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Abstract
Semiconductor quantum dots and metal nanoparticles
feature very strong light-matter interactions, which has
led to their use in many photonic applications such as
photodetectors, biosensors, components for telecommunications etc. Under illumination both structures exhibit collective electron-photon resonances, described in
the frameworks of quasiparticles as exciton-polaritons
for semiconductors and surface plasmon-polaritons for
metals.
To date these two approaches to controlling light interactions have usually been treated separately, with just
a few simple attempts to consider exciton-plasmon interactions in a system consisting of both semiconductor and
metal nanostructures.
In this work, the exciton-polaritons and surface
plasmon-polaritons are first considered separately, and
then combined using the Finite Difference Time Domain
numerical method coupled with a master equation for
the exciton-polariton population dynamics.
To better understand the properties of excitons and
plasmons, each quasiparticle is used to investigate two
open questions - the source of the Stokes shift between
the absorption and luminescence peaks in quantum dots,
and the source of the photocurrent increase in quantum
dot infrared photodetectors coated by a thin metal film
with holes.
The combined numerical method is then used to
study a system consisting of multiple metal nanoparticles close to a quantum dot, a system which has been
predicted to exhibit quantum dot-induced transparency,
but is demonstrated to just have a weak dip in the absorption.
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Chapter 1

Introduction
Light is an integral part of how we perceive our environment - the interaction of
light with matter can tell us a great deal about the objects around us - their color,
texture, what they are made of, whether they are wet or not, and so on.
Our intuition of how light behaves breaks down when we consider nanostructured materials with features that are of similar or smaller size compared to the
light’s wavelength. In this regime, wave mechanics play a large role, often described
by the theory of diffraction [1].
The complex interplay of optically active nanostructures and light can lead to
surprising phenomena like transparency cloaks [2][3] and left-handed materials that
show negative index of refraction [4].
Metallic structures exhibit strong enhancements in electromagnetic field intensities close to the surface and resonances highly sensitive to the environment, while
semiconductor nanostructures have good light gathering, luminescence and longlived dipoles that modifies the optical properties of the nanostructure. Using both
materials in the same system could lead to strongly enhanced sensitivity in sensors.
Of particular interest is the use of nanoparticles - particles sized roughly 10−9 −
−7
10 m. The minuscule size is much smaller than the wavelength of light, which
causes the scattering and absorption properties to be very strongly dependent on
the light’s wavelength and the material properties. In semiconductor materials,
quantum effects play a large role in determining the optical properties.
This thesis first treats the two different approaches to light-matter interaction
separately in chapters 2-4, then in chapter 5 the numerical method for calculating
electromagnetic fields in arbitrary structures, used in all articles included in this
thesis, is described. Finally in chapter 6, the two different approaches are merged
by the means of the numerical method in chapter 5, and the exciton-plasmon interactions that appear then are discussed.
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Chapter 2

Semiconductor nanostructures
This chapter serves as a qualitative introduction to semiconductors and low-dimensional
structures, in particular quantum dots. The concepts of excitons and excitonpolaritons in quantum dots are introduced in the next chapter, building on the
general concepts established in this chapter, giving us a quantitative description
that can be used to calculate electronic and optical properties of quantum dots.

2.1

Basic semiconductor theory

A simple way to categorise materials in the world around us is to investigate their
conductivity which allows us to classify materials as either insulators or metals.
Semiconductors have a conductivity somewhere in between, which can be tuned
either in the manufacturing process or at any time.
This real-time tunability is the basic idea of the transistor, which is the main
workhorse in the computing and information technology revolution that has shaped
our modern world.
The optical properties of a material also depend on the conductivity, so the
intermediate nature of semiconductors makes them very interesting materials for
optical processes. Before we can treat the optical properties of semiconductor lowdimensional structures, some basic bulk band theory is necessary.
The average positions of the electrons of a single atom are given by the solution
of the Schrödinger equation of the composite nucleus-electron system. The solutions
are a set of discrete energy levels and corresponding orbitals which determine the
average positions of the electrons. When considering two atoms well separated from
each other, the solution is a duplicate of the first atom’s energies and orbitals.
Solving the Schrödinger equation for two atoms well separated from each other
gives energy levels that are identical to the one-atom case but repeated twice the energy levels are degenerate. As the distance between the atoms decreases, the
electrons will interact with each other which lifts the degeneracy - the degenerate
electron levels will split into two levels - the strength of the splitting increases as
3
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the distance between the atoms is decreased. Electrons in high-lying states are less
localised to the atoms, so the splitting will be stronger compared to the electrons
close to the nucleus.

(a) One atom

(b) Two atoms

(c) Many atoms

Figure 2.1: Illustration of the forming of bands
As the number of atoms considered grows, so does the number of splits. Bringing
N atoms close to each other leads to N splits. In real materials the number of atoms
is very high, so the distance between the energy levels will be so small that we can
treat the set of energy levels as a continuous range of energies - a band.
The range a band occupies can be seen as a range of allowed energies, while
no electrons will have an energy that lies outside of the bands so the regions not
within a band is called forbidden. Just solving the Schrödinger equations gives us
all possible solutions, of which there are many more than available electrons in the
system, so the highest filled band, the valence band, and the empty band above it,
the conduction band are of particular interest.
In metals there is no gap between the valence and conduction bands - electrons
are free to increase their energy and enter the conduction band where they can freely
move around in space. In insulators the energy difference, the bandgap between the
valence and conduction bands is high enough so that electrons cannot change bands
easily.
By choosing appropriate semiconductor material alloys it is possible to control
the bandgap. Of particular interest is when the bandgap lies between 0.1 and 4 eV,
which makes it possible for electrons to be excited by near-UV, visible light and
infrared radiation. The physical processes caused by excitations makes semiconductors good materials for optical devices.
As most semiconductor materials are crystalline, the atoms are ordered in a
periodic crystal lattice. The periodic potential of the atoms strongly influences
the wavefunctions of the electrons - the classic way to treat this is to separate the
wavefunction in two parts, one rapidly changing and a more smooth function, the
envelope function.
For an uniform sample, we can use the Bloch theorem to write out the wavefunction for a free electron in a semiconductor:
ψnk (r) = eik·r unk (r)
unk (r) = unk (r + R)

2.2. EFFECTIVE MASS
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The index n picks the electron state, r is the position of the electron in space,
R is the lattice period, and the crystal wavevector k has the relationship with the
wavelength: |k| = 2π
λ .
The details of the semiconductor material is hidden in the rapidly varying periodic Bloch function unk which has the periodicity of the atomic lattice.

2.2

Effective mass

The electrons moving in the lattice are strongly influenced by the periodic atomic
potentials - in order to describe the change in electron velocity we use the concept
of an effective mass of the electron inside a particular semiconductor material.
An electron whose energy dependence on crystal momentum h̄k can be described
by the dispersion relation E(k) has the group velocity
v=

1 dE(k)
h̄ dk

(2.1)

The momentum p = mv can also be expressed as p = h̄k. Using Newton’s
second law, F = ma:
h̄

dk
dv
=m
dt
dt
m d2 E(k)
=
h̄ dt dk
m d2 E(k) dk
=
h̄ dk2 dt

(2.2)

From this we can obtain a mass which depends on the energy dispersion:
1
1 d2 E(k)
= 2
∗
m
h̄ dk2

(2.3)

Using effective masses is a rough approximation but still very efficient and considering the multitude of other possible differences between a model and reality,
the effective mass approximation is a very effective and acceptable approximation.
The effective mass approximation is used throughout this thesis. There are more
accurate methods available, such as the k · p method by Kane [5], which takes the
effects of multiple bands into account, or the pseudopotential method [6] which consider individual atoms and is therefore more accurate at a great computational cost.
However, these methods often introduce considerable complexity and calculational
cost, or require material parameters that are difficult to measure or calculate.

2.3

Nanostructures

For a nonuniform sample, both the envelope function and the Bloch function will
vary in space. Of particular interest are the cases of reduced dimensionality -

6
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systems with variation of material composition in one or more axes and no change
in material along the other axes.
By choosing appropriate combinations of materials with different bandgaps and
positions of valence and conduction bands, it is possible to design sophisticated
semiconductor heterostructures.
A thin planar layer of a semiconductor material with a small bandgap embedded
inside a bulk material with larger bandgap (or an insulator) is called a Quantum
Well. For a quantum well we can use the bulk description along two axes but along
the third axis the envelope function needs to be changed significantly. This leads to
a confinement of electrons in the third axis if the electron’s energy is not sufficiently
high to escape the quantum well, while the electron is free to move along the two
other axes.
The confinement along the third axis causes quantization of the energy spectrum
of the electrons.
Quantum wires have confinement in two axes. Often real quantum wires are
not infinite in extent along the extended axis but are still sufficiently long that a
nearly bulklike treatment of the electrons is possible along that axis.
Quantum dots have confinement in all the three axes, so the electrons inside are
not free to move anywhere and the energy spectrum is completely quantized.

(a) Quantum well

(b) Quantum wire

(c) Quantum dot

Figure 2.2: Dimensional reduction of nanostructures
The different quantizations of energy depending on dimensionality affect the
electron density of states (DOS) - the number N of allowed electron energy levels
in an energy interval around an energy E, D(E) = dN (E)/dE.
In bulk the DOS, using the effective mass m∗ to characterize the material, is
given by
 ∗ 3/2
√
2m
1
EΘ(E)
(2.4)
D3D (E) =
2
2
2π
h̄
For quantum wells:
D2D (E) =

X m∗
Θ(E − En )
πh̄2
n

(2.5)

2.4. QUANTUM DOTS
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where En indicates the quantized energy levels. The Heaviside function Θ(E − En )
is zero for E < En and one for E ≥ En .
For quantum wires:
X 1
D1D (E) =
πh̄
n

r

2m∗
Θ(E − En )
E − En

(2.6)

Quantum dots (QDs) have no k−dependence at all, which means the energy
levels are completely discretized:
D0D (E) =

X

2δ(E − En )

(2.7)

n

The factor 2 comes from the spin-multiplicity, as two electrons are allowed in each
energy level. The discrete levels are why quantum dots are sometimes called "artificial atoms". The energy levels of a quantum dot depends strongly on the size of
the QD, allowing for great flexibility in designing the absorption and luminescence
of a material consisting of QDs.
The densities of states are sketched in figure 2.3.

(a) 3D

(b) 2D

(c) 1D

(d) 0D

Figure 2.3: Densities of States for various dimensions

2.4

Quantum dots

Typically quantum dots have sizes of around 0.5-50 nm, depending on the manufacturing method. Epitaxial methods, where the dots are formed by nucleation of
adsorbed thin films due to strain mismatch between the dot and host materials,
lead to roughly hemispherical or pyramidal quantum dots embedded in a host semiconductor material. This type of dots can have quite large bases but small heights,
less than 10 nm.
Colloidal manufacturing methods, where the dots are grown by crystallization
of the constituent atoms into spheroids, create very small dots in a liquid solution. This type of QDs are often used in chemical sensors and biosensors, utilizing
different surface coatings that can bind to target molecules [12].

8
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In real ensembles of quantum dots, the sharp delta functions are smoothed due
to size variation of the QDs and also due to electron-phonon interactions. In general
the absorption spectrum will be quite smooth with a few peaks.
Typical absorption and luminescence for two quantum dots with different sizes
are shown in fig. 2.4, where a difference in the peak absorption and luminescence
can be seen. This is the Stokes shift. There are many suggested sources for this
effect [7, 8, 9, 10, 11], usually focusing on variations in the bandstructure leading
to optically inactive ground states so that absorption is shifted. In paper I, we
proposed another possible source for the Stokes shift, due to the exciton-polariton
effect [13] which is discussed in further detail in chapter 3.4.

Photoluminescence

Absorbance

∆

CdSe - 3.4 nm

CdSe - 2.4 nm
350

400

450

500

550

600

650

700

Wavelength [nm]

Figure 2.4: Absorption and photoluminescence for two quantum dots. The larger
QD’s values have been shifted upwards for clarity.
Colloidal quantum dots exhibit a blinking effect, where the luminescence of
a quantum dot can be observed to cease for a relatively long time (up to a few
seconds) at random intervals. The reasons for this effect is still under debate, but
the absorption and polarization properties are believed to not be affected [14] so
the structures under investigation here are not negatively impacted.
An important advantage of semiconductor quantum dots over dye molecules
such as Rhodamine-3G is that the absorption spectrum is much broader for QDs
as photons of many energy levels larger than the bandgap energy will be absorbed
like in figure 2.4, unlike the dye molecule which will only absorb a narrow range of
energies. This is especially important in solar cell applications, which depend on
absorbing a wide range of energies from the solar blackbody spectrum.

Chapter 3

Exciton-Polaritons
The optical properties of most materials are strongly influenced by electron excitations so to be able to describe quantitatively the optical properties of a quantum
dot a model of the electron dynamics in the quantum dot is needed. This chapter
introduces the idea of excitons - pairs of excited electrons in the conduction band
and the holes in the valence band the excited electron leaves. The energy is briefly
considered but the main emphasis lies on obtaining the spatial distribution of the
exciton in a model quantum dot, the photodynamics of the exciton population, and
the polarization which is the basis for most measurable optical properties.

3.1

Excitons

When a photon has an energy larger than the bandgap, it can excite an electron
from the valence band in a semiconductor into the conduction band. The freed
state in the valence band is often treated as a particle, a “hole”, with its own mass,
positive charge, and ability to interact with other electrons and holes. The hole
does not exist per se but the interactions with valence electrons around the hole
is equivalent to interacting with just the hole if the hole’s properties are properly
modeled, for example by having a different effective mass for the holes.
An electron-hole pair can become bound to each other by the Coulomb attraction between the differently charged particles. The full Hamiltonian of a system
consisting of an electron at position r e and a hole at r h in a QD with dielectric
constant ε:
H=−

h̄2 ∇2e
h̄2 ∇2h
e2
+ U (r e ) −
+ U (r h ) −
2m0
2m0
4πε|r e − r h |

(3.1)

The potential U (r e,h ) is the actual atomic potential, not the effective-mass
potential V (r) which makes obtaining a solution rather complicated. Another
difficulty is that the last term, which represents the Coulomb interaction, prevents
9
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us from constructing an eigenstate as the simple product of an electron and a hole
wavefunction, ψcke (r e )ψvkh (r h ).
To get around these complications, a linear combination of multiple electronhole states has to be used. Let the wavevector of the combined electron-hole state
be K = ke + kh , and use c(v) to denote conduction(valence) bands.
ΨnK (r e , r h ) =

X

AnK (cke , vkh )ψcke (r e )ψvkh (r h )

(3.2)

cke ,vkh

where the electron and hole states are represented as Bloch functions:
1
ψck (r) = √ eik·r uck (r) ;
Ω

1
ψvk (r) = √ e−ik·r uvk (r)
Ω

(3.3)

where Ω is the lattice volume.
If the exchange interaction between the electron and hole can be ignored then
the exciton state and its energy E, defined as the difference from the ground state,
can be obtained by solving the equation system
[E − Ec (ke ) + Ev (kh )] AnK (cke , vkh ) =
X

hcke , vkh |V (r e − r h )|ck0e , vk0h iAnK (cke , vkh )

(3.4)

ck0e ,vk0h

where Ec (ke ) and Ev (kh ) are single-electron(hole) conduction- and valence-band
energies.
An effective-mass approximation to the solution of this is obtained from solving
the simplified differential equation [16][17]
[Ec (−i∇e ) − Ev (−i∇h ) + V (r e − r h )] ψnK (r e , r h ) = EψnK (r e , r h )

(3.5)

Here Ec (−i∇e ) and Ev (−i∇h ) are power series expressions of the single-electron
(hole) energies in the conduction(valence) bands, but expanded in a power series
with −i∇e used instead of ke .
The solution to this differential equation, ψnK (r e , r h ) is the exciton envelope
function. The actual wavefunction contains the Bloch periodic functions,
ΨnK (r e , r h ) = ΩψnK (r e , r h )uc (r e )uv (r h )

(3.6)

As a special case of interest we consider colloidal quantum dots which can be
approximated as spheres in vacuum - which makes it possible to obtain an analytical
expression for the wavefunction. Using relative center-of-mass coordinates
r = re − rh , R =

m∗e r e + m∗h r h
m∗e + m∗h

(3.7)

3.1. EXCITONS
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where the reduced effective mass m∗r is:
1
1
1
= ∗− ∗
m∗r
me
mh

(3.8)

the Hamiltonian becomes
H=−

h̄2
h̄2 ∇2r
e2
∗
∗
2(m
+
m
)
−
−
e
h
2
∗
∇R
2mr
4πε|r|

(3.9)

The solution to the Schrödinger equation using this Hamiltonian is the product of a wavefunction corresponding to the center-of-mass motion and the relative
electron-hole overlap.
The spherically symmetric problem is trivially reduced to one dimension - the
QD is then like a quantum well of width RQD and infinite barriers, which has the
well-known normalized solution:


1
nπ|R|
p
sin
(3.10)
RQD
|R| 2πRQD
The envelope function representing the exciton state, given by the overlap of
the electron and hole, is:
1
p
e−|r|/aB
(3.11)
πa3B
The exciton Bohr radius aB = 4πε∞ h̄2 /m∗r e2 varies between materials, and
is typically around 1 − 5 nm for IV-VI semiconductors and 5 − 40 nm for III-V
semiconductors.
Together these give the wavefunction for the ground state (n = 1) exciton in a
spherical quantum dot:


1
π|R|
1
p
p
Ψ(r e , r h ) =
sin
e−|re −rh |/aB uc (r e )uv (r h ) (3.12)
RQD
|R| 2πRQD
πa3B
It should be noted that the approximations used in this chapter are only valid
for quantum dots with radii smaller than or similar to the exciton Bohr radius.
Quantum dots with sizes larger than the exciton Bohr radius will not display sizedependent energy levels and will converge towards bulk properties.
The corresponding exciton binding energy, for QDs smaller than the exciton
Bohr radius, is given by
m∗ e4
(3.13)
En = − 2 r 2 2
2ε h n
The negative value indicates the bound nature of the exciton - the exciton
configuration is by nature preferred compared to that of a free electron-hole pair in
a quantum dot.

12
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Exciton dynamics and optical properties

Knowing the electronic structure, now the optical properties are discussed, using
time-dependent theory.
Of central importance is the study of the polarization, which in turn determines
several other optical properties such as the dielectric constant, by D = εE =
ε0 E + P , where P is a linear function of E.
The polarization can be seen as the expectation value of the electric dipole
d(r) = −er:
P (r, t) = hr e , r h , t|d(r)|r e , r h , ti

(3.14)

If it is assumed that the electromagnetic fields are of moderate strength so that
they do not perturb the spatial distribution of the exciton, then the time-dependent
wavefunctions is a product of the occupation probability and the spatial distribution
which was obtained in the previous section:
X
|r e , r h , ti = c0 (t)|Ψ0 (r e , r h )i +
cnK (t)|ΨnK (r e , r h , t)i
(3.15)
nK

where ΨnK (r e , r h , t) = ΨnK (r e , r h )e−iωnK t . The zero indices in c0 (t) and Ψ0
signify the unexcited vacuum state without any excitons. The exciton resonance
frequency ωnK is given by Eg + Ec + Ev + En , i.e. the difference between the
electron and hole energies when exciton binding is taken into account - Eg is here
the bandgap energy, Ec the energy of the electron relative to the bottom of the
conduction band, Ev the energy of the hole relative to the top of the valence band,
and En is the exciton binding energy.
We limit our discussion to the polarization due to transitions between excited
states and the empty ground state Ψ0 , which can be expected to be the most
common kind of transition [15]. Furthermore, we only consider direct bandgap
semiconductors and no phonon effects, so the momentum k should remain the
same.
The time-dependent Schrödinger equation then becomes:
ih̄

∂|r e , r h , ti
= (H0 + H1 )|r e , r h , ti
∂t

(3.16)

where the energy Hamiltonian H0 is the identical to (3.9), which doesn’t need to
be evaluated directly if the energies are known beforehand. In that case, H0 ΨnK =
h̄ωnK ΨnK . For the ground unexcited state the value of ω0 can be set to zero.
The perturbation Hamiltonian, which represents the effect by electromagnetic
fields on the exciton, is:
Z
H1 = d(r) · E(r, t) dr
(3.17)
where d(r) is the dipole moment operator
d(r) = −er e δ(r − r e ) + er h δ(r − r h )

(3.18)

3.2. EXCITON DYNAMICS AND OPTICAL PROPERTIES
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A straightforward first-order approximation to the time-dependent Schrödinger
equation is:
Z
dcnK (t)
ih̄
= c0 (t)hΨnK (r e , r h )| d(r) · E(r, t) dr|Ψ0 (r e , r h )ieiωnK t
(3.19)
dt
where the other terms were cancelled out due to symmetry:
Z
hΨnK (r e , r h )| d(r) · E(r, t) dr|ΨnK (r e , r h )i = 0

(3.20)

Solving this will yield the population variation over time due to the excitation
by the electromagnetic field E(r, t). A steady-state solution can be obtained by
using a continuous-wave excitation E(r, t) = E(r, ω)e−iωt + c.c, where c.c. denotes
the complex conjugate.
This gives the solution
Z
ei(ωnK −ω)t
hΨnK (r e , r h )| d(r) · E(r, ω) dr|Ψ0 (r e , r h )i
(3.21)
cnK (t) =
h̄(ωnK − ω)
Here the dipole matrix element is
Z
hΨnK (r e , r h )| d(r) · E(r, t) dr|Ψ0 (r e , r h )i
Z
=hΨnK (r e , r h )| er e δ(r − r e ) · E(r, t) dr|Ψ0 (r e , r h )i

(3.22)

which will be evaluated, using a second-quantisation approach similar to that of
[18].
First the position basis is changed to momentum basis by:
hΨnK (r e , r h )|r|Ψ0 (r e , r h )i =

1
hΨnK (r e , r h )|p|Ψ0 (r e , r h )i
im0 ωn

(3.23)

The polarization operator creates an electron and a hole, here expressed in
second-quantization formalism:
X † †
(3.24)
p=
ake bkh hcke |p|vkh i
ke ,kh

where a†ke adds an electron with momentum ke , and b†kh adds a hole with momentum kh . The corresponding annihilation operators are ake which removes an
electron and bkh which removes a hole.
Using this formalism, the excited state can be constructed from the empty
ground state by creating electrons and holes. The conjugate of the excited state,
needed in eq. 3.23 is:
X
hΨnK (r e , r h )| =
A∗n,K (ke , kh )hΨ0 (r e , r h )|bkh ake
(3.25)
ke ,kh

14
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Then the momentum matrix element becomes:
Z
hΨnK (r e , r h )|

p · E dr|Ψ0 (r e , r h )i
Z
X
∗
=
An,K hΨ0 (r e , r h )| bkh ake a†ke b†kh hcke |p|vkh i · E dr|Ψ0 (r e , r h )i
ke ,kh

=

X

A∗n,K hΨ0 (r e , r h )|

(3.26)

Z
hcke |p|vkh i · E dr|Ψ0 (r e , r h )i

ke ,kh

where the reader is reminded that we only discuss excitations from the empty
ground state so that the creation-annihilation pairs always return nonzero results.
We have here also hidden the dirac delta used in the dipole moment operator,
δ(r − r e ) which will be added back later.
The exciton momentum hcke |p|vkh i is now to be derived. It is for the general
case of an exciton in a semiconductor material, not dependent on the specific geometry of our nanostructure, so we can use bulk plane wave expressions for the
electron and hole wavefunctions of an excited electron with momentum ke and an
excited hole with momentum −kh :
1
|cke i = √ eike ·r uc (r)
Ω

1
|vkh i = √ e−ikh ·r uv (r)
Ω

Thus the momentum matrix element is:
Z

i
i
hcke |p|vkh i = hcke | ∇|vkh i =
eike ·r u∗c (r)∇ e−ikh ·r uv (r) d3 r
h̄
h̄V


i −i(ke +kh )·r 
e
ikh huc |uv i +huc |∇uv i = {∇ = h̄p/i}
| {z }
h̄

(3.27)

(3.28)

=0

= e−i(ke +kh )·r huc |p|uv i ≈ e−i(ke +kh )·r pcv (0)
where we assume that the momentum is roughly constant over the small part of
k space which the incoming light momentum can occupy, and label that value
as pcv (0). The (0) will be dropped from now on. Its value is often taken from
experimental measurements and parametrized using the Kane parameter EP =
2m0 p2cv /h̄2 . Note that pcv is imaginary and has an unknown direction which depends on the crystal orientation.
We thus have
Z
X
A∗n,K hΨ0 (r e , r h )| e−i(ke +kh )·r pcv · E dr|Ψ0 (r e , r h )i
(3.29)
ke ,kh

So if we assume that the electromagnetic wave can be written as a plane wave
inside the QD, E = E k eik·r , and that ke , kh , k all are small (so that the total
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exciton-polariton momentum ke + kh − k is small too) and that the E field is
slowly varying over the QD so that we can treat it as roughly constant over the
QD volume, then the spatial integration can be simplified (recall that we are only
integrating over the QD volume, which is usually much smaller than the wavelength
of the external illumination)
The spatial integral over the exponentials vanishes or becomes very small whenever ke + kh − k is nonzero, so we can approximatively write this integral as a dirac
distribution function δke +kh ,k . We have:
hΨnK (r e , r h )|p · E|Ψ0 (r e , r h )i =

X

A∗n,K (ke , kh )δke +kh ,k pcv · E k

(3.30)

ke ,kh

R
As ei(K−k)·r dr = δK,k , we can regain the exact exciton wavefunction from (3.2)
and use it in the expression:
Z
hΨnK (r e , r h )|

Z
p · E dr|Ψ0 (r e , r h )i =

Ψ∗n,K (r e , r h )pcv · E(r) dr

(3.31)

Finally, we recall that there were two dirac delta functions in the dipole operator
which were temporarily hidden. The effect of adding them back is simply changing
r e and r h to r, so the final result for the dipole matrix element is:
Z
Z
e
pcv · Ψ∗nK (r, r)E(r) d3 r
hΨnK (r e , r h )| d(r) · E(r, t) dr|Ψ0 (r e , r h )i =
im0 ωnK
(3.32)
A similar derivation yields
hΨnK (r e , r h )|d(r)|Ψ0 (r e , r h )i =

e
p Ψ∗ (r, r)
im0 ωnK cv nK

(3.33)

The polarization is:
P (r, t) =hr e , r h , t|d(r)|r e , r h , ti
=hΨ0 (t)|d(r)|ΨnK (r e , r h , t)ic∗nK (t)c0 (t) + c.c.
ie
=
p∗ ΨnK (r, r)cnK (t)c∗0 (t) + c.c.
m0 ωnK cv

(3.34)

If the steady-state population cnK (t → ∞) is used and if we assume that the
response to changes in the electromagnetic field E is instant and linear, it is then
possible to obtain an approximation for the average dielectric constant of a QD due
to the exciton in it:
Z
e2 pcv
P (r, ω) =
Ψ
(r,
r)
Ψ∗nK (r 0 , r 0 )pcv · E(r 0 , ω) dr 0 + c.c.
nK
2
h̄(ωnK − ω)m0 ωnK
(3.35)
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where it was assumed that c0 (t) ≈ 1 which is true for weak excitation.
Still assuming linear dependence on E and also that pcv is constant or always
in the same direction as the electromagnetic field, we can do the following approximation to get the dielectric constant for a quantum dot of radius R:
D(r, ω) = ε∞ E(r, ω) + P (r, ω) = εQD (r, ω)E(r, ω)

(3.36)

which gives
εQD (r, ω) = ε∞

1+

X
nK

2ωLT sin αnK
ωnK − ω αnK

!
(3.37)

2
where αnK = π|r−a|/R. ωLT = e2 p2cv /πε∞ h̄ωnK
m20 a3B . The transverse-longitudinal
exciton splitting ωLT is a measure of the strength of the exciton’s influence on light
entering the quantum dot, and the reason for the name will be elaborated below.
The expression for a bulk semiconductor’s dielectric constant is quite similar
[19], only lacking the sin(αnK )/αnK spatial dependence.
The complex QD dielectric constant εQD (ω) = ε0 + iε00 is plotted in figure 3.1,
where typical values for a CdSe QD of 2 nm radius have been used: h̄ωLT = 50
meV, h̄ωQD =2.23 eV, γ = 10 meV and ε∞ = 12.
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Figure 3.1: Complex dielectric constant of the model QD

3.3

Exciton-polaritons

Having obtained the dielectric constant of a QD due to excitons inside the QD, an
important question to be addressed is what happens to the light which enters the
quantum dot.
It is helpful to use the idea of exciton-polaritons, which are the strongly coupled
combination of the exciton and the photons in the EM field around it. The strong
coupling can be understood by considering the interdependencies in the QD system.
The exciton population dynamics depends on the electromagnetic field, and the EM

3.3. EXCITON-POLARITONS

17

field inside the quantum dot is strongly determined by the dielectric constant of
the QD which exhibits a strong variation around the exciton’s resonance frequency.
As a starting point for understanding the effect of exciton-polaritons, we consider the effect of the excitonic modification of the dielectric constant on the electromagnetic field in a bulk material. This is done by using the complex dielectric
constant ε(ω) in the wave equation for the electromagnetic field:
k × (k × E(r, ω)) −

ω2
(ω)E(r, ω) = 0
c2

(3.38)

We can decompose the E field into two fields, a transverse field perpendicular
to k and a longitudinal field parallel to k, and obtain two equations to solve.
For the transverse part we have:


ω2
2
k − 2 (ω) E(r, ω) = 0
(3.39)
c
which directly yields the dispersion relation
ω2
(ω)
c2

(3.40)

ω2
(ω) = 0
c2

(3.41)

k2 =
For the longitudinal part we get:

which is satisfied only if (ω, k) = 0, which is possible if the dielectric function is
expanded with nonlocal terms that depend on k.
The dispersion diagram for the transverse part is shown in figure 3.2 together
√
with the bare light and exciton dispersions given by ω = ck/ ∞ and ω = ω0 +
h̄k 2 /2m∗ respectively.
What this shows is that there is a strong interaction between photons and
excitons, visible as an anticrossing. Notably there is no solution for a narrow range
of energies close to the exciton resonance frequency ω0 called the stop band, which
means no light can be transported in that range due to the excitons’ interaction
with the light. This is visible as an increased reflectance in the stop band.
This treatment was for bulk materials, without decay mechanisms and nonlocality. With decay and nonlocality the stop band is not complete, causing the sample
to have varying and imperfect reflection and absorption in the stop band. In quantum dots the general picture is modified somewhat - the idea of using the wave
equation to determine light transport properties is no longer valid due to the small
size - it is no longer the transport properties that matter but rather the scattering
properties. However the basic effect still remains as the polarization will create a local strongly varying effective dielectric constant which affects the photons entering
the QD. This leads to increased reflectivity of QDs close to the exciton resonance
energy, which has been observed experimentally with very good fits to theoretical
calculations [21].
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Figure 3.2: The dispersion diagram for photons, ground-state exciton and the
exciton-polariton

3.4

Effect on the Stokes shift

In paper I we investigated the effect of the exciton polariton on the absorption
spectrum of a QD and the Stokes shift - the energy difference between the absorption
peak and the luminescence peak of a quantum dot. We can roughly assume that
the luminescence peak always occurs at the exact exciton energy as it is very likely
between the ground electron and hole states, while the absorption can be between
higher-lying states and be affected by the polarization of the ground state which
modifies the effective dielectric constant of the QD.
In the paper, a numerical approach using the Finite Difference Time Domain
method was taken, but here to make the physics more clear and build a solid
foundation for future work, here the expression for the electric field magnitude
inside a quantum dot is derived using elementary electrostatics.
Let the quantum dot be a perfect sphere of radius R. Assume that the illumination is uniform in space (outside of the QD) as the difference in the typical
QD size and illumination wavelengths is large. We can then describe the external
electromagnetic field as constant E ext (ω) = E 0 .
The dielectric constant is the average of the local QD dielectric constant εQD (r, ω)
taken over the QD volume from eq. 3.37, with a decay parameter γ included:


6ωLT
εQD (ω) = ∞ 1 − 2
(3.42)
π (ωQD − ω + iγ)
The exact epression of the field inside a dielectric sphere is a classic problem
[20], here we will only demonstrate a few of the steps.
We have a sphere, radius R, of a linear dielectric with dielectric constant in
embedded in another infinite medium with dielectric constant out .
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To find the E field, we first solve Laplace’s equation for the electric potential
V in spherical coordinates, ∇2 V = 0. As the general solutions to the Laplace
equation in spherical coordinates are spherical harmonics, we write the specific
solutions for the E field inside and outside the QD as a sum of spherical harmonics
(without the φ dependence since the problem is really cylindrically symmetric - we
have one major axis determined by the external field’s direction and the problem
is symmetric around that vector):
∞ 
X


Bl
Vin =
Al r + l+1 Pl (cos(θ))
r
l=0

∞ 
X
Dl
l
Vout =
Cl r + l+1 Pl (cos(θ))
r
l

(3.43)

(3.44)

l=0

θ here is the angle between the point of interest and the external field’s E direction.
Pl are Legendre polynomials. The boundary conditions determines the variables
A, B, C, D.
As the potential should be finite at r = 0 inside the QD, all Bl values are zero.
The far field’s potential should be −E0 r cos(θ), so C1 = −E0 (as P1 (x) = x) and
all other Cl values are zero.
The remaining constants are determined by the boundary conditions at r = R:
Tangential E:

⊥
εout Eout

R

⊥
− εQD Ein

Vin

Continuous potential V:

R

R

= σf

= Vout

(3.45)
(3.46)

R

where σf is the free charge density at the surface. As a semiconductor has no free
charges except those photoexcited (which are very few and mostly contained in the
center of the QD, away from the surface R), we can write σf = 0. By E = −∇V
we can write the tangential E boundary condition in terms of the potential V :
εout

∂Vout
∂r

R

= εQD

∂Vin
∂r

(3.47)
R

Condition 3.46 gives:
∞
X

l

Al R Pl (cos(θ)) = −E0 R cos(θ) +

l=0

∞
X

Dl R−(l+1) Pl (cos(θ))

(3.48)

l=0

Condition 3.47 becomes:
εout

∞
X
l=0

Al lR

l−1

Pl (cos(θ)) = −E0 cos(θ) −

∞
X

Dl (l + 1)R−(l+2) Pl (cos(θ)) (3.49)

l=0

As the legendre polynomials are orthonormal, each terms in both conditions has
to be equal for every index l. The only solution for l 6= 1 is Al = Dl = 0. For l = 1,
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−3εout
E0
εin + 2εout
εin − εout
D1 =
E0 R 3
εin + 2εout
A1 =

(3.50)
(3.51)

Thus the potential inside the QD is
Vin (r, θ) = A1 r cos(θ) =

−3εout
E0 r cos(θ)
εin + 2εout

(3.52)

To get the E field, we use E = −∇V . As the potential is cylindrically symmetric,
we can elegantly write z = r cos(θ), set the external field as E0 ẑ and use the
∇ operator in cartesian coordinates instead of the more complicated spherical or
cylindrical coordinates, ∇ = (∂x , ∂y , ∂z ). We end up with the result
E in =

−3εout
E0
εin + 2εout

(3.53)

Having an expression for the E field inside a QD, and the dielectric constant of
the QD (εQD (ω) from 3.37), it is now possible to investigate how the optical field
inside the QD varies around the QD excitation wavelength, shown in figure 3.3.

Figure 3.3: The complex dielectric constant of the 3.4 nm diameter QD studied in
paper I, and the resulting ratio of electromagnetic field amplitude inside/outside
the QD
We see that when εin < εout , the E field is increased inside the QD due to
accumulation, so when the optical densities of the QD and the environment are
swapped (environment denser than QD), the field inside the QD is stronger. This
effect is familiar from classical electrodynamics.
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What is novel is the idea of including this effect in the modeling of the shape of
the absorption spectrum which due to the suppression of the ground state exciton
absorption reveals an easily observed shift between absorption and luminescence
peaks, which hitherto has usually required complicated explanations relying on
band structure effects.
Thus when the QD dielectric constant is high, which occurs for energies below
the exciton resonance energy, the QD can be expected to scatter more of the electromagnetic field so less light enters the QD to be absorbed. For higher energies, the
dielectric constant can become small or even negative, which leads to an increased
amount of light inside the QD. There is an energy difference of roughly h̄γ between
the resonance energy and the smallest value of the dielectric constant, indicating a
possible contribution to the Stokes shift.
The typically observed absorption of a QD ensemble is, as was remarked in
chapter 2.4, smoothed due to phonon interactions and size distribution. It can be
calculated from the exciton energies Ei of a QD by summing Lorentzian peaks,
Aabs (h̄ω) =

X Ai
i

Γ
π (h̄ω − Ei )2 + Γ2

To demonstrate the modification to the measured absorption spectrum, we take
the calculated energies and absorption strengths from paper I, for a 3.4 nm diameter
CdSe QD with ground state transition at 555 nm, and use the electric field ratio
|E in /E 0 | given by eq. 3.53 to modulate the absorption spectrum. The results are
shown in fig. 3.4, which clearly shows an enhanced peak shape for the absorption
when the QD field is modulated by the exciton polariton. The peak emphasizes the
second transition level instead of the ground state transition, which may contribute
to the observed Stokes shift.
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Figure 3.4: Calculated absorption spectrum, without (dashed) and with (whole) the
exciton-polariton modulation (dotted curve, normalized values). The QD energy
levels and their relative optical strengths are shown as sharp peaks.

Chapter 4

Surface Plasmon Polaritons
Having obtained both qualitative and quantitative understanding of the electrooptical properties of semiconductor quantum dots, we now turn our attention to metal
nanostructures.
Metals are materials with a high number of free electrons - this property causes
the various phenomena we usually associate with metals: good conductivity and
high reflectivity. The high number of free electrons allow us to skip quantum effects
since the many electrons lead to very narrow energy spacings, less than kB T , so
classical electrodynamics can be used for the metal throughout this thesis.
We can qualitatively consider the metal as consisting of a plasma (the free
electrons as a gas of free charges) in an ionic background (the atoms). Exciting
the plasma will lead to waves in the electron density which can be quantized by
introducing the quasiparticle plasmon. The plasmons will again interact with a
surrounding electromagnetic field, so the concept of plasmon-polariton is again
useful just as it was for the exciton-polariton.
The plasma model, if extended with collisions with ions, defects, phonons, etc,
modeled phenomenologically by a collision rate γ0 , leads to the Drude-Sommerfeld
model of a metal’s dielectric constant:
ωp2
(4.1)
ω 2 + iγ0 ω
p
where ωp is the plasma frequency, ωp = ne2 /ε0 m∗ , in which n is the density
of the free electrons and m∗ is the average effective mass. The collision rate γ0 ,
often called the relaxation parameter, can be obtained from measurements of the
direct-current conductivity σ through γ0 = ne2 /σm∗ .
This model, albeit very simple, manages to describe many metals very well.
One example is shown in figure 4.1, where the real and imaginary parts of the
dielectric constant of silver is presented in the visible and near-visible wavelength
range. When considering shorter wavelengths, interband contributions take on a
larger role which is not included in the Drude model.
ε(ω) = ε∞ −
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Figure 4.1: The dielectric constant of silver, measured data taken from[22], with a
fit using the Drude model (dashed line)

For this reason and to be able to better model the imaginary part, it is common
to use the multipole Drude-Lorentz material model, which can exhibit multiple
resonances:
!
P
X
fp ωp
ε(ω) = ε∞ 1 +
(4.2)
ω 2 + 2iωγp − ω 2
p=1 p
In order to use a multipole Drude-Lorentz model a nonlinear fitting to experimental values is performed. When a narrow range is considered, a single-pole fit is
often sufficient, but for wider ranges, 4-pole models are common [23].
There is no need to treat actual electrons or plasmons in calculation models to
observe plasmonic effects - all that’s needed is the effect the electrons have on the
material’s properties, described by the dielectric constant.
The wave equation leads to a dispersion relation for the plasmon-polariton which
depends on the dielectric constant, just like it did for the exciton-polariton. Solving the Maxwell equations at a planar interface between a metal with a frequencydependent dielectric constant εm (ω) and a dielectric with εd , the dispersion relation
for surface plasmons propagating on the interface when coupled to transverse magnetic (TM) illumination is:
s
ω
εd εm (ω)
(4.3)
ksp =
c εd + εm (ω)
If the sign of the metal’s dielectric constant m (ω) is the opposite to that of
the dielectric, then the square root will be larger than one - the surface plasmon
polariton (SPP) mode momentum is greater than that of light propagating in the
dielectric.
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Metals usually have negative dielectric constants over a broad range of optical
frequencies as clearly seen in figure 4.1a, while all dielectrics have positive-valued
εd . This means that many metal-dielectric interfaces are able to host SPP waves.
The limit where ksp → ∞ represents the stationary surface plasmon mode which
does not have a polaritonic character as the surface plasmons do not behave like
propagating light, instead being more like stationary states (solved by the Laplace
equation instead of the wave equation)
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Figure 4.2: The surface plasmon polariton dispersion, using the Drude fit to silver
presented in figure 4.1
Momentum conservation prevents incident light from coupling into the SPP
modes unless the momentum mismatch is compensated, or exceeded (upon which
some of the momentum energy is lost to heat)
The most common and popular way to overcome this is to use a prism in either
the Otto[24] or Kretschmann[25] configurations, both of which utilize evanescent
fields created when total internal reflection is achieved in the prism. The evanescent
fields have the necessary momentum to couple with SPPs on a metal-air interface
close to the prism surface.
Another approach is to use a grating or a periodic surface feature in order
to achieve quasi-phase matching with the additional momentum provided by the
lattice period:
2nπ
2mπ
ux +
uy
(4.4)
kspp = k|| +
Lx
Ly
where ux , uy are the unit vectors of the reciprocal lattice of the periodic surface
feature, Lx and Ly are the grating real space primitive lattice constants. The
integers m, n indicates the plasmon mode and direction. k|| is the photon wave
vector parallel to the surface on which SPPs are supposed to be created.
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Successful coupling into plasmons is visible as a strong decrease in reflection in
all three methods of excitation. As the SPP resonance is sensitive to the values of
the dielectric constant of the dielectric medium, a change in the dielectric constant
of the environment will cause significant shifts of the SPP resonance which is used
directly in SPP resonance biosensors [26].

4.1

Local field enhancement

The solutions for the SPP E fields decay exponentially with the distance from the
interface and are bound, they are not radiative modes - thus most metal surfaces
exhibit a strong local field that is normally not observed except when using Scanning
Near-field Optical Microscopy probes (SNOM).
The light captured by the metal nanostructure will be confined to a quite small
volume, not much larger than the nanostructure itself, which concentrates the energy gained from the incident field. The localised field is thus often much stronger
than the incident field, which has led to the widespread use of the Surface-Enhanced
Raman Spectroscopy (SERS) method [27] where the Raman spectrum response of
a molecule on a nanostructured metal surface is extremely strongly enhanced. The
enhancement factor can be as high as 1010 [28]. Many other nonlinear effects
like Second-Harmonic Generation [29] and Sum Frequency Generation [30] are also
strongly enhanced, as the nonlinear effects depend strongly on the electromagnetic
field intensity.
The strong local field also enhances the fluorescence of dye molecules and quantum dots near the metal surface, by modifying the fluorescence decay rate. [31][32]
A popular method to achieve high local field enhancements is to create bowtie
antennas - two triangles facing each other, like a bowtie. The sharp corners enhance
the SPP field, resulting in a very high-intensity field between the two triangles. This
has allowed single-molecule detection.

4.2

Metal nanoparticle arrays

When considering the interaction of light with a metallic nanoparticle, typically
the nanoparticle is sufficiently small for the light to be able to penetrate into the
whole nanoparticle and be treated as uniform throughout the nanoparticle. The
electric field inside the metal shifts all the free electrons in one direction, building up a charge at the surface at one side of the nanoparticle. At the other side
the depletion of electrons leads to a positive charge, which attracts the electrons
back. Together with the external electromagnetic field, this restoring force creates
a collective oscillation throughout the entire particle which can be amplified by
resonant interaction of the external illumination with the nanoparticle. This oscillation makes the particle behave like a dipole, with both local and radiative fields.
This dipole makes the particle absorb strongly light with wavelengths close to the
resonance.

4.3. SUBWAVELENGTH HOLE ARRAYS
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The strongly wavelength-dependent properties of metal nanoparticles have long
been used phenomenologically, for making brightly coloured glasses for church windows.
By placing multiple nanoparticles close to each other, the plasmons in each
nanoparticle can couple with the plasmons in the other nanoparticle by the Coulomb
dipole-dipole interaction. This has led to very sensitive sensors for particle-particle
distances [33] and linear nanoparticle chains as SPP waveguides [34] [35] [36].
Auguie [37] demonstrated both theoretically and experimentally that an ordered two-dimensional lattice of nanoparticles with period L > 2π/kspp will, due
to diffractive effects, efficiently couple light into the planar array. The drawback
is that the distances involved are quite large, in the order of a few hundreds of
nanometers, so no local field enhancement effect nor particle-particle interactions
will be observable - the plasmons supported by the nanoparticles are standalone
particle plasmons whose resonance only depends on the particle geometry, material
and the interplay with the array diffraction modes.
For larger nanoparticles where retardation effects become important, the nanoparticles can be arranged in particular patterns that supports multiple plasmonic
modes which interfere, leading to asymmetric Fano resonances which are very sensitive to changes in the environment [38][39][40].

4.3

Subwavelength Hole Arrays

Ebbesen et al. [41] found in 1998 that a thin silver film perforated with a regular hole array exhibited a few long-wavelength transmission peaks that were much
higher than classical aperture theory allowed for. This phenomenon, called Extraordinary Optical Transmission (EOT), generated a lot of interest due to the
possibility of improving the light transmission through electrical contacts for sensors and displays [45].
There are many differing explanations of the EOT effect, but the widely held
view is that it is caused by the resonant excitation of SPPs on the metal surface
which guides the energy through the holes [42]. This theory was supported by a
strong angular dependence measured in Ebbesen’s experiments, which fits with the
plasmon description as plasmonic excitation is very strongly angle-dependent.
The relationship between EOT and SPPs is also clearly marked by the fact that
the enhanced transmission peaks appear at the SPP wavelengths [43]
λSP P =

P
i2 + j 2

r

m d
m + d

(4.5)

where i, j are the grating modes, and P is the grating period. The idea of plasmon
transport being responsible was verified by Grupp et al. [44], who did measurements
on a metal film with a single hole in a lattice grating of dimples. A dimple grating
allows the incident radiation to couple with the grating plasmon mode, which is
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tunneled through the hole. Their results showed an EOT effect at long wavelengths,
confirming the theory.
The possibility of utilizing this effect for improving the photoresponse of a quantum dot infrared photodetector has garnered a great deal of attention. Typically a
roughly fourfold increase in the photocurrent is observed [46] [47] [48] usually attributed to the the local field enhancement and the EOT. In paper III, we showed
that a more important reason for the increase is the improved light-matter coupling in the QDs due to the classical diffraction by the periodic hole array which
bends the light, not the local field effect which is small at the typical position of
the quantum dot layer in a QDIP structure. Quantum dots are commonly assumed
to be isotropically absorbing at any angle due to the simplified concept of an artificial atom, but epitaxial quantum dots of the kind often used in QDIPs are more
like flattened cylinders, which introduces an angular dependence so the diffraction
caused by the hole array is the main reason of the increased observed photocurrent.
A high-index dielectric grating would therefore have a similar effect, without
the strong absorption of metals. However, due to the usual device design of QDIPs
with metallic contact layers on the top, patterning the top metal contact is a simple
and cost-effective way to increase the photocurrent and sensitivity of the QDIP.
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Figure 4.3: Transmission coefficient of a metal thin film with 3 µm period 1µm
diameter hole array calculated by FDTD. Inset: schematic geometric grating structure. Plasmon (i; j) modes are labelled, ”a-m” and ”m-s” denote air-metal and
metal-semiconductor interfaces. From low to high transmission curves: d = 800,
1200, 1600 nm; The curve at about 0.7 denotes the case without any metal film.

Chapter 5

Solving the Maxwell Equations
In this chapter the Finite Difference Time Domain (FDTD) method for solving the
Maxwell equations is described.
FDTD is preferable to analytical approaches like the one in chapter 3.4, as it can
handle arbitrary geometry, for which plasmonic effects are difficult to calculate, and
the time-based approach allows us to insert the exciton dynamics later in chapter
6, which is impossible to do for the popular Discrete Dipole Approximation (DDA)
method which is a frequency-domain method.
There are typically two main approaches to solving the Maxwell equations frequency-domain and time-domain methods. In frequency-domain methods such
as the plane-wave methods, DDA, FDFD (Finite-difference frequency-domain) and
FEM (finite-element method) approaches, the frequency of the source excitation is
a fixed value so that the source is always turned on, and the steady-state spatial
distribution of the electromagnetic field is obtained from a large matrix equation.
The issue with this approach is that often the spectrum is of more interest than
the distribution of fields, so repeated calculations over a range of frequencies are
necessary, and the exciton dynamics require a time-dependent approach to be used
as Fourier transforming the exciton Bloch equations is very complicated so treating
the problem in the time domain is easier.
In time-domain methods, the source excitation can be either fixed-frequency
or pulsed. The wave propagation in space is updated step-wise over time, and
usually a discrete Fourier transform of the data is carried out to obtain spectral
information.
If the incident wave is a broadband pulse which covers a wide range of frequencies
then the Fourier transform of the output by a single calculation can yield the system
response over the wide range of frequencies - thereby saving a considerable amount
of calculation time.
Seeing the wave propagate through the structure can be very helpful in understanding how the system responds to external stimuli, which in part explains why
time-domain methods are popular. Another reason is that FDTD is particularly
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easy to implement in code.
The main drawback is that the spectral resolution of the Discrete Fourier Transform depends on the number of time steps, so to observe small details more steps are
needed, which can make FDTD calculations computationally expensive. The discretization can also introduce some errors, but in practice these are usually smaller
than experimental errors.

5.1

The Maxwell equations

First we consider the equations to solve, the macroscopic Maxwell equations in
differential form. The macroscopic version of the equations are used when dealing with electromagnetic fields inside matter instead of in free space, by defining
auxiliary fields D and H - the electric displacement field and magnetizing field,
respectively.
If we stipulate that there are no free charges and no magnetic currents, as we
do not study charged structures and do not use magnetic materials, then we can
write the equations as:
∇·D =0

(5.1)

∇·B =0

(5.2)

∇×E =−

∂B
∂t

(5.3)

∂D
+J
(5.4)
∂t
The displacement field D here is related to the electric field E by D = ε0 E +P ,
where P is the polarization field. In linear materials whose polarization responds
instantly and linearly on the electric field, we have P = ε0 χE and D = εE where
ε = ε0 (1 + χ) = ε0 εr in which we have defined the relative dielectric constant εr .
Similarly, the magnetizing field can be written as H = µB = µ0 µr B, where µr
is the relative permeability.
The two divergences ∇ · D and ∇ · B are trivial and not used in the calculations.
The componentwise x, y, z expansions of the rotational terms, without the current
density J which will be added later, are:


1 ∂Ey
∂Ez
∂Hx
=
−
(5.5)
∂t
µ ∂z
∂y
∇×H =

∂Hy
1
=
∂t
µ



∂Hz
1
=
∂t
µ



∂Ez
∂Ex
−
∂x
∂z



∂Ex
∂Ey
−
∂y
∂x



(5.6)
(5.7)
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∂Ex
1
=
∂t
ε



1
∂Ey
=
∂t
ε



1
∂Ez
=
∂t
ε



∂Hz
∂Hy
−
∂y
∂z



∂Hx
∂Hz
−
∂z
∂x



∂Hy
∂Hx
−
∂x
∂y



(5.8)
(5.9)
(5.10)

The FDTD method

The basic idea is to evaluate the curl terms in the Maxwell equations numerically
by finite differences on a staggered grid, which solves numerical issues with coupled
equations on the same grid point and gives second-order accuracy. Additionally,
the E and H fields are calculated in a leapfrog manner with the time of H being
∆t/2 later than the E field [49].
The E and H components are placed at different points in the lattice grid’s
volume cubes, see figure 5.1.
We use an uniform rectangular grid with integer indices (i, j, k) to denote the
spatial positions (i∆x, j∆y, k∆z), where ∆x, ∆y, ∆z are the spatial increments in
the x, y, z axes, respectively. The time is discretized as t = n∆t, so that n is the
time step number.
Consider a function u(r, t) in space and time. If it is discretized as
u(i∆x, j∆y, k∆z, n∆t) then we can use central differences to discretize the first
derivative in space and time. The spatial derivative over x becomes, with step size
∆x/2:
uni+1/2,j,k − uni−1/2,j,k
∂u(i∆x, j∆y, k∆z)
=
+ O[(∆x)2 ]
∂x
∆x
and in time, with step size ∆t/2:
n+1/2

(5.11)

n−1/2

ui,j,k − ui,j,k
∂u(i∆x, j∆y, k∆z)
=
∂t
∆t

+ O[(∆t)2 ]

(5.12)

Using these approximations on eqs. 5.5-5.10 yields the following discretized
expressions:
Hxn+1/2 (i, j, k) = Hxn−1/2 (i, j, k) +

∆t  Eyn (i,j,k+1/2)−Eyn (i,j,k−1/2)
∆z
µ(i, j, k)
−

Hyn+1/2 (i, j, k) = Hyn−1/2 (i, j, k) +

n (i,j+1/2,k)−E n (i,j−1/2,k)
Ez
z
∆y

(5.13)


∆t
n
n
z (i−1/2,j,k)
[ Ez (i+1/2,j,k)−E
∆x
µ(i, j, k)
−

n (i,j,k+1/2)−E n (i,j,k−1/2)
Ex
x
∆z

(5.14)
]
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Figure 5.1: The Yee lattice, which staggers the E and H field components in space.
The E components are placed at the edges and the H components are placed at
face centers

Hzn+1/2 (i, j, k) = Hzn−1/2 (i, j, k) +

∆t  Exn (i,j+1/2,k)−Exn (i,j−1/2,k)
∆y
µ(i, j, k)
n (i+1/2,j,k)−E n (i−1/2,j,k)
Ey
y
−
∆x

Exn+1 (i, j, k) = Exn (i, j, k) +

∆t h Hzn+1/2 (i,j+1/2,k)−Hzn+1/2 (i,j−1/2,k)
∆y
ε(i, j, k)
−

Eyn+1 (i, j, k) = Eyn (i, j, k) +

n+1/2
n+1/2
Hy
(i,j,k+1/2)−Hy
(i,j,k−1/2)
∆z

(5.16)
i

∆t h Hxn+1/2 (i,j,k+1/2)−Hxn+1/2 (i,j,k−1/2)
∆z
ε(i, j, k)
−

Ezn+1 (i, j, k) = Ezn (i, j, k) +

(5.15)


n+1/2
n+1/2
Hz
(i+1/2,j,k)−Hz
(i−1/2,j,k)
∆x

(5.17)
i

∆t h Hyn+1/2 (i+1/2,j,k)−Hyn+1/2 (i−1/2,j,k)
∆x
ε(i, j, k)
−

n+1/2
n+1/2
Hx
(i,j+1/2,k)−Hx
(i,j−1/2,k)
∆y

(5.18)
i
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Boundary conditions

When performing a computer simulation of a system there is usually a small limited region of interest within an open unbounded system. Due to time and cost
constraints, only a small part of the open region can be included in the simulation.
Simply setting zero derivatives does not work as the E and H fields depend on
each other in a nontrivial way which would yield spurious reflections if Neumann
boundary conditions are used. This indicates that a more sophisticated boundary
condition is necessary in order to reduce spurious reflections.
A quite simple yet efficient method is the Uniaxial Perfectly Matched Layers
(UPML) method [50]. Conceptually one can think of this method as defining an absorbing region of space in which the spatial coordinates are substantially stretched.
The stretching of the coordinates makes it possible to absorb more of the electromagnetic fields propagating in the region. If the material is defined to be gradually
more absorbent closer to the simulation volume edges, there is no sharp reflecting
interface - the PML is then a kind of impedance matching where the material is
also strongly absorbent in order to avoid reflections from the actual edges of the
simulation volume.
We define a complex stretching factor
σx,y,z
(5.19)
sx,y,z = 1 +
iωε
Here σx,y,z is the UPML’s “conductivity” which determines the absorptivity of the
UPML medium. It is graded across the UPML in order to avoid sharp discontinuities which would cause reflections.
In the frequency domain, the stretched curl equations can be written as

where the tensor s̄ is

∇ × H = iωεs̄E

(5.20)

∇ × E = −iωµs̄H

(5.21)

 sy sz
sx

s̄ =  0
0

0
sx sz
sy

0


0
0 

(5.22)

sx sy
sz

Directly transforming the frequency-domain equations into time domain would,
due to the multiple ω factors, lead to complicated expressions involving convolution which are costly to perform. A better approach is to use a modified electric
displacement field D̃ to obtain an auxiliary ordinary differential equation.
We write
sz
sx
sy
D̃x = ε Ex ;
D̃y = ε Ey ;
D̃z = ε Ez
(5.23)
sx
sy
sz
If these constitutive relations are used instead of E in 5.20, we get


∂Hz
∂Hy
−
= iωsy D̃x
∂y
∂z

(5.24)
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∂Hx
∂Hz
−
∂z
∂x



∂Hy
∂Hx
−
∂x
∂y



= iωsz D̃y

(5.25)

= iωsx D̃z

(5.26)

As the relationships are simpler and linearly dependent on ω with some of the
complexity hidden in the D̃ variables, it is now possible to perform the inverse
Fourier transform iωf (ω) → (∂/∂t)f (t), yielding


∂Hy
σy
∂
∂Hz
−
=
Dx + Dx
(5.27)
∂y
∂z
ε
∂t


∂Hz
∂
σz
∂Hx
−
Dy + Dy
(5.28)
=
∂z
∂x
ε
∂t


∂Hy
∂Hx
σx
∂
−
=
Dz + Dz
(5.29)
∂x
∂y
ε
∂t
The relations in eqs. 5.23 can be transformed into the time domain too:


∂Ex
∂Dx
σx
σz
+
Dx = ε
+ Ex
(5.30)
∂t
ε
∂t
ε


∂Ey
σy
σx
∂Dy
+
Dy = ε
+
Ey
(5.31)
∂t
ε
∂t
ε


∂Dz
σz
∂Ez
σy
+ Dz = ε
+
Ez
(5.32)
∂t
ε
∂t
ε
From this the E field can be obtained. The magnetization H is treated in a
similar manner.
The discretization in time and space is carried out just as for the main FDTD
method, yielding four update terms, two for the electric field and two for the magnetic field. For the electric field there are one for D from the curl of H, and one
for E from D.
In a computer implementation, the PML and E, H field calculations can be
merged by setting σx,y,z = 0 outside of the PML.
The other boundaries can be periodic, for example in the x axis:
E(x = 0, y, z) = E(x = Lx , y, z) and similarly for H. This makes it possible to
simulate a planar slice of a nanostructured material by imposing periodic boundary
conditions in two axes and allowing the light to propagate in the third axis.

5.4

Dispersive materials

As were discussed in the previous chapters, materials can have a frequency-dependent
dielectric constant. The treatment of the dielectric constant in the FDTD method
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assumes that it is constant, so there is a need to extend the method to frequencydependent materials too.
This is done by utilizing the current density J due to polarization. Since the
frequency-dependent polarization of metals is classical and complicated to obtain,
the dielectric constant is instead fitted to a model with multiple Lorentzian poles:
!
P
X
Ap
(5.33)
ε(ω) = ε∞ 1 +
ω 2 + 2iωδp − ω 2
p=1 p
This gives three fitting parameters for each pole: the strength Ap , the pole
frequency ωp and the damping factor δp .
The frequency-dependent current density is then, for a pole p:
J p (ω) =

iω0 Ap ωp2
E(ω)
ωp2 + 2iωδp − ω 2

(5.34)

Fourier transforming this is relatively simple:
ωp2 J p (t) + 2δp

∂2
∂
∂
J p (t) + J p (t) = Ap E(t)
∂t
∂t
∂t

(5.35)

Discretizing this in time, using central differences yields:
J n+1/2
= ap J np + bp J n−3/2
+ cp (E n − E n−1 )
p
p

(5.36)

with
2 − ωp2 ∆t2
,
1 + δp ∆t
δp ∆t − 1
bp =
1 + δp ∆t
Ap ∆t
cp =
1 + δp ∆t

ap =

(5.37)
(5.38)
(5.39)

To use this J , the E fields need to be updated. Eq. 5.4 becomes:
∇ × H n+1/2 = ε0 ε∞

P
X
∂
E(t) +
J p (t)
∂t
p=1

Discretizing this in time (but not space, for clarity) results in:
!
P
X
n+1
∆t
n+1
n+1/2
E
= Ê
+
J
ε0 ε∞ p=1 p

(5.40)

(5.41)

where Ê is the E field from the nondispersive FDTD calculation steps in eqs.
(5.16)-(5.18) which are to be updated.
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The complete FDTD algorithm can now be described. At each time step n, the
following steps are performed in order:
• Calculate nondispersive E n , including PML
• Update E n with J n−1/2
• Calculate J n+1/2
• Update sources
• Calculate H n+1/2 , including PML
• Perform a Discrete Fourier Transform step
• Increment the step index n

Chapter 6

Exciton-Plasmon Interactions
In this chapter we consider the effects of solving both the Maxwell and Schrödinger
equations simultaneously, when the equations are coupled.
As both exciton-polaritons and surface plasmon-polaritons have resonances in
the visible or the near-UV/IR regions, strong modifications of the local electromagnetic field, strong absorption, easily adjusted properties, to combine both materials
in the same system has generated a lot of interest.
The enhanced near field close to metal surfaces can be absorbed by QDs and
other semiconductor structures, enhancing the absorption of the composite system
- a trait of great interest for photodetectors [51] and solar cells [52][53].
Enhanced absorption can also lead to increased photoluminescence in materials
consisting of both QDs and metal structures [54]. The local field enhancement close
to metal surfaces has been shown to reduce the blinking effect observed in small
colloidal QDs [55], although the exact reason of the blinking suppression is not yet
known.
The main emphasis has often been on modifying the emission properties of QDs,
by amplifying the electromagnetic field in QDs which by the Purcell effect leads to
a reduction in spontaneous decay rates and an increase in luminescence but QDs
have also been used to modify plasmonic systems by the strong variation of the
dielectric constant in QDs, with applications in modulators [56].
Excitons in quantum wells have also been coupled to plasmonic grating structures, with observed polariton anticrossing behaviour of the resonance peaks in the
angle-dependent reflectivity spectrum [57][58] at low temperatures - but the weaker
excitonic response of quantum wells prevents practical use in room-temperature
operation, which is possible with quantum dots.
In chapter 3 the exciton dynamics were partly obtained in order to find a dielectric constant. The model used to obtain the QD dielectric constant was for
standalone quantum dots without any interactions with the environment and assumed a constant steady illumination. This model is likely to be invalid when metal
structures supporting plasmon modes with a resonance in the same frequency range
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as the exciton are placed close to the QDs.
These effects are mainly unidirectional - they are either plasmons modifying
the exciton properties or the exciton modifying the plasmonic properties. To observe a real bidirectional interaction between both the exciton and plasmon the
nanostructures need to be of similar sizes.
In the weak coupling regime, both the exciton wavefunction and plasmon mode
are unperturbed - the only coupling is in the population dynamics through the
interaction between the exciton dipole and the plasmon fields. The main effect
seen in this regime is the modification of the excitation lifetime (decay) - both by
the Purcell effect and by modification of the stimulated emission. Energy transfers
due to the long-range Coulomb interaction is also possible.
In the strong coupling regime, the exciton wavefunction and/or the plasmon
mode can be perturbed which cause resonance energy splitting and shifts. The
energy of the coupled system oscillates between the metallic and the semiconductor
parts, causing a Rabi oscillation in the population. If the QD is of similar size as
the metal structure, then the strong change in the dielectric constant of the QD
can affect the plasmon mode, which provides a tractable pathway to observing the
strong coupling regime.
The exciton-plasmon interaction is often visible as an antiresonance, or a Fano
resonance, due to the sharp resonance of the QD (γ ≈ 0.1 − 10 meV) within an
usually broader (γ ≈ 100 meV) plasmon resonance profile, demonstrated pictorially
in figure 6.1
Without a strong interaction, the composite optical properties is usually a superposition of the two resonances, although often the QD resonance can be difficult
to observe due to its relatively weaker and narrower peak to that of the plasmon
resonance.

Figure 6.1: Illustration of the exciton-plasmon interaction, their resonance widths
and the antiresonance which appears in strongly interacting systems
Generally three approaches can be taken to calculate the properties of a coupled
exciton-plasmon system. The first is to assume a weak unidirectional effect and
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calculate the plasmon and exciton responses separately only using the |E| field to
determine the exciton response to the given electric field. In paper III and IV, this
approach was used as the difference in size between the QDs and the metal hole
array structure, and the distance between the QDs and the metal surface, were
sufficiently large enough for the QD exciton-polariton to have a negligible influence
on the plasmonic properties.
The second, which can be used if both nanostructures are spherical nanoparticles, is to use particle plasmons and treat the structures as dipoles and just study
dipole-dipole interactions without considering the plasmon electric field distribution. This approach is popular for obtaining the coupled exciton-plasmon interaction and is detailed briefly below in chapter 6.2.
The third is to do a fully coupled Maxwell-Schrödinger calculation, which we
have done in papers II and V.

6.1

The fully coupled Maxwell-Schrödinger method

If the metal surface is not simple enough to be treated as a dipole, a full FDTD
or FEM calculation has to be performed in order to obtain the plasmon response.
The exciton dynamics can be inserted in the time stepping of the FDTD method
if the polarization P due to the exciton is used in the E field calculation.
A popular approach is to use density matrices to describe the population dynamics of a system so this approach is adapted here as well.
We consider the photodynamics of excitons in a quantum dot by a multi-level
model with the vacuum ground state (no excitons) and pairs of one electron and one
hole (excitons) which may have different energies. For now we ignore biexcitons,
triexcitons, etc - the model is fully extendable to those extended pairings which
is mostly observed at low temperatures and high quality samples and so can be
ignored for most calculations aimed for practical devices.
Label the vacuum ground state as |0i with zero energy and the exciton states as
|ni with energy h̄ωn , n = [1, N ] where the total number of possible exciton states
N depends on the QD size and material parameters (usually only the lowest few
levels matter, often just the first exciton state is sufficient). The hamiltonian is
then
N
X
H=
h̄ωn |nihn| + HI
(6.1)
n

The dipole interaction Hamiltonian HI is:

X Z
HI = −
d(r) · E(r, t) d3 r |nih0| + h.c.

(6.2)

n

where "h.c." signifies hermitian conjugate. The exciton dipole-moment operator is
the same as in chapter 3, and E(r, t) is the electric field inside the quantum dot.
A very common approximation is to assume a constant E field inside the QD and
move it outside the integral but here this approximation is not used.

40

CHAPTER 6. EXCITON-PLASMON INTERACTIONS

For the following steps, we use a shorter notation by putting the dipole moment
integral into just one variable µn0 :
X
HI = −
µn0 |nih0| + h.c.
(6.3)
n

Now the density matrix ρ is introduced:
X
ρmn |mihn|
ρ=

(6.4)

mn

For example, for a two-state system (vacuum + one exciton level) we have:
ρ = ρ00 |0ih0| + ρ11 |1ih1| + ρ10 |1ih0| + ρ01 |0ih1| + ...

(6.5)

Additional terms of e.g. couplings to the environment, coupling to other nanostructures, etc., may be added but it is common to neglect those and focus at just
the active parts.
As we neglect other reservoirs, all of the non-excited
P population must be in the
ground state. We thus have the relation ρ00 = 1 − n ρnn
All Coulomb-type interactions with metallic structures (which do not have distinct energy levels with long lifetimes and is thus not well-suited for treating using
density matrices) are done through the dipole interaction hamiltonian, and the E
field on the metal structures due to the QD polarization, both of which are calculated using FDTD.
The dynamics of the various states is governed by the master equation (Liouville
equation):
∂ρ
ih̄
= [H, ρ] − iΓ(ρ)
(6.6)
∂t
where Γ is the relaxation matrix, usually approximated as ρnm /τnm where τnm
describes the lifetime and broadening of that state/transition.
We can get equations of motion for the various states by premultiplying with
hn| and postmultiplying with |mi on both sides:
ih̄

X
∂ρnm
= hn|[H, ρ]|mi −
iΓnm,kl ρkl
∂t

(6.7)

kl

Expanding the hn|[H, ρ]|mi matrix elements leads to the population dynamics
equations:
∂ρnn0
ih̄
= h̄(ωn − ωn0 )ρnn0 + µ0n0 ρn0 − µn0 ρ0n0
(6.8)
∂t
X
∂ρn0
ih̄
= h̄ωn ρn0 − µn0 ρ00 +
µn0 0 ρnn0
(6.9)
∂t
0
n

We do not bother with obtaining other equations since
P they all can be found
from ρnn0 and ρn0 , through ρn0 n = ρ∗nn0 and ρ00 = 1 − n ρnn .
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R
The dipole matrix element is µnm = hn| d(r) · E(r, t)d3 r |mi, already evaluated earlier in chapter 3.
P
The polarization is given by the operator P̂ (t) = n d0n ρn0 (t) + h.c.. We find
ρn0 (t) by solving the population dynamics equations. The dipole matrix element
∗
d0n = hn|er|0i was obtained in chapter 3: d0n = −iepcv ψn,K
(r, r)/m0 ωn , where
the exciton envelope function Ψn,K is
Summing up the results of this section, we have the following key equations:
For the density matrix (population of the various states 0, n, n0 :
ih̄

∂ρnn0
= h̄(ωn − ωn0 )ρnn0 + µ∗n0 0 ρn0 − µn0 ρ∗n0 0
∂t

(6.10)

X
∂ρn0
= h̄ωn ρn0 − µn0 ρ00 +
µn0 0 ρnn0
∂t
0

(6.11)

ih̄

n

with the dipole matrix element
µn0 =

e
p ·
im0 ωn cv

Z

∗
ψn,K
(r, r)E(r, t)d3 r

(6.12)

where the electric field E(r, t) is obtained from the FDTD calculation step.
For the polarization the following expression is used:
P (r, t) =

X
n

e
∗
ρn0 (t)pcv ψn,K
(r, r) + h.c.
m0 ωn

(6.13)

We couple the QD polarization into the FDTD calculations by:
J (r, t) = −

∂P (r, t) X e ∂ρn0 (t)
∗
=
pcv ψn,K
(r, r) + h.c.
∂t
m
ω
∂t
0
n
n

(6.14)

Care has to be taken in order to avoid self-interactions, which can be especially
problematic in array structures. Since the J field is continuously updated, it is
possible to calculate two fields in FDTD: one for the total system E tot and one for
just the QD E QD , without any other interactions. This second field is used to
remove any self-interactions, E = E tot − E QD . In periodic systems, PML is used
for the calculation of the E QD field’s boundaries to avoid spurious interactions with
copies of itself.
To do a combined FDTD+density matrix calculation, the following steps are
performed at each time step:
• Calculate E ntot field, with J n−1/2 from both the QD and the metal structures
• Calculate E nQD field, from the J n−1/2 field from the QD in the previous step
• Get the E field to use in calculations, E n = E ntot − E nQD

42

CHAPTER 6. EXCITON-PLASMON INTERACTIONS
• Calculate the change in the QD exciton population ρnn and ρn0 using timediscretized versions of eqs. 6.10 and 6.11 and E n .
• Calculate J n+1/2 from ∂ρn0 /∂t, inside the QD, using eq. 6.14
• Calculate J n+1/2 using the auxiliary differential equation, in the metal structures
• Update sources, H, perform Fourier transform, increment step index n, just
as for normal FDTD

6.2

Interactions in nanoparticle systems

Before discussing the results of the full coupled Maxwell-Schrödinger calculations,
the most common approach to obtain exciton-plasmon interactions is here detailed
so that the differences and advantages/disadvantages of each method is understood.
The exciton-plasmon interaction is mostly studied for pairs of nanoparticles, one
metal and one semiconductor, assuming that both can be represented simply by its
dipole and that the E field is constant over the QD/MNP. With these assumptions,
the full FDTD calculation can be skipped, allowing the use of a similar treatment
as in chapter 3.4.
The near field around a dipole with the dipole moment p is
E=

3n(n · p) − p
4πε0 εr r3

(6.15)

where n = r/|r| is the unit direction vector to the point to calculate the E field at.
The electromagnetic field inside the QD can be decomposed into three parts:
One due to the external field:
out
E0
(6.16)
E1 =
ef f (ω)
where εef f (ω) = (εQD (ω) + 2εout )/3 is the effective QD dielectric constant, which
includes the exciton-polariton modification to the absorption spectrum discussed
in chapter 3.4.
Another due to the Coulomb interaction with the charges on the metal nanoparticle induced by the external field, for which we use eq. 6.15.
The dipole moment of a metal nanosphere of radius Rm with dielectric constant
m in an uniform electric field E 0 in a media with dielectric constant out is:
3
p = 4πε0 εout Rm

εm (ω) − εout
E0
εm (ω) + 2εout

(6.17)

This yields
E2 =

3
εm (ω) − εout 3n(n · p) − p
εout Rm
3
dQ−M εm (ω) + 2εout 4πε0 εef f (ω)r3

(6.18)
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where dQ−M is the distance between the two nanoparticles and RM N P is the MNP
radius.
The final contribution comes from the charges on the MNP induced by the QD
itself.
εout R3 εm (ω) − εout 3n(n · pQD ) − pQD
(6.19)
E3 = 6 m
dQ−M εm (ω) + 2εout 4πε0 ε2ef f (ω)r3
where pQD = µn0 ρn0 + h.c., obtained earlier. Notably the d6Q−M distance dependence makes E3 very small when the distance between the particles are large,
indicating that the exciton-plasmon interactions require very small distances.
Using these expressions for the total electromagnetic field inside the QD, together with the Bloch equations 6.10 and 6.11, it is possible to set up a system of
equations which can be solved if a few approximations are done.
Using this method a few groups have investigated a rich set of physical phenomena associated with the exciton-plasmon interaction.
Artuso and Bryant showed that the simple system of a QD and a metal nanoparticle can still exhibit three different characteristic scattering spectra depending on
the strength of the exciton-plasmon interaction - an asymmetric Fano shape of
the scattering spectrum, a double-peaked Fano shape or a bistable system which
depends on the initial exciton population [59]
The Fano interference’s effect on the absorption spectrum can be strong enough
to make the QD+metal structure transparent in a very narrow frequency range
[61] [62]. The closely related slow light phenomenon has also been theoretically
predicted for a QD+metal nanoparticle composite system, wherein the group velocity is considerably slowed down [63].
Nonradiative Förster Energy Transfers (FRET) either between the metal and
QD or between two metal nanoparticles can be assisted by a QD [64], by the
Coulomb interaction between nanoparticles of different sizes, offering a great deal
of control of the optical power flow in nanostructures.
Exciton-plasmon interactions with spins in quantum dots tuned by magnetic
fields has been studied in [65] which shows that the changes in the extinction
spectrum and energy level shifts due to exciton-plasmon interactions can be further
tuned by strong magnetic fields.
The issue with the approach used in these works is that it assumes that the
nanoparticles can always be treated as a whole, with an uniform E field inside. This
breaks down when the geometry is not as simple, when the size of the nanoparticles
is large enough and when multiple nanoparticles are present, for which multipole
effects have to be accounted for [66]
The effects of a quantum dot between two elongated metal nanoparticles were
studied by Wu [62] using FDTD with a simple steady-state frequency-dependent
dielectric constant for the QD, and by Savasta using the dipole-dipole model [60].
A QD-induced near-total transparency was found within the plasmonic absorption
peak, which was explained in terms of a coupled oscillator model - the addition
of a QD which alone would have absorbed the light at its resonant frequency led
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to interactions of the QD dipole with the surrounding particle plasmon dipoles,
quenching the absorption of both at the QD resonance frequency.
The dielectric constant of a QD can be expected to be different when coupled to
a plasmon system as the exciton polarization will be interacting with the plasmon
so to take the steady-state approximation of a lone QD without metal surfaces close
by, like in the derivation of eq. 3.37, is not likely to present the full picture of the
exciton-plasmon interaction.
In paper V, we have used the coupled FDTD + density matrix approach to
calculate a similar QD+metal dimer structure, in addition to a few oligomeric
structures which adds more metal surfaces for absorbing the light in order to observe
the efficiency of the exciton-polariton-induced reduction in absorption. Similar
structures with larger metal nanoparticles have shown complex Fano interferences
due to retardation effects [38] but it is not present for the small sizes of nanoparticles
studied here - the idea of using oligomeric structures is here merely to study the
effects of enhanced exciton-plasmon interactions in the presence of additional metal
surfaces and a more robust plasmon mode.
We found that with our more detailed description of the QD resonance, shown
for a metal nanoparticle dimer + QD structure in figure 6.2, the QD-induced transparency is not as strong as demonstrated by Wu et al., which we attribute to our
less idealized model of the QD population, more localised exciton wavefunction and
a slower optical response.
0.15
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Figure 6.2: The plasmonic peak in the extinction, and the exciton-induced dip.
The curve for the exciton-plasmon interaction result has been shifted upwards for
clarity

Chapter 7

Summary of the papers and outlook
In paper I, the modification of the absorption profile by QDs were calculated using FDTD in order to partially explain the Stokes shift between absorption and
luminescence peaks. In this work, the steady-state approximation to the excitonic
dielectric constant was used in the usual FDTD method without the density matrix
approach described in chapter 6. In chapter 3, a simplified theoretical calculation is
presented, which was done by me after the paper was published, for an unpublished
followup work.
In paper II, an early and simple version of the density matrix approach for
the exciton population time evolution was added to the FDTD software, and used
to study the QD excitation under very intense femtosecond laser illumination, for
which several common approximations used in the group’s past works could be
expected to break down. It was shown that the errors do not exceed 1%, if just
one QD is studied. A few other approximations were also studied, like averaging
the wavefunction over the whole QD, taking the ground state exciton population
as constant, etc - all of which showed very small and acceptable errors. This shows
that even commercial FDTD software without access to the source code can be used
to simulate systems consisting of only QDs, as long as the QDs are in a moderately
homogeneous environment. The effect of more complex environments is a topic
that remains to be studied in the future.
In paper III, a QDIP structure featuring a thin metal film with holes was studied by FDTD, demonstrating the Extraordinary Optical Transmission effect and
studying its application for improving the QDIP photocurrent. The QDs were not
included in the FDTD calculation, due to the huge size difference between the metal
structure and the QDs, so the optical properties of the QDs were obtained by a
simple time-independent calculation using the average electric field at the position
of QDs in the QDIP structure. Commonly the improved photocurrent is attributed
to local field enhancements and/or the EOT effect but in this work we showed
that the diffraction effects are more important as they allow for better coupling
into hemispherical QDs with wide base which, unlike the overly idealized spheri-
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cal model of a QD, has a directional dependence with slightly inferior absorption
at normal incidence. The conclusion is that the observed photocurrent increases
might also be observed in structures with high-index dielectric gratings instead of
the metal thin film. As common QDIP designs already feature a metal top contact
layer, patterning this layer is a simple and cost-effective way to increase the coupling of the electromagnetic field into QDs and thus increase the photocurrent of
the device.
In paper IV, the FDTD method was used to study and contrast two different
metal structures for concentrating the light inside QDIPs and reduce crosstalk
between detector pixels - a metal grating and a concave hemispherical cavity. The
concept of plasmons are not directly used, but plasmons do play an important role
in supporting a strong local enhancement and controls the reflection properties
of the grating structure in particular. The focusing effect of the concave structure
was demonstrated to yield a stronger time-integrated photocurrent despite the longlived local field in the grating structure which in comparison does not enhance the
local field as strongly as the concave structure. Again, the QDs were not included
in the calculation, due to the different length scales.
In paper V, the fully coupled density matrix FDTD calculation method was used
to study the decrease in absorption that a QD can induce when present in a metal
structure. This is to our knowledge the first time the full FDTD+density matrix
approach has been used for the study of QD-plasmon interactions. We show that
the QD-induced transparency demonstrated by simpler approaches show somewhat
exaggerated results, likely due to the wavefunction collecting the exciton deeper
inside the QD, away from the surface so that the exciton becomes screened by the
QD static dipole constant, and a retarded response to the plasmonic oscillations.
A few different oligomeric structures were studied, all of which demonstrate this
effect quite clearly. An alternative view of the cause of the dip is considered, where
the QD assists in tunneling the resonant energy through the planar structure.
The fully coupled density matrix FDTD code developed will in the future be
used to study solar cell structures, biosensors, and other devices that consist of QDs
and metal nanoparticles or other metal structures. As the method does not require
the metal structures to be spherical, the possibilities for using the method to study
complex structures are unlimited. The only restriction is the considerably higher
calculational cost, but with advances in computing technology and parallelization
this is not a big concern.
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