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HARNACK ESTIMATES FOR DEGENERATE PARABOLIC
EQUATIONS MODELED ON THE SUBELLIPTIC p—LAPLACIAN

B. AVELIN, L. CAPOGNA, G. CITTI AND K. NYSTROM

ABSTRACT. We establish a Harnack inequality for a class of quasi-linear PDE
modeled on the prototype

m
Opu == X7 (|XuP "2 X;u)

i=1
where p > 2, X = (X1,...,Xm) is a system of Lipschitz vector fields defined
on a smooth manifold M endowed with a Borel measure u, and X denotes
the adjoint of X; with respect to pu. Our estimates are derived assuming that
(i) the control distance d generated by X induces the same topology on M; (ii)
a doubling condition for the p-measure of d—metric balls and (iii) the validity
of a Poincaré inequality involving X and p. Our results extend the recent work
n [15], [35], to a more general setting including the model cases of (1) metrics
generated by Hormander vector fields and Lebesgue measure; (2) Riemannian
manifolds with non-negative Ricci curvature and Riemannian volume forms;
and (3) metrics generated by non-smooth Baouendi-Grushin type vector fields
and Lebesgue measure. In all cases the Harnack inequality continues to hold
when the Lebesgue measure is substituted by any smooth volume form or by
measures with densities corresponding to Muckenhoupt type weights.

2000 Mathematics Subject Classification.

Keywords and phrases: doubling measure, Poincaré inequality, quasi-linear
partial differential equation, Harnack inequality, p-parabolic, subelliptic.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

In their seminal works, Saloff-Coste [41] and Grigor’yan [26] established the equiva-
lence between Harnack inequalities for weak solutions to a class of subelliptic linear
partial differential equations, with smooth coefficients, and two key metric-measure
properties of the ambient space. The first property is the doubling inequality for
the measure of balls, balls defined using a control metric naturally associated to
the operator, and the second property is the validity of a Poincaré inequality in-
volving a notion of gradient naturally associated to the operator. This point of
view, independently developed in the work of Biroli and Mosco [4] and Sturm [43],
has been further studied by several authors, and has led to Harnack inequalities
for more general classes of nonlinear parabolic PDE, see for instance [32], [33], [37],
[38] and [6]. The ideas in [41] and [26], are based on Moser’s approach [39]. Al-
though Moser’s approach have been successfully used to prove Harnack’s inequality
for stationary solutions of equations of p—Laplace type, the extension of Moser’s
approach to the degenerate parabolic setting is not straightforward. Even in the Eu-
clidean setting, the parabolic Harnack inequality for degenerate PDEs of p—Laplace
type, with bounded and measurable coefficients, was only recently established by
DiBenedetto, Gianazza and Vespri in [15] and by Kuusi in [35].

In this paper we add to this line of investigation by extending the recent works,
[15] and [35], by establishing an intrinsic Harnack inequality for a class of quasi-
linear differential equations tailored to the parabolic p-Laplacian in a general Carnot-
Carathéodory setting. A prototype for the type of situations we consider in this
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2 B. AVELIN, L. CAPOGNA, G. CITTI AND K. NYSTROM

paper is given by weak solutions to the degenerate parabolic quasi-linear PDE

(1.1) Opu(z,t) = — Z ﬁXﬁ* <w(a:)|Xu(:c,t)|pQai’j(x,t)Xju(:c,t))

Here p > 2, X = (X1,..., X;n), with X; = Z?zl cij(w)0z;, is a system of smooth
vector fields in R", satisfying Hormander’s finite rank hypothesis [29], X = — X, +
Z?:l Oz, cij(w) is the formal adjoint of X; (with respect to Lebsgue measure dL),
and w(z)dL is an admissible Borel measure (see Definition 1 below). The m x m
matrix of (Lebesgue) measurable functions a%(z,t) satisfies the usual coercivity
hypothesis: there exists \,A > 0 such that A|£|* > a"(z,t)&E; > NE? for all
& e R™ and for a.e. (x,t).

Although our results are new even in the setting of the example (1.1) in the met-
ric mesure spaces (R", d, w(z)dL) with metrics d associated to smooth Hérmander
vector fields, they actually encompass a broader setting. The motivation for pur-
suing this larger degree of generality is two-fold:

ij=1

(1) We wish to identify to what extent, for a given measure metric space,
the doubling and Poincaré inequalities are sufficient to guarantee parabolic
Harnack type inequalities for solutions of problems involving operators of
p—Laplace type (for instance for elements of De Giorgi classes or for solu-
tions of gradient flows of the p—energy).

(2) Provide results that hold for non-smooth systems of vector fields generating
control metrics which arise from applications, such as the Baouendi-Grushin
system [2], [27], or the vector fields appearing in the study of the Levi
equation [10].

We refer the reader to the exciting emerging literature on parabolic quasi-
minimizers and parabolic De Giorgi classes in metric measure spaces, see [32], [38],
[33], [37], for an alternative (and broader) point of view on the study of evolutionary
problems in metric measure spaces equipped with a doubling measure, supporting
a Poincaré inequality.

1.1. The ambient space geometry. We consider a smooth real manifold M
endowed with a control distance d(-,-) : M x M — RT defined as the Carnot-
Carathéodory control distance generated by a system of bounded, Lipschitz (when
expressed in local coordinates) vector fields X = (X,...,X,,) on M, see [40], [3]
and [23]. Following [3] and [24] our first standing hypothesis is that

(1.2) the inclusion 7 : (R",]-]) — (R",d) is continuous.

This hypothesis guarantees that the topology generated on M by the metric d
coincides with the standard topology obtained as pull-back from the local charts
of the standard topology in R™. We also request that X consists of u-measurable
vector fields on M where p is a locally finite Borel measure on M which is absolutely
continuous with respect the Lebesgue measure when represented in local charts. We
let, for z € M and r > 0, B(z,r) = {y € M : d(x,y) < r} denote the corresponding
open metric balls and we let |B(z, )| denote the p measure of B(z,r). In general,
given a function v and a ball B = B(xz,r) we will let up denote the p-average of u
on the ball B = B(z,r). In view of (1.2) the closed metric ball B is a compact set.

We denote by sup and inf the essential supremum and the essential infimum
defined with respect to p. Given a function u on M we let suppu denote the
support of u. If p > 2, and u € L} (M, pn) then the support is defined in terms
of the support of a distribution. Given  C M, open, and 1 < p < oo, we let
WyP(Q) = {u € LP(p) : Xju € LP(Qp),i = 1,...,m} denote the horizontal
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Sobolev space, and we let W)li,o C W;(’p be the closure! of the space of W)I(’p
functions with compact (distributional) support in the norm [lul]} , = [[ul,+ [ Xul|,
with respect to p. In the following we will omit p in the notation for Lebesgue and
Sobolev spaces. Note that for B(x,r) C M, the space

{¢p-w| ¢ € Co(B(x,r)) N Wx>®(B(z,r)), and w € Wy (B(x,7))},
where Cy(B(z,r)) is the set of continuous functions with support contained in
B(z,r), is a subset of W)lc’%(B(x,r)). Given t; < tg, and 1 < p < oo, we let
Q1 = Q X (t1,t2) and we let LP(tq, to; W)l(’p(Q)), t1 < to, denote the parabolic
Sobolev space of real-valued functions defined on €, +, such that for almost every
t, t1 <t < tg, the function z — u(x,t) belongs to Wy?(€2) and

to 1/])
||u||Lp(t1)t2;W;(,p(Q)) = (/t /Q(|u(ac7t)|l’ + |Xu(x,t)|p)dudt> < 00.

The spaces LP (1, to; W;%(Q)) is defined analogously. We let WP (¢, ta; LP(Q))
consist of real-valued functions n € LP(t1,t2; LP(2)) such that the weak derivative
Oin(z,t) exists and belongs to LP(t1,t2; LP(Q2)). Consider the set of functions ¢,
¢ € WHP(ty,t2; LP(Q)), such that the functions

‘- /Q ()P du(z) and £ — /Q Orb(, 1) Pdp(a),

have compact support in (t1,ts). We let Wy P (t1,to; LP(2)) denote the closure of
this space under the norm in WP (ty, ty; LP()).

Our second set of hypothesis is that we assume that (M, u, d) defines a so called
p-admissible structure in the sense of [28, Theorem 13.1].

Definition 1. Assume hypothesis (1.2) holds. Given 1 < p < oo, the triple
(M, p,d) is said to define a p-admissible structure if for every compact subset
K of M there exist constants Cp = Cp(X,K),Cp = Cp(X,K) > 0, and R =
R(X, K) > 0, such that the following hold.

(1) Doubling property:
(D) |B(x,2r)| < Cp|B(z,r)| whenever z € K and 0 < r < R.

(2) Weak (1, p)-Poincaré inequality:

1/p
(P) ][ |lu —upldp < Cpr <][ |Xupd,u> )
B(z,r) B(z,2r)

whenever = € K, 0 < r < R, u € Wy"(B(z,2r)).

1.2. Quasilinear degenerate parabolic PDE. From now on (M, u,d) will de-
note a p-admissible structure, for some p € [2,00), in the sense of Definition 1. Given
a domain (i.e., an open, connected set) @ C M, and T > 0 we set Qpr = Q x (0, 7).
We will say that A is an admissible symbol (in 7) if the following holds:

(i) (z,t) — A(z,t,u, F) is measurable for every (u, F) € R x R™,

(i) (u, F) — A(z,t,u, F') is continuous for almost every (z,t) € Qr,

(iii) the bounds
(1.3) Az, t,u, F) - F > A|FIP, |A(z,t,u, F)| < A |F[P~,

hold for every (u, F') € R x R™ and almost every (z,t) € Q.
IFor a detailed study on the validity of “H = W” in general metric measure spaces, and in

particular on the relation between the definitions used in this paper and the more commonly used

definition based on the closure of the class of smooth functions with compact support see [22],
[31], [24], [20], [21] and [42].
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Ao and A; are called the structural constants of A. If A and A are both admissible
symbols, with the same structural constants Ay and Ay, then we say that the
symbols are structurally similar.

Let E be a domain in M x R. We say that the function u : E — R is a weak
solution to

(1.4) Opu(w,t) = Layu=—> X;Ai(z,t,u,Xu),

i=1
in F, where X/ is the formal adjoint w.r.t. du, if whenever €, ;, € E for some
domain Q C M, u € LP(t,to; Wy (Q)) and

to to
(1.5) 7/ / u@dudt +/ / Az, t,u, Xu) - Xn dudt = 0,
t1 Q at t1 Q

for every test function
n € Wy (t1,t2; L2(Q)) N LP (1, ta; Wik (Q)).

A function wu is a weak super-solution (sub-solution) to (1.4) in E if whenever
Q4 1, € E for some domain  C M, we have u € LP(t1,t2; WHP(Q)), and the left
hand side of (1.5) is non-negative (non-positive) for all non-negative test functions
W2 (t1,t2: L2(Q)) N LP (1, t2; WytB ().

1.3. Statement of main result. The main result of the paper is the following
Harnack inequality for weak solutions to (1.4).

Theorem 1.1. Let (M, u,d) be a p-admissible structure for some fized p € [2,00).
For a bounded open subset Q C M, let u be a non-negative, weak solution to (1.4)
in an open set containing the cylinder  x [0,Ty] and assume that the structure
conditions (1.3) are satisfied.

There exist constants Cy,Cy,C3 > 1, depending only on X,Cp,Cp, Ag, A1, p,
such that for almost all (xo,to) € 2 x [0,To], the following holds: If u(zo,to) > 0,
and if 0 < r < R(X,Q) (from Definition 1) is sufficiently small so that

B(xo, 8’/“) cQ and (to — Clu(xo,to)g_pr, to + Clu(.ro,to)Q_pr) C (0,110)7

then
u(.To, f,o) S 02 lgf u,

where
1
Q= B(ZL‘(), ’I“) X <t0 + 503“(330, t0)2_p’f‘p, to + Cgu(.’ll‘o, t0)2_p’l“p) .
Furthermore, the constants Cy,Ca, C3 can be chosen independently of p as p — 2.

Remark 1.1. The dependency of the constants in Theorem 1.1 on the vector field
X comes from the fact that the gradient bound on the cut-off functions estab-
lished by Garofalo and Nhieu in [24, Theorem 1.5] (see Lemma 2.1) depends on the
Lipschitz constant of the vector fields.

Corollary 1.1. Let (M, pu,d) be a p-admissible structure for some p > 2. Every
weak solution of (1.4) can be modified in a set of measure zero so that it is locally
Holder continuous with respect to the control distance.

Remark 1.2. Note that in our set-up we have assumed that p is absolutely con-
tinuous with respect to the Lebesgue measure when represented in local charts.
In our arguments this hypothesis is necessary for the construction of suitable test
functions. However, Theorem 1.1 remains true if this hypothesis is replaced by the
assumption that the metric is differentiable in the direction of the vector fields,
almost everywhere with respect to u, and that the differential is p—essentially
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bounded. In the latter case, although the formal adjoints X}, and hence (1.4), are
not well defined, still, the notion of a weak solutions in (1.5) is well-defined and the
theory applies.

To put Theorem 1.1 into perspective, and frame it within the context of the
current literature, we note that Theorem 1.1 contains, in terms of the structure
conditions (1.3), the following examples and results as special cases.

Example 1. In the case M = R", du equals the n-dimensional Lebesgue measure,
X =(X1,.--sXm) = (0zy,---,05,), p = 2, the result was established in the classical
papers by Moser [39], and by Aronson and Serrin [1]. The weighted version (with
Muckenhoupt weights) was investigated by Chiarenza and Serapioni [9]. In the
case 2 < p < o0, the corresponding Harnack inequality was proved by DiBenedetto,
Gianazza and Vespri in [15], see also [16], and by Kuusi using a different approach
in [35].

Example 2. In the case (M, u,d) is a 2-admissible structure in the sense of Def-
inition 1 and A satisfies the structure conditions (1.3) with p = 2, the Harnack
inequality was recently established by Rea and two of us in [6]. In the broader
context of parabolic De Giorgi classes (again p = 2) the Harnack inequality was
proved by Kinnunen, Marola, Miranda and Paronetto [33], in a more general metric
measure space setting.

In addition, Theorem 1.1 also covers many new situations some of which we next
exemplify.

Example 3. If M is a smooth manifold, du a smooth volume form, and X
is a system of smooth vector fields satisfying Hormander’s finite rank condition
rank(Lie{X})(x) = n at every point z € M (see [29]), then the Poincaré inequal-
ity is due to Jerison [30] and the doubling condition was established by Nagel,
Stein and Wainger in [40]. The PDE (1.4) is sub-elliptic and our results provide a
(degenerate) parabolic analogue of the Harnack inequality established by Danielli,
Garofalo and one of us in [7]. Theorem 1.1 also covers the case in which du can be
expressed in local coordinates through a multiple of a smooth volume form times a
Muckenhoupt A, weight with respect to the Carnot-Carathéodory metric generated
by X. In this weighted setting the stationary Harnack for linear divergence form
subelliptic equations inequality was first proved by Franchi, Lu and Wheeden [19].
See also [20], [21], and references therein.

Example 4. Our setting is also sufficiently broad to include non-smooth vector
fields such as the Baouendi-Grushin frames, e.g., consider, for v > 1 and (z,y) € R2,
the vector fields X; = 0, and Xy = |2[70,. Unless 7 is a positive even integer
these vector fields fail to satisfy Hormander’s finite rank hypothesis. However, the
doubling inequality as well as the Poincaré inequality hold and have been used in
the work of Franchi and Lanconelli [18] to establish Harnack inequalities for linear
equations.

Example 5. Consider a smooth manifold M endowed with a complete Riemann-
ian metric g. Let p denote the Riemann volume measure, and by X denote a
g—orthonormal frame. If the Ricci curvature is bounded from below (Ricci > —Kg)
then our result yields Harnack inequalities for non-negative weak solutions to (1.4)
in every compact subset of (M, g). In fact, in this setting the Poincaré inequality
follows from Buser’s inequality while the doubling condition is a consequence of
the Bishop-Gromov comparison principle. If K = 0, i.e. the Ricci tensor is non-
negative, then these assumptions holds globally and so does the Harnack inequality.
For more details, see [8], [36] and [28].
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1.4. The proof of Theorem 1.1 and further results. The main technical steps
in the proof of Theorem 1.1 are the following weak Harnack inequalities.

Theorem 1.2. Let (M, u,d) be a p-admissible structure for some given p > 2. For
a bounded open subset  C M, and 0 < tg < Ty, consider a non-negative, weak
super-solution u of (1.4) in an open set containing the cylinder B(xq,87) X [to, to +
To), with B(xo,8r) C Q and 0 < r < R(X,Q) (from Definition 1).

If the structure conditions (1.3) are satisfied then there exist constants Cq,Cy >
1, depending only on X,Cp,Cp, Ay, A1,p, such that if, for a.e. t1 € (to,to + Tp),

we set
2—p
T =min{ Ty + to — t1, Cir? ][ u(m,tl)du s
B(zo,r)
and
Q = B(x0,47”) X (tl + T/Q,tl +T),
then

1

][ (z,t1)dp < ST R
u(x, <[ =—— inf u.
B(xo.1) ' To+to—ta e

Furthermore, the constants Cy,Cs can be chosen independently of p as p — 2.

Theorem 1.3. Let (M, u,d) be a p-admissible structure for some given p > 2. For
a bounded open subset 0 C M, and 0 < tg < Ty consider a non-negative, weak sub-
solution u of (1.4) in an open set containing the cylinder B(xo,8r) x [to — Ty, tol,
with B(zg,87) C Q and 0 <1 < R(X,Q) (from Definition 1).

If the structure conditions (1.3) are satisfied then there exists a constant C > 1,
depending only on X,Cp,Cp, Ay, A1, p, such that

1 p=1
vy p—2 T
supu < C <T) +0=° sup ][ udp )
0 To TP\ to—To<t<to J B(zo,r)

where Q = B(xo,r/2) X (to —To/2,to). Furthermore, the constant C' can be chosen
independently of p as p — 2.

Our proofs of Theorem 1.2 and Theorem 1.3 are loosely based on the strategy
developed in [35], but also rely on the extension of certain arguments introduced in
[13] and [16]. Among our contributions, we single out exactly which assumptions
are needed on the underlying geometry for the the results to hold. In particular,
we modify the existing Euclidean arguments so they can be used in our broader
setting, where rescalings in the space variables are not allowed and where there is
no underlying group structure. Since, for p > 2, time and space scaling are related,
this rigidity introduces a further layer of technical difficulties.

The key steps in this proof are as follows.

Expansion of positivity. The important result here is Lemma 3.3. Indeed, to
formulate an enlightening consequence of this lemma, let Q@ = B(zo, 4r9) X (to,to +
To), B(xg,419) € 2, 0 < 4rg < R, and let u be a non-negative weak super-solution
to (1.4) in an open set containing (). Suppose that ty is a Lebesgue instant (see
Definition 2) for v and

(1.6) |{x€B(x0,r) cu(x, to) >M}| > 6|B(zo, )|

for some 0 < r < rg, M > 0 and 0 < § < 1. Then the conclusion is that there
exists a positive constant C', independent of u, r, xg, M, tg, Ty, but depending on
0 and other structural parameters, so that

(1.7) oot )u(x,to + CM?7PrP) > M.
To,T
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In particular, by expansion of positivity we mean that if u(z, ¢) is large, on a sub-
stantial part of the ball B(xg,r), then we can use this to derive a pointwise bound
from below at the future instance defined by to 4+ CM?~PrP. The proof of the esti-
mate first uses a Caccioppoli inequality, together with the annular decay property
stated in Lemma 2.1, to conclude, (see Lemma 3.4 for the general statement), that

(1.8) {z € B(zo,r) : u(z,t) > 0M/8}| > g|B(xo,r)|,

for all Lebesgue instants ¢ for u satisfying ty < t < M?~P§P/%+1yP /C where § occurs
in the statement of the annular decay property. Using (1.8), and a special change of
variables t — A(t) = 7, which exactly cancels the decay of the super-solution, but
preserves the property of the function being a non-negative weak super-solution,
one is able to conclude, this is Lemma 3.6, that the new super-solution v satisfies

(1.9) {z € B(xo,r) : v(z,7) > 1} > v|B(xo, 37)|,

for almost every 7* = A(tg) < t < A(T). Using (1.9) one can then, again via
Caccioppoli inequalities, prove that for a Lebesgue instant in the future, the set
where the super-solution is small can be made arbitrarily small in measure. This
is then used to start a De Giorgi type iteration to conclude that the set where the
function is small is zero in measure and hence, subsequently, obtaining (1.7).

Hot and Cold alternatives. Based on the result concerning the expansion of
positivity the proof of Theorem 1.2 reduces, after some additional preliminary steps,
to the consideration of two alternatives, Hot and Cold. Roughly speaking, in the
first alternative, Hot, there is a time slice such that the solution is large in the sense
that there exists a Lebesgue instant ¢ for u satisfying 0 < ¢t < CrP, such that

(1.10) H{z € B(xo,r) : u(z,t}) > 8k:1+"}| > 8k~7|B(zg, )|,

holds for some k > 8'/9, see Lemma 4.1. In the second alternative, Cold, we have
that

(1.11) Hz € B(xg,r) : u(x,t) > 8k 7} < 8k77|B(x0, )|,

holds for every k > 8'/7 and for almost all ¢, 0 < t < CrP, see Lemma 4.2. In
either situation the goal is to be able to start the expansion of positivity, in order
to establish the existence of an instant ¢y at which the super-solution satisfies (1.6).
We next briefly discusses the underlying arguments used in the alternatives, Hot
and Cold.

(1) Hot: We use a clustering lemma, see Lemma 2.7, to first to obtain, using
(1.10), a small ball in the time-slice ¢, in which u satisfies (1.6) with
M = 4k and 6 = 1/2. Our proof here is different to the proof developed
in [35] which is based on a covering type lemma together with a delicate
analysis. The usage of Lemma 2.7, as an alternative to a covering type
lemma, was first mentioned in [16].

(2) Cold: As it turns out, (1.11) implies that the Sobolev norm of a super-
solution is small and that its average in space does not change to much
in time. Thus the function has large average for each time-slice in some
parabolic cylinder. Together with the small Sobolev norm one is then able
to obtain that there is a time-slice inside this parabolic cylinder which
satisfies (1.6).

2. BASIC ESTIMATES

Throughout this section we will assume that (M, u,d) is a p-admissible structure
for some p > 1, in the sense of Definition 1. We will also assume that €2 is a bounded
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open set in M and set K = Q. The constants Cp, Cp, and R in Definition 1 will all
depend on K. Unless otherwise stated we let C' > 1 denote a constant depending
only on Cp, Cp, p, not necessarily the same at each occurrence.

Lemma 2.1. If x € K and 0 < s <r < R, then the following holds.

(1) There exists a constant N = N(Cp) > 0, called homogeneous dimension of
K with respect to (X,d, p), such that |B(z,r)| < Cpt=N|B(z,17)|, for all
0<7< 1.

(2) There exists a continuous function ¢ € Co(B(z,r)) N W;(’OO(B(J),T)) and
a constant C = C(X,K) > 0, such that ¢ = 1 in B(z,s) and |X¢| <
C/(r—s),0<¢<1.

(8) Metric balls have the so called S—annular decay property, i.e., there exists
6 =46(Cp) € (0,1], such that

|B(w,)\ B(z,(1 - &)r)| < Ce|B(x,r)],
whenever 0 < e < 1.

Proof. Statement (1) follows from (D) by a standard iteration argument. Statement
(2) is proved in [24, Theorem 1.5]. Statement (3) follows from [5, Corollary 2.2],

since we have a Carnot-Carathéodory space. Furthermore, § depends only on Cp.
O

Remark 2.1. From now on, and in the subsequent lemmas, N will play the role
of the underlying dimension.

2.1. Parabolic Sobolev estimates. We begin by stating a result which is plays
a fundamental role in the development of analysis on metric spaces. Note, in view
of [28, Corollary 9.5, that the metric balls B(zg,r) are John domains. Hence, in
view of properties (D) and (P), and [28, Theorem 9.7] one obtains the following
Sobolev-Poincaré inequality,

Lemma 2.2. Let B(zg,7) CQ, 0 <7r < R, 1 <p < oo. There exists a constant
C = C(Cp,Cp,p) > 1 such that for every u € Wy (B(xo,7)),

1/k
][ lu —up|*Pdu < Crp][ | XulPdu,
B(zo,r) B(zo,r)

where up denotes the u average of u over B(xg,r), and where 1 < k < N/(N — p),
if1<p<N,and1 <k <oo, if p>N. Moreover,

1/k
][ |u|"Pdp < C’rp][ | Xu|Pdy,
B(zo,r) B(zo,r)

whenever u € W;’%(B(xoﬂ”))-

We will also need the following corollaries and reformulations of the Sobolev
estimates.

Lemma 2.3. Let B(zp,7) C 2, 0 < r < R, 1 < p < oo. Consider u €
W;(’p(B(xo,r)), let A= {x € B(xo,r) : u =0}, and assume that |A| > 0. There
exists a constant C = C(Cp,Cp,p) > 1 such that

T o (BT v
£ i) <or (BRI (£ 0 xapa
B(zo,r) |A‘ B(zo,r)

whenever 1 <k < N/(N —p), if L<p< N, and1 <k <oo,ifp>N.
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Proof. We let up be the u-average of u over the ball B = B(xg,7). Then by the
definition of the set A and k as in the statement of the lemma we first note that

1
(21) unll Al < ( [ u=univan)
A

Using (2.1) and the triangle inequality we see that

L . 1
][ || P dy <2 (l (wo, 7 )l) ][ lu — up|*™du )
B(zq,r) |A| B(zo,r)

The lemma now follows from Hoélder’s inequality and Lemma 2.2. ]

Lemma 2.4. Let B(zg,r) CQ,0<r< R, 1<p<oo. Let 1 <k < o0 and define
= N/(N—=p), if 1 <p < N, and &* =2 if p > N. There exists a constant
C C( C’D,Cp, p) > 1 such that

12
/ f |u|*Pdpdt < Crp/ ][ | Xu|Pdpdt
(zo,r) t1 B(zo,r)
m.;l
s f G
t1<t<tz2 J B(zq,r)

for every u € LP(tq,ta; W;(’%(B(xoﬂ")))-

Proof. Using Holder’s inequality and Lemma 2.2 we have

/ ][ |u|"Pdpdt </ ][ ulP|u| VP dpdt
t1 J B(zo,r) t1 (zo,r)
to w¥ h";
S/ f |u|™ Pdpdt sup ][ = dp
t1 B(xo,r) t1<t<tz2 J B(zq,r)
t2 l)m anl
< CrP / ][ | Xu|Pdudt sup ][ |u\p 1T du
t1 B(zo,r) t1<t<tz2 J B(xo,r)

Remark 2.2. Note that if 1 < p < N, then (2k* —1)/k* = (N +p)/N, and if
p > N, then (2k* —1)/k* = 3/2.

*

O

Lemma 2.5. Let xg,r,p, " be as in Lemma 2.4. Let u € LP(tq,to; W)l(’f)(B(mo,r)))
and let {Ju| > 0} = {(x,t) € B(xo,7) X (t1,t2) : |u(z,t)| > 0}. There exists a
constant C = C(Cp,Cp,p) > 1 such that

r*—1
[f b = o0 E
B(zo,r) |B((£0, )|

ta
X / ][ | Xu|Pdudt + sup][ |ulPdu | .
t1 J B(zo,r) t1<t<tz J B(zq,r)

Proof. Firstly, using Holder’s inequality we see that

/tzf |u|Pdudt < C<|{|u|>0}|>2ﬁ*1
ty B(xo,r) - |B(JZO7 )l

(2.2) (/ J[IOT)W dudt>% o
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Secondly, using Lemma 2.4 we have that

t2 2k*—1
/ ][ |u|P~ " dudt
tl B(Io,’l‘)

t2 o
(2.3) < Cr? / f [Xu|Pdudt | sup ][ |ulPdu
t1 B(xo,r) t1<t<tz J B(zq,r)

Finally, using (2.2), (2.3) and Young’s inequality we can conclude that

to ok 2;”*7*—1
(L, )
t1 B(zo,r)

* to
< CrPee==1 / ][ |XuPdudt + sup ][ |ulPdu |,
t1 B(xo,r) t1<t<tz J B(zo,r)

and hence the proof is complete. O

*

2.2. Parabolic De Giorgi Estimate.

Lemma 2.6. Let B(xg,7) CQ,0<r <R, 1<p<oo. Let k and 1 be any pair of
real numbers such that k < 1. There exists a constant C = C(Cp,Cp,p) > 1 such
that

(1 — k)|B(zo,7) N {u > 1}
2 1
Cr|B(xg, )| »
> ‘ ( 0 )‘ 1 (][ X{k<u<l}|X’u’|pd/’L> ;
|B(xg,r) N {u < k}|*=» B(zo,7)

whenever u € Wy? (B(zo,7)), and where 1 < k < N/(N —p), if 1 < p < N, and
1<kK<oo,ifp>N.

Proof. The lemma can be proved by arguing as in [33, Lemma 2.3] using Lemma
2.2. O

2.3. Local Clustering in W;(p . The lemma below is a metric space version of the
so called “Clustering Lemma” from the work of DiBenedetto, Gianazza and Vespri
[14] (see also the earlier instance by DiBenedetto and Vespri [17, Proposition A.1]).
It states that if a WP function is strictly positive in a large portion of the domain
then the set where the function is positive clusters around one point. Our proof
is a slight variant of the proof in [33, Lemma 2.5]. In our version we have explicit
estimates on the constants involved, something which will be used in the proof of
the hot alternative (Lemma 4.1).

Lemma 2.7. Let B(zp,7) C 2, 0 < r < R, 1 < p < oo. Consider u €
WP (B(xo,7)) and assume that

1/p
(2.4) <][ |Xu|pdu> <Ar~Y and |[u>1]N0 B(zo,r)| > a|B(zo,7)],
B(zo,r)

for some 4 >0 and a € (0,1). There exists a constant C = C(Cp,Cp,p) > 1 such
that for every §,\ € (0,1), there exist é = é(Cp,Cp,p,a, 8,5, A) € (0,1), such that
for any 0 < e < & there exists y € B(xo,r) satisfying

Hu > AN B(y,er)} > (1—0)|B(y,er)|-

r*+1
1 (1= 5
¢ = — min (50[?()’ al/5> ,

In particular,

gl
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with £* as in Lemma 2.4 and 6 as in Lemma 2.1(3).
Proof. Let €y > 0 be sufficiently small so that Lemma 2.1 yields
|B(xo,7) \ B(xo, (1 — €0)r)| < /4 B(zo,7)|.

For every 0 < € < ¢ consider a Vitali-Wiener type covering of B(zg, (1 — €)r), see
[11] and [12, Theorem 3.2], to find a family of balls { B; = B(w;,r;)}, w; € B(xg,r),
r; &~ d(w;, 0B(xg, 1)), such that

(1) the balls B; C B(zo, (1 — €)r) are pairwise disjoint,
(2) B(LL'()7 (1 - 6)7“) cU;3B; C B= B(xo,T),
and such that Cer > r; > er. Following [14] we consider the sub-collection BT =

{Bj : |[[u>1]N3B;| > ¢|B,|} and denote by B~ the rest of the balls. Here k is a
degree of freedom to be chosen. Since

@
> 3B+ > BBl = > lu>1n3Bl+ > |u>1N3B;| > a/2|B],
Bj€B+ B;eB~ BJ'GB+ B;eB~
then for k sufficiently large depending only on the doubling constant C'p one has
@
(2.5) > 3B > 1Bl
Bj€B+

Next, for every B; € BT, setting

f

one can easily see that from Lemma 2.3 and Hoélder’s inequality there exists a
constant Co = C2(Cp, Cp,p) > 1 such that

1/p
|Xupd,u> =Dy,

J

c S

(2.6 Fa-udn< 25 (£ Xapan) =2,

B; ar*p B, aF P
Moreover
(2.7) (1=XN[{u< A} N B g/ (1 —u),dp.

Bj
Combining (2.6) and (2.7) yields
C
(2.8) {u>\ynBy| > [1-—=22—D;) B
(1 =XNar=>»

Next we show that for at least one B; € Bt and for a constant C5 > 1 depending
only on Cp, one has

40347 _

(2.9) D < rP.

J «

Inequality (2.9), together with (2.8) concludes the proof. To prove (2.9) we note that
by (2.5) and (D) one has 35 ¢ g+ [B;|/|B| > a/(4C3) for some C5 = C3(Cp) > 1.
On the other hand, from (2.4) it follows that

4C5 | B, 4 4
E EMDP < ﬁ ][ |XulPdu | < &rypr—p,
a |B| Y @ B !
BjeB+ (zo,r)

from which (2.9) follows immediately. O
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3. ESTIMATES FOR SUB/SUPER-SOLUTIONS

Throughout the rest of the paper we will assume that (M, u,d) is a p-admissible
structure for some given p > 2, in the sense of Definition 1. We will assume that

2 is a bounded open set in M and set K = 2. The constants Cp,Cp, and R in
Definition 1 will all depend on K. Unless otherwise stated we let C' > 1 denote a
constant depending only on X, Cp,Cp, Ag, A1, p, not necessarily the same at each
occurrence.

3.1. Caccioppoli estimate. Let (,(s) be a standard mollifier with support in
(=h,h). Given f: M xR — R, we define
fulot) = [ Fas)Galt - 5)ds
R

Definition 2. Let @ C M be a domain, u € LP(t1,to; Wx”()), and consider
t1 <t <ts. Then t is called a Lebesgue instant for u if

lim / lup, (z,t) — u(z,t)|*du = 0.
h—0 Jo
The following two lemmas can be proved in a standard fashion by proceeding

along the lines of [35] or [34], hence we omit further details for the sake of brevity.

Lemma 3.1. Let { € R\ {-1,0}, 6 > 0, and assume that A satisfies the structure
conditions (1.3). If u > ¢ is a sub-solution (if & > 0) or a super-solution (if
£ <0)to (1.4) in Q X (11,72), then for any Lebesgue instants t1,ts for u, with
T < t; <ty < To, one has

u(z,t)1+e "

ta
XuPus L ¢Pdpdt + L [ B2 ge (s t)d
[;/Mu dude-+ S [ ML oty
t2 1 agr

< 1+f( ) dudt

%A/ cavo o ), "
(A1p> / /up 1| X g|Pdpdt,
Ao l€]

for all ¢(x,t) = 1(x)C(t) with ¢ € C§(r1,m2) and 1 € Wiy ().

Lemma 3.2. Let £ € R\ {-1,0}, § > 0, and assume that A satisfies the structure
conditions (1.3). If u > 0 is a sub-solution (if £ > 0) or a super-solution (if £ <0)
o (1.4) in Q X (11,72), then one has

" XulPué—toPd dt—i—L / 1+E4p g
AI/'““ O Wy B A

Alp)/ / pre—1

X |Pdypdt
(mm Xy
1 P
1+¢
// ( €1+6 0 )d“dt’

for all ¢ € Wy (11, 72; L(Q)) N L (71, To; Wl S o ().

t=t1

Remark 3.1. Note that in Lemma 3.1 and Lemma 3.2 the constant ¢ is used only
qualitatively. Furthermore, if u is a non-negative super-solution to (1.5) w.r.t. the
symbol A, then (u—k)_ is a bounded sub-solution of an equation w.r.t. to a symbol
A which is structurally similar to A, and if £ > 1 one can apply apply both Lemma
3.1 and Lemma 3.2 with u replaced by (u — k)_ and with 6 = 0. In addition, we
observe that if ¢ € W)lc%o(Q), and we set ¢ = ((t)1, where ¢ € C§°(71,72) and
¢ =11in (t1,ts), then We can use ¥ directly, in place of ¢, in Lemma 3.1.
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3.2. Expansion of positivity for super-solutions. The main technical tool used
in the proof of the Harnack inequality is the following expansion of positivity lemma.

Lemma 3.3. Let A satisfy the structure conditions (1.3). Let Q = B(xg,4ro) X
(to,to + To), B(zg,4r9) € Q, 0 < 4rg < R, let u be a non-negative weak super-
solution to (1.4) in an open set containing Q. Suppose that ty is a Lebesque instant
for u and that

|{x € B(xg,r) : u(z, ty) > M}| > 6|B(xo, )|,

for some 0 <r <rg, M >0 and 0 < 6 < 1. There exist constants v = v(X,Cp,
Cp, Ao, A1,p,0) > 1 and 6§ = (X, Cp,Cp, Ao, A1,p,0) > 1 such that

(4
il’lf u Z M <T> )
QNQ’ To
~ ~ ~ o 2
where Q' = B(wo, 2r0) X (to + T/2,t0 +T) and T =~ (M (L) > ro-

3.3. Auxiliary lemmas.

Lemma 3.4. Assume that A salisfies the structure conditions (1.3) and let k >
0 and 0 < v < 1. Let u be a non-negative weak super-solution to (1.4) in an

open set containing B(xg, 2r) x [0, k27p’yp/‘§+1rp/0], with & as in Lemma 2.1, and
B(xg,2r) € Q with 0 < 2r < R. Ift =0 is a Lebesgue instant for u, and

Hx € B(zo,r) : u(z,0) > k}| > v|B(z0o,7)|,
then
[{z € B(xo,r) : u(w,t) > vk/8}| > %|B(mo,r)|,
holds for all Lebesgue instants t for u satisfying
0 <t < k2 Pyp/o+lp 0
for a constant C = C(X,Cp,Cp, Ay, A1,p) > 1.

Proof. Let Ty = k> PsPT1yP/C) where s and C; are degrees of freedom to be
chosen. Using Lemma 2.1 we find a function ¢ € W)l(%o (B(xg,7)) such that ¢ =1
in B(zg, (1 —e)r), 0 < ¢ <1 and |X¢| < C/(er) with € a degree of freedom to be
chosen. Using, as we may by Remark 3.1, (u—k)_ and ¢ in Lemma 3.1 with £ = 1,
we obtain

/ (u(z,7) — k)2 dp §/ (u(z,0) — k)% du
B(zo,(1—¢€)r)

B(xo,r)

T
+ CQ/ / (u— k)P | XpPdudt
0 B(zo,r)

kPCT,y
<k*(1 —
K1 =B )|+ =y 1B )
C gh+1
. <k? _ il
3.) < (1-7+ &2 ) G

for all Lebesgue instants 7 for u satisfying 0 < 7 < T;. Estimating the left hand
side in (3.1) we see that

(3.2) / (u(z,7)—k)2du > (1—5)2k*|{z € B(zo, (1—€)r) : u(x,7) < ks}|.

B(zo,(1—€)r)
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Using (3.2) and (3.1) we can conclude that

1— gsp+l
(3.3) {z € Blao, (1 — )r) : u(w, 7) < ks}| < mm(;ﬂ,r).

Next, using the d—annular decay property of Lemma 2.1, and (3.3), we see that
{x € B(zg,r) : u(z,7) < ks}| < |[{x € B(zo,(1—e)r):ulz,7) < ks}|
+C€|B(x,7)]

+1 5
1y + &2 4 o

< L€ B .

< = |B(z,r)]

Given v we choose € so that Ceb = v/4, and s so that sP*!/eP = ~v/8PT1. Finally,
we let Cy be determined by C/Cy = 1/4. Using these parameters we can conclude
that

l—y+7/4+7/4
(1= (yer)/w+1)/8)
< 1—7~/2

“1-—~v/4

for all Lebesgue instants 7 for u satisfying 0 < 7 < T7. O

H{z € B(zg,r) : u(z, 1) < ks}|

IN

5| B(wo,7)]

| B(xo,7)],

Lemma 3.5. Assume that A satisfies the structure conditions (1.3) and let 0 < 6 <
1. Let u be a non-negative weak super-solution to (1.4) in an open set containing
B(xg,4r) X [O,T], where B(xg,4r) € Q, and 0 < r < R, and suppose that 0 is a
Lebesgue instant for u. There exist constants C1 = C1(X,Cp,Cp, Ag, A1,p,0) > 1
and Cy = Co(X,Cp,Cp, Aoy, A1,p,0) > 1, such that for all M > 0, satisfying
T >r?/(CLMP~2) and

{x € B(zg,r) : u(z,0) > M}| > §|B(zo,7)|,

there exists a Lebesgue instant t* for u satisfying 0 < t* < r?/(C1MP~2), and a
function

w € Wy (B(x,2r)), 0<w<1,

such that
)
Hx € B(zg,r) : u(z,t*) > (5M/8}‘ > §|B(x0,r)|,
w=1ae in {x € B(zo,r) : u(z, t*) > 5M/8}7
w=0 a.e. in{xec B(zo,2r): u(xz,t*) <5M/16},
and

C.
][ | Xw|Pdp < =2
B(xo,2r) P

Proof. Let K = gM. Since u is a super-solution we see that v = (u — k)_ is a

non-negative sub-solution. Let ¢ € W;(%O (B(zg,2r)) be the function in Lemma 2.1
such that

0<y¢ <1, ¥=1in B(xg,r), and |[X¢|< g
T

Let ¢ € C>(0,T) be such that
0<C¢<1,¢t)=1,asT/2<t<T, ¢(0)=0,
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and ¢; < C’/T By Lemma 3.2 with £ = 1, and Remark 3.1 with test function ¢,
we see that

T

(3.4) / ][ X (0)[Pdudt < COPTr + k2).
T/2 J B(zo,2r)

Furthermore,

n= %(k/2 - U)Jra

is a function such that n = 0 almost everywhere in {u < k/2} and n = 1 almost
everywhere in {u > k}. Moreover from (3.4),

T op T
/ ][ X (¢pm)[Pdpdt > / ][ |X (1pv) [Pdpdt
T/2 J B(zo,2r) T/2 J B(zo,2r)
< O(Tr P +k*P),

IA

Therefore, there exists a time 7'/2 < t* < T such that

1
(3.5) ][ X(yn(x, t*)|Pdp < C (r_p + = ) .
oo (X (¥n(z, )] v
Finally, we choose the function w = n(-,¢*)t, which is in w € W):l(’,%(B(:zc7 2r)) by
(3.5). The largeness of the level-set at time ¢* follows from Lemma 3.4, since we
allow C; to depend on 6. O

Lemma 3.6. Letu,r, T7 M, d,C and t* be as in Lemma 8.5. There exist constants
K = H(X7 CD7 CP7A07A1apa 6) > 17 and v = V(X7 CDa OP7-A0aA17p7 5) € (07 1)7
such that if we set

1 1
A#) = —————log(1 —2)—MP~?t
®) kP~ (p —2)r=p og(l +(p )rp )
and 7 = A(t*), then 0 < 7% < pr—icl and
p—114
(i, t) = mu(x,/\fl(t))v

M

is a weak super-solution, in B(zo,4r) x (0,A(T)), to an equation as in (1.4) but
with a new symbol, A, which is structurally similar to A. Furthermore,

|{z € B(xo,3r) : v(z,t) > 1}| > v|B(wo,3r)|,
for almost every 7% < t < A(T).

Proof. Using Lemma 3.5 we see that Lemma 3.6 follows along the same lines as the
corresponding proof in [35, Lemma 3.4, Lemma 3.5 and Corollary 3.6]. We omit
further details. O

Lemma 3.7. Let u,r, T, M,5,Cy and t* be as in Lemma 3.5, and let v, A, k, T,
be as in Lemma 3.6. If 0 < v* < 1, there exists a constant H = H(X,Cp,Cp, Ao,
Ay,p,v*) € Zy such that whenever

rP

T
Hp_ch

IHH(P=2) < A\(T)/4,

then
[{(z,t) € B(wo,3r) x (T,4T) : v(x,t) < Q*H}| < v*|B(x0,3r) x (T,4T)|.
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Proof. In the following H € Z is a degree of freedom to be chosen. Given H we
let k; =277, for j =0,1,...,H, and
kP _ A(T)
HP*2Cl 4
Let ¢; € W)l(%o (B(xg,4r)), be as in Lemma 2.1 such that ¢; = 1 in B(xg,3r). With

7* as in Lemma 3.6 we let ¢p € C°°(7*,4T) be such that ¢o = 1 for t € (T, 4T)
and such that ¢o(7*) = 0. Then ¢ = ¢1¢2 is a test-function vanishing on the
parabolic boundary of B(zg,4r) x (7*,4T), with 7* as in Lemma 3.6, ¢ = 1 in
B(xo,3r) x (T,4T) and |X¢| < C/r, || < C/T. Note that T > 27*. Using
Remark 3.1 we have that

4T AT a¢p
/ / X (v — ky)_Pdudt < c/ / (w— k)2 () dpdt
m*  J B(wo,3r) r+ J B(zo,4r) ot ),

4T
+C’/ / (v — k)P |Xp|Pdpdt
T* B(zo,4r)
(36) = C(Il+12)
Using the definition of k; and ¢ we get

T = 2rP

CkY L
(3.7) L +1,< T—pj|B(a:0,47‘) x (T,4T)|.
Using (3.6), (3.7), Lemma 2.6, Lemma 3.6 and Holder’s inequality we obtain
H(x,t) € B(zg,3r) x (T,4T) : v(z,t) < kHH

P

P

AT
< 1ot < AT ([T ot
T B(zo,37)

Taking the power p/(p — 1) on both sides, summing over j = 0,..., H — 1, and
using (D), we see that

[{(2,t) € B(zo,3r) x (T,4T) : v(z,t) < kg }| < ﬁ|3(wo,3r) x (T,4T)|.

We now let H be the smallest integer larger than (O/v*)r’pj. This choice of H
completes the proof. O

Lemmg 3.8. Let u,r,T,M, 0,C1 and t* be as in Lemma 3.5. There exist con-
stants C > 1 and p* € (0,1) depending only on X,Cp,Cp, Ay, A1,p,0 such that if
CM?PrP < T, then

infu>Mup*,

nfu > My
where Q = B(xo,2r) x (CM2~PrP /2, CM?PrP),
Proof. By Lemma 3.7 we find for every v* a constant H such that
(3.8) |{(z,t) € B(zo,3r) x (T,4T) : v(z,t) < 277 }| < v*|B(zo,3r) x (T,4T)),

where T' = —22—21+H(P=2)  We define

KP—2C

k=2 1 2), = (2427, Ty = 2(1— 270DP),
for 7 =0,1,2,..., and construct the cylinders
Qj = Bj x I'j = B(zo,ry) x (T;,47).
The sequence k; satisfies

k’j — k‘j+1 =92"H=i=2 4pnd 27H-1 < k}j < 2~ H,
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Let ¢; = ¢;(;, where ¢; € W;(”%O(Bj) is the function from Lemma 2.1 such that

¥; = 1in Bjiq, and ¢ € C’é’O(O,A(T)) which vanishes at Tj, ¢ = 1in T'j4q,
0< (<1, and

. . : —92
2J 2Jp o KPT2C, 2P P
|X¢J| < 077 (¢t)+ < C? < CQkajp o =C T;
Note that
(v — ky)?
(v—kj)2 > k’?‘;
J

Then from Remark 3.1

/|XU— ),|p¢pd,udt+k2 psup/ (v —k;)2 ol du

B

< c/ (- |X¢]|”d,udt+C/ (0 — k)2 ((60)0) 4 dpudt

D
< 02(/ (’U—kj)p_d/idtﬁ-kjpiz/ ('U—kj)Qd/J,dﬁ>.
Qj Q

TP ]
J

. Lt . ) tkP—
We now change variables in time as we let z = W Then

0 |X(w—kj),\p¢§dudz+Cs%1p/ (w— k)’ ¢Pdp
7 i JB;

27 _
(3.9) <C— - (/Z(w — kj)P dudz + kY 2/%(111 - kj)Q_d/J:dZ),
where Q5 = B; x I'; = B; x (2(1 — 2-GHDPYeP 4pP) w(z, 2) = u(z, 2T). Let

A= [ Xtwes

Notice that at the first level we have, see (3.8), that Ay < 9v*r?|B(zg, 3r)|. Using
Lemma 2.5 and (3.9) we see that

r*—1
/ 7[ (w — k;)2fdudt < OrPes=T (AJ) o LEl
s Jp, |Bjl |Bj|

r*—1
w* A 2e¥ -1 ]
CrPze =1 p(] ) 7E2

IN

|Bjl |Bj|
e A\
(3.10) < PP (J) .

|Bjl
where
E, = (/ |X(w—k‘j),|”¢§d,udz+sup/ (w—kj)qupdu>,
Qj 5 /B,
E, = 2jp(/z(w—kj)pd,udz+k§2/z(w—kj)2d,udz>.
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Furthermore,

/,7, ]{Bj (w — kj)2 Y dudt

\%

1
7/ ][ (w — k; )P dpudt
Cp rz, JBjn

1

Aj
> (ks — kg )P
e CD( 7 J+1) |Bj+1|
ki A
C2? |Bja|
Using (3.10) and (3.11) we get the inequality

(3.11) >

r*—1
Aj >1+2h—,*—1

(3.12) Aj < C4jp7apz$**1—p<
|Bjl

| Bji+1]
for j =0,1,....
Defining Y; = A;/(r?|B;|) we obtain (3.12) in a dimensionless form

ipy Lt Eer
Yjp1 < C47PY, :

By fast geometric convergence (Lemma 4.1, [13]),

. _2r*-1 [2;(‘71]2
(3.13) A; —0 if Yo <O W 4TPLTL
To satisfy (3.13) we can choose v* small enough, i.e. we choose v* as

V<O~ 2:::11 4*?[2:::11} ’
Then
(3.14) v(x,t) > 2771
for almost every (z,t) € Boo X I'Z,. Going back to u, (3.14) implies
1

(3.15) u(z, A"(t)) > CM =u*M,

kexp(kP~1 %,,41;)
for almost every t € (2T, 4T). Define

exp(kP~1 L CrP) — 1

AN2—P,p — A—l(g7) —
CM="PrP = A7 (4T) = PEEEER

then we see that (3.15) implies the conclusion of the lemma. Moreover note that
all constants are stable as p — 2. O

3.4. Proof of Lemma 3.3. Without loss of generality we may assume ¢ty = 0 and,
as in the statement of Lemma 3.3,

{z € B(zo,7) : u(x,0) > M} > §|B(zo,r)|.
Then, applying Lemma 3.8 we first obtain that
u(z,t) > p* M,
whenever z € B(z, 2r) and for all Lebesgue instants ¢ for u such that
t e (CM*7PyP /2, CM?~PrP),

provided CM2=Prp < To. So in order to obtain the estimate from below in B(xq, )
we need to iterate Lemma 3.8, v = logy(ro/r) times. Assume, without loss of
generality, that v is an integer. Let

Ty = CM?PrP 1 Cv(,u*)Z—prM%prp o+ é(u*>(2—p)(v—1)2p('y—1)M2—prp.
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Using the definition of v we see that instead of T} we can take

r 0(2—p)
T1 =C () MQ_pTg.
To

Assume now that 77 < Ty. Hence if we at each step use Lemma 3.8, and choose
a Lebesgue instant for u in the allowed interval, we will end up with a Lebesgue
instant ¢ for u satisfying

T1/2 <t<Ti.
At t we have

ulat) > ()M = (T)OM,

o
for all (z,t) € B(xg,ro) X (T1/2,T1) and this completes the proof of Lemma 3.3.

3.5. A reverse Holder estimate for super-solutions.

Lemma 3.9. Assume that A satisfies the structure conditions (1.3). Let B(xo,8r) €
Q and 0 < r < R. Suppose that u > 1 is a weak super-solution to (1.4) in an open
set containing B(xg,8r) x [0,2PrP]. Let v = 14 (k* —1)/k* and let G be defined by
the relationy = 1+1/G. Given q € (p—2,p—2+7) and s = p—2+y~" (g—p+2), for
some l € {1,2,....}, there exists a constant C = C(X,Cp,Cp, Ay, A1,p,q,8) > 1
such that

1 1/(g—p+2)
— uldpdt
(2“’ /o fB(om )

1 1 9P P 1/(s—p+2)
<C 7*/ ][ w’dudt ,
((2 —p)pCtr e J, B(0,2r) a )

Proof. In this proof C' denotes a constant such that C = C(X,Cp,Cp, Ao, A1, D,
q,s) > 1. We let

foralll < p<2.

p=2+(g—p+20"7",
1—277
Ry = (2-@-Ar=p)n
for j = 0,...,I. Note that oy = s, ay = ¢, that {a;} is increasing with j and that
{R;} is decreasing with j. Hence, to prove the lemma it suffices to establish the
estimate

@

l

P PP Y
1 2’1“ f C 1 2 T
— u®tdpdt < 7—/ ][ u®dudt | .
P Jo B(zo,Ry) ((2 — p)pGtr P o B(zo,2r)

For each 5 =0,...,, set
Uj = B(l‘o,Rj) X (O,Rg) and Bj = B(x(),Rj),

and let ¢; € W)lc’%o(Bj) be a test function as in Lemma 2.1 such that ¢; = 1 in

Bj+1 and ’L/Jj =0 on 8Bj. Let Cj S COO(O,Rf) such that Cj(Rﬁ) = O, Cj =1on

(Oa Rj+1] and

a¢; 9pi
Dl o—=
‘ ot | — C(2 — p)Prp
Set w; = ¢j<j7 then
J
[Xpjl <C

(2—p)r’
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for 7 =0,1,...,1. Denote
Q1 ba;
K; = =
Ty bi o —p+2

Using (D), Lemma 2.4 and the fact that 1 < p < 2 we obtain

][ u®tidudt = ][ u Y dudt
U'+1 U‘+1

J J

< C'][ (uaj/p(pjﬁj/p)ﬁjpdﬂdt
Uj
aj B/p
< om(f uein o)
. P 1/G
(3.16) ><< sup ][ (uaj/p%@;/p)p(y I)Gdﬂ> ’
0<t<RY JB;

where G = £ Note that a;(k; — 1)G = aj — p+2 and B;(k; — 1)G = p. In

K*—1°
view of this observation we can invoke Lemma 3.2 and apply it to the right hand
side of (3.16), with? ¢ = a; — p+ 1. This yields together with the fact that u > 1,

sup / (uaj/p%ﬁj/p)P(Njfl)G: sup /uajprrQSD?dlu
B B

0<t<RY J B; 0<t<RY J B;

_ 0|09
e / u®i Xy Pdpudt + / w2 2 ]
. v, ot

J

o=i \" 1
(3.17) < C((QP)?”) /Uu idudt.

J

Next, note that

J,

J

. i\ P
\X(uaj/pgofj/p)|pdudt < (%) / [ Xu|Pu® Pt dpdt
Uj

+ (&)p / u® B | Xp; [P ddt.
p U;

Invoking once more Lemma 3.2 with £ = a; —p + 1 we obtain

OpP
/ [ XulPu® Pl dudt < C(/ uaj|X<Pj|dedt+/ u®i P2 ;tj’dudt)
U; ; Uy

Uj

Putting the together the estimates in the last two display we can conclude that

N
, 277
3.18 / X uaj/pwﬁj/p Pdpdt < C| ——— / u® dudt.
G189 ), el eor) b,
Substituting the estimates in (3.17) and (3.18) in (3.16) yields

. p
9—J
u®tdudt < C|RY[ ——+ ][
/U,v+1 " [ ’ ((2 - P)T> U

J J

C\P ¥
9—Jj

<C|| —— ][uaj Xp;|Pdudt| .

K(z—m) gy ]

The proof now follows from a straightforward iteration argument as in [35]. ]

.
u | Xep; |pdudt]

2Note that £ < 0 for j =0,...,1 — 1
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4. PROOF OF THEOREM 1.2

4.1. The Hot Alternative.

Lemma 4.1. Assume that A satisfies the structure conditions (1.3). There exist

constants c,0, € (0,1), and T, > 1 all depending only on X,Cp,Cp, Ao, A1, D,

such that the following holds. Let B(xo,87) € , 0 < 8 < R, and let u be a

super-solution to (1.4) in an open set containing B(xg, 87) x [0, 27PT}]. If for some

k> 8Y9  and some Lebesque instant to for u satisfying 0 < to < 2P7P, one has
{x € B(zo,27) : u(z,to) > 8k} > 8k~7|B (w0, 27)|,

then
u > 0.

inf
B(10 ,QTA’) X (f’pTh ,Qf’pTh)

Remark 4.1. As remarked in [16], this result would follow from Lemma 3.3, if
we could control the dependency of the constants with respect to the amount of
positivity, i.e. the constant ¢ in Lemma 3.3. Instead we will employ Lemma 2.7
to obtain a scale where we have the amount of positivity independent of the initial
amount, with the scale instead depending on this initial amount in a power-like
fashion. This allows us to iterate the expansion of positivity from this small initial
datum to gain information on a large scale independent of k.

Proof. Let v = 8k~?. Using Lemma 3.4 we obtain that
(4.1) {z € B(xo,27) : u(z,t) > 8k}| > k7| B(xo, 27)|,
holds for a.e. t € (tg,to + Ck(HU)(z’p)'yp/S“fp). Let
Q1 = B(xo,27) X (to + T1/2,to + T1), Q2 = B(wg,47) X (to, to + T1),

where Ty = Ck(1+0)@-PAp/3+15p_ Let o) € W)1(’7%°(B(x0,4r)) and ¢ € C*(to,to +
T;) be such that v =1 on B(zg,2r), ¢ =1 on (to + T1/2,t0 + T1), {(to) = 0, and
C C
0<G <= and |X¢|<—.
T1 T
Then, using Remark 3.1 (with (u — k'*9)_, e =1, ¢ = ¥(¢) and (D), we see that

1
| XuPdudt < C/ (rp(u — kTP 4 Fl(u - k1+")2>dudt
Q2

le[u<k1+"]
< C f,—pk(lﬂ-a)p_’_ik(lﬂ-a)? ‘Q2‘
> T,
4.2 < C LA
(12) < Op il

Let w = (k'T7 —u), /k'T9 and z = 8(1 — w)/v. Then, using (4.1) we see that
{[z > 1] N B(x0,27)} = {[u > 8k] N B(o, 27)} > %|B(mo,2f)|.
Rewriting (4.2) for z we obtain the estimate
/ | Xz|Pdpdt <
1

Hence, for some Lebesgue instant 7; for z satisfying 71 € (to + T1/2,t0 + T1) we

have y
p
C
Foometmre) <
B(x0,27) 7(p/6+1)/p+17z

Q1]

Ap/S+p+1pp
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. . ~o C _ _ _ .
Using Lemma 2.7 with § = SRR A=0=1/2, and o = /8, we obtain

(13) {12,7) > 1/2] 0 Blyo, 26)} > £ |B(yo, 267)],

for some yo € B(xo, 27), with

1 @4_@_‘_1
€= —7 KPP op
Gy

where C is to be chosen. Going back to u, (4.3) becomes
5 1 5
{lu(-, ) > 4k] N B(yo, 2¢7)} > §|B(y072€7“)|-

Next we use Lemma 3.3 with 6 = 1/2, r = 2¢r, 19 = 47 to = 71 and M =k, to
conclude that

infu >k (4¢)?,
Q/
2—p
where Q' = B(yo, 47) x (11 + T/2,71 +T), with T = 7 (k (26)9) 7. Now let

1
(£l + 22 1)

g =

Then, since v = 8k~7 we see that we can take Cy = C1(X,Cp,Cp, Ag, A1,p) > 1
large enough such that

<k(2)? <1

Ql=

independent of k. This completes the proof of the lemma. O

4.2. The Cold Alternative.

Lemma 4.2. Assume that A satisfies the structure conditions (1.3). Let o = o(X,
Cp,Cp, Ao, A1,p) be as in Lemma 4.1. There exist positive constants T., M. > 1
and 0. € (0,1), all depending only on X,Cp,Cp, Ao, A1, p, such that the following
holds. Let B(xo,87) € Q, 0 < 8 < R , and let u be a weak super-solution to (1.4)
in an open set containing B(xo,87) x [0,2P7PT,]. Assume thatt =0 is a Lebesgue
instant for u. Assume that,

(4.4) ][ u(z,0)dp > M.,
B($07’IA‘)
and that
(4.5) {x € B(zo,27) : u(z,t) > 8k'T7}| < 8k~7|B(wo, 27)|,

for every k > 87 and for almost every 0 < t < 2P#P. Then

inf u > 0.
B(20,27) X (FPT,, 277 T.)
Lemma 4.3. Assume that A satisfies the structure conditions (1.3) and let u be
a weak super-solution to (1.4) in an open set compactly containing B(xg,27) X
(0,2P7P), B(xo,2r) € Q, witht =0 a Lebesgue instant. Set v =1+ (r* —1)/r*. If
u satisfies (4.5) then for all ¢ € (p—2,p — 2+ ) there exists a constant C = C(X,
Cp,Cp, Ay, A1,p,q) > 1 such that

PP
(4.6) ][ ][ wldpdt < C.
0 B(z0,3/27)
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Proof. Consider the super-solution v = u + 1 and set § = ﬁ where 0 > 0 is
as in Lemma 4.1. The hypothesis (4.5) yields that there exists C = C(d) > 1, such
that

(4.7) / v (z,t)dp < C(1+ /
B(z0,27) ( le 8

u’(z, t)du)

ki(1+0) << 8k(G+1)(1+0a)

oo
< C1B(wo,20)| (1+ Y k~79/%) < C|B(wo, 27)],

j=0
for k sufficiently large and for almost every 0 < t < 2P7P. In view of Lemma 3.9
and Holder’s inequality it suffices to prove that (4.6) holds for

qg=p—2+~9.

Let U(s) = B(xg,st) x (0,2P7P), and consider the function from Lemma 2.1, ¢ €
W;(’)%O(B(xo,Sf)), 0<¢<1,9=1in B(zo,s?) and |Xp| < CF71/(S — s), where
7/4<s< S <2 Set?
p—2+76
p—2+3"°
Using Lemma 2.4 (see also (3.16)), and together with (4.7), we see that the following
holds

/ vidpdt < / vl dpdt = / (u®/P ) P dpdt
U(s) U(S) U(s)

o 1/G
< Cfp/ |X(va/p<p)|pd,udt( sup 7[ (vo‘/pap)p( 1)0)
U(s) 0<t<207? J B(x0,27)

e
< C'fp/ |X(Ua/pgp)|pd,udt( sup 7[ v‘sdu)
U(s) B(wo,27)

0<t<2P7P

a=p—2+0,Kk=

(4.8) < CFP / X (v*/Pp) [Pdpudt,
U(s)

where C > 1 also depends on §. Using Lemma 3.1 with £ = —1 + §, Holder’s
inequality and Young’s inequality we obtain

/ X P)Pdpdt < C / o[ XpPdudt + C / o3 ~VP X PP dudt
U(S) U(S) U(s)

IN

C’/ v¥|XplPdudt + C sup / v du
U(S) B(Xo,S7)

0<t<2PiP
1
2C7P

(4.9) +C  sup / vdu,
B(Xo,57)

IN

/ quudt+0fq%/ IXo|7a dudt
U(S) U(s)

0<t<2PfP
again C' > 1 depends on 4. Using (4.7), (4.8), (4.9) we obtain
1 B 27)|rP
/ vidudt < f/ vidudt + C’M + C|B(xq, 27)|7P.
U(s) 2 Jues) (S —s)ae

Now, using the “iteration lemma” in [25, Lemma 5.1] we deduce that
/ vidudt < C|B(xg, 27)|7P.
U(7/4)
This proves (4.6) for ¢ = p—2+~4, with a constant C' which also depends on 6. O

3Note that a(k — 1)G = §
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Lemma 4.4. In the same hypothesis as Lemma 4.3, there exists a constant C > 1
depending only on X,Cp,Cp, Ay, A1, p such that

qﬁp
][ f |Xu|p_1d,udt < OptP,
0 B(wo,5f

Proof. Set £ = —%, g=((@-1)1-¢) and v = u+1. Choose a test function
as in Lemma 2.1, ¢ € W;(”%O(B(sco,?)/%)) such that ¢ = 1 in B(zo,5/47). Next
choose ¢ € C*°(0,2P7P), 0 < ¢ < 1 such that { =1 on (0,7?), {(2P7?) = 0 and such
that for ¢ = ¢¢

dp C
. X + —_ — < —.
(4.10) g < 8t>+_f

Using Holder’s inequality and Lemma 4.3 we first see that

][ ][ |Xu|P~ dpdt :][ ][ |X [P~ o=/ Pyd/Pdpdt
0  JB(x0,5/47) 0 JB(xo,5/47)
& (p—1)/p 7P 1/p
< ( ][ ][ |Xv|pv_1+5dudt> ( ][ ][ quudt>
0 JB(zo,5/47) 0 JB(zo,5/47)

2P P (p—1)/p
(4.11) < C’<][ ][ Xv|pv1+§g0pd,udt> .
0 B(wo,3/27)

Furthermore, using (4.10), Lemma 3.1 and Holder’s inequality we conclude that

2P 7P
][ ][ |Xv|Po= e oPdudt
0 B(xo,3/27)

2P P
SC'][ ][ VP X p|Pdpdt
0 B(wo,3/27)

21-77’«‘.1’ D
+ C][ ][ v1+5< - 8(,0) dpdt
0 B(wo,3/27) ot )|

(4.12) <CFP.

Putting together (4.11) and (4.12) we see that the proof of Lemma 4.4 is complete.
O

Lemma 4.5. In the same hypothesis as Lemma 4.3, there exists a constant M, > 1,
depending only on X,Cp,Cp, Ao, A1,p, such that if (4.4) is satisfied then

M,
inf 7[ u(x, t)du > .
0<t<rP B(z0,5/47) 2

Proof. Consider a test function as in Lemma 2.1, ¢ € W)1(’$%°(B(x0,5/4f)), with
0<¢<1,¢=1in B(xg,7) and |X¢| < C/7. Using the hypothesis that the time
t =0 is a Lebesgue instant and applying a standard approximation argument (see
for instance [35, Remark 2.4]) to the definition of super-solution one easily obtains
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that for all Lebesgue instants t € (0, 7#P)

][ u(z, t)o(z)du — ][ u(z,0)p(z)dp
B(wo,5/47) B(xg,5/47)
t
2/ ][ Az, t,u, Xu) - Xpdudt
0 JB(xo,5/47)

t
—A1/ ][ | XulP~ | X o|dudt
0 JB(z,5/4%)
i
(4.13) > — Cfp—lf f | XulP~tdudt > —C,
x0,5/47)

where in the last line we have used Lemma 4.4. From (4.13) it follows that if M,
is taken to satisfy M, > %C, we obtain the lemma. ]

Proof of Lemma 4.2. In view of (4.5) and Lemma 4.3 we have

2]’7‘1’)
(4.14) ][ ][ uldpdt < C,
B(zo,3/27)

forallg € (p—2,p—2+v)and vy =14+ £ —1 From (4.14), Lemma 4.5 and Holder’s
inequality we see that,

M 21’,;,17
= ][ ][ u(x, t)dudt
2 2?0 5/4f

z,t
|Q|/Tt)6Q|u>M /4}( )

IA

q—1

{(z,t) € Qu> M./4}|\ * M.
C( 2077| B(x0, 5/47))| ) T

where Q = B(xo,5/47) x (0,2P7P). Using (4.15) we can conclude that there must
exists a Lebesgue instant ¢, for u satisfying ¢, € (0, 2P7?) and

o< lon St > 2} 2o )

Lemma 4.2 now follows by choosing T sufficiently large so that one can apply the
expansion of positivity, Lemma 3.3.

(4.15)

IN

4.3. Final argument. Let {o <11 <o+ 7o be a Lebesgue instant of u. Consider
the constants T}, T., M. from Lemma 4.1 and Lemma 4.2, set T = max{T},T.}
and let

N = u(z, t)dp.
B(zo,r)

Assume that

QMP—2TyP \ 725
(4.16) N>( c 7") ,

To+to—t

since otherwise there is nothing to prove. Next, consider the time-rescaled function
M,
v(z,7) = Wcu(x,tl + (M./N)P~27).

Note that assumption (4.16) implies

o < (NN 1ty —t
r_(M> (To +to — t1),

C
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and that v is a super-solution of an equation whose symbol A which is structurally
similar to A, in the cylinder

_ N \P?
B(xg,87) x (0,2TrP) C B(xo,8r) X (0, <M> (To +to — t1)>,
with

][ v(z,0)dp = M.
B(zo,r)

At this point we can invoke the hot and cold alternatives. Indeed, applying Lemma
4.1 and Lemma 4.2 to the super-solution v, in the cylinder B(r,8r) x (0,2TrP), we
obtain

v > 0y or v>0,.

inf inf
B(xo,2r) X (ThrP 2T 1P) B(z0,2r)X (Ter? 2T TP)

Applying Lemma 3.3 once more gives

inf v >min{6,0.}.
B(zo,2r)x (Trr 2T rp)

Returning to the original variables yields the conclusion of Theorem 1.2.

5. PROOF OF THEOREM 1.3

We begin by establishing local boundedness of sub-solutions.

Lemma 5.1. Assume that A satisfies the structure conditions (1.3). Let B(xo,7) €
Q,0 <7 <R, let u be a sub-solution in an open set containing the closure of
Q = B(xo, ) X (to — To,to), and assume that almost everywhere in Q,

A=
5.1 u> | — > 0.
(5:1) (To>

If 6 > 0 and G = Kf—il, then there exists a constant C = C(X,Cp,Cp, Ag, As,
p) > 1 such that

T c 1/e
sup u < (AOGJr][ up2+6dudt> ,
B(m’o,a”lg)X(tofo'pTg,to) 7P (]' - J)p P Q

for every § > g and 0 < o < 1.

Proof. This proof is similar to [34, Lemma 4.6], but we point out the relevant
changes. Let o7 < s < S < 7. We set

ro=S r;=S—(S—s)(1-279), j=12,...
and

Uj = BjxTj=B(wo,r;) x (to = (r/7)"To; to),
U(S) = B(zo,S) x (to — (S/7)PTo,to).
We choose test functions ¢; € W;(%o (Bj), and ¢; € C*°(I';) such that for ¢; = ¥;(;
we have
O§¢j§1, qu:lin Uj+1,¢j:()on 8pUj,
and
¢ 9J % ¢

P 9PJ
< — .
S—s "’ at'_To(S—S)p

(5-2) [ Xo;] <
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From Lemma 2.4 we obtain

]{J (u"/”qbf/p)ﬁpdudt

J

1
G
< C’r?][ |X(ua/p¢f/p) |pdudt<sup][ (uo‘/pqi)?/p)p(ﬁ_l)cdu)
Uj Iy JB;
1
L (I \°
(5.3) =Crf— (> ,
71U\ B
where
(1+9) pa
for £ > 1. First, using Lemma 3.1 we see that
1 .
(5.4) I, = Sup/ u1+5¢§d,u <C +1§ uP T X P+ u1+5‘% ¢§71dudt.
r; JB; é‘p— U; ot

Next, using that qbf < qb? , Young’s inequality and Lemma 3.1 we deduce that
L <C (ozp/U |Xu|pu_1+5¢>§dudt+/U |X¢j|pup_1+5d,udt>

aP _
<C (1 + 6’)) /U X p;|PuP~ T dpdt

oP 1+¢| 994
(5.5) +C£(1+€)/Uju ‘815

¢" dpat.

Using the assumption in (5.1) we see that almost everywhere in @

(56) ulté < @upflJrf.
=7

Furthermore, using (5.6), (5.5), (5.4) and (5.2) we can conclude that

][ ’X(ua/p%ﬁ_/?) ‘Pdudt(sup Ti][ (ua/quf/p)p(n—l)GdM)
Ui r; 4 JB

J J

L
G

09,

.
; >d,udt>

: C<f”][ (|X<z>jl'°u'”‘1+5 +ult

U;

2Jipgp C14e v
(s f, )

where v = 14 221, From (5.3), (5.7) and the definition of T, we also obtain that

K

/ udpdt < |Uj\][ udpdt
Ujt1 Uj

oo e (27 IAN
N CER Y S
1

To\ © 2ipgp _ v

IN

(5.7)

IN
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Next, using (D) we see that we can rewrite (5.8) as

N+p & j ¥
, T\ T [/ 9ipgp
][ ududt < Crﬁ-” (TJ) <AO) (67[ up_1+5dudt)
Uj1 Tj+1 P (S—=s)P Ju,

J J
~

N+p -t :

T To\ 7 2/pep ][ B

<Ol —— (=2 =5 P18 dt
- T§Jii%p)/7 (fp> (S — s)P U, w H

Now the rj,rj41, To/7” dependence is exactly as in [34, (4.8)] with the difference
that now v = 1 + £=L. This implies that we can proceed with the iteration

procedure as in [34, Lzmma 4.6] obtain the conclusion of the lemma. O

Lemma 5.2. Let u be as in Lemma 5.1. There exists a constant C = C(X,Cp,
Cp, Ao, A1,p) > 1 such that

p—1

Ty C
sup U — sup u dp ,
B(z,07) X (to—oPTo,to) rP (1 - U)p p to—To<t<to J B(zo,")

with G = k*/(k* — 1), for every 0 < o < 1.

Proof. By using (D) and Lemma 5.1, we can argue as in [34, Lemma 4.9] to obtain
the conclusion of the lemma. d

Theorem 1.3 now follows as a simple consequence of Lemma 5.2.
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