sets of edges marked as
left and right edges respectively. Finally, we will denote by EIV and EOV the inner
and outer variable-edges of S respectively. It will be convenient for us to restrict
our slices to those whose composition can give rise to equations. We call these slices
equational slices.

Definition 29 (Equational Slice). An equational slice is a slice S = (V,E, l) such
that the following conditions are satisfied.

(i) There are at least as many outer-variable edges as inner variable-edges. Addi-
tionally, if an inner variable edge touches the center vertex then some outer-
variable edge also does so.

|EIV | ≤ |EOV | EIV ∩ EC 6= ∅ then EOV ∩ EC 6= ∅

(ii) There is at most one inner (outer) variable edge going from the in-frontier to-
wards the center vertex. Additionally, the existence of such an inner variable-
edge implies the existence of an outer-variable edge.

|EIV ∩ Ein ∩ EC | ≤ 1 |EOV ∩ Ein ∩ V C | ≤ 1

|EIV ∩ Ein ∩ EC | = 1 ⇒ |EOV ∩ Ein ∩ EC | = 1
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(iii) There is at most one inner variable-edge and at most one outer variable-edge
going from the center vertex towards the out-frontier of S. Additionally, the
existence of such an inner variable-edge implies the existence of an outer-
variable edge.

|EIV ∩ EC ∩ Eout | ≤ 1 |EOV ∩ EC ∩ Eout | ≤ 1

|EIV ∩ EC ∩ Eout | = 1 ⇒ |EOV ∩ EC ∩ Eout | = 1

In several places in this chapter we will consider enriched slices (S, R1, R2, ..., Rk)
where S is a slice with edge set E and R1, ..., Rk are relations Ri ⊆ E2. When
glueing an enriched slice (S, R1, R2, ..., Rk) to an enriched slice (S′, R′

1, R
′
2, ..., R

′
k)

we need to take the special care to make sure that Ri(e1, e2) ⇔ Ri(e
′
1, e

′
2) for

any pair of edges e1, e2 in the out-frontier of S and any pair of edges e′
1, e

′
2 in the

in-frontier of S′ such that l(e1) = l′(e′
1) and l(e2) = l′(e′

2).

20.2 Proof of the Renaming Operator Lemma

In this section we will prove the renaming operator lemma (Lemma 26). Recall
that if G(t1=t2, ω) is the graph associated to the equation t1=t2, then the vertices
corresponding to a particular variable x are connected by outer variable-lines and
inner variable-lines. The inner variable lines connect all vertices corresponding to x
within the term t1 and within the term t2. Each of these lines connect the variables
in the order they appear in the restrictions ω|t1

and ω|t2
respectively. The outer

variable-line (which is unique for each variable), connects all vertices corresponding
to the same variable independently of which term they belong to. This line connects
the variable vertices in the order they appear in ω as a whole.

Pairing Expansion

Our first step towards proving our renaming operator lemma will be to define an
expansion that will match in each slice the inner and outer variable-edges cor-
responding to the same variable. In other words we want to make each outer
variable-edge in a slice know which are the inner-variable edges that correspond to
the same variable.

Definition 30 (Pairing Expansion). Let S = (V,E, l) be an equational slice in
Σ(c, E). Then an enriched slice (S, R) belongs to the pairing expansion EP (S) of
S if R satisfies the following conditions

(i) R relates inner variable-edges with outer variable-edges. Additionally, an in-
ner variable-edge is related with at at least one and at most two outer-variable
edges. An outer variable edge is related with at most two inner variable edges.

R ⊆ EIV × EOV

∀e ∈ EIV , 1 ≤ |{e′|R(e, e′)}| ≤ 2 ∀e′ ∈ EOV , 0 ≤ |{e|R(e, e′)}| ≤ 2
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(ii) If the center vertex v is the source of an inner variable-edge e then it is related
with an outer variable edge e′ if and only if v is also the source of e′. If v is
the target of e then e is related with e′ if and only if v is also the target of e′.

es = v ⇒ R(e, e′) ⇔ (e′)s = v et = v ⇒ R(e, e′) ⇔ (e′)t = v

(iii) If an inner variable-edge e touches both the in-frontier and the out-frontier of
S and if the center vertex v is the source of an outer variable-edge e and the
target of an outer variable-edge e′ then e is related with e′ if and only if it is
related with e′′.

e ∈ Ein−out and (e′)t = v and (e′′)s = v ⇒ R(e, e′) ⇔ R(e, e′′)

(iv) If v is the target of an inner variable edge e and the source of an outer variable-
edge e′ then e and e′ are not related.

(e)t = v and (e′)s = v then ¬R(e, e′)

In the next figure (Figure 20.1) we depict the action of the pairing expansion
on a unit decomposition. Intuitively condition (ii) establishes that the pairing of
an inner variable-edge and an outer variable-edge should always start and finish
in some variable vertex. Condition (iii) defines the way in which this propagation
will proceed along intermediate slices. Conditions (i) and (iv), together with the
fact that S is an equational slice establish several restrictions which will not allow,
for instance, edges corresponding to different variables to be paired. This intuitive
explanation is formalized in Proposition 29 below. If G = (V,E, l) is a graph,
U = S1S2...Sn is a unit decomposition of G and e ∈ E an edge of G then we
denote by e[i] the sliced part of e lying in the slice Si.

Proposition 29. Let U = S1S2...Sn be a unit decomposition of the equational
graph G(t1=t2, ω) = (V,E, l) where Si = (Vi, Ei, lVi

). Then |EP (U)| = 1. Addi-
tionally let U′ = (S1, R1)(S2, R2)...(Sn, Rn) be the unique unit decomposition in
EP (U). Then for each e[i], e′[i] ∈ Ei we have that R(e[i], e′[i]) holds if and only if
e[i] is the sliced part of an inner variable-edge in E lying in Si, e

′[i] is the sliced
part of an outer variable edge e′ ∈ E lying in Si and both e, e′ correspond to the
same variable.

We observe that in general an expansion E(U) of a unit decomposition U can
have several elements. But there will be several cases such as in the pairing ex-
pansion in which |E(U)| = 1. This happens because even though each slice Si

separately can be expanded in several ways, there is a unique way of gluing coher-
ently such colored slices in order to get a coloring of the whole unit decomposition.
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Figure 20.1: i) A unit decomposition U of the ordered equation
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ii) A unit decomposition in the pairing expansion EP (U) of U. For clarity we draw
only the variable-edges together with their relations. A vertical bar connecting two
edges indicates that these edges are related.

Longitudinal Expansion

If G(t1=t2, ω) is the graph associated with the ordered equation (t1=t2, ω) then
setting a variable x equal to a variable y in t1=t2 is reflected in G(t1=t2, ω) by
merging the variable lines corresponding to x with their compatible variable lines
corresponding to y. By compatibility we mean that x’s outer variable-line should
be merged with y’s variable line, and x’s right (left) inner variable-line should
be merged with y’s left (right) inner variable line. To be able to simulate these
merging operations locally on slice languages, we will define several projections and
expansions.

There are two ways in which the lines corresponding to distinct variables can be
merged. In the first, the lines appear in disjoint sections of the unit decomposition
(Figures 20.2.i and 20.2.iii). In that case one needs to add an edge going from the
last vertex of the first line to the first vertex of the second line. In the second way,
some slices of the considered unit decomposition will contain edges belonging to
the lines of both variables (Figures 20.2.ii and 20.2.iv). In that case these edges
will be collapsed into a single edge. To address the first case we will define below
the longitudinal expansion of a slice.

Definition 31 (Outer Longitudinal Expansion). Let (S, R) be a slice in the pair-
ing expansion EP (S) of S ∈ Σ(c, E). Then a slice (S′, R′) ∈ EP (S′) is in the
longitudinal expansion EOL(S, R) of (S, R) if the following conditions are satisfied

i) S′ ∈ Σ(c, E) is an equational slice ii)E ⊆ E′ iii)E′\E ⊆ (E′)OV iv)R ⊆ R′
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In other words if S ∈ Σ(c, E) then the outer longitudinal expansion of (S, R) ∈
EP (S) consists of all legal ways of completing S with outer variable-edges in such
a way that the width of the completion is not greater than c. Observe that after
applying the outer longitudinal expansion there might exist some inner variable-
edges which are not consistently adjusted. This will be solved in our fourth step
when we address the inner longitudinal expansion. In our second step, we will define
what we call the marking expansion of a slice. In this expansion we will consider
all possible ways of collapsing variable edges within a slice. In other words, the
marking expansion will be used to determine locally which edges will be considered
as the same

Definition 32 (Marking Expansion). Let S = (V,E, l) ∈ Σ(c, E) and (S, R) be a
slice in EP (S). Then an enriched slice (S, RP , RM ) belongs to the marking expan-
sion EM (S, RP ) of (S, RP ) if the following conditions are satisfied:

(i) RM (x, y) implies that x and y are both outer variable edges, or both left inner
variable-edges or both right inner variable-edges, or that x is a left (right)
variable-vertex and y is either an outer variable edge or a left (right) inner
variable edge.

R ⊆ EOV × EOV ∪ ELIV ×ELIV ∪ ERIV ×ERIV

∪ CL × (ELIV ∪EOV ) ∪ CR × (ERIV ∪EOV )

(ii) RM is a commutative relation on edges.

RM (e1, e2) ⇔ RM (e2, e1).

(iii) RM is coherent with pairing relation RP .

RP (e1, e
′
1) ∧RP (e2, e

′
2) ⇒ RM (e1, e2) ⇔ RM (e′

1, e
′
2).

(iv) RM is coherent on the center vertex.

RP (e1, e2) ⇒ RM (v, e1) ⇔ RM (v, e2).

(v) If v is the unique center vertex of S, and e1, e2, e3 are all outer (all right
inner, all left inner) variable-edges then

(e1)t = v ∧ (e2)s = v ∧ e3 ∈ Ein−out ⇒ RM (e1, e3) ⇔ RM (e2, e3).

If (S, RP , RM ) is a slice in EM (EP (S)) with edge set E, then the edges in EIV

and EOV can be partitioned into clusters according to whether they are related by
RM or not.

cluster(E) = {X ⊆ E|e ∈ X ⇒ e′ ∈ X ⇔ RM (e, e′)}. (20.1)
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For a cluster X ∈ cluster(E) we let In(X) and out(X) denote respectively the
sets of vertices which are sources and targets of edges in X, except possibly for the
center vertex.

In(X) = {v ∈ V |e ∈ X∧es = v}\C out(X) = {v ∈ V |e ∈ X∧et = v}\C (20.2)

For a set X of vertices, we let l(X) be the set of labels of vertices in X. In order
to simplify the definition of the renaming projection defined below we will consider
that the frontier vertices are labeled by sets of numbers, instead of numbers. We
say that a cluster X touches v ∈ V if either v is the source or target of some edge in
X or if RM (v, e) holds for some e ∈ X. Intuitively, if a cluster X does not touch v
then all the edges in X will be collapsed into a single edge going from the in-frontier
to the out-frontier of S. Otherwise, if X touches v, then X will give rise to two
edges. One going from the in-frontier of S to the center vertex v and the other
going from v to the out frontier of S. The new in-frontier vertex will be labeled
with l(In(X)) while the out-frontier vertex will be labeled with l(Out(X)).

Definition 33 (Renaming Collapsing Projection). Let S = (V,E, lV ) be an equa-
tional slice and (S, RP , RM ) be an enriched slice in EM (EP (S)). Then the action
of the renaming projection ρ on (S, RP , RM ) is defined as follows: ρ(S, RP , RM ) =
(V ′, E′, l′V ) where

V ′ = C ∪ {vin
X , v

out
X |X ∈ cluster(E)}

E′ = {(vin
X , v

out
X )|X ∈ cluster(E) ∧ vC does not touch X}

∪
{(vin

X , vC), (vC , v
out
X )|X ∈ cluster(E) ∧ vC touches X}

l′(vC) = l(vC) l′(vin
X ) = l(In(X)) l′(vout

X ) = l(Out(X))

In our last step towards the proof of the renaming operator lemma we need to
define what we call the inner longitudinal expansion, which is almost identical to
the outer longitudinal expansion, except for the fact that now we complete slices
with inner-variable edges instead of outer-variable edges.

Definition 34 (Inner Longitudinal Expansion). Let (S, R) be a slice in the pairing
expansion EP (S) of S ∈ Σ(c, E). Then a slice (S′, R′) ∈ EP (S′) is in the inner
longitudinal expansion EIL(S, R) of (S, R) if the following conditions are satisfied:

i) S′ ∈ Σ(c, E) is an equational slice ii)E ⊆ E′ iii)E′\E ⊆ (E′)IV iv)R ⊆ R′

The construction of all expansions and projections in this chapter can be sum-
marized in the following proposition.

Proposition 30. Let U = S1S2...Sn be a unit decomposition of G(t1=t2, ω). Then
if U′ ∈ EIL ◦ρ◦EM ◦EOL ◦EP (U) then U′ is a unit decomposition of G(tρ1=tρ2, ω)
for some renaming of variables ρ.



20.2. PROOF OF THE RENAMING OPERATOR LEMMA 173

gf

h

gf

h

gf

h

gf

h

gf
gf

gf gf

ii

i

iii

iv

Figure 20.2: Illustration of the action of the renaming operator on four possible
cases. In all cases we are illustrating what happens when two distinct variables
are renamed to the same variable. In the first two cases, both the inner and outer
variable lines get updated. In the last two cases only the outer variable lines
get updated. i) the variables were within the same term and their lines did not
overlap. ii) the variables were within the same term and their lines overlapped iii)
the variables were in distinct terms and did not overlap.iv) the variables were in
distinct terms and their lines overlapped.





Chapter 21

Unit Decompositions of a Fixed

Equation

In this section we will prove Lemma 31. Given an equation t1=t2 we will show how
to construct a slice-graph SG(t1=t2, c) on |t1 = t2|O(c) vertices whose slice language
consists of all unit decompositions U of width at most c that are compatible with
(t1=t2, ω) for some oriented ordering ω.

Let G = (V,E, l) be a directed acyclic graph. For each vertex v ∈ V we let in(v)
be the set of all edges for which v is a target, and let out(v) denote the set of all edges
for which v is a source. We say that two edges e1, e2 of G are independent if e1 6= e2,
es

1 is not reachable from es
2 and vice-versa. A subset Y ⊆ E is an independent edge

set if any two edges e1, e2 ∈ Y are independent. An augmentation of a vertex
v ∈ V is a subset X ⊆ E of edges such that in(v) ∪ out(v) ⊆ X and X\out(v) and
X\in(v) are independent edge sets. The width of an augmentation X is w(X) =
max |X\in(v)|, |X\out(v)|. We say that a unit slice S = (I ∪ {v} ∪ O,E, lV , lE)
is compatible with a pair (v,X), where v ∈ V and X is an augmentation of X,
if it is obtained by the following construction: for each edge e ∈ X we add an
edge e = (vin

e ,v
′out
e ) to E and label it with e, i.e, lE(e) = e. Observe that

vin
e = v if e ∈ out(v) and vout

e = v if e ∈ in(v). I = {vin
e |e ∈ X\out(v)},

O = {vout
e |e ∈ X\in(v)}. Finally lV (v) = l(v) and l labels the in-frontier and out-

frontier vertices of S in such a way that lV (I) = {1, ..., |I|} and lV (O) = {1, ..., |O|}.
Therefore, any two slices that are compatible with a pair (v,X) differ only in the
numberings associated to their frontiers. We notice that the width of any slice S
compatible with (v,X) is equal to the width of X. Intuitively a slice S is compatible
with (v,X) if v is the center vertex of S and if for each edge e ∈ X there is an
edge e ∈ E which is labeled with e. Let Σ(c,G) denote the set of all slices that are
compatible with a pair (v,X) where v is a vertex of G and X is an augmentation
of v.

Lemma 31. Let G = (V,E, l) be a directed acyclic graph of slice width k with
at most two connected components. Then for each c ≥ k there exists a vertically
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saturated slice-graph SG(G, c) over Σ(c,G) on 2O(c log c) · |V | vertices generating the
set of all unit decompositions of G of slice width at most c which are compatible
with some topological ordering of G.

Proof. The slice graph SG(G, c) = (V, E ,S, I, T ) is constructed as follows: For
each vertex v ∈ V , each augmentation X of v of width at most c and each slice
S compatible with (v,X) we create a vertex vv,X,S and label it with S. We add
an edge (vv,X,S, vv′,X′,S′) to E if and only if S is gluable to S′. Observe that the
gluability condition in this case also takes into consideration the labels of the edges
of the slices S and S′ which are in their turn labeled with edges from E. Finally,
the initial vertices in I are those vertices of V labeled with slices with empty in-
frontier, while the final vertices in T are those vertices from V that are labeled with
slices with empty out-frontier. We update SG(c,G) by first applying a projection
that erases from each edge e of each of its slices, the label e. Second we intersect it
with the slice graph that only allows at most maximal vertices (i.e. root vertices)
on each unit decomposition. It should be clear that if U = S1S2...Sn is a unit
decomposition of G of width at most c, then U ∈ L(SG(c,G)). For the converse,
assume that U = S1S2...Sn ∈ L(SG(c,G)). We claim that n = |G|. For suppose
that n < |G|. Since G is a connected graph There exists an edge e going from

a vertex v in V (
◦

U) to a vertex v′ V \V (
◦

U). But this edge is not in
◦

U. This
contradicts the fact that the slice containing v should also contain a slice part of
each edge incident in it. We also notice that n ≤ |V | since if n > |V | would imply

the existence of a cycle in G. Now since all vertices of G are in
◦

U and all edges
from G touching v are also in

◦

U. Thus
◦

U= G. And therefore SG(c,G) contains all
unit decompositions of G of width at most c.

For a term t, let T (t) denote the tree obtained from t by adding a vertex vp for
each position p in pos(t). We label vp with the leading symbol of t[p]. If t[p] is a
variable x we label vp with x.

Corollary 4. There is a vertically saturated slice graph SG(T (t1) ∪ T (t2), c) on
2O(c log c) ·|t1=t2| vertices generating all unit decompositions of T (t1)∪T (t2) of slice-
width at most c which are compatible with a topological ordering of T (t1) ∪ T (t2).

Proof. Follows as a corollary of Lemma 31, since T (t1) ∪ T (t2) has two connected
components.

Our second step consists in connecting variable vertices of T (t1=t2, c) labeled
with the same variable with outer and inner variable lines. The caveat is that
this operation will need to be performed on all unit decompositions generated by
SG(t1=t2, c) at the same time. Towards this goal we will define what we call the
line languages. A line is an alternated sequence l = v1e1v2e2...en−1vn of vertices
and edges. We say that l is a left-inner-variable line if all its vertices are labeled as
left inner-variable vertices and its edges as left-inner variable edges. Analogously,
l is a right-inner-variable line if all its vertices are labeled as right-inner-variable
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vertices and all its edges marked as right-inner-variable edges. Finally, l is an outer
variable-line if all its edges are labeled as outer-variable edges. The vertices of
an outer variable-line can be labeled either as left-inner-variable vertices or right-
inner-variable vertices. We will define three slice languages: Llin−left whose graph
language consists of left inner-variable lines of all sizes, Llin−right whose graph
language consists of right inner-variable lines of all sizes and Llin−outer whose graph
languages consists of outer-variable lines of all sizes. All these slice languages are
defined over the slice alphabet Σ(1) of width 1, and can be easily represented by a
slice graph on tree vertices.

Llin−left = {U ∈ Σ(1) |
◦

U= l for some left inner variable line l } (21.1)

Llin−right = {U ∈ Σ(1) |
◦

U= l for some right inner variable line l } (21.2)

Llin−outer = {U ∈ Σ(1) |
◦

U= l for some outer variable line l } (21.3)

Subsequently we will define variable triple lines.

Definition 35 (Variable triple line). A variable triple-line is a graph t = l∪ l′ ∪ l′′

which is the union of an outer variable line l = v1e1v2e2...en−1vn a left-inner
variable line l′ = vi1

e′
1vi2

e′
2...e

′
r−1vir

with ik < ik+1 and a right-inner variable line
l′′ = vj1

e′′
1vj2

e′′
2 ...e

′′
n−r−1vin−r

with jk < jk+1.

In other words a variable-triple-line is an outer variable line together with a
left-inner-variable connecting its left-variable vertices and a right-inner-variable line
connecting its right-variable vertices, in such a way that the ordering associated to
each of inner-variable lines is induced from the ordering associated to the outer-
variable line. We define a slice language Ltriple whose graph language Ltriple

G consists
of all variable triple lines.

Ltriple = {U ∈ Σ(3) |
◦

U= t for some variable triple line t } (21.4)

We can construct the variable-triple-line language Ltriple in function of Llin−left,
Llin−right, Llin−outer as follows

Ltriple = Σ(3)∗ ∩ τ (Llin−left⋄Llin−left⋄Llin−outer) (21.5)

where the projection τ = τme ◦ τma is the composition of two other projections
τma : Σ(1)⊗3 → Σ(1)⊗3 ∪ {λ} and τme : Σ(1)⊗3 ∪ {λ} → Σ(3).

The action of the projection τma is as follows. For each slice S = S1 ⊗S2 ⊗S3 ∈
Σ(1)⊗3, τma(S) = S if the following conditions are satisfied:
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1. S has either no center vertex, or two center vertices.

2. If S has two center vertices, one of them belong to S1.

If S fails to satisfy one of the above conditions then we set τma(S) = λ.
The action of the projection τme : Σ(1)⊗3 ∪ {λ} → Σ(3) is as follows: First

τme(λ) = λ. If S = S1 ⊗ S2 ⊗ S3 has two center vertices and satisfies conditions 1
and 2 above then τme(S) = S′ where S′ is obtained from S by merging both center
vertices. Otherwise we set τme(S) = S.

If t is a variable-triple-line, then we let t(x) denote the same DAG in which
all edges and vertices are tagged with the variable x. Let Σ(3, {x}) be the slice
alphabet of width 3 which is obtained from Σ(3) by tagging all edges and vertices
of each slice S ∈ Σ(3) with the variable x. We denote by Ltriple(x) the tagged
version of Ltriple.

Ltriple
x = {U ∈ Σc |

◦

U= t(x) for some variable triple line t } (21.6)

Clearly Ltriple can be obtained from Ltriple by a projection πx : Σ(3) →
Σ(3, {x}) where for each S ∈ Σ(3), πx(S) is obtained from S by tagging all its
edges and center vertices with the tag ”x”.

Now let Σ be a finite slice alphabet and w : Σ → N be a weighting function on

Σ. For a string u ∈ Σ+ we let w(u) =
∑|u|

i=1 w(ui) be the weight of u. We denote
by L(Σ, w, n, k) the set of all strings over Σ of whose weight is precisely k.

L(Σ, w, k) = {u ∈ Σ∗ | w(u) = k} (21.7)

Proposition 31. Let Σ be a slice alphabet and w : Σ → N be a weighting function
on w. Then for any k ∈ N there is a slice graph SG(Σ, w, k) on k · |Σ| generating
L(Σ, w, k).

Proof. The slice graph SG(Σ, w, k) = (V, E ,S, I, T ) is constructed as follows: For
each slice S ∈ Σ and each i ∈ {1, ..., k} create a vertex vS,k and label it with
S(vS) = S. We add an edge (vS,i, vS′,j) to E if and only if S can be glued to S′

and if j = i+ w(S′). Finally we set I = V and set T = {vS,k|S ∈ Σ}.

Let Y be a set of variables. Building on Ltriple we will define the language
Llines(Y ), which will be used below in the construction of the slice language
L(t1=t2, c). Let Σ(c, Y ) = ∪x∈Y Σ(c, x). If S is a slice in Σ(c, Y ) then we say
that an initial vertex in S is either a vertex that is isolated, i.e., which is not the
endpoint of any edge, or if there exists an outer-variable edge whose source is v
and whose target belongs to the out-frontier of S. Let w : Σ(c, Y ) → N be the
weighting function on Σ(c, Y ) that associates to each slice S ∈ Σ(c, Y ) the number
w(S) of initial vertices in it. Let t1=t2 be an equation. Then the following slice
language will be crucial in our construction of SG(t1=t2, c).
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Llines(Y ) = vSat









(

⋃

x∈Y

Ltriple
x

)+




⋄c

∩ L(Σ(c, Y ), w, |Y |)



 (21.8)

The language Llines(Y ) is the set of all unit decompositions representing mul-
tisets of variable-triple-lines labeled over variables in Y . Below we write NY to
denote the set of all multisets over Y .

Llines(Y ) = {U ⊆ Σ(c, E)∗ | M ⊆ NY , |M | = |Y |,
◦

U=
⋃

x∈M

tx(x)} (21.9)

We give a brief explanation of the equivalence between Equation 21.8 and Equa-
tion 21.9: The language

⋃

x∈Y Ltriple(x) in Equation 21.8 represents the set of all
single variable-triple-lines in which all edges and vertices are labeled with some
variable x ∈ Y . By taking the Kleene plus of this union we get all possible con-
catenations of unit decompositions representing these lines. At this point however,
no two triple-lines appear interleaved in a unit decomposition. By taking the c-fold
shuffle product of (

⋃

x∈Y Ltriple(x))+, we will consider all possible interleavings of
the variable-triple-lines corresponding to different variables, where at most c triple-
lines share the same slice. Subsequently, the intersection with L(Σ, w, |s=|, |Y |)
will select only the unit decompositions corresponding to the interleaving of ex-
actly |Y | triple-lines. Observe that if U is a unit decomposition in Llines(Y ) then

the graph
◦

U may potentially have more than one variable-triple-line labeled with
the same variable. In that case however some variable of Y will not label any of
the triple-lines in

◦

U.

Lemma 32. Let t1=t2 be an equation over a set of variables Y = X (t1=t2). Then
there is a projection α : Σ(2c, 2c, 2) → Σ(c, E) such that

L(t1=t2, c) = vSat ◦∆
(

α
[

L(T (t1=t2), c) ⊗ Llines(Y )
]

∩ Σ(c, E)∗
)

(21.10)

Proof. We will split the projection α into four projections. First, we define a
matching projection α : Σ(2c, 2c, 2) → Σ(2c, 2c, 2). For a slice S ∈ Σ(2c, 2c, 2)
α(S) = λ if it has only one variable vertex, more than two variable vertices
or precisely two which are labeled with different variables. Otherwise α(S) =
S. Observe that in particular α(S) = S if S has precisely two variable vertices
and these two vertices are labeled with the same variable. Observe also that the
definition of α does not take into account the existence of non-variable vertices
in S, which may possibly co-exist with variable vertices. When applying α to the
tensor U ⊗ U′ = (S1 ⊗ S′

1)(S2 ⊗ S′
2)...(Sn ⊗ S′

n) where U ∈ L(SG(T (t1=t2), c))
and U′ ∈ Llines(Y ), we will have that α1(U ⊗ U′) will not contain the garbage
symbol λ if and only if U′ represents precisely |Y | triple-lines in which each of
them corresponds to a variable in Y , and if each slice Si containing a variable
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vertex labeled with the variable x is matched with a variable vertex in S′
i belonging

to the triple line corresponding to x. Therefore, those unit decompositions in
Llines(Y ) corresponding to multisets of triple-lines in which two such triple-lines are
labeled with the same variable will never be matched with a unit decomposition in
L(SG(T (t1=t2), c)). Now we define the projection α : Σ(2c, 2c, 2) → Σ(2c, 2c, 2)
whose action on a slice S ∈ Σ(2c, 2c, 2) is defined as follows: If S has precisely two
variable vertices and these are labeled with the same variable, then α(S) = S′

where S is obtained from S by merging these two vertices. Otherwise α(S) = S.
Subsequently we apply a projection α3 : Σ⊗2 → Σ⊗2 that will erase from slices
the variable labels, since now we have that two vertices represent the same variable
iff they are connected by an outer-variable line. In the next step we apply the
normalizing projection η : Σ⊗2 → Σ⊗2 whose action on a slice S ∈ Σ⊗2 with in-
frontier I and out-frontier O, is to normalize the numbering associated I and to O
in such a way that these numbers lies within {1, ..., |I|} and {1, ..., |O|} respectively.
Thus we can set α = η◦α◦α◦α. Subsequently, the intersection with (Σ(c, E))
will eliminate unit decompositions whose width is greater than c as well as those
unit decompositions containing the garbage symbol λ introduced by α. Finally,
we apply a permutation contraction to remove useless permutation slices from unit-
decompositions, followed by a vertical saturation to guarantee that all relevant unit
decompositions are present.
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Chapter 22

Conclusion

In this thesis we have introduced combinatorial slice theory, a theory whose aim is
to represent and to describe how to operate with infinite families of combinatorial
objects via formal languages over alphabets of slices. We have applied our theory to
obtain new algorithmic results and to solve open problems in concurrency theory,
combinatorial graph theory and equational logic. A notable fact is that in each
of these fields slice theoretic techniques were used to address problems which at
a first glance have no relation with slices. Thus we have illustrated in this thesis
that besides deserving an independent treatment on its own, combinatorial slice
theory may be used to provide a new perspective on problems arising from external
theories.

We have been primarily concerned in providing sliced versions of three main
combinatorial objects: graphs, partial orders and equations. However our tech-
niques can be extended to provide sliced versions of several other mathematical ob-
jects, such as, hypergraphs, combinatorial designs, categories, complexes etc. Thus
we expect that some of the techniques developed here can be applied to provide
parameterized algorithms to problems involving these kinds of objects as well.

Within combinatorial graph theory, we have the goal to extend the power of our
techniques by defining a suitable notion of slices with multiple inputs. In the same
way that one can consider regular slice languages defined by finite automata over
alphabets of slices with a single input, we can consider tree-slice-languages, which
are defined by tree-automata operating with slices with multiple inputs. Within
this view some of the algorithms devised here can be generalized to deal with classes
of graphs that can be decomposed in a tree-like fashion.

Concerning the interplay between combinatorial slice theory and proof theory,
we believe that the techniques we have employed in the study of equational logic
pave the way to the development of new parameterized algorithms for more complex
proof systems, which like equational logic, allow for the provability of an infinite
number of sentences in constant depth. In particular, fixed parameter tractable
algorithms to decide the provability of sentences in the simplest incarnations of

183
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Genzen proof systems or λ-calculi seem to be within reach of the technology we
have developed. A more ambitious goal would be to try to extend our results to
the categorical reasoning, by exploring for instance, the connections between equa-
tional logic and Cartesian closed categories established in [83], or by exploring the
connections between Cartesian closed categories and the quasi-equational theories
studied in [121, 144].
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