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ABSTRACT 

This report deals with procedures for random-size subset selection from 

k(> 2) given populations where the distribution of ir^(i = l, ..., k) 

has a density f^(x;0^). Let ••• -®[k] denote unknown values of 

the parameters, and let ^[i]» ***'ïï[k] denote the corresponding populations. 

First, we have considered the problem of selection for consider the 

/s 
procedure that selects TT. if sup L(0;x) > c L(0;x), where L(*;x) is the 

1  e e u .  - - - - -
i 

total likelihood function, where is the region m the parameter space for 
i 

A 

9= (0̂, ..., 0 )̂ having 0^ as the largest component, where 9 is the maxi

m u m  l i k e l i h o o d  e s t i m a t e  o f  0 ,  a n d  w h e r e  c  i s  a  g i v e n  c o n s t a n t  w i t h  0 < c < l .  

With the densities satisfying seme reasonable requirements given in this re

port, we have shown that for each i, the probability of including 

the selected subset is decreasing in ®[j] f°r j t i anc* increasing in 

We have then derived some results on selection for the t(> 1) best popula

tions, thereby generalizing the results for t = 1. For this problem, we have 

considered a) selection of a set whose elements consist of subsets of the 

given populations having t members, and requiring that the set of the t 

• » • • • 
best populations is included with probability at least P , b) selection of 

a subset of the populations so as to include all the t best populations 

with probability at least P'*, and c) selection of a subset of the popula

tions such that TT[j ̂  is included with probability at least P*, j=k-t+l, 

.•., k. In the final section, we have discussed the relation between the 

theories of subset selection based on likelihood ratios and statistical in

ference under order restrictions, and have considered the complete ranking 

problem. 
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1. Introduction and summary 

The theory of procedures to select a random-size subset of k given 

populations dates back to the 1950fs. A recent brief survey of this sub

ject is Gupta (1977). See also Gupta and Panchapakesan (1972 a) and Gibbons, 

Olkin and Sobel (1977). 

Let ..., IT be k(> 2) given populations. For each i, assume 

that generates random variables according to a probability distri

bution depending on an unknown parameter 0^. Let ®[]j « ••• 1 ®[k] 

note the ordered values of the parameters, and let •••> ^[k] ^enote 

the corresponding populations. Also, let 'ß denote the space of the vector 

9=(0^, ..., 0 )̂ of parameters. In this report, we are concerned with random-size 

subset selection and ranking procedures under the so-called P -approach, 

to be described below. This approach is commonly known in the literature 

as the "subset selection approach11. There are also other approaches avail

able in the literature which yield procedures selecting a fixed-size or a 

random-size subset of the given populations, but these will not be discussed 

here; the interested reader is referred to Gupta (1977) and to the refer

ences therein. 

Under the P*-approach, an event defined as "Correct Selection 11 (CS) 

is specified. The definition of CS depends on the problem at hand, and the 

probability that CS occurs depends on the true 0. Then, the requirement 

P(CS) > P* for all e e  Q 

• • • • J|{ T # 
is imposed on the procedure. This requirement is known as the P -condition, 

or the basic probability requirement, for the given problem. One problem, 

which has received much attention in the literature, is to select a subset 

of the populations when CS is the event that TT^ (the best population) 

is included in the selected subset. Consider the case when the popula

tions have the normal distribution with unknown means 0-, . . . , 0- and known 
1 k 



variances (J^, Suppose that n^ random observations are taken from 

2 2 2 
TT. (i = 1, k). For the case when a. = a and n. = n, where a is 
i i i 

unknown, Seal (1955) considered a class of selection procedures that, for 

each i, includes u. in the selected subset if 
i 

k-i 
x. > E c. x. , .N - d s/i/n. 
1 " j = 1 J i(j) c 

Here, x. N < ... <x.are the ordered values of the sample means ex-i(l) - - i(k-l) v 

eluding x^. Also, c^, . are given non-negative constants adding up 

to unity, dc is the smallest constant that makes the rule satisfy the P*-

.  .  2  . 2  
condition, and s is the usual pooled estimate of a . For the same prob

lem, Gupta (1956, 1965) proposed the rule that selects TT. if x. > max x. -

1 1 J 

ds//n, where d is the smallest number such that the rule satisfies the 

P -condition. Since then, several studies appearing in the literature have 

shown that over much of the parameter space, this last rule is the best one 

among the members of the class in Seal (1955), in the sense that on the aver

age, it selects smaller subsets than the other rules. 

The success of Gupta's rule for the normal means case has led most of the 

authors treating non-normal or multivariate populations to propose rules of 

the type 

R(h) : Select IT. if h(T.) > max T., 
1 1 i<j<k J 

where T^, ... , are suitable statistics from the populations, and where 

h is a suitable function; see Gupta and Panchapakesan (1972 b). Procedures 

of type R(h) are simple to apply, and determination of the function h(*) 

so as to satisfy P*-condition is usually not 'too c umbersome within a given 

c l a s s ,  f o r  e x a m p l e  w i t h i n  h ( x )  =  x - d .  

The method of likelihood ratios adopted in this report yields rules 

which are not of type R(h), and which do not belong to the class consid

ered by Seal (1955)• Thus, when selecting for the best population, our rule 

selects TT. if sup L(0;x) > c L(0;x), where Q. is the subspace of Q 
1 0€ß. ~ " " 1 



3. 

having the i:th component as the largest, where L(*,x) is the total like

lihood function, where 0 is the maximum likelihood (ML) estimate of 0, 

and where c is the largest number such that the rule satisfies the P -

condition. For the normal means problem, a detailed study of the rules de

rived through various likelihood ratios, and their comparisons with other 

rules, appears in Chotai (1978). See also Chotai (1979), where the method 

of likelihood ratios is applied to the case of uniform and related popula

tions. 

Section 2 of this report considers the problem of subset selection for 

the best population, when the probability density for each population sat

isfies some assumptions. In Section 3, we are interested in selecting the 

t (> 1) best populations ^[k-t+l]5 some sense* ̂ he sec

tion, Section 4, contains a discussion on the relation between the theory of 

subset selection and ranking procedures and the theory of statistical infer

ence under order restrictions. In particular, we point out the asymptotic 

and other results available from the latter theory, which are useful for 

the problems of subset selection and ranking. We also point out how the 

results derived here and elsewhere for subset selection and ranking problems 

are useful to the theory of inference under order restrictions. In Section 

4, we also discuss a subset selection formulation of the complete ranking 

problem. 
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2. Subset selection for the best population 

2.1 Introduction 

Assume that (i = 1 k) is characterized by the probability den

sity f^(x;0^) with respect to a a-finite measure on the Borei subsets of 

the real line. Suppose that the parameters 0^, ..., 0^ are unknown and that 

they all belong to 0, an interval on the real line. Let ••• -®[k] 

denote their ordered values and let denote the corre

sponding populations. In this section, our goal is to select a random-size 

subset of the populations containing best population. To this 

end, we take a random sample x. = (x.,, ..., x. ) of size n. from TT. 
-i il in. i i 

i 
for i = 1, ..., k. Let the total sample be denoted by x and let the 

parameter space for 0 = (©1, ... , 0fc) be denoted by Q, = 0k. The total 

likelihood function is given by 

k k ni 
L(0;x) = n L.(0.; x.) - II IT f. (x. . ;6.) . 
' ~ i=l 1 1 _1 i-1 j-1 1 1 

2.2 Some general results 

Suppose that for each i = 1, ..., k, the following assumptions hold. 

(i) The support C of f^(x;0) is the same for each i and for each 

0 e 0. 

(ii) For each x in C, f^(x;0) is a continuous function of 0 € 0. 

(iii) For any 0', 0" £ 0 with 0' < 0", the ratio f^x;©' )/f ̂(x;©") 

is decreasing in x where f^(x;0") > 0. 

(iv) The likelihood function L^(0;x^) is unimodal with (not neces-

sarily unique) mode 0. That is, L^(0;x^) is increasing in 0 

for 0 < 0 and decreasing in 0 for 0 < 0 . 
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' /s 
(v) The maximum likelihood (ML) estimator 6^ of 0^ is increasing 

in X.. for each j. 
ij 

It may be noted that the class of densities satisfying the above assump

tions includes the exponential class tobe considered in Section 2. 3. Now let 

ß. = {0 G Q: 0. = Sr, i), 
i i [k] 

and consider the following selection procedure: 

R(2.2): Select if 

sup L(0:x) > c#L(0;x), 
0 €fl. 

i 
A 

where c with 0 < c < 1 is a specified constant and where 0 = 

0^) is the ML estimator of 0. 

Let 0/1N < .. . <0, denote the ordered values of 0- , . . . , 0, . We give the 
(1) - k 1 ' k & 

following lemma. 

LEMMA 2.2.1. Let i 6 {l, ..., k} be arbitrarily given. There exists a 

^ /V 
(not necessarily unique) y 6 0 with 0. < y < 0 ,, ^ such that sup L(0;x) 

1 " - w 0€ßi 

• • • — 1 
is attained at a point 9 = (0^, 6^)» where 

•e*- Y  

•I0? = y for all j 4 i with 0. > y 
J 1 J " 

Q*. = 0. for all j 4 i with 0. < y. 
J 3 J 

PROOF Fix i. If 0^ > 0j for all j, the lemma follows by setting 

Y = 0. . Now assume that 0 . < 0/n, Assumption (iv) implies that 
' i i (k) 

if §' = (01, 0') is any point belonging to fi., then for the point 
i k -L 

0° = (0°, 0°) given by 

• Q°. = 0! if 0. > 0!, 
J J - i 

0? = 0. if 0. < 0!, 
J J J i 
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we have L(0°;x) > L(0':x) and 0° £ Jh. Now for given y, define 

(2.1) J (x) = {£: 0p > y}. 
y X/ — 

Also, for any integer £, define 

1 " J-1 WV ' 

The supremum of the likelihood over SÎ. is thus obtained by maximizing 

the function 

(2.2) g(y;x) = r. n r. 
1 &ejy(x) 

A 

over y > 0 ^. By Assumption (iv) , the function g(y;x) is increasing in 

^ ^ 

y for y < and decreasing in y for y > ^ Therefore, there 

A A A 

exists a y with 0. < y < ®(k) maximizes g(y;x). Now since 0^, 

A 

©(k) ̂  ® we ̂ ave Y £ ©> and the lemma is proved, • 

The following lemma will be needed to prove the theorem that follows. 

This lemma, for the case when F^(*;0^) are identical för all i, appears 

as Lemma 2.1 in Alam and Rizvi (1966) and as Lemma 4.1 in Mahamunulu (1967). 

However, the proof of this lemma is the same as that given there. 

LEMMA 2.2.2. Let X = (X^, ..., X^) be a vector-valued random variable 

of n > 1 independent components such that for i = 1, . . . , n, the vari

able X^ has the distribution function F£(x^;0^) which is decreasing 

in 0^ for every fixed x^. If ^(x) is a monotone function of x^ for 

some i when the other components are held fixed, then E ip (X) is mono

tone in 0. in the same direction. • 
i 

Using the selection procedure given above, let P[jj denote the proba

bility that included in the selected subset. Note that this pro
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bability depends on the unknown 0, but this dependence is suppressed in 

the notation. We now give the main theorem of this section. 

THEOREM 2.2.3. For each i = 1, k, the probability de-

creasing in ®[j] f°r J t ^ anc* increasing in ®[£]# 

/\  ̂

PROOF Let i be given and let 0^, . .. , 0^ be the ML estimates based on 

— — ' • • • > . 

Let X 1  - (x^, x^) be another vector such that x| = x^ and 

xf . > X . for each I =f i and each j = 1, ..., n . If y is any number 
X/ J ~ X/ J 

such that y > 0 ^, the Assumptions (i) - (v) imply that for the function 

given by (2.2), we have g(y;x') < g(y;x). Therefore, 

sup g(y;x') < sup g(y;x). 

y>êi y>6£ 

Since Assumption (iii) implies that the c.d.f. with density 

f. (• ;0. ) is decreasing in 9., Lemma 2.2.3. may now be applied with 

tp(x) = 

1, if sup g(y; x) > c 

y>êi 

0, otherwise, 

thus completing the proof of the theorem. a 

2.3. The procedure for an exponential class 

Suppose that the density for tk (i = 1, ..., k) belongs to the following 

exponential class of densities: 

f (x;0i,Ti) = exp{a(0i)b(ii)T(x) + VCx.T^) + qCö^T-)} 

with respect to a a-finite measure on the Borei subsets of the real line. 

Assume that 0^ ..., 0fc are unknown and Tj, ..., xk are known. Assume 

also that 0^ £ 0 for each i, where 0 is an interval on the real line. 

Letting a'(0£) and q'C©^;!..) denote the derivatives of a(0^) and 

q(0^;T^) with respect to 0^, we make the following assumptions. 



a1 (8^) > 0 for all 0^ € 0, 

bf(l^) > 0 for all T^, 

q!(0.;x.) = -0 . a1 ( 0. ) b(i. ) for all 0. £ 0 and all T. , 
^ 1 1  i l l  i  i '  

T(x) is increasing in x. 

This exponential class has been considered by Robertson and Wegman (1978), 

except that they do not assume the monotonicity of T(x). Among the fami

lies belonging to the class given above are the normal (with known variances), 

binomial, Poisson and exponential families, with suitable parameterization. 

Based on (x.-, x. )9 the ML-estimate of 0. is given by 
il in. i ö J 

i 
n. 

^ -1 1 
0. » n.1 Z T(x..). 
1 1 j=i 1J 

It is a straightforward matter to verify the Assumptions (i) - (v) of Sec

tion 2.2 for the present class, and thereby show that this class is in

cluded in the class of that section. 

We now proceed to express the selection procedure explicitly. With Jy(x) 

and g(y;x) given by (2.1) and (2.2), respectively, we have (for fixed i) 

~ [-.Sin g(y;x) ] = -a' (y) {iu b(xi)§i + E n. b(f.)ê.} 

j€Jy(x) J J J 

- (n. q1(y;t.) + £ n.q'(y;T.)} 
1 1 j£J (x) J 3 

y -

= n. a' (y) b(x . ) (y - 0 . ) + E n. a' (y)b(x. ) (y - 0 .) 
1 1 1 j€J (x) J J J 

y -

since -qf(y;T) = y aT (y)b(x) by assumption. 

By examining the above expression, it can be seen analogously to Lemma 

3.1.1 in Chotai (1978), that there exists a unique m 6 {j ; 0^j^ > 0^K 

such that the unique y which maximizes g(y;x) exhibits the property 

X(m-1) * Y < X(m) and is given by 

k 

n. b(T.) 9. + Zn,.Nb(T,..)0,.. 
i  i i -  ( j )  ( j )  ( j )  

(2.3) Y = ^ , -

n. b(T. ) + S n, .. b (T ) 
1 ^ 
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where n, . N and T,.n are the characters that correspond to the 
(j) (j) y (j)' 

/v 
population yielding ®(j)' 

2.4. Another procedure for the exponential class 

For the exponential class given above, we shall now derive a different pro

cedure based on another likelihood ratio under the assumption that the dis

tribution function is continuous. This procedure is a generalization of 

rule considered in Chotai (1978) for the normal means problem. Now 

for any A > 0 , define 

(2.4) Q.(A) = {0 e fl: e. > 6[k] - A}. 

Note that we obtain if we set A = 0 in (2.4). Consider the following 

procedure. 

Select TT. iff 
i 

(2.5) sup L(0;x) > c. sup L(0;x), 
0€ß. ~ 06«.(A) 
- i - i 

where c^ is a constant with 0 < c^ < 1. 

Fix i and let y be the quantity given by (2.3). Using arguments similar 

to those in Section 2.3, it can be shown that when maximizing the likeli

hood over 0 € £L(A), there exists a corresponding unique quantity y^ > 0 ^ 

g iven by 

n. b(T.)(ê. + 4) • E „(j) b(T(j))ê(j) 
j ~~m^ 

" k :  

n. b(T . ) + E n,.. b(x ,..) 
1 1 (j) (j) 

with j for some unique integer . The supremum of 

• • - ^ A A A 
likelihood in fi.(A) is attained at 0 = (6., 8, ) with 

1 ~~ i rC 

a 
>i • Y A  -  A -

'• - : v 

A ^ ^ 
3 . - 0 .  i f  6 .  <  y,. 
J J J A 



10. 

In other words, y and y^ - A are the maximum likelihood estimators of 

0^ under the order restrictions imposed by fL and £L(A), respectively. 

Now consider 

Aa = {x: êj $ tï,YA] for all j}. 

Since the distribution function yielding the observations is assumed to 

be continuous, it can be seen that 1 as A -> 0. 

Letting w^ and denote n^ b(x^) and n(j) respectively, 

and letting 

k 
W  =  w .  +  E w ^ . v ,  
- 1 j-m (J) 

we have Y» = Y + w.A/W . The procedure that we derive below, is obtained by 
A i m 

letting A 0. Therefore, we consider now only those x that belong to A^. 

For given m, set ot = w./W . The inequality in (2.5) is equivalent to 
0 7 i m 

/\ 

w. 0£[a(y - A(1 - a)) - a(y)] + n. [q(y - A(1 - a) ;x^) - q(y;x^)] 

k 
+ ^ {w(i) + «A) - a(y)] 
j=m J J 

*n(j)[,(T + aiiT(.))-,(Y;T(j)]} i dA - -l„cÄ. 

In the inequality above, if we divide both the sides by A, take lim on 

A-K) 
both the sides, and use the relation q'(y;x) = - y a'(y) b(x) for all y 

and X, we obtain 

k 
(1 - a) a' (y)wi[y - e.]-aa'(y) E w..,[y-ê,] < d, 

j=m J J 

where d is such that d^/A -»• d as A -• 0. Recalling the explicit ex

pressions for ot and y, the above inequality way be rewritten as the 

inequality appearing in the following rule 

R(2.4) : Select IT. if 
i 

0^ > y -d/[a'(ï)ru b (x ̂ ) ]. 

In conclusion, it may be remarked that asufficient condition for Theorem 

2.2.3 to hold for the rule R(2.4) is that a'(y) is increasing in y. 

This can be seen by first noting that the inequality in this rule is equiv-
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/v ^ 
aient to af(y)[y-0^] < d /w^. Since Y > 0 ^ and since y is increasing 

in each 0j with j =f i, the requirement that a1 (y) is increasing in 

y implies that a1 (y)[y-0.] is increasing in 0^ for j f i. The method 

used to prove Theorem 2.2.3 for the rule R(2.2) may now be employed to 

prove the theorem for the rule R(2.4). 

2.5. Some examples of subset selection for the best 

We now consider some examples where we derive the form of the rule R(2.2) 

explicitly. However, further work is necessary in order to determine the 

» • j|J , 

constants necessary to implement the rules for given values of P , and is 

postponed to future reports. It may be noted that we do not consider rule 

R(2.4) here. 

EXAMPLE 2.5.1. Gamma populations: The largest scale parameter 

Assume that the density for the i:th population is the gamma density with 

parameters r^ and 0^, where r^ is known. That is, 

f(x;0^,r^) = exp{-x/0^ + - l))lrix, - r^ £n0. + H n r (r,)}, 

X > 0, r. > 0, 0 . > 0 . 
' i ' i 

Suppose that we are interested in selecting the population corresponding 

to on the basis of random samples of sizes n^, n^. In the 

notation of Section 2.3, we have 

q'(0.;r.) = -r./0. + -1/6. = -6. a*(0.) b(r.) 
n i '  1  I I 1  1  1  1 1  

if r^ ^ 1. Therefore, the gamma density does not belong to the exponential 

class of that section. On the other hand, the exponential density belongs 

to this class. Therefore, if r^, ..., r^ are positive integers the selec

tion problem is equivalent to selection from populations with the exponen

tial density on the basis of samples of sizes Wj = n. rj, j = 1, ..., k. 

However, the likelihood ratio used to derive the procedure R(2.2) is inde-
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pendent of whether w^, . . . , w^ are integers or not. Thus, with 

n. 

• • • 5 k, 

we obtain the following procedure. 

Select TT. if 
i 

k 
w.tê./Y - 1- £n(6./Y)]+ I (w(j)[§(j)/Y-l-Jln(ê(j)/Y)] < d,' 

where 

Y =  ( w .  0 .  +  Z w . . .  0  , .  
i i (j) (j) 

j=m J J 

k 

and where the unique m (depending on i) is such that 

< Y < 0 
(m)' 

It may be noted that if we have normal populations with known means and 

unknown variances, the sufficient statistic for the variance of each popu

lation has the gamma distribution. So the above rule covers also the case 

of selection for the largest normal variance when the means are known. 

The problem of subset selection from gamma populations has been con

sidered by several authors in the literature. The class of procedures con-

A 

sidered by Seal (1958) is based on the ratio between 0^ and a linear com

bination of the ordered values of 0^, j ̂  i, j = 1, ..., k. The procedures 

of Gupta (1963) and Gupta and Sobel (1962) are based on the ratios 

0./t9?^, 0. and 0./-mÌ9i 9-, respectively. The best population in the 
1 J 1 J 

last reference above is taken to be the one corresponding to ®[x]* 

EXAMPLE 2 . 5 . 2 .  Laplace populations: The largest location parameter 

Let the i:th population have the Laplace (or double exponential) density 

X- 0. 
i 

, -°0 < X < °°, 

—co < 0 . < oo Q > 0, 
1 
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where O (which is common for all the populations) is known and 0^ is 

unknown. This density belongs to the class of densities of Section 2.2, 

but it does not belong to the exponential class of Section 2.3. 

Suppose that we are interested in selecting the population corresponding 

to ®[k] on the basis of samples of sizes n^, , n^. Without loss of 

generality, we assume that 0=1. For each i, the ML-estimate 0^ of 

0. is the sample median from TT. if n. is odd. If n. is even, 0. 
i r ii ii 

will be taken to be the midvalue between the (n^/2):th and the (n^/2+l):th 

order statistic from TT.. 
I 

Gupta and Leong (1976) considered the case n^ = ...=n^ = n, where n 

is odd. They proposed the following procedure: 

Select TT. iff 
i 

0 . > max 0 . - d, 

1 J 

where d is the smallest constant satisfying the P*-condition. 

It is important to point out in this connection that the ML-estimate 

is not a sufficient statistic for 0^(i = l, . . . , k) . From this point of view, 

the rule proposed by Gupta and Leong may be somewhat unsatisfactory. 

We now proceed to derive the rule R(2.2) for the present problem. 

Rule R(2.2) leads us to the problem of minimizing for y > 0 ^ the func

tion 

ni n£ 
h(y;x) = Z { |x.. - y | - |x - ej 

j=l 
}+ I I { |x - y| - |x - 6. I }, 

(x) j=i 10:1 ^ * 
y  -

/s 
where J (x) = {A: Q0 > y}. For given i and y, let J Q denote the 

y — X/ — y, X/ 
/N 

set of second indices of the observations from TT^ which lie between 0^ 

and y. That is, 

Jy,l " {j: K - "tj Î y or y i xHj 2 V" 



It is a straightforward matter to verify that the above function can be 

rewritten as 

h(y;x) =2 E (y-x. .) + 2 E E (x. .-y). 
j£J J (x) j€J . 2 
J y,i y - J y,£ 

For given i and y, let N Q denote the number of elements in J 0. y ,36 y ,Jo 

Differentiating h(y;x) with respect to y, we obtain 

h'(y;x)/2 = N . - E N . 
y' (x) y' 

y  -

Therefore, h(y;x) is minimized at a point Y where 

N . = E N 
Y'1 ££J (x) Y' 

Y 

If y is not unique, then it belongs to an interval where h(y;x) is 

constant. 



3. Subset selection for the t best populations 

3.1 Introduction 

In Section 2, our goal was to select the best population. In this section, 

we consider the case where we are interested in selecting the t best popu

lations 11 [lc—1+1 ] ̂ "'•* ïï[k] ^0r t > In Sect:*-on ^'2-9 we consider a 

procedure that selects a random-size set whose elements consist of sub

sets of the given populations, each element containing t populations. We 

require that the selected set includes the set of the t best populations 

with probability at least P . This goal may be looked upon as a first step 

towards the goals of Sections 3.3 and 3.4. In Section 3.3, the goal is to 

select a random-size subset of the given populations containing all the t 

best populations with probability at least P . In Section 3.4, we require 

that the probability that included in the selected subsët is at 

$ 
least P for each j = k-t + 1, ..., k. Unless otherwise stated, the no

tations of the previous sections will also be used here. 

5.2 Selection for the best t-subset 

For a given set A and a given positive integer t, we say that T is a 

t-subset of A if T cz A and if T contains exactly t elements. Assume 

that we are interested in selecting a set of t-subsets of the populations 

such that the selected set includes the set •••> ^[k]^* t*ie 

best t-subset. The event that the best t-subset is included in the selected 

set is denoted by "Correct Selection" (CS). We impose the P -condition, 

P(CS) > P for all 0 € fi, on the selection procedures for this problem. 

Denote the selected set by Q, and let K = {l, ..., k}. 

For the present problem, Deverman (1969) (see also Deverman and Gupta 

(1969)) proposed a general procedure which, for the location parameter case, 

may be expressed as follows. 
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Include the t-subset {iTj : j € T} in the selected set Q if 

min{Vj : j € T} > max{V^ : j € K - T} - d, 

where V^, are given estimators of 0^, 0^ and 

where d is the smallest constant that makes the rule satisfy 

s)c , , 
the P -condition. 

The procedure given in Deverman (1969) covers more general problems than 

the one at hand, and this reference also contains various tables that are 

relevant to the procedure given there. 

We now proceed to consider the method of likelihood ratios for the prob

lem of s election for the best t-subset, and derive another procedure. First, 

we introduce some notations. For any two sets A and B of real numbers, 

we shall write A < B to mean that for each a £ A and each b E B, we 

have a < b. Now for each t-subset T of K, let denote the set of 

all 0 such that {0^: j E T} are the t largest components of 0. That 

is, 

(3.1) = {0€fi: {0.: j € K - T} < {6.: j€T}}. 
T J J 

A A A A 

With 0^, ..., 0^ denoting the ML-estimates of 0^, ..., 0^, consider the 

following procedure. 

R(3.2) : Include the t-subset {TT^ ; j T} in the selected set Q if 

sup L(0;x) > c L(0;x), 
eeoT 

where c is the largest constant such that the rule satisfies the 

s|e 
P -condition. 

It may be noted that the above procedure equivalently selects {0j; j € T} 

if a likelihood-based confidence region about 0 contains at least one 

point belonging to Also letting 0* = (0*, ..., 0*) denote the ML-
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estimate of 0 = (0^ ..., 0k> under the order restrictions imposed by 

the inequality in the procedure R(3.2) can be rewritten as L(0 ;x) > 

c L(0 ,x) . 

Suppose now that the density of each population satisfies the Assump

tions (i) - (v) of Section 2.2. Let T * {j^» •••» be any t-subset of 

K, and let 0,. *<...< 0,. x be the ordered values of the ML-estimates 
(j]_) - * <Jt) 

of 0. 0. . Further, let 0',, .s =max{0.: j € K- T}. Using arguments 

similar to those in Section 2.2, the following results a) and b) can be 

shown to hold for the given T. 

a) There exists a y with 0^ ) < y < 9jk_t) such that §* is Siven bY 

f6* - Y, if j € T and 0. < y, 
J " J J ~ 

eî = y, if j e K-T and 0. > y, 
3 j J ~ 

0? = otherwise. 
J J 

b) The probability P(T is included in the selected set) is decreasing 

in 0j for j€K-T, and is increasing in 0^ for j € T. 

We now investigate the procedure R(3.2) for the case of the normal 

means problem. Assume that the populations are normally distributed with 

means 0-, ..., 0, , respectively, and with a common known variance. Consider 
1. K. 

the case when an equal number of random observations is taken from each 

population. Without loss of generality, we shall assume in what follows that 

the common known variance is equal to one and that one observation, X^, is 

taken from ïïj , j = 1, ..., k. The inequality in R(3.2) takes the follow

ing form: 

k k 
inf E (X. - 0 . )2 = E (X. - 0*)2 < -2£n c = d. 
603t j = l J J j=l 3 J 
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In view of the result b) above, and since the rule is translation invari

ant in the present case, the required d may be obtained by assuming that 

each Xy j = 1, has the standard normal distribution, letting 

T = {k - t + 1, . . . , k} and then solving for d the equation 

P({7Tj: j G T} is included in Q) = P*. 

For simplicity in notation, let Xj,..., denote ^k-t+l* •••» » 

respectively, and let X^^< . ..<X^^ denote their ordered values. Also, 

let X^ < ... < denote the ordered values of X^, 

Finally, let X^t+^ = 00 and = ""°°* A long the lines given for the 

case t = 1 in Chotai (1978), it can be shown that if < "^(k-t) ' t^len 

there exist unique integers and m^ with l<m^<t and 1 < m^ < k-t 

such that for y given by 

mi k-t 
Y = ( E Xjn + £ X, j / (m-, + m0) , 

V i-i <j )  1  2  

we have X' . < y < X' , and X,. . < y < X. ,1V 
(m^) - ' - (m^+1) (k-t-m2) - (k-t-m2+l) 

We need the following notations for the theorem below. For given 

with 1 < < t and with 1 < m2 5 k-t, let 

m1 m2 

X = ( E X! + S X. J / (m. +m0) . 
Vj-1 3 j-1 y) 1 2 

Further, let 

p0 - P<X(k-t) i X<1)>' 
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Pj^m , m2) = -

P(Xl > X for j > m, and X. < X for j > nu), 
j - 1 j - z 

if < t, < k - t, 

P(Xj < X for j > n^), if tn^ = t, < k - t, 

P(Xj > X for j > m^) , if < t, m2 = k - t, 

1, if m^ = t, = k-t, 

and P^Cm^, n̂ ) = P(X^ < X for j < and X^ > X for j < n^). 

The proof of the following theorem follows a line of arguments similar to 

those in the proof of Theorem 3.3.1 in Chotai (1978), and is therefore emitted. 

THEOREM 3.2.1. For any d > 0, the quantity 

k 2 
A = inf E (X. - 0.) , 

ee^T j-i J J 

when 9- = ... = 0. , has the distribution 
1 k 

=1 
P(A T<d) = P Q  + 

m 
1 " 2 

2 2 
where Xv denotes a random variable having the X distribution with v 

degrees of freedom. 

It is a straightforward matter to show that 

Pq  = t / $k-t(y)[1 - $(y)]t_1d $(y); 

and for < t, < k - t, 

00 k-t-m. t-m, 
P^mp m2) = / $ 

—00 

+ m2) [1 - My/n^ + m2> ] 1 d $(y). 

As regards P2(m^, m2) it can be seen that P2(t,k-t) can be obtained 

through the relation 
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t k-t 

Pq + Z Z P1(m1, m2^ = l> 
m^=l ^2=1 

if P2(mj, 1112) were known for all < t and all < k-t, Therefore, 

we have a recursive relation whereby P2(m^, n̂ ) is determined by first 

determining ?2(^x* ^2^ ^or ^1 < ml anci ^2 < m2* 

REMARK 3.2.2. If the common variance is unknown, and a sample of size n 

is taken from each population, rule R(3.2) can be modified to cover 

this case as follows. 

Select the t-subset T if 

Ä_ • inf I n(X. - 6.)2/a2 < d', 
9eaT j=l J J 

where 

^2 ^ n - 2 a = Z Z (X. . - X.) /[k(n- 1)]. 
i=l j=l 1J 1 

Similarly as in Theorem 3.4.1 in Chotai (1978), when 0^ = ... =0^, 

P(Ä_<d') = P n+ E £ f tY k~ ti p  (F  X i w  t n  < d'/Cm.-m -1)) 
T- 0 , \m.,A m0/ m..+m0-l,k(n-l) - 1 2 

m^=l m^=l 1 2/ 1 2 7 

P1(m1, m2)P2(m1, m2), 

where F denotes the F distribution with parameters V- and v0. • 
VV2 1 2 

3.3 Selection for all the t best 

In the formulation of Section 3.2, we were interested in selecting a set 

of t-subsets of the k populations. We now consider the problem of selec

ting a subset S of the given populations and let "Correct Selection" (CS) 

denote the event that the selected subset contains all the t best popu

lations. We impose the requirement P(CS) > P* for all 0 £ Q. Now con

sider the following procedure, with c being a constant (0< c< 1). 
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R(3.3): Select TK if the region {0 £ ß: L(0;x) > c L(0;x)} 

contains at least one point 0 = (0^, • ••> 9^) such 

that its i:th component is one of its t largest com

ponents . 

For fixed c, let Q = Qr) denote the set of the t-subsets 

• • • >  Q r  ° f  t h e  p o p u l a t i o n s  s e l e c t e d  b y  t h e  r u l e  R(3.2), and let S 

denote the set of the populations selected by the rule R(3.3). It can be 
r 

seen that S = U Q ̂. So, if ^[k-t+l]* •••» ïï[k]^ belongs t0 then 

S includes all the t best populations. However, the converse is not 

true. Therefore, if c is determined such that rule R(3.2) satisfies 

JJT ( # ( 
the P -condition, this c value will be conservative for the rule R(3.3) 

• • • • • # 
in the sense that it will give inf P(CS) > P for the present definition 

0€S3 
of CS. 

Let us now consider the case when, for j = 1, ..., k, one observation 

X. having the normal distribution with unknown mean 0. and unit variance, 
J J 

is taken from IK. We obtain the rule R(3.3) explicitly for the present 

case by reasoning as follows. For any given c and given i, if IK is 

included in any t-subset belonging to the selected set Q, then the set 

{*., Tr(jc_t+2)» •••» ïï(k)^ also belongs to Q; this can be seen directly 

by examining the rule R(3.2). Therefore, rule R(3.3) may be expressed as: 

Select each of ^(k_t+1)» •••» ^(k)- For x£ < x(k_t+i)» select 

IT. if 
1 

2 k-t+1 2 
(x^ - y) + £ (X( ~ Y) < -2 £n c = d , 

j=m J 

where 

k-t+1 
Z 
j=m 

and where the unique m € {j: j < k - t + 1 and x( j) >x^} is 

( k"t+1 \ 
Y = ^x£ + £ x^J/ (k-t-m + 3), 

determined by the property that x^ ̂  < y K x(m)m 

It may be noted that this rule reduces to rule R1 in Chotai (1978) when t = 1. 
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As remarked above, if d is determined such that the rule R(3.2) of 

• • • « t # ( i 

the previous section satisfies the P -condition, this d will be conser

vative for the present rule. Therefore, determination of d such that 

inf P(CS) = P* for R(3.3) is of interest. However, this is a difficult 
9€Q 
problem, since we are unable to determine the "least favourable" parameter 

configuration. It may be noted that the problem of determination of the 

least favourable configuration, for the rule proposed by Carroll, Gupta 

and Huang (1975) for the present goal, also remains unsolved. Their rule 

selects 7T. if X. > x,. . , -i \ - df. 
1 1 - (k-t+1) 

3.4 Selection for each of the t best 

In Section 3.3 above, we required that the probability that 71 [k-t+1] * •••» 

are aH included in the selected subset be at least P*. In this sec

tion, we consider the same rule R(3.3), but replace the above requirement 

by the following set of requirements. 

(3.2) P[ j ] s P(7F[ j ] incluc*ec* ^-n selected subset) > P* for each 

j = k - t  +  l ,  . . . , k .  

Consider now the case when a normally distributed random variable with 

mean 0. and unit variance is observed from TT.(J = 1, ... k) . It is a 
J J J 

straightforward matter to verify that for any parameter configuration, we 

have P[k] « ••• - P[k-t+l]' See ^emma 2.2.2. Therefore, it suffices to 

* 
determine d such that inf pr, . -i > P . By means of Lemma 2.2.2, it 

8£Q 
can further be shown that this infimum is attained at a point where ®[i] = 

... = = ® anc* ® [k t+2] = *"* = ̂ [k] = °0> anc* t^iat t*ie is 

independent of 0. Thus, for a given P , the value of the required d is 

the same as that obtained for the rule R^ given in Chotai (1978). The 

value of k in this reference corresponds to k-t + 1 here. Tables given 

there may therefore be used here. An extension of the present rule to cover 
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the case when the common variance is unknown, is immediate; Chotai (1978) 

gives tables to implement it. 

It may be remarked that if d^, d^ and d^ denote the smallest con

stants chosen so as to satisfy the requirements imposed on the rules in 

Sections 3,2, 3.3 and 3.4, respectively, then we have d^ < < d^ for 

the given P*. 

Let it also be remarked that if the set of requirements given by (3.2) 

are imposed on the rule 

Select ir. if X. >x/ t  -d f, 
i i - (k-t+1) 

proposed by Carroll, Gupta and Huang (1975) for the goal of Section 3.3, 

then by arguments similar to those given above, the required value of d? 

is the same as that for the rule in Gupta (1965). Also, the value of k in 

Gupta (1965) corresponds to k-t+1 here. 
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4. Relation between "Tests under order restrictions" and "Subset 

selection and ranking procedures" 

4.1 Tests under order restrictions 

The theory of statistical inference under order restrictions has been 

steadily growing since Brunk (1955). One of the main reasons that gave 

rise to the development of statistical tests under order restrictions is 

the following. Suppose that we have k populations tt^ , ..., ir^, where 

^ (i=l, ...,k) yields n^ independent observations which are normally 

• • 9 
distributed, each with unknown mean 0. and known variance c. . If we 

i i 

want to test the null hypothesis 

V ® i ~ • • • = 

2 
the standard x test is wellknown. This test is derived by setting the 

alternative hypothesis as "not HQ" and by considering the likelihood ratios. 

However, if it is known that a partial order «: exists among the unknown 

2 
0:s, then the x test can be improved upon by making use of this infor

mation. For example, if > &2> ... >are the levels of a drug given to 

experimental animals, it may be known that the mean responses 0. , 0_, ..., 0 
i k 

satisfy 0-^02 - ••• - ®k* ^is case> a test of homogenity of the means may 

be carried out be setting the alternative hypothesis as 

H! : 9- > 0O > •.. > 0. , but not Hn. 
1 - 2 - - k 0 

The likelihood ratio test statistic here usually gives a greater power than 

2 
the standard x test. An excellent and comprehensive reference on the sub

ject of statistical inference under order restrictions, with application 

considerations, is the monograph by Barlow, Bartholomew, Bremner and Brunk 

(1972). 

Recently, Robertson and Wegman (1978) considered tests for order re

strictions, which we now state. Let a partial order < on the set of 0:s 

be given. Let ß denote the parameter space for 0 = (0^, ..., 0 ) and let 
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ß(<0 = {(61, ..., 0k) : 0J, ..., 0k satisfy «}. 

For testing 

H1: 0 € ß(«) 

against 

H2: e € Q - Q(«), 

they considered the test statistic 

sup L(0;x)/sup L(0;x), 
0€Q(«O 0€Œ 

where L(0;x) is the likelihood function for all the observations from all 

the populations. They derive results for the case when the density for each 

population belongs to an exponential class. This class is essentially the 

same as that given in Section 2.3 here; they do not, however, assume that 

T(x) is increasing in x. Their results are discussed in Section 4.2 below. 

4.2 Relation to the theory of selection and ranking procedures 

4.2.1 Introduction 

Very often, a selection or ranking problem can be reformulated as that of 

testing for order restrictions. For example, consider the problem of subset 

selection for the t > 1 best populations considered in Sections 2 and 3. For 

each t-subset T of K, we define a partial order on the set of k para

meters through given by (3.1). We test 0 € against 0 € fì -

and use the likelihood ratio as the test statistic. In Section 3.1, we 

select the set of all T for which the hypothesis is not rejected at the 

significance level 1-P . In Section 3.2, we take the union of all T in 

the selected set. 

4.2.2. The complete ranking problem 

As another example, consider the following problem treated by Huang and 
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Panchapakesan (1974). Assume that our goal is to select the correct rank

ing (j-, j9, • •., j, ) such that the populations IT. , ïï. , ...,ïï. cor-
1 1 * J1 J2 Jk 

respond to •*',®[l] order, where ®[k]-®[k-l]- -

They give a procedure that selects a random-size subset of all the k! 

possible permuations of {1, 2, ..., k} . Let CS be the event that the 

correct ranking is included in the selected subset of rankings. For the 

normal means case, their procedure can be written as: 

Include the ranking (i^, Ì2* i^) in the selected subset if 

max max (x. - x. ) < d, 
l<il<k £<r<k xr XJL 

where d is the smallest number such that inf P(CS) > P . 
een 

It can be seen that the above problem can be formulated as a problem of 

testing for order restrictions. For this, test the hypothesis 

eeii' = {(e15 ..., e, ): e. >e. >... >e. } 
i k i r  i 2- - i k   

« • *  *  •  
for each permuation 1^, ..., i^ at significance level 1-P . The set 

of all the permutations not rejected by the tests constitutes the selected 

subset. It is also clear that if 0°, 0^» are given values, then 

the power of the test at 0* = (0? , 0? , . .., 0? ) equals the pro-
- ~ 11 12 Lk 

bability that the ranking (i^, ..., i^) is excluded from the selected 

subset when 0. = 6? , i = 1 , 2, ..., k. So the testswhich give "high power" 

correspond to selection procedures which select "small subsets". It may be 

noted that van Eeden (1958) proposed another statistic for the hypothesis 

testing problem under consideration (and thereby a corresponding selection 

procedure for the complete ranking problem). Her statistic amounts to the 

selection procedure that selects the ranking (i^, i^, i^.) if 

max (x. - x. ) < d1 . 
i<j<k-i xj+i Lj 

The relation between this rule and that of Huang and Panchapakesan (1974) 

is easier to discover if w e write the inequality in the latter rule as 
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r~l 
max max E (x. -x. ) < d, 
l<£<k £<r<k j=£ 1j+l Xj 

In conclusion, it is worth noting that a Monte Carlo study, which compares 

van Eeden's test with the likelihood ratio test derived when testing for 

the order restriction 9^ > ©2 > ••• > appears in Robertson and Wegman (1978); 

see also Table 2.1 there for critical values for the latter test statistic. 

It may also be noted that for the normal means problem with unequal but known 

variances, Siskind (1976) gives a method of determining approximately the 

critical values for the likelihood ratio test statistic. 

4.2.3 Other results 

Let « denote any partial order on {0^, . . . , 0^}. The following results, 

derived by Robertson and Wegman (197 8) for the likelihood ratio test sta

tistic T^2 (based on samples of sizes n^, .. . , n^) when testing 0 € JM«) 

against 0 € Q - Œ(<<) , are relevant to selection and ranking problems. 

1) If the populations are normally distributed with unknown means 0^, ..., 0^ 

2 2 
and known variances a^, ..., a^, then 

a) The least favourable configuration in £}(«) is 0^ = ... = 0^, and 

is independent of the common value. 

b) The distribution function of T^ for 0 = 0= (0, . . ., 0) is given 

2 
by a weighted sum of the distribution functions of x random vari

ables; see Corollary 2.6 there. 

2) If the variances of the normal populations are assumed unknown but equal, 

1 a) above holds. For a property corresponding to 1 b) see Theorem 2.7 

there. 

3) If the density of each population belongs to an exponential class given 

there (which is essentially the one given in Section 2 here), and if 

we have n^ = . . . = n^ = n, then: 

a) lim P0[T10>d] < lim P-[T,_>d] 
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where PQ(E) denotes the probability of an event E taken under 

the assumption that the true parameter vector is 0, and where 

is the probability computed under the assumption 0^ = . . . = 0 .̂ 

b) The distribution function of when 0^ = ... = 0^, converges to 

the one for the normal means case given in 1 b) above, as n 00. 

We now discuss how our results, given in this report and in Chotai (1978), 

may be of interest when testing for order restrictions. Our results pertain 

to the partial order <<f defined as follows. Let t be any integer with 

1 < t < k-1. Also, let "A<B" for any sets A and B of real numbers denote 

the property that a < b for each a € A and each b € B. Define «f to 

be {61, ... , 0k_t> < {6k_t+1, - - •, 6kK 

For the normal means case with unequal and known variances or with common 

unknown variance, the following points are of interest. 

1) We have given a simple proof for the distribution of the test statistic 

T^2 under the least favourable configuration 0^= ... = 0 . The general 

proof given by Theorem 2.5 in Robertson and Wegman (1978), which uses 

a part of the proof of Theorem 3.1 in Barlow et al (1972; cf. B.l and 
t 

B.2 on page 131), is somewhat lengthy for <f. The simple inductive proof 

given by Bartholomew (1961, page 246) does not cover <f. As noted in 

Barlow et al (1972, pages 171-172), this proof assumes that as the "essen

tial restrictions" are added one at a time, then two means which have once 

been "pooled", are subsequently never separated. It is not difficult to 

see that this assumption does not hold for < T. 

2) For the case t =1, and when the variances are assumed equal, we have 

given tables in Chotai (1978) of the critical values for 

3) When t = l,we have provided several new tests when testing for We 

have also made detailed power comparisons among some of the available tests. 
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Besides the above points, the following is of interest. 

4) If we assume that the density for each population belongs to any 

class considered in Section 2 of this report, we have shown that the 

least fabourable configuration is 0^ = ... = 0^ for any finite values 

of n^, n^. That is, we do not have to resort to the asymptotic 

theory to obtain the least favourable configuration when testing for 

«f. It may be noted that the class of densities satisfying the assump

tions cf Section 2.2 contains members which do not belong to the exponen

tial class treated by Robertson and Wegman (197 8); an example being the 

Laplace density. 
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