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Abstract
The wheel-rail contact is at the core of all research related to vehicletrack interaction. This tiny interface governs the dynamic performance
of rail vehicles through the loads it transmits and, like any high stress
concentration zone, it is subjected to serious damage phenomena. Thus,
a clear understanding of the rolling contact between wheel and rail is
key to realistic vehicle dynamic simulation and damage analyses.
In a multi-body-system simulation package, the essentially demanding contact problem should be evaluated in about every millisecond.
Hence, a rigorous treatment of the contact is highly time consuming.
Simplifying assumptions are, therefore, made to accelerate the simulation process. This gives rise to a trade-off between accuracy and computational efficiency of the contact models in use.
Historically, Hertz contact solution is used since it is of closed-form.
However, some of its underlying assumptions may be violated quite often in wheel-rail contact. The assumption of constant relative curvature
which leads to an elliptic contact patch is of this kind. Fast non-elliptic
contact models are proposed by others to lift this assumption while avoiding the tedious numerical procedures. These models are accompanied
by a simplified approach to treat tangential tractions arising from creepages and spin.
In this thesis, in addition to a literature survey presented, three of
these fast non-elliptic contact models are evaluated and compared to
each other in terms of contact patch, pressure and traction distributions
as well as the creep forces. Based on the conclusions drawn from this
evaluation, a new method is proposed which results in more accurate
contact patch and pressure distribution estimation while maintaining
the same computational efficiency. The experience gained through this
Licentiate work illuminates future research directions among which, improving tangential contact results and treating conformal contacts are
given higher priority.
Keywords: wheel-rail contact, non-elliptic contact, vehicle-track interaction,
rail vehicle dynamics, rolling contact, MBS, virtual penetration
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Thesis contributions
The main contributions of the present work reported in this thesis are as
follows:
• Fast non-elliptic contact models based on the virtual penetration
concept are evaluated and compared to each other for the application to wheel-rail contact.
• It is shown that models based on virtual penetration are problem
dependent and result in less accurate contact patch estimation in
certain wheel-rail contact cases.
• It is also shown that the pressure distribution estimation by these
models deviate from the results of more accurate, but computationally expensive, CONTACT code.
• The effect of spin variation within the contact patch on creep forces
in non-elliptic contact cases is shown.
• A new method is proposed for analytical estimation of non-elliptic
normal contacts in which the elastic surface deformation is approximated.
• An algorithm named ANALYN is developed based on the proposed method. Using this algorithm, the contact patch and pressure distribution estimations are considerably improved in comparison to the virtual-penetration-based models. The ANALYN
algorithm, implemented in MATLAB, is at least 200 times faster
than CONTACT.
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Part I

OVERVIEW

1

Introduction

The performance of rail vehicles is inevitably tied to tiny areas where the
wheels meet the rails. This highly-stressed interface is the root to almost
all research areas of interest in vehicle-track interaction — from dynamic
performance of the vehicle to maintenance of the infrastructure. Therefore, a better understanding of the contact phenomenon between wheel
and rail is crucial to design an optimized railway system of transportation.
From the start, the wheel-rail contact has been of crucial interest to
railway engineers. In fact, the mere idea of reducing the traction interface to a small area by using harder materials such as steel is at the
core of what separates the railway from road transport. By doing so, the
energy loss due to rolling resistance is significantly reduced. However,
introducing such a drastic change raises other issues and challenges to
confront.
Research fields which involve wheel-rail contact are vast. The dynamics of rail vehicles are dependent on the forces applied to the wheelsets
through this interface. Nowadays, the multi-body dynamic simulation
of rail vehicles is a significant part of their design process. Such simulations need a reasonably accurate estimation of the wheel-rail contact
forces. Without having an appropriate understanding of the wheel-rail
interaction, the essential safety analysis of stability and derailment or
the ride comfort analysis are disputable.
Today, with increasing demands of the market for heavier axle loads
and higher speeds, the costly maintenance of both the infrastructure and
the rolling stock is among top items in the concern-list of all train operators and track owners. A great portion of these maintenance costs stems
from the deterioration phenomena occurring in the notorious wheel-rail
3

CHAPTER 1. INTRODUCTION
interface. Two of these phenomena to blame are namely wear and rolling contact fatigue (RCF). In recent years, there has been a substantial
deal of research dedicated to comprehend and predict these phenomena.
Nevertheless, the primary step that enables investigating such mechanisms is to clearly know the shape and size of the contact patch, and
the distribution of the stresses within it. This is what the solution to the
wheel-rail contact problem can provide us with.
In addition, environmental aspects such as energy usage of the railway transport are closely connected to the wheel-rail interaction. The
growing interest in studying rail vehicle generated noise and wear particle emissions necessitates a more detailed investigation of the contact
phenomena. The energy usage of a rolling stock is dependent on the
adhesion levels in the wheel-rail interface. Modelling the adhesion situation in this interface is also crucial for safety issues regarding the
braking performance. However, modelling friction for an open system
subjected to different sources of contamination and variable environmental conditions is still an existing challenge to researchers.
Generally, the treatment of wheel-rail contact can be divided into
two parts: a geometric (kinematic) part, which aims at the detection of
the contact points, and an elastic (elasto-plastic) part, which solves the
contact problem from a Solid Mechanics point of view. The geometric
part requires the geometrical data for track and wheelset together with
the kinematical data of the wheelset. Wheel and rail profiles, track geometry and irregularities, and wheelset geometry together with its lateral
displacement and yaw angle are all inputs to the contact geometric solver. The contact point detection may be carried out by assuming the
wheel and the rail as rigid or accounting for their flexibilities. Having
the points of contact and velocity vector of the wheelset, the creepages
are also calculated. The output of the geometric part is the essential input for the elastic solver.
The elastic problem is, basically, to find the area formed by the bodies in contact (i.e. contact patch), and to indicate the distribution of
the contact pressure (normal compressive stress) together with the distribution of the tangential traction within this patch. Having the traction
distribution, one can calculate the total frictional force better known as
creep force in wheel-rail contact.
In multi-body system (MBS) simulation codes used for dynamic analysis of rail vehicles, there is a contact module to deal with wheel-rail
interaction. Figure 1.1 illustrates how this contact module is coupled to
the system dynamics.
4
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Figure 1.1: The contact module within an MBS code

In this thesis, the focus is merely on the elastic part of the wheelrail contact. Hence, the points of contact, the creepages and the normal
forces are all taken for granted. In Chapter 2, the necessary theoretical background from Contact Mechanics is briefly discussed. Following
that, in Chapter 3, the theories of rolling contact in two and three dimensions and the application of finite element method are covered. In
Chapter 4, various models for treatment of wheel-rail contact within vehicle dynamic simulations are discussed. Several challenges and issues
in modelling wheel-rail contact are also briefly introduced in this chapter. Finally, in Chapter 5, a summary of the author’s research work and
scientific contribution is presented as well as future research directions
to follow.
5

2

Fundamentals of
Contact Mechanics

Despite the fact that contact is the principal way of applying loads and as
a result of that the stress concentration in its vicinity is of crucial concern,
Contact Mechanics is, in fact, a contemporary research field within Solid
Mechanics. Historically, it is said that it all started by the publication of
Heinrich Hertz’ highly appreciated paper [1] in 1882. Although he is
mostly known for his contributions on electromagnetic waves, Hertz is
actually the most famous name in the history of Contact Mechanics.
The aim of this chapter is to touch on the fundamentals of Contact
Mechanics later needed in treating wheel-rail contact. Firstly, the contact
problem between two solid bodies is defined in its general form. Secondly, the Hertz solution to his contact problem is presented and its assumptions and limitations are discussed. Finally, the well-known Boussinesq (and Cerruti) equations for half-spaces are introduced.

2.1

General contact problem

The contact problem between two quasi-identical solid bodies is defined
in this section. Here, quasi-identity means that the material properties
of the bodies have the following relation,
G1
G2
=
,
1 − 2ν1 1 − 2ν2

(2.1)

where G1 , G2 , and ν1 , ν2 are the shear modulus and Poisson ratio of
the first and second body, respectively. This condition implies that the
tangential (normal) stresses do not affect the total normal (tangential)
7
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deformation on the contact surface. Hence, the normal contact of the
two bodies can be treated regardless of the tangential loading.
The solution to the normal contact problem is the determination of
the area under contact and the contact pressure distribution within this
area. In order to deal with the problem, several quantities should be
introduced. Figure 2.1a illustrates two bodies in touch at the first point
of contact. A Cartesian system of coordinates is defined with its origin
at the first point of contact and vertical z-axis pointing upwards while
lateral y-axis and longitudinal x-axis are within the tangent plane where
the contact area is formed after loading. The contacting surfaces of the
bodies are represented by z1 (x, y) and z2 (x, y) for the first and the second
body, respectively. The bodies after normal loading are also shown in Figure 2.1b. The centres of the bodies are supposed to be pressed towards
each other by the distance, δ, known as approach. The distance between
the undeformed surfaces (before loading), z = |z1 | + |z2 |, is called separation. The normal elastic deformation of the bodies on the surfaces,
uz1 (x, y) and uz2 (x, y), may be summed up to form uz = |uz1 | + |uz2 |,
which is called the normal elastic deformation, in short. At last, the distance between the deformed surfaces (after loading) can be denoted by,
d(x, y) = z(x, y) − δ + uz (x, y).

(2.2)

Using this distance function, d(x, y), the normal contact problem can be
expressed through the following contact inequalities,
d(x, y) ≥ 0,

σz (x, y) ≤ 0.

(2.3)

where, σz is the normal stress on the surface. Here, the tensile contact
stress due to molecular attraction between the bodies is neglected. Thus,
Body 2

z

first point of contact

z
y

z2 (x,y)
x

δ u z1
u z2

z1 (x,y)

z1

z2

contact area

Body 1

(a)

penetration zone

(b)

Figure 2.1: Defined coordinate system (a) and contact terminology (b).
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2.2. HERTZ PROBLEM
the contact normal stress can only be compressive and therefore is called
contact pressure, p(x, y) = −σz . The contact Inequalities (2.3) can be
rewritten as,
d(x, y) = 0,

p(x, y) > 0

(x, y) ∈ C

d(x, y) > 0,

p(x, y) = 0

(x, y) ∈
/C

(2.4)

where, C denotes the area of contact. Throughout this thesis, the same
coordinate system and quantities are used for different contact cases unless otherwise stated.

2.2

Hertz problem

24-year-old Heinrich Hertz was curious to know how the optical properties of multiple-stacked lenses may change due to the applied force
needed to keep them bind together. His curiosity resulted in a very wellknown paper [1] in Contact Mechanics. In this paper, he cited Winkler’s book [2] and mentioned that the case of two elastic isotropic bodies
which touch each other over a tiny part of their outer surfaces has been
of practical interest.
In fact, it was Winkler who touched upon the subject in his book in
1867. He introduced a so-called elastic foundation for the treatment of
the contact problem. An elastic foundation is analogous to a mattress
with vertical springs. The springs are not connected to each other in any
way; therefore, they can be compressed independent of their neighbouring springs. Figure 2.2 schematically illustrates Winkler’s approach.
This idea helps to ease the solution for finding the contact area. However, the results are dependent on the value chosen for the stiffness of the
springs. It is shown that there is no unique value for the stiffness which
leads to accurate results in different contact cases. Thus, this method is
rarely used for the normal contact problem.

N
z = |z1| + |z2|

rigid

elastic bed

contact area
Figure 2.2: Winkler elastic foundation approach
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Not being satisfied by Winkler’s approximation, Hertz intended to
solve the problem more accurately. Nevertheless, he still had to base his
solution upon the following assumptions:
• The bodies in contact are homogeneous, isotropic, and linearly
elastic. Linear kinematics is also assumed.
• The bodies are assumed to be perfectly smooth which implies frictionless contact. (This may be replaced by the assumption of quasiidentity between the materials in contact.)
• The bodies can be considered as half-spaces in the vicinity of the
contact. This requires the dimensions of the contact area to be
significantly smaller than the dimensions of each body. Moreover, the dimensions of the contact area should be smaller than
the relative radii of the bodies in contact. In other words, the
bodies should form a non-conforming contact. This ensures that
the contact patch is planar and the strains within it are within the
scope of the linear theory.
• The surfaces of the bodies are represented by quadratic functions
in the vicinity of contact. In other words, the curvatures of the
surfaces in contact are constant.
Based on these assumptions, Hertz proposed the solution for the determination of contact area and pressure distribution between two bodies
in contact. Suppose that each body has two principal radii: one in the y-z
plane (R1x , R2x ) and the other in the x-z plane (R1y , R2y ). The separation
for this case can be written as,
z(x, y) = Ax2 + By2 ,

(2.5)

where,
A=

1
2



1
R1y

B=

1
2



1
R1 x

+

1
R2y



+

1
R2 x



,
(2.6)
,

with A and B known as longitudinal curvature and lateral curvature
respectively.
Hertz recognized that a semi-ellipsoidal pressure distribution over
an elliptic contact area satisfies the contact Inequalities (2.4). Hence, the
10
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contact patch is an ellipse with semi-axes a and b. The pressure distribution over this patch is,
r
 x 2  y 2
p(x, y) = p0 1 −
−
,
(2.7)
a
b
where p0 is the maximum contact pressure at the first point of contact.
The integration of the contact pressure over the contact patch should
be equal to the total applied force due to static equilibrium. Therefore,
the maximum pressure p0 is related to the prescribed contact force, N,
through
p0 =

3N
.
2πab

(2.8)

The semi-axes a and b are dependent on the geometry of the bodies in
contact and the prescribed force. The geometrical dependency is manifested through an intermediate parameter, θ, defined as,
cos θ =

| A − B|
.
A+B

(2.9)

Knowing θ, one can find the Hertzian coefficients, m, n and r, by using
pre-calculated tables (see e.g. [3]). The semi-axes of the contact patch
and the approach are then given by,

a=m

b=n

3 N 1
4 E∗ A + B

3 N 1
4 E∗ A + B


δ=r

3 N
4 E∗

1

3

,

1
3

,

(2.10)
!1

2

3

(A + B)

,

where,
1
1 − ν1 2 1 − ν2 2
=
+
,
E∗
E1
E2

(2.11)

with E1 , E2 and ν1 , ν2 being the elastic moduli and Poisson ratios of the
bodies in contact.
11
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If the approach, δ, is prescribed instead of the force, N, the Equations
(2.10) are replaced by,
r
δ
a=m
,
r(A + B)
r
b=n

δ
r(A + B)

4E∗
N=
3

s

1
A+B

,
 3
δ
r

(2.12)

.

Hertz offers a closed-form solution to the complex problem contact.
This is what makes it attractive to engineers. His solution has been used
in many applications including the wheel-rail contact. However, using
it, one should be cautious about the validity of its underlying assumptions.
The first assumption regarding linear elasticity of the materials in
contact may be violated in wheel-rail application due to higher axle
loads in modern railway operation. However, it should be noted that
contact pressure levels higher than the yield strength of the material do
not necessarily imply plastic flow on the surface. This is because the
plastic yield criteria are based on the stress state in all three dimensions.
In absence of tangential stresses, the plastic yield starts to occur beneath
the surface and by increasing the load level it will eventually reach the
surface. Results from Telliskivi and Olofsson [4] show that plastic flow
in the contact surface results in reduced contact pressures and enlarged
contact patches.
The other debated assumption of the Hertz solution used in railway
application is the half-space assumption. As mentioned earlier, the dimensions of the contact patch should be considerably smaller than the
characteristic dimensions of the contacting objects. Such assumption
may be valid in wheel tread-rail head contact (see Figure 2.3). However, there are concerns about its validity in wheel flange-rail gauge corner (see Figure 2.3) contact. Note that wheel and rail rarely come into
contact in field sides.
In order to evaluate the half-space assumption, FEM analysis which
is not limited to such assumption can be used. Such analysis has been
performed by Yan and Fischer [5] to investigate the applicability of Hertz
theory to wheel-rail contact. They have compared the results from Hertz
12
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Figure 2.3: Possible wheel-rail contact zones
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against the ones from FEM analysis for several contact applications including UNICORE wheel profile over UIC60 rail profile for four different contact positions. Their conclusion is that regardless of where
the contact position is, the Hertz solution is valid only if the contact
zone does not spread into a region where the curvatures of the profiles
change or if plastic flow does not occur. Results from Wiest et al. [6]
regarding wheel-rail switch contact confirm this conclusion. In wheel
flange-rail gauge contact, although the relative lateral radius is quite
small, the contact width in this direction is even smaller. Therefore,
the half-space assumption may considered to be valid. However, what
makes the half-space assumption disputable in wheel-rail contact is the
conformal contact cases rather than wheel flange-rail gauge contact. The
conformal wheel-rail contact may occur due to worn profiles. In this
case, regardless of which zone the contact is located, the width of the
contact patch may be comparable to the relative lateral radius.
As mentioned in the conclusion from Yan and Fischer [5], the Hertz
solution is not valid if the contact patch is spread into a zone with varying lateral curvature. In fact, the last assumption listed above for the
Hertz solution regarding the representation of the surfaces with quadratic polynomials is often violated in the contact between wheels and rails
of standard profiles. Figure 2.4 illustrates the relative curvature variation for S1002/UIC60 combination with rail inclination 1:40 in several
contact cases. The relative curvature value within the penetration zone,
in these cases, is highly varied.
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Figure 2.4: Lateral curvature variation in the penetration zone for different wheelset displacements, ∆y. The origin is at the first point of contact.
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It was Paul and Hashemi [7] who were the first to publish a nonHertzian wheel-rail contact solution. Several investigations including
[8, 9, 10] show that the contact patch has a non-elliptic shape even in
wheel tread-rail head contact (see Figure 2.5). This is because the contact
patch in this case is spread widely in the lateral direction and thus the
relative lateral curvature is varied through the patch.

2.3

Boussinesq equations

Looking back to the general contact conditions in Equation (2.4), one can
see two inequalities enforced to contact pressure, p(x, y), and deformed
distance, d(x, y), separately. The connection between these two terms is
made through the elastic deformation term, uz . We recall the relation
between stresses and strains from Hooke’s law:
σ = Ee,

(2.13)

where, σ and e are the stress and the strain tensors, respectively, and E
is the elasticity tensor. Equation (2.13) can be transformed into surface
mechanical form and written for the normal deformation as,
uzi =

Z
C

Aij p j dA,

(2.14)

where, uzi is the normal deformation at point i of the contact surface, p j
is the contact pressure distribution, and Aij is the displacement at point
i due to the point load at j which is called the influence function. The
integration is over the whole contact area, C.
The influence function, Aij , depends on the geometry of the surface
as well as material properties. It is calculated for a few surfaces in theory
of elasticity in particular for a half-space. The influence function for elastic half-space can be calculated based on the Boussinesq (and Cerruti)
formula for the deformation under a point load. The derivation for a
half-space is reported by Love [11]. Using that, Equation (2.14) for the
contact between two half-spaces can be written as,
uz (x, y) =

1
πE∗

p(ξ, η)

ZZ
C

q

( x − ξ )2 + ( y − η )2

dξdη.

(2.15)

This equation can be used to solve normal contact problems between
elastic bodies with arbitrary surfaces where the half-space assumption
14

2.3. BOUSSINESQ EQUATIONS
is valid. In contact cases where surfaces cannot be represented by quadratic functions, i.e. the relative curvature is not constant (non-Hertzian
contacts), there is no closed-form solution available. Therefore, the integration in Equation (2.15) should be calculated numerically. To this
end, the contact area is divided into k rectangular or strip-like elements.
Using a discrete version of Equation (2.14), for the elements in the contact
area Equation (2.2) can be rewritten as,
k

∑ Aij p j = δ − z(x, y),

(2.16)

j=1

where Aij is the influence coefficient (number) which relates the normal deformation at element i to a unit pressure at element j. Such relation may be used in numerical methods treating rolling contact. In
the CONTACT algorithm developed by Kalker [12] based on his complete rolling contact theory, which is discussed in the next chapter, the
contact area is divided into rectangular elements and Equation (2.16)
is used. Knothe and Le The [8] also use Equation (2.16) in their proposed numerical method, however they chose strip-like elements along the
rolling direction in order to reduce the computational costs. Figure 2.5
illustrates the contact patch estimation by them compared to the Hertz
solution for various wheelset lateral displacements. Note that only half
of each patch is plotted, since the contact patches are symmetric about
the y-axis.

15

CHAPTER 2. FUNDAMENTALS OF CONTACT MECHANICS

Figure 2.5: Wheel-rail contact patch for different wheelset positions. Hertz solution (dashed lines) compared to the non-elliptic half-space solution. From [8].
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3

Rolling Contact

The study of rolling contact, or more accurately rolling-sliding contact,
is said to be started in 1926 by the publication of Carter’s paper [13]
on the solution of the two-dimensional rolling contact problem. The
three-dimensional rolling contact including sliding was touched upon
by Johnson [14] about thirty years later. His theory was approximate.
Kalker [15] continued to study the subject. He published several theories among which there is a complete theory of three-dimensional rolling
contact. Using his theory, it is possible to solve the problem numerically.
However, his theory is limited by the half-space assumption. Later on,
others like Wriggers [16] studied the problem using FEM. Using FEM,
the half-space limitation is lifted and material non-linearities can be included as well. However, it raises other issues to be dealt with.
This chapter covers the essentials regarding rolling contact theories
in two and three dimensions. Moreover, FEM analysis of rolling contact
with application to wheel-rail interaction is briefly discussed.

3.1

Slip, creepages and spin

The slip velocity is a kinematic quantity defined in rolling contact. It is
the relative velocity of two points from different bodies in contact. This
quantity is important in calculating the frictional stresses transmitted
between the bodies.
The slip velocity (or slip, in short) is comprised of the contributions
from rigid-body motion and elastic deformation, u, of the bodies in
contact. The difference in rigid-body tangential velocities and in angular
17
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velocities of the bodies rolling in x-direction are calculated as,
∆v x = v x1 − v x2 ,
∆vy = vy1 − vy2 ,
∆ωz = ωz1 − ωz2 .

(3.1)

The elastic contribution to the relative velocity is,
x
u̇ x = −V ∂u
∂x +

∂u x
∂t ,

(3.2)
u̇y = −V

∂uy
∂x

+

∂uy
∂t ,

where,
u x = u x1 − u x2 ,
u y = u y1 − u y2 ,

(3.3)

and V is the rolling speed. Having that, the slip, s, can be written as,
x
s x = ∆v x + ∆ωz y − V ∂u
∂x +

∂u x
∂t ,

(3.4)
sy = ∆vy − ∆ωz x

∂u
− V ∂xy

+

∂uy
∂t .

∂
assuming steady-state rolling ( ∂t
= 0) and dividing by the rolling speed,
Equation (3.4) can be rewritten as,
sx
V

= υx + ϕy −

∂u x
∂x ,

sy
V

= υy − ϕx −

∂uy
∂x ,

(3.5)

where υx = ∆v x /V and υy = ∆vy /V are called longitudinal and lateral
creepage, respectively, and ϕ = ∆ωz /V is called spin. Note that the
vertical z-axis is assumed to be positive upwards, i.e the spin value is
positive counter-clockwise. In wheel-rail contact, the creepages and spin
are calculated based on the kinematics of the wheelset and track. The
derivation of them is presented in [17], for instance.

3.2

Two-dimensional rolling

Carter was interested in tractive and braking forces of locomotive driving wheel. He intended to study the creep (frictional) forces in wheelrail interaction due to the presence of creepage. He based his work on
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earlier studies of Reynolds on belt drives. To model the wheel-rail interaction, he assumed wheel and rail as two cylinders. Assuming plain
strain, the problem was reduced to two-dimensional rolling. He confined his study to the existence of longitudinal creepage only. A year later,
Fromm independently published a similar study.
It is suggested that before bodies in contact start to slide over each
other, sliding occurs in a limited part of the contact patch known as slip
region. In the rest of the patch, known as stick (adhesion) region, corresponding material points remain in contact. This phenomenon is called
micro slip. In the stick region, the slip vanishes. Therefore, assuming
pure longitudinal creepage, Equation (3.5) will become,
∂u x
= υx = constant,
∂x

(3.6)

for the points within the stick region. In the slip region, the tangential
traction, q x , reaches its upper bound,
q x (x) = µp(x),

(3.7)

where µ is the coefficient of friction. The direction of q x must oppose the
slip,
s x (x)
q x (x)
=−
.
|q x (x)|
|s x (x)|

(3.8)

Carter assumed that the stick region is bordering the leading edge of
the contact area. In order to satisfy the stick region requirement stated
in Equation (3.6), Carter subtracted an elliptic traction distribution, q00x ,
from the traction bound, q0x = µp, to form the traction distribution over
the contact area,
q x = q0x − q00x ,

(3.9)

where,
q0x = µp = µp0

q

q00x =


x 2
a

− a ≤ x ≤ a,
(3.10)

r
c
a µp0

1−

1−



x −(a−c)
c

2

− a − 2c ≤ x ≤ a,

with a and c being half length of the contact area and half length of
stick region, respectively. Figure 3.1 illustrates the traction distribution
in Carter’s theory.
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Figure 3.1: Traction distribution in Carter’s theory. taken from [14].
x
The tangential strain, ∂u
∂x , within the stick region can be derived from
the traction distribution as,

∂u x 2(1 − ν2 )
=
µp0 (a − c),
∂x
aE

(3.11)

which is constant. The length of the stick region is determined by setting
the integration of the tangential stress over the contact patch equal to the
total tangential force,
s
c=a

1−

Q
,
µN

(3.12)

where N is the normal force and Q is the total tangential force known as
creep force in railway applications. Inserting Equations (3.6) and (3.12)
into Equation (3.11) and using Hertz relationship for p0 one gets the
relation between creepage and creep force in two-dimensional rolling
as,
s
!
Q
µa
1− 1−
,
(3.13)
υx = −
R
µN
where 1/ R = 1/ Rw + 1/ Rr is the relative curvature of the wheel and the
rail cylinders. The creep force-creepage relationship in Equation (3.13)
can be rewritten in a non-dimensional manner as,
Q
2R
R2
= − υx + 2 2 υx |υx |,
µN
µa
µ a
20

(3.14)

3.3. THREE-DIMENSIONAL ROLLING

Figure 3.2: Carter’s creep force-creepage curve

that is plotted in Figure 3.2 known as creep curve. Note that Equation
(3.14) is coupled by a saturation law which enforces Coulomb law of
maximal friction force,
υx
Q
=−
.
µN
|υx |

3.3

(3.15)

Three-dimensional rolling

The study of rolling contact and creep force calculation was followed
by other researchers after Carter. Johnson, in particular, attempted to
model the three-dimensional rolling. He started investigating circular
contact areas. In 1958, he published two papers on the rolling motion
of an elastic sphere on a plane. In one of them [18], he investigated, for
the first time, the effect of spin on rolling contact. He found that the
spin generates a lateral tangential force as well as a moment around the
vertical axis. In his solution, the spin-generated lateral force is opposed
by a lateral force due to lateral creepage.
In his other paper [19], he investigates the case of pure creepage without spin. This work was extended to elliptic contact area by Vermeulen and Johnson [20]. In this theory, the stick zone is a smaller ellipse
with the same ratio of the axes adjacent to the leading edge as shown
in Figure 3.3. Based on this configuration the traction vanishes only at
one point in the leading edge. This is in contrast to the experimental
observations done by Johnson himself.
Another model proposed firstly by Haines and Ollerton [21] and further developed by Kalker is an extension of the Carter solution to elliptic
contact. In this method, known as strip theory, the contact area is divided into strips parallel to the rolling direction. Carter’s theory is then
21

CHAPTER 3. ROLLING CONTACT

Figure 3.3: Slip-stick regions in the contact area based on Vermeulen-Johnson (dashed line)
and strip theory (dash-dot line). Taken from [14].

applied to each strip, neglecting the interaction between the strips. In Figure 3.3, the traction distribution in each strip and the formation of the
stick region boundary is illustrated due to longitudinal creepage only.
In this theory, the traction vanishes in the leading edge and a "lemonshaped" stick region is formed as observed in experiments. Although
the strip theory gives more accurate results compared to VermeulenJohnson theory, it may not be satisfactory when the contact area is more
elongated in the rolling direction than in the lateral direction or if the
spin value is large.
Kalker further investigated the subject in order to develop a theory
capable of treating three-dimensional rolling contact under a combination of spin and creepages. It was not until 1979 that his research resulted in a so-called complete theory of rolling contact [12]. The theory is
based on the elastic half-space assumption.
In Kalker’s theory, a variational method is used to achieve a unique
solution to the contact problem. Based on Kalker’s variational approach,
the true area of contact and distribution of tractions within it are those
that result in minimum total complementary energy.
Kalker’s variational method is implemented in a computer code na22
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med CONTACT [22]. The code consists of two algorithms named NORM
and TANG to solve the normal and the tangential part of the problem,
respectively. To solve a rolling contact problem, a potential contact zone
is selected and discretized into rectangular elements. The contact patch
and pressure distribution within it is determined using NORM. The
pressure is uniform through each element. In each iteration, elements
with negative pressure value are eliminated from the contact area until
all the elements within it have positive pressure values. After having
the contact patch and pressure distribution, the traction in each element
is calculated by TANG.
Although Kalker calls his variational method the exact theory, it does
not give an exact solution free of any limiting assumption. The theory is
based on the following limiting assumptions:
• Homogeneous, linear elastic (or visco-elastic) materials
• Half-space assumption (i.e. non-conformal contact)
• Coulomb’s friction law
Apart from these limitations and possible discretisation errors, the
computational cost of CONTACT is relatively high for being used in
vehicle-track dynamic simulations.

3.4

FEM analysis

The FEM analysis is the ultimate available solution to the contact problems which violates the underlying assumptions of Kalker’s variational method. It is not bound to half-space assumption and various material properties can be considered. Moreover, more detailed friction laws
than the well-known Coulomb’s law can be used. However, like any
numerical method, there are several numerical issues to be dealt with.
In general, FEM is a numerical method to solve partial differential
equations (PDEs). It eliminates the spatial derivatives and convert the
PDE into a system of algebraic equations. To do so, the bodies under
investigation, considered as a continuum, are discretized into elements
with certain number of nodes. The solution to the PDE using FEM is
exact at the nodes; while in between the nodes it is approximated by
polynomials known as shape functions.
In Solid Mechanics, three sets of equations are formulated in each
element: the compatibility equations, which relate the strains to the dis23
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placements, the constitutive equations, which relate the stresses to the
strains, and the equation of motion.
Development of FEM analysis for rolling contact started in the early
1980’s [23]. When FEM is applied to rolling contact problems, several
features should be considered. Some of these features are quite general
in any FEM analysis, such as the mesh dependency of the results or the
choice of time integration scheme. Others may be more crucial in case
of rolling contact problems. For instance, which kinematic description
should be used or how the contact conditions should be enforced?
Regarding the mesh size, since contact stresses are of high magnitude
in a rather small area, the mesh should be adaptively refined in this area
of stress concentration in order to achieve the required accuracy. This
makes the analysis computationally time consuming.
There are generally two alternatives for kinematic description of the
rolling contact problem in the analysis. A Lagrangian approach, in which
the system of coordinates is particle-fixed. It is mainly used for static
or short-displacement problems. The other option, which seems to be
more efficient in application to rolling contact, is the so-called arbitrary
Lagrangian-Eulerian (ALE) approach in which the total deformation of
the rolling wheel is divided into a rigid-body motion and the deformation of the material point.
The contact conditions between the two bodies should be enforced
in the FEM formulation in a mathematical way. These conditions can
be divided into the normal and the tangential contact conditions. The
contact conditions can be imposed in two different ways. One way is to
introduce geometrical constraint equations. The other way is to develop
a constitutive law for the micro-mechanical contact approach.
The geometrical constraint application is basically done using either Lagrange multiplier approach or penalty method. In the former,
a new degree of freedom is added to the system of equations in order to
fully satisfy the contact constraints. However, serious numerical issues
may arise due to this added equation. The penalty method, relaxes the
constraint conditions by considering some flexibilities to avoid numerical issues. The trade-off is that the constraints are not fully satisfied.
The alternative to the geometrical constraint application is the introduction of constitutive laws in the contact interface. This approach is
justified by considering the micro-mechanical characteristics of the surfaces in contact and their roughness. Figure 3.4 illustrates the different
nature of constraint application methods, where gap is the distance between the contacting surfaces. Velocity dependent friction laws may also
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Figure 3.4: Geometrical and constitutive relations for normal contact from [23].

be introduced for tangential equations.
One common use of FEM analysis for wheel-rail contact is, in fact,
to evaluate the accuracy of half-space-based elastic theories in debated
contact conditions such as flange-gauge corner contact. As mentioned
earlier, Yan and Fischer [5] investigated the applicability of Hertz theory
in different wheel-rail contact cases. Wiest et al. [6] have basically done
the same investigation for contact in switches. Telliskivi and Olofsson
[4], also investigated the effect of half-space and elasticity assumptions
on the contact solution by comparing an elasto-plastic (kinematic hardening) FEM results to the ones by CONTACT and Hertz theory. In Figure 3.5, the results from these methods are compared for two different
contact cases.
The study of the tangential problem of wheel-rail rolling contact is
quite rare. All the above mentioned studies are focused on the normal
contact problem. Zhao and Li [24] have published three-dimensional
FEM analysis of simple wheel-rail geometries using an explicit time integration approach. Damme et al. [10] have studied FEM analysis of
wheel-rail rolling contact using the ALE approach. They considered
standard wheel-rail profiles of S1002/UIC60 with rail inclination 1:40.
It is done for a single wheel with the load of 90 kN. Although the coefficient of friction is taken to be 0.15, full sticking is assumed throughout the contact area. Figure 3.6 shows the contact pressure distribution in the wheel central position obtained by Damme et al. and the results from the CONTACT software for the same case. Maximum stress
in the contact area is lower for the FEM results. One reason may be
due to the fact that the penalty method used in the FEM formulation
allows for some penetration which, in turn, decreases the contact stiff25
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Figure 3.5: Comparison of maximum contact pressure and the contact area between three
different contact methods for case 1: flange contact, and case 2: tread contact of worn
profiles. Taken from [4].

ness. The other reason might be related to the half-space assumption.
In the CONTACT software, the contact surface is assumed to be flat (as
a consequence of half-space assumption). However, in the FEM analysis, the contact patch is not necessarily flat and it is more inclined in the
right end of the patch where the pressure values are lower compared to
the CONTACT solution.

(a)

(b)

Figure 3.6: Contact pressure distribution obtained by (a) FEM (from [10]), and (b)
CONTACT software. Note that y-axis is positive towards gauge-corner.
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4

Wheel-Rail Contact
in Vehicle Dynamics
Simulation

As indicated earlier, wheel-rail contact modelling is a crucial part in simulation of rail vehicle dynamics. The output of a contact module in
an MBS code may be categorized based on how detailed it is. For the
analyses in which the vehicle dynamic response is of interest, the required output is normal and creep (tangential) forces at each contact.
In other analyses where the damage mechanisms such as wear are of
concern, the shape and size of the contact patch together with a detailed
description of the contact pressure and traction within it are usually required as the output. One of the main characteristics of a contact module
within an MBS code is its computational efficiency. This is because the
contact problem should be evaluated at every time-step, often being less
than a millisecond, for several wheel-rail pairs. Having a detailed timeconsuming contact module, regardless of how accurate it may be, is not
desirable for engineers who have to run the simulation of rolling stocks
for about hundreds of kilometres. Hence, researchers have strived to
develop more accurate and realistic contact models while maintaining
low computational costs.
In this chapter, the methods that only calculate the creep forces required for vehicle dynamic simulation are presented first. Then, another
category of contact models that provide information about the contact
patch and the stress distribution within it is discussed. Finally, further
challenges in more realistic modelling of the contact are indicated.
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4.1

Creep force calculation

Many MBS codes use a rather simple analytical relation or a table-lookup
scheme to calculate the creep forces from creepages and spin. Generally,
in these methods the normal contact problem is solved using Hertz; therefore, the contact patch is an ellipse represented by its semi-axes. Here,
three well-known methods of this kind are discussed.

4.1.1

Kalker’s linear theory

It is claimed by Kalker that for vanishingly small creepages and spin,
one can calculate the creep forces analytically [15]. In this case, it is
assumed that slip does not occur throughout the contact patch. This is
equivalent to the assumption of infinite friction coefficient.
According to Equation (3.6) for the no-slip case, the tangential strain
is constant along the contact patch. This implies that the tractions are
finite except for the trailing edge of the contact patch. In fact, the unloaded material flows into the contact patch from the leading edge, where
there is no traction, and as it goes towards the trailing edge the traction
is built up to infinity. Therefore, there is always a slip zone adjacent to
this edge.
Based on this theory, there is a linear relationship between the creepages (and spin), and creep forces (and moment). Therefore, we can
calculate the creep forces and moment for an elliptic patch using,
Fx = −C11 Gc2 υx ,
Fy = −C22 Gc2 υy + C23 Gc3 ϕ,

(4.1)

Mz = −C23 Gc3 υy + C33 Gc4 ϕ,

√
where c = ab is the effective patch size, and Cij are the so-called Kalker
coefficients. These coefficients depend only on Poisson’s ratio and the
contact ellipse axis ratio a/b. They are available in tabulated form in
[12]. Note that the z-axis is defined to be positive upwards in Equations
(4.1).
As mentioned, the creep forces calculated from this theory are acceptable only for vanishingly small creepages and spin. Figure 4.1 illustrates the linear theory creep curve in comparison to Carter’s for a twodimensional longitudinal creep case. It is common to couple the linear
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Figure 4.1: Kalker’s linear theory versus Carter’s creep curve (bold blue line).

theory with a saturation law which truncates the total creep force above
the Coulomb friction bound.

4.1.2

Shen-Hedrick-Elkins’ method

Shen et al. [25] have extended the creep force-creepage relation from
Vermeulen and Johnson rolling contact theory by including spin in a
heuristic manner. The creep force relation is,


1 − (1 − υτ )3 µN
υτ < 1
Fτ =
(4.2)
µN
υτ ≥ 1
where Fτ is the resultant creep force and,
q
υτ = υ0x + υy0 ,

(4.3)

with,

−C11 Gc2 υx
3µN
−
C
Gc2 υy + C23 Gc3 ϕ
22
υy0 =
3µN

υ0x =

(4.4)

The method has obvious similarity to Kalker’s linear theory. In fact, it
is a combination of the linear theory with the cubic saturation law of
Vermeulen and Johnson. The results presented in [26] show that this
method matches accurately with the results from the CONTACT code
for a pure creepage (no spin) Hertzian case. However, as the spin value
increases beyond the linear domain, the accuracy is significantly affected. Therefore, this method is only valid for small spin values.
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4.1.3

Polach’s method

Polach [27] bases his method on the assumption of linear relationship
between the tangential deformation, u, and the traction, q. This assumption is presented by Kalker in his simplified theory, which is introduced
in the next section. In Polach’s method the problem is solved in two
steps. First, the creep forces are calculated for a no spin case using the
aforementioned assumption. Then, the pure spin case is considered. In
this case, the centre of spin rotation is located on the longitudinal axis,
since the spin contribution to the longitudinal force in an elliptic patch
is zero. However, the exact position of this centre is not a priori known.
Polach assumes a vanishingly small semi-axis in the rolling direction
(a → 0) and as a consequence, the centre of spin is approaching the origin. The spin contribution to the lateral force is then calculated and the
result is extended to cases with larger a/b ratios in a heuristic manner.
Finally, the creep forces calculated form both no spin and pure spin cases
are summed and limited by the traction bound. This method has been
extended, in [28], to include possible negative slope of the creep curve
beyond the saturation point due to temperature and contamination effects.

4.2

Fast contact models

The accuracy of the analytical creep force relations is affected by the
presence of large spin values. A statistical study [29] of the contact cases
occurring in passenger train travel on normal track suggests that large
values of spin occur rather frequently. This motivates the need for more
accurate methods for the tangential part of the contact. Moreover, all
the aforementioned creep force calculation methods are based on Hertz
solution for normal contact, while contact patches are often non-elliptic
in wheel-rail applications. In addition to these, the study of damage
mechanisms in the wheel-rail interface necessitates the determination of
the contact pressure and traction distributions within the contact patch.
It is obvious that analytical creep force methods do not provide us with
this information.
In this section, methods that provide this information, while being
fast enough to be used on-line in MBS codes, are discussed. Since the
detailed contact solution is a time-consuming process with today’s computer power, these methods provide approximate solutions based on
simplifying assumptions. This simplification is done both for the normal and tangential parts of the problem. In the normal part, the ap30
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proximate solutions are suggested to find non-elliptic contact patches.
The approximation in the tangential part is also done to achieve a method capable of providing detailed traction distribution while being fast.

4.2.1

Normal part

4.2.1.1

Multi-Hertzian method

In 1980s, Pascal and Sauvage [30] realized the existance of possible secondary contact points from the sudden "jumps" observed in the evolution of contact parameters with respect to wheelset lateral displacement.
Although these jumps exist when the wheel flange comes into contact,
they observed them even in the tread contact for a short wheelset displacement. They concluded that these jumps are indicative of secondary
contact points which come into contact due to the elastic deformation of
the profiles resulting from the contact pressure. Thus, in detecting the
points of contact, if elastic profiles are considered rather than rigid ones,
several contact points may be possible to find. Each contact point indicates a separate contact patch. A Hertzian ellipse is then calculated for
each patch using the curvature values at that point.
In order to detect the secondary contact point, the profiles in contact
are deducted by a semi-elliptic function calculated using the first (main)
contact ellipse width, b, and the approach, δ. Other contact points are
then detected using the modified profiles. To avoid the detection of
contact points on the border of the first contact ellipse, a bell-shaped
function may be used instead of the semi-elliptic one. Figure 4.2 illustrates these two alternatives to find the second contact point. The normal
forces for each ellipse are determined by taking into account the ratio
between h1 and h2 (see Figure 4.2) and the Hertzian relation between

Figure 4.2: Determination of possible secondary contact points using semi-elliptic and
bell-shaped deduction functions. Adapted from [9].
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the approach and normal force in Equation (2.10).
The implementation of this method, known as multi-Hertzian, and
the coupling with a wheelset dynamic model seemed to be very slow at
the time. Therefore, Pascal decided to replace contact ellipses by a single
equivalent ellipse. This theoretic equivalent contact ellipse is determined in a manner that results in the same creep force as the sum of the
ones from two separate ellipses while the direction of the force is determined by weighted averaging. The two separate ellipses from the multiHertzian method and the replaced equivalent ellipse for S1002/UIC60
pair at wheelset central position are shown in Figure 4.3. The equivalent ellipse approach may be adequate for dynamic simulations but it is
not suitable for damage analyses such as wear calculations due to the
non-physical contact patch and stress distribution.

Figure 4.3: Multi-Hertzian versus equivalent ellipse method. From [30].

4.2.1.2

Virtual penetration

To be able to estimate non-elliptic contact patches in a fast manner, an
approximate contact method should replace the Hertz solution for the
normal contact part. In fact, calculation of the elastic deformation, uz ,
in Equation (2.2) involves numerical integration and is not possible ana32
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lytically for non-Hertzian profiles. This is why the exact solution of the
contact problem for these profiles is computationally expensive. Therefore, in order to reduce the computational effort needed, one should
simplify this equation.
In 1996, Kik and Piotrowski [31] suggested an approximate method
based on a concept called virtual penetration. In this concept, the surface
deformations are neglected (uz =0) and it is assumed that the bodies can
rigidly penetrate into each other. It is suggested that a smaller virtual
approach (penetration) value, δv , than the prescribed one, δ0 , may result
in a penetration zone which is close enough to the real contact area and
can be regarded as the contact patch. The virtual penetration value can
be set in different ways. As suggested by Kik and Piotrowski, it should
be about half the prescribed penetration value. Linder [32] and Ayasse
and Chollet [33] have used the same concept to develop their own approximate non-elliptic methods.
The contact condition at contact boundaries can be expressed as,
z(x, y) = δ0 − uz

(4.5)

where z(x, y) is the separation between the two surfaces in contact. In
wheel-rail contact, one can assume a quadratic representation of the surfaces in the rolling direction since the wheel is circular and the rail is
flat in the x-z plane. The profile combination in the lateral direction is
usually presented by a discrete function of the lateral coordinate, f (yi ).
Hence, Equation (4.5) can be rewritten as:
Ax2 + f (yi ) = δ0 − uz

(4.6)

where A is the relative longitudinal curvature. The above equation can
be simplified by neglecting the elastic deformations and introducing virtual penetration. Thus,
Ax2 + f (yi ) = eδ0

(4.7)

where e is the scaling factor. This is as if the bodies are virtually penetrated by the penetration value, δv =eδ0 . The scaling factor e in virtual
penetration-based methods can be defined in different ways.
In the original Kik and Piotrowski method as well as Linder method,
the scaling factor is a constant number e = 0.55. This leads to an elliptic
contact patch with the following semi-axes,
p
Ax2 + f (0) = eδ0 ⇒ x = a = 0.55δ0 / A,
(4.8)
p
b = 0.55δ0 / B,
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in a Hertzian case. The ratio between the semi-axes of this ellipse is
different from the one of Hertz solution except for A/ B=1.
Piotrowski and Kik [34] later introduced an updated version of their
method. In this version, a shape correction strategy is applied afterwards to impose the Hertzian semi-axes ratio to the patch while preserving its area. Thus,
ac =

p

abn/m = 0.55δ0

bc =

q

ab
n/m

q

n/m
AB ,

(4.9)
= 0.55δ0

q

m/n
AB ,

while,
ac
n
= , ac bc = ab.
bc m

(4.10)

This strategy, however, does not result in the same Hertzian ellipse.
In the Ayasse and Chollet’s method named STRIPES, the scaling factor is a function of relative radii of curvature at the point of contact,
e = e(A0 , B0 ). Since the virtual penetration leads to an ellipse with different semi-axes than a Hertzian ellipse, a correction has been applied to
the curvatures of the bodies in contact. Two correction approaches are
presented in [33].
In the first approach, the local A curvatures are corrected. The scaling factor and corrected curvature are
e=

n0 2
r0 (A0 +B0 ) B0 ,

A ci =

(4.11)

(ni /mi )2 Bi ,

where the index 0 indicates the values at the point of contact while index
i represents local values at coordinate yi . The contact patch in a Hertzian
case will then be,
q
p
a = eδ0 / Ac0 = m0 r (Aδ0+B ) ,
0
0
0
(4.12)
q
b = n0

δ0
r0 (A0 +B0 ) ,

which is identical to the Hertz solution.
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In the second approach, both relative curvatures A and B are corrected. The corresponding scaling factor and corrected curvatures are
e=

n0 2
,
r0 (1+(n0 /m0 )2 )

A ci =

(Ai +Bi )(ni /mi )2
,
(1+(ni /mi )2 )

Bci =

(Ai +Bi )
.
(1+(ni /mi )2 )

(4.13)

The contact patch in a Hertzian case will then be
a = m0

q

δ0
r0 (A0 +B0 ) ,

(4.14)
b = n0

q

δ0
,
r0 (B0 +B0 (n0 /m0 )2 )

which has the same length as a Hertzian ellipse but different width. The
difference between A0 and B0 (n0 /m0 )2 decreases when the curvature
ratio, λ = A0 / B0 , approaches unity or zero, hence the contact ellipse
converges to the Hertzian ellipse. For large values of λ the ellipses differ considerably. Figure 4.4 illustrates the contact patches resulting from
all four virtual penetration strategies for circular wheel and rail profiles
with radii 200 mm and 80 mm respectively, and wheel rolling radius 460
mm.
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Figure 4.4: Contact patches by (a) Linder, (b) Piotrowski-Kik, (c) STRIPES-A correction,
and (d) STRIPES-AB correction (red line) compared to the Hertzian ellipse (black dots).
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4.2.1.3

Variations of Winkler’s approach

The Winkler (elastic foundation) approach is already mentioned in Section 2.2. Using this approach to solve a Hertzian contact (i.e. constant
relative curvature in contact) results in an elliptic contact patch, much
larger than the one from Hertz, and a parabolic pressure distribution
within it. In fact, the contact patch estimated by Winkler elastic foundation is identical to the one estimated by virtual penetration when e=1.
This approach leads to poor results in non-elliptic contact cases.
However, several fast contact models have been proposed based on
a modified version of the Winkler approach. Alonso and Giménez [35]
has proposed a method called square root simplified theory (SRST), in
which the contact pressure is linearly related to the square root of the
normal deformation instead. This is done to achieve an elliptic pressure
distribution as in Hertz solution. Moreover, they have used half the
penetration value instead, similar to Kik and Piotrowski’s suggestion
[31] in virtual penetration approach.
Telliskivi [36] has proposed a so-called semi-Winkler approach in
which the effect of neighbouring material points on the deformation of
each point is taken into account through linear spring element connections. The stiffness of each spring element may be determined by experimental tests or FEM analysis.

4.2.2

Tangential part

4.2.2.1

Kalker’s simplified theory

In this theory a simple linear relationship between the surface deformation and traction is assumed,
u = Lτ,

(4.15)

where u=(u x , uy , uz ) is the deformation vector, τ=(q x , qy , p) is the traction vector and L is the so-called flexibility parameter.
The simplified theory in normal direction, uz =Lp, is identical to Winkler foundation. The use of the simplified theory in the normal Hertzian
contact is senseless since it results in an inaccurate analytical solution
while the accurate analytical solution is already provided by Hertz.
On the other hand, applying the simplified theory to the tangential
part offers capabilities to accelerate the solution process for the traction
distribution. The application of this theory to the tangential problem is
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also known as the "wire brush" model. Like the independent movement
of the wires on a brush, each point on the surface is assumed to deform
independently of its neighbouring points. This deformation is related to
the applied traction at that point through the flexibility parameter which
remains to be calculated.
The calculation of the flexibility parameter is done by setting the
creep forces calculated by this theory equal to the ones from the exact
half-space solution. Since the results from the exact solution for a general case are not available in a closed form, this is restricted to the full
adhesion solution available through Kalker’s linear theory.
For full adhesion in the steady state rolling, the surface deformation
can be calculated from Equations (3.5) as,
u x = υx x + ϕxy + f (y),
(4.16)

2

uy = υy x − ϕ x2 + g(y),
where f and g are arbitrary functions of y which act as the integration
constants. Using (u x , uy ) = L(q x , qy ) and applying the boundary conditions, q x (a(y), y) = 0 and qy (a(y), y) = 0, at the leading edge of the contact,
the traction distribution will be,
q x = [υx ( x − a(y)) + ϕ ( x − a(y)) y] / L,
(4.17)

 
qy = υy ( x − a(y)) − ϕ x2 − a(y)2 /2 / L,
where a(y) is half the length of the contact patch at y. The total forces
can be calculated by integrating the traction distribution over the contact
patch,
Fx =

−8a2 bυx
,
3L

Fy =

−8a2 bυy
3L

(4.18)

−

πa3 bϕ
4L .

Note that spin does not contribute to the longitudinal creep force because the elliptic contact patch is symmetric about the x-axis.
Equating the coefficient of the creepages and spin in Equation (4.18)
to the ones obtained by linear theory in Equation (4.1) gives three values
for the flexibility as,
Lx =

8a
,
3GC1 1

Ly =

8a
,
3GC2 2

Lϕ =

πa2
.
4GcC23

(4.19)
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An alternative to these three flexibility parameters is to use a single
weighted parameter as,
L=

L x | υ x | + L y | υy | + L ϕ | ϕ | c
q
υ2x + υy2 + (ϕc)2

(4.20)

For the traction bound, i.e. the limit of traction based on Coulomb’s
law, two alternatives are possible. First one is to use the Hertzian pressure distribution times the coefficient of friction,
r
 x 2  y 2
µp(x, y) = µp0 1 −
−
,
(4.21)
a
b
where p0 is expressed in Equation (2.8). The other alternative is to use
the pressure distribution based on the simplified theory’s normal part,

 x 2  y 2 
0
0
µp (x, y) = µp0 1 −
−
,
(4.22)
a
b
which is parabolic with p00 being,
p00 =

2N
.
πab

(4.23)

Kalker himself has claimed that the parabolic traction bound results in
more accurate slip-stick borders. This is confirmed by Linder [32] and
Quost et al. [37] as well. Figure 4.5 schematically explains why it is so,
despite the fact that the traction distribution from the simplified theory
differs from the complete half-space theory.
For no spin contact cases, the simplified theory can be implemented to achieve an analytical solution. However, with the presence of
parabolic
semi-elliptic
simplified theory
complete theory
slip
region

stick region

Figure 4.5: Slip-stick boundary by simplified theory with parabolic traction bound compared to complete half-space theory. Traction distributions shown here are schematic.
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spin, a numerical algorithm known as FASTSIM [12] is needed. Kalker
has published several results on the comparison of the FASTSIM calculated creep forces with the ones from the CONTACT code. Figure 4.6
shows comparisons for pure creepage and pure spin cases. As can be
seen, FASTSIM results are satisfactory, especially for the pure creepage
case. However, there are other combinations of creepages and spin in
which less accurate results are gained. Kalker claims that the errors are,
at most, about 20% compared to CONTACT. This is while FASTSIM is
claimed to be about 400 times faster than CONTACT. It should, however, be noted that the error estimated is on the level of the creep forces
and not the traction distribution.

(a)

(b)

Figure 4.6: Comparison of FASTSIM and CONTACT creep curves for (a) no spin and (b)
pure spin cases. From [12].

4.2.2.2

FASTSIM adaptation to non-elliptic patches

Although not theoretically limited to elliptic contact, FASTSIM has always been applied to Hertzian contact cases by Kalker. He argued that,
for a non-elliptic contact, the determination of flexibility parameters necessitates running CONTACT for every non-elliptic contact case anyhow. However, there are several alternative ways to apply FASTSIM to
non-elliptic contact patches:
Non-elliptic flexibility parameter calculation. Knothe and Le The [38]
have proposed an approximate method to calculate the flexibility parameters for a non-elliptic contact patch based on the results from the
elastic half-space linear solution for that non-elliptic contact case. In order to derive the linear solution based on the elastic half-space assump39
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tion, one needs to apply numerical integration to the slip equations. The
results are specific to each non-elliptic patch and therefore numerical
integration should be done for every contact case. Although computationally less expensive than CONTACT, this approach is rather slow.
Equivalent ellipse adaptation. In order to skip the calculation of nonelliptic flexibility parameters and employ the elliptic ones, an imaginary equivalent ellipse may be assigned to the non-elliptic patch. Kik
and Piotrowski [31] determined an equivalent ellipse for each separate
contact patch by setting the ellipse area equal to the non-elliptic contact
area and the ellipse semi-axis ratio equal to the length-to-width ratio of
the patch.
Local ellipses for each strip. By discretizing the contact patch into longitudinal strips, as done in the Linder method [32] and the STRIPES
method [33], one may treat each strip differently. Instead of assigning
an equivalent ellipse to the whole patch, a virtual local ellipse may be
assigned to each strip separately. The flexibility parameters may then
be calculated based on the local ellipses and applied to each respective
strip. Assigning a local ellipse to a strip may be done in various ways.
Figure 4.7 depicts two different techniques used in the Linder model
and STRIPES. In the Linder model, all local strip ellipses have the same
lateral semi-axis. The longitudinal semi-axis is then calculated so that
the strip fits into the resulting ellipse. In STRIPES, dissimilarly, the local
ellipses are determined by employing relative curvatures at the centre
of the strip in Hertz solution.

(a)

(b)

Figure 4.7: Virtual ellipse assignment to contact patch strips. Virtual ellipses for two arbitrary strips based on (a) Linder and (b) STRIPES methods.
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4.3

Further challenges

Apart from the recent trend of developing fast and detailed contact methods to treat wheel-rail contact, it is evident to engineers and researchers that the real physical wheel-rail contact phenomenon is more complicated than the idealized theoretical models. In fact, several other physical phenomena, which themselves are complex in nature, are involved
in reality: plastic flow, surface roughness and thermo-mechanical coupling are a few examples of such phenomena. The friction itself, is an
elusive phenomenon which seems to be even more difficult to fully model in the wheel-rail interface subjected to environmental changes. What
makes it even more problematic to mathematically model this physical
system is the lack of real-life measurements in order to validate the proposed models. In this section a number of these challenges ahead of
wheel-rail modelling are briefly introduced.
Conformal contact. Apart from FEM, other existing methods for rolling contact, including the CONTACT code, are not capable of treating
conformal contact. In fact, the underlying half-space assumption implies a flat contact surface which is not valid in case of wheel flange
root-rail gauge corner contact of worn profiles. There has been an attempt by Li [39] to consider conformal rolling. He tried to calculate the
influence functions for a so-called quasi-quarter space using FEM. However, he drew a disputable conclusion that half-space influence functions are reasonably accurate for conformal contact.
Plastic flow. Johnson [14] shows that the onset of yield in frictionless
rolling contact of elastic cylinders occurs beneath the surface when,
p0 = 3.3k

(4.24)

where k is the shear strength based on the Tresca yield criterion. In the
presence of friction, the point of first yield is moved towards the surface
so that for,
p0 = k /µ,

(4.25)

yield occurs on the surface. A comparison between these two conditions suggest that plastic flow of the material starts on the surface if
the coefficient of friction exceeds 0.3, approximately. Thus, if we take
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the wheel material ER8, according to European standards, with nominal yield stress σY =540 MPa and assume µ=0.3 the calculated maximum
pressure of about 1800 MPa is the limit for which the linear elasticity
assumption in the contact solution may be valid. However, the plastic
flow in outer rail of tight curves is clearly evident. The yielding of the
material on the surface results in a plastic flow. The contact pressure
is reduced and therefore the size of the contact patch increases. There
has recently been some attempts to include plastic flow rules in wheelrail contact models. Sebes et al. [40], for instance, extend the STRIPES
method by considering an elastic-perfectly plastic constitutive law.
Surface roughness. Real wheel and rail surfaces are rough on the microscopic scale. To consider the effect of roughness is actually the basis
of a more realistic friction modelling. Apart from that, the presence of
so-called asperities implies the distinction between the real contact area
and the nominal one calculated by neglecting roughness. Bucher et al.
[41] have studied this effect for wheel-rail contact.
Temperature effects. The slip between wheel and rail may result in
high contact temperatures. The higher temperature of the wheel compared to the rail results in thermo-elastic deformation which affects the
contact pressure and may result in the extent of the contact area. This, in
return, affects the boundary conditions of the heat conduction leading to
a coupled thermo-mechanical problem. Moreover, there is a possible relationship between the temperature and the coefficient of friction which
results in decreasing creep forces at high creepages. Ertz and Bucher [42]
have proposed a creep force law in which the temperature effect together with surface roughness is taken into account to be able to capture
measured creep force curves.
Variation in friction. Apart from temperature effects on the coefficient
of friction, many other factors play an important role in modelling friction. Since the wheel-rail interface is an open system, it is subjected
to all sorts of contamination and variation in environmental conditions.
Olofsson et al. [43] have surveyed the tribological aspects of wheel-rail
contact including the adhesion under contaminated conditions. Moreover, there may be differences in adhesion levels between the inner and
outer rail or rail head and gauge corner in curves, due to lubrication.
Therefore, it is not realistic to use a single value for the coefficient of
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friction for all contact zones during the entire travel of a train on the
track.
Measurements. There are few techniques used for measuring the shape
and size of the contact patch and the pressure distribution for the contact
between wheel and rail profiles. Marshal et al. [44] and Pau et al. [45]
have utilized ultrasonic approach, while Kleiner and Schindler [46] have
used pressure sensitive papers for this purpose. Nevertheless, they all
studied normal static contact. To the best of the author’s knowledge,
there is no measuring technique proposed to measure the tangential
stress (traction) distribution in wheel-rail applications.
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5

Summary of the
Present Work

The main goal of the PhD project is to develop a model for the wheel-rail
contact applied to dynamic simulations of rail vehicles which enables
on-line damage analyses such as wear and RCF prediction. Recalling
the main outline of the work, the following objectives are anticipated
for a five-year time period:
• Investigation of state-of-the-art in pertinent numerical modelling. The models commonly used in engineering applications were
developed in the 1980s. It seems that the subsequent research
work has not reached the break-through needed for commercialisation. Nevertheless, useful approaches may be available as a
starting point for evaluation.
• Determination of the size and shape of the contact area as well
as the distribution of the contact pressure. With the traditional
elastic half-space assumption the normal problem becomes well
defined. However, with small radii or close to conformal contact,
this assumption becomes invalid. This calls for a model able to
address non-elliptic and curved contact patches.
• Determination of the traction distribution. The FASTSIM algorithm used to calculate traction distribution may result in considerable error in certain cases. A more detailed, but still fast, approach
may estimate the traction distribution more accurately.
• Selection and implementation of a feasible numerical method.
The performance of modern computers allows for more sophisticated algorithms than could be used decades ago. However, numerical efficiency is still critical, since these calculations are to be
45

CHAPTER 5. SUMMARY OF THE PRESENT WORK
repeated for every contact location at every time step. Another
consequence of increasing computer power is growing expectations in terms of model size and accuracy.
• Validation. Since the proposed research aims at a simplified model it is possible to verify it with more detailed calculations, for
instance with finite element results. Experimental verification is
desirable, possibly with ultrasound technology.
For the licentiate thesis work presented in this report, some of the
above objectives are sought by the author. This chapter is dedicated
to what the author has achieved. Finally, based on the discussions in
previous chapters and what has been achieved by the author, future research directions and further work are discussed.

5.1

Present results

As mentioned in the first objective listed above, a literature survey for
available contact models suitable to be used in MBS codes was conducted. It is concluded by the author that virtual-penetration-based methods are good candidates, since they are non-elliptic contact models
and still fast enough to be used in dynamic simulations. Piotrowski
and Chollet [9] have summarized three different methods based on this
concept, however there is no information available on how accurate they
are and how their computational performances are in comparison to
each other.
The author, therefore, implemented these three methods, namely KikPiotrowski [31], Linder [32] and STRIPES (by Ayasse and Chollet [33]).
In Paper A, these methods are evaluated using the CONTACT code [22]
and compared to each other in terms of contact patch, pressure and traction distribution, and creep forces.
Figure 5.1 illustrates the contact patch and pressure distribution of
these methods compared to CONTACT for the wheelset central position. It is concluded from the pressure distribution estimated by various
virtual- penetration-based methods that there are significant discrepancies compared to CONTACT results. The implementation of an alternative strategy suggested by Ayasse and Chollet [33] reveals that in spite
of less accurate contact patch estimation, this strategy significantly improves the predicted pressure distribution. This improvement seems not
to be noticed by the authors.
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Figure 5.1: Comparison of (a) contact patch and (b) maximum pressure estimated by various contact models for the wheelset central position (∆y = 0 mm).

Moreover, other contact cases generated by the lateral movement of
the wheelset are considered. The results suggest that despite the reasonably accurate contact patch estimation in the wheelset central position
case, there is considerable mismatch in certain other cases. Figure 5.2
shows two of these contact cases were the wheelset is displaced 1 mm
and 2 mm towards the field side.
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Figure 5.2: Comparison of contact patch estimation by CONTACT (black circles),
STRIPES–common strategy (red line), and STRIPES–alternative strategy (blue chain line)

The comparison of tangential contact results confirms that the variation of spin, taken into account by STRIPES, has significant effects
on the creep force and slip-stick separation in contact cases where the
patch is spread along the lateral axis. Figure 5.3 illustrates the tangential
traction distribution calculated using STRIPES and CONTACT. As can
be seen, the tractions estimated by STRIPES are lower at the right end of
the patch and increase to a higher value at the left end due to the increase
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Figure 5.3: Tangential traction estimated by (a) CONTACT and (b) STRIPES for a pure spin
case for the wheelset central position (∆y = 0 mm). Slip areas are encircled by red lines.

of the spin value from right to left. This results in higher longitudinal
creep forces calculated by STRIPES compared to the one from other models. The performance of these models in vehicle dynamic simulations
are later compared by Burgelman et. al [47].
In accordance to the conclusions drawn from Paper A, the author focused on the possible strategies to improve the contact patch and pressure estimation of the fast non-elliptic models. This resulted in a new
idea on how to treat normal contact problems. The idea is to approximate the elastic surface deformation, uz , using the separation, z(x, y), in
contact Equation (2.2). Based on this idea, a method named approximate elastic deformation (AED) is proposed in Paper B. The method is
implemented in an algorithm named ANALYN. It is shown in Paper B,
through theoretical contact case studies, that the new method is capable
of improving the contact patch estimation. The comparison between
ANALYN, STRIPES, and CONTACT for two wheel-rail contact cases is
illustrated in Figure 5.4. The results confirm considerable improvements
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Figure 5.4: Comparison of contact patch estimation by CONTACT, STRIPES and ANALYN
for two wheelset lateral positions.

48

5.2. FUTURE RESEARCH DIRECTIONS
1000

1500
CONTACT

CONTACT
ANALYN
STRIPES

ANALYN

Pressure [MPa]

Pressure [MPa]

800

STRIPES

600

400

1000

500

200

0
-15

-10

-5
0
Lateral y-coord. [mm]

5

10

0
-5

(a) ∆y=0 mm

0

5
Lateral y-coord. [mm]

10

15

(b) ∆y=2 mm

Figure 5.5: Comparison of maximum pressure distribution estimated by CONTACT,
STRIPES and ANALYN for two wheelset lateral positions.

in patch estimation achieved by the new method.
In addition to better estimation of the contact patch, the new method
is considerably closer to the CONTACT results in terms of pressure distribution. This is shown for two contact cases in Figure 5.5.
The ANALYN algorithm is also compared to CONTACT in terms of
computational cost. The results presented in Paper B shows that ANALYN is about 200 times faster than CONTACT. This computational efficiency of the algorithm enables it to be coupled with a more accurate
tangential module to form a rolling contact model for application to dynamic rail vehicle simulation.

5.2

Future research directions

Based on the objectives of the present PhD project and the experience
gained through the licentiate thesis work, two possible future research
directions are suggested.
Tangential contact module. The FASTSIM algorithm generally used
in fast contact models is based on the simplified theory and yields approximate solution. The accuracy of this approximate solution should
be clearly assessed in order to justify its application. Kalker himself has
published several results on the accuracy of the theory and claims that
in terms of creep force the error is about 20%. Even if this percentage
of error is considered to be acceptable, this is still restricted to elliptical contact patches and it is on force level. To the best of the author’s
knowledge, there is no systematic study that comments on the accuracy
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of the FASTSIM algorithm in non-elliptic contacts. Moreover, in wear
prediction for example, the traction distribution and sliding distance is
of importance. Thus, although the FASTSIM error on force level may
be considered acceptable, it does not necessarily imply that it is acceptable on traction level as well. This fact necessitates the evaluation of the
simplified theory applied to non-elliptic contacts in traction distribution
level.
The main reason for introducing FASTSIM in the 1980s was to solve
the tangential part of the contact problem in a fast manner. Because the
computer power has been substantially improved since then, it may be
possible to propose a comparably fast algorithm based on more accurate
theories than the simplified theory.
Conformal contact. As mentioned in the previous chapter, conformal
wheel-rail contact may occur in worn profile combinations. All the available contact models used in rail vehicle simulation are limited to halfspace assumption and therefore not valid to be used in conformal contact
cases. Even the CONTACT code, which is used for validation of fast
contact models, is based on the half-space assumption. It is only FEM
analysis which is not bound to this limitation. However, there are other
numerical issues with respect to contact inequalities enforcement in FEM.
To be able to treat conformal contacts, the first step is to develop an
accurate method, not limited to half-space, in order to use as reference.
One suggestion may be to calculate the influence function, Aij , in the
integral Equation (2.14) for a so-called quasi-quarter space using FEM
analysis and implement them in the same integral equation. This integral equation may then be solved by applying a matrix inversion or
variational method.
Having accurate results for the conformal contact, a simplified method may be developed based on that. This simplified method may then
be used for fast solution of the wheel-rail contact in dynamic simulations.
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