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Abstract

High-quality factor oscillators are often used in measurements of very
small force since they exhibit an enhanced sensitivity in the narrow frequency
band around resonance. Forces containing frequencies outside this frequency
band are often not detectable and the total force acting on the oscillator
remains unknown. In this thesis we present methods to efficiently use the
available bandwidth around resonance to reconstruct the force from partial
spectral information.

We apply the methods to dynamic atomic force microscopy (AFM) where
a tip at the end of a small micro-cantilever oscillates close to a sample surface.
By reconstructing the force between the tip and the surface we can deduce
different properties of the surface. In contrast, in conventional AFM only one
of the many frequency components of the time-dependent tip-surface force
allowing for only qualitative conclusions about the tip-surface force.

To increase the number of measurable frequency components we devel-
oped Intermodulation AFM (ImAFM). ImAFM utilizes frequency mixing of
a multifrequency drive scheme which generates many frequencies in the re-
sponse to the nonlinear character of the tip-surface interaction. ImAFM,
amplitude-modulated AFM and frequency-modulated AFM can be consid-
ered as special cases of narrow-band AFM, where the tip motion can be
described by a rapidly oscillating part and a slowly-varying envelope func-
tion. Using the concept of force quadratures, each rapid oscillation cycle can
be analyzed individually and ImAFM measurements can be interpreted as a
rapid measurement of the dependence of the force quadratures on the oscil-
lation amplitude or frequency. To explore the limits of the force quadratures
description we introduce the force disk which is a complete description of the
tip-surface force in narrow-band AFM at fixed static probe height.

We present a polynomial force reconstruction method for multifrequency
AFM data. The polynomial force reconstruction is a linear approximative
force reconstruction method which is based on finding the parameters of a
model force which best approximates the tip-surface force. Another class
of reconstruction methods are integral techniques which aim to invert the
integral relation between the tip-surface force and the measured spectral
data. We present an integral method, amplitude-dependence force spec-
troscopy (ADFS), which reconstructs the conservative tip-surface force from
the amplitude-dependence of the force quadratures. Together with ImAFM
we use ADFS to combine high-resolution AFM imaging at high speeds with
highly accurate force measurements in each point of an image. For the mea-
surement of dissipative forces we discuss how methods from tomography can
be used to reconstruct forces that are a function of both tip position and
velocity.

The methods developed in this thesis are not limited to dynamic AFM and
we describe them in the general context of a harmonic oscillator subject to an
external force. We hope that theses methods contribute to the transformation
of AFM from a qualitative imaging modality into quantitative microscopy and
we hope that they find application in other measurements which exploit the
enhanced sensitivity of a high-quality factor oscillator.
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Sammanfatting

Oscillatorer med hög kvalitetsfaktor andvänds ofta vid mätningar av väldigt
sm̊a krafter d̊a de har en ökad känslighet i ett smalt frekvensband kring resonans-
frekvensen. Krafter med frekvenskomponenter utanför detta frekvensband kan ofta
inte mätas, varp̊a den den totala kraften som verkar p̊a oscillatorn förblir okänd.
I denna avhandling presenterar vi metoder för att effektivt utnyttja det tillgäng-
liga frekvensbandet kring resonans till att rekonstruera krafter fr̊an ett partiellt
frekvensspektrum.

Vi tillämpar metoderna p̊a dynamisk atomkraftsmikroskopi (AFM) där en spets
i änden av en mikrometerstor balk oscillerar nära en yta som ska undersökas.
Genom att rekonstruera kraften mellan spetsen och ytan kan flera egenskaper hos
ytan härledas. Detta st̊ar i kontrast med vanlig AFM där bara en av de m̊anga
frekvenskomponenterna av den tidsberoende kraften kan mätas och bara kvalitativa
slutsatser om ytan kan dras.

För att öka antalet mätbara frekvenskomponenter har vi utvecklat Intermodu-
lations AFM (ImAFM). ImAFM utnyttjar att en drivsignal med flera frekvenser
genom frekvensmixning kommer ge upphov till flera nya frekvenser som en reaktion
p̊a den icke-linjära interaktionen mellan spetsen och ytan. Intermodulations AFM,
amplitud-modulerad AFM och frekvens-modulerad AFM kan alla ses som specialfall
av smalbandigt AFM, där spetsens rörelse kan beskrivas med en snabbt oscillerande
del och en l̊angsamt varierande envelopp. Genom att använda ett koncept av kraft-
kvadranter kan varje snabb oscillationscykel analyseras och ImAFM-mätningen kan
tolkas som en snabb mätning av kraft-kvadranternas beroende p̊a oscillationsampli-
tuden eller frekvensen. För att utforska gränserna för denna beskrivning av kraften
introducerar vi en kraft-skiva, vilket motsvarar den fulla beskrivningen av kraften
i smalbandigt AFM.

Vi presenterar en metod för att rekonstruera kraften som ett polynom. Denna
kraftrekonstruktion är en linjär approximativ rekonstruktions-metod i vilket m̊alet
är att hitta de parametrar av en modellfunktion som bäst motsvarar den riktiga
kraften mellan spettsen och ytan. En annan klass av rekonstruktions-metoder är
intergral-metoder som ämnar att invertera integrlekvationen mellan kraften och den
uppmätta signalen. Vi presenterar en s̊adan integral-metod, amplitud-beroende
kraft spektroskopi (ADFS), som rekonstruerar den konservativa delen av kraften.
Tillsammans med ImAFM använder vi ADFS för att kombinera hög-upplöst AFM
vid hög hastighet med noggranna kraftmätningar i varje bildpunkt av AFM-bilden.
Vi diskuterar ocks̊a hur metoder fr̊an tomografi kan utnyttjas för att rekonstruera
dissipativa krafter som funktion av b̊ade position och hastighet.

Metoderna som är framtagna i denna avhandling är inte begränsade till bara
AFM utan är beskrivna i en generell kontext av harmoniska oscillatorer med extern
kraftp̊averkan. Vi hoppas att dessa metoder bidrar till att omforma AFM fr̊an
ett kvalitativt verktyg till ett kvantitativt kraftmikroskop och att den även kan
användas i andra tillämpningar med hög-kvalitativa oscillatorer.
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Chapter 1

Measurements with the harmonic
oscillators

1.1 Oscillations and their application

The word “oscillation” has its roots in the Latin word “oscillatio” which literally
means “swing”[1]. An oscillating system or oscillator is a dynamical system which
swings, or oscillates, between two more more states as time passes. If the system
returns to every state in a regular time interval the oscillations are called periodic
and the length of the regular interval defines the period of the oscillation. Oscillating
systems can be found everywhere in nature and society. Examples include the
motion of the planets around the sun[2], rhythmic activity in the central nervous
system[3], business cycles in economic activity[4, 5], chemical reactions[6, 7] or the
change of a neutrino flavor[8]. Because of the frequent appearance of oscillations
in nature some non-western cultures even think of time as a periodic oscillating
process (wheel of time) instead of a linear time bar[9]. In science and engineering
oscillators are among the most-studied systems.

A class of oscillators that played an important role in the development of science
are mechanical oscillators, where a discrete or distributed mass oscillates around
an equilibrium position. As mechanical systems can be easily built and be readily
studied experimentally, they are among the first to be systematically studied and
they have been used in a variety of artistic and engineering applications.

An enormous variety of mechanical resonators can be found in music. Every
string or drum-based instrument exploits a oscillating string or membrane and the
sound of each instrument depends on the details of the used oscillator. Even flutes
can be considered as mechanical oscillators where pressure oscillations in a shallow
cavity is driven by a stream of air.

One of the most common engineering examples of a mechanical oscillator is the
pendulum which is a freely swinging mass suspended from a pivot point. Galileo
Galilei observed experimentally that the period of a freely swinging pendulum is

3



4 CHAPTER 1. MEASUREMENTS WITH THE HARMONIC OSCILLATORS

independent of its oscillation amplitude[10]. This observation introduced counting
the number of oscillation cycles of a swinging pendulum as the basic principle for
the measurement of time for hundreds of years. An increasingly accurate measure-
ment of time was required for marine navigation very sophisticated clocks based
on pendula were constructed. Since pendulum clocks are very sensitive to pertur-
bations from the environment, different oscillators like balance wheels have been
invented. Nowadays, the most accurate clocks are based on counting oscillation
cycles in quantum mechanical mechanical systems, transitions between different
atomic energy levels serve as the basis of time measurements[11]. Not only time
can be measured with pendula. Jean Bernard Foucault used a simple pendulum to
demonstrate the rotation of the earth around its north-south axis.

In recent years the advancement of miniaturization technology allows the fab-
rication of micro- and nanomechanical oscillators on a industrial scale. Though,
usually not noticeable in our everyday life, these systems can be found as tuning
forks in clocks, accelerometers in cars, or gyroscopes in mobile phones. At the
forefront of research new mechanical systems like carbon nanotubes are studied to
achieve higher oscillation frequencies[12]. Micro-mechanical oscillators have been
the first macroscopic objects which haven been cooled to their quantum mechan-
ical ground state using methods form laser physics[13, 14]. In the field of ultra-
sensitive detection mechanical resonators are used for biomedical applications like
cancer diagnosis[15] and for pushing the sensitivity limits of weight measurement
down to the detection of single protons[16]. The scientific sensing application with
probably the most wide-spread use of a mechanical oscillator is dynamic atomic
force microscopy (AFM) in which an cantilever beam oscillates close to a sample
surface[17].

In AFM and in many other sensing applications one is interested in detecting
external forces acting on the oscillator. In this thesis we present general methods for
reconstructing these external forces and we apply the methods to AFM. However,
since the oscillator is modeled as a general linear system we expect use of the
methods in other measurements which are based on perturbing an oscillation, or
resonance.

1.2 The harmonic oscillator

The simplest model which exhibits oscillating behaviour is a point mass particle
subject to a linear restoring force, e.g. the force of a linear spring. For this system
Newton’s second law becomes

mz̈ + kz = 0 (1.1)

where z = z(t) is the particle’s position as a function of time t, m is the particle
mass, k is the so-called spring constant and the dot denotes differentiation with
respect to time. The solution to this linear ordinary differential equation is

z(t) = A cos (ω0t+ φ) (1.2)
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where ω0 =
√
k/m. For the initial conditions z(0) = z0 and ż(0) = v0 the amplitude

A and phase φ are given by

A =

√
z2

0 + (v0/ω0)
2
, (1.3)

tan(φ) =
v0/ω0

z0
. (1.4)

Due to this harmonic motion of the particle as shown in figure 1.1a the system
described by equation (1.1) is called harmonic oscillator.

The harmonic oscillator model is one of the most important models in physics
since it naturally arises for a particle in a bound potential U . If the equilibrium
position of the particle is at z0 = 0 the potential can be Taylor expanded for small
deflections around z0 = 0 . The force F on the particle is then given by

F (z) = − dU

dz

∣∣∣∣
z=0

+
d2U

dz2

∣∣∣∣
z=0

z +O
(
z2
)

(1.5)

The first term vanishes as z0 = 0 is the equilibrium position and if we identify

d2U

dz2

∣∣∣∣
z=0

= k (1.6)

we readily obtain equation (1.1) as the first-order approximation to the equation
of motion.

However, dissipative forces which cannot be represented by a potential function
are also often present in oscillating systems. For small velocities these frictional
forces can be described as

Fdis = −mγż (1.7)

where γ is the damping coefficient. With this additional force the system is called
the damped harmonic oscillator and the equation of motion becomes

mz̈ +mγż + kz = 0 (1.8)

which has the solution

z(t) = Ae−λ±t+φ (1.9)

where the amplitude A and phase φ are determined from the initial conditions. The
exponent λ± is given by

λ± =
1

2
γ ±

√
γ2

4
− ω2

0 (1.10)

and it determines the qualitative behaviour of the solution as depicted in figure
(1.1)b.
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Figure 1.1: Motion of an un-damped (a) and a damped harmonic oscillator (b). The
damped harmonic oscillator exhibits three qualitatively different types of motion.
The under-damped motion is an oscillating motion with exponentially decreasing
amplitude. As the damping constant increases the oscillating component becomes
smaller and vanishes completely for the critically damped oscillator for which the
oscillator returns to its equilibrium position on a exponential trajectory. For higher
damping coefficients the oscillator is over-damped and exponentially approaches
its equilibrium position. However, there one of the solutions for the over-damped
harmonic oscillator has a longer decay time as as in the critically damped case.

• For γ
2
/4 < ω2

0 the system is called under-damped and the solution exhibits an
oscillating term with an exponential decay,

z(t) = Ae−
γ/2t cos

(√
ω2

0 −
γ2

4
+ φ

)
(1.11)

• For γ
2
/4 = ω2

0 the system is called critically damped and the solution becomes

z(t) = Ae−
γ/2t+φ (1.12)

• For γ
2
/4 > ω2

0 the system is over-damped with the solutions

z(t) = Ae
−
(
γ
2±
√
γ2

4 −ω2
0

)
t

(1.13)

of which one decays faster and the other one slower than the critically damped
case.

The damping constant γ can be equivalently described in terms of a quality factor

Q =
ω0

γ
. (1.14)
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The quality factor is a measure of the energy which is lost by the oscillator to the
environment in each cycle of a sinusoidal oscillation,

Edis = 2π
Estored

Q
(1.15)

where Estored is the energy initially stored in the oscillator. In what follows the
quality factor is used instead of the damping constant.

When simple forces as those defined in equations (1.5) and (1.7) cause such
rich behaviour of the system, one would expect that more general forces are even
more difficult to understand. However, additional external drive force which can
be considered as a function of time can be treated quite simply. In this case the
system is called driven damped harmonic oscillator and the the equation of motion
is

mz̈ +m
ω0

Q
ż + kz = F (t) (1.16)

Since equation (1.16) is linear in z the general solution is a linear superposition
of harmonic oscillations at different frequencies. Such motion is naturally best
analyzed using the Fourier transform.

The Fourier transform is based in the idea of representing a function as a super-
position of harmonic functions as introduced by Joseph Fourier[18]. Generally, the

Fourier transform F {f} = f̂ of a function f : R→ C which is Lebesgue-integrable
is defined as

F {f} (ω) = f̂(ω) =
1

2π

ˆ ∞
−∞

f(t)e−iωtdt (1.17)

where i is the complex unit and ω is the angular frequency. Often f̂ is called the
representation of f in Fourier space or in the frequency domain while the domain
of the original function f is called the time domain. The Fourier transform F has
a unique inverse F−1 which is given by

F−1
{
f̂
}

(t) =

ˆ ∞
−∞

f̂(ω)eiωtdω (1.18)

such that F−1 {F {f}} = f .
Using the definition of the Fourier transform equation (1.17) in the Fourier

domain becomes
−mω2ẑ + im

ω0ω

Q
ẑ + kẑ = F̂ (1.19)

where ẑ and F̂ are the Fourier transforms of z and F respectively. Thus, the motion
of a particle subject to an external drive force can simply be computed in Fourier
space as

x̂ = χ̂F̂ (1.20)

where

χ̂ = χ̂(ω) =
ω2

0/k

ω2 − ω2
0 + iω0ω

Q

(1.21)
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is the linear response function of the driven damped harmonic oscillator. The linear
response function is linear in that sense that if ẑ1 and ẑ2 are solutions to equation
(1.16) for two different drive forces F̂1 and F̂2 then λ1ẑ1 +λ2ẑ2 is the solution to the
drive force λ1F̂1+λ2F̂2. The function χ̂ is complex-valued and has a simple physical
interpretation. For a single-frequency excitation of the form F (t) = F0 cos(ω̄t) the
resulting motion is z(t) = A cos(ω̄t+ φ) where the amplitude A is given by

A(ω̄) = |χ̂(ω̄)|F0 (1.22)

and the phase-lag φ between excitation and response by

φ(ω̄) = arg (χ̂(ω̄)) . (1.23)

Figure 1.2a shows a plot of |χ̂| as a function of the normalized frequency Ω = ω/ω0

for a quality factor of Q = 500. The amplitude |χ̂| exhibits a sharp peak with a
maximum at

ωmax ≈ ω0 (1.24)

which is called the resonance peak with a resonance frequency of ω0. The existence
of a resonance (peak) implies that there is a distinct frequency band in which small
drive forces result in particle motion with big amplitudes. On the other hand, forces
of equal strength far above the resonance frequency do not cause significant motion
as the linear transfer function χ̂ decreases as 1/ω2 and thus attenuates forces at
higher frequencies.

The phase-lag φ in figure 1.2b exhibits similar behaviour. In the frequency
band close to the resonance frequency the phase-lag φ is very responsive to small
frequency changes of the excitation force. Away from resonance frequency the
phase lag is approximately constant, being 0 below the resonance and −π above
the resonance.

The strength of the resonance depends on the quality factor Q. In figure 1.3 the
amplitude and phase functions of the linear response function χ̂ are plotted close
to Ω = 1 for different values of Q. For higher values of Q the response amplitude
A is higher and the phase φ changes more rapidly around Ω = 1 where equals −π/2
independent of Q and k. In contrast, the amplitude A on resonance (Ω = 1) is
given by A(Ω = 1) = Q/k.

1.3 Noise and sensitivity of the harmonic oscillator

The accurate measurement of different physical signals is at the heart of many
scientific and engineering applications. Here, “accurate” means that the noise which
is always present in any physical measurement should be much smaller than the
signal of interest, or the signal-to-noise ratio (SNR) should be large. To optimize
the accuracy of a measurement often the principle of resonant detection is used
which is based on the idea of coupling a high quality factor harmonic oscillator
to the experimental system such that the signal of interest can be considered as
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Figure 1.2: Amplitude (a) and phase (b) of the linear response function of a driven
damped harmonic oscillator with Q = 500 and k = 40 Nm−1.
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Figure 1.3: Amplitude (a) and phase (b) of the linear response function of a driven
damped harmonic oscillator with k = 40 Nm−1 for different values of Q.

a time-dependent force acting on the oscillator. Inverting equation (1.20), we see
that the force signal can easily be determined in Fourier space by measurement of
the Fourier transform of the oscillator motion,

F̂ (ω) = χ̂−1(ω)ẑ(ω) (1.25)

The fact that a measurement of the force requires a measurement of the oscilla-
tor’s motion implies that both position and force noise contribute to the total noise
in the measurement. To quantitatively analyze the noise we consider the power
spectral density (PSD) of the oscillator position Ŝzz and of the force acting on the
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Figure 1.4: The power spectral density of detector noise, thermal noise and their
sum close to resonance shown in the position (a) and force representation (b). The
detection noise floor of Adet = 150.0 × 10−15 m Hz−2, the thermal noise of Fth =
21.8× 10−15 N Hz−1 and the oscillator parameters Q = 514.0 and k = 26.6 Nm−1

are taken from experimental data for a micro-cantilever oscillating in air at room
temperature.

oscillator ŜFF in the absence of an external drive force. They are defined as

Ŝzz(ω) = 2π ẑ∗(ω)ẑ(ω) (1.26)

ŜFF (ω) = 2π F̂ ∗(ω)F̂ (ω) (1.27)

where the star denotes complex conjugation. For a measurement of the oscillator
position one source of noise is the detection system, like electronic noise in the
measurement circuit. This detector noise can often be treated as white noise which
is a frequency-independent noise background in the position PSD Ŝzz as shown in
figure 1.4a. Plotted as an noise equivalent noise force PSD ŜFF , the corresponding
noise background has a frequency-dependence give by χ̂−1 and exhibits a minimum
at the resonance frequency.

Another significant source of noise is the so-called thermal noise which has a
deeper physical origin. For a real physical implementation of a harmonic oscillator
not only conservative forces but also dissipative forces are present which might be
due to internal friction or the coupling to a dissipative environment environment.
Dissipative forces are always accompanied by fluctuation forces. A simple example
for this relation was discussed by Albert Einstein[19]. He realized that the drag
forces on a particle pulled through a viscous fluid are the same forces that cause
Brownian motion of the particle when there is no external force pulling the particle.

This observation is formalized by the fluctuation dissipation theorem[20]. The
mean square displacement

〈
(∆z)2

〉
around the average value 〈z(t)〉 of a system can
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be calculated from the position PSD Ŝzz as

〈
(∆z)2

〉
=

ˆ ∞
0

Ŝzz(ω)dω. (1.28)

The fluctuation-dissipation theorem connects the position PSD Ŝzz with the imag-
inary part of the linear response function χ̂ such that

Ŝzz =
2kBTbath

ω
Im (χ̂(ω)) (1.29)

allowing for a calculation of the position fluctuations from knowledge of the linear
response function χ̂ together with the Boltzmann constant kB and the temperature
Tbath of the surrounding heat bath. For the harmonic oscillator the position PSD
becomes

Ŝzz(ω) = kBTbath
ω3

0/Qk

(ω2
0 − ω2)

2
+
(
ω0ω
Q

)2 . (1.30)

This position PSD can be interpreted as the system’s response to a frequency-
independent fluctuation force which can be determined as

Fth =

√
kBTbath

Qω0
. (1.31)

Since this fluctuation force is derived from equilibrium thermodynamics it is often
called thermal noise force. Thermal noise and detector noise are dual to each other
in the sense that detector noise is frequency-independent in the position PSD while
thermal noise is frequency-independent in the force PSD. For both the position
and the force PSD thermal noise dominates in the region close to resonance in
figure 1.4. In this region a measurement can be performed at the fundamental
noise limit since the detection noise might be reduced by for example using better
measurement electronics whereas the thermal noise is intrinsic to the oscillator and
its environment.

The important figure of merit for a measurement is the SNR which is defined
as

SNR =
Psignal

Pnoise
(1.32)

where Psignal is the power in the desired signal and Pnoise is the total noise power.
For a given measurement bandwidth B (inverse of the measurement time T ) the
signal power at SNR = 1 defines the minimum detectable force Fmin giving a
measure for the system sensitivity at the specified bandwidth B. Please note that
the system sensitivity is often confused with the system responsivity which is simply
the input-output conversion factor of the system given by the absolute value of
the linear response function χ̂. Figure 1.5 shows the minimum detectable force for
typical AFM parameters. The minimum detectable force exhibits a minimum at the
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Figure 1.5: The smallest measurable force for a measurement bandwidth of B =
500 Hz. The noise and oscillator parameters are the same as for figure 1.4. The the
minimum in the smallest measurable force is narrow on a broad frequency scale.
However, as shown in the inset the minimum has a finite width allowing for very
sensitive measurements in a narrow frequency band around resonance.

resonance frequency and increases at higher frequencies while it is nearly constant at
frequencies lower than the resonance frequency. The very narrow minimum means
that a high-Q oscillator oscillator is not good for measurement of forces with a
broad-band spectrum. However, in the narrow band around resonance an optimal
choice of the oscillator parameters ω0, k and Q allows to for extremely sensitivity
in a narrow band.



Chapter 2

Atomic force microscopy

2.1 The physics of cantilever-based detection

One example of the use of harmonic oscillators in measurements is atomic force
microscopy (AFM)[21] which is a common tool in nanotechnology to image[22, 23,
24], measure[25, 26] and manipulate[27, 28, 29] matter on surfaces. At the heart of
AFM is a micro-cantilever which is clamped at one end and free at the other end
as depicted in figure 2.1. At the free end a small tip is attached whose position
is usually measured with an optical lever system. The cantilever’s tip interacts
with the surface through many different types of forces such as dispersion forces,
mechanical forces, electro-static forces, chemical forces, magnetic forces etc. hence
the versatility of AFM. To externally control the interaction between the tip and
the surface the cantilever can be positioned with sub-nanometer resolution in all
three directions above the sample surface using a piezo-electric nano-positioning
system. An additional piezo shaker can excite cantilever oscillations.

The cantilever is usually modeled as a one-dimensional continuum object using
Euler-Bernoulli beam theory[30]. In this theory the deflection w of an beam element
at position x along a cantilever of length L at time t, is governed by the equation

EI
∂4w(x, t)

∂x4
+ µ

∂2w(x, t)

∂t2
= F (x,w(x, t), t) (2.1)

where E is the Young’s modulus of the cantilever, I is the second moment of area
and µ is the mass per unit area. We require that the general solution to equation
(2.1) is a linear superposition of different oscillation modes which are separable in
space and time such that

w(x, t) =

∞∑

n=1

d(n)(t)Φ(n)(x) (2.2)

where the d(n) describe the mode dynamics and the Φ(n) are the so-called mode
shapes which can be obtained from equation (2.1) in the absence of an external

13
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Figure 2.1: In a dynamic AFM tip at the end of a cantilever beam interacts with
the surface through the tip-sample force Fts while it oscillates with the amplitude
A. In the absence of the tip-surface force and any drive force exerted by piezo
shaker the tip is at rest at the static probe height h. The tip position is measured
using a laser-based optical lever system. The photodiode is connected to the AFM
controller electronics which additionally generates the voltages for the piezo shaker
driving the cantilever and the piezo scanner adjusting the position of the cantilever
with respect to the sample.
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excitation force,
∂4Φ(n)(x)

∂x4
− κ(n)Φ(x) = 0 (2.3)

where

κ(n) =

(
ω

(n)
0

)2

µL4

EI
(2.4)

determines ω
(n)
0 the resonance frequency of the nth mode. For a cantilever beam

which is clamped at one end and free at the other end the boundary conditions are

Φ(n)(0) = 0, (2.5)

∂Φ(n)(x)

∂x

∣∣∣∣
x=0

= 0, (2.6)

∂2Φ(n)(x)

∂x2

∣∣∣∣
x=L

= 0, (2.7)

∂3Φ(n)(x)

∂x3

∣∣∣∣
x=L

= 0 (2.8)

and the solution to equation (2.3) becomes

Φ(n)(x) = cos
(
κ(n)x/L

)
− cosh

(
κ(n)x/L

)
(2.9)

−cos
(
κ(n)

)
+ cosh

(
κ(n)

)

sin
(
κ(n)

)
+ sinh

(
κ(n)

)

×
(

sin
(
κ(n)x/L

)
− sinh

(
κ(n)x/L

))

where κn is obtained numerically from the characteristic equation

1 + cos
(
κ(n)

)
cosh

(
κ(n)

)
= 0 (2.10)

The resonance frequencies ω
(n)
0 obtained from equation (2.4) and some correspond-

ing mode shapes are shown in figure 2.2 and 2.3 respectively. In contrast to the
resonance frequencies of a vibrating string, the resonance frequencies of a cantilever
beam clamped at one end and free at the other end do not scale linearly with the
mode number n.

The dynamics of the different modes depend on the forces which act on the
tip. In dynamic AFM the cantilever is externally excited by either shaking the
clamped end or using a magnetic drive scheme. This external drive force is often
model as an effective drive force which acts only at the free end of the cantilever. In
conventional AFM, only the first cantilever mode is excited and thus the cantilever
deflection can be approximated as

w(x, t) ≈ q(1)(t)Φ(1)(x) (2.11)
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Figure 2.2: The resonance frequency as a function of the mode index for the first
six modes (a) and the first 40 modes (b).
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Moreover, it is assumed that close to the surface only the tip at the end interacts
with the sample surface and a heuristic damping term is added to account for the
fact that the cantilever is surrounded by a viscous fluid (air or liquids)[31]. With
these assumptions about the forces acting on the cantilever the equation of motion
describing the time-dependence of the beam deflection can be written as[32, 33]

d̈+
ω0

Q
ḋ+ kd = Fdrive(t) + Fts(t) (2.12)

where we dropped the mode index. The resonance frequency ω0 and the spring
constant k are determined by properties of the cantilever beam and the quality
factor Q is due to the tip motion in a viscous fluid. Equation (2.12) reveals that
the basic physics of AFM is the physics of a driven damped harmonic oscillator
which is subject to an unknown tip-surface force Fts.

2.2 Imaging and force measurements

When imaging a surface the tip is laterally scanned above the sample surface while
a feedback mechanism adjusts the static probe height above the surface to generate
an image of the surface topography. The feedback mechanism is usually based on a
simple proportional-integral controller (PI loop) which attempts to keep the value
of an measured physical quantity constant during the scan.

In the so-called quasi-static or contact imaging mode, this physical quantity is
the tip deflection d from the equilibrium position. In this mode the tip is always in
mechanical contact with the surface and equation (2.12) reduces to

kd = Fts (2.13)

where Fts is constant. However, one should note that both the static mode shape
and the static spring constant differ slightly from the mode shape and the spring
constants derived using the boundary conditions (2.5) - (2.8). One particular prob-
lem with quasi-static imaging is that the tip is in constant contact with the surface
and the imaging force can damage the sample surface.

This problem of strong back action forces on the sample can be circumvented
using dynamic imaging modes. In dynamic imaging the tip is sinusoidally excited
and therefore oscillates above the sample surface such that the force on the tip
varies during one oscillation cycle.

The most wide-spread dynamic imaging modes are amplitude-modulated AFM
(AM-AFM) and frequency modulated AFM (FM-AFM). In AM-AFM both the
strength and the frequency of the external excitation are fixed. The resulting tip
motion close to the surface is approximately sinusoidal and given by[34]

z(t) = A cos(ω̄t+ ϕ) + h (2.14)

where ω̄ is the excitation frequency and h is the static probe height above the
surface as illustrated in figure 2.1. The oscillation amplitude A and the phase
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lag ϕ between the excitation signal and the tip motion are the measured physical
quantities and A is used as the input for the feedback loop.

Cantilevers in vacuum have much higher Q factors than in air or in liquids
and the tip oscillation amplitude reacts much slower to a change in the tip-surface
interaction. To deal with this slow response FM-AFM is often used under vacuum
conditions. In FM-AFM an additional feedback loops adjusts the drive frequency
such that the cantilever is always excited at the resonance frequency which shifts
due to the interaction with the surface[35]. For such an excitation scheme the
motion is always −π/2 out of phase with the excitation signal

z(t) = A cos
(

(ω0 + δω)t− π

2

)
+ h (2.15)

where δω denotes the frequency shift away from the resonance. Often another
feedback loop is used to also keep the oscillation amplitude A constant. For such an
setup the measured physical quantities are the frequency shift δω and the excitation
strength Fdrive where δω is used as the feedback input.

Despite the name atomic “force” microscopy, the tip-surface interaction force
above the sample surface remains unknown for both static and dynamic imaging.
During static imaging the tip is kept at a constant deflection which is set as a feed-
back parameter, corresponding to a constant force between the tip and the surface.
In contrast, in both AM-AFM and FM-AFM the force on the tip varies during an
oscillation cycle. However, since there are only two physical quantities (A and ϕ or
δω and Fdrive) only qualitative conclusions about the interaction between the tip
and the surface can be drawn. To use AFM for quantitative force measurements
different approaches have been developed which are mostly based on measurements
of the measured physical quantities at different static tip heights above a single
point of the surface.

The simplest force measurement is a measurement of the static deflection d as
a function of the tip height h from which equation (2.13) directly reveals the force
between the tip and the surface. However, in static measurements the transition
region between attractive and repulsive surface forces is often not accessible due to
abrupt jumps of the tip towards the surface when the force gradient exceeds the
cantilever spring constant[26]. Moreover, forces depending on the tip velocity such
as viscous damping forces can not be determined with static measurements.

Dynamic AM-AFM and FM-AFM measurements at different static tip heights h
are sensitive to position-dependent damping forces and they do make use of the high
signal-to-noise ratio on resonance. However, the measured quantities correspond
to weighted averages of the tip-surface force over the oscillation range and thus
reconstruction of the tip-surface interaction form experimental data is more com-
plicated than for quasi static fore measurements. For FM-AFM the forces can be
obtained by a discretization of the tip-surface force in position[36], by the inversion
of a pseudo differential operator for the Laplace transform of the force[37, 38, 39]
or in the limit of large oscillation amplitudes[40, 41]. For AM-AFM the situation is
more complicated since the oscillation amplitude can be different for different probe
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height, which corresponds to a different averaging kernel for each static tip height.
Moreover, due to the nonlinear character of the tip-surface interaction, abrupt am-
plitude changes often occur when changing the static tip height[42, 43]. Up to the
first amplitude jump the force can be obtained from the measured oscillation ampli-
tude and phase by the inversion of an integral equation[44]. For the reconstruction
in the full measurement region high order polynomial approximations[45], numeri-
cal solution of ordinary differential equations[46] or heuristic methods[47] inspired
by the pseudo-differential solution for FM-AFM have been put forward. However,
these AM-AFM methods either do not have closed form solutions or they are math-
ematically not well-grounded.

All the force measurement methods discussed above have in common that they
are incompatible with imaging at acceptable speeds since they are based on a slow
change of the static probe height. With dynamic methods based on FM-AFM
and AM-AFM, the data acquired while imaging allow only qualitative analysis of
the tip-surface force and the combination of quantitative force measurements with
imaging at high spatial and temporal resolution has been a long-standing problem
in the development of AFM.

2.3 Multifrequency AFM

The development of dynamic AFM has recently turned toward a new direction
called multifrequency AFM[48]. In multifrequency AFM the tip motion comprises
more than one single oscillation frequency in contrast conventional single frequency
AM-AFM and FM-AFM (compare equations (2.14) and (2.15)). The new frequency
components present in the tip motion might be generated by the nonlinear tip-
surface force, a multifrequency drive scheme, or booth as depicted in figure 2.4 for
different multifrequency methods in.

One of the early discoveries in multifrequency AFM was that the equations
(2.14) and (2.15) only approximate the real tip motion and frequencies that are
integer multiples of the drive frequencies are also present in the tip motion. These
additional frequency components are called higher harmonics and they are gener-
ated by the nonlinear tip-surface interaction[49, 50]. Higher harmonics have been
used for imaging[51, 52, 53] and a measurement of the complete spectrum of higher
harmonics allows for a simple reconstruction of the tip-surface force as a function
of time during an tip oscillation cycle[54]. However, the amplitudes of higher har-
monics are very small as their frequencies do not coincide with the cantilever’s
resonance frequencies. Therefore, force measurements using higher harmonics of-
ten require strong interaction forces[54], special cantilevers[55, 56] or highly-damped
environments[57]. Moreover, the accurate measurement of higher harmonics relies
on an accurate calibration of the cantilever’s linear response function over a wide
frequency band. A wide-band position detector, or a photodiode detector with a
high roll-off frequency is also required.

Other multifrequency methods make use of multiple cantilever eigenmodes. In



20 CHAPTER 2. ATOMIC FORCE MICROSCOPY

a)

ω

A

ω
(1)
0 ω

(2)
0

b)

ω

A

ω
(1)
0 ω

(2)
0

c)

ω

A

ω
(1)
0 ω

(2)
0

d)

ω

A

ω
(1)
0 ω

(2)
0

Figure 2.4: Schematics of the tip motion spectrum for conventional AFM (a), bi-
modal AFM (b), higher harmonics AFM (c) and narrow-band Intermodulation
AFM (d). The cantilever is excited at the solid bars while the tip motion is mea-
sured at the solid and the dashed bars.

bimodal AFM, the first and the second cantilever resonances are externally excited
with two single frequencies at which the tip motion is measured[58, 59, 60, 61, 62,
63, 64]. Bimodal AFM does not allow for quantitative reconstruction of tip-surface
forces while scanning, but the amplitude and phase at the second cantilever eigen-
mode do provide two more measured physical quantities than conventional AM-
AFM and FM-AFM. Recently, schemes with a frequency-modulated drive at the
second eigenmode[65, 66, 67] and trimodal excitation [68] have been investigated.

Another multifrequency approach is the excitation over a continuous band of
frequencies. This so-called band excitation method has been tested for different
imaging modes[69, 70]. However, continuous band excitation is not practical in a
real experiment with a finite measurement time. As we explain in the following a
discrete frequency comb for excitation and measurement is much more advantageous
for probing the tip-surface interaction.

Intermodulation AFM (ImAFM) is a method that combines the high infor-
mation content of measurements at many harmonics with the high signal-to-noise
ratio close to a cantilever resonance[71, 72]. In ImAFM, the nonlinear tip-surface
force is used to create new frequency components, so-called intermodulation prod-
ucts (IMPs) that occur mixing products of a multifrequency drive. By choos-
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ing an appropriate drive scheme a large number of IMPs can be generated close
to the first cantilever a resonance for which well-established calibration schemes
exist[73, 74, 75, 76]. In the following chapters we will focus on the particular case
called narrow-band ImAFM where all of the discrete drive and response frequencies
are confined to a narrow band near one resonance. However, one should note that
many more drive and measurement schemes with possible in ImAFM, which may
also involve multiple eigenmodes.





Chapter 3

Intermodulation atomic force
microscopy

3.1 Nonlinear systems and atomic force microscopy

Intermodulation or frequency mixing is a phenomenon that occurs in many physical
systems like superconductors[77, 78], optics[79] or matter waves[80] and it is also
observed in our daily life in hearing[81, 82, 83] and music[84]. Systems theory
can be used for a general mathematical description of intermodulation. A system
h is excited or driven with a time-dependent signal x(t) which generates a time-
dependent response y(t) at the output port (see figure 3.1).

If the system is linear the spectrum of the response ŷ contains the same fre-
quencies as the spectrum of the drive x̂. In the simplest case the drive consists of
only one pure tone and can be written as

x(t) = cos(ω̄t) (3.1)

for which the response of the linear system is

y(t) = g cos(ω̄t+ ϕ) (3.2)

where the amplitude g and the phase ϕ depend on the actual system h and the
drive frequency ω̄ (see figure 3.2).

Input signal x(t) System h Output signal y(t)

Figure 3.1: A general system in a block diagram representation. The system has an
input at which an time-dependent drive signal x(t) is applied to excite the system.
The response to the drive signal y(t) can be measured at the output port.

23
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Figure 3.2: A linear system that is driven by a signal with only one pure tone at
frequency ω̄ exhibits response only at the drive frequency ω̄.

An example of a nonlinear system is a system whose response can be described
by a power series in the input signal,

y(x) =

∞∑

n=0

gnx
n. (3.3)

Such a system exhibits a more complicated response to the single frequency drive
defined in equation (3.1) since the response y(t) contains terms like

(cos(ω̄t))
2

=
1

2
+

1

2
cos(2ω̄t), (3.4)

(cos(ω̄t))
3

=
3

4
cos(ω̄t) +

1

4
cos(3ω̄t), (3.5)

...

revealing the generation of new frequency components in the response spectrum at
frequencies that are integer multiples of the drive frequency ω̄. These new frequency
components are called harmonics and their amplitudes depend on the polynomial
coefficients gn.

For a drive signal containing two pure tons

x(t) = cos(ω1t) + cos(ω2t) (3.6)
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Figure 3.3: If the nonlinear system described by equation (3.3) is driven with one
frequency ω̄ the response spectrum has non-zero spectral components at integer
multiples of the drive frequency which are called harmonics.

the response of the nonlinear system defined by equation (3.3) contains terms like

(cos(ω1t) + cos(ω2t))
2

= 1 +
1

2
cos(2ω1t) +

1

2
cos(2ω2t) (3.7)

+ cos ((ω1 + ω2)t) + cos ((ω1 − ω2)t)

(cos(ω1t) + cos(ω2t))
3

=
9

4
cos(ω1t) +

9

4
cos(ω2t) (3.8)

+
1

4
cos(3ω1t) +

1

4
cos(3ω2t)

+
3

4
cos ((2ω1 + ω2)t) +

3

4
cos ((ω1 + 2ω2)t)

+
3

4
cos ((2ω1 − ω2)t) +

3

4
((ω1 − 2ω2)t)

...

In addition to the drive frequencies and their harmonics, frequency compo-
nents in the response occur at at mixing frequencies of the two drive frequencies
as depicted in figure3.4. These additional components are called intermodulation
products (IMPs) and for a general multifrequency drive

x(t) = cos(ω1t) + cos(ω2t) + . . .+ cos(ωM t)

the frequencies of the IMPs are given by integer linear combinations of the drive
frequencies as

ωIMP = m1ω1 +m2ω2 + . . .+mMωM . (3.9)
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Figure 3.4: If the nonlinear system described by equation (3.3) is excited with two
closely tones centered at frequency ω̄ the response spectrum does not only contain
harmonics of the drive frequencies but also intermodulation products at frequencies
which are integer linear combinations of the drive frequencies. The insets in the
input and output spectrum show a zoom of into the region close to ω̄ revealing
many IMPs which are all spaced in frequency by the difference between the two
drive frequencies.

where m1,m2, . . . ,mM ∈ Z and ω1, ω2, . . . , ωM are the drive frequencies. With
equation (3.9) the order OIMP of an IMP can be defined as

OIMP = |m1|+ |m2|+ . . .+ |mM | (3.10)

A nonlinear system might therefore generate a complicated response to a multifre-
quency drive but the frequencies in the response can be controlled externally by
choosing an appropriately designed drive signal.

In intermodulation AFM (ImAFM) this control over the response frequencies
is exploited to combine the high information content of AFM methods based on
the measurement of higher harmonics with the high signal-to-noise ratio close to a
cantilever resonance. From a systems point of view dynamic AFM depicted as in
figure 3.5. The nonlinear system is a combination of the nonlinear interaction be-
tween tip and surface and the cantilever’s linear response function which effectively
filters out the response away from the cantilever resonances. In conventional dy-
namic AFM one cantilever resonance is excited with only one frequency. However,
the cantilever’s linear response function amplifies all frequencies in a continuous
frequency band close to a resonance. To make more efficient use of these frequency
bands a special multifrequency drive is applied to the system such that the nonlin-
ear tip-surface force creates intermodulation that is concentrated in the frequency
bands close to one or multiple cantilever resonances. In what follows we focus on



3.2. IMP MEASUREMENT AND FOURIER LEAKAGE 27

Drive force
Fdrive(t)

+

Cantilever χ

Tip-surface force Fts

Tip motion
z(t)

Figure 3.5: In dynamic AFM the drive force is externally applied to the cantilever
which forms together with the nonlinear tip-surface force a nonlinear system. The
output from the system is the measured tip motion.

the case of narrow-band ImAFM which utilizes only the first flexural cantilever
resonance where numerous commercial AFM systems are able to measure the tip
motion.

One of most simple drive waveforms used in narrow band ImAFM consists of
only two frequencies which are detuned by δω from the resonance frequency ω0,

Fdual(t) = A1 cos ((ω0 − δω)t) +A2 cos ((ω0 + δω)t) (3.11)

where A1 and A2 are the drive strengths. This drive signal corresponds to a beating
signal in the time domain with beat frequency δω/2. One disadvantage of of this
drive waveform is that only IMPs of odd order are created close to resonance as
shown in figure 3.6.

A drive scheme creating both odd and even order IMPs on resonance is given
by

Flow,high(t) = Alow cos(δωt) +Ahigh cos(ω0t) (3.12)

where δω � ω0. However, due to the low transfer gain at the low frequency δω a
strong low frequency drive is required which is hard to achieve in a real experiment.
Therefore, the dual drive scheme in equation (3.11) is preferable for ImAFM.

3.2 IMP measurement and Fourier leakage

In a real experiment a continuous signal x(t) is samples discretely over a finite time
window. Therefore, the continuous and infinite Fourier transform cannot be used
for signal analysis. Instead, the discrete Fourier transform (DFT) is used. For a
finite set of N samples xn sampled from x(t) with sampling frequency ωsamples the
DFT is defined as

x̂k =
1

N

N−1∑

n=0

xne
−2πikn/N (3.13)
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Figure 3.6: The intermodulation spectrum of a driven cantilever close to a sample
surface. The cantilever is excited with the frequencies f1 and f2 close to the first
flexural resonance frequency. Due to the nonlinear interaction between the tip and
the surface many IMPs of different odd orders are created. The letters L and H
denote if the IMP is at below or above the resonance frequency.

and the inverse transform is given by

xn =

N−1∑

k=0

x̂ke
2πikn/N (3.14)

The frequency of the discrete spectral components x̂k is given by

ωk = k∆ω (3.15)

where
∆ω =

ωsamples

N
(3.16)

Moreover, the spectrum x̂k is not only discrete but also has a maximum frequency
of

ωNyquist =
ωsamples

2
(3.17)

named after the Swedish-American engineer Harry Nyquist.
The discreteness and finiteness of the DFT spectrum puts up restrictions on

the measurement of intermodulation in a narrow frequency band. The sampling
frequency has to be at least two times higher than the highest frequency component
in the signal. Otherwise frequency components above the Nyquist frequency will
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mirrored to lower frequencies in the spectrum. This effect is called aliasing and it
is regularly be observed in daily life when watching movie recordings of rotating
wheels, which appear on the screen to rotate at lower speeds, in the wrong direction
or stationary.

Furthermore, the finite measurement time can result in the DFT spectrum of a
continuous mono-tone signal containing more than one non-zero frequency compo-
nent. This behaviour is called Fourier leakage and it can be illustrated by consid-
ering a single frequency signal

x(t) = cos(ω̄t) (3.18)

at frequency ω̄ that is multiplied with a rectangular window function

Π(t) =

{
1 − 1

2 ≤ t ≤ 1
2

0 else
(3.19)

such that
xΠ(t) = x(t)Π(t/T ) (3.20)

where T is the measurement time. Application of the convolution theorem yields
the Fourier transform of the windowed signal,

x̂Π(ω) =
1

4π

sin ((ω − ω̄)T/2)

(ω − ω̄)T/2
+

1

4π

sin ((ω + ω̄)T/2)

(ω + ω̄)T/2
. (3.21)

For a sufficiently high sampling frequency the DFT spectrum of xΠ(t) is given
by the values of x̂Π(ω) at the frequencies ωk = ∆ω as depicted in figure 3.7.
If the signal frequency ω̄ is an integer multiple of ∆ω the corresponding DFT
spectrum exhibits only one non-zero spectral component from which amplitude
and phase of the signal can be directly determined. In contrast, if ω̄ is not an
integer multiple of ∆ω the corresponding DFT spectrum contains many non-zero
spectral components and the signal tone “leaks out” to other frequencies. When
the Fourier leakage occurs, all non-zero spectral components (both amplitude and
phases) are required to accurately determine signal frequency, amplitude and phase.
For a signal containing multiple tones which are closely spaced and which are not
integer multiples of ∆ω it is not possible to determine the amplitudes and phases
from a leaky DFT spectrum. Thus, the exact measurement of closely spaced IMPs
requires a proper choice of the drive frequencies, the sampling frequency and the
number of samples such that all IMPs occur at integer multiples of ∆ω.

Apart from the sampling parameters and the choice of drive frequencies, another
source of Fourier leakage is a lack of synchronization of the clocks used for signal syn-
thesis and acquisition. Figure 3.8 shows an early implementation of ImAFM where
the drive signal is generated by two arbitrary waveform generators (AWGs) and
the photodiode signal is acquired by an independent data acquisition card (DAQ).
Each AWG and the DAQ has its own built-in clock which provides a reference
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Figure 3.7: Relation between the signal frequency and Fourier leakage in the DFT
spectrum. In the panels (a) and (c) the continuous Fourier transform of the win-
dowed signal is shown and the red circles indicate which points of the continuous
spectra form the DFT spectra in the panels (b) and (d). The DFT spectrum ex-
hibits only one non-zero component (c), if the signal frequency is an exact integer
multiple of the DFT base frequency ∆ω. In contrast, the DFT spectrum has many
non-zero components (d), if the signal frequency is not an integer multiple of ∆ω
and

signal for the internal synthesis of output waveforms and the sampling frequency
respectively. However, even with the high stability of the clock reference signals
that can be achieved today, in a real experimental setup there is always a small
drift between two reference clocks that can be due to different reasons like different
physical clock implementations or different temperatures of the clocks. As a result
of this clock drift the frequency of the a signal generated by an AWG might be ap-
pear to be slightly shifted when acquired with the DAQ. To mitigate this problem
synchronization of all the clocks in the experimental setup is required such that no
clock drifts with respect to another. In the setup shown in figure 3.8 the AWGs
can be synchronized with each other by using a 10 MHz reference signal. The DAQ
used in the experiment could not be synchronized to the same 10 MHz signal but
an external sampling clock signal could be supplied by an additional AWG.

The importance of clock synchronization is illustrated in figure 3.9 which shows
two DFT spectra of a signal with two closely spaced tones generated and measured
with the setup in figure 3.8. The sampling frequency, the number of samples and
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Figure 3.8: A setup for ImAFM experiments as used in reference [72]. The setup
builds on a commercial AFM with an signal access module (SAM). The parts of
the AFM system are shown in orange and the external components in blue. Three
arbitrary waveform generators (AWGs) are used for synthesizing the drive signal
(black) and the reference clock signal (blue). The photodiode signal (red) is mea-
sured with a data acquisition card (DAQ). Additionally, the drive signal is recorded
to define a common reference signal for phase measurements.

the signal tomes are chosen such that all are multiples of the DFT base frequency
∆ω. In the case of synchronized clocks (blue line) the DFT spectrum shows two
sharp peaks corresponding to the two signal frequencies. If the clocks are not
synchronized (red line) the DFT spectrum exhibits significant Fourier leakage of
the two frequencies. Thus, the correct choice of the DFT sampling parameters, the
drive tones and synchronization of the clocks in the experimental setup are a crucial
requirement for any multifrequency measurement technique, especially when these
frequencies all occur in a narrow frequency band.

3.3 IMP phase measurements

IMPs not only have amplitude but also phase. The physical phase or phase shift
is a quantity which is defined with respect to a reference signal. For an IMP phase
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Figure 3.9: Measurement of a signal with two frequencies with un-synchronized
and synchronized clocks in the experimental setup shown in figure 3.8. The un-
synchronized measruements exhibits significant Fourier leakage whereas the syn-
chronized measurement shows only two non-zero frequency components.

determined from a DFT spectrum, the reference signal is a cosine wave at the
IMP frequency which is at maximum at the measurement start. To compare the
values of two IMP phases at the same frequency the phases have to be defined
with respect to the same reference signal. However, since the measurement start is
generally arbitrary for any two measurements, the two measured phases would be
defined with respect to two different reference signals and it would not be possible
to compare their phases. In the ImAFM setup in figure 3.8 problem arises when
scanning a surface where each scan line is an independent measurement. To create
a common reference signal the drive signal was simultaneously recorded with the
photodiode signal by the DAQ. The common reference signal for all measurements
is then defined as a cosine whose argument is an integer multiple of 2π when both
arguments of the drive cosines in equation (3.11) are zero, i.e. the reference signal
for each IMP is at maximum when the drive beat is at maximum as shown in figure
3.10. The required phase shift for each IMP phase can readily be calculated from
the phases of the measured drive phases ϕ1 and ϕ2 and the IMP frequency ωIMP

as

ϕref =
ωIMP − ω1

ω2 − ω1
(ϕ2 − ϕ1) + ϕ1 (3.22)

where (ω2 − ω1)/2 and ϕ2 − ϕ1 can be identified with the frequency and phase of
the beat envelope function.

If the references phase defined in equation (3.22) is subtracted from measured
phases in all pixels of a scanned image, a consistent phase image forms in which
the phases in all scan lines can be compared since they are all defined with respect
to the same physical reference signal. An example of this phase correction is shown
in figure 3.11 in which the raw measured phases do not seem to carry any valuable
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Figure 3.10: A measurement can start at any time during during the drive beat
(a). To define a common reference signal for all IMP phase measurements the phase
of an virtual reference signal at the desired frequency is computed such that the
reference signal is at maximum when the drive beat is at maximum.
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Figure 3.11: Scanned images of the phase of IMP 3H acquired with the setup in
figure 3.8. The raw measured phase in the left panel does not seem to contain any
information. However, after properly defining a common reference phase for each
scan line an image forms which shows a surface with many features.

information whereas in the image with the corrected phases clearly shows detailed
surface features.
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Figure 3.12: For a dual frequency drive all frequency components in the response
spectrum are spaced by the difference between the two drive frequencies ∆ω which
in turn determines the required measurement bandwidth (a). To increase the speed
of measurement, the frequency difference between the drive frequencies has to be
increased. However, for an increased frequency spacing ∆ω′ the same number of
IMPs are distributed over a wider frequency band.

3.4 Measurement time and the resonant detection band

The time T needed for an ImAFM measurement that is free of Fourier leakage is
given by the inverse of the required DFT base frequency ∆ω,

T =
2π

∆ω

Hence, ∆ω is called the measurement bandwidth and its largest possible value is
given by the greatest common divisor of the frequencies in the drive signal. To
increase the speed of the measurement the frequency spacing of the drive tones has
to be increased, which in turn increases the frequency spacing between the IMPs.
Thus, an increased measurement speed causes the same number of IMPs to be
distributed over a wider frequency band as depicted in figure 3.12. However, due to
the decreasing transfer gain of the cantilever’s linear response function, the IMPs
further away from resonance have lower SNR. Eventually, the IMPs disappear into
the noise and the information they contain about the tip-surface interaction is no
longer accessible. Therefore, a trade-off is inevitable between measurement speed
and the number of IMPs that can be measured with good SNR.

The amount of bandwidth around a resonance that is available to measure IMPs
with a signal-to-noise ratio bigger than one is quantified by the resonant detection
bandwidth[85]. The resonant detection bandwidth is defined as the width of the
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Figure 3.13: The SNR for a signal of strength 100 pN. The detector and thermal
noise parameters are the same is in figure 1.5. The resonant detection band (red
region) is the frequency band in which the SNR is bigger than one. For the harmonic
oscillator subject to detector noise and thermal noise the resonant detection band
is a narrow band around resonance.

frequency band in which a force of a specified strength can be measured with
a specified measurement bandwidth at a signal-to-noise ratio bigger than one as
depicted in figure 3.13 for a signal of strength 100 pN in the presence of thermal
and detector noise. If thermal noise can be neglected, it can be shown that the
resonant detection bandwidth is nearly independent of the cantilever’s quality factor
for a force of 10 pN and a measurement bandwidth of 500 Hz, whereas a lower
spring constant increases the resonant detection bandwidth. In the same manner an
increased resonance frequency increases the resonant detection bandwidth, making
ImAFM compatible with high-speed scanning and higher-frequency cantilevers that
are becoming more widely used at present[86, 87, 88]. On the other side, operation
in liquids without exciting multiple cantilever resonances seems to be possible for
similar cantilever parameters as for torsional harmonic cantilevers[89]. One should
note that the analysis presented in [85] considers detector noise as the dominant
noise source. However, thermal noise is also present in an experiment and might
dominant over the detector noise over a wide frequency band in liquid environments.

3.5 FPGA-based measurements

To automatically satisfy the requirements avoiding Fourier leakage and to provide
a “coherent” phase signal for all scan lines a new experimental setup based on a
field programmable gate array (FPGA) was built by Erik and Mats Tholén[90].
An FPGA offers a performance comparable to an application-specific integrated
circuit (ASIC) while at the same time being programmable. In the new FPGA
setup only one clock is used for both signal synthesis and acquisition, removing
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Figure 3.14: In the FPGA-based setup the FPGA is the only component outside
the AFM system. From the measured photodiode signal the FPGA calculates
a feedback signal which is routed to to the signal input of the AFM controller.
Since all computationally extensive Fourier calculations are performed directly on
the FPGA, the computer of the AFM system can control both the AFM and the
FPGA.

the requirement of the complicated external synchronization of different clocks.
Moreover, once started the measurement is continuous which implies that all phase
measurements are directly comparable without an additional phase shift.

The FPGA-based setup offers the advantage of a real time measurement that
could not be achieved with the previous setups. While scanning a surface the am-
plitude and phases of 32 different IMPs can be simultaneously acquired in real
time allowing for a greatly improved interaction with the experiment. The FPGA
platform is compatible with AFM systems which provide access to the cantilever
drive signal, the photodiode signal and the line and image triggers. The signal
flow is depicted in figure 3.14 where the FPGA is the only component outside the
AFM. Furthermore, in the previous setups the feedback signal was generated by
de-modulation in the AFM electronics which could not be synchronized to the ex-
ternal equipment. Thus, uncontrolled Fourier leakage was influencing the feedback
and thereby image acquisition. In the FPGA-based setup the feedback signal is
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generated in real-time on the FPGA which allows for a leakage-free measurement.
The generated feedback signal mimics a contact mode deflection signal and is fed
into the feedback loop of the AFM controller.

3.6 Intermodulation AFM Software Suite

The FPGA hardware platform is one advancement that improves the interaction
with the experiment during a measurement, making the ImAFM measurement tech-
nique available for users that are not familiar with the experimental aspects dis-
cussed above. Another element is the “Intermodulation AFM Software Suite” which
was developed to control the FPGA hardware platform and display and analyze
multifrequency data. The software suite allows for a smooth interaction with the
hardware setup and guides the user to chose the right parameters for an ImAFM
measurements. A simple intuitive graphical user interface helps the users which are
not so familiar with ImAFM or AFM experiments and it visualizes the measured
data in real-time. Depending on the measurement results the user can change ex-
perimental parameters interactively while running the experiment. Moreover, the
software suite takes care of the data storage and automatically logs chronologically
the experiment such that all important experimental parameters are saved for later
analysis. Different force reconstruction algorithms are included in the software suite
and they can be used during data acquisition and for the analysis of save data. As
part of these analysis capabilities is the calibration of cantilever constants from
measured noise data included in the software suite.

For the implementation of the software suite we chose Python[91] as the pro-
gramming language since it offers several advantages. Python is a well-established
open-source programming language suitable for creating small scripts but also big-
ger software projects and running on the most popular operating systems (Micorsoft
Windows, Apple Mac OS and Linux). The Python programming language is sim-
ple to learn allowing new students to contribute quickly to the software and it is
distributed with a comprehensive standard library and a huge number of exter-
nal packages exist in the open-source community. One of these external packages
is wxPython[92] which we used for implementing the graphical user interface. wx-
Python is derived from the C library wxWidgets and provides a native look-and-feel
of the user interface on Windows, Mac OS and Linux. The data handling is done by
NumPy/SciPy[93] which is a Python wrapper of different LAPACK routines and
netlib packages. For visualizing and plotting the data we use matplotlib[94, 95] in-
tegrated in the wxPython interface. The software suite was implemented by several
developers. Thus, we established the use of mercurial[96] as a distributed versioning
system.

The software suite underwent several versions and has grown into a project with
approximately 40000 lines of code. A screenshot from the current development ver-
sion (changeset 1782) is shown in figure 3.15. On the left of the program window a
toolbar guides the user through the ImAFM work flow (from top to bottom: find-
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Figure 3.15: The Intermodulation AFM Software Suite on Windows 7.

ing the cantilever resonance, thermal calibration, optional setup, scanning, offline
analysis, logbook). In the center the amplitude and phase images at the first drive
frequency are shown as a polymer blend sample is scanned. Shown on the right is
the measured tip motion and the reconstructed force curves at two pixels marked
with x’s in the image.

3.7 Experimental results

Two types of experiments have been performed using the ImAFM measurement
technique. The first type of measurement is called ImAFM approach measurement
in which the intermodulation response of the cantilever is measured as the static
probe height is slowly moved toward and away from the surface above a fixed point
on the sample surface. Even though the cantilever approaches the surface continu-
ously, as shown in figure 3.16a, the time for one ImAFM measurement (∼ 2 µs) is
much smaller than the time for a complete surface approach (∼ 1 s). Therefore, the
static probe height is considered constant during a single ImAFM measurement.

In the second type of measurement the cantilever is scanned latterly above the
sample surface while a feedback mechanism aims to keep the static probe height
above the surface constant as shown in figure 3.16b. From the measured tip motion
images of the IMP amplitudes and phases over the sample surface are generated.
In all imaging experiments so far the IMP amplitude measured at the first drive
frequency served as the input quantity for the AFM feedback system. This feed-
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a) b)

Figure 3.16: During an ImAFM approach the static probe height is slowly changed
while the lateral position of the tip is kept constant (a). In contrast in ImAFM
imaging a feedback mechanism aims to keep the static probe height constant while
the tip is scanned over the surface.

back mode produced images with resolution not worse than conventional AM-AFM.
However, with ImAFM much more data is available than the response at a single fre-
quency and in the future, this data might be used to develop new feedback schemes
that are faster and allow for optimization of the image resolution and decreased the
back action exerted on the sample while scanning.

3.7.1 ImAFM approach measurements

Figure 3.17 shows the amplitude-distance curves at the drive frequencies and dif-
ferent IMPs frequencies obtained from ImAFM approaches on a silicon oxide, a
poly(methyl methacrylate) (PMMA) and a polydimethylsiloxane (PDMS) surface[97].
The response at the drive frequencies and the IMP frequencies exhibits a complex
dependence on the static probe height. The amplitudes at the drive frequencies
decreases nearly linearly as the surface is approached, providing a suitable signal
for the topography feedback system. However, at the onset of interaction between
the tip and the surface there is some non-monatonic behavior of the response ampli-
tudes at the drive frequencies which reflects the transition from the purely attractive
forces to dominantly repulsive force acting on the tip. Similar behaviour is routinely
observed in conventional dynamic AFM using only one drive frequency.

The behaviour of the amplitudes at IMP frequencies depends on the order of
the IMP. Generally, the higher the order of an IMP the more minima and maxima
can be found in the amplitude-distance curves. Moreover, the IMP response is
strongly dependent on the surface material. For a stiff materials the amplitudes at
high order IMPs are higher than for soft materials. Thus, the information encoded
in the IMPs can be used to generate compositional contrast on different materials.
The experimental observation of a strong material dependence of the IMP response
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Figure 3.17: The measured amplitudes at the drive frequencies and different IMP
frequencies during ImAFM approaches on different materials. Since the absolute
probe height is unknown during an experiment the x axis corresponds to the piezo
extension in z direction.

is also supported by the numerical simulations. In figure 3.18 the amplitudes at the
drive frequencies and at different IMP frequencies for simulated ImAFM approach
measurements are shown as a function of static probe height and the material
stiffness. For the interaction between the tip and the sample we assume a van der
Waal-DMT force model[98] of the form

FDMT(z) =

{
− HR

(a0−z)2 z > 0

−HR
a2

0
+ 4

3E
∗√R(−z)3/2 z ≤ 0

(3.23)

where H is the Hamaker constant, R is the tip radius and E∗ the effective stiff-
ness of the combined tip-sample system. For integrating the equation of motion
we used CVODE[99], an adaptive step size integrator whit discrete event detec-
tion to account for the piecewise definition of the vdW-DMT force model. The
simulations reveal three different regimes in which the IMP and drive amplitudes
show qualitatively different behaviour: At low stiffness the drive and IMP ampli-
tudes depends predominantly on the static probe height. For stiffness between 10−2
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Figure 3.18: Amplitudes at the drive frequencies and different IMP frequencies as
a function of the static probe height and the sample stiffness. The dashed lines
separate the regions in which the simulated response shows different behaviour.

and 100 GPa both amplitudes exhibit a strong dependence on both static probe
height and material stiffness, with sudden amplitude jumps for different parame-
ters. Above 100 GPa the dependence on the material stiffness is weaker but as in
experiment, the amplitudes of higher order IMPs tend to increase further for stiffer
materials. However, a comparison between experiments and simulations only gives
qualitative insight into the IMP behaviour since the simulations rely on a force
model which is idealized in the sense of the assumed interaction geometry and it
neglects the presence of dissipative interactions. Moreover, it is not clear if the van
der Waals-DMT model is applicable over the full stiffness interval studied in the
simulation.

The measured phases in an ImAFM approach measurement show an nearly
linear dependence on the static probe height as shown in figure 3.19. This linear
phase evolution makes the IMP phase an alternative feedback signal for tracking
the surface topography. However, when the IMP amplitude goes to zero the IMP
phase often jumps by π/2. The rate of the phase change is higher for higher order
IMPs which can be seen in the polar plots of figure 3.20 where amplitude and phase
information have been combined. The multiple loopings of the path in the ploar
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Figure 3.19: The measured amplitudes and unwrapped phases at the drive frequen-
cies and different IMP frequencies during an ImAFM approach on silicon oxide.
The x axis shows the piezo extension in z direction.

plot for higher order IMPs reflects the higher the rate of phase change.

3.7.2 ImAFM imaging

The time required for an ImAFM measurement is the inverse of the frequency
spacing in the IMP spectrum and this can be set by the user in the experiment.
Typically a spacing of 500 Hz is used, giving a measurement time of 2 ms. This time
allows for scanning a sample surface at normal speeds for “tapping modeTM” AFM
(1 Hz scan line frequency), while performing an ImAFM measurement in every
pixel. In this manner a large number of IMP amplitude[71] and phase images[72]
can be generated in a single scan of the surface. These IMP images can be consid-
ered as additional information channels not present in conventional dynamic AFM.
Various samples have been imaged with ImAFM. In addition to the data previously
published[71, 72] the example shown in figure 3.21 illustrates the analytic capabili-
ties of ImAFM. The topography image in figure 3.21a shows pillars of photo-resist
on top of a anti-reflecting coating (sample courtesy of David Abraham, IBM). The
height of the pillars is 150 nm and the scan size 2× 2 µm2. The topography image
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Figure 3.20: Polar plots of the amplitudes and phases at the drive frequencies
and different IMP frequencies during an ImAFM approach on silicon oxide. At the
beginning of the measurement (yellow end of the plotted lines) the drive amplitudes
are at maximum while the IMP amplitudes are zero. While the static probe height
slowly changes the IMP phasors loop several times around. The higher the order
of an IMP the more loops it shows until the end of the measurement (red end of
the plotted lines)

was obtained using the AFM feedback to keep the amplitude at the first drive fre-
quency constant and does not show any significant other features on the surface. In
contrast, the amplitude of the IMP 3H in figure 3.21b clearly show small features
on top of the pillars and on the background coating. Since these features do not
correlate with features in topography we attribute them to variation in the material
composition. This compositional contrast can also be found in IMPs of different
order and the impression of all IMP improves the qualitative analysis of the sample.

Apart from the IMP amplitude images, the IMP phase images can also be used
to identify different materials. Figure 3.22 shows two images from the ImAFM scan
used in the study of a polystyrene (PS) and PMMA blend sample in[85]. PS and
PMMA are immiscible and so the blend forms PS- and PMMA-rich domains when
spin-coated from solution (for fabrication details see A.1). These two domains can
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a) b)

Figure 3.21: 3D topography (a) of pillars of photo resist with a height of 150 nm
on a anti-reflective coating (sample courtesy of David Abraham, IBM) and the
amplitude of IMP 3H plotted on top of the 3D topography (b). Both topography
and IMP 3L data have been acquired in the same ImAFM scan with a scan size of
2× 2 µm2.
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Figure 3.22: Amplitude (a) and phase (b) of IMP 9H on a blend PS/PMMA blend
spin-cast on a silicon oxide substrate. The image has a resolution of 256 × 1024
pixels and was acquired within 17 minutes.

be clearly identified in the amplitude and phase image of IMP 9H. The enhanced
phase sensitivity for high-order IMPs results in a high compositional resolution
revealing small PS-rich domains inside the PMMA-rich domains which are due
to a secondary phase separation of the two polymers. The amplitude and phase
histograms reveal that the contrast is better in the phase image.

ImAFM imaging has been used to explore new compositional contrasts on differ-
ent samples. However, the possibilities of ImAFM to increase the lateral resolution
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or decrease the back-action on the sample while scanning have not been explored so
far. A step into this direction could be the development of new true multifrequency
feedback schemes which are not based on the amplitude of one single frequency
component. Thus, feedback schemes that are more sensitive or motivated by more
physical constraints might enhance ImAFM in the future.

One problem that is inherent to ImAFM, and generally multifrequency AFM,
is the need for interpretation of the measured raw spectral data. The amplitude
and phases can not be directly mapped to physical surface properties and their
interpretation might be different for different samples. Therefore, alternative data
representation schemes and new analysis methods are required for multifrequency
AFM to develop from a qualitative imaging technique to a quantitative microscopy
technique.





Chapter 4

Interpreting narrow-band AFM

4.1 Motion and force

Both conventional dynamic AFM (AM-AFM and FM-AFM) and ImAFM can be
considered as a specific case of narrow-band dynamic AFM[100], where the tip
motion is confined in a narrow frequency band surrounding a high quality-factor
resonance. The center frequency of the band is much higher than its bandwidth
as depicted in figure 4.1a. In conventional AFM the band is populated by only
one non-zero frequency component whereas in ImAFM the full band is filled with
discrete frequency components.

In the time domain, the tip motion in conventional dynamic AFM can be written
as

z(t) = A cos(ω̄t+ ϕ) + h (4.1)

where h is the static probe height. The oscillation amplitude A and phase ϕ are
constants and the narrow frequency band is defined such that its center frequency
is the oscillation frequency ω̄. However, generally the time domain tip motion in
narrow-band AFM is given by

z(t) ≈ A(t) cos (ω̄t+ ϕ(t)) + h (4.2)

where the oscillation amplitude A and phase ϕ themselves are function of time.
Their time-dependence is given by the narrow band spectrum that is down-shifted
by ω̄ as illustrated in figure 4.1b. The down-shifted spectrum is the spectrum of a
complex-valued envelope function E(t) which determines the oscillation amplitude
A and phase ϕ as

A(t) = |E(t)| (4.3)

ϕ(t) = arg (E(t)) (4.4)

Thus the motion is completely described by a rapidly oscillating part and a slowly
varying envelope function. One should note that equation (4.2) also describes

47



48 CHAPTER 4. INTERPRETING NARROW-BAND AFM

ω̄
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ω′

A

Figure 4.1: The measured spectrum in narrow-band AFM is confined to frequency
band with a center frequency ω̄ much higher than the bandwidth (a). The spectrum
of the envelope function is determined by down-shifting the original spectrum such
that the new center frequency is zero (b)

frequency shifts. The instantaneous frequency shift δω is given by the derivative of
the time-dependent phase

δω(t) =
∂ϕ(t)

∂t
(4.5)

One important goal in dynamic AFM is not only to describe the tip motion
accurately, but also to understand which forces between the tip and the sample
which perturbs the tip motion since from knowledge of this tip-sample force a
manifold of sample properties can be derived. To separate the tip-surface force
Fts from the drive force Fdrive we consider the equation of motion of an engaged
cantilever

mz̈ +
mQ

ω0
ż + kz = Fts(t) + Fdrive(t) (4.6)

and a cantilever away from the surface

mz̈free +
mQ

ω0
żfree + kzfree = Fdrive(t) (4.7)

where the tip-surface force is zero and the tip motion zfreeonly depends on the drive
force. Subtracting equation (4.7) from (4.6), we can easily solve for the tip-surface
force F̂ts in Fourier space such that

F̂ts = χ̂−1 (ẑ − ẑfree) (4.8)

where χ̂ is the cantilever’s linear response function. Although this relation is math-
ematically quite simple it can be seldomly used to determine the forces in a real
experiment. The equations (4.1) and (4.2) describe the motion only approximately
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in that sense that there might be non-zero spectral components of the motion
outside of the narrow frequency band. These components do not contribute sig-
nificantly to the motion spectrum and are usually below the detection noise floor.
However, they might correspond to significant components in the force spectrum as
the inverse linear response function χ̂−1 grows rapidly away from the resonances.
In this sense the cantilever can be considered as a band-pass filter which filters
out all the components of the time-dependent tip-surface force which are outside a
cantilever resonance. Reconstructing from this filtered, or partial force spectrum is
the fundamental dilemma in measurement with dynamic AFM.

4.2 Force representation and limits of blind force
reconstruction

Up to this point the tip-sample force has been considered as a time-dependent force.
However, to derive sample properties from the tip-surface force it is necessary to
establish a functional relation between the force and the tip motion. The tip-surface
force is often considered to have an implicit dependence on time, as the tip-surface
force usually depends on the instantaneous tip position z and velocity ż and the
past tip trajectory {z(t)} like for hysteretic forces,

Fts(t) = Fts (z(t), ż(t), {z(t)}) . (4.9)

The tip-surface force is frequently decomposed into a conservative and a non-
conservative, dissipative, part

Fts (z, ż, {z(t)}) = Fc(z) + Fnc (z, ż, {z(t)}) (4.10)

for which the conservative part only depends on the tip position. However, ma-
terials might exhibit a frequency-dependent elastic response which is considered
to be constant over the frequency range used in a typical AFM experiment. The
decomposition into a conservative and a non-conservative force has been discussed
extensively in the literature[101, 102, 103, 104, 105, 106, 107, 108]. Nevertheless,
no unified approach to the analysis has emerged, and especially the treatment of
the non-conservative part of the interaction remains difficult. A variety of different
models for the non-conservative part have been put forward. One popular example
is the representation of the non-conservative interaction with a position-dependent
viscous damping λ such that

Fdamp(z, ż) = −λ(z)ż (4.11)

Other models of hysteretic behaviour and nonlinear dependence on the tip veloc-
ity have been investigated[108, 109]. However, all these models are rather specific,
describing only one dissipation mechanism, and they might not be applicable for
non-conservative forces of different physical origin. A general description or repre-
sentation of dissipative forces has been missing.
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Figure 4.2: The force as a function of normalized tip position and velocity. Sinu-
soidal motion corresponds to circular orbits which do not intersect. Thus, every
point in phase space can uniquely be mapped to one tip trajectory.

The difficulty in finding a complete force representation is incorporation of the
dependence on the history of the tip motion. At fixed static probe height this
dependence can be implemented for narrow-band AFM using the fact the oscillation
amplitude and phase vary slowly and can be considered constant during a fast
cantilever oscillation cycle. Under this approximation each fast oscillation cycle
corresponds to a circular trajectory in phase space. The trajectories for different
oscillation amplitudes do not intersect and therefore each point in phase space is
linked to a unique past tip trajectory. The force is then completely described as a
function of instantaneous tip position and velocity as shown in figure 4.2. Thus, in
narrow band AFM at fixed static probe height even complicated hysteretic forces
are fully described as simple two dimensional functions in phase space. Since there
is always a maximum oscillation amplitude in an experiment it is sufficient to define
the force on a finite disk. This force representation is called the force disk and it is
a complete description of the forces in an narrow-band AFM experiment at fixed
static probe height[110].

To understand which parts of the force disk are contained in the partial tip-
sample force reconstructed from the measured tip motion using equation (4.8) the
force disk is expressed in the polar coordinates A and ϕ and expanded into an
orthogonal set of basis functions,

Fts(A,ϕ) =

∞∑

n=0

n∑

m=−n
anmΨnm(A,ϕ). (4.12)
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When using a Zernike expansion or a Fourier-Bessel expansion of the force, it can
be readily shown that only the coefficients a±1m contribute to the partial force in
narrow band AFM. Therefore, a complete reconstruction of the force disk requires
additional assumptions about the force in order to determine the other expansion
coefficients.

4.3 Single cycle time domain analysis

In conventional AM-AFM and FM-AFM the measured tip oscillation is usually ex-
pressed in terms of the oscillation amplitude and phase or the oscillation frequency
and the drive force. Equivalently, the data can also be expressed in terms of two
force quadratures. The quadrature FI corresponds to the tip-surface force that is
in-phase with the tip motion, the quadrature FQ corresponds to the out-of-phase
component of the tip-surface force. For force depending on tip position and velocity
the two quadratures can be written as

FI(h,A, ω̄) =
ω̄

2π

ˆ 2π
ω̄

0

Fts (A cos(ω̄t) + h,−ω̄A sin(ω̄t)) cos(ω̄t)dt, (4.13)

FQ(h,A, ω̄) =
ω̄

2π

ˆ 2π
ω̄

0

Fts (A cos(ω̄t) + h,−ω̄A sin(ω̄t)) sin(ω̄t)dt. (4.14)

The force quadratures FI and FQ are basically the real and imaginary part of the
first expansion coefficient in a Fourier series expansion of the time-dependent tip-
surface force in the oscillation frequency ω̄. The force quadrature FI is only affected
by the conservative part of the tip-surface force and has earlier been identified as
the virial of the tip motion[42] whereas FQ depends only on dissipative interactions
and is connected to the energy dissipated during one oscillation cycle[102, 103,
43]. Moreover, the force quadratures serve as the the basic input quantities for
all force spectroscopy methods in single frequency AM-AFM[44, 46, 45, 47] and
FM-AFM[41, 38, 37, 39] for which they have been considered as functions of the
static probe height h only.

The fact that FI and FQ depend also on the oscillation amplitude A and fre-
quency ω̄ can be used to apply the force quadrature concept to the more general
case of multifrequency narrow-band ImAFM. In the time domain the tip motion is
given by equation (4.2) in which the oscillation amplitude and phase can be con-
sidered to be constant over one fast oscillation cycle. We then decompose the tip
motion into single oscillation cycles where each oscillation cycle has a fixed ampli-
tude, frequency or phase as shown in figure 4.3. The slow variation of amplitude
and phase can be determined from the motion envelope function. For the sake of
discussion we focus on the case of constant oscillation frequency in what follows.

Application of the linear response function converts the measured tip motion
envelope function into an envelope function for the partial force signal. It can be
shown that the force envelope function can be used to determine the values of FI
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Figure 4.3: Sketch of a narrow-band signal. On the slow time scale Tslow the
tip motion shows an amplitude modulation. On the fast time scale Tfast the signal
rapidly oscillates. During each oscillation cycle the tip interacts with the surface for
the time Tinter during which the oscillation amplitude and phase are approximately
constant.

and FQ for every single oscillation cycle. This is illustrated in figure 4.4 for a
simulation with a known model force. In the upper panel the tip motion is shown
over a time interval which is relatively small compared to the required measurement
time. In the lower panel the solid red curve is actual force acting on the lever. The
solid yellow line is the force signal given by the partial force spectrum. The dashed
red line is a signal determined from to the first component of a Fourier expansion of
the full tip-surface force for each tip oscillation cycle. As the red dashed curve and
the solid yellow curve are in excellent agreement, the value of the force envelope
function is equal to the first harmonic of a local Fourier expansion of the force
for each oscillation cycle. This interpretation of the motion and force envelope
functions is presented more rigorously in reference [100].

Since each tip oscillation cycle has a different amplitude, a single ImAFM mea-
surement can be interpreted as the rapid measurement of the amplitude dependence
of the force quadratures FI and FQ over a finite amplitude interval at fixed static
probe height. The representation of the measured data in terms of the force quadra-
ture FI and FQ, as opposed to the raw motion spectra has the advantage of a more
direct physical interpretation. Moreover, since the force quadratures are defined
for simple sinusoidal motion they disentangle the analysis of force from the actual
tip motion.

Considering the force quadratures as functions of both static probe height and
oscillation amplitude allows for a comparison of conventional AM-AFM and FM-
AFM force measurement techniques with ImAFM. In conventional FM-AFM the
static probe height is slowly varied while keeping the oscillation amplitude constant,
whereas in AM-AFM the oscillation amplitude can change during the slow surface
approach. The FM-AFM measurement approach correspond to measurements of
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Figure 4.4: The tip motion (a) over a few oscillation cycles of simulated tip mo-
tion. The complete tip-surface (red line) shows a complicated force pulse during
each oscillation cycle whereas the measured partial force (yellow line) exhibits only
sinusoidal behaviour and is in excellent agreement with the force corresponding to
the first component in a local Fourier expansion for each oscillation cycle of the
complete force (black line).

FI and FQ along a horizontal path in the h-A plane as shown in figure 4.5. AM-
AFM has a more complicated path in the where jumps can occur due to dynamic
instabilities. In contrast, a single ImAFM measurement does not require a change of
the static probe height and its measurement path is a vertical line in the h−A plane.
During a slow ImAFM approach an single ImAFM measurement is performed at
each probe height. Thus, an ImAFM approach reveals the force quadratures in the
full h−A plane and not along a specific path.

The single cycle analysis has been tested on simulated data and was used to
generate generate FI(h,A) and FQ(h,A) maps from ImAFM approach measure-
ments.
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Figure 4.5: Model FI(h,A) and FQ(h,A) maps for the vdW-DMT force with ex-
ponential damping. The displayed measurement paths correspond to a frequency-
shift–distance curve in FM-AFM, an amplitude–phase–distance curve in AM-AFM
and an ImAFM measurement. For the FM-AFM measurements it is assumed that
the dependence of the force quadratures on the frequency shift can be neglected.
In contrast to FM-AFM and AM-AFM, the static probe height is constant during
an ImAFM measurement and the h–A plane is explored along a path parallel to
the A axis. One should also note the amplitude jump along the AM-AFM path at
a probe height of h = 30 nm.



Chapter 5

Force reconstruction methods

One of the most important goals in dynamic AFM is the determination of the
tip-surface force from the measured tip motion. However, even with the advent of
multifrequency AFM and the new data channels for characterizing the tip-sample
interaction, force reconstruction remains an ill-posed problem. Certain assumptions
about the tip-surface force are required for reconstruction from the measured data.
Depending on the type of assumption, different reconstruction methods can be
used. In what follows we describe two main types of force reconstruction methods
applicable to different data representations.

5.1 Approximative reconstruction methods

Force reconstruction in AFM requires an accurate measurement of the tip motion
including the conversion factor between the measured photodiode signal of the op-
tical lever system and the tip position, and the cantilever’s linear response function.
The result of a measurement can be expressed with different physical quantities,
like the amplitude and phases of the spectral components in the force spectrum
or the force quadratures introduced in 4.3. Approximative force reconstruction
methods are based on a parametrized model of the tip-surface force implying a
relation between the force model parameters and the considered physical quanti-
ties. Through this relation the force model parameters are determined such that
the physical quantities calculated from the model parameters best approximate the
measured physical quantities.

Clearly, the choice of the force model used for the reconstruction is crucial with
approximative methods. The number of model parameters should not be bigger
than the number of measured physical quantities and the force model should be
able accurately represent the real tip-surface force. Hence, it is important to to
understand the expected nature of the tip-surface force. For example, from the
discussion in 4.2, complicated hysteretic force models can be excluded for narrow-
band AFM at fixed static probe height. Depending on the type of force model either

55



56 CHAPTER 5. FORCE RECONSTRUCTION METHODS

linear or nonlinear approximation algorithms have to be used as detailed below.

5.1.1 Linear approximative methods

A force model is called linear if the physical quantities of interest are linear in the
model parameters. Mathematically, this means that the physical quantities qi are
a linear combinations of the model parameters pn of finite degree M ,

qi =

N∑

n=0

pnΘn {z(t)} (5.1)

where each parameter is weighted by a functional Θn depending on the tip motion.
The parameters pn can then be determined algebraically from the measured physical
quantities.

The idea of linear approximative force reconstruction methods can be nicely
illustrated with the assumption that the tip-surface force is a purely conservative
force given by a polynomial[111, 112, 113]

Fts(z) =

M∑

n=0

pnz
n. (5.2)

Moreover, the tip motion is fully described by the finite vector z of discretely
sampled values of the continuous tip motion z(t), which implies that the tip motion
is periodic and band-limited. The vector f contains the values of Fts at the discrete
sampling points in time and is given by

f = Hp (5.3)

where p is the vector of the polynomial coefficients pn and the matrix H is computed
from the tip motion as

H =
(
z0 z1 z2 · · · zM

)
. (5.4)

Experimentally only the Fourier components of the force in a narrow band around
resonance are accessible. To account for this fact we multiply equation (5.3) with
a unitary matrix F performing a DFT and with a diagonal windowing matrix W

WFf = WFHp (5.5)

for which we introduce the notation

f̂W = ĤWp (5.6)

This relation is a special case of equation (5.1). The measured physical quantities
are spectral components of the force and the model parameters are the polynomial
coefficients. The matrix ĤW establishes the relation between the model parameters
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and the considered physical quantities. However, it is not possible to say generally
if a unique solution for p exists which satisfies equation (5.6). Therefore, we use

the pseudo-inverse Ĥ+
W of the matrix ĤW to solve equation (5.6) for the coefficient

vector p,

p = Ĥ+
W f̂W . (5.7)

Taking into account the external drive forces which can be determined from the
measured free motion far away from the surface zfree and the discrete linear response
function X̂, equation (5.7) becomes

p = Ĥ+
W X̂−1

W (ẑ− ẑfree) . (5.8)

Equation (5.8) is the final polynomial force reconstruction equation and it can be
extended to more complicated polynomial force models. One possible extension is
the inclusion of a position-dependent damping force.

The matrix ĤW is determined by Fourier transforming the Vandermonde-like
matrix H (see equation (5.4)). Alternatively, the matrix ĤW can be computed
directly in the Fourier domain from successive convolutions of the measured tip-
motion spectrum ẑ. In both cases care should be taken to avoid aliasing or circular
convolution artifacts when numerically determining the matrices H and ĤW . More-
over, before pseudo-inversion the matrix ĤW should be carefully pre-conditioned
to improve the numerical stability of the algorithm. The pre-conditioning can be
efficiently implemented by rescaling time and position coordinates. Moreover, since
most linear algebra routines are defined for real-valued matrices, it is advisable to
combine the real and imaginary part of the complex-valued equation (5.8) into one
real-valued equation.

Even with perfect numerical treatment of a dual drive scheme a problem arises
which is illustrated in figure 5.1. For the matrix ĤW shown in figure 5.1a the result
of the multiplication ĤWp does not depend on the even order coefficients of p.
Thus, the even polynomial coefficients cannot be determined by the application of
the corresponding pseudo-inverse Ĥ+

W shown in figure 5.1b. However, there is no
physical reason why the even order coefficients should be zero.

One possible solution is the use of a different drive scheme as the scheme defined
by equation (3.12) which creates even and odd order IMPs close to resonance[111].
Another solution utilizes additional knowledge of the tip-surface interaction. In
most cases the tip-surface force is localized close to the surface and goes quickly to
zero further away from the surface. Thus, for sufficiently large oscillation ampli-
tudes the even order polynomial coefficients can be determined from the assumption
that the force is zero over a finite interval ending at the maximum tip deflection.
This procedure is illustrated in figure 5.2 and can be expressed in matrix notation
as

Hevenpeven = −Hoddpodd (5.9)
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Figure 5.1: The absolute values of an example matrix ĤW (a) and its pseudo-

inverse Ĥ+
W . The matrices have been computed from an ImAFM measurement on
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where peven and podd are the even and odd order coefficient vectors respectively
and the matrices Heven and Hodd are given by

Heven =
(
z0

fit z2
fit · · · zM−1

fit

)
(5.10)

Hodd =
(
z1

fit z3
fit · · · zMf it

)
(5.11)

for a suitable vector zfit and M odd.
The polynomial reconstruction method can readily be adapted for the applica-

tion to force quadrature data instead of raw spectral force data, illustrating the
generality of approximative reconstruction methods for applications on different
measured physical quantities. This linear approximative method has been tested
has been tested on simulated data and applied to experimental data generating
high-resolution surface stiffness maps.

5.1.2 Nonlinear approximative methods

Linear force models are only a small subset of all possible force models. In fact, for
most standard models of tip-surface interactions the relation between the consid-
ered physical quantities and the model parameters is nonlinear. For such models
algebraic solutions do not exist in general and numerical methods must be used to
find the optimal model parameters[50].

In the context of ImAFM Daniel Forchheimer developed a numerical method for
determining surface properties[114]. The method is based on minimizing the total
least square error between the measured force spectrum and the force spectrum cre-
ated by an arbitrary force model for the measured tip motion. During the minimiza-
tion process the force model parameters are adjusted by a Levenberg–Marquardt
algorithm which interpolates between the Gauss–Newton algorithm and the method
of gradient descent. Other optimization algorithms like the nonlinear simplex al-
gorithm, stochastic annealing, parameter space girding or combinations of them
can might be used to improve the quality of the minimization since the Leven-
berg–Marquardt algorithm finds only local minima and is thus very dependent on
the given initial conditions. However, for the data studied we found, that the total
error as a function of the model parameters was a continuous function with only
one minimum and in this case the Levenberg–Marquardt algorithm offers good
performance.

Numerical approximative methods have several advantages over linear methods.
With numerical methods essentially any kind of force model can be used, including
models like piecewise-defined forces or hysteretic forces which are difficult to treat
analytically. Models with long range interactions can be investigated and in ref-
erence to the discussion in 5.1.1 the assumption of a force localized to the surface
might be readily exchanged for an assumed long-range behaviour of the force[115].
The numerical methods can also be applied to linear force models for which they
ideally would give the same result as linear methods. However, we found that the
performance of numerical solver was worse than the algebraic pseudo-inversion in
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these cases. Furthermore, numerical methods do not require extensive mathemati-
cal modeling for finding analytic relations between the measured physical quantities
and the force parameters. Moreover, the obtained surface force parameters usually
have a physical meaning like sample stiffness or adhesion, giving a direct interpre-
tation for each single parameter.

On the other hand the standard force models often rely in very idealized as-
sumptions about the interaction geometry between the tip and the surface. Often
further knowledge about the tip-radius is required. In this context of finding the
right force model it can be difficult to judge the applicability of a force model and
the quality of the optimization from the force parameters obtained, since numer-
ical methods always return a set of parameters which are optimal for any model
used. Therefore, the validity of a specific force model has to be carefully checked
and different models might be required for different regions on the sample surface.
However, due to their ease of implementation and their straight-forward interpre-
tation, numerical nonlinear approximative methods for force reconstruction are a
very useful tools for qualitative and quantitative surface analysis.

5.2 Integral reconstruction methods

As stated in in chapter 4 the measured physical quantities in multifrequency AFM
are inherently integral quantities as they are derived from spectral data involving
Fourier integrals. The integral character of the physical quantities implies they
can be expressed as an integral equation relating them with the tip-surface force.
Integral reconstruction techniques thus aim to invert this integral relation between
force and measured physical quantities to reconstruct the force. In order to do
so the tip-surface force is assumed to be a function depending on one or more
variables. Depending on the choice of variables, different methods are used for
force reconstruction.

5.2.1 Amplitude-dependence force spectroscopy

One of the most simple functional representation of the tip-surface force is a function
depending only on the tip-position. In this case the tip-surface force is purely
conservative and can be written as

Fts = Fc(z) (5.12)

For a purely conservative force of this type the force FQ, which is quadrature to
the harmonic motion (π/2 phase shifted), is equal to zero and by a substitution of
variables the in-phase force quadrature FI can be written as[85, 110]

FI(A, h, ω̄) =
1

π

ˆ A

−A
Fc(z′ + h)

z′/A√
A2 − z′2

dz′ (5.13)
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In the following we consider FI as a function of the oscillation amplitude only.
By assuming that the maximum oscillation amplitude is at least two times bigger
than the decay length of the tip-surface force and, introducing Ã = A2, F̃I(Ã) =

−2πFI

(√
Ã
)

and F̃c(u) = Fc(−√u+ h) equation (5.13) becomes

F̃I(Ã) ≈
ˆ Ã

0

F̃c(u)√
Ã− u

du. (5.14)

Equation (5.14) reveals that the in-phase force quadrature is the Abel transform of
the tip-surface interaction[116]. The Abel transform A of a function f is defined as

(Af)(x) =

ˆ x

0

f(t)√
x− tdt. (5.15)

The Abel transform of a differentiable function has a unique inverse which can
be determined either by solving equation (5.15) in Laplace space, or from the fact
that

A2f(x) = πF (x) (5.16)

where F is the antiderivative of f (see A.2). Hence, the inverse of the Abel transform
is simply given by

A−1 =
1

π
DA. (5.17)

where D is the derivative operator. The application of A−1 to equation (5.14) yields

F̃c(u) =
1

π

d

du

ˆ u

0

F̃I(Ã)√
u− Ã

dÃ (5.18)

allowing reconstruction of the conservative part of the tip-surface from the ampli-
tude dependence of the in-phase force FI .

For a position-dependent damping force of the form

Fnc(z, ż) = λ(z)ż (5.19)

the damping curve λ(z) is obtained in a similar manner from the amplitude de-
pendence of the out-of-phase quadrature FQ[110]. At oscillation frequency ω̄ we

define F̃Q(Ã) = −(2π
√
Ã/ω̄)FQ(

√
Ã) and λ̃(u) = λ(−√u+h)/

√
u so that the force

quadrature integral can be written as

F̃Q(Ã) ≈
ˆ Ã

0

λ̃(u)
√
Ã− udu (5.20)

which has the solution

λ̃(u) =
2

π

d2

dÃ2

ˆ u

0

F̃Q(Ã)√
u− Ã

dÃ (5.21)
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Since both the conservative force and the position-dependent damping have been
reconstructed by considering the amplitude dependence of the force quadratures FI
and FQ while keeping the static probe height h, constant the method of force recon-
struction is called amplitude-dependence force spectroscopy (ADFS). The integrals
that appear in ADFS are structurally similar to integrals that have been considered
before in the literature[40, 41, 39, 44, 45]. However, apart from[117], ADFS is the
first integral force reconstruction methods in which the static probe height is kept
constant.

Equation (5.18) implies that ADFS requires the integration over the FI(A) curve
as a single-valued function of the amplitude. However, due to the presence of noise
in the experimental data, the FI(A) curves are never single valued when the value if
FI is measured twice during an ImAFM measurement, such as a beating tip motion
with an amplitude that first increases and then decreases again. In most cases the
deviations of the measured FI values are small as shown in figure 5.3a. However,
when imaging a surface sudden turning points and loops can occur on the measured
FI(A) curve. The curve in figure 5.3b is an extreme example of such behaviour.
Since FI(A) curves determined from ImAFM approach measurements generally do
not show sudden turning points, we attribute their appearance in imaging data as
the result of the feedback system which is constantly working while scanning. Small
changes of the static probe height can appear as significant changes in the FI(A)
curves and thus small feedback errors can have a big effect on the measured data,
especially in the repulsive regime. We observed that the feedback signal computed
by the FPGA is most constant during the amplitude increase of the tip’s oscillation
amplitude. During this time the FI(A) curve also exhibits fewer discontinuities.
Therefore, for applying ADFS to imaging data we only use FI data for which the
oscillation amplitude is increasing. The ability to specifically select certain parts of
the measured force data based on time domain constraints is actually one strength
of the force quadrature data representation.

Together with the ability of ImAFM to rapidly measure the amplitude depen-
dence of the force quadratures FI and FQ, force measurements with ADFS are
at least one order of magnitude faster than with conventional methods based on
a slow change of the static probe height. ImAFM measurements are easily per-
formed during imaging and ADFS together with ImAFM allow for the combination
of high-resolution imaging and high-accuracy force measurements in a single scan.
ADFS and ImAFM thus provide a solution to a long-standing problem in the field
of AFM. Moreover, ImAFM and ADFS do not require special cantilevers and are
compatible with most existing AFM platforms. ADFS was tested on both simulated
data and in experiments where it generate high-resolution surface property maps
and enabled a critical analysis of standard model of the tip-surface interaction[85].

5.2.2 Atomic force tomography

Even though the forces experience by the tip in dynamic AFM can be compli-
cated functions of multiple variables conventional force reconstruction methods are
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Figure 5.3: During the approach measurement there are small deviations between
the FI(A) curve where the oscillation amplitude increased and where the amplitude
decreased (a). When imaging a surface with ImAFM the FI(A) curve can exhibit
sharp turning points and loops when the amplitude decreases (b).

based on quite simplistic functional representations of the force, like purely position-
dependent forces and damping. No attempt has been undertaken to expand the
possibilities of force reconstruction beyond purely position-dependent functions to
reconstruct for example force disks (see figure 4.2). However, there is an interesting
connection between ADFS and the Fourier projection slice theorem which indicates
that there exists a connection to more general reconstruction techniques. Geomet-
rically the Abel transform can be interpreted as projection of a two-dimensional
circularly symmetrically function along parallel lines. For two dimensional circu-
larly symmetric function the Abel transform is, moreover, part of the so-called
Fourier-Hankel-Abel (FHA) cycle which means that a Abel transform A of the two
dimensional function followed by a Fourier transform F , is equivalent to a zeroth
order Hankel transform H(0) of the original function. In operator notation this
relation between the transforms can be expressed as

FA = H(0) (5.22)

which is in turn a special case of the projection-slice theorem depicted in figure
5.4. This general theorem states that for a two-dimensional function f(x, y) the
projection P1 of the original function onto a one dimensional line followed by a one
dimensional Fourier transform F1 is equivalent to a slice S1 through the origin of
the two-dimensional Fourier transform F2 of the original function,

F1P1f(x, y) = S1F2f(x, y). (5.23)

The Fourier projection slice theorem is closely related to the Radon transform
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Figure 5.4: The projection P1 of a two dimensional function f(x, y) yields a one
dimensional function (a) whose Fourier transform F1 equals a slice S1 of the two
dimensional Fourier transform of the original function (b). The slice goes through
the origin and makes the same angle with the kx as the projection lines with the x
axis.

which forms the mathematical backbone of computed tomography (CT). In CT a
patient’s body is imaged from different angles with x-rays and the inverse Radon
transform is used to reconstruct the three dimensional internal structure of the body
from the recorded two dimensional x-ray images. Mathematically, the body can be
considered as an x-ray attenuation factor which is a function of position in the
body. The (forward) Radon transform is defined as the integration or projection of
the attenuation function along parallel lines as depicted in figure 5.5a. Thus, x-ray
imaging in CT can be considered as computing the Radon transform of the body’s
x-ray attenuation, and the basic mathematical problem is to invert this transform,
or find the attenuation factor from line integrals through it.

Early in the history of CT it was realized that the integration along straight
lines is not the only possible geometry for tomography[118]. A variation of the
conventional Radon transform is the circular Radon transform in which the integrals
are line integrals over closes spheres which is illustrated for two dimensions in figure
5.5b. The projections are characterized by the radius of the sphere and its center
which are usually located on a hyperplane or a closed surface[119, 120]. This type
of tomography problem is encountered for example in synthetic aperture radar
(SAR)[121] or sonar[122]. In sonar for example a submarine moves along a straight
line while it sends out sound pulses. The sound pulses have a much higher velocity
than the submarine which measures the echo due to reflected sound waves. The
sound sensor has no directional sensitivity such that the measured echo signal is
the accumulated reflection from a sphere centered at the submarine. The sphere’s
radius is determined from the time delay between sent pulses and the measured
echo. By measuring many echos as the submarine moves forward, an image of the
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Figure 5.5: The normal Radon transform integrates a two dimensional function
along parallel straight lines (a). Each line is characterized by the angle between the
line and the x axis and the shortest distance between the line and the origin. The
circular Radon transform is based integration along circular paths (b) which are
described by their radius and the distance of the center of the circle to the origin.

surrounding sound reflectivity is generated.
The data collection in sonar is very similar to that of an ImAFM approach

measurement. As the static probe height is slowly changed the tip performs a
sinusoidal motion moving on a circular orbit in phase space. The measured force
quadrature data corresponds to the line integral of the force along the circular orbit
in phase space. The radius of the force line integrals is given by the instantaneous
oscillation amplitude and the centers are moved along the position axes by changing
the static probe height. However, in contrast to the circular Radon transform, the
line integrals contain a weight factor because they represent Fourier integrals or
Fourier coefficients of the force at the oscillation frequency.

For the sake of discussion we rescale and mirror the original two dimensional
force such that

Fts(z, ż) = fts(z,−ż/ω̄) (5.24)

and we continue to decompose the tip-surface interaction into an effective conser-
vative part fc and an effective non-conservative part fnc,

fts(z, ż) = fc(z, ż) + fnc(z, ż) (5.25)

The conservative force is symmetric in ż whereas the non-conservative force is anti-
symmetric in ż. With these assumptions the in-phase force quadrature FI can be
written as a function of static probe height h and oscillation amplitude A as

FI(h,A) =
1

2π

ˆ 2π

0

fc (A cos(θ) + h,A sin(θ)) cos(θ)dθ (5.26)
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Substituting in the two dimensional Fourier transform of the force equation (5.26)
can be written as

FI(h,A) = i

ˆ ∞
−∞

ˆ ∞
−∞

f (F,F)
c (kx,ky) cos (ψ(kx, ky))

×J1

(√
k2
x + k2

yA
)
eikxhdkxdky (5.27)

where i is the complex unit and the superscript (F ,F) indicates that f
(F,F)
c is the

Fourier transform of fc in both variables (see A.3). The phase function ψ is given
by

ψ(kx,ky) = atan2(kx, ky)− π

2
(5.28)

and J1 is the first Bessel function of first kind. Applying a Fourier transform F in
the first argument of FI and a first Hankel transform H(1) in the second argument
of FI equation (5.27), becomes

F
(F,H(1))
I (k, λ) =

2i√
λ2 − k2

cos
(
ψ
(
k,
√
λ2 − k2

))
f (F,F)

c

(
k,
√
λ2 − k2

)
(5.29)

where we have used the fact that f
(F,F)
c (kx,ky) is symmetric in ky. A similar

relation between FQ and the non-conservative force fnc can be derived,

F
(F,H(1))
Q (k, λ) =

2i√
λ2 − k2

sin
(
ψ
(
k,
√
λ2 − k2

))
f (F,F)

nc

(
k,
√
λ2 − k2

)
(5.30)

Equations (5.29) and (5.30) reveal that the Fourier-Hankel transforms of the force
quadrature maps (see figure 4.5) are directly related to the two dimensional Fourier
transforms of the conservative and non-conservative force respectively. The func-
tions cos(ψ) and sin(ψ) are shown in figure 5.6 and they have the effect of filtering
of the original force in Fourier space. For the conservative force, any component
which is purely directed in the ż direction of the force is filtered out, while the
sensitivity increases for force components which are directed in the z direction. For
the non-conservative part of the force the situation is just opposite (see figure 5.6).
The fact that both filter functions are zero in one direction implies that the force
quadrature can not be used to reconstruct arbitrary completely forces. However,
for physical forces there are good reasons to assume that the force components that
are filtered out by cos(ψ) and sin(ψ) are zero anyway. The force inversion equations
are then given by

f (F,F)
c (k, ρ) =

|ρ|
2i

FI

(
k,
√
ρ2 + k2

)

cos (ψ(k, |ρ|)) for cos (ψ(k, |ρ|)) 6= 0 (5.31)

f (F,F)
nc (k, ρ) =

ρ

2i

FQ

(
k,
√
ρ2 + k2

)

sin (ψ(k, ρ))
for sin (ψ(k, ρ)) 6= 0 (5.32)
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Figure 5.6: The filter functions cos(ψ) and sin(ψ). The Fourier transform of the
conservative part of the force is multiplied with cos(ψ) which is symmetric in ky
while the Fourier transform of the non-conservative force is multiplied with the
anti-symmetric function sin(ψ).

Equations (5.31) and (5.32) are tomographic force reconstruction equations, en-
abling two dimensional force reconstructions or the determination of the nonlinear
dependence of force on both position an velocity. However, they suffer from the
fact that they involve Fourier transforms of the force quadrature data over infi-
nite domains. In real experiments the force quadratures can only be determined
over finite or at least semi-finite domains. Therefore, the construction of a local
tomography operator is required for application on experimental data. The field of
tomography developed different methods for the construction of such an operator
by for example using pseudo-inverse methods[123] or the expansion of the original
function in terms of localized functions such as wavelets[124, 125] as opposed to of
de-localized plane waves. Alternatively, a discretization of the problem or the use
of the uni-literal Laplace transform could provide another method to improve the
quality of the reconstruction from finite data.





Chapter 6

Conclusions and outlook

Physics is often concerned with predicting the response of a system when it is sub-
ject to an known excitation. Here, we focused on the inverse problem of determining
the excitation that acts on a system by studying the system response. We chose
the harmonic oscillator as the system of interest as it is one of the most widely
used model systems in physics and has applications in many different areas. Dy-
namic AFM is one example whose physics is described by the harmonic oscillator.
The high quality factor of the oscillator significantly limits the extractable infor-
mation about the tip-surface interaction . To increase the amount of measurable
information in dynamic AFM we developed ImAFM which utilizes the nonlinear
tip-surface interaction to concentrate as much information as possible in the narrow
frequency band around the cantilever resonance. We established and implemented
the accurate measurement of amplitude and phase in a multifrequency AFM. We
performed imaging and approach measurements on different samples showing that
the intermodulation response of the tip depends on the tip-sample interaction.

ImAFM is part of the recent development in AFM exploring multifrequency
drive and detection schemes. However, as more data is acquired, multifrequency
AFM measurements require more complicated analysis. Therefore, new analysis
tools are required which allow for a more direct interpretation of the measured data
in multifrequency AFM. One question that immediately arises in dynamic AFM
the completeness of representation of the tip-surface force. One dimensional force
curves are clearly inadequate, so we introduce the force disk as a more complete
description of surface forces while scanning at constant height. Within the force
disk picture we are able to illuminate the fundamental limits of narrow-band AFM.
Moreover, the notion of an oscillation envelope function allows for an analysis of
single oscillation cycles in narrow-band ImAFM and for an interpretation of the
ImAFM measurement as an rapid measurement of the amplitude-dependence of
two force quadratures. We note that the force quadratures are not only functions
of the static probe height but also of oscillation amplitude and frequency. This
observation allows us to represent the data of ImAFM approach measurements as
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force quadrature maps.
However, one of the most important goals in dynamic AFM is the reconstruc-

tion of the force between the tip and the surface from the measured data. This
reconstruction is an ill-posed inverse problem since the measured force spectrum is
incomplete. We introduce two different types of methods to mitigate this problem.
Approximative reconstruction methods assume a specific model for the tip-surface
interaction and, depending on the model, algebraic linear reconstruction methods
or numerical nonlinear methods are applied for determining the parameters of the
force model. Linear models such as polynomial force models are simple to under-
stand while still allowing for a wide range of different surface forces. On the other
hand nonlinear models provide a direct physical interpretation of the model pa-
rameters. Integral methods aim to reconstruct the tip-surface interaction without
model assumptions. We use ADFS together with ImAFM to combine high-speed
high-resolution imaging with accurate force measurements. Furthermore, we ex-
plore a connection to tomographic reconstruction methods and introduce atomic
force tomography which adds a new dimension to force measurements in dynamic
AFM.

In the future, we anticipate that methods from the well-established field of
tomography will appear in the field of AFM and help to construct a localized
atomic force tomography reconstruction operator. In the work presented here we
focused on ImAFM using only one narrow frequency band and one of the most
simple drive schemes. However, an AFM cantilever has multiple eigenmodes which
may be simultaneously excited either by driving externally or by the tip-surface
interaction in highly damped environment such as liquids. Multi-modal ImAFM
requires new methods for analyzing the measured motion but will also provide a
deeper insight into the tip-surface interaction. Important problems in this context
are the search for new multi-frequency drive signals optimized for different for high
signal-to-noise ratio force measurements and the experimental implementation of
ImAFM based on frequency shift measurements. Moreover, new feedback schemes
for higher spatial resolution , higher scan speed and lower back-action on the sample
are of interest in the future.
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geforderte Bewegung von in ruhenden Flüssigkeiten suspendierten Teilchen.
Annalen der Physik, 322(8), 549–560, 1905.

[20] R. Kubo. Statistical-Mechanical Theory of Irreversible Processes. I. Gen-
eral Theory and Simple Applications to Magnetic and Conduction Problems.
Journal of the Physical Society of Japan, 12(6), 570–586, 1957.

[21] G. Binnig, C. F. Quate and C. Gerber. Atomic Force Microscope. Physical
Review Letters, 56(9), 930–933, 1986.

[22] F. Ohnesorge and G. Binnig. True atomic resolution by atomic force mi-
croscopy through repulsive and attractive forces. Science, 260(5113), 1451–6,
1993.

[23] P. K. Hansma, J. P. Cleveland, M. Radmacher, D. A. Walters, P. E. Hill-
ner, M. Bezanilla, M. Fritz, D. Vie, H. G. Hansma, C. B. Prater, J. Massie,
L. Fukunaga, J. Gurley and V. B. Elings. Tapping mode atomic force mi-
croscopy in liquids. Applied Physics Letters, 64(13), 1738, 1994.

[24] F. J. Giessibl. Atomic resolution of the silicon (111)-(7x7) surface by atomic
force microscopy. Science, 267(5194), 68–71, 1995.

[25] D. Rugar, C. S. Yannoni and J. A. Sidles. Mechanical detection of magnetic
resonance. Nature, 360(6404), 563–566, 1992.

[26] H.-J. Butt, B. Cappella and M. Kappl. Force measurements with the atomic
force microscope: Technique, interpretation and applications. Surface Science
Reports, 59(1-6), 1–152, 2005.



BIBLIOGRAPHY 73
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Appendix

A.1 Fabrication of the PS/PMMA blend sample

The PS/PMMA blend sample studied in references [85, 113] used PS (Mw =
280 kDa), PMMA (Mw = 120 kDa) and toluene obtained from Sigma-Aldrich as
purchased. The polymers were dissolved in toluene at a concentration of 0.52 wt%
and 30 µL of the solution were spin-cast on a silicon substrate for 30 s at 2150 rpm.
The silicon substrate was cleaned in acetone for 20 minutes at 50 ◦C in an ultra-
sonic cleaner bath (VWR USC300D, strength 7) and surface activated for 4 minutes
in an oxygen plasma (Oxford Instruments PlasmaLab 80 Plus RIE/ICP) at a flow
rate of 80 sccm at a pressure of 40 mTorr directly before spin-casting.

A.2 The double Abel transform

The Abel transform A of differentiable function f is defined as

(Af)(x) =

ˆ x

0

f(t)√
x− tdt. (A.1)

Applying the Abel transform twice to a function yields the antiderivative of the
original function:

(A2f)(x) =

ˆ x

0

1√
x− t

ˆ t

0

f(t′)√
t− t′ dt

′dt (A.2)

Applying Fubini’s theorem which yields

(A2f)(x) =

ˆ x

0

f(t′)
ˆ x

t′

1√
x− t

√
t− t′ dtdt

′ (A.3)

= π

ˆ x

0

f(t)dt (A.4)

where the last integral in equation (A.3) has been evaluated using integral no. 146
in[126].
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A.3 Derivations of the atomic force tomography equations

For the force defined in equation (5.24) the in-phase force component is given by

FI(h,A) =
1

2π

ˆ 2π

0

fc(A cos θ + h,A sin θ) cos θdθ (A.5)

where we consider the oscillation frequency ω̄ as constant. The force fc can be

written in terms of its two dimensional Fourier transform f
(F,F)
c where the super-

script (F ,F) denotes a Fourier transform in the first and the second argument of
fc. Using the force Fourier transform in equation (A.5) yields

FI(h,A) =
1

2π

ˆ ∞
−∞

ˆ ∞
−∞

f (F,F)
c (kx, ky)eikxh

×
ˆ 2π

0

ei(kxA cos θ+kyA sin θ) cos θdθdkxdky (A.6)

=
1

2π

ˆ ∞
−∞

ˆ ∞
−∞

f (F,F)
c (kx, ky)eikxh

×
ˆ 2π

0

ei
√
k2
x+k2

yA cos(θ+ψ(kx,ky)) cos θdθdkxdky (A.7)

where
ψ(kx, ky) = atan2(kx, ky)− π

2
. (A.8)

The atan2 is a arctangent function which ensures the correct quadrant for the
computed angle depending on the signs of kx and ky. It is a smooth function of
kx and ky except for the negative kx axis where it exhibits a discontinuous jump of
2π. By introducing θ′ = θ + ψ we can further rewrite the integral equation for FI

FI(h,A) =
1

2π

ˆ ∞
−∞

ˆ ∞
−∞

f (F,F)
c (kx, ky)eikxh

ˆ 2π+ψ

ψ

ei
√
k2
x+k2

yA cos θ′

× (cos θ′ cosψ + sin θ′ sinψ) dθ′dkxdky (A.9)

= i

ˆ ∞
−∞

ˆ ∞
−∞

f (F,F)
c (kx, ky) cos (ψ(kx, ky))

×eikxhJ1

(√
k2
x + k2

yA
)
dkxdky (A.10)

where we have used the 2π periodicity of the complex exponential function and the
cosine function and the Jacobi-Anger expansion

ei
√
k2
x+k2

yA cos θ =

∞∑

n=−∞
inJn

(√
k2
x + k2

yA
)
einθ (A.11)

involving the Bessel functions of first kind Jn. To solve equation (A.10) for the
force fc we Fourier transform FI in the height coordinate h and Hankel transform
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it in the amplitude argument A such that

F
(F,H(1))
I (k, λ) = i

ˆ ∞
−∞

f (F,F)
c (k, ky) cos (ψ(k, ky))

1

λ
δ
(
λ−

√
k2 + k2

y

)
dky

(A.12)
where H1 denotes the first Hankel transform δ is the Dirac delta function and we
have used the orthogonality relationsˆ ∞

−∞
ei(k−k

′)xdx = 2πδ(k − k′) (A.13)

ˆ ∞
0

Jn(λx)Jn(ρx)xdx =
1

λ
δ(λ− ρ) (A.14)

The two dimensional function fc(x, y) is the effective conservative part of the total
tip-surface force which is symmetric in the second coordinate (velocity coordinate).

Thus, its two dimensional Fourier transform f
(F,F)
c is symmetric in the second

coordinate as well. The phase function cos(ψ) is also symmetric in the second
coordinate and we can restrict the lower integration limit in equation (A.12) to
zero such that

F
(F,H(1))
I (k, λ) =

2i√
λ2 − k2

f (F,F)
c (k,

√
λ2 − k2) cos

(
ψ
(
k,
√
λ2 − k2

))
(A.15)

If cos(ψ) 6= 0 we can solve for the Fourier transform of the force which we can write
as

f (F,F)
c (kx, ky) =

|ky|
2i

FI

(
kx,
√
k2
x + k2

y

)

cos (ψ(kx,ky))
(A.16)

for the redefined variables kx = k and ky =
√
λ2 − k2 .

The quadrature force component FQ is defined in a similar way with the non-
conservative part fnc of the total tip-surface force and with sin θ as the Fourier
weight factor,

FQ(h,A) =
1

2π

ˆ 2π

0

fnc(A cos θ + h,A sin θ) sin θdθ (A.17)

Following the same steps as above we can write FQ as

F
(F,H(1))
I (k, λ) =

2i√
λ2 − k2

f (F,F)
nc (k,

√
λ2 − k2) sin

(
ψ
(
k,
√
λ2 − k2

))
(A.18)

where we have used that both fnc and sin(ψ) are anti-symmetric in the second
coordinate. For sin(ψ) 6= 0 we can solve for the Fourier transform of the non-
conservative force,

f (F,F)
nc (kx, ky) =

|ky|
2i

FI

(
kx,
√
k2
x + k2

y

)

sin (ψ(kx,ky))
(A.19)
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