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Sammanfattning 
Kompositer är ett material som har satts samman av två eller flera material och kan hittas inom 

många användningsområden, så som i sportutrustning och industrin. Många av de material som 

används är inte förnyelsebara, som exempelvis plast som framställts av olja. För ett hållbart 

samhälle bör dessa ersättas med miljövänliga alternativ. Numera finns miljövänliga plaster som 

tillsammans med biologiska material, exempelvis små fibrer av trä som kallas för fibriller, 

påvisar goda egenskaper i bland annat förpackningar. En fibrill är så pass liten att det är svårt att 

utföra mekaniska tester på den för att mäta dess egenskaper, men i det här projektet angrips 

problemet från andra hållet: genom att mäta elasticiteten på hela kompositen istället och sedan 

göra en tillbakaberäkning, kan man fastställa fibrillens efterfrågade egenskaper. 
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1. Introduction 

1.1 Background 
A composite is a combination of two or more constituents, where the combination has better 

mechanical properties than each material alone. There are a lot of composites today, but not 

many of them are environmentally friendly. In this project a composite made of microcrystalline 

cellulose (MC or sometimes called MCC) from wood with a surrounding matrix of polylactic acid 

(PLA) was examined. Both these materials are environmentally friendly. Instead of MC, one can 

also use nanofibrillated cellulose (NFC or sometimes called microfibrillated cellulose, MFC) as a 

constituent in environmentally friendly composites. The elasticity, measured with Young’s 

modulus, of MC and NFC are examined in this project.  

The mathematical approach of the research in this project was to make back-calculations for 

equations that give elasticity of a whole composite/film as an output. The modified models 

derived from our back-calculations instead give the elasticity of NFC or MC as an output. 

The most important argument in favour of research in NFC is the properties of the material; it 

has light weight, is renewable and has high elasticity. Wood fibres have Young’s modulus of ~20 

GPa and crystalline cellulose (see section 1.1.1) has Young’s modulus of ~138 GPa [1]; Young’s 

modulus of NFC should lie in between these values. For a schematic illustration, see figure 2. This 

should be compared to aluminium, for instance, that has a Young modulus of ~70 GPa. The 

elasticity of MC is not considered to be high, but it is good as a filler. Wood, from which both MC 

and NFC are produced, is available in large quantities since it is one of Sweden’s main natural 

resources. A better insight into MC and NFC will hopefully lead to a more efficient use of them in 

industries, hence making both financial and material savings. NFC composites are suitable for 

packaging.  They can also be used in building industries and automotive industries [2]. 

1.1.1 Properties of wood 

Wood consists mainly of tracheids: elongated cells that serve as a transport system and 

structural support. Earlywood tracheids have thin cell walls and large lumina. Latewood 

tracheids are developed later on in the growing season and have, as opposed to earlywood 

tracheids, thick cell walls and small lumina. The cell wall of tracheids is divided into several 
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layers; the main layers are cellulose, hemicelluloses and lignin. Several chains of cellulose form a 

so called fibril or NFC. NFC reinforces the cell wall, analogous to steel rods in concrete. 

Reinforcement depends on which orientation the NFC has in the cell wall. Each orientation 

constitutes a layer and there are three layers in total; the S1, S2 and S3 layer, as seen in figure 1.  

 

Figure 1. Cell wall model of Norwegian spruce tracheids according to Brändström [3]. The 

different layers that are illustrated are: the primary cell wall (P), the outer layer (S1), the middle 

layer (S2) and the inner layer (S3) of the secondary cell wall. 

 

The middle layer S2 (see figure 1) constitutes roughly 80% of the cell wall. NFC in this layer has 

an angle that supports longitudinal tensile strength and shrinkage. The other two layers S1 and 

S3 (see figure 1) are important for transverse elasticity [3]. NFC is organised in more or less 

ordered domains of amorphous and crystalline cellulose, where crystallites lie in an amorphous 

matrix. Crystalline cellulose, which represents the ordered domains, gives NFC high elasticity 

along the main axis and is the reason why NFC has a high potential as reinforcement in 

composite materials. The crystalline cellulose has a Young’s modulus of 138 GPa [1]. However, 

the tough defibrillation process when producing NFC will change its structure and partially 

damage the crystallites which will lead to an overall reduction in elasticity for the entire NFC [4]. 

The crystallites are in the magnitude of ~4 nm in diameter, whilst NFC should be larger or equal 

to 20 nm but less than 100 nm in diameter. Although it is called nano, the length of NFC is in 

micro scale. 

Like NFC, MC comes from high quality wood pulp and consists of crystalline cellulose. MC has an 
aspect ratio ~1 while NFC’s aspect ratio is ~1000 [5], see section 1.1.5. MC is prepared from 
native cellulose by controlled acid hydrolysis followed by back-neutralisation with alkali prior to 
recovery by spray-drying [6]. Native cellulose is a very strong and stiff natural fibre [7]. 
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Figure 2. Illustration of Young’s modulus through the different stages of wood. From a plank all 

the way down to the crystalline cellulose. The illustration was kindly provided by E. Kristofer 
Gamstedt at Uppsala University. 

 
 

1.1.2 Polylactic acid (PLA) 

PLA is a biodegradable plastic made from renewable resources. It decomposes in nature within a 
period of six months up to two years, which should be compared to ordinary plastics, which 
have a decomposing time of 500 up to 1000 years. Young’s modulus for PLA is usually 1-4 GPa 
[8]. 

1.1.3 Heat treatment (ageing)  

According to S. Yildiz et al. the crystallinity of cellulose in wood samples increases with thermal 

modification [9]. The amount of ordered cellulose represents the crystallinity of wood. Hence, 

wood fibres exposed to heat decrease their entropy and as a consequence the amount of 

crystalline cellulose increases.  The degree of crystallinity in cellulose increases further due to 

deterioration of hemicelluloses and of less ordered cellulose. 

During annealing i.e. heat treatment of PLA, the crystallinity increased as a function of time 

according to H. Cai et al. as seen in figure 3 [10].    

E = 10 GPa 

E = 20 GPa 

E = ? NFC/ MC 

E = 138 GPa 
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Figure 3. Heat of fusion of PLA (i.e. crystallinity) as a function of annealing time at 105°C, adapted 

from H. Cai et al. [10]. 

1.1.4 Young’s modulus 

Young’s modulus of a material is a mechanical property that indicates how stiff the material is. 

This material constant is useful when it comes to comparing different materials and their 

elasticity, since it is specific for every material. Hooke’s law in one dimension is: 

σ=Eε             (1) 

where σ is the stress in one direction, ε is the strain in the same direction, and E is the Young 

modulus or the modulus of elasticity. 

1.1.5 Aspect ratio 

The aspect ratio of a fibre is the quotient of the length and thickness of the fibre. The aspect ratio 

primarily affects the longitudinal Young modulus of the composite [11, 12]. At low aspect ratios, 

the Young modulus for a composite gets rapidly higher as the aspect ratio increases. This 

correlation between longitudinal Young’s modulus and aspect ratio was studied by C-H. Hsueh 

[13] and is illustrated in figure 4.  Here a SiC/Al composite of 10% volume fraction is modelled 

with three different micromechanical methods.  The most relevant micromechanical method in 

this study is Halpin-Tsai. In figure 4 it can be seen that aspect ratios up to ~20 has a great affect 

on the longitudinal Young modulus. For aspect ratios higher than that, the graph is leveling off 

and approaches the asymptotic value predicted by the rule of mixtures,  

                      (2) 

where Em is the Young modulus for the matrix, Ef  is the Young modulus for the fibril, and Vm and 

Vf are the volume fractions for the matrix and fibril respectively. Hence, if the aspect ratio is 
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sufficiently high, the fibres can be approximated to be infinitely long since this does not change 

Young’s modulus significantly.  

 
Figure 4. The longitudinal Young modulus as a function of the aspect ratio, 

 taken from C-H. Hsueh [13]. 
 
According to Y. Li et al. [14] cylindrical particles with aspect ratio ~1 are more effective as 
reinforcements than spherical particles. This holds particularly true for composites with high 
fibre volume fraction. Furthermore, the strengthening induced by cylindrical particles has a 
stronger dependence on volume fraction than that induced by spherical particles. High aspect 
ratio particles are more effective as reinforcements than unit aspect ratio particles (whether 
spheroidal or cylindrical) at all strain rates that were investigated by Y. Li et al. [14]. 

1.2 Purpose 
This project had two purposes. One purpose was to use mathematical formulas to derive Young’s 

modulus for NFC and MC from macroscopic properties of films/composites made of these fibrils. 

The other purpose was to experimentally find out how the Young modulus of a composite 

consisting of MC and PLA depends on the volume fraction of MC.  

2. Modelling 
In this project, three different kinds of specimen types were analysed; pure NFC films, 

composites of NFC and plastic, and composites of MC and PLA. Back-calculations were made for 

each of these specimen types in order to estimate the elasticity of the fibrils. The macroscopic 

properties of the films/composites served here as input data.  

For the first specimen type, pure NFC films, different mechanical models based on the Cox model 

and the Tsai Laminate model were used. The second specimen type, composites of NFC/MC and 

plastic, was analysed with a two-step mechanical model, Tsai Laminate model followed by a 

micromechanical model of Hashin.  The third specimen type has fibrils that are MC particles. 

These have an aspect ratio of 1 and were considered to be spheres instead of long beams (in 
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opposite to NFC). Therefore this composite was analysed with a model based on the Halpin-Tsai 

equation. 

To make the models more accurate, relationships were used between the longitudinal Young 

modulus for the composite, EfL, and the transversal Young modulus for the composite, EfT, and 

between the longitudinal Young modulus for the composite, EfL, and the longitudinal shear 

modulus for the composite, GfL, for unidirectional ply. The values for the relationships, the 

scaling factors in equation (3) and (4), are taken from earlier studies compiled by Neagu et al. 

[15], see table 1. For the composites, the scaling factors were modified with the rule of mixture, 

see equation (2) and Appendix B. For this project, the values α = 0.1 and β = 0.07 was assessed to 

be the most relevant parameters.  

  
   

   
            (3) 

  
   

   
            (4) 

Table 1. The scaling factors  with corresponding for a fibril, taken from an earlier study by 

Neagu et al. [15]. Bold text indicates the most relevant value in our calculations.  

α β 

   1/4   11/100 

   1/13  1/50 

1/8.7 9/100 

   1/8   7/100 

   1/10  7/100 

   1/2   7/100 

1/7.6   1/20 

   1/9      3/50  
 

The rule of mixture can be used when dealing with composites. It states that a physical quantity 

(in our back-calculations Poisson’s ratio) of a unidirectional fibril composite is proportional to 

the volume fractions (Vm and Vf) of the materials in the composite, 

             .          (5) 

Here the m index stands for matrix and the f index for fibril. 

 

2.1 Cox Model  
The Cox model, given in equation (6) gives a relation between the Young modulus for a fibre 

network sheet, E, the Young modulus for a fibre alone, Ef, the density of the fibre network sheet, 

s, and the density of a fibre, f. In real cellulose fibre networks, the Young modulus predicted by 

Cox's model cannot be reached, but it can be viewed as an upper limit [16]. This is due to the fact 

that the fibres are assumed to only carry axial load and have no interaction with each other.  

  
 

 

  

  
             (6) 
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There have been a lot of modifications of the Cox model since 1952; some of them are discussed 

in this section. 

2.1.1 Van den Akker 

One of the modifications is the van den Akker model, given in equation (7), where it is assumed 

that the unbonded parts in the sheet can sustain bending and shear [16]. The moment of inertia, 

If , is also a parameter in the van den Akker model. The other parameters in the van den Akker 

model, aside from those presented in the Cox model are Gf, the shear modulus of the fibre, Af, the 

cross-sectional area of the fibre and b, the unbonded fibre segment length.  

 

  
 

 
(  

     

     
              

)
  

  
          (7) 

2.1.2 Kallmes et al. 1963 

Kallmes, Stockel, and Bernier’s model, given in equation (8) is a further development of van den 

Akker. They introduced c, curl index, as a parameter and changed the constant numbers [16] 

 

  
 

 
(  

      

      
              

)
  

   
         (8) 

2.1.3 Perkins and Mark 

The model from Perkins and Mark, given in equation (9), includes a contribution of the slackness 

in an unstrained network, a0, the thickness of the fibre tf and a function of three parameters; the 

fibre geometry, the elastic properties and a0.  

 

  
    

    

 

      
   
  

  

  

  
           (9) 

2.1.4 Kallmes et al. 1977 

The difference between Cox and Kallmes, Bernier, and Perez’ model is that the latter, given in 

equation (10), includes the impact of inactive fibres and states that only active fibres carry load 

[16]. fi stands for the initial fraction of inactive fibres.  

  
 

 
      

  

  
            (10) 

2.1.5 Page and Seth 

Page and Seth’s model, given in equation (11), for the Young modulus for paper states the 

dependency of RBA, relative bonded area, w, fibre width, g, fibre segment length and Gf, shear 

modulus of the fibre. For networks of long, straight, wellbonded fibres the modulus is the same 

as derived by Cox [16]. 
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          (11) 

2.2 Tsai Laminate Theory 
The Tsai Laminate Theory models composites reinforced by nonaligned beams. In our case are 

the fibrils considered to be transversely isotropic and cylindrical (see figure 5a). The composite 

is assumed to be made of an infinite number of layers.  Each layer is considered to be 
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unidirectional and accounts for one fibre orientation as seen in figure 5b. The layer thickness 

corresponds to the probability of the layers’ specific orientation. 

 

(a) 

 

(b) 

Figure 5. “Schematic illustration of (a) the coordinate system and (b) principle of laminate theory”, 

adapted from R.C. Neagu et al. [2]. 

For this project it was assumed that each fibre orientation had the same probability i.e. each 

layer had the same thickness. When summarising these layers, the model will provide an 

estimation of the overall in-plane Young modulus for the composite [2, 15, 17]. 

 

The laminate model presented in the following section is applied for two-dimensional classical 

laminate theory [17]. The generalised Hooke’s law is given as a matrix equation system for a 

unidirectional ply, 
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{

σ 
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σ  
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ε 
ε 
ε  

}         (12) 

 

where Q is a stiffness matrix that gives the relation between stresses [σ  σ 
 σ  ]T and strains 

[         ]T in a composite ply. The indexes L and T represent longitudinal and transversal 

direction respectively. Here the only non-vanishing elements of the Q-matrix are 

    
    

(            )
   

    
         

(            )
  

                  (13) 

    
    

(            )
  

          

where Ec is Young’s modulus for the unidirectional ply,  c, is Poisson’s ratio, Gc is the shear 

modulus and c index denotes the composite material. The index LT on Poisson’s ratio means that 

the strain is in the longitudinal direction, and vice versa for the index TL. The in-plane isotropic 

Young modulus of the laminate, E0, is given as a function of the invariants of the stiffness matrix, 

   
  

    
 

  
           (14) 

where the invariants of the stiffness matrix are 
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and 

 

   
 

 
    

 

 
    

 

 
    

 

 
   .       (16) 

2.3 Hashin Theory 
Wood fibre composites have a structure that is difficult to model with precision. In the Hashin 

model it is assumed that the fibres in the composites can be considered as cylinders in a 

surrounding matrix, and that the fibrils are transversely isotropic and homogeneous. A 

composite cylinder assemblage (CCA) model is used here, which is based on the assumption that 

the material can be divided into unidirectional layers (as in Tsai Laminate theory). The model 

suggests that one layer is constructed by composite cylinders which are made of a long inner 

circular fibril surrounded by an outer concentric matrix shell. The fibril volume fraction is 

related to the constant ratio of the diameter of the fibril and the matrix shell. In figure 6 a cross-

section of the CCA model is shown. The cylinders have different radius, but the volume fraction 

remains the same. The space between the cylinders is filled with smaller cylinders until all gaps 

are erased [2]. 
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Figure 6. A cross-section of the composite cylinder assemblage (CCA) model. This model suggests 

that the composite layer consists of cylinders made of long inner circular fibres surrounded by an 

outer concentric matrix shell. The illustration is taken from Hashin [18]. 

 

 

Based on these assumptions, Hashin's micromechanical model gives an equation for Young's 

modulus in a unidirectional ply [2], 

              
 (       )

  
    

    ⁄      ⁄     ⁄
        (17) 

where    is the Young modulus in the longitudinal direction in the unidirectional ply,      is the 

Young modulus in the longitudinal direction in the fibril,    is the volume fraction for the fibril, 

    is the Young modulus for the matrix,    is the volume fraction for the matrix,       is the 

Poisson ratio for the fibril when the strain is in the longitudinal direction,    is the Poisson ratio 

for the matrix and    is the shear modulus for the matrix. The transverse bulk modulus for the 

fibril,  , and, the transverse bulk modulus for the matrix   , are given by: 

   
      

    (      )      
     

,         (18) 

   
  

          
  

 ,          (19) 

where      is the Young modulus in the transverse direction for the fibril,      is the Poisson 

ratio for the fibril when the strain is in the transverse direction and the other parameters as 

stated above. 
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2.4 Halpin-Tsai Theory 
The Halpin-Tsai equations are often used when analysing short-fibre composites. The equations 

were developed for continuous-fibre composites and derived from the work of Herman and Hill 

[19]. By transforming the results of Herman and Hills’ work with approximations, Halpin and 

Tsai were able to produce simplified equations. It was done by neglecting certain terms in the 

original equations and introducing a constant value for the shape factor ξ. Halpin and Tsai 

suggested that ξ was correlated with the geometry of the reinforcement (the fibre), that it should 

vary from 0 to ∞ and that it can be predicted by the relation ξ=2(l /d), where (l /d) is the fibres 

aspect ratio. Herman and Hill derived equations for transversely isotropic fibres while the 

Halpin-Tsai equations are applicable for isotropic fibres. 

The Halpin-Tsai equations, which are used in this project, produce Young’s modulus for the 

short-fibre composite [20],  

     
  ξ   

     
           (20) 

where ξ is the shape factor, Vf is the volume fraction for the fibre, and   is a function of ξ and 

Young’s modulus for the matrix Em and fibre Ef, 

 

  

  
  

  

  
  

 ξ
           (21) 

As a consequence, the shape factor i.e. the geometry of the fibre will influence Young’s modulus. 

3. Materials and Methods 

3.1 NFC films 

3.1.1 Theoretical 

The NFC films was theoretically analysed by two different models, one based on the Tsai 

Laminate model (see section 2.2) and the other by the Cox model and a modified version of Cox 

model, Kallmes et al. (1977), (see section 2.1). The Young modulus for the fibril in longitudinal 

direction was solved for by making back-calculations. These mathematical models were then 

simulated in MATLAB (see appendix A and B). 

3.1.2 Experimental 

3.1.2.1 The NFC films manufacturing 

The NFC mats examined in this study was produced of pulp fibres from hardwood Eucalyptus 

(F05) and softwood P.radiata (F06). Some of the pulp fibres from P.radiata were chemically pre-

treated applying TEMPO mediated oxidation (F08)[21]. The NFC was collected after five passed 

through a homogenizer. Applied pressure drop was 100 MPa. 

The films were prepared with a method similar to hand sheet fabrication. The NFC water 

suspension was dewatered with a plastic cylinder placed on a filter paper on the top of a metal 

wire functioning as a sieve. A 1 kg weight was placed on the top of the cylinder. The film sheets 

were circular and had a diameter of 60 mm. The films had a basis weight of 20 g/m². Five films 
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per series were made. The films and the dewatering device were dried after the dewatering in an 

oven at 100°C for 1 hour to completely remove absorbed water. 

A picture of how the films can look is in figure 7. 

 

Figure 7. Picture of a NFC film taken with a scanning electron microscope (SEM). Image kindly 

provided by Gabriella Josefsson, Uppsala University. 

3.1.2.2 Properties 

NFC films of 20 g/m2, similar to the ones mentioned above, have been examined with a scanning 

electron microscope (SEM) to determine the thickness [22], and those results were used in this 

study, see table 2. 

 
Table 2. Thicknesses of the pure NFC films estimated with SEM as reported by Chinga-Carrasco et 

al [22]. The NFC was collected after 5 passes through the homogenizer and had a final basis weight 

of 20 g/m2.  

Code Fibril Type Pre-treatment SEM-thickness (µm) 

F05 Eucalyptus (none) 20.65±1.17 

F06 P. radiate (none) 18.20±1.18 

F08 P. radiate TEMPO mediated oxidation 14.97±0.45 
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3.1.2.3 Tensile testing 

The tensile test of the films was done after the films had been in a climate room for 24 hours. 

The temperature in the climate room was 23°C and the humidity was 50 %. The specimens were 

cut into rectangular shapes with a 10 mm width and 35-60 mm length. The tensile tester was a 

Zwick material tester, model 2005. 

3.2 NFC composites 
Theoretical analysis with composite specimens of NFC and matrices of PLA or other polymers 

was made with back-calculations simulated in MATLAB (see Appendix B and C). Here the model 

was based on Tsai Laminate theory put together with the micromechanical model of Hashin, see 

section 2.2 and 2.3. Two previous studies were analysed in this report. The values for the scaling 

factors α and β are taken from a study by R.C. Neagu et al. [15] and modified with the rule of 

mixtures (see section 2). 

3.2.1 NFC surrounded by a MF matrix 

In an earlier study by M. Henriksson et al. [23] the purpose was to produce films of high 
elasticity and low density. In their study they produced nano composite films from NFC and 
melamine formaldehyde (MF). NFC was obtained from softwood pulp. The relative humidity was 
kept at 50%, and the temperature at 23°C during the tensile tests. For the calculations with the 
Tsai Laminate model in our study, it is assumed that Poisson’s ratio for the MF matrix is 0.34 [24 
]and 0.3 for NFC in the longitudinal direction, and that MF has a Young’s modulus of 9 GPa [24]. 

3.2.2 NFC surrounded by a polyvinyl alcohol (PVA) matrix 

In the research done by J. Lu et al. [25] they investigated the mechanical properties of composite 

films made of NFC and polyvinyl alcohol (PVA). The films were stored in a humidity chamber at 

90% relative humidity before the tensile tests. According to J. Lu et al. [25] there was a steady 

increase in Young’s modulus of the composite films until a plateau was reached at 10 % NFC 

content. Analysing these values, volume fractions up to 10% is considered. The Poisson’s ratio 

for NFC in the longitudinal direction was set to 0.3, and the Poisson’s ratio for PVA was set to be 

0.45 [26]. 

3.3 MC composites 

3.3.1 Theoretical 

For the composites of MC and PLA the equations used in MATLAB (see Appendix D) were based 

on the Halpin-Tsai equations (section 2.4). Although an analytic model of Hashin could be used 

and would be more accurate, the Halpin-Tsai model will suffice for this projects purpose. 

Because of its simplicity, it is less time-consuming to solve for Young’s modulus of the fibril 

when using the Halpin-Tsai equations. 

3.3.2 Experimental 

3.3.2.1 The MC composite manufacturing 

The MC composites were provided by Innventia, Sweden. Three different volume fractions of MC 

composites (where PLA was the matrix) were manufactured; 1 %, 5 % and 10 % MC. Some of the 

material was aged (2 h in 110°C) for each volume fraction. Pure PLA samples were also made 

(aged 2 h in 110°C). Hence, seven different types of specimens were tested. The specimens were 

cut out from the manufactured composites with a water jet cutter and formed as dog bones, see 

figure 8, and figure 9 with its dimensions. The specimens were stored in 23°C and with 64% 

humidity 24 h before the tensile tests. 
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Figure 8. A specimen shaped as a dog-bone. It was cut out with a water jet cutter.  

 

 

Figure 9. A drawing of the specimen with dimensions, created with Computer Aided Design (CAD). 

 

3.3.2.2 Tensile testing  

To measure Young’s modulus for the whole composite a tensile test was conducted with a 

Shimadzu AutoGraph AGS-X Series. The program used to control the tensile machine was 

Trapezium Lite X. The stroke rate during all tests was 1 mm/min. The result was presented in a 

graph with the force in Newton on the y-axis and the extension in mm on the x-axis. The Young 

modulus was computed from the initial slope of the graph, see figure 13 in section 4.3. Two 

tensile tests were made for each MC composite and three tests were made for the PLA. 

3.3.2.3 Determination of the density 

Thickness and weight were measured for the specimens, and an average bulk density was 

calculated for each type. All specimens had the same top/bottom area. The true density was also 

experimentally determined with a He-pycnometer AccuPyc 1340 made by Micromeritics. Here, 

the already broken specimens from the tensile test were used. The obtained value for the 

density is assumed to be the same for MC composites of the same type. If the bulk density differs 
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from the true density measured in the He-pycnometer the specimens are porous which affect the 

elasticity. 

4. Results 

4.1 NFC films  
The resulting Young modulus for the films of F05 was 8.46 GPa, the films of F06 had a Young’s 

modulus of 9.50 GPa, and the films of F08 had a Young modulus of 12.38 GPa. 

 

For the NFC films, the Cox model, the Kallmes et al. (1977) model, and laminate theory based on 

Tsai are tested in this study. The rewritten relationships for those, and the other models 

presented in section 2.1, can be found in Appendix A.  

The values for NFC estimated by the Tsai Laminate model can be seen in table 3. In the model, 
different values for two scaling factors  and  were used, see R.C. Neagu et al. [15], Appendix B 
and table 1.  For the Cox model, the results can be seen in table 4 . 
 
 
Table 3. Tsai Laminate model. Values for Young’s modulus for the NFC fibril depending on scaling 
factors α and β , see section 2 and Appendix B. Bold text indicates the most relevant value in our 
calculations. 

Specimen Young's modulus for the NFC fibrils (GPa) 

β 11/100 1/50 9/100 7/100 7/100 7/100 1/20 3/50  

α    1/4   1/13  1/8.7 1/8 1/10  1/2 1/7.6   1/9   

F05 27.4 46.3 32.9 34.9 35.9 25.1 37.5 36.8 

F06 28.5 48.1 34.1 36.2 37.2 26.1 38.9 38.2 

F08 29.2 49.2 34.9 37.1 38.1 26.7 39.7 39.1 
 

 

Table 4. Results from Cox model from the MATLAB simulations, see Appendix A. 

Specimen Young's modulus for the 
film (mean value) 

Young's modulus 
for the fibril 

F05 8.46 GPa 35.99 GPa 
F06 9.50 GPa  37.60 GPa 
F08 12.38 GPa 35.81 GPa 
 

 

The Young modulus for NFC fibril according to Kallmes et al. (1977) model are presented in 

figure 10, figure 11 and figure 12 as a function of the amount of inactive fibrils in the film. An 

inactive fibril in a network cannot carry load [16] and can therefore not contribute to the 

elasticity of the film.
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Figure 10. The Young modulus for Eucalyptus fibrils (F05) as a function of the amount of inactive 

fibrils in the NFC sheet, from the Kallmes et al. (1977) model. 

 

Figure 11.  The Young modulus for P. radiata fibrils (F06) as a function of the amount of inactive 

fibrils in the NFC sheet, from the Kallmes et al. (1977) model. 
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Figure 12. The Young modulus for P. radiata (F08) fibrils as a function of the amount of inactive 

fibrils in the NFC sheet, from the Kallmes et al. (1977) model. 

 

4.2 NFC composites 

4.2.1 NFC surrounded by a MF matrix 

The results from tensile tests in a study by M. Henriksson et al. [23] can be seen in table 5, 

together with the results for Young’s modulus for the fibrils, calculated with the Tsai Laminate 

model and Hashin model.  

Table 5. The Young modulus for composites made of NFC and MF, together with the Young 

modulus for NFC estimated with the Tsai Laminate model and Hashin model. Bold text indicates the 

most relevant value in our calculations. 

Content 
of MF 
(%) 

Content 
of NFC 

(%) 

Average Young’s 
modulus  for the 
composite (GPa) 

Young’s modulus for 
the fibril with 

Laminate and Hashin 
model (GPa) 

Young’s modulus for 
the fibril with 

Laminate and Hashin 
model (GPa), α=0.1, 

β=0.07 
5 95 16.1 31.8-55.4 44.5 
9 91 16.6 32.5-53.2 44.1 

13 87 15.7 27.6-42.4 36.2 
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4.2.2 NFC surrounded by a polyvinyl alcohol (PVA) matrix 

In table 6 the results from tensile tests in a study by J. Lu et al. [25] together with calculated 

Young’s modulus for NFC with Tsai Laminate model and Hashin model can be seen. 

Table 6. The Young modulus for composites made of NFC and PVA, together with the Young 

modulus for NFC estimated with the Tsai Laminate model and Hashin model. Bold text indicates the 

most relevant value in our calculations. 

NFC content 
% 

Young’s modulus for 
the composite (GPa) 

Young’s modulus for NFC 
with Laminate and Hashin 

model (GPa) 

Young’s modulus for NFC 
with Laminate and Hashin 
model (GPa), α=0.1, β=0.07 

0 3,8 - - 

1 4,0 25.8-26.8 26.6 

5 4,8 26.3-27.6 27.2 

10 5,3 21.7-23.1 22.7 

 

4.3 MC composites 
Figure 13 illustrates the force as a function of the stroke for one of the specimens, the curved 

blue line. The straight red line is the initial slope, from which Young's modulus is calculated. The 

same procedure was used for all the tensile tests to determine Young's modulus. 

 

Figure 13. The curved blue line represents the force as a function of the extension for a tensile test 

with pure PLA (V0_1). The straight red line is the initial slope, and from this, Young’s modulus is 

calculated. 
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In table 7 all the tested specimens are listed together with the results from the tensile tests. In 

table 8 the results from the calculation and the experimental determination of the density of the 

MC composite specimens can be seen. The width (at the middle of the specimens) was 4 mm, the 

gauge length was 16 mm, and their top/bottom area was 196,148 mm2 for all of the specimen 

types, see figure 9. 
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Table 7. All the tested specimens with the results from the tensile tests, their dimensions and the 

calculated mean Young modulus for MC with Halpin-Tsai model. 

Specimen 
Percentage 

MC Aged 
Slope 

(N/mm) 
Thickness 

(mm) 

Young's 
modulus for 
composite 

(GPa) 

Mean Young's 
modulus for 

composite  (GPa) 

Young's modulus 
for MC with 

Halpin-Tsai model 
(GPa)  

V0_1 0 Aged 801,884 1,440 2,23 

2,30 - 
V0_2 0 Aged 783,540 1,350 2,32 

V0_3 0 Aged 791,532 1,345 2,35 

                

V1_1.2 1 - 908,383 1,900 1,91 
1,69 -3,96 

V1_2 1 - 725,444 1,970 1,47 

                

V2_1 1 Aged 1010,760 1,920 2,11 
2,14 -2,55 

V2_2 1 Aged 1041,010 1,915 2,17 

                

V3_1 5 - 983,846 1,975 1,99 
2,13 -0,02 

V3_2 5 - 1126,860 1,990 2,27 

                

V4_1 5 Aged 1021,110 1,950 2,09 
1,79 -1,94 

V4_2 5 Aged 732,036 1,970 1,49 

                

V5_1 10 - 941,962 1,870 2,01 
2,01 0,20 

V5_2 10 - 933,990 1,865 2,00 

                

V6_1 10 Aged 1178,730 1,910 2,47 
2,40 3,45 

V6_2 10 Aged 1139,890 1,950 2,34 
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Table 8. The different MC composites listed with the calculated mean densities, the measured 

densities (with a He-pycnometer) and the difference in densities. 

  
Percentage 

MC   Aged          

Mean 
density* 
(g/cm3) 

Measured 
density** 
(g/cm3) 

Difference 
in density 

(%) 

V0 0 Aged 1,268 1,268 0,0 

            

V1 1 - 1,255 1,264 0,7 

            

V2 1 Aged 1,257 1,260 0,5 

            

V3 5 - 1,265 1,267 2,5 

            

V4 5 Aged 1,252 1,272 1,5 

            

V5 10 - 1,261 1,283 1,8 

            

V6 10 Aged 1,272 1,287 1,0 

*Mean calculated bulk density. 

**True density measured with a He-pycnometer.  

 

The modified Halpin-Tsai equation was used on values from an earlier study by K. Oksman et al. 

[7]. In that study, the volume fraction of MC was considerably higher than in this study. For 

volume fractions between 42-69 % the resulting Young modulus for the MC fibrils lies in the 

range of 3.1-6.9 GPa, as seen in table 9. 

 

Table 9. Results when using Halpin-Tsai equation on K. Oksman et al. [7]. The MC-fibril density was 

assumed to be 0.19 g/cm³ in these calculations (K. Oksman et al. reported 0.13-0.25 g/cm³ as the 

density for MC in their studies) and the aspect ratio was assumed to be 1. 

Volume 
fraction of MC 

Young's modulus for 
the composite (GPa) 

Young's modulus for the 
MC (GPa) 

42% 4.1±0.7 3.1-6.9 

54% 4.4±0.2 4.7-5.6 

62% 4.7±0.3 4.9-6.0 

69% 5.0±0.2 5.4-6.1 
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5. Discussion 

5.1 NFC films 
Cox model gives a lower limit for the Young modulus for NFC, but as seen in table 3 and table 4 

certain values derived from Tsai Laminate model are lower than the values from Cox model. 

However, as mentioned in section 2, it was predicted that the highlighted values in table 3 would 

be the most relevant values derived from Tsai Laminate model. These values (35.9, 37.2 and 

38.1 GPa) correlates with those derived from Cox model (36.0, 37.6 and 35.8 GPa). This indicates 

that the models are quite accurate in their prediction of Young’s modulus, since they give similar 

results.  The values from column 1 and 6 in the Tsai Laminate model (table 3) should be 

disregarded since they are considerably lower than the values from Cox model and hence goes 

against the theory.  

The NFC films were also analysed with the modified version of Cox model by Kallmes et al. 

(1977). In the three graphs (figure 10-12), Young’s modulus is modelled as a function of inactive 

fibril fractions. The Young moduli for the fibrils derived from Kallmes et al. (1977) exceed values 

from Cox as soon as inactive fibrils are taken into consideration. As seen in figure 10-12, for 0 % 

inactive fibrils the Young modulus is the same as derived by Cox model. The less active fibrils in 

the sheet, the stiffer the fibrils need to be to give the same Young modulus for the sheet as if all 

fibrils were active.  

The other modifications of Cox model mentioned in section 2.1 include parameters that are hard 

to derive. Because of this, they are disregarded in this project but could perhaps be of interest 

for future projects. 

5.2 NFC composites 
The calculations with Tsai Laminate model and Hashin model on NFC and MF composites 

presented in table 5 (section 4.2.1) gave a value of ~27-55 GPa for Young’s modulus of NFC. The 

same calculations were repeated for the composite with NFC and PVA in table 6 (section 4.2.2) 

and gave a value of ~21-27 GPa for Young’s modulus of NFC. 

An explanation for the lower values of the NFC-PVA composite is that these composite films 

were stored in high humidity before the tensile tests (90% relative humidity), which would 

reduce Young’s modulus.  

The obtained values of Young’s modulus for NFC from the NFC and MC composite (~27-55 GPa) 

could be compared with the results from the calculation with Tsai Laminate model on the NFC 

films, table 3 (section 4.1), which gave values for Young’s modulus in the range of  ~25-49 GPa. 

These coinciding intervals indicate that the true value for Young’s modulus of NFC should lie 

within these intervals.  

5.3 MC composites 
From the results in table 7 it can be seen that pure PLA and aged composite with 10% MC gave 

the highest values for the Young modulus from the tensile tests. For the non-aged specimens 

with 1% MC Young’s modulus for the composite was considerably lower than for other 

composites. This result might be explained by unintentional addition of particles and other 

pollutants when the MC and PLA were mixed together. A consequence could be that for samples 

with low MC volume fraction, the pollutant has a higher impact on the composite than the MC 
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filler, i.e. the cons (weakening of samples by pollutants) are higher than the pros (increase of 

elasticity by MC filler). For the composites with higher volume fraction of MC, the reinforcing 

properties of MC become considerable, and the elasticity increases. Another explanation for the 

low Young modulus for composites with low volume fraction of MC is that they could contain air 

bubbles.  

 

The aged specimens showed a higher value for the Young modulus. This seems logical since both 

aged PLA and MC has higher fractions of crystallinity than unaged specimens, see section 1.1.3. 

 

A problem during the tensile tests was to attach the specimens to the tensile machine. The 

clamps were rough, and in order to provide the specimens from gliding, the clamps had to be 

tight. This led to cracks in the edges of the specimen causing the specimen to break at the clamps 

rather than in the middle which is the preferred breaking point for tensile tests. Nevertheless, 

our purpose for the tensile tests was to find the Young modulus and therefore the breaking 

points do not matter. However, if the cracks occurred before the test was executed, it could 

reduce Young’s modulus, causing a resulting error throughout the whole analyse of the 

specimens.  

 

The density testing chamber showed that there was a slight difference between the theoretical 

density value and the real value due to pores in the specimens. Air holes (i.e. closed cavities 

inside the specimen) cannot be detected by the density testing chamber. This could mean that 

the measured density does not necessarily have to be the true density if the specimens contain 

air holes. For the pure PLA sample, there was nearly no difference between the theoretical 

density value and the real value. One could draw the conclusion that pores and contamination of 

specimens occurs when mixing fibrils into PLA, since pure PLA did not show any signs of pores 

or pollutions, while the MC composites did show a small difference in density. However, there 

seems to be no trend concerning the amount of MC particles mixed into the PLA and the 

deviation of density between theoretical and real values. 

 

The theoretical results from the Halpin-Tsai model, as seen in table 7 gave no clear trends. As 

can be seen in table 7 the MC composites which do not have a value that exceed Young’s module 

for PLA, gave negative values from the Halpin-Tsai model. These specimens have probably been 

contaminated during mixture of PLA and MC which leads to weakening of the material, as 

discussed earlier in this section. Hence the Young modulus for the MC cannot be the true value 

for MC. However, the aged 10% MC composite had a higher Young modulus than pure PLA. The 

Halpin-Tsai equations produced a value of 3.45 GPa for the MC of this specimen, the only 

reasonable value which could be extracted from the tests.  

When using the modified Halpin-Tsai equation (see Appendix D/section 2.4) on earlier research 

values by A. P. Mathew et al. [7], the Young modulus for the MC-fribrils lie in the range of 3.1-6.9 

GPa. The MC volume fractions in their research lie between 42-69 %, which is considerably 

higher than our range of 1-10 % . The only value from our research that correlates with the 

range of 3.1-6.9 GPa is 3.45 GPa from 10% MC volume fraction. One explanation could be that 

our model based on the Halpin-Tsai equations is quite sensitive to contamination and air holes. 

Hence higher volume fractions (10% or higher) might be favourable.  
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6. Conclusions 
The gain in elasticity, when using NFC as filler, is higher than when using MC.  MC could still 

work as filler, but the benefits of adding MC might be too small to justify the costs of material 

production.  The value of Young’s modulus for NFC, derived in this project, does not vary 

considerably for different volume fractions. Nevertheless, to derive a more precise value for 

Young’s modulus of NFC it would be beneficial to make further studies between different volume 

fractions. A future project could be to investigate both specimens that differ a lot in volume 

fraction and specimens that almost have the same volume fraction, in order to deduce some kind 

of trend (if it exists). Furthermore, when manufacturing the specimens, it might be better to use 

higher volume fractions of MC/NFC as to minimise the level of contamination.  

There are many approximations in the modified models that were used in this project. One could 

argue the degree of accuracy of Young’s modulus for MC/ NFC. However, with the equipment 

available today there is no other way of measuring the Young modulus of a single NFC or MC 

than to make back-calculations. This indicates that further studies of NFC’s properties need to be 

done in order to establish a more accurate value for the elasticity of NFC.  

In further projects, it would be convenient to use scanning electron microscopy (SEM) for 

analyse of the amount of inactive fibrils for the Kallmes et al. (1977) model. SEM can also be 

used for determination of parameters in the other modified versions of Cox model, presented in 

section 2.1, for example the relative bonded area (RBA), fibril width (w) and fibril segment 

length (g) in Page and Seth (equation 11). 

 

In this project we studied one model for the MC fibrils, which could be a start for further studies. 

The model needs to be modified and other models needs to be investigated.  
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Appendix A 

Cox model and modifications – fibre network 
%Network modelling for the evaluation of mechanical properties of cellulose 
%fibre fluff, S.Heyden, ISBN 91-7874-076-2, 2000. 

  
%ps = density for the sheet  
%pf = density for the fibril 
%Ef = Young modulus for the fibril  
%E  = Young modulus for the sheet 
%Af = Cross-sectional area of fibril  
%Gf = 1/10*Ef Shear modulus of the fibril  
%If = Moment of inertia of the fibril  
c   = 0.84; %c=curl index. The value is taken from page 168 in Network 

modelling for the evaluation of mechanical properties of cellulose fibre 

fluff 
%c is the distance between the end-points of a fibril divided by the fibril 

length 
%beta = 2 Dimensionless parameter which is a function of fibril geometry 

and elastic properties a0 (Perkins and Mark) * 
%a0 = Measure of slackness in unstrained network (Perkins and Mark) * 
%b  = Unbounded fibril segment length(Van den Akker, Kallmes 1963)  
%tf = Fibril thickness (Perkins and Mark)  
%fi = Initial fraction of inactive fibrils (Kallmes 1977)  
%w  = tf Fibril width (Page and Seth)  
%g  = Fibril segment length (Page and Seth) 
%RBA= Relative bounded area (Page and Seth) (derived from scattering) * 

  
E = input('Give the Young Modulus for the sheet: '); 

  
%Cox 

  
Ef_Cox = 3*E*pf/ps; 

  
%Van der Akker 

  
%Ef*a*(1+m/(h+d*Ef+f))-E=0 
a = ps/(3*pf); 
m = 4*If*Gf; 
h = Af*Gf*b^2; 
d = 12*If; 
f = 2*Gf*If; 

  
Ef_Akker = [(sqrt((-a*m-a*h-a*f+d*E)^2+4*a*d*(h*E+f*E))-a*m-a*h-

a*f+d*E)/(2*a*d);(-1*sqrt((-a*m-a*h-a*f+d*E)^2+4*a*d*(h*E+f*E))-a*m-a*h-

a*f+d*E)/(2*a*d)]; 

  
%Kallmes et al. 1963 

  
%Ef*a*(1+m/(h+d*Ef+f))-E=0 
a = ps/(3*pf*c); 
m = 16*If*Gf; 
h = 3*Af*Gf*b^2; 
d = 36*If; 
f = 8*Gf*If; 
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Ef_Kallmes63 = [(sqrt((-a*m-a*h-a*f+d*E)^2+4*a*d*(h*E+f*E))-a*m-a*h-

a*f+d*E)/(2*a*d);(-1*sqrt((-a*m-a*h-a*f+d*E)^2+4*a*d*(h*E+f*E))-a*m-a*h-

a*f+d*E)/(2*a*d)]; 

  
%Perkins and Mark 

  
Ef_Perkins = (E*pf*(3+2*beta))*(1+1.5*((2*a0/tf)^2))/(ps*(1+2*beta)); 

  
%Kallmes et al. 1977 

  
Ef_Kallmes77 = 3*E*(pf/ps)/(1-fi); 

  
%Page and Seth 

  
%a*Ef*(1-m*(Ef*h)^(1/2))-E; 
a = ps*(3*pf); 
m = w/(g*RBA); 
h = (1/2*Gf); 
d = E; 

  
Ef_page = (2*a^6-

18*a^5*d*h*m^2+27*a^4*d^2*h^2*m^4+3*sqrt(3)*sqrt(27*a^8*d^4*h^4*m^8-

4*a^9*d^3*h^3*m^6))^(1/3)/(3*2^(1/3)*a^2*h*m^2)-(2^(1/3)*(6*a^3*d*h*m^2-

a^4))/(3*a^2*h*m^2*(2*a^6-

18*a^5*d*h*m^2+27*a^4*d^2*h^2*m^4+3*sqrt(3)*sqrt(27*a^8*d^4*h^4*m^8-

4*a^9*d^3*h^3*m^6))^(1/3))+1/(3*h*m^2); 

Appendix B 

Tsai Laminate model 
% Laminate Model - Tsai, for composites (or films) 

  
%Reference: Characterization of Interfacial Stress Transfer Ability by 
%Dynamic Mechanical Analysis of Cellulose Fiber Based Composite Materials, 
%Karin M. Almgren and E.Kristofer Gamstedt, Composite Interfaces 17 

(2010)845-861.  

  
%EcL is the Young modulus of the composite in the longitudinal direction. 
%EcT is the Young modulus of the composite in the transversal direction. 
%GcL is the Shear modulus in the longitudinal direction. 
%vcLT is the Poisson's ratio for the composite when the strain is in the 

longotudinal 
%direction 
%vcTL is the Poisson's ratio for the composite when the strain is in the 
%transverse direction 
%vfLT is the Poisson's ratio for the fibril when the strain is in the 
%longitudinal direction 
%vm is the Poisson's ratio for the matrix 
%Em is the Young Modulus for the matrix 
%Gm is the hear modulus for the matrix 

  
%The Poisson's ratio vfLT and vm are taken from the studied 
%reports 
vfTL=0.1; % for NFC 
vfLT=0.3; %for NFC 
vm=0.34; % for MF %0.45; % for PVA %0.366; %for PLA 
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Em=9; % for MF %3.8; % The numerical value is taken from the studied 

reports. 
Gm=Em/(2*(1+vm)); % The shear modulus depends on both Youngs modulus and 

Poisson's ratio.  

  
E0 = input('Give the Young modulus for the film: '); 
Vf = input('Give the volume fraction of the fibril: ');  

  
Vm=1-Vf; 

  
% The scaling factors a and b are taken from the report "Influence of 
% wood-fibrehygroexpansion on the dimensionnnnalinstability of fibremats 
% and composites by Neagu end al." 

  
Af = [1/4 1/13 1/8.7 1/8 1/10 1/2 1/7.6 1/9]; 
% a is an approximation constant where EfT=Af*EfL 
Bf = [0.11 0.02 0.09 0.07 0.07 0.07 0.05 0.06]; 
% beta is an approximation constant where GfL=Bf*EfL 

  
% The scaling factors for the composite is calculated with the rule of 
% mixture: Ac=Vf*Af+Vm*Am, Bc=Vf*Bf+Vm*Bm.  
% Am=1, since the matrix is assumed to have the same properties in all 

directions.  
% Bm=Gm/Em 

  
% EcT=Ac*EcL 
Ac=Vf.*Af+Vm; 
% GcL=Bc*EcL 
Bc=Vf.*Bf+Vm*Gm/Em; 

  
% For the cellulose composites the rule of mixture is used to calculate 
% vcLT and vcTL. These are assumed to be the same. 
vcLT=vm*(1-Vf)+vfLT*Vf; 
vcTL=vcLT; 

  
% Values for the NFC films 
%vcLT = 0.07145;  
%vcTL = 0.274; 

  
%Stiffness matrix 
%C11=EcL/(1-vcLT*vcTL); 
%C12=(EcL*vcTL)/(1-vcLT*vcTL); 
%C21=C12; 
%C22=(Ac*EcL)/(1-vcLT*vcTL); 
%C66=beta*EcL; 

  
%Invariance of the stiffness matrix 
%U1=EcL*((3/8)*1/(1-vcLT*vcTL)+(3/8)*Ac/(1-vcLT*vcTL)+(1/4)*vcTL/(1-

vcLT*vcTL)+(1/2)*Bc);  
%U4=EcL*((1/8)*1/(1-vcLT*vcTL)+(1/8)*Ac/(1-vcLT*vcTL)+(3/4)*vcTL/(1-

vcLT*vcTL)-(1/2)*Bc);  
%We take out the common factor EcL which gives us the variable K1= 

(U1/EcL); 
%We take out the common factor EcL which gives us the variable K2= 

(U4/EcL); 

  
K1 = ((3/8)*1/(1-vcLT*vcTL)+(3/8)*Ac./(1-vcLT*vcTL)+(1/4)*vcTL./(1-

vcLT*vcTL)+(1/2)*Bc); %1 
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K2 = ((1/8)*1/(1-vcLT*vcTL)+(1/8)*Ac./(1-vcLT*vcTL)+(3/4)*vcTL./(1-

vcLT*vcTL)-(1/2)*Bc); %2 

  
%The in-plane isotropic Young's modulus of the laminate 
%E0=(U1^2-U4^2)/U1; 
%EcL=(E0*(U1/EcL))/((U1/EcL)^2-(U4/EcL)^2) 

  
densitetskorr = input('Which is the density correction?: '); %Compensating 

for airbubbles in the specimens 
EcL = ((E0*K1)./(K1.^2-K2.^2))*densitetskorr; 
disp(['The Young´s modulus for the composite in the longitudinal direction 

is ', num2str(EcL), ' GPa']) 

Appendix C 

Hashin model 
% Hashin model- Composite 

  
%Analysis of Composite Materials, Z.Hashin, September 1983, Vol.50/ 481. 
%Stiffness Contribution of Various Wood Fibers to Composite Materials, 
%R.C.Neagu et al., Journal of Composite Materials 2006, 40: 663. 

  
%EL is the Young Modulus in the longitudinal direction for the layer 
%EfL is the Young Modulus for the fibril in the longitudinal direction 
%EfT is the Young Modulus for the fibril in the transverse direction 
%Vf is the volume fraction for the fibrils 
%Vm is the volume fraction for the matrix 
%Em is the Young Modulus for the matrix 
%vfLT is the Poisson's ratio for the fibril when the strain is in the 
%longitudinal direction 
%vfTL is the Poisson's ratio for the fibril when the strain is in the 

transverse 
%direction 
%vm is the Poisson's ratio for the matrix Mechanical and structural 

characterisation of completely degradable polylacticacid/calcium phosphate 

glass scaffolds = 0.33 
%kf is the transverse bulk modulus for the fibril 
%km is the transverse bulk modulus for the matrix 
%Gm is the hear modulus for the matrix 

  

  
format long 

  
EL=input('Give the Young modulus in the longitudinal direction: '); % The 

numerical value is taken from Laminate_Model.m 
Em=9; % for MF % 3.8; % for PVA % The numeical value is taken from the 

studied reports. 
vfLT=0.3; % The numerical value is take from the studied reports. 
vfTL=0.1; % The numerical value is take from the studied reports. 
vm=0.34; % for MF %0.45; % for PVA %0.366; % for PLA % The numerical value 

is taken from the studied reports. 
Gm=Em/(2*(1+vm)); % The shear modulus depends on both Youngs modulus and 

Poisson's ratio.  
gamma=[1/4 1/13 1/8.7 1/8 1/10 1/2 1/7.6 1/9]; % Gamma is a scaling factor 

where EfT=gamma*EfL 
% The numerical value is taken from the report "Influence of 
% wood-fibrehygroexpansion on the dimensionnnnalinstability of fibremats 
% and composites by Neagu end al." 
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Vf=input('Give the volume fraction of the fibril: '); 
Vm=1-Vf; 

  
km=Em./(2*(1-vm-2*vm.^2)); 

  
%kf=Ef1*(gamma/(2*(1-vf23)-4*vf12^2)); 

  
%EL=Ef1*Vf+Em*Vm+(4*(vf12-vm)^2*Vf*Vm)/((Vm/kf)+(Vf/km)+(1/Gm)); 

  
%Equation system when solving for Ef1: 

  
a=4*(vfLT-vm).^2*Vf*Vm; 
b=(Vm*(2*(1-vfTL)-4*(vfLT.^2).*gamma))./gamma; 
c=Em*Vm-EL; 
d=(Vf./km)+(1./Gm); 
v=Vf; 

  
Ef1=(sqrt((a+b.*v+c.*d).^2-4*b.*c.*d.*v)-a-b.*v-c.*d)./(2*d.*v); 

  

  
disp(['The Young modulus of the fibril in the longitudinal direction is: ', 

num2str(Ef1), ' GPa']); 

Appendix D 

Halpin-Tsai model 
%Halpin-Tsai- Particulate composite when the aspect ratio ~1 
%Wood-fibre composites: Stress transfer and hygroexpansion, Karin M. 
%Almgren, Doctoral Thesis in Polymer Technology Stockholm, Sweden 2010. 

  
%Ef Young's modulus for the fibril 
Em = mean([2.23 2.32 2.35]); %Young's modulus for the matrix 
xi = 2; %shape factor, depends on the cross-sectional geometry and packing 

of 
%the fibres. 

  
E  = input('Give the Young modulus for the composite: '); %Young's modulus 

for the composite 
Vf = input('Give the volume fraction for the spherical fibril: '); %Volume 

fraction for fibril 

  
%E=Em*(1+xi*lambda*Vf)/(1-lambda*Vf) 

  
%lambda= ((Ef/Em)-1)/((Ef/Em)+xi) 

  
%Equation system when solving for Ef: 

  
A = 1/Em; 
B = xi; 
C = Vf; 

  
%(1/A)*(1+B*C(A*Ef-1)/(A*Ef+B))/(1-C*(A*Ef-1)/(A*Ef+B))-E 
%Solving for Ef: 
Ef = (A*B*E+A*C*E+B*C-B)/(A*(A*C*E-A*E+B*C+1)); 
% a=A*B*E+A*C*E+B*C 
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% b=B 
% c=A*C*E 
% d=A*E+B*C 
disp(['The Young modulus for the spherical fibril is: ', num2str(Ef)]) 


