
Organisation/ Organization  Författare/Author(s) 
Linnéuniversitetet                               Dimitar Nelkov Nyagolov, Bashir Abbas, 
                                                           Filip Valentinov Genovski 
Institutionen för teknik                                     
 
Linnaeus University 
School of Engineering 

Dokumenttyp/Type of Document                Handled are/tutor          Examinator/examiner 
Examensarbete/Master Thesis                       Andreas Linderholt      

Titel och undertitel/Title and subtitle 

Simulation of the Geometry Influence on Curvic Coupled Engagement 

Sammanfattning (på svenska) 

Nyckelord 
 

Abstract (in English) 

The thesis is performed in order to improve the curvic coupled engagement of a dog 
clutch situated in the transfer case of a truck. The dog clutch is used to engage the so 
called all-wheel-drive system of the truck. If the driver tries to engage the all-wheel-drive 
when truck’s rear wheels already skid, due to a slippery surface a relative rotational 
speed in the dog clutch will occur. This relative rotational speed will cause the dog clutch 
to bounce back of itself before engagement, or to not engage at all. 

The dog clutch has been redesigned to prevent this. Dynamic simulations using MD 
Adams have been made for the existing model, for the models created in previous 
works, and for the new model in order to figure out which of them will show the most 
stable engagement, at high relative rotational speed. 

The implemented simulations show that better results can be obtained. Separation into 
two parts of the disc pushed by the fork, shows that dog clutch’s engagement is faster 
and more stable, comparing to the original model and the other created models. The new 
model shows better coupling in the whole range of the relative rotational speed from 50 
up to 120rpm. 

Key Words 

Gleason Type Curvic Coupling, Dog clutch, All-wheel-drive, Multibody Dynamics 

Utgivningsår/Year of issue             Språk/Langua ge      Antal sidor/Number of pages 

                2010                                                 English                              

Internet/WWW  



 

 

Abstract 

The thesis is performed in order to improve the curvic coupled engagement of a dog clutch situated 

in the transfer case of a truck. The dog clutch is used to engage the so called all-wheel-drive system 

of the truck. If the driver tries to engage the all-wheel-drive when truck’s rear wheels already skid, 

due to a slippery surface a relative rotational speed in the dog clutch will occur. This relative 

rotational speed will cause the dog clutch to bounce back of itself before engagement, or to not 

engage at all. 

The dog clutch has been redesigned to prevent this. Dynamic simulations using MD Adams have 

been made for the existing model, for the models created in previous works, and for the new model 

in order to figure out which of them will show the most stable engagement, at high relative rotational 

speed. 

The implemented simulations show that better results can be obtained. Separation into two parts of 

the disc pushed by the fork, shows that dog clutch’s engagement is faster and more stable, comparing to the 

original model and the other created models. The new model shows better coupling in the whole 

range of the relative rotational speed from 50 up to 120rpm. 
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1. Introduction 

The Master Thesis is proposed by SwePart Transmission AB in Liatorp in Sweden. The main 

company’s branch is designing, manufacturing and assembling gearboxes. Likewise, the company 

manufactures other vehicle’s transmission parts (clutches, shafts and axles). 

The impact engagement of a Dog Clutch having high relative speed between its discs is resulting in a 

shock load, which could damage the clutch and the transmission’s components.    

The task given by SwePart is to study the impact engagement between the two parts of a Dog Clutch.  

1.1 Background  

The Dog Clutch is one of the main assemblies in a truck’s transfer case. The Dog Clutch’s main task 

is to distribute the power from the engine to the front wheels’ axis in order to connect the all-wheel-

drive system. The original Dog Clutch design typically consists of two discs, one fixed to the driving 

shaft and the second one to the driven shaft. The general view of the Dog Clutch is shown in 

Figure.1.1  

 

Fig.1.1 Dog Clutch (General View). 
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A previous exam thesis work had the same problem formulation. By using Abaqus CAE, it was 

shown that the size and the angle of the chamfers have important roles for the impact loading during 

engagement.  

There are some additional conditions, which affect the engagement, as the mass moment of inertia of 

the front axis, the stiffness of the propeller shaft and the friction coefficient of the both clutch discs, 

these are concerned in the present thesis work.   

1.2 Problem Description 

Usually a truck is driven by its rear wheels. In this situation, the front wheels are not engaged to the 

gearbox through the transfer case, which is situated between the gearbox and the rear axis as shown 

in Figure 1.2 

 

Fig 1.2 Truck’s Transmission. 

 

The transfer case distributes the power of the transmission to the rear and front axles. The driver 

engages manually the all-wheel-drive system. In many cases, drivers engage this system when the 

truck is in the bumpy and/or slippery area, and the traction has been already lost. This leads to the 

relative rotational speed in the clutch, see Figure 1.3 below. 

 

 

 

 

 

Transfer Case 
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Fig. 1.3 Dog Clutch Engagement. 

If this relative speed is too high the dog clutch will push back of itself before engaging or it will not 

engage at all. 

To prevent this, the driver should stop the truck and engage the all-wheels-drive system before 

entering this area.  

There are two solutions which could solve this problem. The first involves the development of an 

automatic system of engagement of the all-wheel-drive system. This concept will eliminate the 

relative rotational speed at all.  

The second includes re-design of the geometry of the clutch in order to improve the coupling at high 

relative speed. 

The first concept will bring more advantages but it is more expensive due to the manufacturing cost; 

cost effectiveness is highly prioritized by the company. The time limitations constrain the 

accomplishment of this solution, as well. Therefore, this thesis work will be concentrated on the 

development of the second concept.  

1.3 Purpose 

The aim of this thesis is to investigate how the variation of parameters such as backlash, tip chamfer, 

teeth height, engagement force/speed, speed difference and the alternative torque in the shafts, 

effect the Dog Clutch engagement. Some new designs of the Dog Clutch are proposed, as well.. 

ω1 ω2 

ω
1
 ≠ ω

2
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Here, the simulation tool MD Adams is used to increase the understanding of the motion of the 

assembly parts by using computer software. 

1.4 Limitations and Expected Results 

The main limitation of this project is the accomplishment period. This period can be divided into 

four parts: 

- Time for preparing the theoretical part of the thesis (researching similar mechanisms) 

- Time for creating simulation models of the dog clutch together with other parts of the 

transmission;  

- Time for computer simulations using the models; 

- Time for analyzing the results of the simulations. 

The most time consuming part of the thesis work is to carry out the simulation.  

The rotational speed difference should vary from 50 to 120rpm; the torque from the engine is 

10000Nm; 

The expected results are:  

- Better understanding of the need for back taper as a function of applied torque to prevent 

the coupling from separation; 

- A better understanding of the Multibody Dynamics Method(MBD);  

- Improving the design of the dog clutch (providing lower shock loads in the transmission and 

therefore, decreasing the contact stresses) 
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2. Theory 

2.1  The Multibody Dynamics (MBD) 

In general, multibody system can be described as aggregation of subsystems like bodies, components 

and substructures. Motion can be applied to the system; this motion is kinematically constrained 

because of the systems’ joints, and each subsystem and component can be subjected to large 

translational and rotational displacements.  

Basically the understanding of the motion of the subsystems (bodies or components) is the main 

issue of the multibody mechanics. Some of the earliest multibody dynamics’ researches concern 

mainly two different fields; rigid body dynamics and elastic (flexible) dynamics. The term rigid body 

in mechanics implies that the distance between two different particles of the body remains constant 

at all times and all configurations. The highly non linear mathematical model comes as a result of the 

large body rotation. On the other hand, elastic dynamics is widely used to define the field of study in 

which the deformation is the main issue. Elastic dynamics large rotations are recommended, because 

they result in inertia-invariant structures.  

Neglecting the deformation effect for high speed or high heated structures is a mistake which leads 

to a mathematical model which poorly represents the reality.  

If the flexibility of the components is taken into consideration, the mechanism can be modeled as 

multibody system with rigid and deformable components. The system shown in Figure 2.1 is an 

example of a multibody system. Consist of different bodies, their intersections and the possible 

connection joints and force elements between them. 

 

 

Fig 2.1 Multibody systems. 

(Shabana, A (2005), Dynamics of Multibody Systems, p.3. Cambridge University Press) 
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2.1.1 Rigid Body Dynamics  

The equation of motion for the rigid body can be determined by assuming that the rigid body 

consists of many particles. The distances between these particles remain constant. The three-

dimensional free motion of the rigid body can be described using six equations; three for translation 

and three for rotation. The translational equations are named Newton equations, while the rotational 

equations are called Euler equations. An arbitrary rigid body motion can be described by Newton-

Euler equations.  

The underlying mathematical formulas are shown in Appendix 2A 

2.1.2 Flexible Dynamics 

Nowadays, industry is designing more lightweight, high-speed and precision mechanical systems. The 

systems’ components work together to achieve specified tasks under different loading conditions. In 

many cases, systems of this kind cannot be considered as a collection of rigid bodies. Therefore, the 

following system is modeled as multibody system consisting of two collections of bodies. One of the 

collections is built up by bulky compact solids that can be considered like rigid bodies; whereas the 

second collection is established of elastic bodies; rods, beams, plates and shells, which can be 

deformed. A large number of these structural components are used in many technological 

applications, such as high-speed robotic manipulators, space structures, aircraft and vehicle systems. 

The mathematical formulas can be found in Appendix 2B 

 (Shabana, A (2005), Dynamics of Multibody Systems, Cambridge Universi ty Press) 

2.1.3 Constrained Motion  

 Mechanical joints constrain the motion of the multibody systems. The joints can be spherical, 

revolute, prismatic or having specified trajectories. Six coordinates are required to describe the 

motion of a rigid body in space (Shabana 2005). The degrees of freedom in the system are reduced 

by using mechanical joints or specified trajectories, See Fig. 2.3. 

 

Fig 2.3 Types of mechanical joints. (a) Prismatic or translational; (b) revolute; (c) cylindrical; (d) screw joint. 

(Shabana, A (2005),  Dynamics of Multibody Systems, p.19. Cambridge University Press) 
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Mathematically they are described by a set of nonlinear algebraic constrain equations. If we assume 

that constrain equations are linearly independent, each system motion will be constrained by 

equation. Therefore, the number of the degrees of freedom is obtaining as the number of the system 

coordinates minus the number of the independent constrains equations. 

(Shabana, A (2005), Dynamics of Multibody Systems. Cambridge University Press) 

2.2 MD Adams  

MD Adams is engineering software used to simulate the static, kinematic and dynamic behavior of 

mechanical systems in certain circumstances. MD Adams provides full-motion behavior, visually and 

mathematically picture of the complex mechanical system design. Adams can manage large 

displacements, those are closer to reality. This software brings capabilities that fulfill the high 

requirements of advanced engineering analysis. Some of these capabilities are mentioned below: 

- creating or importing desired component geometry 

- defining part connectivity thanks to high varied library of joints and constraints 

- defining product’s operating environment  

- automatic generation of linear models and complex load 

 

The rigid and flexible are common methods, Adams can combine the benefits of the rigid and 

flexible dynamics; it creates a general-purpose software system that can combine full rigid dynamics 

and full flexible dynamics assembly or any combinations. As any product this one has advantages and 

disadvantages and they are: 

Advantages: 

- MD Adams allows simulations of large displacements of the analyzed objects  

- The models made by using this software are easy to visualize. 

- The user interface is the same for rigid and flexible dynamics. 

- The models have the property to be converted from rigid to flexible quickly. 

- Easy design iteration 

Disadvantages: 

- This method has very high requirements that are higher than the other two methods 

regarding computer’s resources. 
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3. Dog Clutch 

The dog clutch can be defined as a subgroup belonging to the group of the tooth clutches. The two 

parts of the dog clutch are designed such that one of them pushes the other. The dog clutches found 

great application inside manual automotive transmissions to lock gears. The main advantage of this 

kind of clutches is the elimination of slip, when the torque is not controlled by the clutch. The 

torque limits can be determined by using the tooth profile and axial rotating force. 

The shape of the teeth is of high importance for the dog clutch. The most common teeth shapes are 

showed in Fig.3.1 below. 

 

Fig 3.1 Dog shapes in unsynchronized mechanisms a) Fuller dog; b) ZF dog; c) Berliet dog; d) Deflector dog 

(MAYBACH overrite clutch). 

(Lechner, G, Naunheimer, H(1999), Automotive Transmissions – Fundamentals, Selection, 

Design and Application, p.227. Springer-Verlag Berlin Heidelberg 1999) 

The study made in this thesis is about decreasing the maximum surface pressure acting on the teeth 

of the dog clutch; during the engagement process. 

 In the previous investigation, FE analysis of a dog clutch for trucks with all-wheel-drive, made by 

Mattias Andersson and Kordian Goetz concentrated on the importance of the geometry of the teeth. 

Their models were made using SolidWorks and the simulations were made using Abaqus. The 

simulations made and the obtained results show how the contact pressure acting on the dog clutch’s 

teeth and that the engagement process depends on the value of the chamfer angles, distance, the 

number of the teeth and the teeth angle. 

More realistic results and simulations can be obtained by involving the mass moment of inertia of the 

front axis plus the wheels of the truck.   

The method called Multibody Dynamics Method used by MD Adams will provide more reliable 

simulations and results. 

3.1  Modeling in SolidWorks 

The practical part of the thesis begins with modeling of the geometry of the Dog Clutch using 

SolidWorks.  

SolidWorks is mechanical Computer Aided Design software elaborated by Dassault Systems 

Corporation. It creates 3D objects from 2D sketches.  
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The dog clutch modeling will follow the same procedure – drawing each of both disks as 2D sketch 

in separate files, using the revolve function a 3D model is rolled out. Using other functions like: fillet, 

chamfer, extrude, circular pattern and cut-revolve will complete the model. The next step will be to 

save the models as “Parasolid” files and import them in MD Adams for further simulation.   

3.2  Defining the Model 

In reality, the engineering problems require some simplifications concerning the real working 

conditions. Nevertheless the simplifications should be close to reality as much as possible and the 

underlying mathematical models should give reliable results.    

The geometry of the original dog clutch model is not simplified in this thesis. However, MD Adams 

simulates reality and it requires 3D CAD models of all the parts in the transmission. The 3D 

modeling of all the parts in the transmission takes a lot of time; therefore some simplifications have 

been made. The front axes together with the wheels have been replaced with a flywheel 3 Figure 3.2 

with a certain mass; moment of inertia of the front axis is one of the most important parameters 

affecting the engagement process. The propeller shaft has been replaced by a tensional spring. The 

calculations of the front axis mass moment of inertia and the stiffness coefficient of the tensional 

spring are show in (App.3).  

The imported dog clutch’s discs are attached, as is shown in figure 3.2, to the ground (shaft and 

bearings) with the joint command and applied steel as material with Modify: Material Type. The flywheel 

has been created directly in MD Adams using the function Rigid Body: Cylinder. The right dog clutch 

disc is connected to the flywheel through the propeller shaft, which is modeled in MD Adams with 

the function Connector: Torsion Spring. After that with the command Connector a contact with a friction 

coefficient of 0.2 between the both discs has been created. The next step is to apply the normal force 

of 124N (Andersson, Goetz 2010). Since, the engagement process is a dynamic impact problem a 

motion of the bodies must be applied and the time period, must be given. This is done by using the 

functions Rotational Joint Motion and Interactive Simulation.  In the Post Processor has been given values of 

120 seconds for the period and Step Size of 0.1 – this means that the Post Processor divides the 

simulation into 0.1  e.g. 1200 steps. This gives precise enough results. Finally, the plots have been 

loaded in the Post Processor for further analyzing.  

 



 

The main criterion for definin

position of the disc 1, see Fig

remain in a constant position a

found in (App 1). 

As a summary of this chapter

performed in this thesis work a
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Fig 3.2 Dog Clutch Assembly. 
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4. Results 

The results from all the analyzed geometries are presented in this chapter. The main purpose of the 

MD Adams simulations was to determine the most reliable engagement for an interval of the relative 

rotational speed ��  from 50 up to 120 rpm. The original model from SwePart Transmission AB and 

other previous year proposals, developed by students at Linnaeus University, were analyzed using 

MD Adams; new designs based on the previous were created in this thesis. There is a summary, in a 

diagram form, of the results obtained from the simulated models in (App. 1).  

4.1 Original Geometry 

The most stable an engagement of the original geometry is obtained at �� � 50 ��	 and an acting 

axial force of 124 N (Adersson, Goetz, 2010). 

When  ��  increases the discs bounce back before engagement. The simulation shows instability of the 

engagement of the original model in the interval between 50 
 �� 
 120��	.  

 

Fig 4.1 Original Geometry. 
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4.2 Modified Teeth and Chamfers  

In 2010 were carried out two projects aiming to improve the existing geometry for better 

engagement. One of the projects used physical testing in a CNC machine (Lundgren et al, 2010). 

Another project (Andersson, Goetz, 2010) obtained the improvement of the design of the dog clutch 

using Abaqus CAE. Here, a total of sixteen designs are simulated by the use of MD Adams. The 

results from the simulations of all the sixteenth models listed below are presented in (App. 1A to 1P). 

• C1_A45_Backlash_1.5 

• C2_A45_Backlash_1.5 

• C3_A15_backlash_1.5 

• C3_A30_Backlash_1.5 

• C15_A30_Backlash_1.5 

• C15_A60_Backlash1.5 

• Th12_Ang_4.5_C0_A0_Backlash_7 

• Th12_Ang_9_C1.5_A45_Backlash_7 

• Th12_Ang_9_C1.5_A45_Backlash_8 

• Th14_Ang_0_C0_A0_ Backlash 0.75 

• Th14_Ang_9_C0_A0_Backlash_3.5 

• Th14_Ang4.5_C0_A0_Backlash_2.5 

• Th14_Ang4.5_C1.5_A45_Backlash_2 

• Th14_Ang9_C0_A0_Backlash_8 

• Th14_Ang9_C1.5_A45_Backlash_3 

The designation C and A is respectively the size and the angle of the tooth chamfers in mm and 

degrees. Th is the number of the teeth. 
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4.3 Collapsible Disc  

The first of the modifications which has been implemented by our group propose separation of the 

disc driven by the fork into two parts, see Figure 4.1. Part B is attached to the shaft through slots. 

Part A will rotate around the first one. Both parts will translate together to engage the clutch. 

Between the teeth of part 1 and the holes of part 2 there is a 2.5mm backlash.   

 

  

Fig 4.1 Collapsible Disc.  

Geometry with teeth chamfer distance of 3mm, angle of 30 degrees and 12 teeth has been used for 

part A. This geometry is taken from the last year report (Andersson, Goetz 2010). This geometry 

showed the best results after simulation with MD Adams. Technical drawings of the model are 

presented in App. 4. 

 

 

 

 

 

 

 

 

 

A B 
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4.4 Rollers on the Teeth 

The second design proposal was to machine the teeth as shown in Figure 4.2 and to place small leaf 

spring-dampers, see Figure 4.4. The springs will transform the kinetic energy from the impact to a 

potential energy of the spring e.g. it will damp the impact. Moreover, the discs will roll toward each 

other easier and engage faster than if they are sliding toward each other. 

 

Fig 4.2 Disc with Rollers on the teeth. 

The additional elements implement in this design are fourteen rollers 1 and pins 2 which are shown 

in Figure 4.3. Because of the time limitations this design was not further developed and tested in MD 

Adams, and there is no information about its engagement. 

 

Fig 4.3 Roller and Pin.  

 

 

2 

1 
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The design needs some future improvements, simulations and analyses. Since, it is expensive for 

production; there can be some better solutions for the spring-dampers and the rollers, Figure 4.4. 

 

Fig 4.4Leaf Spring – Damper. 

Technical drawings of the model are presented in App. 
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4.5 Results Summary 

Model 

name 

Number 

of teeth 

Tooth 

Angle 

[°] 

Chamfer 

Distance 

[mm] 

Chamfer 

Angle 

[°] 

�  [rpm] Force 

[N] 

Back- 

lash 

[mm] 

Appendix 

  A 14 0 1.5 45° 50 - 120 124 1.5 1A 

B 14 0 1 45° 50 - 120 124 1.5 1B 

C 14 0 2 45° 50 - 120 124 1.5 1C 

D 14 0 3 15° 50 - 120 124 1.5 1D 

E 14 0 3 30° 50 - 120 124 1.5 1E 

F 14 0 1.5 30° 50 - 120 124 1.5 1F 

G 14 0 1.5 60° 50 - 120 124 1.5 1G 

H 12 4.5° 0 0 50 - 120 124 7 1H 

I 12 9°   1.5 45° 50 - 120 124 7 1I 

J 12 9° 1.5 45° 50 -120 124 8 1J 

K 14 0 0 0 50 -120 124 0.75 1K 

L 14 9° 0 0 50 -120 124 3.5 1L 

M 14 4.5° 0 0 50 -120 124 2.5 1M 

N 14 4.5° 1.5 45° 50 - 120 124 2 1N 

O 14 9° 0 0 50 - 120 124 8 1O 

P 14 9° 1.5 45° 50 -120 124 3 1P 

R 14 0 3 30° 50-120 124 3.5 1R 
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5. Analysis 

5.1 Analysis of the Original Geometry  

Six main parameters were considered as being the most important for fast and smooth engagement, 

after observing the behavior of the original model of the dog clutch in MD Adams. 

  

• Tooth Angle 

• Chamfer Size 

• Chamfer Angle 

• Number of Teeth 

• Axial Speed 

• Backlash 

In theory, the best engagement should be pronounced when the lines in the diagrams App. 1A to 1P 

become straight lines. The ordinate axis represents the distance which the center of mass travels 

toward the global x axis. The backlash of the original model is 1.5mm 

In App.1A it can be observe that the center of mass of disc 1 fluctuates  after engagement in the 

entire range of rotational speed differences �� , see Figure 3.2 

5.2 Analysis of the Modified Teeth and Chamfers  

After analysis of all the sixteenth models, App.1B to 1P, made in the previous projects it can be 

observed that: increasing the chamfer area (increasing the distance and decreasing the angle) makes 

models become more stable and thereby keeping straight lines (the backlash remain 1.5mm). This 

area increase should be considered with the active cross-sectional area of the teeth. In other words, if 

the chamfer area is too big, then the active contact area of the teeth will be very small and that will 

increase the surface pressure. On the other hand, the models without any chamfers and big backlash 

show very unstable results - big amplitude of the center of mass displacement and therefore, no 

engagement.  

The best results stem from the model with fourteen teeth, a backlash of 1.5mm and chamfers 3x30
◦. 

The diagram of the engagement of this model is shown in App. 1E. 
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5.3 Collapsible Disc 

The last simulated model has some design modifications. The disc connected to front tires is 

separated into two parts, see Figure 5.1. The chosen model is E, see Table 4.1, tested on eight 

different rotational speeds, the model E shows shortest engagement time and has most stable 

engagement over time, comparing to all fifteen  models, see App. 1A to 1P. 

The model 1E (Ch 4.5 Result Summary) has been separated into two parts A and B. Tested it on the 

same conditions as the other sixteen models, the results showed significant improvement. The 

engagement carries out between second and third second of the simulation, see App. 1R. 

 

lu  

Figure 5.1 The Separated Disc of the Clutch.    

Additional backlash of 2mm is designed between the separated discs, which gives opportunity of disc 

B to rotate around disc A. Therefore additional rotation is imported, which improves the 

engagement process. This separation distributes the load uniformly (there are totally twenty teeth 

carrying the load now) comparing to the other models where all the torque is carried only by the 

original teeth. The conical surface on part A is designed in order to damp the impact load between 

the both A and B parts. Stress analyses of the both A and B parts can be observed in Appendix 5. 

The disadvantages of this design are the bigger mass and the additional machining, which it requires 

for manufacturing. 

There are a number of improvements, which could be applied in the design, but due to the limitation 

of the time it needs to be developed in the future. 

A B 
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6. Conclusions 

The researching process in this thesis could be separated into three different parts: 

• Analysis of the existing geometry  

• Analysis of modified teeth and chamfers 

• Analysis of completely new designs of the Dog Clutch 

The diagrams obtain by MD Adams (App.1) show different kind of behavior of all seventeenth 

models of the Dog Clutch. The conclusions that can be extracted from them are the following: 

1. Decreasing the chamfer angle and increasing the chamfer distance make the engagement process 

faster and more stable. 

2. Increasing the backlash causes unstable engagement or lack of engagement. 

3.  Decreasing the number of the teeth causes gap between both parts of the Dog Clutch but it 

makes the life cycle of the Dog Clutch shorter because of increasing impact loads. 

4. A combination of a small chamfer angle and a big chamfer distance with a small chamfer angle 

with backlash not bigger than 3.5mm totally results in a stable engagement. Separation of the 

translational disc into two parts reduces the stresses in the teeth of the Dog Clutch, reduces the 

shock loads in the transmission, makes the engagement faster and elongates the dog clutch’s life. 
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8. Appendices 

Appendix 1(A – P): Diagrams 

Appendix 2: Multibody Dynamics Equations 

Appendix 3: Propeller Shaft Stiffness Coefficient 

Appendix 4:  Technical Drawings 

Appendix 5: Stress Analysis of the New Model Suggestion in SolidWorks 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



Appendix 2 – Multibody Dynamics Equations 

Appendix 2A - Rigid Body Dynamics 

The Newton-Euler equations can be reduced to three scalar equations, about body i in the 

multibody system, as 

(2.1) �   ���� � �����	 � � 
�
�    

Where mi is the total mass of the rigid body, ai is a vector that defines the absolute acceleration of 

the center of mass of the body, Fi is the forces vector acting on the body center of mass, J i is the 

mass moment of inertia defined with respect to the center of mass �� is the angle that defines the 

orientation of the body, and Mi is the moment is the moment acting on the body. Newton-Euler 

equations do not provide inertia coupling between translational and rotational coordinates of the 

rigid body.  

The main consideration of this section will be the development of the Newton-Euler equations 

of motion for a rigid body in the multibody system. System kinetic energy of the body i can be 

expressed as 

(2.2)           �� � �

�
� ������ ��  

where q
r 
is the  displacement vector  and the mass matrix M i is given by   

(2.3)     �� �  � ���
� ���

�

�������� ���
�

� 
where 

(2.4) ���
� � � ������

��  

(2.5) ���
� � � � ����� !�" ����

��  

(2.6) ���
� � � ��" ��� !����� !�" ����

��  

here ρ is the density, I is 3 $ 3 identity matrix, " �  is a matrix that depends on the selected 

rotational coordinates of the body i,  �� is the transformation matrix from the i th body 

coordinates to the internal frame and � !� is the skew symmetric matrix defined as 

(2.7) � !� �  % 0 �'	
� '�

�'	
� 0 �'�

��'�
� '�

� 0 ( 
in which '�

� ,  '�
� , '	

�   are the components of the three-dimensional position vector � � 

The special case when the origin of the rigid body’s coordinate systems rigidly attached to the 

center of mass, the submatrix ���
�  is a null matrix and the mass matrix is reduced to 



(2.8) �� � ����
� 00 ���

� � 
In this case the kinetic energy can be written as 

 

(2.9) �� � �

�
� �� ���

� � �

�
*� �����

� *� � + �

�
,� �����

� ,� � 
 

where  *� and ,� represent the location of the origin of the body axes relative to the internal 

frame.  

If the join reaction forces are treated as externally applied forces, Lagrange’s equation of motion 

can be written as 

(2.10) 




�
-��

��� �
� . � ��

���
� � / �� 

where / � is defined as 

(2.11) / � �  /�
� + ��

�  

in which /�
�  is the generalized external force vector and ��

�  is the vector of generalized joint 

reaction forces. 

After solving the Lagrange’s equation we obtained the following matrix equations 

(2.12) ���
� *	 � � / �

�  

(2.13) ���
� ,	 � � / �

� � 212� ��32
��
� 4 � 

here for / �
�  and / �

�  the subscripts 5 and � refer respectively to the body translation and 
rotation, 4 � is the angular velocity vector defined in the body coordinate system 4 � �   " �,� � , 32

��
�  is called the inertia tensor of the rigid body i and is defined as  

(2.14) 3��
� � � ��� !��� !����

��  

The angular acceleration vector of the rigid body i is defined by 

(2.15) 6 � �  " �,	 � 
In summary, the motion of the rigid body I in the multibody system is represented by six 

equations.  

The matrix equation called Newton’s equation is  

(2.16) ���
� *	 � � / �

�  

The Euler’s equation consists of scalar equations as well, but it defines the body orientation for a 

given set of moments � �
�  

(2.17) 32
��
� 6 � � � �

� � 4 � $ 732
��
� 8 �9 



Both the Newton’s and the Euler’s equations are called Newton-Euler equations and can be 

combined in a matrix form as 

 

(2.18) ����
� :: 32

��
� � ;*	 �6 �

< � � / �
�� �

� � 4 � $ 732
��
� 8 �9� 

The conclusion of this section is that the Newton-Euler equations can be used to systematically 

develop a recursive formulation for constrained multibody systems (Shabana 1994a). 

(Shabana, A (2005), Dynamics of Multibody Systems, Cambridge University Press) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



Appendix 2B - Flexible Dynamics 

Cartesian coordinate system X1, X2, X3 with origin O is introduced. Suppose that at time t = 0 

then a deformable body occupies a fixed region of space B0, which may be finite or infinite. 

Another assumption is that the body moves as that so at time t is located in a new continuous 

region B. Third assumption can identify individual particles of the body; we assume that the point 

P can be identified with the help of position vector=, which is occupied at t by the particle that 
was at P0 at time t = 0. In that case the final displacement u of P could be expressed by 

(2.19)      u �  = � x 
here x is the position vector of P0, that can be observed in Fig. 1. If the vectors u, x, and = are 
defined by their components as 

(2.20)   u � @A�     A�   A	B�, x �  @'�   '�   '	B�, = � @=�   =�   =	B� 

therefore 

(2.21)    A� � =� � '�, A� �  =� � '�, A	 �  =	 � '	 

It is well known in the theory of functions that � �  = � C  has single-valued continuous solution 
if and if the determinant of the following Jacobian matrix does not vanish: 

(2.22)     |E| �  %=�,� =�,� =�,	=�,� =�,� =�,	=	,� =	,� =	,	

(  
where =�,� � F���

���
G . The Jacobian matrix J can be re-written as 

(2.23)     J �  %1 + A�,� A�,� A�,	A�,� 1 + A�,� A�,	A	,� A	,� 1 + A	,	

( 
Where u1, u2, and u3 are the components of the displacement vector and A�,� �  ���

���
, if the body 

particles are not moved at all i.e. there is no displacement, than the vector x is equal to the vector =; 
Therefore the displacement vector is the zero vector. In this case, the Jacobian matrix J is the 

identity matrix. The continuous deformation is physically possible if and only if the determinant 

of the Jacobian matrix J is greater than zero. The Jacobian matrix can be re-written as  

(2.24)      J � I + J2 
where I is a 3 x 3 identity matrix and E2 is the gradient of the displacement vector defined as 

 

(2.25)     J2 �  
KL
LL
M���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���

���NO
OO
P � QA�,� A�,� A�,	A�,� A�,� A�,	A	,� A	,� A	,	

R 



The gradient of the displacement is a second order tensor and can be represented as the sum of a 

symmetric tensor and antisymmetric tensor (Shabana 2005) 

(2.26)      J2 �  J2
� + J2

� 

where  

(2.27)     J2
� � �

�
@J2 + J2�B � Q��� ��� ��	��� ��� ��	�	� �	� �		

R 
 

(2.28)     J2
� � �

�
@J2 � J2�B � Q 0 S�� S�	S�� 0 S�	S	� S	� 0 R 

 

in which  

(2.29)    2��� � 2��� � A�,� + A�,�,  2S�� � A�,� � A�,� � �2S�� 

The subscript ( ,i) denotes the differentiation with respect to xi, E2
� describes the strain 

components at the point in the deformable body and E2
� describes the mean rotation of a volume 

element (Shabana 2005). 

When studying the mechanics of the deformable bodies a distinction should be made between so 

called body forces and surface forces. The latter are acting on surface elements such as contact 

forces and hydrostatic pressure. The body forces are acting on a volume or mass element. If we 

integrate over volume the mathematic result is 

(2.30)     � T� �U
�

+ � V�  �� �
�

� �W
�

 �� 

where W, � XY� Z� are respectively, the acceleration, mass density, and volume of a tetrahedron, 

f is the force vector V � T�ZU and the vector  T� is called the mean surface traction transmitted 

across the element of area ZU. On the other hand T� � T�[, here [ is the normal vector of the 

tetrahedron and T� is 3 x 3 matrix defined as 

(2.31)      T� � QT�� T�� T�	T�� T�� T�	T	� T	� T		

R 
therefore V � T�[ZU, substituting in these equation we obtain 
(2.32)     � T�[ �U

�
+ � V�  �� �

�
� �W

�
 �� 

The surface integral is transformed into a volume integral relying on the Green’s divergence 

theorem  

(2.33)      � T�[ �U
�

� � T� ��
�

 

where T� �  @T��   T��   T�	B� , the components of this vector are defined using the following 

equation 



(2.34)      T�� � ∑ ����

���

	
���  

In the end we obtain 

(2.35)     � @T� + V� � �WB
�

 �� � : 
This equation must hold in every region in the body. After solving we obtain 

(2.36)      T� + V� �  �W 
This equation is known as equation of equilibrium and the components can be written 

(2.37)               T��,� + T��,� + T	�,	 + ]�� � �X� 

(2.38)               T��,� + T��,� + T	�,	 + ]�,� � �X� 

(2.39)               T�	,� + T�	,� + T		,	 + ]�,	 � �X	 

here ( ,i) denotes differentiation with respect to the spatial coordinate x1; a1, a2, a3 are the 

components of the acceleration vector; f
b,1, fb,2, fb,3 are the components of the body force vector. 

The equilibrium equations contain both time and spatial derivatives.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 



Appendix 3 – Propeller Shaft Stiffness Coefficient 

 

 

 

- Polar moment of inertia 

(3.1) J = 
�

��
���

� � ��
�� �  

�

��
�0,12� � 0, 1�� � 0,00001054  � 

- Stiffness of the propeller shaft 

(3.2) � �
��

�
�  

	,				�	��.�.�	�

�,�
� 555 107 �/���   

 

 

 

 

 

 

 

 

 



Appendix 5 - Stress Analysis of the New Model Suggestion in SolidWorks 

Appendix 5A 

 

 

 

 

 

 

 

 

 

 

 



Appendix 5B 

 

 

 

 


