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Abstract 
In an ever-changing global environment, the ability to adapt to the current economic 
climate is essential for a company to prosper and survive. Numerous previous re-
search state that better risk management and low overall risks will lead to a higher 
firm value. The purpose of this study is to examine if portfolio theory, made for fi-
nancial portfolios, can be used to compose product portfolios in order to minimize 
risk and optimize returns.  

The term contingent hedge is defined as an optimal portfolio that can be identified today, 
that in the future will yield a stable stream of returns at a low level of risk. For companies that 
might engage in costly hedging activities on the futures market, the benefits of creat-
ing a contingent hedge are several. These include creating an optimized portfolio that 
minimizes risk and avoid trading contracts on futures markets that would incur hefty 
transaction costs and risks.  

Using quantitative financial models, product portfolio compositions are generated 
and compared with the returns and risks profile of individual commodities, as well as 
the actual product portfolio compositions of publicly traded mining companies. Us-
ing Modern Portfolio Theory an efficient frontier is generated, yielding two inde-
pendent portfolios, the minimum risk portfolio and the tangency portfolio. The 
Black-Litterman model is also used to generate yet another portfolio using a Bayesian 
approach. The portfolios are generated by historic time-series data and compared 
with the actual future development of commodities; the portfolios are then analyzed 
and compared. The results indicate that the minimum risk portfolio provides a signif-
icantly lower risk than the compositions of all mining companies in the study, as well 
as the risks of individual commodities. This in turn will lead to several benefits for 
company management and the firm’s shareholders that are discussed throughout the 
study. However, as for a return-optimizing portfolio, no significant results can be 
found.  

Furthermore, the analysis suggests a series of improvements that could potentially 
yield an even greater result. The recommendation is that mining companies can use 
the methods discussed throughout this study as a way to generate a costless contin-
gent hedge, rather than engage in hedging activities on futures markets. 
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Definitions 
Contingent Hedge – an optimal portfolio that can be identified today, that in the fu-
ture will yield a stable stream of returns at a low level of risk 

Risk – defined as the standard deviation of the asset or portfolio 

Return – defined as the security’s yield or loss during a certain period of time 

Long-term – defined as longer or equal to one year (≥ 6  𝑚𝑜𝑛𝑡ℎ𝑠) 

Short-term – defined as shorter than one year (< 6  𝑚𝑜𝑛𝑡ℎ𝑠). Studies show that 
short-term fluctuations pan out towards its long-term equilibrium after 6 months. 

Financial portfolio / Investment portfolio – a private or institutional investor’s portfolio 
consisting of the assets acquired 

Product portfolio – The product mix of company 

Return optimization – To maximize the return for a given degree of risk, as de-
scribed by formula 2.5 

Risk minimization  – to obtain the lowest degree of standard deviation 

Volatility – See risk 
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1 Introduction 
In a world of continuous development, planning and forecasting is crucial for managers to 

make sure that the company can adapt to and exploit the opportunities the future may 

bring. However, predicting the future is not financial executives’ easiest task, but there are 

tools that can facilitate this process. Minimizing a company’s volatility, also defined as risk, 

can be done by reducing the uncertainty about future revenues and thereby simplifying the 

budgeting and forecasting process. In addition to this, several other benefits come with risk 

management such as better financing possibilities and decreased costs of financial distress, 

which in turn will lead to an increased firm value (Smith and Stulz, 1985). The means by 

which risks can be managed are hedging, insuring and diversifying (Merton, 1993). Hedg-

ing, a strategy that involves trading with derivative contracts, and insuring are both com-

plex and imply costs as well as risks. Diversification on the other hand can be regarded as a 

strategy by which a firm can broaden its product offerings to find new market opportuni-

ties to increase its revenue and at the same time distribute its risks (Ansoff, 1957). Thus, 

diversification can lead to the creation of a contingent hedge.  

According to Modigliani and Miller (1958), risk management is redundant for a firm to en-

gage in since it will not create any values for the shareholders. Instead, the shareholders can 

themselves manage risks in their own investment portfolios to obtain the wanted degree of 

risk, leaving risk management to corporate managers superfluously. However, the claims by 

Modigliani and Miller rest on several strong assumptions, such as perfect markets and no 

costs of bankruptcy, which have lead to numerous critiques and counter arguments. Incor-

porating bankruptcy costs, several studies have shown that by engaging in strategies for 

hedging and diversification a firm can increase its value, such as Llewellyn (1971) and Levy 

and Haber (1986). However, the optimal hedge would be a costless hedge, as this would in-

crease the firm’s value the most (Smith and Stulz 1985). Therefore diversification, the con-

tingent hedge, would be the optimal way to reduce risks to make the firm value surge. But 

what is the optimal diversification strategy?  

The purpose of our study is to examine the possibilities of an implementation of academic 

portfolio theory developed for financial portfolios on product portfolios in order to find an 

optimal diversification strategy that minimizes risk while maximizing profits.  

Markowitz (1952) presents a model for investors to optimize a financial portfolio in order 

to maximize returns for a given degree of risk, or simply to minimize risk, by combining 
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several securities with certain weights depending on each asset’s return, risk and correlation 

with other assets. Markowitz’s theory has since been developed several times, by Sharpe 

(1964) and by Lintner (1965a, 1965b) among others in order to make the model more ap-

plicable in practice. The philosophy the authors developep is known as Modern Portfolio 

Theory and is stilly widely applied both academically and professionally.  

Based on the Modern Portfolio Theory, the Black-Litterman model extends beyond quanti-

tative finance and provides investors with a way to blend their own views with the return 

of assets in order to generate a well-diversified financial portfolio to generate optimal fu-

ture revenues.  

In order to meet the purpose of the study, the following research questions will be scruti-

nized: 

1. Is it possible for companies to minimize their risks and maximizing their returns by 

diversification using portfolio theory developed for investors’ financial portfolios on their 

product portfolios?  

2. If so, which of the approaches generates the most risk minimizing and the most op-

timal portfolio, the Modern Portfolio Theory or the Black-Litterman model? 

These questions are analyzed using 18 years of historical daily prices of 11 metals; alumi-

num, aluminum alloy, copper, gold, lead, nickel, palladium, platinum, silver, tin and zinc. By 

comparing the outcomes from the models with the actual product portfolios of six real 

world mining companies, the efficiency of these models are examined.  

The structure of this paper is as follows. It begins with a brief explanation of the empirical 

findings and theories behind diversification and risk minimization and is followed by the 

framework behind Modern Portfolio Theory and the Black-Litterman model. Subsequently, 

previous studies on the use of portfolio theory on product portfolios are presented. In the 

methodology section, the approach that is used for collecting and analyzing the data is de-

fined and explained. In the following section the results are presented and analyzed and 

thereafter concluded in the final section.   
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2 Theoretical Framework and Previous Studies 
In a reality ruled by the findings of Modigliani and Miller (1958), neither capital structure, 

nor risk minimization, nor diversification is useful for companies since this will not lead to 

increased values for the shareholders. However, numerous studies refute these statements. 

As for financial portfolios, the fact that diversification can be used for risk minimization is 

well recognized and several developments have been made since the first outlines of the 

modern portfolio theory were drawn by Markowitz (1952). Still the concept and its devel-

opments are used widely.  

2.1 Reasons for Diversification 

Modigliani and Miller (1958) claim that the capital structure of a firm is uncorrelated to the 

market value of the firm. Contrary to previous theory, increasing the firm’s leverage will 

not generate any benefits for its shareholders as these can instead simply increase the lever-

age in their own investment portfolios by buying on margin. Investors can also undo the 

leverage of a company by acquiring an equal amount of the firm’s securities and debt. 

Therefore a company cannot increase its market value simply by increasing the leverage 

and its shareholders will not be better off if this is done. By the same token, a merger be-

tween two companies is superfluously and will not lead to a market value greater than the 

sum of the two firms’ individual market value ex ante the merger. The reason for this is 

that investors can prior to the merger merely buy shares from the two companies and 

thereby artificially create a merger in their private investment portfolios that will provide 

the investors with the same benefits as a real world merger would do. If the two firms 

merge, this will not generate any benefits for the investors and consequently the company 

management cannot expect a premium in the market value compared to the sum of the 

two firms individually.  The same argument goes for the diversification of product portfo-

lios. A company selling one product will not be able to increase its market value by starting 

to sell another product, even if the demand of the two products are uncorrelated, since in-

vestors could purchase shares from one firm selling one of the products and from another 

firm selling the other product. Investors would then be able to reap the benefits from a di-

versified product portfolio and will not be better off if one of the firms decides to sell the 

other product as well.  

Several assumptions are made by Modigliani and Miller (1958). These include that markets 

are perfect and of atomistic competition, which implies that the market consists of several 
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small firms without market power, that economies of scale does not exist, that there are no 

entry costs, that firms are price takers and that prices as well as profits are low. In addition, 

assumptions are made that there are no costs of bankruptcy and that neither taxes nor 

asymmetric information exist. The authors also assume that a company’s common stock 

will generate profits indefinitely. These strong assumptions in combination with the results 

Modigliani and Miller present have lead to numerous critiques. Stieglitz (1969) criticizes the 

implicit assumption that a bond of one firm with a low debt-equity ratio is indistinguishable 

to a bond of another firm with a high debt-equity ratio. These two bonds will yield differ-

ent returns. In addition, when the risk of bankruptcy exists, the returns from bonds will be 

inconstant. Smith (1970, 1972) shows that in a world where the risk of bankruptcy is pre-

sent Modigliani and Miller’s theorems do not hold. The amount of company leverage can-

not be completely adjusted by individual investors through modifications in their private 

investment portfolios, such as by buying on margin or “undoing” leverage by purchasing 

equal amounts of a corporation’s stocks and bonds. If the rate of return of a company’s in-

vestments is lower than the rate of interest on its debts, there exists a risk of default. Fur-

thermore, if there were no risk of default, there would not be any difference between dif-

ferent corporate bonds, bonds issued by the U.S Treasury and a savings account with the 

same maturity. Smith (1972) concludes that in corporate finance one cannot simply omit 

bankruptcy and that therefore the assertions by Modigliani and Miller cannot be seen as 

valid. 

The claim that company diversification through conglomerates and product diversification 

is irrelevant has been criticized severely. Lewellen (1971) proves that firms diversifying their 

operations reduce the risk of running bankrupt. The same is said for lenders who can re-

duce the risk of bankruptcy by diversifying among borrowers. When these two are com-

bined, hence when a lender diversifies and finances several companies that all are all diver-

sified, both actors’ risk of default is reduced. Levy and Sarnat (1970) argue that diversifica-

tion by mergers can imply financial advantages for companies. These advantages include 

increased access to capital markets as well as lower financing costs; this because diversifica-

tion leads to decreased risk of bankruptcy. Diamond (1984) discusses the benefits that 

come with diversification for independent projects, where the income from the different 

projects can be cross-pledged. This is useful when raising new capital, since one project’s 

revenues can be used as collateral for another project. Levy and Haber (1986) stress that 

when uncertainties regarding future demand and profitability from goods exist, diversifica-
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tion in the product portfolio leads to increased expected returns. Amihud and Lev (1981) 

argue that in manager-controlled firms motivations to reduce the risk can be caused by the 

incentives of the company management. In this type of companies, by diversifying in the 

product portfolio, the risk of the firm’s income can be minimized and as a result manage-

ment’s employment risk is reduced. As for owner-controlled firms, the incentives to con-

glomerate acquisitions and diversification of product portfolios are not as strong since the 

owners might hold shares in other companies as well and thereby they diversify their own 

investment portfolios. Company managers on the other hand might earn their entire in-

come from one single firm, and are therefore naturally more risk averse since all of their 

earnings depend on that of the company (Amihud and Lev, 1981).  

2.2 Risk Management 

In a Modigliani and Miller type of world, even risk management is pointless. However, this 

is based on strong assumptions as well, assumptions that may not be valid in the real world. 

Merton (1993) mentions three ways to manage risk; by hedging, insurance and diversifica-

tion. Most of the research on the topic of risk management is about hedging. Smith and 

Stulz (1985) argue that hedging by companies will increase the firm value, as long as the 

hedging cost does not exceed the gains. The hedging can be done in various ways and af-

fects the firm value through either taxes, contracting cost or the hedging policy’s effect on 

the investing decision. By hedging, a company can reduce the variability of its own value, 

which will result in a lower risk of having to face bankruptcy costs. An investment in a 

hedged financial portfolio can also reduce the potential bankruptcy costs, which would 

yield positive returns if the corporation were to face bankruptcy when lending is unattaina-

ble. In turn this will benefit the shareholders who face less risk of losing their invested 

money in addition to the increased firm value of the hedged company. Even incomplete 

hedging, meaning that not all future cash flow insecurities are being covered for, will in-

crease the value of a firm. However, the costs have to be accounted for since some hedging 

tend to be very expensive; something shareholders have to account for before making an 

investment (Smith and Stultz 1985). 

Froot, Scharfstein and Stein (1994) find evidence for the usefulness of hedging when it is 

more expensive for a firm to raise external financing than internal. The authors argue that 

complete protection from risk is not the best hedging strategy in general. Still, a company 

should protect itself from some risk exposure since this can increase the value of the firm 
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by implying less variability in cash flows that can stabilize investment and financing plans. 

A disruption in these plans can lead to high costs that can be avoided to some extent by 

risk management. In addition, without hedging, a firm may have to forgo profitable in-

vestment opportunities because of expensive external financing. Furthermore, the authors 

state that by using futures contracts, the firm may face extremely large margin calls and 

therefore that forwards are to prefer. However, the usage of forward contracts implies a 

credit risk and therefore no large positions should be taken in these contracts.  

Mello and Parsons (2000) claim that a company with no financial constraints will not be 

better off by hedging, while a company with financial constraints has a lot to gain by hedg-

ing, gains including reduced external financing expenses that make potential profitable in-

vestments possible. However, the hedge needs to be adequately constructed, otherwise it 

may even reduce the firm’s value. By a proper hedging strategy, the financially constrained 

firm will be able to smoothen out the revenues from one period to another and reduce its 

costs for bankruptcy and thereby increase its value.  

Stulz (1990) argues that if a firm diversifies among projects, the shareholders will benefit 

from the less volatile cash flow the diversification implies. Thus diversification can increase 

the wealth of shareholders. The same goes for hedging, Stulz claims. This is likely because 

of asymmetric information between shareholders and company management.  

Fender (2000) stresses that the existence of asymmetric information on financial markets 

makes companies pursue hedging strategies by acquiring derivative contacts in order to 

manage risk. However, because of transaction costs, basis risk and counterparty risk, these 

hedging strategies may be superfluous.  

Tufiano (1996) proposes alternatives to hedging. Using diversification, a firm can spend 

less time on managing financial risks and therefore diversification should be considered to 

some extent as a substitute to hedging.    

Ansoff (1957) describes four ways for firms to develop their product offerings; market 

penetration, market development, product development and diversification. Diversification 

differs from the others, since it can lead to a situation where the firm needs to make organ-

izational and operational changes. The reasons for diversification are several, such as to 

modernize outdated technology, to reinvest earnings and to spread the risks. As a result of 

the distribution of risks, diversification can stabilize a firm’s revenue and thereby simplify 
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planning and forecasting. A product portfolio consisting of several different products will 

make the firm less sensitive to negative events that cannot be predicted, such as economic 

recessions, technological breakthroughs or natural disasters. Furthermore, diversification 

can lead to company growth because of an increase of potential customers.  

 

2.3 Modern Portfolio Theory 

 Since the seminal work by Markowitz (1952) on modern portfolio theory and diversifica-

tion, investors have sought a properly diversified portfolio with minimum risk and maxi-

mum excess returns. Markowitz introduces the theory that by diversifying the assets it is 

possible to get a portfolio with a higher return for taking on a lower degree of risk. Marko-

witz presents a model called expected returns – variance of returns rule, or just E-V rule. If 

R is the return of the portfolio, then V(R) is the variance of returns of the portfolio, de-

fined as:  

 𝑉 𝑅 = 𝑤!𝑤!𝜎!"

!

!!!

!

!!!

 (2.1)  

where  

 𝑉 𝑅  is the variance of returns of the portfolio 

𝑤! is the weight in the portfolio of the i:th asset  

𝑤! is the weight in the portfolio of the j:th asset 

𝜎!" represents the covariance between asset i and asset j  

The formula for covariance between the return of asset i and asset j can be expressed as: 

 𝜎!" = 𝜌!"𝜎!𝜎! (2.2)  

where  

𝜌!" represents the correlation between the returns of asset i and asset j  

𝜎! is the standard deviation of returns for asset i  

𝜎! is the standard deviation of returns for asset j 
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The formula for correlation between the return of asset i and asset j can be expressed as: 

 𝜌!" =
𝐸[ 𝑖 − 𝜇! 𝑗 − 𝜇! ]

𝜎!𝜎!
 (2.3)  

where  

𝜇! is the mean of asset i  

𝜇! is the mean of asset j 

𝜎! is the standard deviation of returns for asset i.  

𝜎! is the standard deviation of returns for asset j. 

The return R of the portfolio is expressed as: 

 𝑅 = 𝑤!𝑅! (2.4)  

where  

𝑅! is the return of the i:th asset and is a random variable 

𝑤! is the weight of that asset relatively to the entire portfolio and is decided 

upon by the investor (Σ wi = 1). 

According to Markowitz (1952), the investor can choose between several combinations of 

return and risk by choosing different weights of the assets. Furthermore, Markowitz argues 

that the E-V rule will give a number of efficient portfolios, the highest possible return for 

the lowest possible risk, the majority of these are diversified. However, a portfolio cannot 

only be diversified in order to be efficient, it needs to be diversified correctly. Doing this, 

the risk will not be eliminated completely, but minimized.  

To find all efficient portfolios available that maximize the return for the degree of risk tak-

en on would be a tedious process. Every set of efficient portfolios can be explained by a set 

of corner portfolios and since there might be an infinite number of efficient portfolios, 

there are a definite number of corner portfolios. Since an efficient portfolio necessarily 

does not need to contain all assets, corner portfolios can be found where new assets are 

added or removed to the portfolio when moving along the E-V curve. For every point on 

this curve there is a unique relationship between the weights of the assets in the efficient 
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portfolio and the ratio between the return and the risk. By combining sets of corner portfo-

lios it is possible to reach any point on the E-V curve (Sharpe, 1961).  

Sharpe (1964) develops Markowitz’s theory further, perhaps as a result of the deeply theo-

retical approach that impregnated the paper. Furthermore, Markowitz only uses a portfolio 

combined of two assets, while Sharpe uses several; consequently Sharpe’s approach makes 

it easier for investors to implement the theories in practice. There are two different types of 

risk to be found among assets, a systematic component as well as an unsystematic compo-

nent. The systematic risk is a risk caused by the market that all assets are subject to and that 

cannot be avoided by diversification. However, unsystematic risk can be removed by diver-

sification. Therefore there exists a positive relationship between return and systematic risk 

among assets, which is the risk premium. Proper diversification can make investors remove 

all risk except for that caused by fluctuations in the economy, and only assets’ sensitivity to 

these fluctuations are useful when determining the level of risk the asset is subject to.  

An investment would be efficient if there for the same level of return are no investments 

with a lower degree of risk or for the same level of risk are no investments with a higher 

level of return. By diversification among assets, some of the risk can be avoided, how much 

depends on the correlation between the assets. This is shown in Figure 2.1, where points A 

and B represents two different assets. Point Z represents a portfolio consisting of these 

two assets. The lower the correlation between asset A and asset B, the more concave the 

curve between asset A and B, hence the more risk can be removed by diversification.  

 

Figure 2.1. Benefits of diversification. The lower the correlation between asset A and B, the more the investor 
will benefit from a diversification strategy, as shown by the concave line AB.  
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By introducing risk free assets to the model, which is an investment that offers a certain re-

turn with a variance of zero, combinations of riskless assets and risky assets are found on a 

straight line as seen below. This line is the Capital Market Line. As seen in Figure 2.1, by 

investing in risk free assets as in point where the CML intersects the X-axis, and in risky as-

sets as in Portfolio X, all investment combinations on the line are attainable. One combina-

tion would be seen as the efficient and dominate the other combinations. This combination 

is located on the Capital Market Line that intersects with the investment opportunity curve, 

which is the curve that contains all combinations of risky assets and consists of the numer-

ous corner portfolios. Portfolio Z will always be dominated by Portfolio X, which is the 

tangent portfolio (Sharpe, 1964).  

 
Figure 2.2. Illustration of the efficent frontier. 

Lintner’s (1965a) developments originate from the concepts as described above, but are 

explained more in-depth and uses more assets than the previous studies. The relative size 

of risky investments versus risk-free investments is irrelevant when deciding the composi-

tion of risky assets. This implies that the wealth of investors does not affect the relative size 

of risky assets in their portfolios. To find the optimal portfolio, is the one for which θ is 

maximized in the formula: 

 𝜃 =   
ℎ!𝑥!!

( ℎ!ℎ!𝑥!")!"
(!!)

 (2.5)  

ℎ!  is the weight of asset i in the portfolio, ℎ! = 1!  

𝑥!  is the return of asset i less the risk free return 
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𝑥!" is the variance 𝜎!!"# when i = j and covariances when i ≠ j 

To find the optimal weight of each asset in the portfolio, Lintner (1965a) proposes the fol-

lowing formula: 

 ℎ!! =
𝜆!
𝜆! − ℎ!!𝑥!"/𝑥!!

!!!
 (2.6)  

and 

 𝜆! = 𝑥!/𝑥!! (2.7)  

One may believe that stocks whose expected return is less than that of the risk-free rate, 

that is with a negative risk premium, would be excluded from an efficient portfolio; this is, 

however, not the case. Lintner (1965a) shows that even though some risky assets might be 

outperformed by risk-free assets, they are still valuable to hold long in the portfolio if they 

have a negative correlation with the other assets in the portfolio. By adding such stocks to a 

portfolio, investors are able to decrease the total variance of the portfolio’s return. There-

fore Lintner (1965a) concludes that the presumption about the relation between risk pre-

mium and the standard deviation of the asset’s return only is relevant when investors 

choose between a risk-free asset and one single risky asset, not when investors choose as-

sets to an efficient portfolio. Therefore the variance and covariance with other assets is the 

most suitable measurement of risk, these two variables will eventually decide each asset’s 

weight in the portfolio. As can be seen in Figure 2.3, a number of different combinations 

of assets create several portfolios, but only the ones on the efficient frontier are regarded as 

efficient. The optimal portfolio, or the tangent portfolio, is the one located where the Capi-

tal Market Line is tangent to the efficient frontier; this is the portfolio where equation 2.5 is 
maximized (Lintner, 1965b). 

  



 

 
12 

 

Figure 2.3. The efficent frontier and the Capital Market Line. 

 

Hence, the effects of diversification are important to a large extent, as Lintner concludes 

”the added return available on the optimal portfolio will always more than compensate for 

the extra risk involved in holding it … and this optimal portfolio, by definition, is the one 

offering the best diversification” (Lintner, 1965b, p. 610). The minimum risk portfolio is 

located on the very left of the efficient frontier.  

2.4 The Black-Litterman Model 

Black and Litterman (1992) present a model to generate better inputs for portfolio optimi-

zation. They argue that quantitative portfolio optimization methods when unconstrained 

generate extreme portfolios with large short positions in certain assets and large long posi-

tions in assets with low market capitalization. Jones, Lim and Zangari (2007) state that prior 

to the development of the Black-Litterman model investors were not satisfied with the 

sometimes unreasonable and extreme portfolios that previous portfolio optimization tech-

niques generated. This led investors to forego the benefits of portfolio optimization tech-

niques, or constrain the process so that the solution was to a large extent predetermined.  

The insight of Black and Litterman (1992) is that the extreme portfolios generated by port-

folio optimization techniques were not necessarily a fault in the theory, but rather due to 

feeding the optimization process flawed risk and return inputs. Lee (2000) and Drobetz 
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(2001) argue that the Black-Litterman model to a large extent mitigates the negative effects 

caused by estimation errors generated by previous portfolio optimization techniques. 

Building upon the existing theories within portfolio optimization, Black and Litterman 

(1992) develop a Bayesian approach to asset selection. The model blends a quantitative 

portfolio optimization process with the views of investors on the performance of individu-

al assets or asset classes.  

 

 

Figure 2.4. Bayesian probability. As the number of observations increase, the posterior 
 return vector is titled further from the prior market view towards the investor view. 

Figure 2.4 indicates how the Black-Litterman model incorporate investor views; it tilts the 

quantitative market view generated towards the portfolio suggested by investor views. In 

effect, as the number of observations of investors with the same view grows, the posterior 

portfolio is tilted further towards the investor view. 

2.4.1 Market View 

The other component of the model is a quantitative market view. According to Idzorek 

(2002) the implied equilibrium returns are defined as: 

 Π = 𝜆Σ𝑤!"# (2.8)  

where  

 Π is the Implied Excess Equilibrium Return Vector (N × 1 column vector) 

 𝜆 is the risk aversion coefficient (the expected risk-return tradeoff) 
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 Σ  is the covariance matrix (N × N) of excess returns 

 𝑤!"# is the market capitalization weighting factor (N × 1 column vector)  

 

Idzorek (2002) further defines the risk aversion coefficient by the formula: 

 𝜆 = 𝐸 𝑟 − 𝑟! 𝜎! (2.9)  

where 

 𝐸 𝑟  is the expected return 

 𝑟! is the return of the risk-free asset 

 𝜎! is the variance of the asset 

2.4.2 Investor Views 

Jones et al (2007) state that a view is a forecast about an investment’s future risk and re-

turn. With the equilibrium expected returns, an investor with private views on the future 

development of a certain asset can use this in the Black-Litterman model to generate a 

portfolio based on that view. Using the covariance matrix, the covariance of assets blends 

the implied excess return vector with the views of investors to generate balanced portfoli-

os. These portfolios are tilted relative to the risk-aversion and the confidence of the private 

views of a particular investor. 

2.4.3 Applications of the Black-Litterman Model 

In the original article, Black and Litterman (1990) demonstrate how the model can be im-

plemented using data from global bond markets. A follow-up article applied the model to 

three asset classes (currencies, bonds and equities) on 7 international markets (Germany, 

France, Japan, United Kingdom, United States, Canada and Australia) (Black and Litter-

man, 1992). 

Following the model described by He and Litterman (1999), Walters (2009) suggests that 

the new posterior combined return vector is calculated as: 

 E[R] =   Π+   𝜏  Σ  𝑃!    𝑃  𝜏  Σ  𝑃! +   Ω !! 𝑄 − 𝑃  Π  (2.10)  

where 
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 𝐸 𝑅   is the Combined Return Vector (N × 1 column vector) 

Π  is the Implied Equlibrium Return Vector (N × 1 column vector) 

 𝜏  is a scalar 

 Σ  is the covariance matrix of excess returns (N × N matrix) 

𝑃 is a matrix to identify the assets with views (K × N matrix, where K is the 

number of views and N is the number of assets. 

Ω  is a diagonal covariance matrix of error terms from the expressed views rep-

resenting the uncertainty in views (K × K matrix where K is the number of 

views) 

𝑄  is the view vector (K × 1 column vector) 

According to Idzorek (2002) the value for the scalar 𝜏 is difficult to set, and there are nu-

merous studies that all use different values for 𝜏. According to Blamont and Fioozye (2003) 

this scalar is the standard error of estimate; this scaling factor diminishes as the number of 

observations increase. Walters (2009) suggest using the formula 𝜏 =    !
!!!

 where T is the 

number of samples and k is the number of assets.  He and Litterman (1999) use a 𝜏 of 0.05.  

The Black-Litterman model also generates a posterior covariance matrix based on the tilted 

portfolio. He and Litterman (1999) and Walters (2009) calculate the posterior covariance 

matrix as: 

 Σ! =   Σ+    𝜏  Σ !! + P!   Ω!!  𝑃 !!   (2.11)  

where 

 Σ!  is the posterior covariance matrix  (N × N matrix) 

 Σ  is the covariance matrix of excess returns (N × N matrix) 

 𝜏  is a scalar 

𝑃 is a matrix to identify the assets with views (K × N matrix, where K is the 

number of views and N is the number of assets. 
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Ω  is a diagonal covariance matrix of error terms from the expressed views rep-

resenting the uncertainty in views (K × K matrix where K is the number of 

views)  

The posterior combined return vector E[R] and the posterior covariance matrix Σ! could 

be used as inputs to generate the efficient frontier directly, also Walters (2009) calculates 

the weights of the optimal tilt portfolio as:  

 w = Π(Δ  Σ!)!! (2.12)  

where 

 𝑤  is the posterior weights of the optimal tilt portfolio  (1 × N column vector) 

Π  is the Implied Equlibrium Return Vector (N × 1 column vector) 

 ∆  is a scalar representing the global risk aversion coefficient 

 Σ!  is the posterior covariance matrix  (N × N matrix)  

 

2.5 Short-term Fluctuations and Long-term Mechanics of 

Commodity Markets 

Black (1976) develops the one-factor cost-of-carry formula, which is the basis for futures 

pricing. The formula assumes a risk-neutral world where the only source of uncertainty is 

the spot price of the underlying asset (Hilliard and Reis, 1998). The one-factor cost-of-carry 

formula can be calculated as 𝐹! =   𝑆!𝑒(!!!)!, where 𝛿  is the convenience yield. Hilliard and 

Reis (1998) as well as Schwartz and Smith (2000) define the convenience yield of a com-

modity as the premium the seller obtains from storing the commodity that cannot be ob-

tained when simply owning a futures contract on the same commodity.  

According to Schwartz and Smith (2000) the spot price of commodities are subject to two 

different stochastic processes depending on the time horizon. In the long-run commodities 

are assumed to develop according to a Geometric Brownian motion. In the short-run the 

commodity spot prices are assumed to follow an Ornstein-Uhlenbeck process. The 
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Ornstein-Uhlenbeck process is a stochastic mean reverting process that reverts to an equi-

librium price generated by the Geometric Brownian motion.  

Geman (2005) defines the Geometric Brownian motion as a stochastic process St, which is 

governed by the stochastic differential equation, which is calculated by: 

 
𝑑𝑆!
𝑆!

= 𝜇𝑑! +   𝜎𝑑𝑊!   (2.13)  

where 

   𝜇     is the constant drift of the Geometric Brownian motion 

   𝜎     is the constant volatility of the asset 

   𝑊!   is the standard Wiener process  

Black (1976) states that there is no reason to believe that the price of futures contract 

would be a reliable indicator of the future spot price. He further expresses that “the spot 

price of an agricultural commodity tends to have a seasonal pattern: it is high just before a 

harvest, and low just after a harvest. The spot price of a commodity such as gold, however, 

fluctuates more randomly” (p. 167). The Geometric Brownian Motion assumes a constant 

drift rate (Hilliard and Reis, 1998). Therefore the applications to the commodity market 

would be limited to commodities with a clear bull and bear market trend rather than those 

subject to yearly cyclical trends such as agricultural commodities. 

2.6 Previous Studies 

Some studies have indicated that the use of financial portfolio theory can be used for other 

purposes than when composing financial portfolios. It has been applied for the analysis of 

product portfolio compositions, and for the analysis of commodities. However, sparsely of 

research have been made on this topic.  

Cubbage and Redmond (1988) use Sharpe’s (1964) developments of the Modern Portfolio 

Theory to retrieve the price of timber from yearly prices of stumpage (price for the right to 

harvest timber) between 1951 and 1985 and added the growth rate changes. The same the-

oretical framework is also used by Barry (1980) in his risk and return analysis of agricultural 

land in the period between 1950 and 1977. Using a mixture of stocks, bonds and farm real 

estate index, and weighting the outstanding market values against the annual return each 
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year; he concludes that Modern Portfolio Theory is applicable for portfolio analysis of in-

vestment and that farm real estate is a promising resource to include in a well-diversified 

portfolio in order to decrease risk. Another known example is Holthausen and Hughes 

(1978) and their work, where Modern Portfolio Theory is used for the estimation of prices 

for beef, hogs, corn, eggs, poultry, soybeans and other food commodities. Holthausen and 

Hughes found theoretical difficulties for the application of the theory for commodities. 

They argue that the seasonal harvesting of a specific commodity cause variability over time 

in supply, they also stress that some commodities have storage cost and that commodities 

some times are being held as inventory as a security for future production targets. This is in 

line with the claims of Black (1976). Furthermore Holthausen and Hughes find that a secu-

rity market index is representing the global capital market poorly when studying commodi-

ties. As a result of the reasons mentioned they conclude that the use of MPT is less feasible 

for commodities than securities.  

One field on which Modern Portfolio Theory has been used to a somewhat large extent is 

forestry. Mills and Hoover (1982) use portfolio theory in their research of hardwood for-

estland in the Midwestern United States, which results in improved returns and reduced 

risk in their investment portfolio. Fortson (1986) uses a generalist approach when investi-

gating whether MPT can be applied for forestry investments. He concludes that by using 

MPT that there are great advantages in forest products since they can handle long-term 

debt and account for a relatively low risk. Olsen and Terpstra (1981) investigates the spot 

market for softwood logs in Oregon between 1968 and 1978 by using MPT and the results 

prove that combinations can be found with the similar yields as U.S. T-bills. 

Wind (1974) studies if modern portfolio theory can be used as a tool for decision of prod-

uct portfolios for companies. Several studies including Gup (1977) and Cardozo and Smith 

(1983) state that using financial portfolio models for product portfolios and product mix is 

an interesting topic and warrants future research, even though no significant conclusions 

are drawn.   

According to Wind (1974), “An ‘optimal’ product mix is achieved when a company for a 

given level of risk cannot improve its profits (or any other objective) by deleting, modifying 

or adding products” (p. 463). The main idea with this type of portfolio theory is to mini-

mize the risk and maximize the profit. Thus it is the same concept, which is used within 

stock portfolio allocation (Wind 1974). According to the concepts of financial portfolio 
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theory, a dominant theory is to prefer, meaning either a portfolio yielding maximum return 

or minimum risk. These concepts are proven to be more efficient than so called middle-of- 

the-road theories with an unclear positioning (Cardozo and Smith 1983). Wind (1974) pre-

sents another theory of portfolio analysis. It states that it is in fact both theoretically and 

operationally feasible to use information about each existing or potential product, such as 

expected return, variance and the relationship with the other products returns. When using 

this information in an analysis, one can identify efficient portfolio combinations. This is in 

line with the claims by Markowitz (1952), Sharpe (1964) and Lintner (1965a, 1965b).   

Wind (1974) argues further that there are alterations between products and securities, 

which have to be taken into account when talking about portfolio theory in general. First 

and foremost securities will always be available for sale and with a given level of risk ap-

plied, while certain products, which are calculated to be efficient alternatives for a portfolio 

might not be offered by the specific company of interest, that also prove to lack resources 

and competences needed within the specific field. To implement the new product into the 

production will be costly and hence change the original financial conditions. Another diffi-

culty when applying portfolio theory on product portfolios is that the required quantity of 

the desired product might not be available and will affect the calculations in a negative 

manner. 

In the empirical study conducted by Cardozo and Smith (1983), the authors stress that 

product-market investments show great positive covariance within return and risk meas-

urements and hence can be great alternatives for the type of profit maximizing theories 

constructed for financial portfolios. The results gathered from the models should give stra-

tegic management an important tool while designing and managing their product portfolios 

in order to be more efficient. 

The systematic risk is something that all stocks and products face. Therefore it is not pos-

sible to eliminate the entire systematic risk component through diversification, but by dif-

ferentiating the portfolio one can eliminate the so called unsystematic risk, which is linked 

to a single unforeseeable event, such as a storm, a fire or a bad corn harvest which will af-

fect only a company, industry or single product (Gup 1977). This is also in line with the ar-

guments of Markowitz (1952), Sharpe (1964) and Lintner (1965a, 1965b).  

Berck (1981) studies how farmers can use agricultural futures to a greater extent. The arti-

cle states that a survey by the Commodity Futures Trade Commission shows that merely 
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5% of farmers directly participate in the futures market. Berck (1981) derives a model for 

production planning based on several factors, including the historical yield of a particular 

agricultural commodity, the yield of the futures prices for the same commodity and the 

cost of producing that commodity. The author concludes that diversification greatly bene-

fits the farmers, as it reduces the variance of the entire portfolio and significantly improves 

the mean-variance trade-off. Furthermore, Berck concludes that the costs of hedging for 

producers of agricultural commodities are too high to be worthwhile. Berck (1981) also 

studies the effects of debt on the production of agricultural commodities and concludes 

that fixed debt leads to the selection of a riskier risk-return plan.  

Black (1976) state that there is no reason to believe that the price of a commodity future 

should be a good indicator of the future spot price of that same commodity. Schwartz and 

Smith (2000) provide a mathematical model, which shows that the spot prices of commodi-

ties are assumed to trade at levels higher than those of the futures; because of a risk-

premium benefitted to the holder of the risky asset. Berck (1981) also concludes that the 

construction of a yield-predicting model for agricultural commodities should be construct-

ed in such a manner, so that the predictions are not based entirely on futures prices. 
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3 Methodology and Data Collection 

For this study, historical closing spot prices has been collected from ThomsonReuters 

DataStream for aluminum, aluminum alloy, copper, gold, lead, nickel, palladium, platinum, 

silver, tin and zinc from September 1, 1993 to September 2, 2011. These 18 years of data is 

used to find optimized portfolios and test their future returns and volatility. Using daily 

closing prices gives the most accurate results because of the larger sample it provides 

(Ruppert, 2004). In addition, daily historical closing prices have been used when testing 

Modern Portfolio Theory previously by Brennan and Lo (2009) and Menédez and Fernán-

dez Perez (2007). Greene (2003), Fabozzi, Kolm, Pachamanova and Focardi (2007) and El-

ton et al (2007) claim that the more frequent the data, the better the results when studying 

publicly traded assets. The data that is used in order to obtain the composition of the effi-

cient portfolios are the historical closing spot prices for the mentioned metals from Sep-

tember 1, 1993 to September 2, 2008. The data is then divided into 3-year periods, with 783 

observations, trading days, per period. The reason for using 3-year periods is based on 

findings made by Schumpeter (1939), who observes the existence of three different types 

of business cycles. Out of these the Kitchin Cycle, lasting about 3 years, is the shortest one. 

The Kitchin Cycle is recognized as the time for accumulation and deaccumulation of in-

ventory, which motivates the usage of this time period in this study as the Kitchin Cycle is 

interpreted as the time in which a firm can rebalance its product portfolio. Coincidentally 

Berck (1981) also uses a three-year moving average in his model for predicting the future 

spot prices of agricultural commodities.  

In order to get as unbiased results as possible, the data is divided into 6 time periods. Using 

several time periods instead of one may minimize the effects of temporary fluctuations in 

commodity prices that could exist if only one single time period is chosen. Furthermore, 

we believe that companies aspire to plan for and make forecasts about strategical changes 

in their product portfolios with shorter intervals than 9 years, which the data would have 

been divided into if only one sampling period and one testing period were to be used. A 

portfolio obtained from historical data from one period will be tested on data from the 

subsequent period; consequently there are 5 periods from which portfolio compositions are 

collected, and 5 periods on which the portfolios are tested. These are subsequently all ana-

lyzed individually. The process is illustrated in Figure 4.1. 



 

 
22 

 

Figure 3.1. Portfolio collection and simulation. The portfolio composition given by historical data from one 
time period is simulated on data from the subsequent time period.   

For every time period, first of all, the daily returns, the standard deviations, the variances 

and the means of the returns, which are the variables used by Markowitz (1952), Sharpe 

(1964) and Lintner (1965a, 1965b), are calculated for the commodities. Second, correlation 

and covariance matrices are constructed using formulas 2.2 and 2.3 in order to find rela-

tionships between the different commodities as well as the indices. This is necessary in or-

der to be able to calculate the standard deviation of  a specific portfolio. Thereafter the 

tangent portfolio, the minimum risk portfolio and the Black-Litterman portfolio are ob-

tained using this data.  

The MATLAB code that is used to generate the portfolios is available upon request from 

the authors.  

3.1 Assumptions 

The following assumptions are made: 

1. Producers cannot use short sales, only speculators 

2. Lending and borrowing is both possible at the risk-free rate 

3. The expected return is equal to the historical mean return 

4. The risk free-rate is the yield of the 3-year U.S. T-bill 

5. The production cost of a commodity is equal to its current market price 

6. Non-agricultural commodities have no seasonal component 

7. The market capitalization factor (𝑤!"#) is assumed to be redundant.  

3.2 Modern Portfolio Theory 

The individual assets are plotted with respect to their mean return and their standard devia-

tion, in a graph where the X-axis represents the standard deviation and the Y-axis repre-

sents the mean return. Thereafter the portfolio with the smallest standard deviation, the 

minimum risk portfolio, is calculated and plotted in the graph, as well as with the portfolio 

with the highest mean return. These two portfolios are the ones located at the very far right 
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and at the very far left on the efficient frontier. The next step is to draw the efficient fron-

tier, which is done by plotting an abundance of efficient portfolios, or corner portfolios as 

described by Markowitz (1952), between the minimum risk portfolio and the maximum re-

turn portfolio. Subsequently, the tangency portfolio, i.e. the most efficient portfolio, needs 

to be found. This is the portfolio located where the Capital Market Line intersects with the 

efficient frontier. The CML has an intersect equal to the risk-free rate and its slope is also 

known as the Sharpe Ratio, obtained by the following formula (Sharpe, 1966): 

 
𝜇! − 𝜇!
𝜎!

 (3.1)  

where  

𝜇!  is the mean return of the market portfolio  

𝜇!  is the return of the risk-free portfolio  

𝜎!  is the standard deviation of returns of the market portfolio  

As mentioned above, the tangent portfolio is the portfolio on the efficient frontier that in-

tersects with the CML. The slope of the CML, the Sharpe ratio, is maximized on this point.  

Since 5 time periods are used to find optimized portfolios, a total of 5 tangent portfolios 

are found. In addition, the compositions of the 5 minimum risk portfolios, one for every 

time period, are found. These risk-minimizing portfolios are the ones with the lowest 

standard deviation on the efficient frontier and consequently located at the very left of this 

line. The future 3-year return, which is the simulation or testing period, is then calculated 

for every portfolio using the historical daily closing spot prices. For a tangent portfolio with 

a sampling period from September 1, 1993 to September 1, 1996, the prices from Septem-

ber 2, 1996 to September 2, 1999 is used as the testing period during which the future re-

turn as well as the standard deviation, variance and mean are calculated. For a risk-

minimizing portfolio with a sampling period from September 1, 2001 to September 1, 

2004, the prices from September 2, 2004 to September 2, 2007 is used for the analysis by 

finding the future return, standard deviation, variance and mean. The total returns as well 

as the yearly returns, along with the standard deviations and variances of these returns, are 

then compared to portfolios for every testing period consisting of all the commodities with 

equal weights. The individual commodities during the same testing periods will also be used 

for comparison to examine the effects of diversification.    
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3.3 Black-Litterman 

The Black-Litterman model is a Bayesian approach to asset selection, blending the views 

generated by quantitative financial models with the views of investors. To maintain an un-

biased study the investor views will be modeled using another quantitative model; Geomet-

ric Brownian Motion.  

3.3.1 Market view 

The Implied Equilibrium Return Vector as Π = 𝜆Σ𝑤!"# where 𝑤!"# is a market capitali-

zation weighting scheme, which is used to constrain a portfolio and overcome the prob-

lems associated with low market capitalization (Idzorek, 2002). There is no direct counter-

part to market capitalization for commodity markets since commodities are held in a varie-

ty of ways (Goldman Sachs, 2012; Holthausen and Hughes, 1978). Satchell and Scowcroft 

(2000) use an equally weighted market capitalization factor. Since there is no equivalent to 

the market capitalization factor for commodities we will use an equally weighted market 

capitalization scheme.  

Goldman Sachs (2012) states that indices in equity markets are market capitalization 

weighted. Without a proper index, a scalar value for global risk aversion cannot be deter-

mines; therefore in this study we rely on using the risk aversion coefficient as a vector with 

weights that equal 1. In turn the market capitalization factor becomes a scalar rather than a 

vector. The new Implied Equilibrium Return Vector remains as written in equation 2.8. 

The risk aversion coefficient 𝜆 is a 1 x N column vector calculated as in equation 2.9. The 

equal weighting scheme are in turn calculated as a scalar using 𝑤!" =   
!
!
 where 𝑛 is the 

number of assets. 

As Figure 3.2 illustrates below, the Prior Equilibrium Distribution is normally distributed 

(𝑁  ~  (Π, 𝜏Σ)) with the Implied Equilibrium Return Vector as a mean. In the article by He 

and Litterman (1999), they suggest using a 𝜏 of 0.05 or 5%, which is what we will rely on in 

this study since it is co-authored by one of the original authors of the Black-Litterman pa-

per and can therefore be regarded as credible.  
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Figure 3.2. The probability distribution of the market view.  

 

3.3.2 Investor Views 

Black and Litterman (1992) use well-known investment strategies to generate views that 

would mimic the investment strategies of actual investors. In order to maintain an unbiased 

market forecasting view, we rely on quantitative models rather than subjective views. 

Schwartz and Smith (2000) state that the long-term dynamics of commodity spot prices can 

be modeled with a Geometric Brownian motion. Schwartz and Smith (2000) state that both 

spot and futures prices are assumed to follow two distinct processes:  

• Long-term dynamics - Assumed to follow a Geometric Brownian motion. 

• Short-term fluctuations: Assumed to follow an Ornstein-Uhlenbeck equilibrium-

reverting process, set by an equilibrium generated by the long-term Geometric Browni-

an motion. 

Schwartz and Smith (2000) show that for oil futures prices, the mean-reversion of the 

Ornstein-Uhlenbeck process converts to its long-term equilibrium after six months. 

Schumpeter (1939) in his research into business cycles finds that a Kitchin inventory cycle 

is a three-year business cycle defined as a period of accumulation and deaccumulation of 

inventory. The time periods used throughout this study is set as three years long, therefore 
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short-term fluctuations in the spot commodity prices generated by the stochastic Ornstein-

Uhlenbeck process can be disregarded since it is assumed to pan out to its long-term equi-

librium. Coincidentally Berck (1981) uses a three-year moving average in his model for pre-

dicting the future spot prices of agricultural commodities.  

Geman (2005) defines the Geometric Brownian motion as described in formula 2.13 where 

the volatility (𝜎) factor is assumed to be constant and determined using historical volatility. 

The drift factor (𝜇) parameter is estimated using historical spot prices. The drift rate is as-

sumed to be equivalent to the historical mean daily returns. To maintain unbiased investor 

views we generate views for all assets rather than just a few. The investor views (𝑄) are 

therefore set as a 1 x N column vector.  

Figure 3.3 illustrates how the views, as generated by Geometric Brownian Motion, are 

blended with the uncertainty of each view to generate a expected return vector representing 

the investor views; using the simplification by Hull (2009) that the expected future value is 

the drift rate continuously compounded until time 𝑇. The range of every individual view, 

𝑄! , is −1 ≥ 𝑄! ≤ 1, with the entire view vector, 𝑄 = 1.  The views are calculated so that 

the weights of the entire view vector equal 1. Relying on the article of He and Litterman 

(1999) we use the same values for uncertainty of views (Ω), which is set at 5%.  

 

Figure 3.3. The probability of the investor views combined with its uncertainties.  
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3.3.3 Posterior Portfolio 

Although the Implied Equilibrium Return Vector Π and the investor views are calculated in 

a different manner; the posterior combined return vector is calculated in the same way us-

ing equation 2.10. The posterior covariance matrix of the tilted portfolio is also calculated 

in the same way using equation 2.11. The posterior combined return vector and the poste-

rior covariance matrix can be used to generate an efficient frontier. However, the weights 

of the optimal tilt portfolio are generated using equation 2.12 by Walters (2009) rather than 

obtained using the tangent portfolio set forth by efficient frontier. This is also in line with 

the article by Black, Jensen and Scholes (1972) where they suggest that relaxation of the ex-

istence of risk-free lending and borrowing leads them to generate an equilibrium Capital 

Asset Pricing Model, which is the foundation of the Black-Litterman formula.  

Figure 3.4 shows how the tilted portfolio is generated by blending the quantitative view 

generated by the market view, with the investor views generated by the Geometric Browni-

an motion. Since we assume that producers of commodities cannot take short positions in 

assets, the weights of all assets are constrained so that all non-positive assets are set to a 

weight of 0 and the entire portfolios’ weight equals 1. To generate the weights for the op-

timal tilt portfolio a scalar value for Δ. He and Litterman (1999) assume a Δ equal to 2.5, 

therefore we have used the same scalar value.  
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Figure 3.4. Creation of the tilted portfolio by blending the quantitative market view and the investor views.   

 

3.4 Optimal Portfolio Testing 

The first test of the efficient portfolios is done by comparing the future returns and stand-

ard deviations on portfolios obtained from Modern Portfolio Theory and the Black Litter-

man model. The individual commodities are also used for comparison in order to scruti-

nize the validity of the models and the effects of diversification. Subsequently, the portfoli-

os obtained from MPT are compared to the ones obtained from the Black Litterman in or-

der to find which of the approaches that is the most risk minimizing, which is the portfolio 

with the lowest standard deviation calculated as the square root of equation 2.1. In addi-

tion, it is examined which of the portfolios that optimize returns the most, which is meas-

ured by equation 2.5.  
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3.5 Application to Existing Mining Companies 

The efficient portfolios obtained from Modern Portfolio Theory and the ones given by the 

Black-Litterman model are then compared to the actual product portfolios of selected min-

ing companies. The reason for choosing mining companies is because of the fact that his-

torical prices for the products mining companies manufacture and sell are available. The 

mining companies that are used for as comparison are Boliden AB (listed on NASDAQ 

OMX Stockholm), Lundin Mining AB (listed on the Toronto Stock Exchange), BHP Billi-

ton (dual-listed on the Australian Securities Exchange and the London Stock Exchange), 

Vale S.A. (listed on BM&F Bovespa), Rio Tinto plc. (listed on the London Stock Ex-

change) and Xstrata plc. (listed on the London Stock Exchange). These companies are all 

public, which means that their financial statements are available to the public, even though 

some of these firms do not have reports stretching as far back as 18 years accessible. By 

looking at the yearly financial reports from these companies, the product portfolios are 

found. The compositions given by the annual reports are presented according to their re-

spective heft; consequently this is converted to a market value weighted portfolio using the 

metal prices as of the last day of the fiscal year. The testing period will be from 1996 to 

2011 and is done so that the mining companies’ actual portfolio composition as for one 

year is compared with the efficient portfolios obtained using the data from a 3-year period 

ending the same year. The future performances of these portfolios are then compared, us-

ing data from the subsequent 3-year period. Values for mean return, standard deviation and 

return / risk ratio are compared and then analyzed using equation 2.1 and 2.5. This in order 

to investigate if the portfolio compositions given by the models provide a better risk mini-

mization, measured by the standard deviation, or a higher degree of return optimization, 

measured by the return / risk ratio than the mining companies’ product portfolio. Fur-

thermore, it is examined whether the MPT or the Black-Litterman model is the most ap-

propriate approach by comparing the outcomes from the models. Some of the firms may 

produce other commodities than the 11 that are used in this study; in these cases, those 

commodities are omitted.   
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4 Results and Analysis 

In order to find the future return, standard deviation and return/risk ratio for the opti-

mized portfolios, the compositions generated with the historical data are applied on the da-

ta for the future time period. Hence, the compositions of the optimized portfolios obtained 

from historical prices for one time period are simulated using data the subsequent period in 

order to find the future return and risk for these portfolios. The statistics found from the 

future time period are then compared to the individual metals in order to see if a diversifi-

cation strategy derived from portfolio theory implies return optimization or risk minimiza-

tion, compared to a non-diversifying strategy. The returns, standard deviations and re-

turn/risk ratios for this can be found in Table A.1 – Table A.5 in the appendix. Thereafter, 

the efficient portfolios are compared to the product portfolios of 6 real-world mining 

companies chosen for this study. The reason for this is to examine if these mining compa-

nies would be able to minimize its risk or optimize its returns by using the models as a tool 

when deciding on the composition of their product portfolios.  

4.1 Optimized Portfolios vs. Individual Metals 
Several things can be concluded when comparing the efficient portfolios and the individual 

metals. First of all, in all of the five time periods, the minimum risk portfolio is the least 

volatile of the three portfolios as it has the lowest standard deviation. This is significant at 

the 5% level during four of the periods; in the one time period no significant difference is 

found between the minimum risk and the tangency portfolio. When comparing the portfo-

lios with the individual metals, the minimum risk portfolio has the lowest standard devia-

tion in all of the 5 time periods. In two of the periods, there is not a significant difference 

between the minimum risk portfolio and two of the metals, however the minimum risk 

portfolio is the only one that consistently generates the lowest standard deviation. Hence it 

can be concluded that the minimum risk portfolio is the least volatile one compared to the 

other optimized portfolios as well as the individual metals. Consequently the Modern Port-

folio Theory can be confirmed to effectively minimize future risk by diversification when 

composing product portfolios based on historical data, this postulated that the minimum 

risk portfolio is used. This is in line with the claims of Markowitz (1952), Sharpe (1964) and 

Linter (1965a, 1965b).  

In all of the time periods, the minimum risk portfolios are well diversified as can be seen in 

Figure 4.1. The diversification of the portfolio needs to be done strategically and the selec-
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tion of assets to be included in the portfolio is vital in order for the volatility to remain low. 

The results show that the minimum risk portfolio fulfills these requirements as it in all of 

the five time periods suggests stable assets with historical low volatility and low covariance 

that persist in the forthcoming time period. This is in line with the claims of Lintner 

(1965a, 1965b) who argues that both the variance and the covariance should be taken into 

consideration when optimizing a portfolio. Consequently, the minimum risk portfolio is a 

diversification strategy that minimizes risk effectively compared to the other portfolios as 

well as the individual assets.  

 

Figure 4.1. The composition of the minimum risk portfolios from Period 1 through Period 5. 

 

Using the tangency portfolio instead, no significant conclusions about its effectiveness can 

be drawn on risk minimization or return optimization. Looking at the tangent portfolios’ 

compositions, as can be observed in Figure 4.2, it is clear that these portfolios are not as 

well diversified as the minimum risk portfolios. The selection of assets seem to be based on 

short-term positive trends rather than stability during the preceding time period, which re-

sults in a situation where the portfolios take large long positions in few assets. This is in 

line with the claims of Black and Litterman (1992) and partly their motivation for develop-

ing the Black-Litterman model. In turn, this may cause the tangent portfolios’ somewhat 

high volatility and low return/risk ratio for the future time periods. On this aspect, the 

statements by Markowitz (1952), Sharpe (1964) and Lintner (1965a, 1965b) cannot be con-
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firmed. A reason for this could be caused by the third assumption made in this study as ex-

plained in Section 3.1, which equalizes expected returns with historical returns. This as-

sumption could distort the results somewhat. However, as we wish to get as unbiased re-

sults as possible, we believe this assumption is justified and should therefore not be relaxed.  

 

Figure 4.2. The composition of the tangent portfolios from Period 1 through Period 5. 

 

As for the Black-Litterman portfolios, no inferences can be made with significance. The 

reasons for the somewhat low degree of risk minimization and return optimization of this 

model can be several. Since measuring market capitalization for commodities is infeasible, 

the Black-Litterman portfolios are assumed to initially have equal weights, before the views 

are applied. This leads to an asset selection where all commodities are included, not only 

those with stable historical returns as in the minimum risk portfolios, or those with an up-

ward trend during the preceding period as in the tangent portfolios. When the views there-

after are applied, single assets are not easily disregarded from the portfolios; consequently 

the Black-Litterman portfolios remain well diversified in all of the five time periods, as can 

be seen in Figure 4.3. This can explain the lower risk compared to the tangent portfolios. 

While the minimum risk portfolio chooses assets based on both their standard deviation 

and their covariance, the Black-Litterman portfolio omits the covariance, which Lintner 
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(1965a) argues is very important when constructing an efficient portfolio. This can explain 

why the Black-Litterman portfolios are more volatile than the minimum risk portfolios. 

Furthermore, the views generated by the Geometric Brownian motion are imprecise. In-

stead, by using real estimation-based views with certainties, performed by analysts special-

ized in metals with a cogent track record, the views might be more accurate that would in 

turn generate better results for the Black-Litterman model.  

 

Figure 4.3. The composition of the Black-Litterman portfolios from Period 1 through Period 5. 

 

As for the risk optimization, which is determined by the return/risk ratio, no significant re-

sults are found as this ratio seems to fluctuate greatly from period to period and the metal 

with the for the period best trend seem to outperform the others on this variable. No sig-

nificance is found at all as for the daily mean returns, perhaps caused by the usage of daily 

prices that fluctuate a lot during the 3-year testing period, which may cause a too high 

standard deviation in order to generate significant statistical results.   

From the tests applied, as described above, we can conclude that diversification will gener-

ate less volatility if executed properly. Some individual metals show a low degree of risk as 

well from time to time, especially gold. This is in line with the work of Markowitz (1952) 
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who argues that by using his approach, several portfolios will be found that will minimize 

risk and most of them are diversified, but not all of them.  

4.2 Application to Existing Mining Companies 

In this section, the tangent portfolios, the minimum risk portfolios and the Black-

Litterman portfolios are compared to the companies’ actual product portfolios as presented 

in the annual reports. Since all companies’ annual reports stretching as far back as 1996 

cannot be accessed, there are some data missing from the earlier periods. Some companies 

may produce other commodities as well, whose historical data are not included in our 

study. In these cases, those commodities are neglected from the product portfolios. A 

summary of the companies’ portfolio compositions is available upon request from the au-

thors.  

4.2.1 Period 1: From 1996’s Annual Reports 
Table 4.1 Comparisons of portfolios’ daily mean return, standard deviation of daily mean returns, return / risk ratio and 

total return. The portfolios are obtained using data from September 1 1993 – August 30 1996 (783 trading 
days). The companies’ portfolios are obtained from 1996’s annual reports.  Simulation period: September 2 
1996 – September 1 1999 (783 trading days). Risk-free rate, yearly: 4.21%.  

Testing Period: 1996-1999 
Daily mean 

 return 
Standard  
deviation Return / Risk Total return 

     Tangent Portfolio -0.0340% 1.1433% -0.029746 -27.1764% 

Minimum Risk Portfolio -0.0124% 0.6542% -0.018993 -10.7633% 

Black-Litterman -0.0127% 0.8158% -0.015590 -11.7924% 

     BHP Billiton 
	   	   	   	  Boliden -0.0247% 0.9934% -0.024845 -20.6626% 

Lundin Mining 
    Rio Tinto 
    Vale 
    Xstrata 
    The portfolio with the highest mean return, lowest standard deviation and highest return/risk ratio that is significant at 

the 5% level is emboldened in the table. 

Boliden is the only company with annual report available for 1996 and therefore it is the 

only company presented together with the optimized portfolio in Table 4.1. The minimum 

risk portfolio is the significantly least volatile portfolio, and the Black-Litterman portfolio is 

the second least risky. However, Boliden manages to generate a lower standard deviation 

than the tangent portfolio, perhaps a result of the higher diversification of Boliden’s port-

folio compared to the tangent portfolio, which holds a very large position in lead during 

this period of time. This can also serve as the reason for the lower return/risk ratio the 
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tangent portfolio offers compared to Boliden. However, both the minimum risk and the 

Black-Litterman portfolios outperform the other two on this aspect with significance.  

4.2.2 Period 2: From 1999’s Annual Reports 
Table 4.2 Comparisons of portfolios’ daily mean return, standard deviation of daily mean returns, return / risk ratio and 

total return. The portfolios are obtained using data from September 2 1996 – September 1 1999 (783 trading 
days). The companies’ portfolios are obtained from 1999’s annual reports.  Simulation period: September 2 
1999 – September 2 2002 (783 trading days). Risk-free rate, yearly: 6.54%. 

Testing Period: 1999-2002 
Daily  

mean return 
Standard  
deviation Return / Risk Total return 

     Tangent Portfolio -0.0010% 1.8890% -0.000505 -13.5277% 

Minimum Risk Portfolio 0.0108% 0.6440% 0.016781 7.0763% 

Black-Litterman -0.0079% 1.0577% -0.007505 -10.0228% 

     BHP Billiton -0.0145% 0.8057% -0.018049 -12.9829% 

Boliden 0.0087% 0.8564% 0.010132 4.0093% 

Lundin Mining 
    Rio Tinto -0.0128% 0.9902% -0.012910 -12.9070% 

Vale 
    Xstrata 
    The portfolio with the highest mean return, lowest standard deviation and highest return/risk ratio that is significant at 

the 5% level is emboldened in the table. 

In period 2, as presented in Table 4.2, none of the companies’ product portfolios generates 

a lower degree of standard deviation than the minimum risk portfolio, perhaps an effect of 

the wider diversification in this portfolio compared to the companies’ portfolios (8 metals 

compared to Bolden’s 5, BHP Billiton’s 6 and Rio Tinto’s 3). However, both the tangent 

and the Black-Litterman portfolios’ standard deviations are higher than that of all of the 

three companies, possibly a result of the optimized portfolios’ large holdings in palladium, 

which is the significantly most volatile metal together with nickel during this period of time. 

On the other hand these optimized portfolios outperform the companies’ portfolios on the 

return/risk ratio, results that are significant at the 5% level, and the minimum risk portfolio 

offers the highest return/risk ratio of all during this time period.  

4.2.3 Period 3: From 2002’s Annual Reports 
Table 4.3 Comparisons of portfolios’ daily mean return, standard deviation of daily mean returns, return / risk ratio and 

total return. The portfolios are obtained using data from September 2 1999 – September 2 2002 (783 trading 
days). The companies’ portfolios are obtained from 1999’s annual reports.  Simulation period: September 3 
2002 – September 1 2005 (783 trading days). Risk-free rate, yearly: 5.83%. 

 

Testing Period: 2002-2005 
Daily  

mean return 
Standard  
deviation Return / Risk Total return 
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Tangent Portfolio 0.0594% 0.8373% 0.070998 54.8527% 

Minimum Risk Portfolio 0.0624% 0.8354% 0.074737 58.5211% 

Black-Litterman 0.0848% 1.0455% 0.081116 85.9021% 

     BHP Billiton 0.0867% 1.1021% 0.078635 87.6946% 

Boliden 0.0966% 1.0832% 0.089142 103.1180% 

Lundin Mining     

Rio Tinto 0.1030% 1.2400% 0.083091 110.6030% 

Vale     

Xstrata 0.1212% 1.3475% 0.089917 140.0311% 
The portfolio with the highest mean return, lowest standard deviation and highest return/risk ratio that is significant at 
the 5% level is emboldened in the table. 

From Table 4.3, in which the results from period 3 is presented, it can be concluded that 

no company generates a lower standard deviation than the tangent, the minimum risk or 

the Black-Litterman portfolio during this time period. This could be the result of the high 

levels of diversification in the minimum risk and the Black-Litterman portfolios. The large 

position in gold could be the reason for the tangent portfolio’s low volatility, a position 

significantly larger than in the other portfolios. The highest return/risk ratio is generated by 

Boliden’s and Xstrata’s product portfolios, possibly caused by the firms’ high holdings of 

copper that surged heavily during this time period. Both the tangent and the minimum risk 

portfolio are significantly outperformed by all of the companies when looking at the re-

turn/risk ratio, but as mentioned above, these portfolios are instead the least volatile.  

4.2.4 Period 4: From 2005’s Annual Reports 
Table 4.4 Comparisons of portfolios’ daily mean return, standard deviation of daily mean returns, return / risk ratio and 

total return. The portfolios are obtained using data from September 3 2002 – September 1 2005 (783 trading 
days). The companies’ portfolios are obtained from 1999’s annual reports.  Simulation period: September 2 
2005 – September 2 2008 (783 trading days). Risk-free rate, yearly: 2.36%. 

Testing Period: 2005-2008 
Daily  

mean return 
Standard  
deviation Return / Risk Total return 

     Tangent Portfolio 0.0903% 1.3808% 0.065371 87.9560% 

Minimum Risk Portfolio 0.0741% 1.0830% 0.068414 70.4445% 

Black-Litterman 0.0846% 1.5740% 0.053778 75.9143% 

     BHP Billiton 0.0935% 2.1839% 0.042794 72.2984% 

Boliden 0.0767% 2.0473% 0.037483 54.6641% 

Lundin Mining 0.0769% 2.1520% 0.035722 52.2085% 

Rio Tinto 0.0843% 1.8133% 0.046510 70.0982% 

Vale 0.0714% 2.3264% 0.030699 41.5674% 

Xstrata 0.0854% 2.0916% 0.040826 64.3650% 
The portfolio with the highest mean return, lowest standard deviation and highest return/risk ratio that is significant at 
the 5% level is emboldened in the table. 
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From Table 4.4, it can be seen that the minimum risk portfolio is the significantly least vol-

atile one also when compared to the companies’ product portfolios, probably caused by the 

minimum risk portfolio’s risk efficient holdings of the two non-volatile and uncorrelated 

gold and aluminum alloy. This portfolio also has the highest return/risk ratio. None of the 

mining companies’ product portfolios has a lower standard deviation or a return/risk ratio 

exceeding those of the optimized portfolios, perhaps caused by the high levels of nickel 

and zinc most of them hold, two metals that show the significantly highest standard devia-

tion and the lowest return/risk ratio during this time period.  

 

4.2.5 Period 5: From 2008’s Annual Reports 
Table 4.5 Comparisons of portfolios’ daily mean return, standard deviation of daily mean returns, return / risk ratio and 

total return. The portfolios are obtained using data from September 2 2005 – September 2 2008 (783 trading 
days). The companies’ portfolios are obtained from 1999’s annual reports. Simulation period: September 3 
2008 – September 2 2011 (783 trading days). Risk-free rate, yearly: 3.79%. 

Testing Period: 2008-2011 
Daily  

mean return 
Standard  
deviation Return / Risk Total return 

     Tangent Portfolio 0.0902% 1.4432% 0.062497 86.6398% 

Minimum Risk Portfolio 0.0618% 1.1527% 0.053570 53.8634% 

Black-Litterman 0.0783% 1.7178% 0.045609 64.4028% 

     BHP Billiton 0.1059% 1.9405% 0.054579 97.5136% 

Boliden 0.0757% 1.9595% 0.038614 55.4810% 

Lundin Mining 0.0616% 2.2157% 0.027807 33.5911% 

Rio Tinto 0.0414% 2.1351% 0.019391 15.6356% 

Vale 0.0511% 2.3755% 0.021517 19.5995% 

Xstrata 0.0528% 2.3235% 0.022725 22.3353% 
The portfolio with the highest mean return, lowest standard deviation and highest return/risk ratio that is significant at 
the 5% level is emboldened in the table. 

The results from period 5 are presented in Table 4.5. As can be seen the minimum risk 

portfolio is the least volatile portfolio compared to all the others. No mining company 

manages to generate a lower standard deviation than any of the optimized portfolios, re-

sults that are significant at the 5% level. This might be explained by the large positions in 

gold the optimized portfolios take; substantial positions that none of the mining companies 

take. Looking at the return/risk ratio, the tangent portfolio clearly outperforms the compa-

nies’ product portfolios, so does the Black-Litterman portfolio as well. No significant dif-

ferent can be found for the return/risk ratio between the minimum risk portfolio and BHP 

Billiton’s product portfolio, consequently these two portfolios beat the other mining com-
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panies. An explanation for this could be BHP Billiton’s large holding of silver, which dur-

ing the testing period shows a noteworthy upward trend in relation to the other metals.   

4.2.6 Summary: Optimized Portfolios vs. Companies’ Portfolios 

From the results presented, it is clear that the minimum risk portfolio outperforms not on-

ly the other optimized portfolios on risk minimization, but also all mining companies’ 

product portfolios. In all of the 5 time periods, the minimum risk portfolio evidently has 

the lowest standard deviation. By a somewhat high degree of diversification, which is made 

effectively by choosing assets that demonstrate stability and low covariance during the past 

time periods, the minimum risk portfolio successfully minimizes future risk compared to 

the tangent portfolios, the Black-Litterman portfolios and the mining companies’ product 

portfolios. 

Using diversification in accordance with the compositions given by the minimum risk port-

folio as a contingent hedge will minimize the volatility of future revenues. Reducing the risk 

leads to several benefits for the company. First of all planning and forecasting will be made 

easier since the uncertainty regarding the future decreases. This will lead to minimized risk 

of bankruptcy according to Lewellen (1971) and therefore implies financial advantages for 

the firm, such as lower costs of financing (Levy and Sarnat, 1970; Diamond, 1984) so that 

profitable investment opportunities can be exploited (Froot et al, 1994). Secondly, the re-

duced volatility of revenues will in turn increase the firm’s expected returns and thereby al-

so its value according to Levy and Haber (1986) and Mello and Parsens (2000). Additional-

ly, shareholders will benefit from this decreased volatility and thereby the firm value will in-

crease further (Stulz, 1990). This reduction of volatility will not imply any extra direct costs 

or risks, as is the case when trading derivative contracts where transaction costs as well as 

other expenses are charged and where counterparty risk is present. Therefore a diversifica-

tion strategy executed properly, as described by Markowitz (1952), Sharpe (1964) and Lint-

ner (1965a, 1965b) will serve as an efficient hedge, as Tufiano (1996) claims. This is ob-

servable and significant in our results and consequently a firm adapting the minimum risk 

strategy on its product portfolio will be able increase the firm value further (Smith and 

Stulz, 1985; Stulz, 1990).  

As for the return/risk ratio, no significant results can be found. This could be caused by 

the metal prices’ fluctuations as mentioned earlier. The portfolio containing the metals that 

surge the most during the testing period seems to be the one generating the best re-
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turn/risk ratio for that time period. Different metals experience periods of positive return 

at different time periods and historical data cannot be used to make predictions with cer-

tainty about this. Therefore it does not seem possible to create a portfolio that will opti-

mize returns with a high degree of certainty in the forthcoming time periods using Modern 

Portfolio Theory or the Black-Litterman model solely based on historical data. Further-

more, the usage of the 3-year Kitchin cycle, as discovered by Schumpeter (1939), may be a 

an inappropriate time period in order to ascertain stable patterns in historical data for the 

efficient portfolios to be based on, that in turn could lead to significant results. 

From the results, it can therefore be concluded that diversification, if done correctly, can 

reduce risk and as a result of this increase the firm value according to several previous stud-

ies. This contradicts with the findings of Modigliani and Miller (1959), whose claims are 

heavily based on several assumptions about perfect markets, assumptions that necessarily 

do not hold in the real world. As a firm reduces its volatility, as can be done by diversifying 

according to the minimum risk portfolio, forecasting, planning and budgeting will be easier 

and investments can therefore be made with higher probability and accuracy. This will in 

turn generate a higher firm value that also the shareholders will benefit from. Company 

management can thus reap some of the benefits using MPT for their product portfolios as 

private investors can when using MPT for their financial portfolios, such as minimized risk 

that will decrease the uncertainty about the future cash flows. This is reasonable since the 

target for company management ought to be to maximize the value of the shareholders, 

who strive for investments with the highest possible return to the degree of risk that is tak-

en on, according to MPT (Markowitz, 1952; Sharpe, 1964; Lintner, 1965a, 1965b). Hence, 

the intents of company management and private investors should be the same; to maximize 

the returns for the level of risk that is taken on, or to minimize the risk for a given level of 

return. This in order to create less volatile future income, which in turn will increase the ac-

curacy of forecasts and investments that can increase either the firm’s value or the value of 

the investor’s portfolio. As a result of this, it seems fair to argue that portfolio theory can 

be applied on product portfolios as well as financial portfolios.  

As seen in the results, there are significant differences between companies’ volatility and re-

turns depending on the composition of the product portfolios. Investors in turn can use 

the framework applied in this study to generate a better risk measure for companies in or-

der to determine the optimal allocation in their financial portfolios. Portfolio optimization 

techniques are often based on the assumption that the implied returns are, or assumed to 
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be the same as, historical returns of the company’s stock. The risk measure is based on the 

standard deviation of those same historical asset price movements.  This generates a flawed 

risk measure since it does not take into account the nature of the particular asset. If a large 

cap company has the same relative development as a small cap company, then the expected 

return and the expected risk are also assumed to be the same. This study proves that prop-

er diversification in product portfolios works and reduces risk; therefore the risk measure 

that is used in financial portfolios should also take the product portfolio composition into 

account. Lee (2000) and Drobetz (2001) state that the Black-Litterman model mitigates the 

errors caused by traditional portfolio optimization techniques. Since the Black-Litterman 

model utilizes a market capitalization based weighting scheme, it inadvertently solves part 

of the problems caused by feeding the optimization process flawed risk and return inputs. 

This study suggests analyzing the product portfolio of companies using financial models to 

create a better risk measure that in turn can be used in portfolio optimization for financial 

portfolios. This is a truly interesting subject that warrants further research.  
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5 Conclusion 

Throughout this study it has been examined if it is possible to use portfolio theory for in-

vestment portfolios to decide the composition of a mining company’s product portfolio in 

order to minimize risk and optimize returns. To meet this purpose, three different types of 

portfolios have been scrutinized, the tangent portfolio and the minimum risk portfolio 

from Modern Portfolio Theory, as well as a portfolio based on the Black-Litterman model. 

These portfolios have been obtained using historical prices of 11 metals and have then 

been compared to individual metals as well as actual product portfolios of 6 mining com-

panies operating in the global market.  

The results indicate that proper diversification in product portfolio leads to lesser risks and 

more stable streams of return. The results show that the minimum risk portfolio generated 

by the efficient frontier leads to a lower standard deviation than all individual assets and all 

current product portfolios of companies within the scope of this study. By constructing a 

product portfolio according to the minimum risk portfolio, a contingent hedge will arise, 

and consequently the volatility of future cash flows will be minimized. This is done without 

engaging in complex and costly trading of derivative contracts, which also comes with basis 

risk and counterparty risk.  

As for return optimization, where the return is maximized over the risk, no significant con-

clusions can be drawn. This may be caused by the fact that imprecise time periods have 

been used in order to compose the portfolios. It may also be a result of flaws in the theo-

ries as our study shows that the tangent portfolio takes large positions in few assets, which 

has previously been stated numerous times. The Black-Litterman model relies to a large ex-

tent on assets’ market capitalization in order to generate sound portfolios that prevent tak-

ing large positions in a few assets. However, no market capitalization can be found for 

commodities, which obviates a vital part of the model. In addition, the views that are used 

to improve its performance have been created using Geometric Brownian motion in order 

to get as unbiased results as possible. Historical data is used to generate these views, which 

makes them inaccurate and results in a somewhat poor performance of the model both on 

risk minimization and return optimization.  

Still, the implications of these results are staggering; the management of a mining company 

can alter its production according to the minimum risk portfolio generated from historical 

data. This can be used when examining the optimal commodities to acquire new mines for. 
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As a result, this will lead to minimized risk and simplified planning and forecasting, which 

in turn will lead to an increased firm value.  
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6 Drawbacks & Suggestions for Future Research 
Because of some of the assumptions made throughout this study, drawbacks and limita-

tions exists. For future studies, it would be interesting to see how these can be relaxed.  

6.1.1 Geometric Brownian motion 

Rather than using a stochastic process, Hull (2009) describe that the expected asset price at 

time 𝑇 is merely the continuous compounding of the historical mean returns over the time 

𝑇. Therefore the ratios of implied returns are the same as the historical returns. Using the 

implied views generated by the Geometric Brownian motion as the inputs for the efficient 

frontier would generate the same portfolios as using historical daily mean returns as inputs. 

This contributes to making Geometric Brownian motion a poor indicator of investor views 

to be used in the Black-Litterman framework.  

6.1.2 The Black-Litterman Model 

The Black-Litterman model is a Bayesian approach to asset selection; by using the inferior 

input of investor views generated by the Geometric Brownian motion, the strength of the 

Black-Litterman model diminishes. Using proper investor views generated by experienced 

professionals as input in the Black-Litterman process could potentially produce a better 

posterior expected return vector.  

Furthermore, using Geometric Brownian motion to generate a 1 x N column vector of in-

vestor to a large extent removes the strength of the Bayesian approach of the Black-

Litterman model. As Figure 2.4 shows, as the number of observation increases, the tilted 

portfolio approaches the investor views rather than the market generated view. By merely 

applying a 1 x N column vector rather than a K x N column vector as suggested in the pa-

pers regarding the Black-Litterman model, one of the strengths of the Black-Litterman 

model is thereby removed. 

The Black-Litterman model utilizes a market capitalization based weighting scheme. 

Goldman Sachs (2012) state that there is no equivalent to market capitalization for com-

modities, therefore commodities in particular are not well suited to be used as assets in the 

Black-Litterman model. 

6.1.3 Usage by Company Management 

Several assumptions are made throughout our research as previously stated and we are 

aware that the results of our research may not be fully applicable to companies’ practical 
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decisions since our biggest assumption is that mining companies can produce any level of 

any metal at any time. This is obviously not realistic, however we believe that the results 

can be useful as guidelines for company management when looking for new prospects or 

acquisitions; in order to create a contingent hedge that will minimize future volatility and 

thereby increase the firm value in the long run.  

Furthermore, it is assumed that diversification implies no costs, which is not entirely valid 

in reality. Acquiring new mines in order to diversify the product portfolio comes with sev-

eral costs, such as for prospecting, mining, processing and equipment. However, these 

costs are not direct transactions costs as in the case of derivative trading and other reasons 

for expanding the production than only for diversification may exist.  

6.1.4 For Future Research 

For future studies, it may be examined whether the results would be more accurate using 

expected returns instead of assuming that expected returns equal historical returns. This 

needs to be done in such a way that no bias in the probability of future return is present. In 

addition, it would be interesting to find out if the same approach could be applied on a 

company’s body of customers with regards to the customers’ local currency in which the 

trade is made. The same methodology as used above could be used, but instead of using 

historical data for metal prices, exchange rates could be used in order to find the optimal 

shares of currencies in which to trade the products in.  

Since this topic is previously sparsely studied, the same approach could be used on agricul-

tural commodities as well as other products for which historical prices are accessible.  

In addition, incorporating the indirect costs that may arise when diversifying the product 

portfolio would be interesting when researching the same topic as throughout this study.  
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Appendix 

Period 1: Using data from 1993-1996 

From September 1 1993 – August 30 1996 (783 trading days).  

Risk-free rate, yearly: 4,21% 

Modern Portfolio Theory 
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The tangent portfolio: 

 

Aluminum Alloy: 13,22% 
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Historical mean daily return:  

Historical standard deviation:  

Future mean daily return (1996-1999):  

Future standard devation (1996-1999):  

Future total return (1996-1999):  

Return / risk ratio (1996-1999):  
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Aluminum: 7,31% 

Aluminum Alloy: 7,51% 

Copper: 12,41% 

Gold: 0.67% 

Lead: 25,60% 

Nickel: 15,00% 

Palladium: 0.89% 

Platinum: 3,69% 

Silver: 11,11% 

Tin: 9,36% 

Zinc: 6,44% 

 

Historical mean daily return:  

Historical standard deviation:  

Future mean daily return (1996-1999):  

Future standard devation (1996-1999):  

Future total return (1996-1999):  

Return / risk ratio (1996-1999):  
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Table A.1 Comparisons of portfolios’ and individual assets’ daily mean return, standard deviation of daily mean returns, 
return / risk ratio and total return. The portfolios are obtained using data from September 1 1993 – August 
30 1996 (783 trading days). Simulation period: September 2 1996 – September 1 1999 (783 trading days). 
Risk-free rate, yearly: 4.21%. 
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Correlations Copper Gold Silver Lead Palladium Platinum Tin Zinc Nickel Aluminum	  Alloy Aluminum
Copper 1 0,108243287 0,130087469 0,377845606 0,05710607 0,117973488 0,348566336 0,405221645 0,433878201 0,31723648 0,413653402
Gold 0,108243287 1 0,486151811 0,11508075 0,314456619 0,571624871 0,144628987 0,150349784 0,108965347 0,049196397 0,10792879
Silver 0,130087469 0,486151811 1 0,104163961 0,438607091 0,680886381 0,125034757 0,104492333 0,14017385 0,046455951 0,095502654
Lead 0,377845606 0,11508075 0,104163961 1 0,077137627 0,115495085 0,436143119 0,570991526 0,509968735 0,340559147 0,432735614

Palladium 0,05710607 0,314456619 0,438607091 0,077137627 1 0,561801145 0,087123992 0,048700976 0,067647606 0,003269261 0,066452349
Platinum 0,117973488 0,571624871 0,680886381 0,115495085 0,561801145 1 0,110665017 0,087836914 0,112971103 0,032194014 0,107322593

Tin 0,348566336 0,144628987 0,125034757 0,436143119 0,087123992 0,110665017 1 0,484510217 0,540095486 0,381171115 0,476291202
Zinc 0,405221645 0,150349784 0,104492333 0,570991526 0,048700976 0,087836914 0,484510217 1 0,522978833 0,428876821 0,517953721
Nickel 0,433878201 0,108965347 0,14017385 0,509968735 0,067647606 0,112971103 0,540095486 0,522978833 1 0,40866437 0,528829815

Aluminum	  Alloy 0,31723648 0,049196397 0,046455951 0,340559147 0,003269261 0,032194014 0,381171115 0,428876821 0,40866437 1 0,708278018
Aluminum 0,413653402 0,10792879 0,095502654 0,432735614 0,066452349 0,107322593 0,476291202 0,517953721 0,528829815 0,708278018 1

Covariances Copper Gold Silver Lead Palladium Platinum Tin Zinc Nickel Aluminum	  Alloy Aluminum
Copper 0,000198771 0,000007840 0,000027898 0,000082418 0,000008494 0,000013768 0,000061126 0,000059985 0,000099510 0,000044943 0,000065961
Gold 0,000007840 0,000026391 0,000037989 0,000009147 0,000017042 0,000024308 0,000009242 0,000008110 0,000009106 0,000002540 0,000006271
Silver 0,000027898 0,000037989 0,000231376 0,000024514 0,000070384 0,000085731 0,000023657 0,000016689 0,000034685 0,000007101 0,000016430
Lead 0,000082418 0,000009147 0,000024514 0,000239364 0,000012590 0,000014791 0,000083932 0,000092755 0,000128350 0,000052945 0,000075723

Palladium 0,000008494 0,000017042 0,000070384 0,000012590 0,000111296 0,000049060 0,000011433 0,000005395 0,000011609 0,000000347 0,000007929
Platinum 0,000013768 0,000024308 0,000085731 0,000014791 0,000049060 0,000068518 0,000011394 0,000007634 0,000015212 0,000002678 0,000010048

Tin 0,000061126 0,000009242 0,000023657 0,000083932 0,000011433 0,000011394 0,000154715 0,000063277 0,000109284 0,000047642 0,000067006
Zinc 0,000059985 0,000008110 0,000016689 0,000092755 0,000005395 0,000007634 0,000063277 0,000110244 0,000089327 0,000045249 0,000061510
Nickel 0,000099510 0,000009106 0,000034685 0,000128350 0,000011609 0,000015212 0,000109284 0,000089327 0,000264632 0,000066802 0,000097300

Aluminum	  Alloy 0,000044943 0,000002540 0,000007101 0,000052945 0,000000347 0,000002678 0,000047642 0,000045249 0,000066802 0,000100973 0,000080498
Aluminum 0,000065961 0,000006271 0,000016430 0,000075723 0,000007929 0,000010048 0,000067006 0,000061510 0,000097300 0,000080498 0,000127924
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     Tangent Portfolio -0.0340% 1.1433% -0.029746 -27.1764% 
Minimum Risk Portfolio -0.0124% 0.6542% -0.018993 -10.7633% 
Black-Litterman -0.0127% 0.8158% -0.015590 -11.7924% 
     
Aluminum 0.0055% 1.0514% 0.005200 -0.0474% 
Aluminum Alloy 0.0039% 0.8839% 0.004411 0.0000% 
Copper -0.0121% 1.4820% -0.008162 -16.5041% 
Gold -0.0517% 0.6388% -0.080973 -34.3330% 
Lead -0.0464% 1.4825% -0.031309 -36.1676% 
Nickel 0.0047% 1.6717% 0.002820 -6.9536% 
Palladium 0.1579% 2.4729% 0.063844 170.9163% 
Platinum -0.0073% 1.3679% -0.005308 -12.1365% 
Silver 0.0160% 1.7839% 0.008996 0.1931% 
Tin -0.0172% 0.9381% -0.018316 -15.5531% 
Zinc 0.0324% 1.4882% 0.021758 18.0260% 

The portfolio with the highest mean return, lowest standard deviation and highest return/risk ratio that is significant at 
the 5% level is underscored in the table. The portfolio or metal with the highest mean return, lowest standard deviation 
and highest return/risk ratio that is significant at the 5% level is emboldened in the table.  

Period 2: Using data from 1996-1999 

From September 2 1996 – September 1 1999 (783 trading days).  

Risk-free rate, yearly: 6,54% 

Modern Portfolio Theory 
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The tangent portfolio: 
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Historical mean daily return:  

Historical standard deviation:  

Future mean daily return (1996-1999):  

Future standard devation (1996-1999):  

Future total return (1996-1999):  

Return / risk ratio (1996-1999):  

 

 

0.12% 

1,9% 

-0.001% 

1,8890% 

-13,53% 

-0.00051 
 

The minimum risk portfolio: 

 

Aluminum Alloy: 18,54% 

Gold: 52,53% 

Lead: 2,13% 

Palladium: 0.54% 

Platinum: 3,93% 

Tin: 20.06% 

Silver: 0.49% 

Zinc: 1,79% 

 

Historical mean daily return:  

Historical standard deviation:  

Future mean daily return (1999-2002):  

Future standard devation (1999-2002):  

Future total return (1999-2002):  

Return / risk ratio (1999-2002):  

 

-0.03% 

0.51% 

0.0108% 

0.6440% 

7,076% 

0.01678 
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Aluminum: 5,33% 

Aluminum Alloy: 5,89% 

Copper: 10.10% 

Lead: 3,39% 

Nickel: 10.41% 

Palladium: 29,23% 

Platinum: 3,43% 

Silver: 19,19% 

Tin: 0,57% 

Zinc: 12,47% 

 

Historical mean daily return:  

Historical standard deviation:  

Future mean daily return (1999-2002):  

Future standard devation (1999-2002):  

Future total return (1999-2002):  

Return / risk ratio (1999-2002):  

 

 

0.0590% 

1,3253% 

-0.0079% 

1,058% 

-10.023% 

-0.00751 
 

 
 

Table A.2 Comparisons of portfolios’ and individual assets’ daily mean return, standard deviation of daily mean returns, 
return / risk ratio and total return. The portfolios are obtained using data from September 2 1996 – Septem-
ber 1 1999 (783 trading days). Simulation period: September 2 1999 – September 2 2002 (783 trading days). 
Risk-free rate, yearly: 6.54%. 

Testing Period: 1999-2002 
Daily mean  

return 
Standard  
deviation Return / Risk Total return 

Black-‐LiGerman	  96-‐99	  

Aluminum	  

Aluminum	  Alloy	  

Copper	  

Gold	  

Lead	  

Nickel	  

Palladium	  

PlaBnum	  

Tin	  
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Correlations Copper Gold Silver Lead Palladium Platinum Tin Zinc Nickel Aluminum	  Alloy Aluminum
Copper 1 0,123869683 0,063717546 0,310195145 0,046126027 0,044804332 0,253370714 0,31698115 0,448916897 0,450138172 0,472957944
Gold 0,123869683 1 0,285373502 0,104727578 0,133963493 0,258980822 0,071447213 0,11044709 0,078855234 0,171378125 0,187943255
Silver 0,063717546 0,285373502 1 0,046444734 0,144817616 0,268625919 0,056216171 0,003342556 0,091978487 0,066094334 0,066259242
Lead 0,310195145 0,104727578 0,046444734 1 -‐0,011716498 0,050147241 0,248349774 0,424102227 0,334612029 0,276732038 0,329171396

Palladium 0,046126027 0,133963493 0,144817616 -‐0,011716498 1 0,477461108 0,047318909 0,066358504 0,046729085 0,050591952 0,088124636
Platinum 0,044804332 0,258980822 0,268625919 0,050147241 0,477461108 1 0,118785647 0,099689039 0,022640692 0,070755831 0,080399137

Tin 0,253370714 0,071447213 0,056216171 0,248349774 0,047318909 0,118785647 1 0,199485642 0,227801902 0,248000769 0,246281637
Zinc 0,31698115 0,11044709 0,003342556 0,424102227 0,066358504 0,099689039 0,199485642 1 0,337612709 0,314373971 0,316301346
Nickel 0,448916897 0,078855234 0,091978487 0,334612029 0,046729085 0,022640692 0,227801902 0,337612709 1 0,38169121 0,372113495

Aluminum	  Alloy 0,450138172 0,171378125 0,066094334 0,276732038 0,050591952 0,070755831 0,248000769 0,314373971 0,38169121 1 0,728060034
Aluminum 0,472957944 0,187943255 0,066259242 0,329171396 0,088124636 0,080399137 0,246281637 0,316301346 0,372113495 0,728060034 1

Covariances Copper Gold Silver Lead Palladium Platinum Tin Zinc Nickel Aluminum	  Alloy Aluminum
Copper 0,000219746 0,000011715 0,000016829 0,000068088 0,000016888 0,000009074 0,000035189 0,000069838 0,000111134 0,000058911 0,000073622
Gold 0,000011715 0,000040706 0,000032439 0,000009894 0,000021109 0,000022574 0,000004271 0,000010473 0,000008402 0,000009653 0,000012592
Silver 0,000016829 0,000032439 0,000317438 0,000012253 0,000063725 0,000065385 0,000009384 0,000000885 0,000027368 0,000010396 0,000012397
Lead 0,000068088 0,000009894 0,000012253 0,000219255 -‐0,000004285 0,000010144 0,000034453 0,000093335 0,000082744 0,000036176 0,000051183

Palladium 0,000016888 0,000021109 0,000063725 -‐0,000004285 0,000609987 0,000161102 0,000010949 0,000024359 0,000019274 0,000011031 0,000022855
Platinum 0,000009074 0,000022574 0,000065385 0,000010144 0,000161102 0,000186641 0,000015204 0,000020242 0,000005166 0,000008534 0,000011534

Tin 0,000035189 0,000004271 0,000009384 0,000034453 0,000010949 0,000015204 0,000087776 0,000027778 0,000035642 0,000020513 0,000024229
Zinc 0,000069838 0,000010473 0,000000885 0,000093335 0,000024359 0,000020242 0,000027778 0,000220899 0,000083799 0,000041251 0,000049365
Nickel 0,000111134 0,000008402 0,000027368 0,000082744 0,000019274 0,000005166 0,000035642 0,000083799 0,000278897 0,000056276 0,000065256

Aluminum	  Alloy 0,000058911 0,000009653 0,000010396 0,000036176 0,000011031 0,000008534 0,000020513 0,000041251 0,000056276 0,000077944 0,000067497
Aluminum 0,000073622 0,000012592 0,000012397 0,000051183 0,000022855 0,000011534 0,000024229 0,000049365 0,000065256 0,000067497 0,000110268
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     Tangent Portfolio -0.0010% 1.8890% -0.000505 -13.5277% 
Minimum Risk Portfolio 0.0108% 0.6440% 0.016781 7.0763% 
Black-Litterman -0.0079% 1.0577% -0.007505 -10.0228% 
     
Aluminum -0.0115% 1.0484% -0.010977 -12.4388% 
Aluminum Alloy 0.0006% 1.0082% 0.000609 -3.4212% 
Copper -0.0127% 1.0650% -0.011881 -13.3428% 
Gold 0.0306% 0.9537% 0.032072 22.6282% 
Lead -0.0177% 1.2659% -0.013984 -18.2122% 
Nickel 0.0172% 2.1278% 0.008068 -4.1511% 
Palladium 0.0167% 2.2240% 0.007527 -5.7971% 
Platinum 0.0741% 1.6145% 0.045868 61.0873% 
Silver -0.0111% 1.1652% -0.009514 -13.0350% 
Tin -0.0352% 1.0314% -0.034085 -27.1401% 
Zinc -0,0519% 1.0431% -0.049775 -36.1489% 

The portfolio with the highest mean return, lowest standard deviation and highest return/risk ratio that is significant at 
the 5% level is underscored in the table. The portfolio or metal with the highest mean return, lowest standard deviation 
and highest return/risk ratio that is significant at the 5% level is emboldened in the table.  

Period 3: Using data from 1999-2002 

From September 2 1999 – September 2 2002 (783 trading days).  

Risk-free rate, yearly: 5,83% 

Modern Portfolio Theory 
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The tangent portfolio: 

 

Gold: 40.55% 
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Historical mean daily return:  

Historical standard deviation:  

Future mean daily return (2002-2005):  

Future standard devation (2002-2005):  

Future total return (2002-2005):  

Return / risk ratio (2002-2005):  

 

 

0.055% 

1,075% 

0.059% 

0.837% 

54,85% 

0.071 
 

The minimum risk portfolio: 

 

Aluminum: 14,96% 

Aluminum Alloy: 3,64% 

Gold: 22,52% 

Lead: 6,02% 

Palladium: 4,22% 

Platinum: 3,02% 

Tin: 20.08% 

Silver: 12,70% 

Zinc: 12,84% 

 

Historical mean daily return:  

Historical standard deviation:  

Future mean daily return (2002-2005):  

Future standard devation (2002-2005):  

Future total return (2002-2005):  

Return / risk ratio (2002-2005):  

 

-0.03% 

0.51% 

0.0624% 

0.8354% 

58,52% 

0.075 
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Aluminum: 4,22% 

Aluminum Alloy: 7,76% 

Copper: 9,15% 

Gold: 9,06% 

Lead: 12,13% 

Nickel: 21,12% 

Platinum: 28,22% 

Silver: 8,33% 

 

Historical mean daily return:  

Historical standard deviation:  

Future mean daily return (2002-2005):  

Future standard devation (2002-2005):  

Future total return (2002-2005):  

Return / risk ratio (2002-2005):  

 

 

0.0196% 

0.8741% 

0.0848% 

1,0455% 

85,90% 

0.0811 
 

 

 

Table A.3 Comparisons of portfolios’ and individual assets’ daily mean return, standard deviation of daily mean returns, 
return / risk ratio and total return. The portfolios are obtained using data from September 2 1999 – Septem-
ber 2 2002 (783 trading days). Simulation period: September 3 2002 – September 1 2005 (783 trading days). 
Risk-free rate, yearly: 5.83%. 

Testing Period: 2002-2005 
Daily mean  

return 
Standard  
deviation Return / Risk Total return 

Black-‐LiGerman	  99-‐02	  

Aluminum	  

Aluminum	  Alloy	  

Copper	  

Gold	  

Lead	  

Nickel	  

Palladium	  

PlaBnum	  

Silver	  

Tin	  
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Correlations Copper Gold Silver Lead Palladium Platinum Tin Zinc Nickel Aluminum	  Alloy Aluminum
Copper 1 0,119168972 0,017173978 0,390848708 -‐0,031056281 0,072439584 0,314891801 0,567094953 0,510135035 0,49735892 0,749215419
Gold 0,119168972 1 0,342228255 0,07577284 0,078937333 0,21793172 0,031621409 0,060678545 0,094403047 0,090587261 0,072255556
Silver 0,017173978 0,342228255 1 0,064356632 0,122182308 0,255980107 0,007775815 -‐0,004243842 -‐0,00552452 0,066709561 0,016274292
Lead 0,390848708 0,07577284 0,064356632 1 0,01249556 0,003935499 0,223113084 0,374516479 0,29273121 0,192057339 0,330903721

Palladium -‐0,031056281 0,078937333 0,122182308 0,01249556 1 0,520164603 -‐0,066647953 -‐0,04141756 -‐0,030406753 0,015930153 -‐0,026597567
Platinum 0,072439584 0,21793172 0,255980107 0,003935499 0,520164603 1 0,01496526 0,030218485 0,049427405 -‐0,007368182 0,014957608

Tin 0,314891801 0,031621409 0,007775815 0,223113084 -‐0,066647953 0,01496526 1 0,236434583 0,282786941 0,185225422 0,261519753
Zinc 0,567094953 0,060678545 -‐0,004243842 0,374516479 -‐0,04141756 0,030218485 0,236434583 1 0,421255508 0,344561975 0,51051552
Nickel 0,510135035 0,094403047 -‐0,00552452 0,29273121 -‐0,030406753 0,049427405 0,282786941 0,421255508 1 0,238509062 0,433577276

Aluminum	  Alloy 0,49735892 0,090587261 0,066709561 0,192057339 0,015930153 -‐0,007368182 0,185225422 0,344561975 0,238509062 1 0,592001325
Aluminum 0,749215419 0,072255556 0,016274292 0,330903721 -‐0,026597567 0,014957608 0,261519753 0,51051552 0,433577276 0,592001325 1

Covariances Copper Gold Silver Lead Palladium Platinum Tin Zinc Nickel Aluminum	  Alloy Aluminum
Copper 0,000113253 0,000012080 0,000002128 0,000052593 -‐0,000007343 0,000012431 0,000034527 0,000062876 0,000115424 0,000053297 0,000083496
Gold 0,000012080 0,000090732 0,000037951 0,000009126 0,000016706 0,000033475 0,000003103 0,000006022 0,000019119 0,000008689 0,000007208
Silver 0,000002128 0,000037951 0,000135532 0,000009474 0,000031604 0,000048056 0,000000933 -‐0,000000515 -‐0,000001367 0,000007820 0,000001984
Lead 0,000052593 0,000009126 0,000009474 0,000159880 0,000003510 0,000000802 0,000029067 0,000049337 0,000078696 0,000024453 0,000043816

Palladium -‐0,000007343 0,000016706 0,000031604 0,000003510 0,000493642 0,000186367 -‐0,000015257 -‐0,000009587 -‐0,000014364 0,000003564 -‐0,000006188
Platinum 0,000012431 0,000033475 0,000048056 0,000000802 0,000186367 0,000260042 0,000002486 0,000005077 0,000016946 -‐0,000001196 0,000002526

Tin 0,000034527 0,000003103 0,000000933 0,000029067 -‐0,000015257 0,000002486 0,000106159 0,000025380 0,000061948 0,000019217 0,000028217
Zinc 0,000062876 0,000006022 -‐0,000000515 0,000049337 -‐0,000009587 0,000005077 0,000025380 0,000108544 0,000093312 0,000036147 0,000055699
Nickel 0,000115424 0,000019119 -‐0,000001367 0,000078696 -‐0,000014364 0,000016946 0,000061948 0,000093312 0,000452040 0,000051062 0,000096536

Aluminum	  Alloy 0,000053297 0,000008689 0,000007820 0,000024453 0,000003564 -‐0,000001196 0,000019217 0,000036147 0,000051062 0,000101395 0,000062426
Aluminum 0,000083496 0,000007208 0,000001984 0,000043816 -‐0,000006188 0,000002526 0,000028217 0,000055699 0,000096536 0,000062426 0,000109664
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     Tangent Portfolio 0.0594% 0.008373 0.070998 54.8527% 
Minimum Risk Portfolio 0.0624% 0.008354 0.074737 58.5211% 
Black-Litterman 0.0848% 0.010455 0.081116 85.9021% 
     
Aluminum 0.0530% 0.011216 0.047221 43.9899% 
Aluminum Alloy 0.0382% 0.008612 0.044344 30.9351% 
Copper 0.1341% 0.014318 0.093640 163.0612% 
Gold 0.0470% 0.008626 0.054518 40.2930% 
Lead 0.1170% 0.018704 0.062577 117.7053% 
Nickel 0.1321% 0.023123 0.057123 127.5431% 
Palladium -0.0455% 0.022478 -0.020250 -42.5234% 
Platinum 0.0678% 0.011105 0.061071 61.9134% 
Silver 0.0695% 0.017543 0.039619 52.5612% 
Tin 0.0891% 0.014997 0.059380 83.6920% 
Zinc 0.0895% 0.014000 0.063952 86.4362% 

The portfolio with the highest mean return, lowest standard deviation and highest return/risk ratio that is significant at 
the 5% level is underscored in the table. The portfolio or metal with the highest mean return, lowest standard deviation 
and highest return/risk ratio that is significant at the 5% level is emboldened in the table.  

 

Period 4: Using data from 2002-2005 

From September 3 2002 – September 1 2005 (783 trading days).  

Risk-free rate, yearly: 2,36% 

Modern Portfolio Theory 
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The tangent portfolio: 

 

 

Copper: 35,37% 

Gold: 17,60% 

Lead: 3,57% 

Nickel: 1,74% 

Platinum: 25,18% 

Tin: 14,35% 

Silver: 2,19% 
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Historical mean daily return:  

Historical standard deviation:  

Future mean daily return (2005-2008):  

Future standard devation (2005-2008):  

Future total return (2005-2008):  

Return / risk ratio (2005-2008):  

 

 

0.0926% 

0.864% 

0.0903% 

1,3808% 

87,96% 

0.0654 
 

The minimum risk portfolio: 

 

Aluminum Alloy: 37,88% 

Gold: 37,05% 

Platinum: 16,7% 

Tin: 8,37% 

 

Historical mean daily return:  

Historical standard deviation:  

Future mean daily return (2002-2005):  

Future standard devation (2002-2005):  

Future total return (2002-2005):  

Return / risk ratio (2002-2005):  

 

0.05% 

0.63% 

0.0741% 

1,0830% 

70.44% 

0.0684 
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Aluminum: 5,32% 

Aluminum Alloy: 4,64% 

Copper: 18,04% 

Gold: 4,54% 

Lead: 17,01% 

Nickel: 13,21% 

Platinum: 7,27% 

Silver: 11,82% 

Tin: 8,88% 

Zinc: 9,28% 

 

Historical mean daily return:  

Historical standard deviation:  

Future mean daily return (2005-2008):  

Future standard devation (2005-2008):  

Future total return (2005-2008):  

Return / risk ratio (2005-2008):  

 

 

0.085% 

1,046% 

0.0846% 

1,574% 

75,91% 

0.05378 
 

 
Table A.4 Comparisons of portfolios’ and individual assets’ daily mean return, standard deviation of daily mean returns, 

return / risk ratio and total return. The portfolios are obtained using data from September 3 2002 – Septem-
ber 1 2005 (783 trading days). Simulation period: September 2 2005 – September 2 2008 (783 trading days). 
Risk-free rate, yearly: 2.36%. 

Testing Period: 2005-2008 
Daily mean  

return 
Standard  
deviation Return / Risk Total return 

     Tangent Portfolio 0.0903% 1.3808% 0.065371 87.9560% 

Black-‐LiGerman	  02-‐05	  
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Correlations Copper Gold Silver Lead Palladium Platinum Tin Zinc Nickel Aluminum	  Alloy Aluminum
Copper 1 0,269285603 0,158811447 0,596511303 0,122467055 0,184846108 0,376939451 0,709356884 0,546366839 0,533668796 0,726759357
Gold 0,269285603 1 0,385648137 0,151482044 0,21796069 0,313878877 0,111885665 0,21729802 0,175501279 0,219036629 0,250685588
Silver 0,158811447 0,385648137 1 0,097864121 0,334670183 0,422700202 0,070726961 0,103762643 0,030053805 0,181565224 0,170544484
Lead 0,596511303 0,151482044 0,097864121 1 0,109666398 0,104713228 0,314792607 0,621216341 0,434441411 0,451069731 0,517731489

Palladium 0,122467055 0,21796069 0,334670183 0,109666398 1 0,40849355 0,053611739 0,070235669 0,067791151 0,146990578 0,146869886
Platinum 0,184846108 0,313878877 0,422700202 0,104713228 0,40849355 1 0,104019586 0,135049246 0,090155191 0,185478943 0,190733414

Tin 0,376939451 0,111885665 0,070726961 0,314792607 0,053611739 0,104019586 1 0,348197373 0,331813183 0,262975472 0,336110449
Zinc 0,709356884 0,21729802 0,103762643 0,621216341 0,070235669 0,135049246 0,348197373 1 0,519349832 0,479819384 0,634020621
Nickel 0,546366839 0,175501279 0,030053805 0,434441411 0,067791151 0,090155191 0,331813183 0,519349832 1 0,363426311 0,506763551

Aluminum	  Alloy 0,533668796 0,219036629 0,181565224 0,451069731 0,146990578 0,185478943 0,262975472 0,479819384 0,363426311 1 0,6995509
Aluminum 0,726759357 0,250685588 0,170544484 0,517731489 0,146869886 0,190733414 0,336110449 0,634020621 0,506763551 0,6995509 1

Covariances Copper Gold Silver Lead Palladium Platinum Tin Zinc Nickel Aluminum	  Alloy Aluminum
Copper 0,000204994 0,000033223 0,000039839 0,000159540 0,000039370 0,000029395 0,000080886 0,000142129 0,000180675 0,000065777 0,000116582
Gold 0,000033223 0,000074251 0,000058224 0,000024383 0,000042170 0,000030040 0,000014450 0,000026203 0,000034928 0,000016248 0,000024202
Silver 0,000039839 0,000058224 0,000306988 0,000032031 0,000131661 0,000082259 0,000018573 0,000025442 0,000012162 0,000027386 0,000033479
Lead 0,000159540 0,000024383 0,000032031 0,000348951 0,000045998 0,000021726 0,000088133 0,000162395 0,000187437 0,000072537 0,000108357

Palladium 0,000039370 0,000042170 0,000131661 0,000045998 0,000504147 0,000101871 0,000018041 0,000022069 0,000035156 0,000028412 0,000036947
Platinum 0,000029395 0,000030040 0,000082259 0,000021726 0,000101871 0,000123360 0,000017316 0,000020991 0,000023127 0,000017734 0,000023735

Tin 0,000080886 0,000014450 0,000018573 0,000088133 0,000018041 0,000017316 0,000224629 0,000073031 0,000114860 0,000033930 0,000056440
Zinc 0,000142129 0,000026203 0,000025442 0,000162395 0,000022069 0,000020991 0,000073031 0,000195837 0,000167861 0,000057804 0,000099408
Nickel 0,000180675 0,000034928 0,000012162 0,000187437 0,000035156 0,000023127 0,000114860 0,000167861 0,000533441 0,000072259 0,000131136

Aluminum	  Alloy 0,000065777 0,000016248 0,000027386 0,000072537 0,000028412 0,000017734 0,000033930 0,000057804 0,000072259 0,000074107 0,000067472
Aluminum 0,000116582 0,000024202 0,000033479 0,000108357 0,000036947 0,000023735 0,000056440 0,000099408 0,000131136 0,000067472 0,000125529
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Minimum Risk Portfolio 0.0741% 1.0830% 0.068414 70.4445% 
Black-Litterman 0.0846% 1.5740% 0.053778 75.9143% 
     
Aluminum 0.0577% 1.6128% 0.035803 41.8913% 
Aluminum Alloy 0.0589% 1.3737% 0.042914 47.2875% 
Copper 0.1002% 2.0605% 0.048614 85.5036% 
Gold 0.0836% 1.3137% 0.063607 79.5856% 
Lead 0.1222% 2.5437% 0.04806 102.0255% 
Nickel 0.0658% 2.7147% 0.024224 25.4746% 
Palladium 0.0783% 2.0837% 0.037563 55.4348% 
Platinum 0.0681% 1.6725% 0.040727 52.4862% 
Silver 0.1070% 2.2814% 0.046909 87.7493% 
Tin 0.1469% 1.9745% 0.074411 170.6131% 
Zinc 0.0623% 2.5625% 0.024313 25.9206% 

The portfolio with the highest mean return, lowest standard deviation and highest return/risk ratio that is significant at 
the 5% level is underscored in the table. The portfolio or metal with the highest mean return, lowest standard deviation 
and highest return/risk ratio that is significant at the 5% level is emboldened in the table.  

 

Period 5: Using data from 2005-2008 

From September 2 2005 – September 2 2008 (783 trading days).  

Risk-free rate, yearly: 3,79% 

Modern Portfolio Theory 
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The tangent portfolio: 

 

 

Aluminum Alloy: 2,28% 

Gold: 36,48% 

Lead: 7,63% 

Platinum: 1,1% 

Tin: 41,8% 

Silver: 10.71% 
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Historical mean daily return:  

Historical standard deviation:  

Future mean daily return (2005-2008):  

Future standard devation (2005-2008):  

Future total return (2005-2008):  

Return / risk ratio (2005-2008):  

 

 

0.115% 

1,305% 

0.0902% 

1,4432% 

86,62% 

0.0625 
 

The minimum risk portfolio: 

 

Aluminum Alloy: 37,81% 

Gold: 34,46% 

Nickel: 1,06% 

Platinum: 18,47% 

Tin: 8,2% 

 

Historical mean daily return:  

Historical standard deviation:  

Future mean daily return (2002-2005):  

Future standard devation (2002-2005):  

Future total return (2002-2005):  

Return / risk ratio (2002-2005):  

 

0.08% 

1,05% 

0.0618% 

1,1527% 

53,86% 

0.0536 
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Aluminum: 5,13% 

Aluminum Alloy: 5,38% 

Copper: 13,35% 

Gold: 6,79% 

Lead: 15,56% 

Nickel: 8,30% 

Palladium: 6,39% 

Platinum: 6,72% 

Silver: 12,75% 

Tin: 11,31% 

Zinc: 8,32% 

 

Historical mean daily return:  

Historical standard deviation:  

Future mean daily return (2005-2008):  

Future standard devation (2005-2008):  

Future total return (2005-2008):  

Return / risk ratio (2005-2008):  

 

 

0.086% 

1,48% 

0.0783% 

1,72% 

64,40% 

0.0456 
 

 
 

Table A.5 Comparisons of portfolios’ and individual assets’ daily mean return, standard deviation of daily mean returns, 
return / risk ratio and total return. The portfolios are obtained using data from September 2 2005 – Septem-
ber 2 2008 (783 trading days). Simulation period: September 3 2008 – September 2 2011 (783 trading days). 
Risk-free rate, yearly: 3.79%. 

Testing Period: 2008-2011 
Daily mean  

return 
Standard  
deviation Return / Risk Total return 
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Correlations Copper Gold Silver Lead Palladium Platinum Tin Zinc Nickel Aluminum	  Alloy Aluminum
Copper 1 0,428122809 0,152188079 0,50829516 0,276569758 0,252601852 0,466638734 0,741317741 0,519715654 0,572143519 0,698392706
Gold 0,428122809 1 0,499224237 0,320830178 0,533350847 0,489299512 0,312074686 0,409364179 0,224693304 0,352223823 0,400694456
Silver 0,152188079 0,499224237 1 0,179265811 0,603518096 0,501767213 0,220442777 0,184188051 0,150456808 0,184978923 0,16813404
Lead 0,50829516 0,320830178 0,179265811 1 0,251520539 0,210255484 0,378032148 0,613337106 0,403917771 0,355075404 0,485212711

Palladium 0,276569758 0,533350847 0,603518096 0,251520539 1 0,626114486 0,258727108 0,304325393 0,221875917 0,244652123 0,283910015
Platinum 0,252601852 0,489299512 0,501767213 0,210255484 0,626114486 1 0,210903297 0,259862143 0,149959051 0,208021858 0,261958554

Tin 0,466638734 0,312074686 0,220442777 0,378032148 0,258727108 0,210903297 1 0,443304535 0,357967237 0,35722782 0,409499855
Zinc 0,741317741 0,409364179 0,184188051 0,613337106 0,304325393 0,259862143 0,443304535 1 0,528733261 0,506163731 0,671361795
Nickel 0,519715654 0,224693304 0,150456808 0,403917771 0,221875917 0,149959051 0,357967237 0,528733261 1 0,337841784 0,455149179

Aluminum	  Alloy 0,572143519 0,352223823 0,184978923 0,355075404 0,244652123 0,208021858 0,35722782 0,506163731 0,337841784 1 0,697515176
Aluminum 0,698392706 0,400694456 0,16813404 0,485212711 0,283910015 0,261958554 0,409499855 0,671361795 0,455149179 0,697515176 1

Covariances Copper Gold Silver Lead Palladium Platinum Tin Zinc Nickel Aluminum	  Alloy Aluminum
Copper 0,000423808 0,000115658 0,000071437 0,000265840 0,000118486 0,000086876 0,000189442 0,000390578 0,000290095 0,000161590 0,000231595
Gold 0,000115658 0,000172205 0,000149374 0,000106959 0,000145651 0,000107270 0,000080759 0,000137484 0,000079947 0,000063411 0,000084699
Silver 0,000071437 0,000149374 0,000519891 0,000103842 0,000286368 0,000191134 0,000099120 0,000107482 0,000093016 0,000057863 0,000061753
Lead 0,000265840 0,000106959 0,000103842 0,000645416 0,000132975 0,000089237 0,000189391 0,000398785 0,000278229 0,000123756 0,000198562

Palladium 0,000118486 0,000145651 0,000286368 0,000132975 0,000433066 0,000217676 0,000106177 0,000162082 0,000125192 0,000069848 0,000095170
Platinum 0,000086876 0,000107270 0,000191134 0,000089237 0,000217676 0,000279100 0,000069482 0,000111107 0,000067927 0,000047678 0,000070495

Tin 0,000189442 0,000080759 0,000099120 0,000189391 0,000106177 0,000069482 0,000388885 0,000223734 0,000191401 0,000096646 0,000130079
Zinc 0,000390578 0,000137484 0,000107482 0,000398785 0,000162082 0,000111107 0,000223734 0,000654995 0,000366898 0,000177720 0,000276770
Nickel 0,000290095 0,000079947 0,000093016 0,000278229 0,000125192 0,000067927 0,000191401 0,000366898 0,000735156 0,000125669 0,000198787

Aluminum	  Alloy 0,000161590 0,000063411 0,000057863 0,000123756 0,000069848 0,000047678 0,000096646 0,000177720 0,000125669 0,000188214 0,000154143
Aluminum 0,000231595 0,000084699 0,000061753 0,000198562 0,000095170 0,000070495 0,000130079 0,000276770 0,000198787 0,000154143 0,000259470
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Tangent Portfolio 0.0902% 1.4432% 0.062497 86.6198% 
Minimum Risk Portfolio 0.0618% 1.1527% 0.053570 53.8634% 
Black-Litterman 0.0783% 1.7178% 0.045609 64.4028% 
     
Aluminum 0.0044% 1.7830% 0.002477 -8.6166% 
Aluminum Alloy 0.0124% 1.7702% 0.007000 -2.5409% 
Copper 0.0543% 2.3855% 0.022767 22.4051% 
Gold 0.1187% 1.3949% 0.085118 134.4572% 
Lead 0.0749% 2.9282% 0.025587 28.3551% 
Nickel 0.0548% 2.9245% 0.018749 9.9846% 
Palladium 0.1620% 2.5867% 0.062619 172.5694% 
Platinum 0.0533% 1.7429% 0.030554 34.5546% 
Silver 0.1925% 2.7911% 0.068987 232.2909% 
Tin 0.0567% 2.4040% 0.023596 24.4159% 
Zinc 0.0602% 2.6035% 0.023128 22.8070% 

The portfolio with the highest mean return, lowest standard deviation and highest return/risk ratio that is significant at 
the 5% level is underscored in the table. The portfolio or metal with the highest mean return, lowest standard deviation 
and highest return/risk ratio that is significant at the 5% level is emboldened in the table.  

 

Minimum variance portfolios of Black-Litterman and Mean-Variance 
approaches 

Mean-Variance – Minimum Variance portfolios 

 
1993 1996 1999 2002 2005 

Copper 2.00129% 0.00000% 0.00000% 0.00000% 0.00000% 

Gold 69.32120% 52.53287% 22.52024% 37.05580% 35.45121% 

Silver 0.00000% 0.48756% 12.69848% 0.00000% 0.00000% 

Lead 0.00000% 2.12905% 6.01726% 0.00000% 0.00000% 

Palladium 7.33975% 0.53596% 4.22365% 0.00000% 0.00000% 

Platinum 0.00000% 3.93045% 3.01924% 16.69526% 17.47189% 

Tin 1.05482% 20.06071% 20.08165% 8.36704% 8.20087% 

Zinc 5.47123% 1.78741% 12.83909% 0.00000% 0.00000% 

Nickel 0.00000% 0.00000% 0.00000% 0.00000% 1.06307% 

Aluminum Alloy 14.81172% 18.53598% 14.95830% 37.88191% 37.81296% 

Aluminum 0.00000% 0.00000% 3.64209% 0.00000% 0.00000% 
 

Black-Litterman – Minimum Variance portfolios 

 
1993 1996 1999 2002 2005 

Copper 2.12599% 0.00000% 0.00000% 0.00000% 0.00000% 

Gold 68.90012% 52.21997% 22.40728% 36.85714% 35.29485% 

Silver 0.00000% 0.59113% 12.62826% 0.00000% 0.00000% 

Lead 0.00000% 2.15358% 6.13300% 0.00000% 0.00000% 

Palladium 7.34500% 0.69133% 4.15560% 0.00000% 0.00000% 

Platinum 0.00000% 3.92463% 3.32369% 16.62407% 17.45619% 
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Tin 1.19281% 19.98783% 19.89146% 8.52535% 8.37452% 

Zinc 5.62061% 1.86042% 12.76018% 0.00000% 0.00000% 

Nickel 0.00000% 0.01835% 0.00000% 0.00000% 1.32129% 

Aluminum Alloy 14.81547% 18.55276% 14.86240% 37.99344% 37.55314% 

Aluminum 0.00000% 0.00000% 3.83813% 0.00000% 0.00000% 
 


