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SEMICONVERGENCE AND RELAXATION PARAMETERS FOR
PROJECTED SIRT ALGORITHMS*

TOMMY ELFVING', PER CHRISTIAN HANSEN#, AND TOURAJ NIKAZADS

Abstract. We give a detailed study of the semiconvergence behavior of projected nonsta-
tionary simultaneous iterative reconstruction technique (SIRT) algorithms, including the projected
Landweber algorithm. We also consider the use of a relaxation parameter strategy, proposed re-
cently for the standard algorithms, for controlling the semiconvergence of the projected algorithms.
We demonstrate the semiconvergence and the performance of our strategies by examples taken from
tomographic imaging.
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1. Introduction. Computational tomography, as well as many other large-scale
ill-posed imaging problems, lead to large linear systems of equations (often inconsis-
tent) with noisy data, of the form

(1.1) Ax~b, b=b+db, AecR™"

where b denotes the exact data and &b is the perturbation consisting of additive noise.
The matrix A comes from the discretization of an ill-posed linear problem such as the
Radon transform. The numerical solution of these systems calls for the use of iterative
regularization methods, and it is often necessary to incorporate additional constraints
to the reconstruction. In this paper we assume that the solution must belong to a
convex set, e.g., the positive orthant corresponding to nonnegativity constraints. Such
constraints incorporate prior physical knowledge about the solution, and therefore
they typically lead to smaller reconstruction errors (see Figure 2.1 for an example).
Some applications of projected iterative methods in seismology, image restoration,
nonnegative matrix factorization, matrix completion, and supervised learning can be
found in [1], [2], [3], [7], [23], [28], [31], [32].

We focus on regularizing iterations with semiconvergence, where the iteration
number plays the role of the regularizing parameter. In the early stages the iteration
vector approaches a regularized solution, while continuing the iteration leads to iter-
ation vectors deteriorated by noise; cf. [1], [19], [20], [22], [27]. The semiconvergence
of projected iterative methods has been noted in several papers [2], [3], [7]. It is also
discussed in [19] and analyzed in an infinite dimensional setting by Eicke [16].
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The main goal of our paper is to analyze semiconvergence for a class of nonstation-
ary iteration methods in R", often referred to as simultaneous iterative reconstruction
technique (SIRT) [17], [21], including Landweber and Cimmino iterations, with a focus
on their constrained companion versions that include projection in each iteration.

In a previous paper [18] we studied semiconvergence properties of unconstrained
SIRT methods using a constant relaxation parameter. We also proposed two new
nonstationary relaxation strategies and provided an asymptotic convergence analy-
sis. Here we extend the semiconvergence analysis in two ways: (i) we include the
constrained versions of SIRT, and (ii) we allow a certain family of nonstationary re-
laxation parameters which includes the two strategies already proposed in [18]. We
also show that the bound for the noise-error using one of the strategies is smaller than
the bound for the other. This theoretical result is confirmed by our numerical results.

We note that the role of the relaxation parameter is really twofold. The classical
use of the step-length in optimization algorithms is to guarantee global (and fast)
convergence. On the other hand, as demonstrated both theoretically and numerically
in this paper, the step-length can also be used to suppress noise in connection with
semiconvergence.

We start with a brief summary of the SIRT methods and their constrained versions
followed by our analysis of semiconvergence. Next we discuss our parameter-choice
strategies, and we finish with a few numerical examples from medical tomography.
Throughout the paper || - || denotes the vector and matrix 2-norm, and for z € R™
and a symmetric positive definite (SPD) matrix M € R"™*™ we define the weighted
Euclidean norm ||z|[5s = V2T Mz. Moreover, M'/? is the square root of M, and p(Q)
is the spectral radius of the matrix Q.

2. Projected SIRT methods. The classical (unprojected) SIRT method and
its projected version P-SIRT are summarized below.

Algorithm SIRT. Choose an arbitrary initial vector o € R™ and a sequence of
positive relazation parameters {\;}, and update the iteration vector &) by means of

(2.1) Fpp1 = dx + MATM(b— Ady), k=0,1,2,....

Several well-known methods can be written in the form (2.1) for appropriate
choices of the matrix M. With M equal to the identity we get the classical Landweber
method [24]. Cimmino’s method [12] is obtained with M = M¢ = Ldiag(1/||a;||?),
where a; denotes the ith row of A. The component averaging (CAV) method [11] uses
M = Mcav = diag(1/>27_, Nja3;), where Nj is the number of nonzeros in the jth
column of A. The original proposals of some unprojected SIRT methods use weights
[17], but for simplicity we do not include weights here.

Algorithm P-SIRT. Let C denote a closed convex set, and let Pz be the metric
projection onto the set C. Choose an arbitrary initial vector xo € R™ and a sequence
of positive relaxation parameters {\;}, and update the iteration vector xy by means

of
(2.2) Thy1 = Pc(xk —l—/\kATM(b—ACCk)), k=0,1,2,....

This is an instance of the gradient projection algorithm, for M = I often called
the projected Landweber iteration, which aims at finding a solution of

(233) min 5[ Az — blJ3,.

The following convergence result is given in, e.g., [4] and [29].
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Cimmino with fixed A DROP with fixed A
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F1G. 2.1. Reconstruction errors for the Cimmino and DROP methods in their unprojected and
projected wversions, and with a fized relaxation parameter. We used three different relative noise
levels. A = unprojected algorithm with iterates Tp; B = projection applied to Ty giving the vectors
Pe(Zy); C = projected algorithm with iterates xy,.

THEOREM 2.1. Let p = p(ATM A), and assume that 0 < e < X\ < (2 —¢€)/p and
also that the solution set of (2.3) is nontrivial. Then the sequence generated by (2.2)
with Ay, = A converges to a solution of (2.3).

In [25] linear convergence of the projected Landweber method was shown, and in
[23] an expression for the rate constant was derived.

The constrained problem (2.3) has a solution for any right-hand side b if and only
if A(C), the image set of C, is closed; cf. [9, p. 444], [28, p. 442]. This is the case,
e.g., if C is bounded or when the objective function is coercive, i.e., the null space of
A is nontrivial. Note that for this case the objective function is strictly convex and
a unique solution exists. Although these results are interesting, it is important to
remember that for ill-conditioned problems—even in the finite dimensional case con-
sidered here—the solution set is usually completely deprived of any physical meaning
due to the inverted noise. However, numerical results [3], [28] show that the method
exhibits semiconvergence so that during the first steps the iterates improve, while
later due to noise propagation they start to deteriorate.

By introducing an SPD matrix S in the two SIRT algorithms (2.1) and (2.2) we
obtain the iterations

A A T A
(2.4) Toer = &+ A SATM (b = Ay), k=0,1,2,....
Tk+1 = Pc (!Ek + )\kSATM(b — Axk)),

The latter is known as the scaled gradient projection method [4, pp. 209-210]; if we
choose M = Mc and S = diag(m/N;) in the former, then we obtain the diagonally
relaxed orthogonal projection (DROP) algorithm from [10]. When the matrix is dense,
N; = m, and Cimmino’s method is obtained. When N; < m, DROP takes larger
stepsizes than Cimmino, which can much improve the initial rate of convergence [10],
[11]. For recent developments and applications using the scaled gradient projection
method see [3], [6], and [7].

Before continuing we briefly illustrate the importance of solving the constrained
problem—instead of solving the unconstrained problem, possibly followed by a pro-
jection. For a certain test problem (see section 6) and with C equal to the nonnegative
orthant, M = Mc and S = diag(m/N;), we computed the reconstruction errors asso-
ciated with the solutions Zj from the unprojected algorithms (Cimmino and DROP),
the projected vectors Pe(Z) (i.e., the projection onto C of the unprojected iterates
Zr), and the iterates xj from the projected algorithms. Figure 2.1 shows the mini-
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mum reconstruction errors for three different noise levels (the optimal iteration index
k depends on the noise level). Clearly, the projected algorithms give the smallest re-
construction errors. Most often the set C is chosen so as to satisfy a natural physical
constraint from the application at hand; a typical example is nonnegativity arising,
e.g., in tomography.

Below we study the semiconvergence behavior of Algorithm P-SIRT, as well as
the scaled gradient projection method, using a decreasing sequence of relaxation pa-
rameters A\;. The total error can be decomposed into two parts—the iteration error
and the noise error. These two errors can be represented by two functions both de-
pending on the iteration index, the relaxation parameter, and the singular values of
a matrix. In [18] we analyzed the behavior of these two functions and proposed new
strategies to choose relaxation parameters in Algorithm SIRT in such a way that they
control the propagated noise-error. We will show that this analysis, slightly modified,
is valid also for the projected algorithms considered here.

3. Analysis of semiconvergence for P-SIRT. In this section we study the
errors in the iterates xj of Algorithm P-SIRT. Write the singular value decomposition
(SVD) of M'/2A as

(3.1) MY?PA=U%VT,

where ¥ = diag(oy,...,05,0,...,0) € R™*" with 09 > 09 > --- > g, > 0, and p is
the rank of A. Then B = ATMA = (M2 A)T(MY?24) = VTS VT and p(B) = o7.
Let Z be the solution to (2.3) with the noise-free right-hand side,

T = argmin (| Az — b||3,.
el

Moreover, let zj and Ty, denote the iterates of Algorithm P-SIRT using the noisy and
the noise-free right-hand side, respectively. Then the error in the kth iterate clearly
satisfies x — T = = — T + Tr — T, and therefore

(3-2) len — || < ey — zp|| + |23 — .

Hence the error decomposes into two components—the noise error xp — Z; and the
iteration error T — T (in [19, p. 157], where unprojected Landweber iteration is
treated, they are called “approximation error” and “data error”). It is the interplay
between these two error-terms that explains the semiconvergence of the method. We
split the analysis of these errors into two cases, depending on the rank of A, and we
start with the case rank(A4) = n.

3.1. The full column-rank problem. First we present an elementary result
that is useful for our analysis.

LEMMA 3.1. Let g = |[I — AB||. Assume that rank(A) = p = n and o1 > V20,.
Further assume that \ fulfills 0 < € <X < (2 —¢)/o}. Then

1—A0'72,“ O<AS272,
01+Un
(3.3) q= 5
2 2
)\0'1—1, WSA<2/01

Proof. Let a =1—\o2 and b = 1—\o?. Using the SVD, one finds ¢ = || - AB|| =
max(|al, |b]). We need to check four possible sign combinations of a and b.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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FIG. 3.1. The function ¥*(o,\) as a function of o for X\ = 100 and k = 10, 30,90, and 270.
The dashed line shows 1/c.

e The case (+,+). Then 0 < A <1/0? (< 1/02) and we find ¢ = a.
e The case (—,—). Then A\ > 1/02 (> 1/0%). Using Theorem 2.1, we require

that 1/02 < 2/02, which gives 0y < v/20,,, contradicting the assumptions of
this lemma.

e The case (—,+). Then A > 1/02 and A < 1/0?, which is a contradiction.
e The case (+,—). Then 0 < A < 1/02 and A > 1/0%. Assume first that ¢ = a

so that a > —b, which implies 1/07 < X\ < 2/(0% + 02)(< 1/02). Next, if
q = —b so that —b > a, one gets 2/(c} + 02) <A < 1/02. 0

Remark 3.2. The above results may be obtained by a single graph of ¢; see
Figure 4.4 in [30].

For inverse problems o,, < o1 and hence 2/(0? + 02) ~ 2/0?. Therefore, we will
consider only the case ¢ = a = 1 — Ao in what follows.

In our analysis we will assume that the sequence of relaxation parameters is
nonnegative and nonascending:

(3.4)

0< /\i+1 < \;.

The following theorem considers the noise-error, while the iteration error is considered
in Theorem 3.8; see also Figure 3.1.
THEOREM 3.3. The noise-error in Algorithm P-SIRT is bounded above by

(3.5)
with

(3.6)

A
|z — 2]l < 220 W (0, A ) || M/26D)),
O'n)\k—l
1—(1—Xo?)"
TF (o, \) = ( )
g

Proof. We have

T — T = Pe (CC;.C,1 + Ap_1 ATM(b — Axk,l)) — P (ka,1 + Ap_1 ATM(B — Affk,l)).

Hence, using the nonexpansivity of the projection operator,

||33k — jik” < ||(I — /\k_lB)(ﬂik_l — jk—l) + /\k_lATM(SbH.

Defining

(3.7)

ep = llew—zl,  o=[ATMObI, g = NB,

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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we get
(3.8) eév < qk,lekNA 4+ k1.

It follows by induction that
k—1 k—1 k—1
er < [T aed +0> Aeca [] @i + 6Mk-
i=0 s=1 i=s

Since x¢ = T, and using (3.4), it follows that

k—1k—-1

eg < Ao Z H ¢ +O0Mk_1.

s=1 i=s

By Lemma 3.1 we have ¢; = 1 — \;jo2 when 0 < )\; < 2/(0} + 02). Hence, using
(3.4), we have ¢; < 1 — \go2 = g for k > i. We stress that this property is crucial
throughout our proof. Thus

k—1
(3.9) en <X Z )
s=0
1—qf | 1— (1= Xp_102)F
3.10 =0———— =0A ne,
(3.10) 1 — i 0 Ae-102
Using the bound § < o1||M'/26b|| the upper bound in (3.5) emerges. a

Remark 3.4. A similar bound for the noise-error in the unprojected case, assuming
a constant relaxation parameter, was derived in [18, (3.2)], without the factor o1/0y,.
The reason for the presence of this factor here is that we need to use norms and
inequalities to utilize the nonexpansiveness of the projection operator. For the same
reason, the bound (3.5) might be quite pessimistic since it now holds for any closed
convex set C. Another reason is that the estimates used to arrive at (3.9) are rather
crude.

Remark 3.5. When A, = A for all £ > 0, the bound (3.5) becomes

(3.11) ke — Zal| < 25 WH(om, A) [ M50,
On

and for A\o2 < 1 we have
(3.12) llzr — Zx|| = Nk oy || M350,

showing that k£ and X\ play the same role in suppressing the noise. The same obser-
vation is made in [1, p. 145] for Algorithm SIRT, and the observation also applies to
(3.13) in the previous remark.

Remark 3.6. If A is a bounded linear operator mapping from an infinite dimen-
sional Hilbert space to another infinite dimensional Hilbert space, so that the range
of A is not closed (e.g., A is a compact operator), then o, — 0 for n — co. Eicke [16,
Thm. 3.4], using a constant relaxation parameter A, derives the following bound:

(3.13) llzk — 2k < Aok, § = ||AT M 6b|.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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TABLE 3.1
The unique root C, € (0,1) of gr—1(y) =0 (cf. (3.14)) as a function of the iteration index k.

k C k C k Cr k C k Cr k C

2 0.3333 7 0.8156 12 0.8936 17 0.9252 | 22 0.9424 | 27 0.9531
3 0.5583 8 0.8392 13 0.9019 18 0.9294 | 23 0.9449 | 28 0.9548
4  0.6719 9 0.8574 | 14  0.9090 19 0.9332 | 24 0.9472 | 29 0.9564
5 0.7394 | 10 0.8719 15  0.9151 | 20 0.9366 | 25 0.9493 | 30 0.9578
6  0.7840 11 0.8837 | 16 0.9205 | 21 0.9396 | 26 0.9513 | 31 0.9592

We note that when A; = A, (3.9) in the above proof becomes

and hence lim ||z — Zg|| = § Ak as 0, — 0 similar to (3.13). Our bounds (3.5) and
(3.11) can be seen as extensions of this result for o, > 0 and, in the case of (3.5), for
a nonstationary algorithm.

Next we give an alternative upper bound for the noise error, which we will use
in section 5.3 to give bounds for two specific relaxation strategies that satisfy (3.4).
Following [18], we consider the equation

(3.14) gr—1(y) = k- Dy ' = @2+ +y+1) =0,

which has a unique real root {; € (0,1). The roots satisfy 0 < {x < (11 < 1 and
limg 00 ¢ = 1 (see [18, Propositions 2.3, 2.4]), and they can easily be precalculated;
see Table 3.1.

THEOREM 3.7. Assume that o1 < 1/y/Ai_1; then

_ 0'1/\() 1-— C}lj 1/2
(3.15) zx — Zn|| < —= | M /250,
Ony/ )\kfl 1- Ck

where (y;, s the unique root in (0,1) of (3.14).
Proof. Using [18, Proposition 2.3], we obtain the following bound for the function
U¥ (g, \) appearing in (3.5):

max U¥(o;, A\_1) < max ¥F(o, A\p_1)

1<i<n 0<o<o1
(3.16) < max___ U0, M) <V 1ﬂ
T 0<o<1/\/ et ’ - V1=

The assumption in the theorem implies

(3.17) o1 <1/ M1 & M1 < 1/0%

Then by (3.5) and (3.16), and assuming (3.17), we obtain the bound in (3.15). O
We note that the case \y_1 € (1/0%,2/0%) is discussed in [18, Remark 2.2]. Next
we give a bound for the iteration error, again assuming that (3.4) holds.
THEOREM 3.8. The iteration error in Algorithm P-SIRT is bounded above by

(3.18) 12k — 2| < 00 ®" (0, Ak—1) |20 — 7],
where xg 1s the initial vector and

(1-— /\02)]“.

g

(3.19) ok (o, \) =

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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Proof. We use the following characterization of the constrained solution (see, e.g.,
[5, Proposition 3.3b]):

(3.20) T=P(z+ ATM(b— Az)), A > 0.
Then (again using the nonexpansivity of the projection operator)
|Zr — Z|| < |Zr1 —ZF — M1 B(@p—1 — ) + Mee1 — NATM (b — Az)].
With
et =llzx -zl me =N, o= [ATMbB- AF),
this can written
(3.21) el < gr_reif_q + pr-1c,

where gy, is defined in (3.7). Since (3.20) holds for any A > 0 (so that Z is independent
of \), we may use a different value of A in py, for any index k > 0, so that ux, =0, k > 0.
It follows from (3.21) that

er < qiqey = (1= M—100) |20 — 2,

and since Ty = xg, this completes the proof. 0

Figure 3.2 shows the actual noise-error and iteration error for a certain test prob-
lem (see section 6) and three noise levels for Algorithm P-SIRT with M = M¢ (Cim-
mino) with the optimal fixed A (as defined in section 5.1). The dashed lines are
proportional to the upper bounds in (3.11) and (3.18) except that we have omitted
the factors o1/, and ||xg — Z||, which make the bounds unrealistically pessimistic.
The important observation is that, after some initial iterations, our bounds track the
behavior of the two types of errors, illustrating that our analysis (except for unrealistic
scaling factors) indeed describes the actual behavior of the errors.

Note that the iteration error, in the top part of the figure, increases after about
30 iterations; this is caused by the system being inconsistent. For comparison pur-
poses, the bottom part of the figure shows the behavior when we solve a consistent
system with the same matrix and a modified right-hand side.

3.2. The rank-deficient problem. In tomographic reconstruction applications
the matrix often fails to fulfill the assumption rank(A) = n needed in Lemma 3.1,
and an important case is the underdetermined problem with m < n. In order to ana-
lyze Algorithm P-SIRT for such problems, we consider the following slightly modified
problem, in the form of a regularized problem with regularization parameter o and

“balancing parameter” p = | M]||:
AN (b
ol )" \o

where M = diag(M, uI). The factor u is introduced to balance the terms || Az —b||%,
and p||z||?; for example, y = 1 for Landweber and p = m ™!/ min; ||a;||? for Cimmino.
Note that the negative gradient of the objective function in (3.22) is ATM(b— Ax) —
a?px. Hence one step of Algorithm P-SIRT takes the form

2

)

(3.22) gleig%(HAx—buﬁﬁaz’unxu?) = min 1 _

zeC

(3.23) Tpr1 = e (a:k + A (ATM(b — Aﬂ:k) — ozz,uxk)),

which is a standard projected SIRT step with a small correction.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 11/27/12 to 130.236.207.180. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal /ojsa.php

A2008 T. ELFVING, P. CHRISTIAN HANSEN, AND T. NIKAZAD

n = 0.01 n = 0.05 n = 0.08
1 1 1
10
10°
107 [—NE- - NE-b—IE- - - IE-f
0 50 0 50 0 50
lteration number k lteration number k lteration number k
n = 0.01 n = 0.05 n = 0.08
1 1 1
10
10°
107" — NE - - -NE-b——IE - - -~IE-b
0 50 0 50 0 50

lteration number k lteration number k lteration number k

Fic. 3.2. Comparison of actual errors with our bounds for three different noise levels n =
|65 /]18]|. NE = noise-error; NE-b = our bound (3.11) with the factor o1 /oy, omitted; |E = iterations
error; |IE=b = our bound (3.18) with the factor ||zo — Z|| omitted. Top: Results for an inconsistent
system of equations. Bottom: Similar results for a consistent system with the same coefficient matriz.

To analyze the noise- and iteration errors for the modified iteration in (3.22), we
first consider the following error formula for the noise-error, which is derived similarly
to (3.8):

|k — Zk || < Gee1llzr—1 — Zo—1]] + 0Ap—1,

in which g = ||(1—Aka?p)I— A, B||. We next relate i, to the SVD (3.1) by considering
an extension of Lemma 3.1.

LEMMA 3.9. Let ¢ = [[(1 — Xa®u)I — AB|| and o*p = o}, and assume that
o1 > \/§Up, where p = rank(A). Also assume that \ fulfills the condition 0 < e < A <
2/(0% +07). Then

2
1 —\o2, 0< A ,
%p - %—1—20%
(3.24) q= 9 9
Mo? 2y —1 .
(0'1 +C7'p) ) U%—FQO’% > U%—f—o’%

Proof. Using the SVD, we find
g = max(|al, [b],]¢]), a=1-Xau— Aoz, b=1-X?pu— o2, é=1-x’p.

We need to check the eight possible sign combinations of (&, b, ¢).
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e The case (+,+,+). Then a@ > 0 gives A < 1/(202), b > 0 gives \ < 1/(03 +
02), and ¢ > 0 gives X < 1/02. We conclude that for this case 0 < X <
1/(0f 4 02). Obviously ¢ = ¢ holds.

e The case (—,—,—). Then A > 1/02. Hence by the convergence assump-
tions we must have 2/(of 4+ 07) > 1/07, which implies oy < 0y, which is a
contradiction.

We next note that if b > 0, then also a,¢ > 0, so this case is already treated. Thus
three cases remain: (+,—,+), (+,—,—), and (—, —, +).
e The case (4, —,+). Using the sign conditions on @, b, ¢ and the upper bound
in the convergence conditions, one finds 1/(0f + 07) < X < 2/(07 4 07).
Now ¢ = c¢or ¢ = —b. In the first subcase é > —IS, which in turn implies
0 <A <2/(0f 4 207). The second subcase § = —b implies —b > ¢, which in
turn implies X > 2/(0f + 207).
e The case (+,—,—). Then we get A < 1/(207), A > 1/07, which is a contra-
diction.
e The case (—, —,+). The sign conditions lead to 1/(207) < X < 1/02. Hence
it must hold that 1/(202) < 2/(0% + 03), leading to o1 < V/30,, which is a
contradiction. d

Using Lemma 3.9, we can now repeat the steps in the semiconvergence analysis
for the unregularized case, and we arrive at the same expressions for the noise- and
iteration errors, respectively, when applying Algorithm P-SIRT to problem (2.3) and
problem (3.22).

In practice, our computational experience with Algorithm P-SIRT (2.2) shows
that for underdetermined and/or rank-deficient problems the unregularized algorithm
gives results that are indistinguishable from those of the regularized algorithm. If one
wants a guarantee that semiconvergence takes place, however, then one should use
the regularized step from (3.23) in the projected algorithm.

4. The scaled gradient projection method. We will now extend the above
analysis of the semiconvergence properties to the scaled gradient projection method.
Following [4], we define y; = S~!/2z), and A = AS'/2 and get

x + MSATM (b — Axy) = SY2 (yy + M ATM (b — Ayy)).
Assuming that
(4.1) Pe(Su) = SPe(u) for any u € R
the iteration (2.4) becomes
(4.2) Yre1 = Pe(yx + MeAT M (b — Ayy)), k=0,1,2,....

Therefore, the convergence results for the unscaled gradient projection method apply
to the sequence {y;}. We next observe that if 3, — y*, then x;, — S'/2y* for k — oo.
Hence with * = S1/2y* it follows that || Ay* —b|lar = ||Az* — b||ar. This justifies the
use of (2.4) for solving problem (2.3).

Assumption (4.1) is satisfied, e.g., when S is diagonal with positive elements
(as in DROP) and C represents nonnegativity constraints. If C corresponds to box
constraints, then the assumption is, in general, not fulfilled; in this case one can use
the CAV method [11], which, for the unconstrained case, shows a behavior similar to
that of DROP.
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Our semiconvergence analysis can easily be extended to the iteration in (2.4). For
the noise-error we get

|lzx — Ze|| < (T — )\k_lSATMA)(a:k_l — Tp—1) + /\k_1SATM5b||,
and then we should take

qx = [T — MSATMA||
= ||SV2(I = A8 PATMASY?) S|
= ||I — M\SY2ATMASY2).

Now we can use the SVD of M1/2A4 S/2 (rather than (3.1)), and Lemmas 3.1 and 3.9
will be valid.

5. Choice of relaxation parameters. Several strategies for picking the relax-
ation parameter (or step-length) Ar have been proposed, and below we discuss the
use of some of these strategies for Algorithm P-SIRT. Other choices, e.g., of adap-
tive type, can be found in [4] together with corresponding convergence results. A
state-of-the-art study of step-length selection for nonnegativity constraints is given in
[3], where scaled gradient projection methods, such as those in [6] and [23], are also
considered.

5.1. Optimal fixed parameter. One strategy is the optimal choice strategy:
this means finding that constant value of A which gives rise to the fastest convergence
to the smallest relative error in the solution. The value of A is found by searching
over the interval (0,2/0%). This strategy requires knowledge of the exact solution, so
for real data one would first need to train the algorithm using simulated data; see [21]
and [26].

5.2. De Pierro and Dos Santos (DPDS) strategy. This strategy is based
on picking Ay such that the error ||2* — || is minimized in each iteration, where z*
is any solution to Az = b which is assumed to be consistent. For the case S = I we
obtain

TgM TEk

1 = k"7 R
(5 ) Ak ||ATMT19||2’

T = b— A T

This case was investigated by De Pierro [14] for linear systems (using Cimmino itera-
tion) and Dos Santos [15] for general convex objective functions, and we refer to (5.1)
as the DPDS strategy. Let Q # () denote the set

(5.2) Q={z|Ax=0b, x€C}.

It follows from [15, Theorem 1] (after some adaption to our case) that z — z* € Q
as k — oo. So in this case we are really solving a convex feasibility problem rather
than a constrained optimization problem.

Next consider the case S # I. We first derive the relaxation parameter for the
unconstrained case (which to our knowledge was not done previously). To do this we
consider (cf. (4.2) without P¢) the step

Yet1 = Yk + 1Dk with  pp=ATM(b— Ay).

Let y* = S~1/22* such that Ay* = b. Now apply the DPDS principle min ||yx+1 — v*||
again, giving

e = pE (" — i)/ llpxl*-
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It follows after some calculations (and transforming back to ) that

rkTMrk
W = TAT S rell3
[ rl|%

with rp, = b — Ax,. We may now use (2.4) with the above choice A\, = pg. Assuming
that both (4.1) and (5.2) are satisfied, convergence toward a point in the set @ is
ensured. To our knowledge no results on semiconvergence using the DPDS strategy
are known.

5.3. Diminishing stepsize strategy. For the diminishing stepsize strategy, the
relaxation parameter must fulfill

A >0 and M\ — 0 such that Yo Ak = 00.

This strategy is described together with convergence results in [4, pp. 43, 207-208] and
[29, p. 140]. Here we consider two diminishing stepsize strategies that were recently
proposed and analyzed in [18] for the unprojected SIRT algorithm. The idea behind
these strategies is to monitor and control the noise-error, and we refer the reader to
[18, pp. 328-329] for a motivation for this. Since we now have derived error bounds
for Algorithm P-SIRT that are similar to those for Algorithm SIRT, it is natural to
also use these in the constrained case.

We propose the following two rules for picking relaxation parameters in
Algorithm P-SIRT, where ¢, are the roots of (3.14):

\/§af2 for £ =0,1,
(5.3) Uy —rule : Ak =
2072(1 — () for k> 2,
20,2 for k =0,1,
5.4 Wy—rule : A = 1—
(5.4) 2 F 20{27%2 for k > 2.
(1—¢)

Both these strategies are of diminishing stepsize type [18, Propositions 3.1 and 3.3].

In our numerical tests we found that (5.4) usually gives faster convergence than (5.3).
We next bound the noise-error for the two strategies. First we check the assump-

tion (3.17). Using the numerical values from Table 3.1, we find that (3.17) is satisfied

when k > 3 and k > 6 for strategies ¥; and W,, respectively. Hence we get

U%AQ 1-—

Cﬁ 1/2
kA28, k>3,
e 1—@” |

(5.5) ¥y —rule : lxg — Zg|| <

and

(5.6) Wy —rule : |lzx — Zg|] <

2)\ 1— k\2

0110 . ( Ck) ||M1/26b|" kZG,

Un\/§ 1- Ck

where we have used 1/1/A\t—1 < 1/4/Ax to get simpler formulas. Since
(LG _ 1k

=G — 11—
we see that strategy ¥s has a lower upper bound for the noise-error than strategy ¥,
and both can (rather crudely) be bounded by k.

=1+G+G+-+¢<E,
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In [18] we also proposed accelerating the above two strategies by replacing A
with \/501_ Lfor k < ko and 7\, for k > ko, where 7 and ko are parameters to be
chosen. Specifically, we have

2

(5.7) modified ¥q-rule: M =T — (1—=Ck), k > ko,
01

with 0 < e <7 < (1 — ()7t for k> ko, and
2 1-

(5.8) modified Uo-rule: A\ =7 G k > ko,

of (1—¢p)?
with 0 < e2 <7 < (1 —¢F)?/(1 — () for k > ko. The reason for the bounds on 7 is
that they will guarantee (as is easily seen) that the corresponding modified relaxation
parameters are in the appropriate interval (0,2/07). In this paper we use ko = 2
and 7 = 2 for strategy ¥; and 7 = 1.5 for strategy ¥5. The modified strategies also
belong to the diminishing step-length type; for a proof see [18].

6. Computational results. We report on some numerical tests with an exam-
ple taken from the field of tomographic image reconstruction from projections, using
the SNARKO93 software package [8] and the standard head phantom from Herman
[22]. This software generates a sparse matrix A, an exact solution Z (which represents
the “phantom”—see Figure 6.2), and a right-hand side b that represents the noise-free
data.

By using SNARK93’s right-hand side b, which is not generated as the product
AZ, we avoid committing an inverse crime where the exact same model is used in the
forward and inverse problems.

Our phantom has size 63 x 63, leading to an exact solution of length n = 3969,
and we add Gaussian noise db to the exact data scaled such that 7 = ||6b||/||b]| equals
0.01, 0.05, and 0.08. As the set C we use the positive orthant such that we enforce
nonnegativity on the reconstructions. We use Algorithm P-SIRT and the projected
scaled gradient projection method (2.4), and for both methods we compute and plot
the relative errors ||& — x||/||Z|| for k =1,2,...,100.

All computations are done with the AIR Tools software package [21]. Note that
the parameter-choice strategies need an estimate of the spectral radius, and we use
a few Lanczos iterations to estimate p(AT McA) and p(S AT McA), as implemented
in [21]. This approach is fast because for our matrices with nonnegative elements, by
experience, the largest eigenvalue is well separated from the others.

In our first experiment we use an overdetermined problem in which the number
of nonzero rows of the matrix is m = 5430, and we checked that this matrix has
full rank. Figure 6.1 shows the relative error histories for two projected methods,
P-Cimmino and P-DROP, using the optimal fixed relaxation parameter as well as the
DPDS strategy (5.1) and the modified ¥; and U5 strategies (5.7)—(5.8). These curves
clearly show the semiconvergence of the iterations, as expected from our analysis.
The zigzagging behavior of the DPDS strategy (for the unconstrained case) was also
noted in [13, pp. 497 and 504] and in [18]; the reason seems to be that this strategy
assumes consistent data.

For the fixed-\ case we clearly see the semiconvergence of the iterations, as ex-
pected from our analysis. For the modified ¥; and ¥, strategies we also have semi-
convergence to the same minimum error, but the strict minimum is attained after a
much larger number of iterations; see Table 6.1. The phantom and the reconstructions
are shown in Figure 6.2.
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F1a. 6.1. Relative error histories |Z—xy||2/||Z||2 for the overdetermined system, for three noise
levels. The black circles denote the minimum error.

TABLE 6.1

The number of iterations needed to reach the minimum reconstruction error, and the minimum
relative error at that point for the overdetermined problem.

n =0.01 n = 0.05 n = 0.08
iterations min iterations min iterations min

P-Cimmino

optimal A\ 42 0.0692 22 0.1306 16 0.1709
mod. ¥y >50,000 — 2322 0.1317 264 0.1726
mod. ¥y 248,500 0.0693 358 0.1316 81 0.1723
DPDS 21 0.0691 10 0.1387 10 0.1674
P-DROP

optimal A 43 0.0990 22 0.1308 16 0.1710
mod. ¥y >50,000 — 2308 0.1316 262 0.1726
mod. ¥y 247,000 0.0691 357 0.1316 81 0.1724
DPDS 21 0.0691 10 0.1384 10 0.1673

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 11/27/12 to 130.236.207.180. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal /ojsa.php

A2014

Exact image

F1G. 6.2. The ezact image (the phantom) and the three optimal reconstructions for the overde-
termined problem (the difference between the reconstructions from the different methods is indistin-

guishable).
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n= 0.05

P-DROP, 1 = 0.01

Iteration number

P-DROP, n = 0.05

n= 008

Iteration number

P-DROP, n =0.08

Iteration number

P-Cimmino, n = 0.08

Relative error
Relative error

0 50 100 0 50 100
Iteration number Iteration number

Fic. 6.3. Relative error histories for the underdetermined system.

The important observation here is that for the larger noise levels the errors for
the modified ¥; and ¥, strategies exhibit a a fast-converging initial phase following
the errors associated with the optimal A\. When they reach an error level close to
the minimum, they enter the second phase, where the convergence slows down. This
demonstrates that our diminishing stepsize strategy is able to control the iterations
as desired in such a way that the initial convergence is as fast while convergence slows
down approximately when the minimum error is reached.

In our second experiment we use a highly underdetermined system with the same
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n= 0.05

F1G. 6.4. The three optimal reconstructions for the underdetermined problem.

TABLE 6.2
Same as Table 6.1 for the underdetermined problem.

n = 0.01 n = 0.05 n = 0.08

iterations min iterations min iterations min
P-Cimmino
optimal A 36 0.121 19 0.185 12 0.235
mod. ¥y >30,000 — 1098 0.187 72 0.239
mod. ¥y ~16,000 0.141 211 0.187 33 0.239
DPDS 18 0.121 10 0.188 8 0.240
P-DROP
optimal A 38 0.141 19 0.200 12 0.248
mod. ¥y >30,000 — 1169 0.202 69 0.252
mod. ¥y 23,000 0.141 220 0.202 32 0.252
DPDS 18 0.141 10 0.201 8 0.253

63 x 63 phantom and m = 1376 nonzero rows in A, corresponding to measurements
with fewer rays in the projections. This examples allows us to demonstrate experimen-
tally that the projected algorithms still show semiconvergence and that our parameter-
choice algorithms also work for these systems—in spite of the lack of a full theory.
Figure 6.3 shows the same relative error histories as before, and the conclusion is
the same as above—even though our theory does not cover this case. The optimal
reconstructions are shown in Figure 6.4, and Table 6.2 lists the minimum errors and
the number of iterations needed to reach them.

Finally, we return to the underdetermined system, and this time we solve the
regularized system (3.22) by means of Cimmino’s method for which u = || M| = 0.31.
As long as the regularization parameter « is small, we compute essentially the same
solutions as those for the unregularized problem. For example, if we choose a@ =
op//B=25-10"%/1/0.31 = 4.3- 10~* according to Lemma 3.9, then the 2-norm of
the difference between the iterates is always less than 3- 1078, and if & = 1072, then
the norm of the difference is less than 2-107°. We conclude that while incorporating
regularization into the problem is a safeguard which ensures that the theory holds, it
may not be needed in practice.

Conclusion. Using a descending relaxation parameter sequence in Algorithm
P-SIRT, we derived a formula for the influence of noise in the right-hand side for two
cases. The first case is when rank(A) = n, and the second is for a regularized problem
with no rank restrictions on A. In both cases we show that the algorithm exhibits
semiconvergence. Further we showed that relaxation strategies, previously defined
for unconstrained problems, can also be applied to constrained problems. We also
demonstrated the performance of our strategies by examples taken from tomographic
imaging.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 11/27/12 to 130.236.207.180. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal /ojsa.php

A2016

[1]
2]

T. ELFVING, P. CHRISTIAN HANSEN, AND T. NIKAZAD

Acknowledgment. We thank the referees of an earlier version of this paper for
several comments that led to improvements of the theory as well as the presentation.

M.

M

REFERENCES

BERTERO AND P. BoccAccl, Introduction to Inverse Problems in Imaging, Institute of
Physics Publishing, Bristol, UK, 1998.

. BERTERO, D. BInNDI, P. Boccacci, M. CATTANEO, C. EvA, AND V. LANzZA, Application of

the projected Landweber method to the estimation of the source time function in seismology,
Inverse Problems, 13 (1997), pp. 465-486.

. BENVENUTO, R. ZANELLA, L. ZANNI, AND M. BERTERO, Nonnegative least-squares image

deblurring: Improved gradient projection approaches, Inverse Problems, 26 (2010), 025004.

. P. BERTSEKAS, Nonlinear Programming, Athena Scientific, Belmont, MA, 1995.
. P. BERTSEKAS AND J. N. TSITSIKLIS, Parallel and Distributed Computation, Prentice-—Hall,

Englewood Cliffs, NJ, 1989.

. BONETTINI, R. ZANELLA, AND L. ZANNI, A scaled gradient projection method for constrained

image deblurring, Inverse Problems, 25 (2009), 015002.

. Brianzi, F. D1 BENEDETTO, AND C. ESTATICO, Improvement of space-invariant image

deblurring by preconditioned Landweber iterations, SIAM J. Sci. Comput., 30 (2008),
pp. 1430-1458.

. A. BROWNE, G. T. HERMAN, AND D. ODHNER, SNARK93: A Programming System for

Image Reconstruction from Projections, Technical report MIPG198, The Medical Imaging
Processing Group (MIPG), Department of Radiology, University of Pennsylvania, Philadel-
phia, PA  1993.

. BYRNE, Iterative oblique projection onto convex sets and the split feasibility problem, Inverse

Problems, 18 (2002), pp. 441-453.

. CENSOR, T. ELFVING, G. T. HERMAN, AND T. NIKAZAD, On diagonally relaxed orthogonal

projection methods, STAM J. Sci. Comput., 30 (2008), pp. 473-504.

. CENSOR, D. GORDON, AND R. GORDON, Component averaging: An efficient iterative parallel

algorithm for large and sparse unstructured problems, Parallel Comput., 27 (2001), pp. 777
808.

. CiMMINO, Calcolo approssimato per le soluzioni dei sistemi di equazioni lineari, La Ricerca

Scientifica, XVI, Series II, Anno IX, 1 (1938), pp. 326-333.

. L. COMBETTES, Convex set theoretic image recovery by extrapolated iterations of parallel

subgradient projections, IEEE Trans. Image Process., 6 (1997), pp. 493-506.

. R. DE PIERRO, Methodos de proje¢cdo para a resolugdo de sistemas gerais de equagoes

algébricas lineares, Thesis (tese de Doutoramento), Instituto de Matemdtica da UFRJ,
Cidade Universitaria, Rio de Janeiro, Brasil, 1981.

. T. Dos SANTOS, A parallel subgradient projections method for the convex feasibility problem,

J. Comput. Appl. Math., 18 (1987), pp. 307-320.

. EICKE, Iteration methods for convezly constrained ill-posed problems in Hilbert space, Nu-

mer. Funct. Anal. Optim., 13 (1992), pp. 413-429.

. ELFVING, T. NIKAZAD, AND C. POPA, A class of iterative methods: Semi-convergence, stop-

ping rules, inconsistency, and constraining, in Biomedical Mathematics: Promising Di-
rections in Imaging, Therapy Planning, and Inverse Problems, Y. Censor, M. Jiang, and
G. Wang, eds., Medical Physics Publishing, Madison, WI, 2010, pp. 157—-183.

. ELFVING, T. NIkKAZAD, AND P. C. HANSEN, Semi-convergence and relaxation parameters for

a class of SIRT algorithms, Electron. Trans. Numer. Anal., 37 (2010), pp. 321-336.

. W. EnGL, M. HANKE, AND A. NEUBAUER, Regularization of Inverse Problems, Kluwer,

Dordrecht, The Netherlands, 1996.

. C. HANSEN, Discrete Inverse Problems: Insight and Algorithms, Fundam. Algorithms 7,

SIAM, Philadelphia, 2010.

. C. HANSEN AND M. SAXILD-HANSEN, AIR Tools: A MATLAB package of algebraic iterative

reconstruction methods, J. Comput. Appl. Math., 236 (2011), pp. 2167-2178.

. T. HERMAN, Fundamentals of Computerized Tomography: Image Reconstruction from Pro-

jections, 2nd ed., Springer, New York, 2009.

. JoHANSSON, T. ELFVING, V. KozLov, Y. CENSOR, P.-E. FORSSEN, AND G. GRANLUND, The

application of an oblique-projected Landweber method to a model of supervised learning,
Math. Comput. Modelling, 43 (2006), pp. 892-909.

. LANDWEBER, An iterative formula for Fredholm integral equations of the first kind, Amer.

J. Math., 73 (1951), pp. 615-624.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 11/27/12 to 130.236.207.180. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal /ojsa.php

[25]

[26]

PROJECTED SIRT ALGORITHMS A2017

Z.-Q. Luo AND P. TSENG, Error bound and reduced-gradient projection algorithms for convex
minimization over a polyhedral set, STAM J. Optim., 3 (1993), pp. 43-59.

R. MARABINI, C. O. S. SORzANO, S. MATEJ, J. J. FERNANDEZ, J. M. CARAzZO, AND G. T.
HERMAN, 3-D Reconstruction of 2-D crystals in real space, IEEE Trans. Image Process.,
13 (2004), pp. 549-561.

F. NATTERER, The Mathematics of Computerized Tomography, Classics Appl. Math. 32, STAM,
Philadelphia, 2001.

M. PIANA AND M. BERTERO, Projected Landweber method and preconditioning, Inverse Prob-
lems, 13 (1997), pp. 441-464.

B. PoLYAK, Introduction to Optimization, Optimization Software, Inc., New York, 1987.

Y. SAAD, Iterative Methods for Sparse Linear Systems, 2nd ed., STAM, Philadelphia, 2003.

R. ZpuNEK AND A. CICHOCKI, Fast nonnegative matriz factorization algorithms using pro-
jected gradient approaches for large-scale problems, Comput. Intell. Neurosci., 2008 (2008),
939567.

H. ZuANG AND L. Z. CHENG, Projected Landweber iteration for matriz completion, J. Comput.
Appl. Math., 235 (2010), pp. 593-601.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



	SEMICONVERGENCE AND RELAXATION PARAMETERS FOR PROJECTED SIRT ALGORITHMS-TitlePage.pdf
	110834640


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


