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Abstract
This thesis is devoted to the multi-scale modeling of electron and spin transport
in graphene-based nanodevices. Several devices with fascinating structures and
attractive properties have been designed by means of state-of-the-art computational methods, which include ab-initio molecular dynamics (MD) simulations for
the geometry, density functional theory (DFT) for the electronic structure, and
non-equilibrium Green’s functions (NEGF) for carriers transport properties.
Poly-crystalline graphenes oﬀer ample opportunities to make devices with desirable properties. We have systematically studied a type of poly-crystalline graphene
constructed by zigzag and armchair graphene nanoribbons (ZGNR and AGNR).
It is found that the choice of the supercells in modeling with periodic boundary
conditions (PBC) has strong implications on the electronic and magnetic properties of such hybrid systems. A model with minimal lattice mismatch is obtained,
which could be regarded as the most appropriate model for hybrid GNRs. With
this model, it is revealed that the hybrid GNR is of ferromagnetism with a high
Curie temperature. We have then designed armchair/zigzag graphene nanoribbon
heterojunctions (AGNR|ZGNR) with a well-deﬁned conductance oscillation and
rectiﬁcation behavior. It is shown that the resonance or nonresonance of the frontier orbitals between AGNR and ZGNR is the source of the oscillation and the
asymmetric structure is the root of the rectiﬁcation. A high rectiﬁcation ratio can
be achieved by tuning the width of ZGNR to enhance the asymmetric character
of transmission function and to minimize the backward current.
The electron transport properties of graphene can be modiﬁed by hydrogenation
strips (HSs) formed from the absorbed hydrogen atoms. We have designed a new
graphene nanoribbon that has zigzag-edged HSs placed at its middle region. It
is found that the HS can electrically separate the GNR into sub-GNRs and each
HS introduces two spin-polarized conducting edge-like states around the Fermi
level. This leads to a signiﬁcant enhancement of the conductance and the spinpolarization. We have also found that by introducing embedding a short sp3 -edged
section into the sp2 -edged ZGNRs or a short sp2 -edged section into the sp3 -edged
ZGNRs, the orbital symmetry mismatch between these two sections can induce
the opening of the conductance energy gap in ZGNRs over a wide energy region.
This simple strategy explains many unexplained experimental results and oﬀers a
simple strategy to design GNRs with a proper energy gap.
We have also carefully examined the spin-polarization of chiral GNRs with reconstructed (2,1)-edges. It is found that the unsaturated (2,1)-edged chiral GNRs
can possess strong current polarizations (nearly 100%) and a striking negative
diﬀerential resistance (NDR) behavior.
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Drudé Model . . . . . . . . . . . . . . . . . . . . . . . . . . 19

2.4.2

Boltzmann Transport Equation . . . . . . . . . . . . . . . . 19

2.4.3

Linear Response Transport Theory . . . . . . . . . . . . . . 20

2.4.4

Quantum Transport Theory . . . . . . . . . . . . . . . . . . 22

2.4.5

Landauer Approach . . . . . . . . . . . . . . . . . . . . . . . 25

2.4.6

Lippmann-Schwinger Equation

2.4.7

Non-Equilibrium Green’s Function Approach . . . . . . . . . 32

3 Functional Nanomaterials

. . . . . . . . . . . . . . . . 29

39
xi

CONTENTS

3.1

3.2

Carbon Nanomaterials . . . . . . . . . . . . . . . . . . . . . . . . . 40
3.1.1

Fullerenes . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

3.1.2

Carbon Nanotubes . . . . . . . . . . . . . . . . . . . . . . . 41

3.1.3

Graphene . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

Molecular Materials . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

4 The Construction of Nanodevices

51

4.1

Electrodes and nanogaps . . . . . . . . . . . . . . . . . . . . . . . . 51

4.2

Anchoring Groups . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

4.3

Conﬁgurations of Molecules in Nanodevices . . . . . . . . . . . . . . 56

5 Quantum Interference and Coulomb Blockade in Nanodevices

59

5.1

Quantum Interference

. . . . . . . . . . . . . . . . . . . . . . . . . 59

5.2

Coulomb Blockade . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

6 Summary of the Included Papers

65

References

73

xii

Chapter 1

Introduction

Before the 19th century, information processing, transferring, and storage relied
mainly upon papers. In the 20th century, with the invention of silicon transistors,
the development of semiconductor industry has totally changed the way people
process information and the way people live. Now, the semiconductor industry
is facing the challenge of approaching the limits of the physics and the silicon
materials. It was estimated that the sub-10 nm nano-imprint lithography will be
needed to produce electronic devices beyond the year 2022 1 . Organic materials
and nanomaterials are expected to dominate the information technologies in the
further. In this context, molecular systems are believed to be the best materials
for making future integrated circuits (ICs), since molecules are the smallest stable
quantum structures with rich functionalities.
In 1940’s, the pioneers, Robert S. Mulliken and Albert Szent-Gyorgi, made
the ﬁrst discussion about the possibility of using organic materials as the components in silicon-based ICs. 2 Then Robert S. Mulliken developed a detailed theory
for dealing with the electronic donor-acceptor complexes in the 1950’s. 3 In 1974, a
molecular rectiﬁer was proposed theoretically by Mark Ratner and Ari Aviram. 4
And in the same year, a workable molecular electronic switch made of organic
polymer was demonstrated by John McGinness and coworkers. 5 These progresses
in both theory and experiments demonstrated that there existed great opportunities for using small molecules as electronic devices, generating huge excitement
and interest in the ﬁeld of electronics. Since then, many important concepts in
molecular electronics have been developed. 6,7 The single-molecule ﬁeld-eﬀect transistor(SMFET) 8 was fabricated for the ﬁrst time in 1988, and its electron transport
property was measured using scanning tunneling microscope (STM) technology.
Nowadays, bio-molecular materials like DNA oligomers have also been widely proposed as functional materials or as the templates for fabricating electronic nanode-
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vices with other organic molecular materials. 9–12 One can ﬁnd numerous strategies
for the fabrication, the design, and the characterization of molecular even singlemolecular electronic devices in the literatures. 13,14

Figure 1.1: Graphene is a single-layer honeycomb lattice made of carbon atoms
(top panel). Electric separators form in graphene by hydrogenations (bottom panel).

Besides organic materials, solid nanomaterials, especially carbon nanomaterials, such as carotene, 15 fullerene, 16,17 carbon nanotube, 18 graphene 19 , and graphene
based materials 20,21 (for instance, hydrogenated graphene and reduced graphene
oxide (rGO)) have been extensively investigated experimentally and theoretically
in the recent decades. One of the hottest materials at the moment is graphene,
which is a single-layer honeycomb lattice made of carbon atoms as shown in Fig.1.1.
It can be regarded as a basic building block for other carbon nanomaterials, 22 and
as an indeﬁnitely large aromatic molecule with carbon-carbon bonds of a length
about 0.142 nanometers (nm). Graphene diﬀers signiﬁcantly from most conventional three-dimensional materials. It is a zero-gap semi-metal with a linear dispersion relation at near the Fermi level, as illustrated in Fig.1.2. Electrons and
holes in graphene are Dirac fermions with zero eﬀective mass at the six Dirac
cones, leading to remarkably high electron mobility at room temperature. More
importantly, a tunable energy bandgap (Eg ) can be opened up in hydrogenated
graphene and reduced graphene oxide, and can also be directly opened in graphene
2

by eﬀects of chemical substitution, the substrate, and the stacking. All these wonder features have made graphene the ideal nanomaterial for the construction of
electronic nanodevices. 19

Figure 1.2: Band structure of graphene described with tight-binding model
When reduced the size of graphene to nanoscale, the so-called graphene nanoribbons (GNRs), 23 nanoﬂakes (GNFs), 24 and nanodots 25 can be produced, which
have very interesting electronic and spin properties. For GNRs, their electromagnetic properties are largely dependent on the width and the edge structures of
ribbons. Armchair GNRs (AGNRs) are semiconductors with a bandgap decreasing rapidly with the increase of the ribbon width. Zigzag GNRs (ZGNRs) are
metals with unique spin-polarized states at the edges. 26,27 Spin-polarization has
also been found in chiral GNRs ((n,1)-CGNRs) with the n ≥ 3. 28 In polycrystalline graphene, it was found that the electronic structure and spin properties can
be dramatically tuned by the grains. 29,30 More interestingly, the spin coherence
length about 1 micrometre was even observed in single-layer graphene at room
temperature. 31 The completely spin polarized character and half-metallicity have
been found in ZGNRs 32 and graphene nanodots, 25 , which can be further tuned
and enhanced by edge modiﬁcations. 33 It is no wonder that graphene has been
considered as a wonder material for future information technology.
However, before graphene nanodevices can be really used in modern ICs, the
physics behind the operation of nanodevices has to be clearly understood and the
reliable manufacturing procedures for producing graphene nanodevices should be
well established. As we all know, the current electronics is primarily established
3
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on the basis of classical mechanics, while the carries in nanodevices should obey
quantum mechanics. The quantum mechanical eﬀects that are normally negligible
in current electronics become the fundamental aspects for the design of graphenebased nanoelectronics.

Figure 1.3: A schematic draw of a possible graphene-based nanodevice.
The schematic draw of a graphene-based nanodevices is illustrated in Fig.1.3,
in which a piece of graphene is placed in the nanogap of two bulk electrodes, and
a bias voltage is applied between them. In theoretical studies, a typical model
called two-probe system is widely used to describe molecular devices and nanodevices. 4,34–39 Many works in this ﬁeld have showed 4,14,36–39 that the transport properties of nanodevices are not only determined by the nanomaterials adopted, 4,39
but also the electrodes 40 and the coupling between them. 41
Just like traditional semiconductor devices, some important electronic functions of graphene nanodevices relate speciﬁcally to the couplings between the components. The grains, the inhomogeneous terminations at edges, and the contacts
are the scattering sources, which seriously limit the current ﬂows. Thus, the measured currents in experiments could be completely modiﬁed by these factors. However, the detailed structure of grains, edges, interface, and contacts in graphene
nanodevices constructed with current experimental technology, are very diﬃcult
to identify, 42 due to the narrow-gaps between the electrodes, the irregular ends
of the electrodes, and the rough surface of the substrate. 40,43–47 Ab-initio molecular dynamics (MD) 48 and Monte Carlo (MC) 49 simulations can circumvent this
type of problems using numerical methods. Actually, electron transports are often measured in repeatedly formed junctions with some advanced nano-technology,
e.g., STM break junction (STM-BJ) and mechanically controllable break junctions
(MCBJ). 44–46 Statistical methods are adopted to analyze the large amount of ex4

perimental data. Hence, the statistical average is believed to be one of the most
meaningful methods for modeling the experimental results. Moreover, environmental factors, including temperature, solution, small molecule absorption, etc.
are very diﬃcult to be treated with only using quantum mechanics approaches,
but they are relatively convenient to be treated with the combination of quantum
mechanics and MD/MC simulations. 50
In traditional semi-classical approaches, compact models, drift-diﬀusion equations, hydrodynamic equations and Boltzmann transport equations 51 are powerful tools to simulate transport phenomena in mesoscopic system (such as metals
and inorganic semiconductors). 34 However, transports in nanodevices are always
directly related to the chemical structure of nanodevices, 4,14,39–41 which requires
quantum chemistry based approaches to correctly describe. 35 As one of the fundamental ﬁrst principles methods, density functional theory (DFT) 52,53 is accurate enough for calculating electronic structure of isolated and periodic nanosystems. 54–56 However, nanodevices are neither isolated nor periodic systems, and
their central scattering regions (CSR) normally have low-symmetric structures with
open boundary conditions. Methods that are beyond the DFT are thus needed.
In the past decades one has witnessed the fast development of quantum transport
approaches, such as quantum hydrodynamics, quantum Monte Carlo methods, 57
quantum kinetic equations and non-equilibrium Green’s functions (NEGF), 58 to
model molecular devices and nanodevices. 59–61 Recently, many-body Green’s functions 62,63 have also been developed, which can take into account dynamic quantum
eﬀects. Now NEGF-DFT becomes one of the most useful frameworks to explore
the electronic transport phenomena in nanodevices at ﬁnite biases.
In this thesis, I focus on the theoretical study of electron and spin transport in
graphene based nanodevices. I will brieﬂy review the basic theoretical approaches
for quantum transport in nanodevices [Chapter 2]. I will discuss some key issues
in designing an actual nanodevice, such as the choice of the functional materials
[Chapter 3], the electrodes, and the anchoring groups [Chapter 4]. Some important
quantum and Coulomb eﬀects in nanodevices will be mentioned in [Chapter 5]. The
papers included in the thesis have been summarized in [Chapter 6].
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Chapter 2

Basic Theories for Quantum Transport

Graphene nanodevice is constructed by a piece of graphene attached in the
nanogap of bulk electrodes as shown in Fig.1.3. Theoretical investigation of quantum transport in graphene nanodevices requires some special techniques to treat
the graphene and electrodes on equal footing. Currently, there exist two types
of theoretical frameworks to treat quantum transport in nanodevices under ﬁnite
voltage. One is generalized master equation (GME), 64–66 and the other is nonequilibrium Green’s functions (NEGF). 59–63
The theoretical framework to model transport in nanodevices using NEGF is
shown in Fig.2.1. One can see that to obtain the most stable geometry and the
corresponding electronic structure of the system are the prerequisites for properly
predicting quantum transport. The junction region of the graphene nanodevice,

Figure 2.1: Theoretical framework to model transport in nanodevices using NEGF
including the whole piece of graphene and a section of left/right electrodes (as
shown in Fig.1.3), can be regard as a quantum system with Hamiltonian Ĥ(t),
and can be completely described by a wavefunction Ψ(t). The change of Ψ(t) over
7
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time can be obtained from the solution of time-dependent Schrödinger equation.
ih̄

dΨ(t)
= Ĥ(t)Ψ(t), Ψ(t0 ) = Ψ0
dt

(2.1)

When the quantum system is in a stationary state, it can be fully described
by time-independent Schrödinger equation,
EΨ = ĤΨ

(2.2)

The Hamiltonian of a quantum system contains ﬁve terms:
Ĥ = T̂n + T̂e + Ûen + Ûee + Ûnn

(2.3)

where, T̂n and T̂e are the kinetic energy operator for nuclear and electrons, Ûnn ,
Ûee , and Ûen are the potential energy arising from nuclei-nuclei, electron-electron
Coulombic repulsions, and electron-nuclei Coulombic attractions, respectively. With
∂2
∂2
∂2
the using of Laplace operator ∇2ri ≡ ∇ri · ∇ri = ∂x
2 + ∂y 2 + ∂z 2 , the ﬁve terms
i
i
i
can be read as below
∑ h̄2
T̂n = −
∇2Ri
2Mi
i
∑ h̄2
T̂e = −
∇2ri
2m
e
i
∑∑
Zi e2
Ûen = −
4πϵ0 |Ri − rj |
i
j
∑∑
1 ∑∑
e2
e2
Ûee =
=
2 i j̸=i 4πϵ0 |ri − rj |
4πϵ0 |ri − rj |
i j>i
Ûnn =

∑∑
1 ∑∑
Zi Zj e2
Zi Zj e2
=
2 i j̸=i 4πϵ0 |Ri − Rj |
4πϵ0 |Ri − Rj |
i j>i

2.1 Born-Oppenheimer Approximation
Most quantum mechanical methods are based on the adiabatic separation of
nuclear and electronic degrees of freedom. 67 Since the motion of the nuclei is usually
much slower than that of electrons, the wavefunction Ψ and the Hamiltonian Ĥ
of the system can be broken into electronic and nuclear components (Ψe , Ĥe and
Ψn , T̂n ).
Ψ = Ψe Ψn
(2.4)
Ĥ = Ĥe + T̂n
8
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The Schrödinger equation can be treated in two steps. First, the electronic Schrödinger
equation is solved, the electronic wavefunction Ψe and the electronic energy Ĥe are
obtained. Then, the nuclear kinetic energy T̂n is reintroduced and the Schrödinger
equation for the nuclear motion can be solved with the Eckart conditions. 68 The
total energy of the system, including the contributions from electrons and nuclei
(nuclear vibrations, molecular rotation and translation), is thus obtained.
With the change of atomic positions, the total energy can be represented
as a multi-dimensional potential energy surface (PES). The local minima in PES
correspond to metastable structures, and the global minimum point corresponds
to the most stable structure of the system. The curve from a local minimum to the
global minimum is the path to describe chemical reaction. The saddle points along
the path correspond to the transition states (TS). Sometimes, the conﬁguration of
the nanosystems with global minimum energy is very diﬃcult to be obtained by
ﬁrst principles methods, but it can be well treated by quantum MD simulations
and other statistical approaches, like Monte Carlo based methods.

2.2 Molecular Dynamic Simulation
Atoms in nanodevices are in constant motion that results in a very complicated PES and a large number of local energy minima. First principles methods
can in principle ﬁnd the ﬁnal geometry of the system, especially when the initial
geometry is near the minima. In other words, a good guess of the initial geometry
is essential. One way to generate the initial geometries is to use physical intuition,
but could apparently only work for small systems. Molecular dynamics simulations
can oﬀer a very useful tool to provide a good initial guess, or even directly ﬁnd the
global minimum by using high-temperature simulation to overcome energy barriers
between local energy minima.

2.2.1 Classical Molecular Dynamics
Classical MD is a well-developed approach and has been widely used in many
types of physical and chemical calculations.
In MD, the total kinetic energy of a N-body system within a volume V can
be given by
3N

1∑
K=
mi vi2
2 i=1
9
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and the total potential energy is
U = U (r1 , r2 , ·, rN ),

(2.6)

The motion of the particles obeys Newton’s laws.
Fi = mi ai ,

dvi
∂U
= mi
∂ri
dt

(2.7)

In terms of Lagrangian L = K − U , the motion equation is
d ∂L
∂L
)=
(
dt ∂vi
∂ri

(2.8)

In the microcanonical ensemble (NVE), the total energy E = K + U does not
change over time, the total momentum of the particles in the system is a conserved
quantity, and the temperature (T ) can be deﬁned by
3N
1 ∑
kB TM D
≡
mi vi2
2
6N i=1

(2.9)

The trajectories of particles can be obtained by using time-step technology as
shown in Verlet integration:
1
x(t + ∆t) = x(t) + v(t)∆t + a(t)∆t2
2
a(t) + a(t + ∆t)
v(t + ∆t) = v(t) +
∆t
2

(2.10)
(2.11)

In real life, we control the temperature instead of the energy. Several methods
have been introduced to keep the temperature constant while using NVE. For
an example, Nosé introduced an extra degree of freedom s to form an extended
Lagrangian,
3N

Q ds
1∑
L=
mi s2i vi2 − U (r1 , r2 , ·, rN ) + ( )2 − gkT ln (s)
2 i=1
2 dt

(2.12)

which also obeys Eq.(2.8).
2.2.2 Ab Initio Molecular Dynamics
The basic concept of ab initio MD is that the potential energy of a system is
calculated using quantum mechanical approaches (e.g. DFT) and the motion of
10

2.2. MOLECULAR DYNAMIC SIMULATION

particles is described by classical MD. Thus, the Lagrangian of the system can be
written as
3N
1∑
L=K −U =
mi vi2 − E[ψ(r1 , r2 , ·, rN )]
(2.13)
2 i=1

where, the ψ is the full set of Kohn-Shan one-electron wavefunctions for the electronic ground state.
Car and Parrinello introduced an algorithm (CPMD) to treat the motion of
nuclei and the electronic ground state in a uniﬁed way. In which an extended
Lagrangian showing below is used
3N

1∑
1∑
2µ
L=
mi vi2 − E[ψ(r1 , r2 , ·, rN )] +
2 i=1
2 j

∫

dr ψ̇j (r)

2

+ Lortho

(2.14)

The third term has the form of kinetic energy that introduces a ﬁctitious mass,µ.
The ﬁnal term is required to keep the one-electron wavefunctions orthogonal.
When using electronic information from a previous MD step as an initial
approximation to update the nuclear positions for the current MD step, the energy
and forces can be calculated in an eﬃcient way. The MD based on this approach
is called to Born-Oppenheimer molecular dynamics (BOMD).

Figure 2.2: Four snapshots of the mechanical breaking process of a (9,0) CNT
with a hole defect in the middle of the wall. Adopted with the permission from
Journal of Physical Chemistry C, Copyright 2010, American Chemical
Society.
We have performed ab initio MD simulations to model the break process of
CNT electrodes and the reconnection process of the break electrodes by a single
cruciform diamine molecule. Fig.2.2 shows four snapshots of the break process.
One can ﬁnd that the broken areas have pentagon-defects and the broken ends
are quite irregular. The edges of the broken ends are mostly of zigzag edges,
11
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but the armchair-type and dangling bond of carbon atoms also present randomly.
The irregular ends can bring in quite rich contacts in the formed CNT-M-CNT
junctions. These structures allowed us to obtain statistically meaningful electron
transport properties that could explain several important experimental ﬁndings. 69
2.2.3 Particle Statistics
When we make a measurement on a real physical system, the system has
passed through a series of microstates during the process of measurement. Thus
the measured value is actually a longtime average of the interest quantity. All
the possible microstates of the system can be considered as phase space, and
each measurement is an incomplete statistics in the space. Thus the measured
value should be sensitive to statistical ensembles, in which the partition function
describes the underlying physical properties of the system.
Classical statistics
In classical systems, all particles are considered to be distinguishable. In such
a microcanonical ensemble, the probability for each microstates is equal to each
other. Thus, the partition function is the number of the accessible microstates of
the system Z(N,V,E) = Ω.
For canonical ensemble, the partition function is
∑
∑
Z(N,V,T ) =
e−βεi =
gj e−βεj
i

(2.15)

j

where, β ≡ 1/kb T , i denotes the ith single-particle state with energy εi , and gj
is the degeneracy factor of the states with the energy εi . The probability of the
system in the ith microstate with energy εi , is given by the Boltzmann distribution
e−βεi
pi =
Z(N,V,T )
For grand canonical ensemble, the partition function is
∑
Z(µ,V,T ) =
eβµN Z(N,V,T )

(2.16)

(2.17)

N

For isobaric ensemble, the partition function is
∫
Z(N,P,T ) = dV e−βP V Z(N,V,T )
12

(2.18)
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Once the partition function is known, we can obtain the macro properties of
the system. For an example, the expected value of the total energy is
< E >=

∑
i

εi p i = −

∂lnZ
∂β

(2.19)

Quantum statistics
The particles in a quantum system are indistinguishable. Those with integer spin are bosons which obey Bose-Einstein statistics, and those with half-oddinteger spin are fermions which obey Fermi-Dirac statistics. The diﬀerent behavior
in statistics arises from the requirement in symmetry that the state of a quantum
system should be either symmetric or antisymmetric when each two indistinguishable particles in the system are interchanged.
For a fermion system, the expected number of the particles with energy ϵ is
given by Fermi-Dirac distribution.
f (ϵ) =

1
eβ(ϵ−µ)

+1

(2.20)

For a boson system, it is given by Bose-Einstein distribution,
f (ϵ) =

1
eβ(ϵ−µ)

−1

(2.21)

When the system is at a high temperature and a low density, the eﬀect of
requirement in symmetry on the properties is very small and the quantum particles
can be regarded as classical particles. The system can thus be regarded to be
constructed by classical but indistinguishable particles, which can be described by
Maxwell-Boltzmann statistics.
1
f (ϵ) = β(ϵ−µ)
(2.22)
e
In nanodevices, the current density is very high, the carriers are holes and
electrons, thus they should obey Fermi-Dirac distribution.
2.3 Electronic Structure Methods
On the basis of Born-Oppenheimer approximation, many methods can be
used to calculate electronic structure of quantum systems, including wavefunction
theory, valence bond theory (VB), molecular orbital theory (MO) and density
functional theory (DFT).
13

CHAPTER 2. BASIC THEORIES FOR QUANTUM TRANSPORT

2.3.1 Hartree-Fock Method
Most MO theories start from Hartree-Fock (HF) approximation that uses selfconsistent ﬁeld (SCF) method to determine the ground state wavefunction and the
total energy of the system.
In HF, the single-electron wavefunction is constructed by a spatial-orbital ϕ(r)
and one of spin functions, α(s) or β(s).
ϕ(x) = ϕ(r)σ(s),

σ = α, β.

(2.23)

The N-electron wavefunction of the system is represented by a single Slater determinant made up single-electron wavefunctions
1
Ψ= √
N!

ϕ2 (x1 )
ϕ2 (x2 )

···
···
..
.

ϕN (x1 )
ϕN (x2 )

ϕ1 (xN ) ϕ2 (xN )

···

ϕN (xN )

ϕ1 (x1 )
ϕ1 (x2 )

The N-electron Hamiltonian can be simpliﬁed as:
∑
∑
ĥi +
ν̂(i, j) + Unn
Ĥ =

(2.24)

(2.25)

j=1

i=1

by deﬁning one-electron operator ĥ and two-electron operator ν̂(i, j) as follows
∑ ZA
1
ĥ(i) = − ∇2i −
(2.26)
2
riA
A
1
rij
For the system with closed-shell electronic conﬁguration, its HF energy can be
written in term of integrals of the one- and two-electron operators
∑
1∑
E HF =< Ψ|Ĥ|Ψ >=
< i|ĥi |i > +
(< ij|ij > − < ij|ji >)
(2.27)
2 ij
i
ν̂(i, j) =

The ground state energy can be obtained by minimizing Hartree-Fock energy using
variational method with respect to the change of orbital ϕi → ϕi + δϕi .
F̂ (1)ϕi (1) = ϵi ϕi (1)

(2.28)

where ψi (1) are a set of one-electron wavefunctions called Hartree-Fock molecular
orbitals, and F̂ is the Fock operator
F̂ (i) = ĥ(i) +

N/2
∑
j=1

[2Jj (i) − Kj (i)]

14
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where, Jj is the Coulomb operator, deﬁning the repulsive energy between the j-th
and i-th electrons, and Kj is the exchange operator, deﬁning the exchange energy.
Obviously, Eq.(2.28) is a nonlinear equation, which can be solved by SCF
method. The Hartree-Fock molecular orbitals are Slater-type orbitals (STOs) that
consider Fermi correlation. However, other correlations, like Coulomb correlation,
are not considered. This limits the application of HF for chemical reaction and
surface absorbtion.
2.3.2 Density Functional Theory, DFT
Born-Oppenheimer approximation assumes that the positions of nuclei are
ﬁxed and electrons are moving in a static external potential Vext generated by the
nuclei. Hence the electronic Schrödinger equation can be written as
ĤΨ = [T̂ + Uˆee + Vˆext ]Ψ = EΨ

(2.30)

where, T̂ is the kinetic energy and Uˆee is the potential energy. The term Uee
includes all the many-body eﬀects that make the equation very diﬃcult to solve.
DFT provides a systematic way to deal with this N-electron equation as a
single-electron equation without Uee . The key variable of DFT is electron density
n(r). For a normalized N-electron wavefunction Ψ(x1 , x2 , ..., xN ), it is given by
n(r) = N

∫

...

∫

|Ψ(x1 , x2 , ..., xN )|2 dx2 dx3 ...dxN

(2.31)

where, the multiple integral is over all spin and all but one of the spatial variables.
Hence, n(r) presents the probability of ﬁnding any of the N electrons within the
volume element dr1 with spin up or spin down
Hohenberg-Kohn Theorem
Hohenberg-Kohn (H-K) theorem 70 is the heart of DFT.
• Theorem I: For any system of interacting particles in an external potential
Vext (r) = V (r), its potential is determined uniquely, except for a constant,
by the ground state particle density n(r)GS .
• Theorem II: A universal functional of the energy E[n(r)] can be deﬁned for
any external potential Vext (r). For any particular Vext (r), the exact ground
15

CHAPTER 2. BASIC THEORIES FOR QUANTUM TRANSPORT

state of the system is the global minimum of E[n(r)], and the density n(r)
that minimizes the functional is the exact ground state density n(r)GS .
∫
E[n(r)] = T [n(r)] + Uee [n(r)] + n(r)Vext (r)dr
Kohn-Sham Equation
Kohn-Sham method 71 made DFT calculations actually feasible, by reducing
the N-body problem of interacting electrons in a static external potential to a
tractable problem of non-interacting electrons moving in the eﬀective potential.
Assuming that there exists an equivalent noninteracting system, whose ground
state density coincides with that of the considered interacting system. Its stationary electronic state wavefunction Ψ(x1 , x2 , · · · , xn ) could be an exact Slater determinant, which satisﬁes the time-independent Schrödinger equation (2.3). The
electron density can be given by
n(r) =

N
∑∑
σ

ψi (x)

(2.32)

i=1

where ψi is the i-th single particle spin-orbital. While the kinetic term is
Ts [n] =

N
∑∑
σ

i=1

< ψi | −

∇2
|ψi >
2

(2.33)

The external potential and the eﬀect of Coulomb interactions between the
electrons (e.g., the exchange and correlation interactions) in a real many-electron
system are included in an eﬀective potential:
∫
n(r ′ ) 3 ′
Ueﬀ [n(r)] = Vext [n(r)] +
d r + Uxc [n(r)]
(2.34)
|r − r ′ |
= Vext [n(r)] + UHartree [n(r)] + Uxc [n(r)]

(2.35)

Hence, the Kohn-Sham Hamiltonian operator can be deﬁned as
ĤKS = T̂s + Ûeﬀ

(2.36)

The energy functional is deﬁned as
EKS [n] = Ts [n] + Uef f [n]

(2.37)

Applying the variational principle to Eq.(2.37)
δEKS [n]
δn
16
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can lead to the Kohn-Sham Euler-Lagrange equation: 71
(ĤKS − εi )ψi = 0

(2.39)

where εi is the corresponding Lagrange partamter. This Kohn-Sham equation
provides a practical way to determine the ground state density n(r) of the interacting system. Although it looks like a Schrödinger equation, it is a single-electron
equation including correlation eﬀects beyond HF with an undeﬁned potential term
Uxc [n(r)].
Exchange-Correlation Functionals
Many eﬀorts have been made for ﬁnding an accurate expression to describe
the exchange and correlation potential Uxc [n(r)].
Local Density Approximations (LDA): Kohn and Sham 71 proposed LDA for
LDA
the exchange correlation energy Exc
. The exchange-energy density is known
analytically in the homogeneous electron gas model (HEG).
ϵHEG
[n(r)]
x

3
=−
4

( )1/3
3
n(r)1/3
π

(2.40)

While the analytic expression for the correlation energy density of the HEG is not
known except the systems of very high or very low density.
{
A ln(rs ) (
+ B + rs (C ln(r)s ) + D)
high − density limit
ϵc =
(2.41)
g1
1 g0
+ 3/2 + . . .
low − density limit
2 rs
rs

where,rs is the Wigner-Seitz radius which is related to the density as
4 3
1
πrs = .
3
n

(2.42)

For intermediate values of the density, the correlation energy density can be given
by accurate MC simulations. 72 The spin-dependence of correlation energy density
can be deﬁned by introducing the relative spin-polarization
ζ(r) =

nα (r) − nβ (r)
nα (r) + nβ (r)

LDA
can be obtained by
The exchange correlation energy Exc
∫
LDA
Exc [nσ ] = nσ (r)ϵxc (nσ (r)) dr,

17
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and the exchange-correlation potential is given by
LDA
Uxc
(r, σ) =

LDA
δExc
∂ϵxc (nσ (r))
= ϵxc (nσ (r)) + nσ (r)
δnσ (r)
∂nσ (r)

(2.45)

Using diﬀerent analytic forms for ϵc , several LDA functionals have been developed,
including VWN 73 , PZ81 74 , CP 75 and PW92 76 . The performances of LDA are very
good for metallic systems, because most of electronic states near the Fermi energy
are delocalized.
Generalized Gradient Approximations (GGA): GGA 77 is based on the LDA.
More speciﬁcally, it takes into account the gradient of the density at the same
coordinate:
∫
GGA
⃗ σ (r)) dr,
Exc [nσ ] = n(r)ϵxc (nσ (r), ∇n
(2.46)

Many methods (PW91 78 , PBE 79 , and BLYP. 80 ) have been proposed to construct
⃗ σ (r)) for satisfying several exact boundary condiGGA functional ϵxc (nσ (r), ∇n
tions. Due to these GGAs can give very good results for molecular geometries
and ground-state energies, they are widely used to calculate physical and chemical
properties of diﬀerent systems.
Hybrid Functionals: In principle, many-body eﬀects can be accurately taken
into account with the DFT framework by developing better and better approximate functionals. LDA and GGA functionals are very useful, but have problems
in describing weak interactions. The hybrid functionals, e.g. B3LYP 80,81 and
PBE0 82 , can improve the accuracy by mixing a fraction of exact exchange (EHF )
with GGA semi-local exchange.
B3LY P
LDA
Exc
= Exc
+ 0.20(ExHF − ExLDA ) + 0.72∆ExB88 + 0.81∆EcLY P
P BE0
Exc

=

0.25ExHF

+

0.75ExP BE

+

EcP BE

(2.47)
(2.48)

But the improvement is not yet systematic. More works are needed to ﬁnd get the
exact exchange-correlation energy functionals.
2.4 General Transport Theory
As we know that the conductance G of a macroscopic conductor is described
by the Ohm’s law:
A
G=σ
(2.49)
L
where A is the area of cross section, L is the length of conductor, and σ is the conductivity of the material for building the conductor. The σ describes the response
18
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of the material. When the current ﬂows is caused by electric ﬁeld E, the current
density is determined by:
Ji (r) = σij (r)Ej (r)

(2.50)

2.4.1 Drudé Model
In the Drudé model, a metal material is assumed to be formed by a mass of
ions within the ”sea” of free electrons. The only possible interaction in the system
is the collisions between electrons and ions with an average time τ . Applying an
the electric ﬁeld E, the current density J in a metal becomes
J = nq < v >= nq

<p>
nq
nq 2 τ
=
· qEτ = (
)E = nqµE = σE
m
m
m

(2.51)

qλ
where µ = qτ
= mv
is the carrier mobility. The relationship between velocity and
m
1
temperature is 2 mv = 23 kT .

One can see that the Drudé model provides a very good explanation of the
Ohm’s law, the collisions between electrons and ions play an important role in
determining the conductivity of materials. However, the experiments have showed
that the measured resistivity should have a linear relationship with the temperature
due to thermal scattering, but the resistivity described by Drudé model is related
to the square root of temperature. This shows that one needs to look more closely
to the electron transport in metals.

2.4.2 Boltzmann Transport Equation
Considering a Hamiltonian system with coordinates {ri } and conjugated momenta {pi }, we can use a single-particle distribution function f (r, p, t) to describe
all the possibly nonequilibrium states. When the external forces drive the system
away from the equilibrium,f (r, p, t) = f equ , the collisions can act to restore the
equilibrium. 83,84
∂f
△t
f (r, p, t) = f equ +
∂t coll.
f (r, p, t) = f (r − v△t, p −

F
∂f
△t, t) +
m
∂t

∂f
F ∂f
∂f
∂f
+v
+
=
∂t
∂r m ∂v
∂t
19
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We know that the force term is F = −e(E) − V × B, and the collision term
can be described by relaxation time (τ ),
∂f
∂t

coll.

f − f equ
=−
τ

(2.54)

Thus the distribution function f (r, p, t) can be obtained by solving Eq.[2.53]. For
an electric ﬁeld E, the function f is
f (k) ≈ f equ +

eτ E ∂f equ
eτ E
·
≈ f equ (k +
)
h̄
∂k
h̄

(2.55)

It is shown that the Fermi surface of the system has been shifted about eτh̄E by the
electric ﬁeld. This means that only the electrons near Fermi level can contribute
to the current, which should be
∫
1
j=
dk(−ev)(f (r, k, t) − f equ )
(2.56)
3
(2π)
∫
1
eτ E ∂f equ
=
dk(−ev)
·
(2.57)
(2π)3
h̄
∂k
and the conductivity should be
1 e2
σ=
(2π)3 h̄
ne2 τ
≈
m

∫

dkτ v

∂f equ
∂k

(2.58)
(2.59)

The relaxation time τ strongly depends on the type of the involved scattering,
which include electron-electron scattering, electron-phonon scattering, electronimpurity scattering, electron-defect scattering, interface scattering, boundary scattering, and so on. The scattering can drastically change the electronic wavelength
(energy), the direction, the phase, and the spin characteristics, resulting in quite
diﬀerent transport properties of materials. The eﬀective time τ can be determined
by the Matthiesen’s rule
1 ∑1
=
(2.60)
τ
τi
i
It means that the
sources.

1
τ

is directly proportional to the concentration of the scattering

2.4.3 Linear Response Transport Theory
Considering an isolated nanosystem at its ground state, it can be fully described by the time-independent Hamiltonian Ĥ0 . At time t = t0 , a physical
20
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measurement performs, which introduces an external perturbation Û (t) to the
system and drives the system out of the equilibrium state. Thus the excitation of
the ground state can been measured. 85 When the ground state is stable and the
stimulus is weak, the total Hamiltonian of the system can be described as
ˆ = Ĥ0 + Û (t)
H(t)

(2.61)

ˆ can be
The expectation value of a physical quantity described by an operator A(t)
evaluated as
∑
ˆ >= 1 T r[ρ̂(t)Â] = 1
< A(t)
< n(t)|Â|n(t) > eβEn
(2.62)
Z0
Z0 n
∑
where Ẑ0 = T r[ρ0 ] is the partition function, ρ =
|n >< n|e−βEn is the density
matrix, and |n(t) > can be given by the interaction picture representation
|n(t) >= e−Ĥ0 t |n̂(t) >= e−Ĥ0 t Û (t, t0 )|n̂(t0 ) >

(2.63)

with the deﬁnition |n̂(t0 ) >= e−Ĥ0 t0 |n(t0 ) >. Where, U (t) is the evolution operator
given by the time-ordered exponential. By expanding U (t) to linear order in Û (t),
we have
∫ t
Û (t, t0 ) = 1 −

dt′ Û (t′ )

(2.64)

t0

Thus, we can obtain < Â(t) > up to the linear order.
∫
i t
< Â(t) >=< Â(t) >0 −
dt < [Â(t), Û (t′ )] >0
h̄ t0

(2.65)

This is the general linear response formula. 86,87 It shows that the change of < Â >
represents the linear response of the system to the external stimulus, which is
given in terms of the ground state expectation value of the commutator of the
perturbation and observable operators.
Using the Fourier transformation, we can deﬁne the susceptibility
∫
i ∞
dteiωt < [Â(t), Û (t0 )] >
χ(ω) =
h̄ t0
χ(t) =

i
< [Â(t), Û (t0 )] > θ(t − t0 ).
h̄

(2.66)

(2.67)

i
⃗ (r, t′ )] > θ(t − t′ ).
< [Â(r, t), U
(2.68)
h̄
One can see that the generalized susceptibility χ(r, t; r′ , t′ ) with the retarded propagator is a retarded Green function.
χ(r, t; r′ , t′ ) =
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Now, considering the electric conductivity σ(r, r′ ; ω) of metals, the linear response of the current ĵ(r, t) to an electric ﬁeld E(r′ ) should be
∫
< ĵ(r, t) >= dr′ σ(r, r′ ; ω)E(r′ )e−iωt
(2.69)
and the conductivity should be
in(r)e2
1
σ(r, r ; ω) =
δ(r − r′ ) +
mω
h̄ω
′

∫

∞

dteiωt < [ĵ(r, t), ĵ(r′ , 0)] >

(2.70)

0

In uniform it is
∫ ∞
ine2
1
ˆ J(0)]
ˆ
σ(ω) =
dteiωt < [J(t),
>
+
mω
h̄ωU 0
(2.71)
∫ ∞
∏
∏
ine2
1
1
ˆ
ˆ
iωt
ˆ
ˆ
=
−
< [ (0), J(0)]
>−
dte < [ (t), J(0)]
>
mω
h̄ωU
h̄U 0

where the relationship between the current operator Jˆ and the uniform polarization
∏
operator ˆ is given by
e ∑
Jˆ = −
pi
m
∏
∑
ˆ
= −e
ri
(2.72)
i

∏
iN e2 h̄
ˆ ˆ
[ , J]
=
m

2

Hence, the diamagnetic term ine
can be totally cancelled by the equal time commω
mutator and thus the commutator can also be conveniently removed
∫ ∞
∏
1
ˆ
ˆ
σ(ω) = −
dteiωt < [ (t), J(0)]
>
h̄U 0
∫ ∞ ∫
(2.73)
1
iωt
ˆ
ˆ
=
dt dλe < [J(t − iλ), J(0)] >
h̄U 0
This is the most important form of Kubo formula for electric conductivity.
2.4.4 Quantum Transport Theory
Dirac Picture
Let’s start from the quantum system with a total Hamiltonian described as
Eq.[2.61]:
ˆ = Ĥ0 + Û (t)
H(t)
22

2.4. GENERAL TRANSPORT THEORY

The change of wavefunction over time is described by time-dependent Schrödinger
equation[2.1]:
d|Ψ(t) >
ih̄
= H(t)|Ψ(t) >, |Ψ(t0 ) >= |Ψ0 >
dt
In Dirac (interaction) picture, a state vector evolves according to
|ψI (t) >= eiH0 t |ψ(t) >= eiH0 t e−iHt |ψ(0) >,

(2.74)

an operator evolves according to
AI (t) = eiH0 t A(t)e−iH0 t

(2.75)

and the time evolution is:

∂|ψI >
= UI |ψI >
∂t
Thus the expectation value of an operator A is:
i

< AI (t) >=< ψI (t)|AI (t)|ψI (t) >

(2.76)

(2.77)

Density Matrix
Assuming the system in a thermodynamic state α with a statistical probability
pα , the Hermitian operator
∑
ρ=
pα |α >< α|
(2.78)
α

is a density matrix. The thermodynamic average of an observable A is
∑
Ā = trρA =
pα < α|A|α >

(2.79)

α

For the system in an equilibrium state, at canonical ensemble the density matrix
is
∑
∑ e−βEn
ρ0 =
pn |n >< n| =
|n >< n|,
(2.80)
Z(N,V,T )
n
n
at grand canonical ensemble it is
ρ0 =

∑ e−β(En −µNn )
n

Z(µ,V,T )

|n >< n|

(2.81)

Now, supposing we know the density matrix of the system at time t0 , ρ(t0 ) =
iH(t−t0 )
|α(t0 ) >, and
α pα |α >< α|, the evolving of state α should be |α(t) >= e
the evolving of ρ should be
∑

ρ(t) = e−iH(t−t0 ) ρ(t0 )eiH(t−t0 )
23
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Since ρ(t) can be deﬁned by
ρ(t) =

∑
i

pi |Ψi (t) >< Ψi (t)|,

(2.83)

the change of ρ over time should be
ih̄

dρ (t)
= [H(t), ρ (t)]
dt

(2.84)

In Dirac picture, it is

∂ρI
+ [ρI , UI ] = 0.
∂t
Thus, a piece of the interest of ρI is
∫ t
△ρI (t) = i
dt′ [ρ0 , UI (t′ )]
i

(2.85)

(2.86)

−∞

At linear response region, the stimulus is U (t) = f (t)B where B is a operator, the
response A of interest can be calculated
< △A > (t) = tr(△ρI (t)AI (t))
∫ t
=i
dt′ tr([ρ0 , BI (t′ )]AI (t))f (t′ )
−∞
∫ ∞
=
dt′ − iθ(t − t′ ) < [A(t), B(t′ )] >0 f (t′ )

(2.87)
(2.88)
(2.89)

−∞

where −iθ(t − t′ ) < [A(t), B(t′ )] >0 = χAB (t − t′ ) is called Green-Kubo relation.
It means that the linear response to stimulus is determined by an equilibrium
correlation function. But for the system with strong interactions and correlations,
the response calculation using Green-Kubo relation is a very diﬃcult task.
Current Operator
Let’s assume that the current is caused by a classical electromagnetic ﬁeld
with vector potential A(r, t), the current density operator can be deﬁned by 88
ĵ(r, t) =

1∑
e
n̂(r)A(r̂i , t)
{δ(r − r̂i ), v̂i } = ĵp (r) −
2 i=1
mc

(2.90)

where{, } is the anti-commutator of two operators {Â, B̂} ≡ (ÂB̂ + B̂ Â), n̂(r) =
∑
i=1 δ(r − r̂i ) with (i = x, y, z), and
ĵp (r) =

1 ∑
{δ(r − r̂i ), p̂i }
2m i=1
24

(2.91)
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At right hand of the Eq.[2.90], the ﬁrst term is paramagnetic current density operator and the second term is diamagnetic current density operator. The expectation
of current density should be
< ĵ(r, t) > = T r{ρ(t)ĵ(r, t)}
= T r{ρ(t)(ĵp (r) −

e
n̂(r)A(ri , t))}
mc

The current operator Iˆ can be deﬁned by
∫
ˆ
I = dS · ĵ(r̂, t),

(2.92)

(2.93)

s

and the expectation value of the current operator should be
ˆ
< I >t = tr{ρ̂I}

(2.94)

2.4.5 Landauer Approach
The simplest model of nanodevices is schematically plotted in Fig.2.3.(a),
where the device is constructed by three parts: the left electrode (L), the central
scattering region (CSR), and the right electrode (R). The electrodes are connected
to batteries. The total Hamiltonian Ĥ of the whole nanodevice should be
Ĥ = ĤLb + ĤCSR + ĤRb + V̂Lb−CSR + V̂CSR−Rb + V̂Lb−Rb

(2.95)

where the ĤLb , ĤCSR , and ĤRb are the Hamiltonian of the left battery, the central
scattering region, and the right battery, respectively, and the V̂Lb−CSR , V̂CSR−Rb ,
and V̂Lb−Rb are the interactions between them. Since the Hamiltonian of battery
is too complicated to give out, we can consider the batteries as the reservoirs
of electrons. 34,35 Thus the device can be regard as a nanojunction sandwiched
between two large leads, which open to the left/right reservoir of electrons. The
inﬁnitely large problem can thus be reduced by deﬁning a CSR that contains the
whole nanojunction and two buﬀer layers of left/right leads, with the fact that the
charge distribution deep inside the surface of leads should be very close to that of
the bulk materials. Hence, with the mean-ﬁeld approximation, the Hamiltonian of
the CSR can be written as Kohn-Sham form
ĤS = ĤKS = T̂KS + V̂Hartree (r) + V̂xc (r) + V̂ext (r) = T̂KS + Ûef f (r)
with boundary conditions
{
Ûef f =
ĤS =

{

V̂L (r⊥ ),
V̂R (r⊥ ),

z < zL
z > zR

2

h̄
− 2m
∇2 + V̂L (r⊥ ) ≡ ĤL ,
2
h̄
− 2m
∇2 + V̂R (r⊥ ) ≡ ĤR ,

25

(2.96)

(2.97)
z → −∞
z → +∞

(2.98)
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Figure 2.3: Theoretical model for graphene nanodevices. (a) The nanodevice is
divided into three regions: left/right leads and the central scattering region (CSR),
the CSR includes the whole nanojunction and the buﬀer layers of left/right leads,
which extend to inﬁnite far reservoirs. (b) electrons are injected at the inﬁnite far
left and inﬁnite far right reservoirs with diﬀerent local equilibrium distributions
which correspond to the electrochemical potential µ that varies along the whole
device
where the V̂L (r⊥ ) and V̂R (r⊥ ) are the single-particle potential that conﬁnes electrons in the transverse x − y plane in left and right electrodes, respectively.
The eigenstates of Hamiltonian of left and right electrode (HL and HR ) can
be easily obtained by separating the bulk schrödinger equation
h̄2 2
∇ + V̂L/R (r⊥ )]ψακ (r) = Eψακ (r)
[−
2m

(2.99)

into a longitudinal equation in z direction
h̄2 ∂ 2 ikz h̄2 k 2 ikz
−
e =
e
2m ∂z 2
2m

(2.100)

and a transverse equation in x − y plane.
h̄2 2
∇ + V̂L/R (r⊥ )]uα (r⊥ ) = ϵα uα (r⊥ )
[−
2m ⊥
26
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The solution of Eq.2.99 is

√

1
uα (r⊥ )eikz ,
Lz
(2.102)
h̄2 kα2
1 2
Eα (k) = ϵα ±
= ϵα ± mvα (k)
2m
2
where ϵα are transverse energies which depends on the detail structure of electrodes,
2 2
kα
and ± h̄2m
are the longitudinal energies.
ψακ (r) =

Given an energy E, only the model with energy ϵα smaller than the E can
oﬀer a transport channel. We label the number of the total models as Nc (E). At
the cross section S of the leads, the number of channels at the Fermi level should
be of the order of Nc (EF ) ≈ kF2 S. This means that for a d-dimension lead with
cross section S, the Nc (EF ) ≈ kFd−1 S. In a strictly 1D lead, the number of channels
exactly equals to 1.
After determining the solution at the boundaries, the equation of the CSR
can be written as
[T̂KS + Ûef f (r)]Ψακ (r) = EΨακ (r)
(2.103)
We should notice that the solution Ψακ (r) has to merge with the eigenstates of the
Hamiltonians of the left and right leads. Because in the junction, there only exist
two sets of traveling state: one set moves from the left to right lead, and the other
set moves from the right to left lead.
Considering in the left lead, an electron is in an initial eigenstate ψiκi (r) with
h̄2 k2
energy Ei (ki ) = ϵi + 2mi , it transports through the CSR and arrives deeply into
the right lead.
Although this state may be very complicated in the junction region, according
to the potential Ûef f (r), it should be a simply linear combination of transmitted
waves in the deep right lead, and should be a linear combination of the incoming
wave and all possible reﬂected waves in the deep left lead
R

+
ψik
(r) →
i

Nc
∑
f =1

Tif ψf kf (r), deep inside the right lead

(2.104)

L

+
ψik
(r)
i

→ ψiki (r) +

Nc
∑
f =1

Rif ψf kf (r), deep inside the lef t lead

(2.105)

ˆ we can get the current I(Ei ),
With the current operator I,
+
ˆ + (r) >
I(Ei ) = e < ψik
(r)|I|ψ
iki
i
∫ +∞ ∫ +∞
+
+
∂ψik
(r)
∂[ψik
(r)]∗
eh̄
+
+
∗
i
i
dx
dy[[ψiki (r)]
− [ψiki (r)]
]
=
2im −∞
∂z
∂z
−∞

27
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The currents deeply inside the left and the right lead respectively are
L

IL (Ei ) = Ii (Ei ) +

Nc
∑
f =1

|Rif |2 If (Ei )

L

= Ii (Ei ) −

Nc
∑
f =1

|Rif |2 |If (Ei )|

(2.107)

L

≡ Ii (Ei )(1 −

Nc
∑

IR (Ei ) = Ii (Ei )

Nc
∑

Rif (Ei ))

f =1
R

Tif (Ei )

(2.108)

f =1

where the incident current Ii (Ei ), the reﬂected back current If (Ei ), reﬂection
probability Rif (Ei ), and the transmission probability Tif (Ei ) are deﬁned as
Ii (Ei ) =

vi (ki )
vf (kf )
, If (Ei ) =
Lz
Lz

(2.109)

If (Ei )
If (Ei )
, Tif (Ei ) ≡ |Tif |2
Ii (Ei )
Ii (Ei )

(2.110)

Rif (Ei ) ≡ |Rif |2

It is clear that Tif (Ei ) is the probability of the electron in left lead at the initial
state with energy Ei and momentum h̄ki transmitted across the junction into the
right lead at a ﬁnal state with the same energy Ei and a diﬀerent momentum h̄kf .
The whole above procedure can be repeated for a electron incident from the
right lead, and similar current equations can be obtained
L

IR′ (Ei )

= Ii (Ei )(1 −
R

IL′ (Ei ) = Ii (Ei )

Nc
∑

Nc
∑

Rif (Ei ))

f =1

(2.111)

Tif (Ei )

f =1

The total current in the system can be obtained by summarizing the all currents by all channels in whole energy region. When we integrate in energy, the
current of each channel can be multiplied by the number of the channels per unit
energy (density of states: DOS). In 1D system, the DOS per spin for a momentum
h̄ki can be written easily
Di (Ei ) =

Lz
Lz dki
=
2π dEi
2πh̄ vα (ki )
28
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I = e2

= e2

∫

∫

e2
2π h̄
=0
=

L

R

NC
NC
∑
∑
dE(
Di (Ei )IR (Ei ) −
Di (Ei )IR′ (Ei )
i

i

L
NC

NcR

i

f =1

R

L

NC
Nc
∑
∑
∑
∑
dE(
Di (Ei )Ii (Ei )
Tif (Ei ) −
Di (Ei )Ii (Ei )
Tif (Ei ))

∫

i

f =1

dE(TLR (E) − TRL (E))
(2.113)

Of course, the total current should be zero, because
L

TLR (E) =

R

Nc Nc
∑
∑

L

Tij (E) =

i=1 j=1

Nc
∑

Ti (E) = TRL (E) = T (E),

(2.114)

i=1

the electrons in fully ﬁlled bands do not contribute to current. As shown in
Fig.2.3(c), when the potential of left and right lead are diﬀerent, (µL −µR = eVbias ),
the Fermi-Dirac distribution functions [2.20] at the left and right leads determine
the density matrix
∑
∑
ρ̂ =
|ΨL > f (E − µL ) < ΨL | +
|ΨR > f (E − µR ) < ΨR |
(2.115)
L

R

As a result, the total current of the nanojunction should be
ˆ
I = eT r{ρ̂I}
∫ +∞
e2
=
dE(fL (E)TLR (E) − fR (E)TRL (E))
2π h̄ −∞
∫ +∞
e2
dE(f (E − µL ) − f (E − µR ))T (E)
=
2π h̄ −∞
This means that transmission is current.
2.4.6 Lippmann-Schwinger Equation
For a system described by the Kohn-Sham DFT Hamiltonian
h̄2 2
∇ + VH (r) + Vxc (r) + Vext (r),
HKS (r) = −
2m
at mean-ﬁeld approximation, the single-particle Hamiltonian is
h̄2 2
HS = −
∇ + V (r) = H0 + V (r)
2m
29

(2.116)
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and the time-dependent Schrödinger equation is
(ih̄

∂
− HS )|Ψ(t)⟩ = 0, |Ψ(t0 )⟩
∂t

(2.117)

which is a partial diﬀerential equation. Hence, Green’s function can be written as
(ih̄

∂
− HS )|G(t, t′ )⟩ = 1̂δ(t, t′ ),
∂t

(2.118)

with boundary conditions:
G+ (t, t′ ) = 0 t < t′ retarded
G− (t, t′ ) = 0 t > t′ advanced
The obtained Green’s functions are
{ i −iHs (t−t′ )/h̄
− h̄ e
+
′
G (t, t ) =
0
{
0
G− (t, t′ ) =
i −iHs (t−t′ )/h̄
− h̄ e

(2.119)

t > t′
t < t′

(2.120)

t > t′
t < t′

(2.121)

and the corresponding wavefunction is
{
ih̄ G+ (t − t′ )|Ψ(t0 )⟩, t > t′
|Ψ(t)⟩ =
ih̄ G− (t − t′ )|Ψ(t0 )⟩, t < t′

(2.122)

where G+ (t − t′ ) and G− (t − t′ ) are retarded and advanced time-ordered Green’s
function, respectively.
For the Hamiltonian H0 of the free electron system, the time-ordered Green’s
functions are
{ i −iH0 (t−t′ )/h̄
− h̄ e
t > t′
+
′
G0 (t, t ) =
(2.123)
0
t < t′
{
0
t > t′
′
−
G0 (t, t ) =
(2.124)
′
− h̄i e−iH0 (t−t )/h̄ t < t′
By comparing the Green’s function of free electron system and the perturbed
system, one can ﬁnd that
∫ t
±
±
′
± ′
G (t − t0 ) = G0 (t − t0 ) +
dt′ G±
(2.125)
0 (t − t )V G (t − t0 )
t0

This is Lippmann-Schwinger equation, which is an important equation of scattering
theory.
30
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When we use the left hand of the Eq.[2.125] as the value of the term G± (t −
t0 ) and substitute into the right hand repeatedly, we can get a new equation about
G± (t − t0 ). Those terms that have an order higher than 2 can be summarized into
one term labeled as Σ± . Thus the equation can be read as:
∫ t ∫ t′
±
±
′
±
G (t − t0 ) = G0 (t − t0 ) +
dt′
dt′′ G±
(t′ − t′′ )G± (t′′ − t0 ) (2.126)
0 (t − t )Σ
t0

t0

where Σ+ and Σ− are the retarded and the advanced self-energy of the system,
representing the interactions of the CSR with left and right leads, respectively.
Now, we can deﬁne the initial wavefunction of incoming and outgoing states,
respectively,
in/out
⟩ ≡ ih̄ lim G± (t − t0 )|Ψ(t0 )⟩
(2.127)
|Ψ0
t0 → ±∞

We can obtain the Lippmann-Schwinger equation for time-dependent wavefunction
of incoming and outgoing states,
∫ +∞
in/out
±
′
+ ′
|Ψ (t)⟩ = |Ψ0
⟩+
dt′ G±
0 (t − t )V̂ |Ψ (t )⟩
−∞
(2.128)
∫ +∞
in/out
in/out ′
′ ±
′
= |Ψ0
⟩+
dt G (t − t )V̂ |Ψ0
(t )⟩
−∞

When the Fourier transform is applied on the time-dependent Green’s functions,
we can obtain time-independent Green’s functions,
∫ +∞
G(E) =
dt eiEt/h̄ e−ϵ t/h̄ G(t)
(2.129)
−∞

where, ϵ is an inﬁnitely small energy. After solved the equation, we can obtain
time-independent Green’s functions
G± (E) ≡

1
1
, G±
0 (E) ≡
z − Hs
z − H0

(2.130)

with deﬁning z = E ± iϵ. The relationship between G± (E) and G±
0 (E) is
1
E ± iϵ − H0 − Σ± (E)
1
= ±
−1
[G0 (E)] − Σ± (E)

G± (E) =

(2.131)

±
±
±
= G±
0 (E) + G (E)Σ (E)G0 (E).

Hence, the time-independent Lippmann-Schwinger equation can be read as
in/out

|Ψ± (E)⟩ = |Ψ0

in/out

= |Ψ0

±
(E)⟩ + G±
0 (E)V̂ |Ψ (E)⟩
in/out

(E)⟩ + G± (E)V̂ |Ψ0
31

(E)⟩

(2.132)
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Of course, the Green’s function can be written as a linear combination of eigenstates
∑ |ΨEi,α ⟩⟨ΨEi,α | ∑ ∫ +∞
|ΨEα ⟩⟨ΨEα |
G(z) =
+
dE
(2.133)
z − Ei
z−E
0
α
i,α
Since the Green’s function represents the number of the eigenstates, we can easily
deﬁne the density of state (DOS) operator,
G+ (E) − G− (E)
0
2π

D̂(E) = i lim
ϵ→

(2.134)

and the local density of state (LDOS) operator,
1
D̂(r, E) ≡< r|D(E)|r >= − Im[G+ (r, r, E)]
π

(2.135)

2.4.7 Non-Equilibrium Green’s Function Approach
In nanodevices, current densities are usually very large, thus the many-body
eﬀect can not be neglected. Sometimes the many-body eﬀect is correlated with
in an external time-dependent perturbation. The Kubo formalism has the is limition of the weak perturbation condition (linear response) and the Landauer approach is only based on mean-ﬁeld approximation. It has been proved that the
NEGF approach can strictly treat the nanojunction systems, where the manybody perturbation theory can be applied and all orders of the responses to the
perturbation can be considered. Actually, the NEGF is an exact way to solve the
time-dependent Schrödinger equation for a closed quantum system subjected to
perturbations. This means that the system is closed but not isolated, and the
perturbations can drive the system far away from equilibrium state. 34,35,58
Let’s start with the system from t > t0 with total Hamiltonian
H(t) = H0 + H ′ (t)

(2.136)

where H ′ (t) is the time-dependent perturbation which may include an external ﬁeld
and some forms of internal couplings in the system, H0 is the total many-body
time-independent Hamiltonian of the system at t ≤ t0 . The H0 can be written
as the sum of one-particle Hamiltonian hi0 and a Hamiltonian W describing the
interactions among the particles.
H0 =

N
∑

hi0 + W

(2.137)

i

The eigen-solution of one-particle Hamiltonian hi0 is
h0 |ϕk ⟩ = ϵk |ϕk ⟩
32

(2.138)

2.4. GENERAL TRANSPORT THEORY

At t < t0 , the system is in the global equilibrium state which can be totally
described by the canonical statistical operator
ρ̂equ
C ≡

e−β H0
Z(N,V,T )

(2.139)

Contour Integral

Figure 2.4: Time contour used to evaluate the expectation value of a given operator at time t.
As we know that an operator Â of the system with Hamiltonian H(t) (Eq.2.136)
can be written in the Heisenberg picture,
ÂH (t) = U (t0 , t)ÂU (t, t0 )

(2.140)

where the time-evolution operator U (t, t0 ) is
U (t, t0 ) ≡ U (t − t0 ) = e

−iH(t−t0 )
h̄

It can be regarded as the operator eβ Ĥ0 evolution from time t0 to the complex time
t0 − ih̄β
U (t0 − ih̄β, t0 ) ≡ U (−ih̄β) = e−iβ H0 ,
(2.141)
and the operator Â can be written as the contour time-ordered
{
[
]
}
∫
i
′ ′
′
ÂH (t) = TC exp −
dt ĤH0 (t ) ÂH0 (t) .
h̄ C
33

(2.142)
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′
where ĤH
(t′ ) is the interaction representation of the time-dependent perturba0
tions H ′ (t), C is the section of contour as shown in Fig.2.4 that goes from time t0
to time t, and back to time t0 , the time-ordered TC requires the times occurring
earlier on the contour appear to the right. Thus, the expectation of the operator
Â can be written as

< ÂH (t) > = T r{ρequ
C ÂH (t)}
=
=
∫

′

T r{U (t0 − ih̄β, t0 )U (t0 , t)ÂU (t, t0 )}
T r{U (t0 − ih̄β, t0 )}
∫

(2.143)

dt′ H(t′ )

TC {e−i C
Â(t)}
∫
−i C dt′ H(t′ )
TC {e
}
′

where the terms TC {e−i C dt H(t ) A(t)} and TC {A(t′1 )...A(t′n } can be expanded to
the time-evolution of H ′ (t) in series
TC {e

−i

∫

′
′
C dt H(t )

A(t)} ≡

TC {A(t′1 )...A(t′n )}

≡

∫
∞
∑
(−i)n
n=0

∑

n!

C

dt′1 ...dt′n TC {A(t)H(t′1 )...H(t′n )}

(2.144)

θ(t′P 1 , t′P 2 )...θ(t′P (n−1) , t′P n )AP 1 (t′P 1 )...AP n (t′P n )

P

which represent the many-body perturbation expansion.
Contour-Ordered Green’s Functions
In the Fock space, the N-electron wavefunction is
|Φk1 ,k2 ,...,kn ⟩ = |nk1 , nk2 , ..., nkN ⟩

(2.145)

where, nki is occupying number of the ki state. The creator and annihilator can
be deﬁned as
â†ki |nk1 , nk2 , ..., nki , ...⟩ = (−1)Si (1 − nki )|nk1 , nk2 , ..., nki + 1, ...⟩
âki |nk1 , nk2 , ..., nki , ...⟩ = (−1)Si (nki )|nk1 , nk2 , ..., nki − 1, ...⟩

(2.146)

The relationship between the creator and the annihilator is
â†ki âki |nk1 , nk2 , ..., nki , ...⟩ = (nki )|nk1 , nk2 , ..., nki , ...⟩.

(2.147)

We can also deﬁne the occupying-number operator
n̂ki = â†ki âki ,
34

(2.148)
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the ﬁeld operator
ψ † (r) =

∑
k

ψ(r) =

∑
k

⟨ϕk |r⟩â†k ,

creates particle at position r

⟨ϕk |r⟩âk ,

destroys particle at position r

(2.149)

and the particle-density operator
n̂(r) ≡ ψ † (r)ψ(r).

(2.150)

We know the ﬁeld operator in the Heisenberg picture is
ψH (r, t) = eiHt/h̄ ψ(r)e−iHt/h̄ ,

(2.151)

thus we can deﬁne the contour-ordered Green’s function as below
G(r, t; r′ , t′ ) = < r|G(t, t′ )|r′ >
i
†
= − ⟨ TC [ψH (r, t)ψH
(r′ , t′ )]⟩
h̄
i
†
= − T r{ρ(t = t0 )TC [ψH (r, t)ψH
(r′ , t′ )]}.
h̄

(2.152)

†
Due to the contour of the TC [ψH (t)ψH
(t′ )A(t′′ )] can be written as
†
TC [ψH (t)ψH
(t′ )A(t′′ )] =
†
†
θ(t, t′ )θ(t′ , t′′ )ψH (t)ψH
(t′ )A(t′′ ) + θ(t, t′′ )θ(t′′ , t′ )ψH (t)A(t′ )ψH
(t′ )
†
†
(t′ )ψH (t)A(t′′ )
(t′ ) − θ(t, t′′ )θ(t′′ , t′ )ψH
+ θ(t′′ , t)θ(t, t′ )A(t′ )ψH (t)ψH

(2.153)

†
†
− θ(t′ , t′′ )θ(t′′ , t)ψH
(t′ )A(t′′ )ψH (t) − θ(t′′ , t′ )θ(t′ , t)A(t′′ )ψH
(t′ )ψH (t),

and the Green’s function can be written as


GC (r, t; r′ , t′ ),


 G> (r, t; r′ , t′ ),
G(r, t; r′ , t′ ) =

G< (r, t; r′ , t′ ),


 GC̃ (r, t; r′ , t′ ),

t, t′ ∈ C1
t ∈ C2 , t′ ∈ C1
t ∈ C1 , t′ ∈ C2
t, t′ ∈ C2

(2.154)

where GC and GC̃ are the time-ordered and anti-time-ordered Green’s function,
meanwhile G< and G> are the lesser and greater Green’s functions, respectively.
−i
†
< ψH (r, t)ψH
(r′ , t′ ) >
h̄
i
†
(r′ , t′ )ψH (r, t) >
G< (r′ , t′ ; r, t) = < ψH
h̄

G> (r, t; r′ , t′ ) =

35
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Using G> and G< , we can also deﬁne the retarded and advanced Green’s functions:
−i ′
†
θ(t − t) < {ψH (r, t), ψH
(r′ , t′ )} >
h̄
= θ(t − t′ )[G> (r, t; r′ , t′ ) − G< (r, t; r′ , t′ )]

(2.156)

i
†
θ(t − t′ ) < {ψH (r, t), ψH
(r′ , t′ )} >
h̄
= θ(t′ − t)[G< (r, t; r′ , t′ ) − G> (r, t; r′ , t′ )]

(2.157)

Ga (r, t; r′ , t′ ) =

Gr (r, t; r′ , t′ ) =

Once Green’s functions are obtained, we can get the electronic density and current
n(r, t) = −ih̄ G< (r, t; r, t+ )

′
(2.158)
h̄∇
h̄∇
j(r, t) = −{[−i
+i
+ Aext (r, t)]ih̄ G(r, t; r′ t′ )}t′ =t+
2m
2m
In most practical cases, the time-dependent perturbations can be written as the
summary of the single-particle potentials Ĥ ′ (t)
∫
′
H (r, t) =
drψ † (r, t)H ′ (r)ψ(r, t)
(2.159)

The Dyson equation can be written as
′

′

∫

G(1; 1 ) = G0 (1; 1 ) +
d2G0 (1; 2)H ′ (2)G(2; 1′ )
′
∫
∫C
+ d2 d3G0 (1; 2)Σ(2; 3)G(3; 1′ )
C

(2.160)

C

where (i) ≡ (ri , ti ), G0 is the Green’s function for the system with Hamiltonian
H0 , C is the time-contour, C ′ denotes t0 → t′ → t0 , and Σ is the self-energy of the
system.
The Keldysh’s equation is
r r
a < r
G< = (1 + Ga Σa )G<
0 (1 + Σ G + G Σ G ),

(2.161)

which is the motion equation of lesser Green’s function.
Since we have deﬁned the Green’s function and its motion equation, we can
apply them in nanojunctions.
Applying of NEGFs in LCR systems
In the total Hamiltonian of the whole nanodevice (Eq.2.95), the terms for left
and right leads are
∑
∑
HL =
EkL â†kL âkL
HR =
EkR â†kR âkR ,
(2.162)
kL

kR
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and the term for CSR is
HC = HC ({ĉ†n }; {ĉn }),

(2.163)

the interaction between the left lead and CSR is
∑
VLC =
Vn,k â†k ĉn ,

(2.164)

k,n

and the other terms for the interactions (VCL , VCR , VRC ) can also be written out
as in Eq.2.164. Thus, the total Hamiltonian can be rewritten as


HL VLC
0
H =  VCL HC VCR 
(2.165)
0 VRC HR
with neglecting the term of VLR , and
as matrix form


HL VLC
0
 VCL HC VRC  
0 VCR HR
This equation can be

HL VLC
 VCL HC
0 VRC

the Schrödinger equation can be rewritten


|ψL ⟩
|ψC ⟩  = E 
|ψR ⟩


|ψL ⟩
|ψC ⟩ 
|ψR ⟩

(2.166)

used to deﬁne the Green’s functions for LCR system,

 

GL GLC GLR
IL 0 0
0
(2.167)
VCR   GCL GC GCR  =  0 IC 0 
GRL GRC GR
0 0 IR
HR

where GC is the Green’s function for CSR ,

GC = [HC − ΣL − ΣR ]−1

(2.168)

with the self-energy of the left and right leads
ΣL = VCL GL VLC ,

ΣR = VCR GR VRC ,

(2.169)

here, the GL and GR are the Green’s function for left and right leads, respectively.
GL = HL−1 ,

GR = HR−1

(2.170)

With these Green’s functions, we can also deﬁne the retarded, advanced, lesser
and greater Green’s functions, as shown in Eq.2.155, Eq.2.156, and Eq.2.157. By
solving the keldysh’s equation (Eq.2.161), we can obtain the lesser Green’s function
A
<
G< (E) = GR (Σ<
L + ΣR )G

= GR (E)(iΓL (E)f (E − µL ) + iΓR (E)f (E − µR ))GA (E)
= −2iIm(GR (E))f (E − µL ) + iGR (E)ΓR (E)GA (E)

(f (E − µR ) − f (E − µL ))
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where,
ΓL(R) (E) = i(ΣL(R) (E) − [ΣL(R) (E)]† )/2.
Once the Green’s function is obtained, we can get the charge density
∫ +∞
1
ρ=
dEG< (E)
2πi −∞
∫ +∞
1
= − Im[
dEGR (E)f (E − µL )]
π
−∞
∫ +∞
1
+
dEGR (E)ΓR (E)GA (E)(f (E − µR ) − f (E − µL ))
2π −∞

(2.172)

(2.173)

= ρ1 + ρ2

and the transmission function
T (E) =

1
T r{[ΓL (E) − ΓR (E)]G< (E)
2π
+ [fL (E)ΓL (E) − fR (E)ΓR (E)][GA (E) − GR (E)]}

and the current
I(V ) = 2iG0
where G0 =

e2
h

= 38.7µ S =

1
(kΩ)−1
25.8

∫

(2.174)

+∞

dET (E)

(2.175)

−∞

is the quantum conductance of single-spin.

Under mean-ﬁeld approximation, the HC should be
∑
HC = HC ({ĉ†n }; {ĉn }) =
ϵn ĉ†n ĉn ,
n

and the current equation is
∫ +∞
e
I=
dE[f (E − µL ) − f (E − µR )]T r{ΓR G+ ΓL G− }
πh̄ −∞
.
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Chapter 3

Functional Nanomaterials

Nanodevices are very complicated nanosystems, whose functionalities are controlled by both classic and quantum eﬀects. They are probably the best solution
for fabricating cheap, small, energy eﬃcient and environmental friendly electronic
and photonics devices. The current challenge is to ﬁnd and design appropriate
functional nanomaterials with speciﬁc properties utilizing their quantum eﬀects,
and to fully understand the working mechanisms involved.
The complications are caused by the facts that the physical and chemical
properties of functional materials are sensitive to their structures, in particularly
the change of external environment, such as the temperature, the pressure, the
external electromagnetic ﬁelds, the substrate, the molecular absorption and so on.
The functional materials that have been explored cover a wide range of organic and
inorganic compounds. One can name some of the exciting new systems, such as
the fascinating new carbon-based nanomaterials, including fullerenes, carbon nanotubes (CNT) and graphene. One can of course add many other attractive systems
with superior properties on the list, for instance, the photocatalyst TiO2 , the ferroelectric BaTiO3 , the magnetic ﬁeld sensor of La1−x Cax MnO3 , the surface acoustic
wave sensor of LiNbO3 , the liquid petroleum gas sensor of Pd-dopped SnO2 , the
high temperature piezoelectric Ta2 O5 , the fast ion conductor Y2 (Sny Ti1−y )2 O7 ),
the electric voltage induced reversible colouring of WO3 , the high temperature
superconductors bismuth strontium calcium copper oxide (BSCCO) and yttrium
barium copper oxide (YBCO), the semiconductor light detectors CdS and CdTe,
the topological insulators Bix Sb1−x . Moreover, some bio-materials with special
properties have also become important functional nanomaterials.
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3.1 Carbon Nanomaterials
Carbon allotropes were limited to graphite, diamond, and amorphous carbon
until the discovering of C60. 89,90 Nowadays, new forms of carbon allotropes including fullerene, CNT and graphene are expected to be the potential basis materials
for the next generation of electronic nanodevices.

Figure 3.1: Carbon nanomaterials for nanodevices

3.1.1 Fullerenes
Fullerenes can be regarded as 0-D carbon materials. The C60 was discovered
in 1985 by Harold Kroto, Jams R. Heath, Sean O’Brien, Robert Curl and Richard
Smalley, using laser vaporization of the carbon source in an inert atmosphere,
although the production of fullerenes was pretty low at that time. 90 The isolable
quantities of C60 was produced in 1990 by W. Krätschmer and D.R. Huﬀman by
putting an arc between two graphite rods to burn in a helium atmosphere. 91 After
that, a lot of other carbon clusters such as C70, C76, C78 and C84 were found with
novel and unexpected properties. In 1992, fullerenes from geological examples 92
were also found. More recently, fullerenes have even been detected in outer space 93
that may provide seeds for the life on earth.
One useful property of fullerenes is the large-capacity in its internal space.
Diﬀerent elements, either metal atoms or nonmetal atoms, can be placed inside the space and form endofullerences. 94 Over the years, many endofullerences,
such as C60Cs+ , C48Cs+ , C60K+ , C44K+ , Sc@C82, Y@C82, La@C82, Gd@C82,
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La2@C80, Sc2@C84, N@C60, N@C70, P@C60 and H2 O@C60 have been discovered. Some of them and their complexes are expected to be widely adopted as acceptors to improve the power conversion eﬃciency of heterojunction solar cells. 95,96

Figure 3.2: A short section of SWCNTs (8,0), (5,5), and (7,3) with the edges
terminated with H atoms

3.1.2 Carbon Nanotubes
Carbon nanotubes (CNTs), as 1-D tube-shaped carbon materials, were ﬁrst
observed in 1991 in the carbon soot of graphite electrodes during an arc discharge,
which was intended to produce fullerenes. 97 The ﬁrst production of CNTs at large
scale was proposed in 1992 98 by Ebbesen, T. W. and Ajayan, P. M., using the same
technique. Nowadays, high-quantity CNTs can be well synthesized with various
methods, including arc discharge, 99 laser ablation, 100,101 and chemical vapor deposition (CVD). 102,103 Among them, CVD shows the most promise for industrial-scale
deposition of CNT. 104
Although carbon nanotubes can be produced more easily now, the synthesis
of uniform carbon nanotubes in controlled ﬂame environments is still a challenge
for current techniques. 105–107 It is well-known that the unusual properties of CNTs
strongly depend on the combination of their chiral angle and diameter. For singlewelled CNTs (SWCNTs), the chirality can be represented by a chiral vector (n,m),
here the integers n and m denoting the number of two unit vectors in the honey41
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Figure 3.3:
The top panel is the optimized structure of device Al(6,0)/1(8,0)/(6,0)-Al. The bottom panel is the zero-bias transmission spectra of the
considered nanodevices. Reprinted with permission from Applied Physics
Letters. Copyright 2007, American Institute of Physics.
comb crystal lattice of graphene. The diameter of the SWCNTs, calculated from
chiral vector (n,m), is denoted as
d=

a√ 2
(n + nm + m2 )
π

(3.1)

here, a = 0.246 nm.
It was shown that SWCNTs with m = 0 are of zigzag edges, and with n =
m ̸= 0 are of armchair edges. Otherwise they are of chiral edges. When the
value n − m is a multiple of 3, the SWCNTs are metallic. In other cases, they
are semiconductors with a chiral dependent bandgap. 108,109 Individual nanotubes
are able to carry currents with a density exceeding 109 A/cm2 , 110 which is about
1,000 times larger than that in metals, such as copper. 111 Due to the quantum
conﬁnement eﬀect, electrons propagate in CNTs only along the tube axis with the
maximum electrical conductance up to 2G0 , here G0 denoting the unit of quantum
conductance. 109 The experimentally fabricated carbon nanotubes typically have
the diameter ranging from 0.43 nm up to 50 nm 112 and the length from several
nm up to 18.5 cm. 113 These unique properties suggest the potential applications of
metallic CNT as electric cables and nanoelectrodes. The building of the transistor
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from semiconducting CNTs makes it possible to minimize the device dimensions
into a few nanometers.

Figure 3.4: The calculated current as the function of the applied bias on
CNT heterojunction devices: The curves are divided into two bundles. The
above and below bundles (for positive bias) correspond to (6,0)/N(7,0)/(6,0) and
(6,0)/N(8,0)/(6,0) CNT heterojunctions, respectively. The solid, dashed, dotted,
and dot-dashed curves correspond to N=1, 2, 3, and 5, respectively. The insert
gives T(E,Vb ) of the (6,0)/1(8,0)/(6,0) system under biases Vb =1.1, 1.2, and 1.3
V. Reprinted with permission from Applied Physics Letters. Copyright
2007, American Institute of Physics.
The nanodevices built from CNTs normally have a length down to several
nanometers. Pomorski et al. investigated the quantum transport through short
metal-CNT-metal (M-CNT-M) junctions 114 . They found that evanescent modes
were present in those ﬁnite-sized systems and the quantum eﬀects on the transport
properties can not be ignored.
We have investigated the quantum transport through metallic-semiconductingmetallic CNT heterojunction based nanodevices. 115 In these devices, negative differential resistance (NDR) behaviors have been observed in the I-V characteristics
of the devices with the heterojunctions of certain length and size as shown in
Fig.3.4. Such a function is originated from the fact that the conductivity of the
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evanescent modes are sensitive to the bias. As shown in the insert of Fig.3.4,
the intensity of the transmission peak near 0.58 eV has been largely reduced with
the bias changes from 1.1 V to 1.2 V, due to the suppressed conductivity of the
involved evanescent modes. It is noted that the quantum transport properties of
short CNTs junctions are quite diﬀerent from that of inﬁnite CNTs.

Figure 3.5: The HOMO-1,HOMO, LUMO, LUMO+1 for single-CNT device (a),
double-CNTs device with a intertube distance of 3.0 Å (b) and 2.3 Å (c), and
the zero-bias transmission spectra of the three devices (d).Reprinted with permission from Journal of Applied Physics. Copyright 2007, American
Institute of Physics.
We have also investigated 116 the eﬀect of the interaction between the two
CNTs in metal-diCNTs-metal devices at weak interaction region. The results are
summarized in Fig.3.5. When the intertube distance is large (about 3.0 Å), the
weak interaction can only induce an energy exchange between the coupled orbitals
that leads to a reduction of conductance gap in the system. With the intertube
distance reducing, the interaction enhances, which can then induce orbital splitting
and markedly reduce the conductance gap around Fermi level. When the distance
is shortened to 2.3 Å, the conductance gap reduces to near zero, resulting in a quite
diﬀerent transport behavior. Our ﬁndings show that tuning the weak interaction
between molecules is a good way to control the conductances of nanodevices.
3.1.3 Graphene
As deﬁned by Geim, 19 graphene is a ﬂat monolayer of carbon atoms, tightly
packed into a two-dimensional (2D) honeycomb lattice. It is a basic building block
for graphitic material of all other dimensionalities. For instance, it can be wrapped
up into 0D fullerenes, rolled into 1D nanotubes or stacked into 3D graphite crystals. In 2004, a single graphene sheet was ﬁrst obtained in Manchester’s group 117
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through the drawing method using adhesive tapes to repeatedly split graphite
crystals into thinner and thinner pieces. Now, with the simple drawing method,
some other single atomic planes, such as hexagonal boron nitride (h-BN) 118 , mica,
dichalcogenides and complex oxides are obtained also.
Besides the drawing method (exfoliated graphene), graphene can also be obtained by other production techniques, including epitaxial growth on silicon carbide
(SiC) 119 , graphite oxide reduction 120 , growth from metal-carbon melts, 121 pyrolysis of sodium ethoxide, 122 cutting MWCNT, 123,124 carbon dioxide reduction, 125
and epitaxial growth on metal substrates of ruthenium, iridium, copper, nickel, or
nickel-based alloy etc. 126–130

Figure 3.6: (a)adsorption positions for the second oxygen atom with respect to the
ﬁrst ﬁxed oxygen atom (O), marked by Pn (n=1 to 6) and Tn (n=1 to 5), respectively. (b)Periodic structure of the conﬁguration P1 . (c) The relationship between
the average energy per atom and the corresponding bandgap for all conﬁgurations.
Adopted with the permission from Journal of Physical Chemistry C,
Copyright 2013, American Chemical Society.
Graphene is quite diﬀerent from most conventional three-dimensional materials, which is a semi-metal with a zero energy gap. Electrons and holes near the six
Dirac points of graphene have linear dispersion E-K relation. Graphene exhibits
a conductivity on the order of 4e2 /h, although the carrier density at the Dirac
points are almost zero. Transport measurement shows that graphene has an ultrahigh electronic mobility of 15, 000cm2 /V s 19 and an ultralow resistivity about
10−6 Ω. Graphene is certainly an excellent electronic material with a much better
conductivity at room temperature than metals.
In order to realize graphene-based transistors and switches, an energy bandgap
should be introduced in graphene. 19 Few-layer graphene 131 has been found to possess a tunable bandgap depending on the stacking order and orientation. Hydro45
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genation graphene 20 and reduced single-layer graphene oxide (rGO) 21 have also
been found to be bandgap-tunable materials.

Figure 3.7: The partial density of states of p-electrons for (a) the conﬁguration
P1 and (b) the conﬁguration P6 . The black dash lines for carbon atoms and the red
solid lines for oxygen atoms, respectively. Adopted with the permission from
Journal of Physical Chemistry C, Copyright 2013, American Chemical
Society.
It is generally believed that the bandgap of graphene oxides are proportional to
the concentration of the oxygen atoms and highly reduced graphene oxides (rGO)
without vacancy defects should be gapless. Our ﬁrst principles calculations show
that the bandgap can actually be eﬀectively opened even in low oxidation level
with the absorption of oxygen atoms either in symmetry or in asymmetry cases,
as shown in Fig.3.6. The properly arranged absorptions can induce a bandgap
up to 1.19 eV for C/O ration of 16/1 in symmetric systems and a bandgap up
to 1.58 eV for C/O ration of 32/3 in asymmetric systems, at generalized gradient
approximation (GGA) level. The hybridization between the in-plane pxy orbitals
of oxygen atoms and the out-of-plane pz frontier orbital of graphene is responsible
for the opening of bandgap, as shown in Fig.3.7.
Reducing the size to nanoscale, the produced graphene nanoribbons (GNRs) 26,27
also have a tunable bandgap, depending on the width and the chirality. We ﬁnd
that the formed inhomogeneous hydrogen-terminations (IHTs) at the edges of
ZGNR can open up a bandgap at a large energy range from 0 to 3.5 eV (see
details in paper V ).
Spin-polarization was found in ZGNRs 132,133 and in chiral GNRs (n,1)-CGNRs 134
with the n ≥ 3. 135 We have found that although edge H-terminated (2,1)-CGNRs
do not have spin-polarization, the edge reconstructed and self-saturated (2,1)46

3.1. CARBON NANOMATERIALS

CGNRs do. Strong NDR behaviors have also been found because the conductivity
of such carbene-like edge states in the systems can be totally suppressed at relative higher biases (see details in paper VI ). We have also found that each zigzagedged hydrogenation strips formed in the hydrogenation process can introduce two
spin-polarized edge-like states in ZGNRs. The impact of edge roughness on the
conductance and spin-polarization can be totally screened by the hydrogenation
strips (see details in paper IV ).

Figure 3.8: Important structure factors controlling the conductance of DNA base
pairs in molecular junctions. Adopted with the permission from Journal of
Physical Chemistry C, Copyright 2010, American Chemical Society.

It was found that the experimentally fabricated graphene could be single crystalline or polycrystalline graphene. The properties of the polycrystalline graphene
can be largely tuned by the grains at the interfaces. 29,30,136 We propose that the
supercell 4A/7Z should be an appropriate model to deal with the polycrystalline
graphene constructed by AGNR and ZGNR, because this supercell is so small but
has a nearly perfect lattice match. With our model, we ﬁnd that the formed hybrid GNRs (A/Z-hGNRs) have a ferromagnetic ground state with a high Curie
temperature above room temperature (see details in paper I ). Moreover, a welldeﬁned conductance oscillation and rectiﬁcation behavior have also been found
in the formed AGNR|ZGNR heterojunctions. A high rectiﬁcation ratio can be
achieved by tuning the width of ZGNRs, which can enhance the asymmetric character of transmission function and minimize the backward current (see details in
papers II, and III ).
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3.2 Molecular Materials
Since the ﬁrst proposal of single molecule as an electronic rectiﬁer, 4 Molecules
have been ﬁrmly established to be the inﬁnite possibilities for electronic components in current ICs. Semi-conductive and metallic polymers, such as polyacetylene, polypyrrole and polyaniline, and their copolymers, 137,138 have widely been
investigated. Although polymers are frequently used in solar cells, transistors and
organic light-emitting diodes (OLEDs), ﬁnding and synthesizing of organic semiconducting materials with special properties are still important issues in chemistry
and materials science.

Figure 3.9: The molecularly projected self-consistent Hamiltonian (MPSH) of
the HOMO of the BCNT-M system at the zero biases for junctions with diﬀerent
conformations.Reprinted with permission from Applied Physics Letters.
Copyright 2009, American Institute of Physics.
Exploring the electronic transport properties of DNA molecules in diﬀerent
biochemical environment is also a hot topic in molecular electronics. 10,139,140 It
was proposed that the DNA-base pairs may be identiﬁed electronically when they
were placed in the nanogap formed by STM break junction technology. 141–143 The
claimed underline mechanism is that the diﬀerence between the number of hydrogen bonds in the guanine-cytosine (G-C) and the adenine-thymine (A-T) pairs, (3
and 2, respectively), could result in diﬀerent current-distance relationships when
the STM tip is pulled away from the substrate, as shown in Fig.3.8. We examined
the eﬀect of hydrogen bonds on the current changes of the DNA devices. The results for perfectly aligned G-C and A-T pairs are given in the insert of Fig.3.8. One
can see that the induced current change is strongly correlated with the hydrogen
bonding strength, but it only occurs within a narrow distance interval from -0.2
to +0.2 nm, and the diﬀerence between the current change of G-C and A-T pairs
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would be too small to be detected in the experiments. We ﬁnd that the electronic
signals for the identiﬁcation should be originated from the diﬀerent staking structures, which have a much larger eﬀect on the electric signals than the diﬀerent
number of hydrogen bonds in diﬀerent DNA-base pairs. 144

Figure 3.10: a) Structure of BCNT-M junction with low conductance, Y-0;
b) structure of BCNT-M junction with high conductance, Y-8; c) calculated I-V
curves for various steps; d) the switch ratio between Y-7 and Y-0 (R70) and between Y-8 and Y-0 (R80).Reprinted with permission from Applied Physics
Letters. Copyright 2009, American Institute of Physics.
We have also studied the transport properties of nanodevices constructed
by a cross-conjugated molecule placed in the nanogap between two break CNT
(BCNT) electrodes. The both processes for forming break CNT electrodes and
for reconnecting them with a molecule are modeled by ab initio MD simulations.
We have shown that the roughness of the BCNT ends can bring rich contacts and
the formed BCNT-M-BCNT junctions can have many conformations. 69,145 . As
illustrated in Fig.3.10, the conductivity of the HOMO of the junctions are strongly
associated with the conﬁguration change of the molecule bridge, particularly the
change of the angle of the N-C-O bond formed at the contact points. Based on
the above ﬁndings, we realized that by moving one of electrode up or down, a
nanomechanically induced molecular conductance switch 145 can be designed. The
performance of the switch has been examined. As shown in Fig.3.9, this type of
switches are quite stable even at large biases and a high On/Oﬀ ratio up to 200
can be reached.
The charge transport in small molecule-based organic semiconductors is signiﬁcantly diﬀerent from that in polymer and graphene. Quantum decoherence
on localized electronic states is the fundamental mechanism behind the electron
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transport in the high conjugated π-orbitals of conductive polymer. 146 Moreover,
the electronic wavefunction overlaps are also relevant when it comes to hopping
transport. The hopping of the charge from one molecule to another is critically
dependent on the HOMO-LUMO gap of the molecules. 147 It has been found that
both the hopping and quantum tunneling mechanisms play important roles in
determining electronic transport in DNA. 139,140
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The Construction of Nanodevices

Molecular and nanomaterials are the basic ingredients for nanodevice, but
their unique properties can not always be fully explored due to the simple fact that
they have to be connected to the electrodes. The bonding or interaction between
the materials and the metal electrodes is sensitive to many diﬀerent eﬀects. 148,149 .
In general, the detail structures of the formed contacts in the experiments are
largely dependent on the properties of the adopted electrode material, the roughness of the electrode surface, the conﬁguration of the electrode nanogap, and the
adopted anchoring group. It should also be mentioned that the current photolithographic technologies still have serious diﬃculties to produce reliable nanodevices
with an uniform function at large scale. Needless to say, the uncontrollable contacts can signiﬁcantly hinder the realization of the desirable functionalities of the
nanodevices. 150
For a single molecular junction, the nano electrodes are often fabricated ﬁrst
and the chosen molecules are then inserted in the nanogap through diﬀerent approaches. The measured I-V characteristics with or without molecules in the
nanogap allow to extrapolate the intrinsic electron transport properties of the
molecules in the junction. 151

4.1 Electrodes and nanogaps
For practical applications, the typical dimensions of the functional molecules
and nanomaterials for the nanodevices should be less than 10 nm. This possesses a
great technical challenge for the fabrication of nano electrodes with a controllable
nanogap. 151 Currently, the most popular method is the so-called break junction
techniques, such as mechanically controllable break junctions (MCBJ), scanning
tunneling microscope break junction (STM-BJ), and atomic force microscope break
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junction (AFM-BJ) techniques. 44–46 In MCBJ, a thin metal electrode is stretched
mechanically, then the broken metal wire forms both electrodes and the controllable nanogap; in STM-BJ, a metal tip originally well contacted with the surface of
the metal substrate is pulled away and when the tip breaks up with the substrate
two electrodes with controllable nanogap is formed. Moreover, the electromigration technique 152 has been used to produce nano electrodes. In this technique, a
thin bulk electrode is electrically melted and the accompanying atoms migration
can thus produce the nano electrodes with a nanogap. Several other techniques,
like the electrochemical etching, 153 the deposition, 154 the electron beam lithography 155 with shadow mask evaporation, the on-wire lithography, 156 molecular
rulers, 157 and the side etched quantum wells 158 have also been proposed and employed to fabricate the nano electrodes with a nanogap. However, with current
methods, the precise size of the produced nanogap is still very diﬃcult to control.

Figure 4.1: Some possible conﬁgurations of DNA pairs in a molecular junction
with Au as electrodes. Adopted with the permission from Journal of Physical Chemistry C, Copyright 2010, American Chemical Society.

Metal materials are widely proposed and used in theoretical modeling and
experiments as electrodes of nanodevices, 159 for obvious reasons. The most developed metal electrodes are based on elements in the group 10 (Ni, Pd and Pt)
and group 11 (Cu, Ag and Au). 160,161 Systematic studies have showed that the
worst metals for nanoelectrodes should be Au and Ag, 160,162 , and the Pd/molecule
contacts shows the best transparency, followed by Pt/, Ni/, and Cu/molecule contacts. It was shown that in comparison with Au, Pd and Pt have better d-orbital
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characteristics with more concentrated LDOS near the Fermi level. 163 Moreover,
Li, Al, Fe, Co, Py, Ti, and Cr have also been proposed as electrodes of nanodevices for some special applications, especially for spin-injection, spin-alltering, and
spin-dependent transport. 115,116,164 Generally, the use of diﬀerent metal electrodes
can result in non-trivial changes to the nanodevice characteristics. 150,165

Figure 4.2: Current-distance relationships for diﬀerent junctions. The equilibria
of the base pairs are set to Z=0. The right electrode can be pulled out (positive Z)
and in (negative Z). Insert is for the region around Z=0 for the perfectly aligned
G-C and A-T pairs. The optimized conﬁgurations of the junctions at Z=-0.6 nm
are given at the bottom. Adopted with the permission from Journal of
Physical Chemistry C, Copyright 2010, American Chemical Society.

It is known that metals and organic molecules have quite diﬀerent DOS and
work functions. 166 This mismatch can not be completely resolved even even if
anchoring groups are used. For instance, when the thiol anchoring groups are used
to bind the molecule to Au electrodes, the S atoms can still easily diﬀuse along the
Au surface. This will certainly make the molecular conﬁguration uncontrollable,
especially at high work temperature and high strains. Fig.4.1 gives an example
for a DNA base pair based molecular junction with Au electrodes. The eﬀects of
the diﬀerent conﬁgurations on the current-voltage characteristics are highlighted
in Fig.4.2. It is found that due to the uncontrollable conﬁgurations of DNA-base
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pairs in the junction, the use of electric read-out to identify the DNA base pairs
becomes diﬃcult, if not impossible.
The reproducibility has been one of the most challenging issues in the molecular and nano electronics. On one side, the presence of various molecular conﬁgurations 167,168 can generate dramatically diﬀerent conductance for the molecular
junctions. 47,69,145,169 On the other side, the surface of electrode prepared with different techniques, even the same technique operated by diﬀerent research groups,
often show distinct topography and roughness. 166 The rough surface aﬀords multiple active-points for the molecules of diﬀerent conﬁgurations to attach, leading
to very diﬀerent transport properties. 69,166,170
Semiconducting materials have distinct advantages over metals as the electrodes in nanodevices. One major attraction is to be compatible with the successful semiconductor fabrication procedures. It would allow the existing devices to be
readily integrated with molecular and nanodevices. The development of Si-based
chemistry oﬀers such an opportunity. One interesting material is the single layer
graphene-like 2D silicon material: silicene, which has been recently fabricated on
the surface of Ag. 171 Very interesting chemical and physical properties of such systems have been identiﬁed, 172,173 that could open a new area in modern electronics.

Figure 4.3: Nanodevices constructed by CNTs and ZGNR . The isosurfaces of
the spin-resolved charge density of the device are given in (a) (top view) and (b)
(side view), in which the red/blue color denotes up/down spin. The spin-transfer
paths from the left to right density of states of ZGNR electrodes at ferromagnetic
state for (c) CNT-ZGNR device and (d) pure ZGNR device.
Carbon materials such as CNT and graphene have also been proposed as
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electrodes of nanodevices 140,144,174 due to their high electrical conductivity and
carrier mobility. It is known that the properties of CNT and graphene nanoribbons
can be controlled by chirality and doping. And most importantly, the formed
nanodevices can possess excellent thermal and operational stabilities, 174 due to the
covalent C-C bonds formed in the contacts, as shown in Fig.4.3. We have examined
the possibility of using CNT as electrodes for molecular devices. However, the
ends of mechanically controlled break CNT (graphene) electrodes are also quite
irregular (shown in Fig.2.2), and the rough ends can still provide a few of active
sites to attach the molecules that can lead to many diﬀerent conﬁgurations of the
constructed devices with distinct transport properties. 144,145 In this context, the
contacts between a molecule and a graphene electrode can be relatively easy to
control in experiments due to the 1D characteristics of graphene electrode, even
anchoring groups have been used as shown in Fig.4.4.
One might expect that the graphene and silicene can be good electrode materials. Understanding contacts of graphene/graphene, graphene/molecule, graphene
/CNT, graphene/metal, graphene/dielectric ﬁlm, and graphene/silicene, as well
as those contacts where the graphene instead of silicene are of great scientiﬁc and
technological importance for nanoelectronics. 175–177

Figure 4.4: (a) The chemical structure of a single cruciform diamine molecule
(M) with two NHOC-H linkers. Schismatical draws of the contacts between the
molecule and (b) the zigzag or (c) the armchair, or (d) the irregular edges of
graphene electrodes. Adopted with the permission from Journal of Physical
Chemistry C, Copyright 2010, American Chemical Society.

4.2 Anchoring Groups
The transparency of the electrode/molecule contacts are mainly determined
by the electronic coupling between the electrode and molecules, where anchors play
55

CHAPTER 4. THE CONSTRUCTION OF NANODEVICES

important roles in enhancing the mechanical stability and electronic properties of
the formed nanojunctions.
With metals as electrodes, some special chemical anchoring groups can be used
in the fabrication process to form stable contacts. Apart from the commonly used
anchoring groups, such as thiols (-SH), amines (-NH2 ) and pyridines, 178–180 other
promising alternative anchoring groups have also been widely explored and developed, including cyano (-CN), 181 , isocyano (-NC), 181 isothiocyanato (-NCS), 163
methylselenide (-SeCH3 ), 179 methylthiol (-SCH3 ), carboxylic acid (-COOH), 140,178
dithiocarboxylic acid (-CSSH), 182 nitro (-NO2 ), 183 trimethylsilyl-terminated OPEs, 184
trimethyl-terminated group (-Sn(CH3 )3 ), 185 phosphine, 179 methylsulﬁdes, 179 fused
thiophene, 179 dimethylphosphine, 179 and fullerene. 186
It was shown that the mechanically stable and uniformly bonding geometries
are still diﬃcult to be formed between organic molecules and metal electrodes, and the structural rearrangements are diﬃcult to be identiﬁed. Even the
mechanically stable connections can be formed, the perturbation to the molecular
orbitals due to the metal-molecule coupling, and the electronically decoupling between molecule and electrodes will greatly limit the electronic transparency of the
connections, aﬀecting the current ﬂowing in the nanodevices obviously. 180,187
144

Recently, the direct formation of Au-C bond has been proposed as an important development in contacting chemistry, which involves aryldiazonium salts, 188
alkynyl compounds, 189 a trimethyl tin end groups, 185 and trimethylsilyl-terminated
OPE. 184 The formed covalent Au-C bond can improve the conductance of molecular junctions up to hundreds times larger than that of the junctions formed via
conventional anchors. In this case, the resonance attributed to the σ-bonded hybrid
between 2p(C) and 5d(Au) can be formed at about -1.0 eV below the Fermi level,
which tails into the Fermi level with a relatively high conductance. 190 Although
the transition metal alkynyl σ-complexes are well-known in the organometallic
frameworks, the alkynyl group covalently bonded to coinage metal surfaces, such
as gold, remains challenging up to now. 191
4.3 Configurations of Molecules in Nanodevices
The determination and controllment of molecular conformations inside a nanodevice has become one of the most important issues in achieving the reproducible performance. 169 It has been shown extensively that the molecular conﬁguration in the nanogap is heavily dependent on the choice of anchoring groups,
the speciﬁc bonding sites, the nanogap size, and the arrangement of the two
electrodes. 166,187,188,192 The complexity can be illustrated by an example given in
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Tab.4.1, in which the statistics of possible contacting conﬁgurations between a
molecule and a break (9,0) CNT electrode obtained from MD simulations is listed.
The electron transport properties of the devices are found to be quite sensitive to
the conﬁguration of the contact and the conformation of the molecular bridge. 69,145
Table 4.1: Statistics of possible contacts between the molecule and the break (9,0)
CNT electrode. The detail structures of contacts Z1, Z2, A1, A2, R1, R2, R3,
and R4 are shown in Fig.4.4. Both parallel (P) or tilted (T) conformations of the
molecular bridges are involved. Adopted with the permission from Journal
of Physical Chemistry C, Copyright 2010, American Chemical Society.

Contact
Z1
Z2
A1
A2
R1
R2
R3
R4
sum

Z1
P T

Z2
P T

A1
P T

A2
P T

R1
P T

R2
P T

0
1
0
0
1
0
0
0
2

0
1
0
0
0
0
0
0
1

0
0
1
0
0
0
0
0
1

0
0
0
0
1
0
0
0
1

0
1
0
0
0
0
0
0
1

1
0
0
0
1
5
0
0
7

0
2
0
1
2
1
0
1
7

0
1
0
0
3
1
0
0
5

0
1
0
0
0
0
0
0
1

0
0
1
0
1
0
0
0
2

0
2
0
2
1
0
0
1
6

R3
P

T

2 2 3
0 1 1
2 0 1
0 0 0
3 6 16
10 1 4
0 0 0
1 1 2
18 11 27

R4
P T

sum
P T

0
1
0
1
1
0
0
0
3

3 6
5 9
1 4
1 4
10 28
6 16
0 0
1 6
27 73

1
2
0
1
2
0
0
1
7

For molecules or nanomaterials, nuclear magnetic resonance (NMR), infrared
and Raman spectroscopy, electron microscopy, and x-ray crystallography are the
common methods to determine their structures. Once the molecule is embedded
in the nanogap, it becomes almost impossible to apply these methods due to the
weak signals and the inaccessibility. In this context, inelastic electron tunneling spectroscopy (IETS) that measures the second derivative of the I-V curve is
particularly useful, since it provides the direct vibrational ﬁnger-printers of the
molecules 193 . It is a powerful experimental tool to diﬀerentiate the chemical signature of the molecules, 194 chemical bonds at the connection region, 195 and the
electron-phonon interaction induced changes 196 in the conductance. 197 Recently
the tip-enhanced Raman spectroscopy (FM-TERS) has also been developed to
investigate the molecular structure of single-molecule junctions in diﬀerent conductance states. 47 However, due to the lack of speciﬁc selection rule, it is not
straightforward to obtain the relationship between the structure and the spectrum
from the experimental alone. A comparison between the theoretical modeling and
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the experimental spectrum becomes essentials. This point has been highlighted by
several studies from our group 197 .
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Chapter 5

Quantum Interference and Coulomb Blockade in Nanodevices

In this Chapter, we will introduce and discuss the concept of quantum interference eﬀect (QIE) in electron transport of nanodevices. This is a very useful
concept that can not only help to understand the fundamental processes of electron
transport, but also to design better functional devices. Another eﬀect that has not
been covered by the papers included in the thesis is the charging eﬀect, or called
Coulomb blockade, which often occurs in weakly bonded or localized systems.

5.1 Quantum Interference
Interference often occurs when a wave propagates through multiple paths from
one point to another in space. It works for all kinds of waves such as light wave,
sound wave, and electromagnetic wave. Analogically, electrons that transport
through multiple paths or channels in a nanodevice can also result in the interference. In this context, the graphene based nanodevices could be ideal structures for
controlling QIEs, since they are of the phase-coherent electronic transport properties in general.
The most famous molecular systems for demonstrating quantum interference
eﬀect are acyclic cross-conjugated molecules 198 and ring-shaped conjugated systems like annulene molecules. 199 In cross-conjugated molecules, the electron wave
can split up into several subwaves at the cross-sites, and each subwave takes its
own route through the whole molecular system and they reunite at the end of the
system. If the waves meet exactly in anti-phase the destructive interferences take
place, the subwaves cancel each other and no current can be detected. In annulene
molecules, the subwaves can travel through all available paths in the system and
arrive at an electrode. If the subwaves arrive with a same phase, they interfere
with each other constructively. Otherwise destructive interferences will occur. 198
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Figure 5.1: The interference behavior in ring-shaped single molecular junctions
can be accurately controlled by the length of the conjugated side-chain Cn Hn+1 .

Figure 5.2: Semilog of Zero-bias transmission spectra (a) and the current-voltage
characteristics of Au/annulene/Au device with the side-group Cn Hn+1 (0<n<7).
Based on the basic features of the interference, we have designed a ring-shaped
single molecular device based on 18-annulene as shown in Fig.5.1, in which the
interference can be accurately controlled by the length of the conjugated side-chain
Cn Hn+1 . The fascinating observation is that a change of just one CH group in the
chain is enough to switch the interference between constructive and destructive,
resulting in a stable and repeatable electric switch behavior in the device.
The zero-bias transmission spectra and the current-voltage characteristics of
Au/annulene/Au device with the side-chain of a varying length (n) have been
plotted in Fig.5.2 (a), and (b), respectively. One can see that the transmission
spectra are divided into two branches near the Fermi level, depending on the
length n of the side-chain. When the n is an odd number (n = 2k + 1, k is
a nonnegative integer), a sharp transmission dip presents near the Fermi level,
suggesting the destructive QIE. When n is an even number (n = 2k), considerable
transmissions present around the Fermi level, implying the constructive QIE. From
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the I-V curves of the device with a side-chain of diﬀerent lengths, one can see that
when the n is odd the current of the device at low biases is almost zero due to the
destructive QIEs; whereas the current ﬂows rapidly at very low biases when the n
is even because of the constructive QIEs. Such an odd-even dependence could be
used to construct a highly reproducible switch.
In our system as illustrated in Fig.5.2 (a), QIEs remarkably aﬀect transmissions near the Fermi level, which are largely determined by the frontier molecular
orbitals, especially the highest occupied and the lowest unoccupied molecular orbitals (HOMOs and LUMOs). In order to ﬁnd the underlying mechanism, we
plotted the volume of HOMOs for the device with the side-chain of a length n
equaling to 0, 3, 4, and 5 in Fig.5.3 (a), (b), (c), and (d), respectively. In the
ﬁgures, the isosurface (with the isovalue equals to 0.04) of the HOMOs are also
presented using the colored cores, where the red and blue colors represent the sign
”+” and ”-” of the wavefunction, respectively. One can clearly see constructive
QIEs in Fig.5.3 (a) and (c), and destructive QIEs in Fig.5.3 (b) and (d).
In the device, the electron enters the π system of molecular ring from left(right)
S atom, and is separated into two subwaves at each crossed sites. The subwaves
trave all the possible paths and arrive the right (left) S atom, as shown at the
bottom of the Fig.5.3. The phase diﬀerence between each two subwaves is determined by the length diﬀerence of the paths that the subwaves have traveled.
For examples, in the initial ring molecular device (n = 0), the length diﬀerence
between the path-1 and the path-2 is zero. The two subwaves arrive the S atom
with the same phase and a constructive interference occurs. This is also reﬂected
by the distribution of the HOMO, the alternation of the spindle-shaped amplitude
maxima (antinodes) and amplitude-zeros (nodes) in two traveling paths, as shown
in Fig.5.3 (a).
When a side-group is attached to the 6th C atom of the molecular ring, the
story is diﬀerent. One can see the electronic wave in the path-1 can be further
separated into two parts at the point where the side-chain is attached. One part
continuously travels along the molecular ring, while the other part can enter the
side-chain and be reﬂected by the end of the side-chain due to the impedance
mismatch. Hence a standing wave forms along the side-chain, independent on
the odd/even feature of the side-chain length. Because of the free-boundary, an
amplitude maximum (antinode) always presents at the end C atom of the sidechain. The ﬁrst node should in principle occur at a quarter wavelength from
the end, and the other nodes are at half wavelength from there. From the node
structure of the formed standing wave, one can conclude that electron wave in the
HOMO should be of a wavelength l = 4d (where d is the space between the nearest
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neighbor carbon atoms in the molecule).

Figure 5.3: The HOMO of the device with the side-chain of a length n = 0, 3,
4, and 5. The main paths for electron traveling are presented at the bottom.
When the reﬂected wave re-enters into the molecular ring at the 6th C atom,
it carries an additional phase determined by the path length it has traveled. Thus,
the phase diﬀerence (∆φ) between the reﬂected wave and the incident wave at the
6th C atom should be a function of side-chain length n:
2π
= nπ
(5.1)
l
One can see that when the n = 2k, the ∆φ = nπ − 2kπ = 0, and when n = 2k + 1,
the ∆φ = nπ − 2kπ = π. Obviously, the reﬂected wave and the incident wave can
be either anti-phase or in-phase, depending on the n is an odd or an even number.
The anti-phase and the in-phase directly result in the observed destructive and
constructive interference, respectively.
∆φ = 2nd

In order to well understand the destructive QIE on the transmission near the
Fermi level, we have plotted the distribution of charge density at the Fermi level
of the device with the side-chain of a length n=0, 3, 4, and 5 in Fig.5.4, (a), (b),
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Figure 5.4: The eﬀect of constructive and destructive interferences on the charge
density at Fermi level.
(c), and (d), respectively. For n=3 and 5, the destructive QIE strongly reduces
the charge density, since the out-of-phase subwaves can cancel each other. It can
be concluded that controlling the length of a conjugated side-chain is an eﬀective
strategy to tune the QIE in molecular ring and to utilize functionalities.
Exploring local currents, 200,201 microscopic current dynamics 202 and molecular
orbitals are essential for deeply understanding and well controlling the QIE in
nanodevices. 203 It was found that the blocking eﬀect of the destructive QIE is
much stronger than that of sp3 hybridization eﬀect in nanodevices. 204 Recently,
spin-resolved 205 QIEs have been found at a distance exceeding 100 nm in graphene
nanoribbons. 206–208 The QIE induced by the impurity scattering has also been
found in graphene 209 and graphene heterojunctions. 210
Generally, the phase coherence can be preserved in nanodevices because of the
small size, whereas phase shifts and phase breaking scattering have to be considered
at the relatively high work temperature. Predicting the critical temperature of
QIE in nanodevices is also crucial. However, the treatment of the phase-breaking
scattering in quantum chemical approaches and quantum transport framework are
still not well established.
5.2 Coulomb Blockade
Coulomb eﬀects are associated with the proper treatment of short-range and
long-range Coulomb potentials of electrons and impurities, which are physically
involved in electron transport of some nanodevices. When the electron passes
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through the tunnel barrier alone (or in pairs or something else), 211 the nanojunction can be charged by the tunnelling electrons, resulting in a voltage-buildup
(U=e/C) that could be larger than the applied external bias. In this case, the
so-called Coulomb blockade presents, which blocks another electron to tunnel, especially at low temperatures. The capacitance of a nanosystem (C) is normally
very small. Therefore, the resistance of the device is no longer a constant at low
biases and can increase to inﬁnity at zero bias. 212 The unavoidable Coulomb interactions can completely kill the ballistic transport process, which is normally a
dominant one in nanodevices. 213
Coulomb blockade has been found in single-atom transistors 152 , self-assembled
dithiol molecular junction, 214 silicon quantum-dot transistors, 215 PbSe quantum
dots, 216 graphene nanoribbons, 217 nanostructured graphene, 218 single-crystal organic thin-ﬁlm transistors, 219 metal oxide semiconductor transistors, 220 and electromigration break junctions. 221 The blocked states can be tuned by the gate
electrode, 222 and can be destroyed by high temperatures 213 when the thermal energy (kB T ) becomes larger than the charging energy (e2 /C). Nowadays, Coulomb
blockade eﬀect has already been used to produce Coulomb blockade thermometry
(CBT), which is a simple equipment but can measure absolute thermometry at
very low temperatures. 223
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Chapter 6

Summary of the Included Papers

The present thesis includes six articles that are all devoted to the theoretical study of electron and spin transport in graphene-based nanodevices. The
ﬁrst three papers have focused on the structures and properties of polycrystalline
graphenes. In Paper I, the eﬀects of the lattice mismatch on the electronic and
spin-properties of armchair/zigzag-edged hybrid GNRs (A/Z-hGNRs) are systematically studied. The electron transport properties of AGNR|ZGNR heterojunctions are investigated in Paper II and the dependence of transport on the length
of the interline at the interface of AGNR|ZGNR is examined in Paper III. The hydrogenation eﬀects on the electronic structure and transport properties of ZGNRs
have been discussed in Paper IV and Paper V. In Paper VI, it is revealed
that a strong current-polarization and a high spin-dependent negative diﬀerential
resistance (NDR) behavior can be observed in chiral GNRs with reconstructed
(2,1)-edges. In the following, some of the key results from each paper will be
highlighted.
Experimentally fabricated graphene could be single crystalline graphene or
polycrystalline graphene. The properties of polycrystalline materials are often
dominated by the grain boundaries at the interface region. This eﬀect should be
especially pronounced in 2-D polycrystalline graphene and in 1-D polycrystalline
GNRs. In Paper I, we ﬁnd an appropriate supercell model with a very small lattice
mismatch factor for A/Z-hGNRs from the lattice mismatch analysis, ab initio MD
simulations, and ﬁrst principles calculations. Our systematic study shows that the
band structure and spin polarization properties of the system are very sensitive to
the choice of the supercells. The supercell with a high lattice mismatch factor can
introduce a large deformation energy, as well as peculiar conductance and spinpolarization properties to the system. With the most reliable supercell model, the
hybrid graphene nanoribbon is found to have ferromagnetic ground state with a
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Figure 6.1: The fully optimized supercells of A/Z-hGNRs, (a) suggested in ref. 136 ,
(b) suggested by us, and (c) suggested in ref. 29,30 . Ours has the smallest lattice
mismatch.
high Curie temperature above room temperature, suggesting the great potential
application of this type of materials in spintronics.
Based on the above model, we have studied the electronic structure and transport properties of a special type of polycrystalline GNRs with a grain angle of 30
degree in Paper II. This system can be regarded as the fusion of an AGNR and
a ZGNR. It is well known that the GNRs with armchair and zigzag edges have
very diﬀerent electronic structure and transport properties. One would expect to
observe some special properties from the formed AGNR|ZGNR heterojunctions.
Indeed, remarkable electron transport properties do ﬁnd in the systems. Our ﬁrstprinciples calculations reveal that the heterojunction can be either metallic or
semiconducting depending on the width of the nanoribbon. A well-deﬁned oscillation of the zero-bias conductance as a function of the ribbon width is observed,
which is originated from the resonance and nonresonance of frontier orbitals between AGNR and ZGNR. We ﬁnd that the current/voltage characteristics of the
AGNR|ZGNR heterojunction possess pronounced rectiﬁcation eﬀect, and a high
rectiﬁcation ratio can be achieved by tuning the width of the ZGNR to minimize
the backward current. The unique properties of the proposed heterojunction could
be very useful for fabricating graphene-based electronic devices.
In order to evaluate the length eﬀect of linear defects at the interface region
on the transport properties of polycrystalline graphene, in Paper III, we consider
a type of AGNR|ZGNR heterojunctions that are constructed by fusing an arm66

Figure 6.2: (a) The fully optimized structure of the AGNR|ZGNR heterojunction
labeled as a25|z14, (b) zero-bias conductance as a function of the ribbon width,
(c) the current/voltage characteristics of the AGNR|ZGNR heterojunctions with
diﬀerent widths. Adopted with the permission from Journal of Physical
Chemistry C, Copyright 2011, American Chemical Society.

chair and a zigzag graphene nanoribbon side by side. We ﬁnd that the rectiﬁcation
behavior is an intrinsic characteristics of the junctions, and the electronic transparency of the junctions is largely dependent on the connection length between the
ZGNR and the AGNR. It is revealed that the carrier type can alter from electrons
to holes upon the change of the bias voltage from the negative to the positive. The
asymmetrical transmission spectra of electrons and holes are directly responsible
for the rectiﬁcation behavior. Our results also suggest that any methods which can
enhance the asymmetry of the transmission spectra between holes and electrons
could be used to improve the performance of rectiﬁcations in the AGNR|ZGNR
heterojunctions.
Hydrogenation technique is known to be useful for opening up the band gap
and controlling the electronic properties of the graphene. 224 Theoretical and experimental studies have shown that the absorbed hydrogen atoms on surface of
graphene prefer to form hydrogenation clusters and hydrogenation strips (HSs).
In Paper IV, we have studied properties of ZGNRs with zigzag-edged HSs. We
demonstrate from ﬁrst principles calculations that the formed HSs can be regarded
as separators to electrically separate a ZGNR into sub-ZGNRs. Each HSs can introduce two conducting edge-like states into the subbands around the Fermi level,
which can greatly enhance the conductance of the system. The introduced edgelike states are highly spin polarized. The current polarization of the system shows
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Figure 6.3: (a) the fully optimized structure of the AGNR|ZGNR heterojunction
labeled as z6/a9-17, (b) Contour plot of the eﬀective potential with an applied bias
of 0.5 V over z6/a9-17. (c) and (d) The current-voltage (I-V) characteristics of
z6/a9-J and z6/a11-J with varied connection length J from 9 to 17. (e) and (f )
The bias-dependent transmission spectra T(E,Vb ) of the z6/a9-9 and z6/a11-9.
a nice oscillation behavior as a function of the position of the separator, which
originates from the symmetry dependent transport character of ZGNRs. Moreover, we ﬁnd that the Hss can be used to screen the impact of rough edges that
makes rough-edged ZGNRs behave like smooth-edged ZGNRs.
In Paper V, we study the eﬀects of inhomogeneous hydrogen-terminations
(IHTs) on the energy band gap of ZGNRs. In order to get stable GNRs, the
edges of the experimentally fabricated GNRs should be saturated normally by
hydrogen atoms. Both sp2 edges and sp3 edges are thus expected to coexist in
GNRs. Transport measurements show that the obtained GNRs always give an
orientation-independent conductance energy gap, but how to control the size of the
energy gap in these systems is largely unknown. The reason is actually surprisingly
simple: none of existing theoretical models can well explain the presence of the
energy gap in experimentally fabricated wide ZGNRs. Theory predicts that a
perfect ZGNR should be metallic with highly conductive edge states right at the
Fermi level. The edge-roughness, structural defects, and chemical impurities can
induce a gap in ZGNRs. But they can also drastically reduce the conductivity of
the system. High-quality GNRs fabricated from the recent established atomically
precise fabrication methods often have very smooth edges and perfect graphene68

Figure 6.4: Spin density isosurfaces (isovalue=0.001) of a 24-ZGNR with one
line (a) or two lines of zigzag carbon atoms fully hydrogenated (b), the spin-up and
spin-down are denoted with red and green colors, respectively. The un-polarization
band structures of devices ideal 24- zGNR, (9)-H, and (9,16)-H are shown in c1),
c2), and c3), while the polarization band structures of the corresponding devices are
shown in c4), c5), and c6), respectively. Adopted with the permission from
Journal of Physical Chemistry C, Copyright 2011, American Chemical
Society.

like structures. Quit strikingly, the obtained wide ZGNRs still present an energy
gap with a very high electronic mobility. Over the years, the eﬀects of pure H-,
O-, H2-, S-, CH3-, C(CH3)3-terminations, and periodic H/H2-terminations on the
electronic structure of ZGNRs have been studied. The general conclusion drawn
from these studies is that even an energy gap can be opened by certain edgeterminations, it occurs only in ultrathin ZGNRs with the width incomparable to
the experimentally studied ones. We propose in this paper a new model for energy
gap engineering of ZGNRs from ﬁrst principles calculations. We ﬁnd that with
a short section of sp3 -edges embedding in sp2 -edges, or a short section of sp2 edges embedding in sp3 -edges, a big conductance gap can be formed in ZGNRs.
Such a gap can even persist in wider ribbons with a width up to 10nm. In these
systems, the conductivity of the edge states is completely suppressed due to the
orbital symmetry mismatch between the sections of diﬀerent edge-terminations.
The size of the gap can thus be simply determined by the minimal energy diﬀerence
between the second highest valence band and the second lowest conduction band
of the ribbons. Our ﬁndings not only provide a reasonable model to explain the
experimental observations, but more importantly also oﬀer a simple design and
eﬀective fabrication strategy to open up a quite stable energy gap in ZGNRs with
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Figure 6.5: a) the optimized scattering region of a GNR device with rough edges,
along the smooth edges of 6-ZGNR electrodes, two zigzag-lines of carbon atoms
are fully hydrogenated to form separators b) the zero-bias transmissions spectra
T(E) of the smooth-edge 6-ZGNR (dot-line), the rough-edge device (dash-line),
and the rough-edge device with hydrogenation separators (solid-line), respectively.
Adopted with the permission from Journal of Physical Chemistry C,
Copyright 2011, American Chemical Society.

a certain wide width without compromising the excellent electronic mobility. It is
noted that the gap size can cover a wide energy range from 0 to 3.5 eV depending
on the width of the ribbons. We believe that the new concept and the results
presented in this paper are really important and exciting. It should be very useful
for the design of graphene based nanodevices.
Experimentally fabricated GNRs normally are of chiral edges and spin polarizations are found in ZGNRs and in chiral (n,1)-GNRs with the n ≥ 3. Recently, chiral GNRs with reconstructed (2,1)-edges have been fabricated experimentally and identiﬁed by STM. In Paper VI, we investigate electronic structures
and transport properties of the chiral GNRs with reconstructed (2,1)-edges. Our
ﬁrst principles calculations reveal that the chiral (2,1)-GNRs can be either nonpolarized or spin-polarized depending on whether the edges are H-saturated or unsaturated. The H-saturated systems are semiconductors with a width-dependent
transmission gap. On the other hands, the edge-unsaturated systems are metallic
at the non-polarized state or at the antiferromagnetic state, but they become semiconducting at the ferromagnetic state. Moreover, the edge-unsaturated systems
possess a strong current polarization (nearly 100%) at low biases and a striking
negative diﬀerential resistance (NDR) behavior (with a peak-to-valley ratio about
105 ). This spin-polarization is intimately involved with the edge-states induced by
the unsaturated zigzag sites at the edges, which are carbene-like and commonly
have a triplet ground state. Hence, its conductivity can be easily aﬀected by the
70

Figure 6.6: a)The optimized structure of 6-ZGNRs+6H2. b) once the conductance energy gap is opened, its size is quite stable and doesn’t change with the
length of spe -edges increase. c) the band structure of H-ZGNR and H2-ZGNR.
d) the isosurface plots of wave-function of CB1, CB2 in H-ZGNR, and CB1 in
the H2-ZGNR. The zero-bias conductance spectra of N-ZGNRs+6H2 with varying
ribbon width N are given in (d) and (e). From bottom to top, the N changes from
4, 6, · · · , to 14 in (d), and the N changes from 3, 5, · · · , to 13 in (e), respectively.
Each curve is shifted up by 2 units respective to the former for clarity. f ) and (g)
are the function of the gap (Cgap ) versus the ribbon width N, the dashed lines are
plots of the exponential ﬁtting functions.
biases, resulting in the NDR behavior. These remarkable properties suggest the
potential application of (2,1)-CGNRs in electronics and spintronics.

71

CHAPTER 6. SUMMARY OF THE INCLUDED PAPERS

Figure 6.7: a) Spin-resolved density plots of the edge-unsaturated chiral 15-GNR
with unsaturated (2,1)-edges at the antiferromagnetic (AFM) state. b) The band
structures of the chiral 7-GNR with saturated edges or unsaturated (2,1)-edges. d)
and (e) The current-voltage (I-V) characteristics and the corresponding currentpolarization of the chiral 7-GNR at the ferromagnetic state. Reprinted with
permission from Applied Physics Letters. Copyright 2012, American
Institute of Physics.
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