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Abstract

Flexible beam structures are popular in civil and mechanical engineering.
Many of these structures undergo large displacements and finite rotations, but
with small deformations. Their dynamic behaviors are usually investigated
using finite beam elements. A well known method to derive such beam ele-
ments is the corotational approach. This method has been extensively used
in nonlinear static analysis. However, its application in nonlinear dynamics
is rather limited. The purpose of this thesis is to investigate the nonlinear
dynamic behavior of flexible beam structures using the corotational method.

For the 2D case, a new dynamic corotational beam formulation is pre-
sented. The idea is to adopt the same corotational kinetic description in
static and dynamic parts. The main novelty is to use cubic interpolations to
derive both inertia terms and internal terms in order to capture correctly all
inertia effects. This new formulation is compared with two classic formula-
tions using constant Timoshenko and constant lumped mass matrices. This
work is presented in the first appended journal paper

For the 3D case, update procedures of finite rotations, which are central
issues in development of nonlinear beam elements in dynamic analysis, are
discussed. Three classic and one new formulations of beam elements based on
the three different parameterizations of the finite rotations are presented. In
these formulations, the corotational method is used to develop expressions of
the internal forces and the tangent stiffness matrices, while the dynamic terms
are formulated into a total Lagrangian context. Many aspects of the four for-
mulations are investigated. First, theoretical derivations as well as practical
implementations are given in details. The similarities and differences between
the formulations are pointed out. Second, numerical accuracy and computa-
tional efficiency of these four formulations are compared. Regarding efficiency,
the choice of the predictor at each time step and the possibility to simplify
the tangent inertia matrix are carefully investigated. This work is presented
in the second appended journal paper.

To make this thesis self-contained, two chapters concerning the parametriza-
tion of the finite rotations and the derivation of the 3D corotational beam
element in statics are added.

Keywords: corotational method; nonlinear dynamic analysis; beam element;
large displacements; finite rotations; time stepping method; cubic interpola-
tions;
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Chapter 1

Introduction

1.1 Background

Flexible beams are used in many applications, for instance large deployable space
structures, aircrafts and wind turbines propellers, offshore platforms. These struc-
tures undergo large displacements and finite rotations, but still with small defor-
mations. The simulation of their nonlinear dynamic behavior is usually performed
using beam finite elements. A considerable number of beam models related to this
attractive topic can be found in the literature and most of these formulations are
based on a classic total Lagrangian formulation or a corotational formulation.

The classic total Lagrangian formulation is based on the use of displacement and
rotation variables with respect to a fixed inertial frame. Therefore, the kinetic en-
ergy takes a simple, quadratic form. This is the main reason why this method is
frequently used to develop nonlinear beam models in dynamic analysis (see [30, 31]
for 2D case, and [8, 18, 20, 21, 23, 32] for 3D case). However the nonlinear relations
between global displacement and rotation variables and the strain measures intro-
duce a complex definition of the strain energy, even in case of small strains (see
[20]). Furthermore, due to the fact that global displacement and rotation variables
are considered, linear interpolations is the unique choice, which is not accurate,
especially for flexible beams.

The corotational approach is also a total Lagrangian formulation, but the idea is to
decompose the motion of the element into rigid body and pure deformational parts.
During the rigid body motion, a local coordinate system, fixed to the element, moves
and rotates with it. The deformational part is measured in this local system. This
method has been extensively applied in nonlinear static analysis. Its application in
nonlinear dynamic analysis is focused on 2D [7, 11, 12, 13, 15, 16, 19, 24, 26, 33],
but rather limited in 3D [10, 15].
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CHAPTER 1. INTRODUCTION

The main interest of the corotational method is that with a proper choice of the
length of the element, the local displacements are small relative to the local system.
Therefore, different assumptions can be made to represent the local deformations,
giving possibility for using cubic interpolations for the local element formulation.
However, if the cubic interpolations are adopted for the local deformations, then
the derivation of the inertia terms becomes very complicated. In [10], Crisfield
et al. suggested that this derivation is impossible due to its complexity. Thus,
they used the constant Timoshenko mass matrix although they adopted local cubic
interpolations to derive the elastic force vector and the tangent stiffness matrix. The
same approach was adopted in [19]. In [24, 26, 33], the authors used a constant
lumped mass matrix without any attempt to check its accuracy. In [7], Behdinan et
al. proposed a corotational 2D dynamic formulation. But the cubic interpolations
were used to describe the global displacements, which is not consistent with the idea
of the corotational method. In fact, to the author’s knowledge, there is no general
formulation for dynamic corotational beam elements in the literature. Hence, a
consistent corotational beam formulation for nonlinear dynamic analysis is still
very interesting to develop.

Regarding the 3D case, 3D beam models are not just a simple extension of 2D
formulations, mainly because of the complex nature of the finite rotations. More
specifically, the finite rotations are non-commutative and non-additive. They can
not be treated in the same simple manner as translations and require special up-
date and time stepping procedures. Several possibilities to parameterize the finite
rotations can be found e.g. in [8, 18, 32]. Each parametrization has advantages and
drawbacks, and the choice of an effective approach is still an issue.

1.2 Aims and scope

In this work, the corotational framework introduced by Nour-Omid and Rankin
[25], and further developed by Pacoste and Eriksson [29] and Battini [3] is fully
adopted.

The first aim of this work is to derive a general corotational dynamic formulation of
2D beam elements. In order to capture correctly all inertia effects, the local cubic
interpolations are adopted not only to obtain the elastic terms but also to derive
the inertia terms. This new formulation is compared with the formulation using
linear Timoshenko mass matrix and linear lumped mass matrix.

The second aim of this thesis is to carefully investigate the parametrization of the
finite rotations and their update procedures for nonlinear 3D beam elements. For
that, dynamic formulations derived in a total Lagrangian context together with
corotational internal force vectors and tangent stiffness matrices are used. Four
dynamic beam formulations based on different parameterizations of rotations are
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compared. The first three ones are classic formulations taken from the literature.
The last one is new and uses three of the four Euler parameters (quaternion) as
rotational variables. For all these approaches, theoretical derivations as well as
practical implementations are given in details. The similarities and differences
between the formulations are pointed out. Six numerical examples are implemented
in order to compare these four formulations in terms of numerical accuracy and
computational efficiency. Regarding efficiency, the choice of the predictor and the
possibility to simplify the tangent inertia matrix are carefully investigated.

1.3 Outline of thesis

This thesis is based on the work and results given in the two appended journal
papers. The first two chapters provide additional knowledge to make this thesis
self-contained.

In chapter 2, a review on the parametrization of finite rotations is presented.

In chapter 3, derivations of internal force vectors and tangent stiffness matrices for
3D corotational beam element in statics is presented. This presentation is taken
entirely from the work of Battini [3, 4]. Regarding the 2D case, the corotational
beam element in statics is well known and was also briefly presented in the first
paper.

In the first paper, a new dynamic formulation of corotational 2D beam is derived.
Several numerical examples are implemented to compare the new formulation and
two other classic formulations.

In the second paper, Newmark time stepping methods and finite rotations for non-
linear finite element analysis of flexible beam structures are discussed. Four dy-
namic beam formulations are compared.
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Chapter 2

Finite rotations

One central issue in the development of a nonlinear 3D beam element is the treat-
ment of finite rotations. The finite rotations are non-commutative and non-additive,
thus they can not be treated in simple manner as translations. In the computa-
tional mechanics, several ways for representing the finite rotations can be found in
[2, 8, 9, 14, 22].

In the context of this thesis, only rotation tensor, rotational vector and Euler
parameters are presented. These parameterizations are popular in the finite element
method, however, each of them has certain deficiencies. The rotation tensor, with
nine components to handle, is computational expensive and requires special update
procedure. In contrast, only three parameters are needed for the rotational vector,
and the Euler parameters. Furthermore, the rotations become additive and can be
updated in the same manner as the translations. However, the amplitude of the
finite rotations represented by these parameterizations are limited by 2π for the
rotational vector, and by π for the Euler parameters. To avoid this inconvenience,
Cardona and Geradin [8], Ibrahimbegović [17] and Battini [5] introduced the notion
of the incremental rotational vector and the incremental Euler parameters. Then,
additive updates will still apply but this time only within each increment. The
amplitudes of the rotations are just limited within each increment, which is not a
problem.

In this chapter, these three parameterizations and their respective update proce-
dures are presented. The formulations of angular velocities and accelerations are
then given.
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CHAPTER 2. FINITE ROTATIONS

xo

x

n

q

Figure 2.1: Finite rotation of a vector

2.1 Parametrization of the finite rotations

The coordinate of a fixed vector xo that is rotated into the position x (see Fig. 2.1)
is given by the relation

x = R xo (2.1)

The rotation matrix R is an element of the SO(3) group. Its coordinate repre-
sentation is a 3x3 orthogonal matrix involving nine components. However, due to
its orthonormality, the rotation matrix R can be parameterized using only three
independent parameters. One possibility is to use the rotational vector defined by

θ = θ n (2.2)

where n is an unit vector defining the axis of the rotation and θ = (θTθ)1/2 is the
angle of the rotation.

The relation between the rotation matrix and the rotational vector is given by the
Rodrigues’ formula

R = I + sin θ
θ
θ̃+ 1− cos θ

θ2 θ̃ θ̃ (2.3)

where θ̃ is the skew matrix associated to the vector θ.

If the trigonometric functions in the above equation are expanded in Taylor series,
R can be written as

R = I + θ̃+ 1
2 θ̃

2
+ · · · = exp(θ̃) (2.4)

6



2.2. VARIATION OF THE ROTATION PARAMETERS

Another possibility to parameterize the rotation matrix is to use the Euler param-
eters (quaternion), which by introducing the scaling factor 2 gives

q = 2 sin θ2 n (2.5)

In terms of q, the rotational tensor R is given by

R(q) = (2q2
o − 1)I + 1

2qqT + qoq̃ (2.6)

with qo = (1− qTq/4)1/2.

It can be observed that this parametrization requires only three parameters q (see
Eq. (2.5)) instead of four (q, qo) as usually found in the literature.

2.2 Variation of the rotation parameters

The admissible variation δR of the rotation matrix R is calculated by

δR = d
dε [Rε]ε=0 = d

dε

(
exp(ε δ̃w) R

)
ε=0

= δ̃wR

= d
dε

(
R exp(ε δ̃ω)

)
ε=0

= Rδ̃ω (2.7)

Physically, δw and δω represent infinitesimal spatial and material rotations super-
posed onto the rotation R. δw, which is also denoted as spatial spin variables, is
related to small variation of the rotational vector through

δw = Ts(θ) δθ (2.8)

with

Ts(θ) = I + 1− cos θ
θ2 θ̃+ θ − sin θ

θ3 θ̃ θ̃ (2.9)

In connection with the operator Ts, it should also be noted that

det(Ts) = 2(1− cos θ)
θ2 (2.10)

which shows that the corresponding mapping ceases to be a bijection for θ = 2kπ,
k = 1, 2, ... [17, 28].

The inverse relation of Eq. (2.5) is defined as

δθ = T−1
s (θ) δw (2.11)

7



CHAPTER 2. FINITE ROTATIONS

with

T−1
s (θ) = (θ/2)

tan(θ/2)I +
(

1− (θ/2)
tan(θ/2)

)
θθT

θ2 −
1
2 θ̃ (2.12)

The relation between the spatial spin variables and a small variation of the Euler
parameters is given by

δw = Tq(q) δq (2.13)

with

Tq(q) =
(
qoI + qqT

4 qo
+ q̃

2

)
(2.14)

It should be noted that the operator Tq(q) is undefined for qo = 0, which corre-
sponds to θ = kπ.

Similar relations connecting the material spin variables δω and δθ, δq can also be
obtained by noting that δw = R δω. This issue, however will not be dealt with in
this thesis.

2.3 Update procedures of finite rotations

Due to the fact that the finite rotations are not elements of a linear space, the two
successive rotations are not commutative. Therefore, the update procedure of the
finite rotations after each Newton-Raphson iteration depends on the choice of the
parametrization of finite rotations, and needs to be carefully treated.

If the spatial spin variables are used to parameterize finite rotations, the update of
the rotation matrix at ith iteration of step (n+ 1) is performed according to

Ri
n+1 = exp(∆̃w)Ri−1

n+1 (2.15)

where ∆w are the iterative spatial spin variables.

If the rotational vector or the Euler parameters are used as parameters (see [27, 4]),
then the rotations become additive and are simply updated at each iteration using

θi = θi−1 + ∆θ (2.16)
qi = qi−1 + ∆q (2.17)

However, the relations in Eqs. (2.8) and (2.13) cease to be bijections respectively
for θ = 2π and for θ = π. Consequently, the angle of rotation is limited to 2π

8



2.4. ANGULAR VELOCITIES AND ACCELERATIONS

with the parametrization using the rotational vector and π in case of the Euler
parameters. In many dynamic analysis, angles of rotations can become larger than
these limitations.

In order to overcome this inconvenience, Ibrahimbegović [17] and Battini [5] pro-
posed to perform Eqs. (2.8) and (2.13) only within an increment, and introduced
the concept of incremental rotational vector and incremental Euler parameters.
Then, the update procedure at the step (n+ 1) is performed in the following way:
at the beginning of the step, the incremental rotational vector and the incremental
Euler parameters are set equal to zero (θ0

n+1 = q0
n+1 = 0[3x1]). At iteration i, they

are updated using

θin+1 = θi−1
n+1 + ∆θ (2.18)

qin+1 = qi−1
n+1 + ∆q (2.19)

and the rotation matrix is updated using

Ri
n+1 = exp(θ̃in+1) Rn (2.20)

Ri
n+1 = R(qin+1) Rn (2.21)

where θin+1,qin+1 are the spatial incremental rotational vector and the spatial in-
cremental Euler parameters, respectively.

Hence, additive updates still apply within each increment. The amplitude of the
rotations are just limited in each increment, which is not a problem.

2.4 Angular velocities and accelerations

In order to simulate dynamic behavior of beam structures, angular velocities and
accelerations must be calculated. Considering the equation (2.7), the angular ve-
locity can be expressed in spatial form as

˜̇w = Ṙ RT (2.22)

or in material form as ˜̇ω = RT Ṙ (2.23)

Due to the fact that the rotation matrix is an orthogonal matrix, the mutual rela-
tions between the corresponding axial vectors can be written as

ẇ = R ω̇ (2.24)
ω̇ = RT ẇ (2.25)

9



CHAPTER 2. FINITE ROTATIONS

By taking the time derivatives of the equations (2.22) and (2.23), the angular
accelerations in spatial and material form are given by

˜̈w = R̈ RT + Ṙ ṘT (2.26)˜̈ω = RT R̈ + ṘT Ṙ (2.27)

The relations between the two forms of angular acceleration are given by

ẅ = R ω̈ (2.28)
ω̈ = RT ẅ (2.29)

The spatial angular velocity can be directly calculated from the rotational vector
and from the Euler parameters by

ẇ = Ts(θ) θ̇ = Tq(q) q̇ (2.30)

By taking the time derivative of the previous equation, the spatial angular acceler-
ation is calculated by

ẅ = Ts(θ) θ̈+ Ṫs(θ) θ̇ = Tq(q) q̈ + Ṫq(q) q̇ (2.31)

The expressions of Ṫs(θ) θ̇ and Ṫq(q) q̇ are given by

Ṫs(θ) θ̇ =
{
c1 θ̇ θ

T + c2 θ̃ θ̇ θ
T + c3 (θT θ̇) θ θT + c5

[
θ θ̇

T + (θT θ̇)I
]}
θ̇

(2.32)

where

c1 = θ cos θ − sin θ
θ3 ; c2 = θ sin θ + 2 cos θ − 2

θ4

c3 = 3 sin θ − 2θ − θ cos θ
θ5 ; c5 = θ − sin θ

θ3

and

Ṫq(q)q̇ =
(

q̇Tq̇ + (qTq̇)2

4 q2
o

)
q

4 qo
(2.33)

Note that the material angular velocity and acceleration can also be obtained by
similar formulations. This issue, however will not be dealt with in this thesis.

10



Chapter 3

3D corotational beam elements in
statics

The objective of this chapter is to derive internal forces and tangent stiffness ma-
trices for a two node beam element using the corotational method. In 2D, the
corotational formulation is well known and was also briefly presented in the first
paper. Hence, in order to make the thesis self-contained, the formulation in 3D is
given here. The content presented is entirely taken from the work of Battini [3, 4]
with some changes in the notation.

The main idea of the corotational method is to introduce a local coordinate system
which continuously rotates and translates with the element. With respect to the
moving frame, local (deformational) displacements dl are defined by extracting the
rigid body modes from the global displacements d g

g . The local displacements are
expressed as functions of the global ones, i.e.

dl = dl (d g
g ) (3.1)

and used in order to compute the internal force vector fl and tangent stiffness matrix
Kl in local coordinates. Note that fl and Kl depend only on the definition of the
local strains and not on the particular form of Eq. (3.1). The connection between
the variations of local and global displacements is defined by a transformation
matrix B

δdl = B δd g
g (3.2)

The expression of the internal force vector in global coordinates fg, can be obtained
by equating the internal virtual work in both the global and local systems

V = δdT
l fl = δd gT

g fg (3.3)

11



CHAPTER 3. 3D COROTATIONAL BEAM ELEMENTS IN STATICS

Substituting the previous into Eq. (3.2), provides the result of interest

fg = BT fl (3.4)

The expression of the tangent stiffness matrix in global coordinates Kg, is obtained
by taking the variations of Eq. (3.4), which gives

Kg = BT Kl B + ∂(BTfl)
∂d g

g

∣∣∣∣∣fl (3.5)

In Eqs. (3.4) and (3.5), B and ∂(BTfl)/∂d g
g play the role of transformation matri-

ces required in order to re-express fl and Kl in global coordinates. These matrices,
which actually define the corotational framework, depend on the non-linear func-
tions in Eq. (3.1) and thus on the choice of the local coordinate system. However,
they are independent of the particular strain definition used in order to derive fl
and Kl. Consequently, various corotational elements defined using different local
strain assumptions but the same type of local coordinate system will share the
same transformation matrices, i.e. the corotational formulation is “element inde-
pendent" [25]. Using this property, various local assumptions can be placed at the
core of the corotational formulation and tested for efficiency and accuracy.

3.1 Coordinate systems, beam kinematics

The definition of the corotational two node beam element described in this section,
involves several reference systems. First (see Figure 3.1), a global reference system
defined by the triad of unit orthogonal vectors eα, α = 1, 2, 3. Second, a local system
which continuously rotates and translates with the element. The orthonormal basis
vectors of the local system are denoted by rα, α = 1, 2, 3. In the initial (undeformed)
configuration, the local system is defined by the orthonormal triad eoα. In addition,
t1
α and t2

α, α = 1, 2, 3, denote two unit triads rigidly attached to nodes 1 and 2.
According to the main idea of the corotational formulation, the motion of the
element from the initial to the final deformed configuration is split into a rigid
body component and a deformational part. The rigid body component consists of
a rigid translation and rotation of the local element frame. The origin of the local
system is taken at node one and thus the rigid translation is defined by ug1, i.e. the
translation at node 1. Here as in the sequel, the superscript g indicates quantities
expressed in the global reference system.

The rigid rotation is such that the new orientation of the local reference system is
defined by an orthogonal matrix Rr, given by

Rr = [ r1 r2 r3 ] (3.6)

12



3.1. COORDINATE SYSTEMS, BEAM KINEMATICS
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Figure 3.1: Beam kinematics and the coordinate systems

The first coordinate axis of the local system is defined by the line connecting nodes
1 and 2 of the element. Consequently, r1 is given by

r1 = xg2 + u g
2 − x g

1 − ug1
ln

(3.7)

with xgi , i = 1, 2 denoting the nodal coordinates in the initial undeformed configu-
ration and ln denoting the current length of the beam, i.e.

ln = ‖xg2 + ug2 − xg1 − ug1‖ (3.8)

The remaining two axes are determined with the help of an auxiliary vector p. In
the initial configuration p is directed along the local eo2 direction, whereas in the
deformed configuration its orientation is obtained from

p = 1
2 (p1 + p2) pi = Rg

i Ro [ 0 1 0 ]T i = 1, 2 (3.9)

where Rg
1 and Rg

2 are the orthogonal matrices used to specify the orientation of the
nodal triads t1

α and t2
α respectively, and Ro specifies the orientation of the local

frame in the initial configuration, i.e. Ro = [ eo1 eo2 eo3 ]. The unit vectors r2 and r3
are then computed by the vector products

r3 = r1 × p
‖r1 × p‖ r2 = r3 × r1 (3.10)
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CHAPTER 3. 3D COROTATIONAL BEAM ELEMENTS IN STATICS

and the orthogonal matrix Rr in Eq. (3.6) is completely determined.

The rigid motion previously described, is accompanied by local deformational dis-
placements with respect to the local element axes. In this context, due to the
particular choice of the local system, the local translations at node 1 will be zero.
Moreover, at node 2, the only non zero component is the translation along r1. This
can easily be evaluated according to

ū = ln − lo (3.11)

with lo denoting the length of the beam in the original undeformed configuration.
Here as in the sequel, an overbar denotes a deformational kinematic quantity.

The global rotations at node i can be expressed in terms of the rotation of the
local axes, defined by Rr, followed by a local rotation relative to these axes; this
is defined by the orthogonal matrix R̄i. Consequently, the orientation of the nodal
triad tiα can be obtained by means of the product Rr R̄i. On the other hand, (see
Figure 3.1) this orientation can also be obtained through the product Rg

i Ro, which
gives

R̄i = RT
r Rg

i Ro i = 1, 2 (3.12)

The local rotations are then evaluated from

θ̄i = log
(
R̄i

)
i = 1, 2 (3.13)

The explicit form of Eq. (3.1) is thus completely specified through Eqs. (3.11),
(3.12) and (3.13), with dl given by

dl =
[
ū θ̄

T
1 θ̄

T
2

]T
(3.14)

Correspondingly, the local internal force vector is given by

fl =
[
n mT

1 mT
2

]T
(3.15)

where n denotes the axial force whereas m1 and m2 denote the moments at nodes
1 and 2, respectively.

3.2 The transformation matrix B

The next step will then be to determine the transformation matrix B in Eq. (3.3).
This matrix relates the variations of the local displacements

δdl =
[
δū δθ̄

T
1 δθ̄

T
2

]T
(3.16)
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3.2. THE TRANSFORMATION MATRIX B

to their global counterparts

δd g
g =

[
δugT

1 δw gT
1 δugT

2 δw gT
2

]T
(3.17)

with δw g
i , i = 1, 2 denoting spatial spin variables as defined in Eq. (2.7). The

expression of B, and subsequently the transformations in Eqs. (3.4) and (3.5) are
derived using a sequence of two changes of variables, as described in the following
subsections.

Change of variables δθ̄ −→ δw̄
The general procedure for evaluating the transformation matrix B involves the
variations of Eqs. (3.11) and (3.12). Referring to (3.12), admissible variations δR̄i,
i = 1, 2 are computed (see Eq. (2.7)) according to

δR̄i = δ̃w̄i R̄i (3.18)

with δw̄i denoted spatial spin variables. δθ̄i as defined in (3.13). Using Eqs. (2.7),
(3.13) and (3.18), the change of variables from δθ̄i to δw̄i is given by

δθ̄ = T−1
s (θ̄) δw̄ (3.19)

which, by introducing the notation

δda =
[
δū δw̄ T

1 δw̄ T
2

]T
(3.20)

gives

δdl = Ba δda Ba =


1 0[1×3] 0[1×3]

0[3×1] T−1
s (θ̄1) 0

0[3×1] 0 T−1
s (θ̄2)

 (3.21)

Here, as in the sequel 0[i×j] denotes an i × j zero matrix. For a 3 × 3 zero matrix
the notation 0 is however used.

Further, a virtual work equation gives

fa = BT
a fl (3.22)

with fa denoting the internal force vector consistent with δda. The corresponding
transformation for the local tangent stiffness matrices, i.e. Kl and Ka, is obtained
by taking the variations of Eq. (3.22)

δfa = BT
a δfl + δBT

a fl (3.23)

15



CHAPTER 3. 3D COROTATIONAL BEAM ELEMENTS IN STATICS

where, by definition
δfl = Kl δdl δfa = Ka δda (3.24)

Using Eqs. (3.21), (3.23) and (3.24) gives the required transformation

Ka = BT
a Kl Ba + Kh Kh =


0 0[1×3] 0[1×3]

0[3×1] Kh1 0

0[3×1] 0 Kh2

 (3.25)

The expressions of Kh1 and Kh2 are computed from

∂

∂w̄ [T−T
s v] = ∂

∂θ̄
[T−T

s v] ∂θ̄
∂w̄ = ∂

∂θ̄
[T−T

s v] T−1
s (3.26)

with the vector v maintained constant during differentiation. Using (2.7) gives
after some algebra

∂

∂w̄ [T−T
s v] =

[
η [θ̄vT − 2 v θ̄T + (θ̄T · v) I] + µ ˜̄θ2 [v θ̄T]− 1

2 ṽ
]

T−1
s (θ̄) (3.27)

with the coefficients η and µ given by

η = 2 sinα− α (1 + cosα)
2α2 sinα µ = α (α+ sinα)− 8 sin2(α/2)

4α4 sin2(α/2)
α = ‖θ̄‖ (3.28)

Thus, Khi, i = 1, 2 are evaluated from Eq. (3.27) with θ̄ = θ̄i and v = mi, with
mi as defined in Eq. (3.15).

Change of variables δda −→ δd g
g

The second step of the variable change involves δda and δd g
g , as defined in Eqs.

(3.20) and (3.17), respectively.

Referring first to the local axial translation ū, the variations of Eq. (3.11) give

δū = δln = r δd g
g r =

[
−rT

1 0[1×3] rT
1 0[1×3]

]
(3.29)

For the rotational terms, the variations of Eq. (3.12) are needed

δR̄i = δRT
r Rg

i Ro + RT
r δR

g
i Ro (3.30)

where δR̄i is defined in (3.18) whereas δRg
i and δRr are computed using the spatial

form of Eq. (2.7), i.e.

δRg
i = δ̃w

g

i Rg
i δRr = δ̃w

g

r Rr (3.31)

16



3.2. THE TRANSFORMATION MATRIX B

δRT
r is calculated from the orthogonality condition Rr RT

r = I which, by differen-
tiation and introduction of Eq. (3.31) gives

δRr RT
r + Rr δRT

r = 0 (3.32a)

δ̃w
g

r Rr RT
r + Rr δRT

r = 0 (3.32b)

and then
δRT

r = −RT
r δ̃w

g

r (3.33)

Using Eqs (3.18), (3.31) and (3.33), Eq. (3.30) can be rewritten as

δ̃w̄i R̄i = −RT
r δ̃w

g

r Rg
i Ro + RT

r δ̃w
g

i Rg
i Ro

= −RT
r δ̃w

g

r Rr RT
r Rg

i Ro + RT
r δ̃w

g

i Rr RT
r Rg

i Ro (3.34)

= (δ̃w
e

i − δ̃w
e

r ) R̄i

where use has been made of Eq. (3.12) and of the fact that Rr transforms a vector
and a tensor from global to local coordinates according to

xe = RT
r xg x̃e = RT

r x̃g Rr (3.35)

Thus, Eq. (3.34) gives

δw̄i = δw e
i − δw e

r i = 1, 2 (3.36)

Further, let

δd e
g = ET δd g

g E =


Rr 0 0 0

0 Rr 0 0

0 0 Rr 0

0 0 0 Rr

 (3.37)

Then, using the chain rule, δw̄i is evaluated as

δw̄i = ∂w̄i

∂d e
g

∂d e
g

∂d g
g
δd g

g = ∂w̄i

∂d e
g

ET δd g
g i = 1, 2 (3.38)

Substituting from Eq. (3.36) gives

[
δw̄1

δw̄2

]
=

[ 0 I 0 0

0 0 0 I

]
−

 GT

GT


ET δd g

g = P ET δd g
g (3.39)

where the matrix G is defined by

GT = ∂w e
r

∂d e
g

(3.40)

17
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Hence, from (3.29) and (3.39), the connection between δda and δd g
g is given by

δda = Bg δd g
g Bg =

 r

P ET

 (3.41)

Expression of G

The expression of G is obtained from (3.31) which can be rewritten as

δ̃w
g

r = δRr RT
r (3.42)

and after the transformation (3.35) as

δ̃w
e

r = RT
r δRr (3.43)

From (3.6) and the above equation, it can easily be found that

δw e
r =


δw e

r1

δw e
r2

δw e
r3

 =


−rT

2 δr3

−rT
3 δr1

rT
2 δr1

 (3.44)

Introducing the notation ugi =
[
ugi1 u

g
i2 u

g
i3
]T (i = 1, 2), differentiation of Eq. (3.7)

gives

δrg1 = 1
ln

[
I− r1 rT

1

]
δug21 − δu

g
11

δug22 − δu
g
12

δug23 − δu
g
13

 (3.45)

and after transformation (3.35) in the local coordinate system, it is obtained

δre1 = 1
ln


δue21 − δue11

δue22 − δue12

δue23 − δue13

 (3.46)

Hence, since the local expressions of r2 and r3 are [ 0 1 0 ]T and [ 0 0 1 ]T, Eq. (3.44)
gives

δw e
r2

= 1
ln

(δue13 − δue23) (3.47a)

δw e
r3

= 1
ln

(δue22 − δue12) (3.47b)
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3.2. THE TRANSFORMATION MATRIX B

The evaluation of δw e
r1

is more complicated and can be performed as follows. Dif-
ferentiation of (3.9) gives

δp = 1
2(δRg

1 + δRg
2) Ro [ 0 1 0 ]T

= 1
2(δ̃w

g

1 Rg
1 + δ̃w

g

2 Rg
2) Ro [ 0 1 0 ]T (3.48)

= 1
2(δ̃w

g

1 p1 + δ̃w
g

2 p2)

The local expressions of the vectors p, p1 and p2 are denoted by

RT
r p =

 p1

p2

0

 RT
r p1 =

 p11

p12

p13

 RT
r p2 =

 p21

p22

p23

 (3.49)

The last coordinate of RT
r p is zero since p is perpendicular to r3.

The local expression of δp can be deduced from Eq. (3.48) as

δpe = 1
2 δ̃w

e

1

 p11

p12

p13

+ 1
2 δ̃w

e

2

 p21

p22

p23

 (3.50)

which after calculation gives

δpe = 1
2


− p12 δw

e
13 + p13 δw

e
12 − p22 δw

e
23 + p23 δw

e
22

+ p11 δw
e
13 − p13 δw

e
11 + p21 δw

e
23 − p23 δw

e
21

− p11 δw
e
12 + p12 δw

e
11 − p21 δw

e
22 + p22 δw

e
21

 (3.51)

The following notations are introduced

η = p1

p2
η11 = p11

p2
η12 = p12

p2
η21 = p21

p2
η22 = p22

p2
(3.52)

The differentiation of r3 is calculated from its definition (3.10). By noting that
‖r1 × p‖ = p2, the first line of Eq. (3.44) can be rewritten as

δw e
r1

= −rT
2
p2

δre1 × p− rT
2
p2

r1 × δpe − δ
(

1
p2

)
rT

2 (r1 × p) (3.53)

The last term in the above equation is zero. The two others terms can be evaluated
from Eqs. (3.46), (3.49) and (3.51). The result, after some work, is

δw e
r1

= η

ln
(δwe1 − δwe2)− η11

2 δw e
12 + η12

2 δw e
11 −

η21

2 δw e
22 + η22

2 δw e
21 (3.54)
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Finally, the expression for the matrix G is

GT =



0 0 η

ln

η12

2 −η11

2 0 0 0 − η
ln

η22

2 −η21

2 0

0 0 1
ln

0 0 0 0 0 − 1
ln

0 0 0

0 − 1
ln

0 0 0 0 0 1
ln

0 0 0 0


(3.55)

3.3 Global internal forces and tangent stiffness matrices

In this section, formulations of global internal force vectors and tangent stiffness
matrices are derived in details with different finite rotations parameters.

Spatial spin variables
Using (3.41), the internal force vector in global coordinates is computed as

fg = BT
g fa (3.56)

Note that, according to the sequence of variable changes previously defined, the
matrix B in Eq. (3.3) is explicitly given by the product Ba Bg.

Differentiation of (3.56) gives

δfg = BT
g Ka Bg δd g

g + δrT fa1 + δ(E PT) m (3.57)

with
m =

[
fa2 fa3 fa4 fa5 fa6 fa7

]T (3.58)

where fai
, i = 1, 7 denotes the i-th component of the vector fa.

From (3.29) and (3.45), it can easily be derived that
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δrT = D δd g
g D =


D3 0 −D3 0
0 0 0 0

−D3 0 D3 0
0 0 0 0

 D3 = 1
ln

(I−r1 rT
1 ) (3.59)

The last term in expression (3.57) is evaluated from

δ(E PT) m = δE PT m + E δPT m (3.60)

By introducing

PT m =


n1

m1

n2

m2

 (3.61)

and using (3.37) and (3.43), the first term in (3.60) can be expressed as

δE PT m =


Rr δ̃w

e

r 0 0 0

0 Rr δ̃w
e

r 0 0

0 0 Rr δ̃w
e

r 0

0 0 0 Rr δ̃w
e

r




n1

m1

n2

m2

 = E


δ̃w

e

r n1

δ̃w
e

r m1

δ̃w
e

r n2

δ̃w
e

r m2


(3.62)

which, using the relation
ã b = −b̃ a (3.63)

gives

δE PT m = −E Q δw e
r Q =


ñ1

m̃1

ñ2

m̃2

 (3.64)

Then, by using (3.40), it is obtained

δE PT m = −E Q GT ET δd g
g (3.65)

The calculation of the second term of (3.60) requires the value of δPT which can
be obtained by introducing the matrix A such as
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AT =

 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 −ln 0 0 0
0 0 0 0 0 0 0 ln 0 0 0 0

 (3.66)

and by noting that
AT G = I (3.67)

Differentiation of the above equation gives

δAT G + AT δG = 0 (3.68)

and hence
δG = −A−T δAT G = −G δAT G (3.69)

Further, using the definition of P in (3.39) gives

δP = −C δGT C =
[

I
I

]
(3.70)

which can be rewritten as

δPT = −δG CT = G δAT G CT (3.71)

Then, the second term of (3.60) becomes

E δPT m = E G δAT G CT m (3.72)

which can be simplified after symbolic matrix multiplications as

E δPT m = E G a δln (3.73)

with

a =


0

η

ln
(fa2 + fa5)− 1

ln
(fa3 + fa6)

1
ln

(fa4 + fa7)

 (3.74)

Introducing Eq. (3.29) in Eq. (3.73) gives

E δPT m = E G a r δd g
g (3.75)

Finally, from Eqs. (3.57), (3.60), (3.65) and (3.75) the expression of the global
tangent stiffness matrix is

Kg = BT
g Ka Bg + Km Km = D fa1 −E Q GT ET + E G a r (3.76)

Note that the tangent stiffness matrix as given by Eq. (3.76), is not symmetric.
However, as shown in [25], it can be symmetrised without losing quadratic conver-
gence unless concentrated moments are applied on the structure.
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Spatial incremental rotational vector
For the purposes of this subsection, let d g

r denote the following vector of global
nodal displacements

d g
r =

[
ugT

1 θ gT
1 ugT

2 θ gT
2

]T
(3.77)

where θ gi denotes the spatial form of the incremental rotation vector at node i.
The change to the new kinematic variables in d g

r requires the connection between
δd g

g as defined in (3.17) and δd g
r . This connection can be easily constructed using

(2.8)

δd g
g = Br δd g

r Br =


I 0 0 0

0 Ts(θ g1 ) 0 0

0 0 I 0

0 0 0 Ts(θ g2 )

 (3.78)

The global internal force vector fr and tangent stiffness matrix Kr, consistent with
d g
r , are then given by

fr = BT
r fg Kr = BT

r Kg Br + Kv (3.79)

where

Kv =


0 0 0 0
0 Kv1 0 0
0 0 0 0
0 0 0 Kv2

 (3.80)

The expressions of Kv1 and Kv2 are obtained from

∂

∂θ
[TT

s v] = −

(
sin θ
θ
−
(

sin(θ/2)
(θ/2)

)2
)

(n× v) nT + 1
2

(
sin(θ/2)

(θ/2)

)2
ṽ

+
(

cos θ − sin θ
θ

)
1
θ

[
v nT − (nTv)n nT

]
(3.81)

+
(

1− sin θ
θ

)
1
θ

[
n vT − 2 (nTv)n nT + (nTv) I

]
with the vector v maintained constant during the differentiation.

Thus, Kv1 and Kv2 are evaluated from Eq. (3.81) with θ = θ g1 and θ = θ g2 ,
respectively and v =

[
fg4 fg5 fg6

]T , v =
[
fg10 fg11 fg12

]T , respectively.

Spatial incremental Euler parameters
The transformation matrices required in this second case are constructed on the
basis of Eq. (2.13) which provides the connection between δw g and δq g. Following
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a procedure entirely similar to that used in the preceding subsection, the vector d g
r

is now defined as
d g
r =

[
ugT

1 q gT
1 ugT

2 q gT
2

]T
(3.82)

where q g
i denotes the incremental Euler parameters at node i. The transformation

equations for the internal force vector and the tangent stiffness matrix are formally
identical to Eqs. (3.78), (3.79) and (3.80), by replacing Ts(θ gi ) with Tq(q g

i ).
In this case, the matrices Kvi are evaluated with q = q g

i (i = [1, 2]) and v =[
fg4 fg5 fg6

]T , v =
[
fg10 fg11 fg12

]T , respectively, from

Kvi = 1
16 q3

o

H (3.83)

The components of H are

H11 = (4 q2
o + q2

1)A, H22 = (4 q2
o + q2

2)A, H33 = (4 q2
o + q2

3)A,
H12 = 4 q2

o (q1 v2 − q2 v1 − qo v3) + q1 q2 A,

H13 = 4 q2
o (q1 v3 − q3 v1 + qo v2) + q1 q3 A,

H21 = 4 q2
o (q2 v1 − q1 v2 + qo v3) + q2 q1 A, (3.84)

H23 = 4 q2
o (q2 v3 − q3 v2 − qo v1) + q2 q3 A,

H31 = 4 q2
o (q3 v1 − q1 v3 − qo v2) + q3 q1 A,

H32 = 4 q2
o (q3 v2 − q2 v3 + qo v1) + q3 q2 A,

A = (q1 v1 + q2 v2 + q3 v3)

where v1, v2, v3 are components of v.
For details concerning the derivation of H the interested reader is referred to [4].

3.4 Local element formulation

The purpose of this section is to define the internal force vector fl and tangent
stiffness matrix Kl in local coordinates.
Assuming elastic material behavior, fl and Kl can be derived from the strain en-
ergy Φ expressed as a function of the local displacements dl, through successive
differentiations

fl = ∂Φ
∂dl

Kl = ∂2Φ
∂d2

l

(3.85)

As a general rule, all kinematic quantities are referred to the local element frame ri,
i = 1, 2, 3, as defined in Eqs. (3.7), (3.9) and (3.10). The origin of the local system
is taken at node 1 with r1 directed along the line of centroids. The cross-section
is assumed to be bi-symmetric, with r2 and r3 directed along the principal axes of
the cross-section (see Figure 3.2).
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Figure 3.2: Local beam configuration

With respect to the local system, the Green-Lagrange strain components which
contribute to the strain energy of the beam are given by

ε11 = ū1,1 + 1
2 ū

2
1,1 + 1

2 ū
2
2,1 + 1

2 ū
2
3,1

2 ε12 = ū1,2 + ū2,1 + ū1,1 ū1,2 + ū2,1 ū2,2 + ū3,1 ū3,2 (3.86)
2 ε13 = ū1,3 + ū3,1 + ū1,1 ū1,3 + ū2,1 ū2,3 + ū3,1 ū3,3

where ū1, ū2, ū3 are the local (deformational) displacements of the current point P .
In the above equation, a comma followed by an index denotes differentiation with
respect to the corresponding variable.
Let xoP (x1, x2, x3) denote the position vector of point P in the initial (i.e. rotated
but still undeformed) configuration and let xP (x1, x2, x3) denote the position vector
of P in the current configuration (see Figure 3.2). These two vectors are given by

xoP (x1, x2, x3) = xoG(x1) + x2 r2 + x3 r3 (3.87)
xP (x1, x2, x3) = xG(x1) + x2 a2(x1) + x3 a3(x1) + α(x1)ω(x2, x3) a1(x1)

with xoG and xG denoting the position vectors of G in the initial and current configu-
rations, respectively. The warping function ω(x2, x3) is defined within Saint-Venant
torsion theory and refers to the centroid G.
The orhonormal triad ai, i = 1, 2, 3 which specifies the orientation of the current
cross-section, is given by

ai = R̄ ri i = 1, 2, 3 (3.88)
where the orthogonal matrix R̄ defines a rotation relative to the local element
axes, see Eq. (3.12). Using Eq. (2.4), a second order approximation of R̄ can be
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constructed as

R̄ = I + ˜̄θ+ 1
2

˜̄θ2 ˜̄θ =


0 −θ̄3 θ̄2

θ̄3 0 −θ̄1

−θ̄2 θ̄1 0

 (3.89)

Introducing Eq. (3.89) into (3.87), a second order approximation of the displace-
ment vector ūP = [ ū1 ū2 ū3 ]T = xP − xoP can be evaluated as

ū1 = u1 − x2 θ̄3 + x3 θ̄2 + 1
2 x2 θ̄1 θ̄2 + 1

2 x3 θ̄1 θ̄3 + ω α

ū2 = u2 − x3 θ̄1 −
1
2 x2 (θ̄ 2

1 + θ̄ 2
3 ) + 1

2 x3 θ̄2 θ̄3 + ω α θ̄3 (3.90)

ū3 = u3 + x2 θ̄1 −
1
2 x3 (θ̄ 2

1 + θ̄ 2
2 ) + 1

2 x2 θ̄2 θ̄3 − ω α θ̄2

where u1, u2, u3 are the displacements of the centroid G, i.e. the components of the
vector xG − xoG.
The strain energy can then be evaluated from

Φ =
∫
lo

(
1
2E
∫
A

ε 2
11 dA+ 1

2G
∫
A

[
(2ε12)2 + (2ε13)2

]
dA
)
dx1 (3.91)

Integration through the cross-section gives∫
A

ε 2
11 dA = Aε2

c + I22 k
2
2 + I33 k

2
3 + 1

4Irr θ̄
4
1,1 + Io εc θ̄

2
1,1 (3.92)

∫
A

[
(2ε12)2 + (2ε13)2

]
dA = A (γ 2

12 + γ 2
13) + J k2

1 (3.93)

with

εc = u1,1 + 1
2

(
u2

2,1 + u2
3,1

)
k2 = −θ̄3,1 + 1

2

(
θ̄1,1 θ̄2 + θ̄1 θ̄2,1

)
+ u3,1 θ̄1,1

k3 = θ̄2,1 + 1
2

(
θ̄1,1 θ̄3 + θ̄1 θ̄3,1

)
− u2,1 θ̄1,1 (3.94)

k1 = θ̄1,1 + 1
2

(
θ̄2,1 θ̄3 − θ̄2 θ̄3,1

)
γ12 = u2,1 − θ̄3 + 1

2 θ̄1 θ̄2 + u3,1 θ̄1 − u1,1 θ̄3

γ13 = u3,1 + θ̄2 + 1
2 θ̄1 θ̄3 − u2,1 θ̄1 + u1,1 θ̄2
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J , which denotes the Saint-Venant torsion modulus, is given by

J =
∫
A

[
x2(ω,3 +x2)− x3(ω,2−x3)

]
dA (3.95)

and the other section quantities are defined by

I22 =
∫
A

x2
2 dA I33 =

∫
A

x2
3 dA Io =

∫
A

(x2
2 + x2

3)dA (3.96)

To derive Eqs. (3.92) and (3.93), the warping stresses and the bi-shear force are
neglected which gives classic relation

α = k1 (3.97)

The Timoshenko element t3d based on Eqs. (3.91) - (3.96) is used in the second
paper. The element adopts linear interpolations for all variables and a one point
Gauss rule to avoid the shear locking. The expressions of the internal force vector fl
and the tangent stiffness matrix Kl are obtained using Maple. In numerical exam-
ples in the second paper, the section quantity Irr is neglected. Extensive numerical
testing has shown that this simplification has no effect on the accuracy of the results.

Maple code of t3d element

with(linalg):
du:=u12/L:
t1:=(t11+t12)/2:
t2:=(t21+t22)/2:
t3:=(t31+t32)/2:
dt1:=(t12-t11)/L:
dt2:=(t22-t21)/L:
dt3:=(t32-t31)/L:
g12:=-t3:
g13:=t2:
k1:=dt1:
k2:=-dt3:
k3:=dt2:
Phi1:=A*du^2+I22*k2^2+I33*k3^2+Irr/4*dt1^4+Io*du*dt1^2:
Phi2:=A*(g12^2+g13^2)+J*k1^2:
Phi:=1/2*L*(E*Phi1+G*Phi2):
fl:=grad(Phi,[u,t11,t21,t31,t12,t22,t32]):
kl:=hessian(Phi,[u,t11,t21,t31,t12,t22,t32]):

27





Chapter 4

Conclusions and future research

4.1 Conclusions

The main objective of this research was to provide an efficient finite beam formu-
lation for nonlinear dynamic analysis of flexible beam structures using the corota-
tional method. Both 2D and 3D beam formulations were considered.

2D beam formulation

A consistent dynamic beam formulation for the corotational approach in 2D was
derived. The same corotational kinetic description were adopted for both static
and dynamic parts. Moreover, in order to take into account the inertia effect due
to the local transverse displacements, the local cubic interpolations were not only
adopted to develop expressions of the elastic terms but also to derive the inertia
terms.

This new formulation was compared with two classic formulations using constant
Timoshenko and constant lumped mass matrices. Several numerical examples
showed that the new formulation is more efficient than two classic ones. Indeed, all
results indicated that the new formulation requires more computational time but
allows to reduce significantly the number of elements. This advantage is due to a
better representation of the local displacements in the inertia terms.
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3D beam formulation

The treatment of the finite rotations is one of the most important issue in the
development of 3D beam elements. In this thesis, the rotation tensor, the incre-
mental rotational vector and the incremental Euler parameters were adopted to
parameterize the finite rotations. Four dynamic formulations based on these pa-
rameterizations were compared. The first three formulations were taken from the
literature [32, 18, 8]. The last one was new. In these formulations, the corotational
method was used to develop expressions of the internal forces and the tangent stiff-
ness matrices, while the dynamic terms were formulated into a total Lagrangian
context. The similarities and differences between the formulations in theoretical
derivations and implementations were pointed out. Many numerical examples were
implemented in order to assess numerical accuracy and computational efficiency
of the formulations. Beside some aspects in nonlinear dynamic analysis were in-
vestigated. First, several predictors for dynamic analysis procedure were discussed.
Second, various possibilities to simplify the tangent dynamic matrix were presented
and tested.

The numerical results showed that

• For the practical implementation, the new formulation and the one proposed
by Cardona and Geradin [8] are the simplest ones: the same standard New-
mark method is used for both the displacements and the rotations. No quan-
tities need to be saved at each Gauss point.

• For all the formulations, the predictor proposed by Crisfield in [9] is the best
alternative. This predictor for the general case of a non constant tangent
inertia matrix is given in details in the second paper.

• For each formulation, the choice of the tangent inertia matrix affects sig-
nificantly the computational efficiency. For the first two formulations, the
best alternative is to take the exact tangent inertia matrix. For the last two
formulations, it is better to take only the mass and gyroscopic matrices.

• All the formulations give the same numerical results but the new formulation
proposed in the paper is slightly more efficient than the other ones regarding
the CPU time.

4.2 Future research

From the work presented in this thesis, some interesting topics for future research
are suggested.
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Formulation for 3D corotational beam element

It has been shown in [1] that, for static analysis, 3D corotational beams using local
cubic interpolations are more efficient than similar elements using local linear in-
terpolations. However, in the literature, linear interpolations are most of the time
used to derive inertia terms for 3D beams. Therefore, one interesting topic is to in-
vestigate if the dynamic corotational formulation presented in 2D can be extended
into 3D. The main challenge concerns then how to derive the inertia terms of 3D
beam elements using the local cubic interpolations.

Formulation with warping

Structures of beams with thin-walled or open cross-section are popular in civil
engineering. For such structures, warping stresses must be considered. Static beam
elements including warping are common and many formulations can be found in
the literature. A 3D corotational beam formulation with warping was developed by
Battini [6]. However, no corotational dynamic formulation for such beam elements
has been developed. Therefore, the work done in this thesis can also be extended
to include warping.
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