
On the use of the uniform complex scaling-method for studying time-
dependent systems –

Jakob Bengtsson

mailto:Jakob.Bengtsson@fysik.su.se




On the use of the uniform complex
scaling-method for studying time-
dependent systems

Jakob Bengtsson

mailto:Jakob.Bengtsson@fysik.su.se


Abstract

During the last few decades, laser technology has gone through a series of
revolutionary improvements. With light pulses in the sub-femtosecond regime
now experimentally available, an explicit time-dependent Hamilton operator is
indispensable for a proper theoretical description of the interactions of atoms
with such pulses. However, these theoretical studies are computationally very
demanding, which motivates the search for new numerical methods and algo-
rithms to approach time-dependent problems. This thesis contributes to this
research field, with the main focus on the use of complex-scaled Hamilton op-
erators. Thus, the formalism of complex scaling is studied in the context of its
application to explicitly time-dependent atomic systems.

Both non-relativistic and relativistic dynamics are investigated. The nu-
merical advantages and the possibilities to extract physical quantities from
complex-scaled wave functions are discussed. Of special interest is the abil-
ity to treat resonance states. These are multiply excited electronic states with
sufficient energy to decay through Auger transitions to the surrounding contin-
uum. With complex scaling, the Hamilton operator is non-Hermitian and such
resonance states can be obtained as eigenstates.

To analyze the non-bound part of the wave function requires essentially the
construction of a second wave function; the left state vector. This additional
wave function is, however, not easily constructed numerically in the complex
scaling-method. To circumvent some of the numerical problems, we have pro-
posed three different methods. These methods are based on Floquet theory, a
propagation on a complex time-grid and time-dependent perturbation theory.
By carefully investigating the numerical properties of the left state vector, we
have thus studied the non-bound part of the system.
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1. Introduction

With the currently available laser pulses in the femto- and sub-femtosecond
regime, electronic processes can be followed experimentally in the time-domain,
see, for example, Ref. [1]. From the theoretical point of view, to model the
process of an atom subjected to a laser pulse is therefore both interesting and
important. A theoretical study of such a process means particularly that a truly
time-dependent Hamilton operator needs to be handled and the time-evolution
of the corresponding wave function, Ψ, has to be computed. For reasons to be
explained, such calculations are generally cumbersome in practice. First, the
analytic solution of the equation describing the time-evolution of Ψ is (for most
systems) not known. Hence, we have to solve the problem approximately using
numerical methods. As long as the approximate solution is “accurate enough”
this should, however, not be a problem in principle. In practice though, the
computational workload, and therefor also the time, required to reach this so-
lution can, and often will, be a problem. For that reason, transformations of Ψ

that may simplify the numerical description are worth considering. Here, the
transformation in the complex scaling method is studied.

Complex scaling [2–5] is a well-established technique in several areas of
physics. Its popularity is mainly explained by the superior (compared to the
ordinary, “unscaled”) representation of the continuum part of a wave function
confined to a finite space. This is the property that makes complex scaling
appealing for the systems considered here. We will use eigenstates of a ma-
trix representation of the scaled Hamilton operator to expand the wave func-
tion. An example that illustrates the efficiency of this representation is that
a resonance state is described with a single basis-function. Without complex
scaling an infinite number of basis functions is, in comparison, required to rep-
resent the auto-ionizing state in more conventional approaches. Additionally,
with complex scaling, the ordinary continuum is accurately represented with
a modest number of pseudo-continuum states. This efficiency is related to a
broadening in the energy-domain of the individual pseudo-continuum states.
The method of complex scaling is therefore greatly valued in the calculation
of, for example, photo-absorption cross-sections based on time-dependent per-
turbation theory, see, for instance, Refs. [6–8].

In contrast to the Hamilton operator used in the traditional formulation of
quantum mechanics, the scaled Hamilton operator is non-Hermitian. The kind
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of information that can be extracted, both in theory and in practice, from the
scaled wave function is therefore not evident. This question is considered in
Paper I, which deals with the solution of the time-dependent Schrödinger equa-
tion using uniform complex scaling. The conclusion is that only the bound part
of the system is easily accessible, due to numerical reasons. The efficient cal-
culation of ionization yields with complex scaling is explored also in Paper II,
where a relativistic treatment of a hydrogen atom exposed to a laser pulse is
considered. In Paper III, we study the possibility to extract information from
the continuum part of the (non-relativistic) scaled wave function by introduc-
ing a complex time-coordinate. With this approach, many of the numerical
difficulties identified in Paper I are circumvented. Finally, in Paper IV we take
advantage of the superior representation of resonance states to study the struc-
tured part of the continuum for H−. In particular, we investigate the possibility
to alter the probability distribution in the vicinity of meta-stable states with
short laser pulses. The main results from the four articles are summarized in
this thesis, with focus on the non-relativistic studies, i.e., Paper I, III and IV.

18



2. The time-evolution of quantum
systems

In this chapter, we briefly outline the conventional description of quantum sys-
tems in the time-domain. In particular, we discuss the equation that governs
the time-evolution of atomic systems exposed to electromagnetic fields. The
ideas are illustrated for the case of hydrogen, with special emphasis on the
assumptions typically made to simplify the treatment of this system.

2.1 General theory

In quantum mechanics, systems are characterized by their time-dependent wave
functions, denoted Ψ. For a non-relativistic system of N particles, the time-
evolution of such a wave function is given by the Time-Dependent Schrödinger
Equation (TDSE)

ih̄
∂

∂ t
Ψ({r j}, t) = H({r j}, t)Ψ({r j}, t), (2.1)

where h̄ is Planck’s constant (denoted h) divided by 2π and H is the Hamilton
operator of the considered system. In the conventional formulation of quantum
mechanics, H is a self-adjoint (or Hermitian) operator, such that H = H†. We
shall see in Sec. 4 that a non-Hermitian formulation of the TDSE is also of
interest. The curly braces around r j are used as a shorthand notation for the
N position vectors required to specify the state of the N particle system, i.e.,
{r j}↔ r1,r2, . . . ,rN .

The position representation of H, seen in Eq. (2.1), can be obtained from
the corresponding classical Hamiltonian function, H, by the substitution

{p j}→ {−ih̄∇ j}, (2.2)

where p j is the canonical momentum, connected to r j through the Lagrangian,
L, of the system,

p j =
∂L
(
{r j},{

∂r j
∂ t }, t

)
∂

(
∂r j
∂ t

) . (2.3)
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A review of analytical mechanics, with a thorough discussion of H and L, can
be found in the book by Goldstein [9].

From the classical Hamiltonian associated with a single hydrogen atom,

H0(r,p) =
p2

2m
− e2

4πε0r
, (2.4)

we use now Eq. (2.2) to obtain the corresponding quantum mechanical operator

H0(r) =−
h̄2

∇2

2m
− e2

4πε0r
. (2.5)

In Eq. (2.4) and (2.5), r is the position vector of the electron, m is the electronic
mass, e is the elementary charge, and ε0 is the electric constant. Here, we have
assumed an infinitely massive nucleus at the origin of the reference frame.
Compared to the electron mass (9.109×10−31 kg), the proton mass (1.673×
10−27 kg) is indeed overwhelming, which justifies the assumption of an infinite
nuclear mass. The subscript on H0 and H0 is used throughout the thesis to
denote systems unperturbed by external fields. Finally, note that the first term
in the expression for H0 in Eq. (2.4) gives the kinetic energy of the electron and
the second term gives its potential energy in the Coulomb field of the nucleus.

We now turn to an atom exposed to a light field. In particular, we will
consider an atom in a well-defined state, i.e., the atomic ground state, prior to
its interaction with an external electromagnetic field. The initial wave function
is then an eigenstate to the field-free H0 and, as such, can be computed. Using
Eq. (2.1) we may also construct Ψ at later times, for instance, during and after
the atom’s exposure to the field.

2.2 Atoms exposed to laser pulses

2.2.1 The laser pulse

Before we discuss the response of an atomic system to laser pulses, let us
consider the response of an electromagnetic field to matter. In this thesis, we
will only consider fields that are sufficiently intense to be treated with classical
electrodynamics. Hence, we turn to Maxwell’s equations for their description,
see, e.g., Ref. [10],

∇ ·E(r, t) = ρ(r, t)
ε0

, ∇×B(r, t) = µ0J(r, t)−µ0ε0
∂E(r, t)

∂ t
,

∇ ·B(r, t) = 0, ∇×E(r, t) =−∂B(r, t)
∂ t

, (2.6)
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where µ0 is the magnetic constant, ρ is the total charge density, and J is the
total current density. The latter two quantities, ρ and J, are related by the
continuity equation

∇ ·J(r, t)+ ∂ρ(r, t)
∂ t

= 0. (2.7)

Now consider a single isolated atom in a classical electromagnetic field.
The response of this field to such a system will be negligible. Hence, without
introducing any significant errors, we put ρ = 0 and J = 0 in Eq. (2.6) and
arrive at the following set of equations

∇ ·B(r, t) = 0, (2.8)

∇×E(r, t)+
∂B(r, t)

∂ t
= 0, (2.9)

∇ ·E(r, t) = 0, (2.10)

∇×B(r, t)+
1
c2

∂E(r, t)
∂ t

= 0, (2.11)

with c = 1/
√

µ0ε0 the speed of light in vacuum. These four equations will
determine the electromagnetic field in the vicinity of an isolated atomic system.

We begin with Eq. (2.8) and (2.9). With the identity ∇ · (∇×A) = 0, the
formal solution to B and E can be found as

B(r, t) = ∇×A(r, t), (2.12)

E(r, t) =−∇Φ(r, t)− ∂A(r, t)
∂ t

. (2.13)

The physical fields, E and B, are thus uniquely determined by two non-physical
quantities A and Φ, referred to as the vector and scalar potential, respectively.
In contrast, A and Φ are not uniquely determined by E and B. Many combina-
tions of A and Φ may be used to represent a given electromagnetic field. Note,
for instance, that the combined transformation

A(r, t)→ A(r, t)−∇ξ (r, t), (2.14)

Φ(r, t)→Φ(r, t)+
∂ξ (r, t)

∂ t
, (2.15)

where ξ is a scalar function, leaves E and B unaffected. This freedom in
choosing A and Φ, known as gauge invariance, is exploited here to impose

∇ ·A(r, t) = 0. (2.16)

The condition in Eq. (2.16) defines the so-called Coulomb gauge. The advan-
tage of this particular gauge will be seen when we turn to the solutions of the
two remaining Maxwell’s equations, Eq. (2.10) and (2.11).
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Using Eq. (2.13) and (2.16), we rewrite Eq. (2.10),

0 = ∇ ·E(r, t) =−∇
2
Φ(r, t)− ∂

∂ t
[∇ ·A(r, t)] =−∇

2
Φ(r, t), (2.17)

to see that
Φ(r, t) = 0. (2.18)

The scalar potential is consequently set to zero in the Coulomb gauge. Turning
to Eq. (2.11), we find the wave equation for the vector potential in the Coulomb
gauge to be [10]

∇
2A(r, t)− 1

c2
∂ 2A(r, t)

∂ t2 = 0. (2.19)

The plane wave solution to Eq. (2.19) is given by

A(r, t) = A0e−i(k·r−ωt), (2.20)

|k|= ω

c
, (2.21)

where k is the wave vector and ω the angular frequency. Note that the plane
wave is polarized in the direction of A0, which, in the Coulomb gauge, is
perpendicular to the propagation direction along k.

The typical size of an atomic system is a few Bohr radii. Hence, all plane
wave solutions with

|k|a0 =
ω

c
a0� 1, (2.22)

where a0 is the Bohr radius (0.511×10−10 m), can be approximated by

A(r, t)≈ A(t) = A0eiωt , (2.23)

which is known as the dipole approximation. In Eq. (2.23), we neglect the
spatial variations in A(r, t). The response of the atomic system to the magnetic
field is also neglected. Having no spatial variations in A leads to B = 0 [see
Eq. (2.12)]. To mimic a laser pulse, polarized in the z-direction, a superposition
of “plane waves” is used,

A(t) = A(t)ẑ = A0 f (t)sin(ωt)ẑ, (2.24)

where sin(ωt) is the carrier wave and f (t) the envelope of the pulse.

2.2.2 The time-dependent Hamilton operator

In classical mechanics, the response of an electron located at r to an electro-
magnetic field is given by the Lorentz force,

F =−e
[

E(r, t)+
∂r
∂ t
×B(r, t)

]
. (2.25)
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The classical Hamiltonian that reproduces Eq. (2.25), when fed into Hamil-
ton’s equations [9], is given by

H(r,p, t) =
[p+ eA(r, t)]2

2m
+ eΦ(r, t), (2.26)

where A and Φ are the vector and scalar potential, discussed in Sec. 2.2.1. We
choose to work in the Coulomb gauge, with Φ = 0 and A as the solution to
Eq. (2.19), where the classical Hamiltonian is given by

H(r,p, t) =
[p+ eA(r, t)]2

2m
. (2.27)

The Hamiltonian, H, of the perturbed electron can be retrieved directly from
the corresponding one of the unperturbed electron, H0 = p2/(2m), by the sub-
stitution

{p j}→ {p j + eA(r j, t)}, (2.28)

which is known as minimal coupling. As indicated by the curly braces in
Eq. (2.28), the Hamiltonian of N perturbed electrons can, in a way similar to
that of the single electron, be retrieved following this prescription.

By introducing Eq. (2.28) into the unperturbed Hamiltonian in Eq. (2.4),
the Hamiltonian of a hydrogen atom exposed to a laser pulse is found to be

H(p,r, t) =
[p+ eA(r, t)]2

2m
− e2

4πε0r
. (2.29)

The corresponding Hamilton operator can be separated into a time-independent
and a time-dependent part,

H(r, t) = H0(r)+HI(r, t), (2.30)

with H0 given by Eq. (2.5) and

HI(r, t) =
e2A2(r, t)

2m
− i

eh̄
m

A(r, t) ·∇≈−i
eh̄
m

A(t) ·∇. (2.31)

This is the Hamilton operator in the so-called velocity gauge where the dipole
approximation [discussed in connection to Eq. (2.23)] has been used in the last
step of Eq. (2.31). The A2-term has also been removed. As a time-dependent
scalar, A2(t) affects only the phase of Ψ, which is undetermined. As a conse-
quence of Eq. (2.16), ∇ · (AΨ) = A ·∇Ψ, and there is no explicit appearance
of a ∇ ·A-term in Eq. (2.31).

An alternative to the velocity gauge is the length gauge. In this gauge, the
response of the system to the electromagnetic field is given by

HI(r, t) =−e
∂A(t)

∂ t
· r = eE(t) · r. (2.32)
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Here, the interaction is given in the dipole approximation. It is noteworthy that
the wave function ΨL, obtained in the length gauge [using HI(t) in Eq. (2.32)],
is related to the corresponding wave function ΨV in the velocity gauge [using
HI(t) in Eq. (2.31)],

ΨL(r, t) = e
i
h̄ eA(t)·r

ΨV (r, t). (2.33)

Hence, the two wave functions are identical only when A(t) = 0. The length
gauge has been tested, especially for the problems in Paper I, and for the
complex-time propagation in Paper III, but found to be less favorable numer-
ically. All calculations presented in this work are therefore in the velocity
gauge.

2.3 The search for Ψ

Analytical solutions to the TDSE, Eq. (2.1), can only be found for very few
systems. We need then to consider approximate solutions based on various
numerical methods. The basic ideas behind the search for such solutions are
now discussed.

We start with a spectral decomposition of Ψ in terms of eigenfunctions Φn

of H0,

Ψ({r j}, t) =
∫
∑
n

cn(t)Φn({r j}), (2.34)

where
H0({r j})Φn({r j}) = EnΦn({r j}). (2.35)

For non-relativistic systems, Eq. (2.35) is known as the Time-Independent
Schrödinger Equation (TISE). The eigenvalues, En, of the Hermitian, field-
free H0 are necessarily real. Note that the dynamics of the wave function is
encoded in the time-dependent expansion coefficients, cn, alone. Note also
that the formal solution to Ψ in Eq. (2.34) is exact.

2.3.1 The basis

We now turn to the solutions to the TISE, Eq. (2.35). Even though such so-
lutions are, for most systems, not known in a simple analytical form, we may
still deduce some of its characteristic features. We start with the more gen-
eral properties of Φn and En before describing how the eigenvalue problem is
solved in practice.

For atomic systems, the spectrum of H0 can be divided into two parts; a
discrete set of eigenvalues, corresponding to electronic states bound by the
Coulomb potential to the nucleus, and a continuous one of more energetic,
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non-bound states. The sum in Eq. (2.34) runs over the former, discrete part of
the spectrum and the integration over the energies of the latter.

Now consider H0 for the hydrogen atom in Sec. 2.1. Its bound electronic
states, henceforth denoted Φb, are asymptotically described by exponentially
decreasing functions

lim
r→∞

Φb(r)r ∼ e−
√
−2mEbr/h̄, (2.36)

where Eb < 0 (see, e.g., Ref [11]). On the contrary, the non-bound eigenstates
Φk of H0 show an oscillatory behavior [12]

lim
r→∞

Φk(r)r ∼ sin
(

kr+
Z

ka0
ln(2kr)− `π

2
+σ`

)
, (2.37)

where Z is the nuclear charge, ` the angular momentum (or azimuthal quantum
number), and σ` the Coulomb phase shift.

The bound-states of a N electron atom are, similar to those of hydrogen,
L2-normalizable with

lim
r j→∞

Φb({r j})r j = 0. (2.38)

In contrast, the non-bound electron states are not L2-normalizable.
As pointed out in the beginning of this section, we must find approximate

solutions to the TISE. Φn is therefore, in turn, expanded in a complete but finite
basis of analytically known functions. With such an expansion, Eq. (2.35) is
turned into a matrix-vector eigenvalue problem, which can be solved with stan-
dard numerical routines. To find the desired solutions, the Dirichlet boundary
condition

Φn({r j})
∣∣
r j=R = 0, (2.39)

is imposed, where R is the characteristic radius. The condition in Eq. (2.39) is
approximately true for bound eigenstates of H0 that decrease sufficiently rapid
in r j. The continuum wave functions, on the other hand, do not satisfy the
Dirichlet boundary condition in general. Only states that accidentally have a
node at r = R might be found in practice as pseudo-continuum states (pseudo,
since they are artificially confined to r ≤ R). With Eq. (2.39), the continuum
part of the spectrum of H0 is thus no longer continuous, but discrete. More
details on the numerical solution of the TISE are given in Sec. 3.1.

2.3.2 The approximate solution

To find the approximate solution to Ψ, we expand the wave function in the
finite basis of approximate eigenstates to H0, discussed in Sec. 2.3.1,

Ψ({r j}, t) = ∑
n

cn(t)Φn({r j}), (2.40)
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where

H0({r j})Φn({r j}) = EnΦn({r j}), (2.41)

Φn({r j})
∣∣
r j=R = 0. (2.42)

With Eq. (2.40) introduced in the TDSE we find the expression for the expan-
sion coefficients, cn, to be

ih̄
∂

∂ t
cn(t) = ∑

m

[∫
Φ
∗
n({r j})H({r j}, t)Φm({r j})dV

]
cm(t), (2.43)

where we have used the orthogonal property of the basis∫
Φ
∗
n({r j})Φm({r j})dV = δn,m, (2.44)

when integrated over all space, i.e., dV ↔ dr1dr2 · · ·drN . In Eq. (2.44), δn,m is
the Kronecker delta function.

Lastly, we discuss the validity of the approximate solution to Ψ for an
atomic system exposed to a laser pulse. At a time ti, prior to the laser pulse,
we know the atom to be in its ground state, Φ0. The wave function is then a
localized function in {r j},

lim
r j→∞

Ψ({r j}, ti) = 0, (2.45)

in accordance with Eq. (2.38). With a sufficiently large radius R, the initial
wave function can be adequately described. If, at later times, the atom is ion-
ized, a wave packet is created that propagates outwards from the nucleus. This
wave packet will eventually hit the boundary at R and unphysical reflections
occur. When the reflected part of Ψ interferes with the rest of the wave func-
tion, all credibility for the approximate solution is lost. Up to the point of
reflection, however, the description of Ψ might still be accurate. The process
of an atom exposed to a light field can therefore be simulated and studied also
with the Dirichlet boundary condition, although only for finite time-intervals.

2.4 Relativistic treatment

In the relativistic case, the time-evolution of the wave function is described
with the time-dependent Dirac equation

ih̄
∂

∂ t
ΨD = HDΨD, (2.46)
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where

HD = cα · (−ih̄∇+ eA)− e2

4πε0r
+mc2

β (2.47)

αi ≡
(

0 σi

σi 0

)
, β ≡

(
I2 0
0 −I2

)
, (2.48)

where I2 is a 2×2 unity matrix, αi is the ith component of the Dirac matrix α ,
and σi are the Pauli matrices,

σ1 ≡
(

0 1
1 0

)
, σ2 ≡

(
0 −i
i 0

)
, σ3 ≡

(
1 0
0 −1

)
. (2.49)

Hence, since α and β are 4× 4 matrices, the wave function ΨD will have
four components also. Such wave functions are often called Dirac spinors.
Relativistic effects become important when the electron velocity is no longer
small compared to the velocity of light. This is the case for inner shell electrons
in systems with highly charged nuclei, but the electromagnetic field itself can
also drive the electron to such high velocities if it is strong enough. Both these
aspects motivate a study of the time-dependent Dirac equation.

With an electric field Ez(t) = E0 sin(ωt), the classical z-component of the
velocity of the electron accelerated by the field at a time t is given by

v(t) =
∫ t

0

e
m

E0 cos(ωt ′)dt ′ =
e

mω
E0 sin(ωt). (2.50)

The time-averaged kinetic energy of the electron will then be

1
2

m v2(t)
∣∣
av =

e2

mω2
E2

0
4
, (2.51)

which is known as the ponderomotive energy. We thus expect relativistic ef-
fects to be important if the ponderomotive energy is a substantial fraction of
the rest mass energy mc2.

The time-dependent Dirac equation can, in a similar way as the TDSE, be
solved by expanding ΨD in the eigenstates to HD. An important peculiarity
with the time-independent Dirac equation,

HDΦD = EΦD, (2.52)

is that it provides a set of negative energy solutions in addition to the type
of solutions obtained with the TISE. Physically we interpret these as positron
solutions, unavailable if no positrons are present. Extreme fields allow for
spontaneous electron–positron pair production, but this process can safely be
neglected with the currently available experimentally intensities. One might
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then think that the negative energy states can safely be omitted from the cal-
culations, but this is not at all the case. In fact, so-called virtual electron-
positron pairs greatly influence the interaction with a time-varying electro-
magnetic field, especially beyond the dipole approximation, and also when the
interaction with the electromagnetic field is described in the velocity gauge.
This is discussed in detail in Paper II.
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3. Numerical methods

3.1 Solution to the TISE

In the previous chapter, the possibility to expand the wave function in the
eigenstates Φ of the field-free Hamilton operator was considered. It is there-
fore interesting to see how these eigenstates are computed in practice for the
two different systems treated in this thesis; the hydrogen atom and the negative
hydrogen ion, H−.

3.1.1 The hydrogen atom

Since the Coulomb potential is spherically symmetric, we express the solutions
Φ to the TISE [Eq. (2.35)] in spherical coordinates (r,θ ,ϕ). The spherical
coordinates are connected to their Cartesian counterparts through

x = r sin(θ)cos(ϕ), (3.1)

y = r sin(θ)sin(ϕ), (3.2)

z = r cos(θ), (3.3)

where r is the radial variable and the angles θ and ϕ are known as the polar
and azimuthal angle, respectively. In particular, if we write Φ in the form

Φ(r,θ ,ϕ) =
P(r)

r
Y (θ ,ϕ), (3.4)

the TISE for the hydrogen atom is separated into two independent equations [13][
− h̄2

2m

(
∂ 2

∂ r2 −
`(`+1)

r2

)
− e2

4πε0r

]
P(r) = EP(r), (3.5)

1
Y (θ ,ϕ)

[
1

sinθ

∂

∂θ

(
sinθ

∂Y (θ ,ϕ)
∂θ

)
+

1
sin2

θ

∂ 2Y (θ ,ϕ)
∂ϕ2

]
=−`(`+1),

(3.6)

where `(`+ 1) is a constant. Equation (3.6) can be solved analytically. Its
normalized solutions are known as spherical harmonics, Y m

` , and are charac-
terized by the two integer numbers m, the magnetic quantum number, and `,
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the azimuthal quantum number,

Y m
` (θ ,ϕ) = (−1)m

√
2`+1

4π

(`−|m|)!
(`+ |m|!)

eimϕPm
` (cosθ), (3.7)

where |m| ≤ ` and Pm
` is an associated Legendre polynomial (not to be confused

with P). Furthermore, the spherical harmonics are pairwise orthogonal,

δ`,`′δm,m′ =
∫ 2π

0

∫
π

0
[Y m

` (θ ,ϕ)]∗Y m′
`′ (θ ,ϕ)sinθdθdϕ, (3.8)

where the sinθ -term is introduced via the volume element

dxdydz = r2 sinθdrdθdϕ. (3.9)

The radial part of the TISE [Eq. (3.5)] will be solved numerically. To find
an approximate solution to P, we expand it in a finite basis of analytically
known functions in r,

P(r) = ∑
j

d jB j(r). (3.10)

To obtain a L2-normalizable wave function, we require that

P(0) = P(r→ ∞) = 0. (3.11)

However in practice, the condition P(r ≥ R) = 0 is imposed instead. Φ is
consequently confined to a sphere of characteristic radius R, as discussed in
Sec. 2.3.1.

In the relativistic calculations (Paper II), the radial part of the wave func-
tion is represented on a grid. In the non-relativistic case, P is expanded in
B–splines [14], which are piecewise polynomials of a chosen order. They are
defined on a so-called knot sequence r j and form a complete set. With N knot
points distributed at

r0 ≤ r1 ≤ ·· · ≤ rN−1, (3.12)

the B–splines of degree k, which correspond to polynomials of order k−1, are
constructed using the Cox-de Boor recursion formula [14],

B(1)
j =

{
1, if r j ≤ r ≤ r j+1
0, otherwise

, (3.13)

B(k)
j =

r− r j

r j+k−1− r j
B(k−1)

j (r)+
r j+k− r

r j+k− r j+1
B(k−1)

j+1 (r). (3.14)

The superscript on B(k) is introduced to distinguish B–splines of different de-
grees. Note that B(k)

j is only non-zero in the interval [r j,r j+k+1]. The B–spline
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basis therefore has compact support. To impose P(0) = P(R) = 0 we place k
knot points at r = 0 and r = R, respectively. This is the same scheme as used
by Johnson et al. [15]. The first and last B–splines are thereafter removed from
the basis. Using N knot points, we obtain a set of N− k− 2 basis functions.
The corresponding N− k− 2 coefficients [the d j in Eq. (3.10)] are found by
diagonalizing the matrix

H0d = EBd, (3.15)

with the matrix elements given by

[B]i, j =
∫ R

0
B(k)

i (r)B(k)
j (r)dr. (3.16)

[H0]i, j =
∫ R

0
B(k)

i (r)
[
− h̄2

2m

(
∂ 2

∂ r2 −
`(`+1)

r2

)
− e2

4πε0r

]
B(k)

j (r)dr,

(3.17)

The B-matrix is known as the overlap matrix and is generally sparse. Since
the B–splines are polynomials, the integrations in Eq. (3.16) and (3.17) can be
done to machine accuracy using Gaussian quadrature [16]. Equation (3.15) is
a generalized eigenvalue problem that can be solved with standard numerical
routines. In this manner, the desired eigenstates of H0 can be computed for one
value of ` at a time.

3.1.2 The negative hydrogen ion, H−

Based on the assumption of an infinitely massive nucleus, we write the Hamil-
ton operator H̃0 for the negative hydrogen ion as

H̃0(r1,r2) = H0(r1)+H0(r2)+
e2

4πε0r12
, (3.18)

where r12 ≡ |r1− r2| and

H0(r j) =−
h̄2

∇2
j

2m
− e2

4πε0r j
. (3.19)

Note that H0 is the Hamilton operator for the hydrogen atom, considered in the
previous section. To find the eigenstates Φ̃ to H̃0, we expand it in a basis of
coupled eigenstates Φ to H0. In agreement with the Pauli principle, the basis
states are also made anti-symmetric. The spectrum for H− can be computed
for a particular set of quantum numbers at a time. For two electron systems, the
total angular momentum, L, the total spin, S, and the parity, π , are generally
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good quantum numbers. To emphasize that Φ̃ is of a particular symmetry,
S+1Lπ , we write its expansion as

|Φ̃〉= ∑
a,b

ca,b|{ΦaΦb}SLπ〉= ∑
a,b

ca,b|{na`anb`b}SLπ〉. (3.20)

In Eq. (3.20), the Dirac notation is used to keep the expression in a more com-
pact form. The eigenstates Φa are then labeled by their quantum numbers
na and `a (see Sec. 3.1.1). The braces in Eq. (3.20) denote that we use anti-
symmetrized states.

The expansion coefficients, ca,b, can be found by diagonalizing H̃0. The
elements of such a matrix are given by

〈{na`anb`b}SLπ |H̃0|{nc`cnd`d}SLπ〉, (3.21)

with the Dirac notation. In order to compute the elements of H̃0, we express
the anti-symmetric states in sums of non-symmetrized states,

|{na`anb`b}LπM〉= 1√
2
(|(na`a)1(nb`b)2LπM〉

+π(−1)L+S|(nb`b)2(na`a)1LπM〉
)
, (3.22)

if na 6= nb or `a 6= `b, and

|{n`n`}LπM〉=
{
|n`n`LπM〉, if (−1)L = (−1)S,
|O〉, otherwise,

(3.23)

for identical electrons.
We can now write a matrix element of H̃0 as different combinations of

〈(na`a)1(nb`b)2SLπ |H̃0|(nc`c)1(nd`d)2SLπ〉. (3.24)

If it were not for the 1/r12-term, the matrix representation of H̃0 would have
been diagonal in this basis. To compute the off-diagonal elements, produced
by 1/r12, we write [10]

1
r12

= 4π ∑
k

∑
q

1
2k+1

rk
<

rk+1
>

Y k
q (θ1,ϕ1)

[
Y k

q (θ2,ϕ2)
]∗

(3.25)

where r> and r< is the greater and lesser of r1 and r2, respectively. In this
form, all angular integrals can be done analytically using Racah algebra [17],
which gives the matrix element in Eq. (3.24) as

〈(na`a)1(nb`b)2SLπ | 1
r12
|(nc`c)1(nd`d)2SLπ〉=

∑
k

Rk(ab,cd)(−1)`c+`b+L
{

`a `b L
`c `d k

}
〈`a||C̄k||`c〉〈`b||C̄k||`d〉, (3.26)
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where

Rk(ab,cd) =
∫ ∫

Pa(r1)Pb(r2)
rk
<

rk+1
>

Pc(r1)Pd(r2)dr1dr2, (3.27)

〈`||C̄k||`′〉= (−1)`[(2`+1)(2`′+1)]1/2
(

` k `′

0 0 0

)
(3.28)

The {} and () symbols are the 6-j and 3-j symbols [17], respectively. The
matrix element 〈`||Ĉk

q||`′〉, in Eq. (3.28), is the reduced matrix element of the
C tensor [17],

Ck
q =

√
4π

2k+2
Y q

k (θ ,ϕ). (3.29)

The computationally most expensive part in the evaluation of the matrix ele-
ment in Eq. (3.21) is therefore the radial integrals in Eq. (3.27).

3.2 The matrix representation of HI

In this section, we will consider the construction of HI in a basis of eigenstates,
Φ, to H0. In particular, we work in the velocity gauge with an electromagnetic
field polarized in the z-direction and in the dipole approximation. We factorize
out the time-dependent coefficient and write

HI(t) = g(t)H̃I. (3.30)

In the case of hydrogen, by combining Eq. (2.31) and (2.24) we find

g(t) =−i
eh̄
m

A(t), (3.31)

and the time-independent matrix elements of H̃I are[
H̃I
]

b,a = 〈nb`bmb|∇z|na`ama〉

= (−1)`b−mb

(
`b 1 `a

−mb 0 ma

)
〈nb`b||∇̄||na`a〉, (3.32)

based on the Wigner Eckart theorem [17]. The 3-j symbol gives the selection
rule |`a−1|< `b < `a +1 and the reduced matrix element narrows it down to
`b = `a±1. The non-zero matrix elements can be computed as [18]

〈nb`b||∇̄||na`a〉=−
1
h̄
(`a +1)1/2

×
(
`a

∫
Pb(r)

1
r

Pa(r)dr−
∫

rPb(r)
d
dr

Pa(r)
r

dr
)
,

(3.33)
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for `b = `a +1, and

〈nb`b||∇̄||na`a〉=−
1
h̄
`

1/2
a

×
[
(`a +1)

∫
Pb(r)

1
r

Pa(r)dr+
∫

rPb(r)
d
dr

Pa(r)
r

dr
]
,

(3.34)

for `b = `a−1. Because of the selection rule in ∆`, HI is typically sparse with
a block-like structure. In addition, with a linearly polarized light field (chosen
in the z-direction) and with the initial state in m = 0, the m quantum number
will be preserved. The size of the required basis set is then drastically reduced,
since only one value of m has to be included.

3.3 Integration schemes for the TDSE

We now turn to the approximate solution to the TDSE, Eq. (2.1). Follow-
ing the approach outlined in Sec. 2.3, Ψ is expanded in a finite basis of L2-
normalizable functions Φn. The time-evolution of the wave function is then
encoded in the time-dependent expansion coefficients, cn. These coefficients
are coupled to one another by an external light field [see Eq. (2.43)]. To find
cn, we write the TDSE in matrix-vector form as

ih̄
∂

∂ t
c(t) = [H0 +HI(t)]c(t), (3.35)

with the corresponding elements given by

[c(t)]n =
∫

dV Φ
∗
n({r j})Ψ({r j}, t) = cn(t), (3.36)

[H0]n,m =
∫

dV Φ
∗
n({r j})H0({r j})Φm({r j}) = δn,mEn, (3.37)

[HI(t)]n,m =
∫

dV Φ
∗
n({r j})HI({r j}, t)Φm({r j}), (3.38)

where dV = dr1dr2 · · ·drN . Since Φn is an eigenfunction of H0, the H0-matrix
is diagonal.

There are numerous algorithms that offer approximate solutions to a cou-
pled set of first order differential equations. The Bulirsch-Stoer method [19],
the Adam-Bashforth methods [20], and various Runge-Kutta schemes [20] are
all possible candidates for Eq. (3.35), to name a few. A substantial amount of
work has been devoted to study the efficiency of different integration schemes.
Three suitable methods are briefly outlined in Sec. 3.3.1–3.3.3.
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Solving the TDSE in a basis of square integrable functions, or on a spatial
grid, leads generally to a stiff system of equations. In practice, this means that a
surprisingly small integration-step often has to be used to obtain a numerically
stable solution. We will now briefly discuss the origin of this problem.

Consider first the field-free time-evolution of c in

cn(t +∆t) = e−
i
h̄ En∆tcn(t), (3.39)

obtained with HI(t) = 0 in Eq. (3.35). Equation (3.39) is the exact solution
to cn. Based on the first order Euler method, an approximate solution to cn is
given by

cn(t +∆t) =
(

1− i
h̄

En∆t
)

cn(t). (3.40)

To compare the approximate solution to the exact one, we write the latter in a
Taylor series,

cn(t +∆t) = e−
i
h̄ En∆tcn(t) =

[
∞

∑
k=0

(
− i

h̄ En∆t
)k

k!

]
cn(t). (3.41)

Equation (3.40) reproduces only the first two terms in this series. The approxi-
mate solution to cn is therefore limited to |∆t|< h̄/|En|. When using Eq. (3.40)
in a step-wise evaluation of cn, the required integration-step is then directly re-
lated to the time-scale on which cn changes.

Now consider the solution to the TDSE for a system exposed to an external
light field. The elements of c are now coupled to one another. Numerical
errors can therefore propagate in the solution. Using an explicit method (such
as Euler’s method) for the time-evolution of c, means that the integration-step
required for a stable solution is typically dictated by the largest eigenvalue of
[H0 +HI(t)]. The required time-step may therefore seem unnecessarily short
for the coefficients in c that do not change on such a short time-scale.

Stiff problems are commonly treated with implicit integrators, for instance,
the Crank-Nicolson method [21], where we do not have to resolve the fastest
change in the solution for a stable integration. As long as we are not interested
in the most energetic components of Ψ, we can use larger integration-steps
with such methods. However, in each integration-step, an implicit method
requires the solution to a system of algebraic equations. Thus, each step can
be computationally expensive.

Only explicit integration schemes are used in this thesis. Consequently,
the solution can be propagated forward in time using only matrix-vector mul-
tiplications. As previously discussed, a large stability region is required for
the explicit method to be efficient. In particular, the unphysical divergence
of high-energy components in Ψ, discussed for Euler’s method, have to be
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removed by the scheme. Propagators written in exponential form, in a way
similar to Eq. (3.39), are therefore favored.

3.3.1 Method A: An exponential propagator

The first method, considered in Paper I and II, approximates the time-dependent
Hamilton operator by its time-independent “mean value” in each time-interval
∆t. The approximate solution to Eq. (3.35) is then given by the second order
method

c(t +∆t) = e−
i
h̄ [H0+HI(t+∆t/2)]c(t). (3.42)

Note that the Euclidean norm is preserved due to the Hermitian property of H
and, thus, cn will not diverge in time.

The propagator expressed in Eq. (3.42) is applicable to a wide range of
systems. For instance, both intense and weak light-fields can be considered.
However, the matrix exponential makes the method computationally expensive
and, for this scheme to be efficient, one has to consider approximate ways
to compute it. Split-operator schemes [22] and the Krylov method [23] can,
for example, be used to reduce the workload. A review of different ways to
compute the matrix exponential is found in Ref. [24]. Finally, higher order
methods may be found in a similar form using a Magnus series [25].

3.3.2 Method B: The exponential Lawson scheme

A matrix exponential of a diagonal matrix is, in contrast to the general case,
easy to compute. The exponential Lawson scheme [26] takes advantage of this
fact for Hamilton operators dominated by their diagonal H0.

We start by multiplying the TDSE [Eq. (3.35)] with the integrating factor
exp(iH0t/h̄),

ih̄
∂

∂ t

[
e

i
h̄H0tc(t)

]
= e

i
h̄H0tHI(t)c(t). (3.43)

We introduce the column-vector

c̃(t)≡ e
i
h̄H0tc(t), (3.44)

into Eq. (3.43) and obtain

ih̄
∂

∂ t
c̃(t) = H̃(t)c̃(t), (3.45)

where
H̃(t)≡ e

i
h̄H0tHI(t)e−

i
h̄H0t . (3.46)

Equation (3.45), which is the TDSE in the interaction picture, will be solved
with an explicit Runge-Kutta formula. Note that the eigenvalues of H̃ are
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directly related to the intensity of the light field. Hence, for weak fields, we
can use large integration-steps also for explicit methods.

In practice, there is no need to construct c̃ and instead we will work directly
with c. The conventional fourth order Runge-Kutta formula for c̃ can, for
example, be translated into the following integration scheme for c:

c(1) = c(t), k1 =−
i
h̄
HI(t)c(1),

c(2) = e−
i
h̄H0

∆t
2 c(1)+

∆t
2

e−
i
h̄H0

∆t
2 k1, k2 =−

i
h̄
HI(t +

∆t
2
)c(2),

c(3) = e−
i
h̄H0

∆t
2 c(1)+

∆t
2

k2, k3 =−
i
h̄
HI(t +

∆t
2
)c(3),

c(4) = e−
i
h̄H0∆tc(1)+∆te−

i
h̄H0

∆t
2 k3, k4 =−

i
h̄
HI(t +∆t)c(4), (3.47)

with the propagation of c forward in time given by

c(t+∆t) = e−
i
h̄H0∆tc(t)+

∆t
6

(
e−

i
h̄H0∆tk1 +2e−

i
h̄H0

∆t
2 (k2 +k3)+k4

)
. (3.48)

The exponential Lawson scheme in this way obtained for c is used in Paper I,
although based on a different Runge-Kutta scheme. In principle, any explicit
method can be used to express the time-evolution of c̃, and consequently that
of c. In Paper I, we chose a Runge-Kutta scheme with embedded pairs [27]
because of the advantage offered in terms of step-size control.

3.3.3 Method C: The exponential time-differencing scheme

The third method considered in this thesis is the exponential time-differencing
method [28–30], used in Paper III.

Integration of Eq. (3.43) yields the formal solution

c(t +∆t) = e−
i
h̄H0∆tc(t)− i

h̄
e−

i
h̄H0(t+∆t)

∫
∆t

0
e

i
h̄H0(τ+t)HI(t + τ)c(t + τ)dτ.

(3.49)
However, the time-integral in Eq. (3.49) has to be computed approximately
with some numerical method. Here, we choose a method based on the trun-
cated Taylor expansion

− i
h̄
HI(t + τ)c(t + τ) =

m−1

∑
k=0

τk

k!
bk. (3.50)
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Using Eq. (3.50), the time-integral in Eq. (3.49) can be solved analytically as

c(t +∆t) = e−
i
h̄H0∆tc(t)+ e−

i
h̄H0(t+∆t)

∫
∆t

0
e

i
h̄H0(τ+t)

m−1

∑
k=0

τk

k!
bk

= e−
i
h̄H0∆tc(t)+

m

∑
k=1

∆tk
φk(∆t)bk−1, (3.51)

with

φk(∆t)≡ 1
∆tk

∫
∆t

0

τk−1

(k−1)!
e−

i
h̄H0(∆t−τ)dτ. (3.52)

The φk can be constructed using a recursive formula. Note that

φ1(∆t) =
(

e−
i
h̄H0∆t −1

)(
− i

h̄
H0∆t

)−1

. (3.53)

After integration by parts, the φk for k > 1 follows directly from Eq. (3.52) as

φk(∆t) =
(

φk−1(∆t)− 1
(k−1)!

)(
− i

h̄
H0∆t

)−1

. (3.54)

Since the H0-matrix is diagonal, both the matrix exponential and the matrix
inverse are easily calculated.

In this approach, the problem is to find the Taylor expansion in Eq. (3.50).
The particular integration scheme, used in Paper III, uses a fourth order Runge-
Kutta method to approximate bk and was derived by Krogstad [28]. The re-
sulting time-differencing scheme is presented below:

c(1) = c(t), k1 =−
i
h̄
HI(t)c(1),

c(2) = e−
i
h̄H0

∆t
2 c(1)+

∆t
2

φ1(
∆t
2
)k1, k2 =−

i
h̄
HI(t +

∆t
2
)c(2),

c(3) = e−
i
h̄H0

∆t
2 c(1)+

∆t
2

[
φ1(

∆t
2
)−2φ2(

∆t
2
)

]
k1

+∆tφ2(
∆t
2
)k2, k3 =−

i
h̄
HI(t +

∆t
2
)c(3),

c(4) = e−
i
h̄H0∆tc(1)+∆t [φ1(∆t)−2φ2(∆t)]k1

+∆tφ2(∆t)2k3, k4 =−
i
h̄
HI(t +∆t)c(4),

(3.55)
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with the subsequent propagation of the solution given by

c(t +∆t) = e−
i
h̄H0∆tc(t)

+∆t[4φ3(∆t)−3φ2(∆t)+φ1(∆t)]k1

+∆t[−4φ3(∆t)+2φ2(∆t)](k2 +k3)

+∆t[4φ3(∆t)−φ2(∆t)]k4. (3.56)

3.3.4 Comparison between the methods

We will now compare the three methods considered in this thesis. The expo-
nential propagator (Sec. 3.3.1), the exponential Lawson scheme (Sec. 3.3.2)
and the time-differencing scheme (Sec. 3.3.3) will be referred to as method A,
B and C, respectively. As a test case, we chose a hydrogen atom exposed to
a Gaussian-shaped laser pulse, polarized in the z-direction and in the dipole
approximation. In particular, the vector potential is given by

A(t) = A0e−(t/T )2
sin(ωt)ẑ, (3.57)

with ω = 0.6 a.u. and T = 4π/ω ≈ 21 a.u.. The peak intensity of the pulse is
1×1015 W/cm2.

We seek the probability for the atom to remain in its electronic ground
state after exposed to the laser pulse. Using a spectral decomposition of Ψ,
this population is given by |c0|2, where c0 is the coefficient assigned to the
ground state Φ0. To construct the eigenstates of H0 we use 7th order B–splines
defined on a linear knot sequence for the radial part of the TISE. The distance
between two consecutive knot points is 1 a.u. and the box size is R = 200 a.u..
For the angular part, spherical harmonics with `≤ 2 are used.

Figure 3.1 shows the relative error of the computed populations for the
three different methods and for different integration-steps (note the logarithmic
y-axis). The population that is taken to be exact was obtained using method C
(exponential time-differencing) with a sufficiently small time-step, such that
there is no doubt that convergence has been reached. The integration-steps
required to complete one optical cycle, 2π/ω , are shown on the x-axis. Hence,
a large value on the x-axis corresponds to a short time-step. In particular, the
integration-step is halved between two consecutive data points.

For method A (exponential propagator), the matrix exponential was con-
structed without approximations by diagonalizing H0 +HI(t +∆t/2) in each
time-step (see Paper I). Hence, whereas method B (exponential Lawson) and C
require a similar amount of numerical operations (four matrix-vector multipli-
cations for each integration-step), method A is much more costly in this form.
However, even if the workload of method A was reduced to the equivalence of
the others, method C is still a better choice of propagator.
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Figure 3.1: The relative errors of the computed populations |c0|2 using the meth-
ods in Sec. 3.3.1–3.3.3 for different step-sizes. The peak intensity of the laser
pulse is 1× 1015 W/cm2. For large time-steps, method B gives a numerically
unstable solution. Overall, method C shows the best performance.

The increase in error for large time-steps is expected for method B, since
the Euclidean norm is not preserved with a Runge-Kutta formula. In principle,
a similar behavior can also occur for method C. However, we have increased
the laser intensity to 1×1016 W/cm2, without noticing any such tendancy for
method C.

The main difference between method B and C is that the former is based
on a Taylor expansion (although approximated by a Runge-Kutta scheme) of
exp(iH0t/h̄)HI(t)c(t), whereas the latter is based on the expansion of only [see
Eq. (3.50)] HI(t)c(t). Since the atom is initially prepared in its ground state,
the highest energy components in c are typically negligible. We therefore ex-
pect that HI(t)c(t) change at a rate dictated by the lower energy-components.
Hence, the expansion in method C can be done to a low order. Upon mul-
tiplication with exp(iH0t/h̄) we introduce rapid oscillations for the energetic
components in method B and a higher-order Taylor expansion is required (or,
equivalently, smaller time-steps).

Lastly, consider a system where high energy components decay (or dissi-
pates in some way). We can then be certain that HI(t)c(t) change at a slow
rate, and thus that the exponential time-differencing method works well.
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3.3.5 Combined with first order TDPT

For weak enough light fields, an approximate solution to the TDSE can be ob-
tained based on Time-Dependent Perturbation Theory (TDPT). This formalism
can be found in several textbooks, see, for instance, Ref. [31]. In general, the
first order approximation to the wave function can be found at a low computa-
tional cost. It is therefore interesting to incorporate the first order TDPT into
the integration schemes previously discussed.

To include the first order TDPT into the methods, we split c into

c(t) = c(0)(t)+ c(1)(t)+ c̃(t), (3.58)

where c(0) and c(1) are the zeroth and first order terms obtained with TDPT. In
particular, c(0) gives the field-free time-evolution of the initial state c(ti). This
means, in turn, that c(1)(ti) = c̃(ti) = 0. In this manner, the matrix-vector form
of the TDSE [Eq. (3.35)] can be separated into

ih̄
∂

∂ t
c(0)(t) =H0c(0)(t), (3.59)

ih̄
∂

∂ t
c(1)(t) =H0c(1)(t)+HIc(0)(t), (3.60)

ih̄
∂

∂ t
c̃(t) =H0c̃(t)+HI[c(1)(t)+ c̃(t)]. (3.61)

Note that c(0) evolves by a trivial phase factor and thus c(1) is given by an
integral of an analytically known expression. If this integral cannot be solved
directly, c(1) can, for instance, be evaluated step-wise in time using only a
Taylor expansion of the (analytically known) vector potential.

An approximate solution to c̃ can now be obtained with, for instance, the
exponential Lawson scheme or the time-differencing scheme. The extra term
HIc(1) in Eq. (3.61), makes the exponential propagator less suitable. The extra
workload required for including the first order TDPT in the scheme is negligi-
ble. Hence, since an accurate c(1) can be obtained at a low computational cost,
this allows us to propagate c using large time-steps (compared to without the
TDPT). This scheme is, although never stated, used in Paper III.
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4. Uniform complex scaling

The method of uniform complex scaling is based on a continuation of the radial
variables, r j, into the complex valued-plane,

r j→ r jeiθ , (4.1)

and consequently
∇ j→ ∇ je−iθ . (4.2)

The scaling angle, θ , is typically limited to 0 < θ < π/4 and should not be
confused with the polar angle in Sec. 3.1. In this chapter, the consequences of
these transformations for atomic systems are discussed.

4.1 The TDSE

Using Eq. (4.1) and (4.2), we transform the TDSE into

ih̄
∂

∂ t
Ψ

θ ({r j}, t) = Hθ ({r j}, t)Ψθ ({r j}, t), (4.3)

where

Hθ ({r j}, t)≡ H({r jeiθ}, t), (4.4)

Ψ
θ ({r j}, t)≡Ψ({r jeiθ}, t). (4.5)

The fact that H and Ψ are analytical expressions in {r j} has here been used to
obtain Hθ and Ψθ .

In the present work, the wave functions Ψ are localized in {r j} and square
integrable (see Sec. 2.3.2). Consequently, Ψθ will also be L2-normalizable,
with the asymptotic behavior

lim
r j→∞

Ψ
θ ({r j}, t) = 0, (4.6)

for all finite values of t. This means particularly that the numerical techniques
discussed for Ψ (see Sec. 3) can also be applied to Ψθ .

A key aspect of the complex scaling method is that Hθ , which governs
the time-evolution of Ψθ , is a non-Hermitian operator, such that

(
Hθ
)† 6= Hθ .

Before we can discuss the solution to the scaled TDSE [Eq. (4.3)], the spectral
properties of Hθ need therefore to be considered in more detail.
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4.2 The Hamilton operator Hθ

Unlike its Hermitian counterpart H, the non-Hermitian Hθ has a set of complex
eigenenergies Eθ

n . In this section, we will focus on the spectrum of field-
free systems. Systems exposed to light fields will only be considered briefly
towards the end.

For field-free systems, the eigenstates of Hθ
0 can be categorized into bound,

continuum and, depending on the system, resonance states. The bound eigen-
states have real energies, identical to those of the unscaled H0, whereas the con-
tinuum and resonance solutions will have complex energies with Im(Eθ

n )< 0.
The energies of the continuum solutions depends on θ . In contrast, the ener-
gies of the resonance states are independent on a large enough θ . A typical
spectrum of Hθ

0 can be seen in Fig. 4.1.
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−15

−10

−5

0

x 10
−3

Re(E
θ
)

Im
(E

θ
)

Bound

Psedo−continuum

Resonance

Figure 4.1: The spectrum of Hθ
0 for H− in 1Se-symmetry. The only bound state

(with real energy) is the atomic ground state. From each ionization threshold
starts a series of pseudo-continuum energies, rotated downwards by 2θ in the
complex energy-plane. The resonance states, however, have θ -independent com-
plex energies. Only parts of the resonance states in this symmetry are shown.
The dashed-dotted horizontal line shows the real energy-axis.

We now discuss the features of Eθ
n and Hθ

0 in more detail. In particular, we
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consider a hydrogen atom, with Hθ
0 given by

Hθ
0 (r) =−

h̄2
∇2

2m
e−i2θ − e2

4πε0r
e−iθ , (4.7)

which can be derived from Eq. (2.5) using Eq. (4.1) and (4.2). Note that the ki-
netic and potential energy terms have different complex phase factors. To find
the spectrum of Hθ

0 in Eq. (4.7), we follow the procedure outlined in Sec. 2.3.2
and confine its eigenfunctions to a sphere of characteristic radius R,

Hθ
0 (r)Φ

θ
n (r) = Eθ

n Φ
θ
n (r), (4.8)

Φ
θ
n (r)

∣∣
r=R = 0. (4.9)

Note that the Dirichlet boundary condition is not transformed in the complex
scaling method. In other words, Φθ

n is obtained with the same condition as
the eigenstate, Φn, to the unscaled H0 [see Eq. (2.39)]. Consequently, only for
certain eigenstates Φn, satisfying

Φn(r)|r=R = Φn(reiθ )
∣∣
r=R = 0, (4.10)

will complex scaling be equivalent to a variable transformation, such that

Φ
θ
n (r) = Φn(reiθ ). (4.11)

If the condition in Eq. (4.10) is met, then Eθ
n = En follows in turn.

We will now test the condition in Eq. (4.10) on the bound, Φb, and contin-
uum eigenstates, Φk, of H0 for hydrogen. The asymptotic behaviors of these
states are given in Eq. (2.36) and (2.37), respectively. After transformation of
the radial variable we find that

lim
r→∞

Φb(reiθ )reiθ ∼ e−
√
−2mEb cos(θ)r/h̄e−i

√
−2mEb sin(θ)r/h̄, (4.12)

lim
r→∞

Φk(reiθ )reiθ ∼ sin
(

kreiθ +
Z

ka0
ln(2kreiθ )− `π

2
+σ`

)
. (4.13)

Since cos(θ) > 0, the bound states will approximately satisfy the condition
in Eq. (4.10) when R is large enough. Hθ

0 will therefore have a set of real
eigenenergies, Eθ

b , associated with the bound eigenstates, Φθ
b . These Φθ

b are,
in turn, related to Φb through Eq. (4.11). The simple relation between the
two different sets of eigenstates, Φθ

b and Φb, has far reaching consequences
for the applicability of the complex scaling method, as will be discussed in
Sec. 4.5.1. In contrast, the continuum states in Eq. (4.13) will diverge after the
transformation in r. Consequently, such states do not satisfy Eq. (4.10). There
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will then be no simple relation, as that in Eq. (4.11), that connects a non-bound
state of H0 to that of Hθ

0 .
Consider now the pseudo-continuum states of H0, which obey Φk(R) = 0.

For such states to satisfy Φk[Rexp(iθ)], which is the boundary condition with
complex scaling, we transform k. In particular, note that

Φk(R) = Φke−iθ (Reiθ ), (4.14)

if the Coulomb potential from the nucleus is neglected. Based on the trans-
formation k→ k exp(−iθ), the approximate energies of the pseudo-continuum
states of Hθ

0 are then obtained as

Eθ
k = Eke−i2θ , (4.15)

where

Ek =
h̄2k2

2m
, (4.16)

is the approximate eigenenergy of Φk. The energy in Eq. (4.16) is that of a
free electron, since the Coulomb interaction is neglected. The general features
of the correct eigenenergies, with the Coulomb potential accounted for, of the
pseudo-continuum states can still be explained by Eq. (4.15). For the N elec-
tron atom, we will, apart from the real eigenenergies of the bound states, see
similar series of eigenenergies rotated downwards in the complex energy plane
by 2θ from each ionization threshold (see Fig. 4.1).

In the field-free case, resonance states are multiply excited electronic states,
with sufficient energies to decay through Auger transitions. Hence, they will
not appear in the spectrum of hydrogen. They will also not be found as single
eigenstates to any Hermitian Hamilton operator. The reason is that they are
not steady states. On the contrary, they consist of a localized part that decay to
the surrounding continuum at a constant rate, Γ. One can, however, perceive
their presence in a Hermitian calculation as local accumulations of pseudo-
continuum states. The width of the density peak will then be directly related
to the decay rate. To find resonance states as single eigenstates, we need to
impose outgoing wave (or Siegert) boundary conditions [32]. This gives us a
non-Hermitian Hamilton operator. The outgoing electrons of resonance states
are asymptotically described by exponentially growing functions in r,

lim
r→∞

Φ
Res.
k (r)r ∼ eike−iβ r, (4.17)

where β > 0. With complex-scaling, such a state becomes

lim
r→∞

Φ
Res.
k (reiθ )reiθ ∼ eikei(θ−β )r. (4.18)
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Hence, when θ > β the asymptotic function will decrease exponentially in
r. The transformed resonance state can then, similar to any bound state, be
described within a limited space and thus be found as eigenstates to Hθ

0 [33–
44]. Its energy will be given by ERes. = Epos− iΓ/2, where Γ is the decay
rate.

We now turn on a modest electromagnetic field. With complex scaling, the
field dressed states produced in this way have complex eigenenergies. For a
static field, the real and imaginary components of the dressed ground state give
directly the dc Stark shift and ionization rate of the system, respectively [45–
47] (provided that the static field is adiabatically turned on). The same type of
information can be retrieved from the spectrum of the scaled Floquet Hamilton
operator [48], Hθ

F ≡ Hθ − ih̄∂t , for atoms exposed to monochromatic radia-
tion [45; 49; 50]. Floquet theory will be discussed in more detail in Sec. 5.1.

To compute the eigenstates to Hθ
0 in practice, the techniques discussed in

previous sections are applicable to a large extent. Using complex scaling influ-
ences only the radial part of the Hamilton operator. The spherical harmonics
will still represent the angular part of the eigenstates. Furthermore, with com-
plex scaling it is the Hamilton operator that undergoes the transformation, not
the B–splines or the volume element dV = r2 sinθdrdθdφ . For hydrogen, the
scaled version of Eq. (3.17) is therefore given by[
Hθ

0

]
i, j

=∫ R

0
B(k)

i (r)
[
− h̄2

2m

(
∂ 2

∂ r2 e−i2θ − `(`+1)
r2 e−i2θ

)
− e2

4πε0r
e−iθ

]
B(k)

j (r)ei3θ dr.

(4.19)

The appearance of exp(i3θ) follows from the definition of the inner product,
which we consider next.

4.3 The inner product

The inner product follows directly from the condition of pairwise orthogonal
eigenstates of Hθ

0 . This condition is met if the inner product is defined as the
product between a left and a right eigenstate of Hθ

0 . In matrix-vector form we
write

Hθ
0 dθ

R = Eθ
n dθ

R, (4.20)

dθ
LHθ

0 = Eθ
n dθ

L , (4.21)

where dθ
R and dθ

L are the right and left eigenvectors of Hθ
0 , respectively. Note

that dθ
L is a row-vector. Based on the Hermitian property of H0, we find [51]
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(see also Paper I) that

Hθ
0 =

(
H−θ

0

)†
, (4.22)

and consequently that

dθ
L =

(
d−θ

R

)†
,
(

E−θ
n

)∗
= Eθ

n (4.23)

where d−θ

R is the right eigenvector of H−θ

0 . Based on Eq. (4.23), we see that the
inner product should be taken between Φθ and

(
Φ−θ

)∗. This inner product is
what Moiseyev and co-workers have labeled the c product, see Refs. [51–55].

There is a freedom in choosing normalization. Here, the Φθ
n -s are normal-

ized to unity according to:

δn,m =
∫ [

Φ
−θ
n ({r j})

]∗
Φ

θ
m({r j})ei3Nθ dV. (4.24)

This ensures that an unscaled wave function Φn, associated with H0, and nor-
malized according to the conventional formula, remains normalized after the
transformation r→ r exp(iθ). Note that the conventional inner product is re-
covered with θ = 0.

4.4 The wave function Ψθ

In contrast to Ψ, the time-evolution of Ψθ is generally non-unitary, in the sense
that the L2-norm is not preserved, since it is governed by a non-Hermitian Hθ .
To see this property manifested in Ψθ , we expand it in eigenstates of Hθ

0 ,

Ψ
θ ({r j}) = ∑

n
cθ

n (t)Φ
θ
n ({r j}). (4.25)

Note that Ψθ can now be expanded with resonance states in the basis. Note
also that the initial wave function, i.e., the atomic ground state, is easily con-
structed, since the bound eigenstates of H0 are transformed and found as eigen-
states to Hθ

0 (see Sec. 4.2).
Assuming a field-free propagation, the expansion coefficients, cθ

n , evolve
as

cθ
n (t +∆t) = e−

i
h̄ Re(Eθ

n )∆te
1
h̄ Im(Eθ

n )∆tcθ
n (t). (4.26)

The coefficients associated with non-bound states will, since Im(Eθ
n ) < 0 for

such states, decay exponentially in time. This is in sharp contrast to the time-
evolution of cn discussed in Sec. 3.3. Furthermore, the energetic components
decay fastest. The bound energy components, however, will not decay due to
their real energies.
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If we turn on an electromagnetic field, cθ
n are coupled by a non-Hermitian

Hθ
I . Hence, for strong fields, it is possible for the Euclidean norm to grow

also beyond unity for certain times. However, in most cases, this norm will
be suppressed. As discussed in Sec. 3.3.3, the decay of energetic components
make the exponential time-differencing scheme a well-suited method for the
integration of Ψθ . However, other integration schemes can also be used for a
numerically stable solution.

The decay of the energetic part of Ψθ can, alternatively, be seen from a
wave packet expressed as a superposition of outgoing waves. Without complex
scaling, such a wave packet is given by

Ψ(r)∼∑
n

cneiknr, (4.27)

with kn > 0. With complex scaling, this function is modified into

Ψ
θ (r)∼∑

n
cneikn cos(θ)re−k sin(θ)r. (4.28)

Note here the exponential damping factor, −k sin(θ), introduced for Ψθ and
that a larger k gives rise to a faster decay. Hence, the superposition of scaled
outgoing waves is suppressed as well as delayed compared to the unscaled
wave packet. Therefore we anticipate that a smaller computational box can be
used to represent the scaled wave function Ψθ . The suppression of an outgoing
wave packet can be seen in Paper I (Fig. 6).

4.5 Physics from Ψθ

Assuming that Ψθ has been obtained, we now desire to know certain properties
of the atomic system. Two possible ways to extract such information will be
discussed in this section.

4.5.1 Active transformation of Ψθ

The first option is an active transformation of Ψθ to recover Ψ,

Ψ
θ ({r j}, t)→Ψ({r j}, t). (4.29)

When Ψθ and Ψ are expanded in the eigenstates to Hθ
0 and H0, respectively,

this back-transformation [56; 57] is given by

∑
n

cθ
n (t)Φ

θ
n ({r j})→∑

n
cn(t)Φn({r j}). (4.30)
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Once Ψ has been constructed, any physical property is accessible in the usual
manner. With the approach of Eq. (4.30), the part of Ψ that is expanded in
bound eigenstates, Φb, is easily obtained. In this case, complex scaling is
equivalent to a variable transformation, Eq. (4.11), and the coefficients associ-
ated with Φθ

b and Φb are equal,

cb(t) = cθ
b (t). (4.31)

In combination with the efficient representation of the continuum, Eq. (4.31)
shows that complex scaling is an ideal method to compute, for example, ion-
ization probabilities. This efficiency is illustrated in Fig. 4 of Paper I, where
the population of the atomic ground state of hydrogen is shown during the
exposure to a laser pulse.

The coefficients cθ
n alone, however, are not sufficient if we wish to extract

information about the continuum. There is no simple relation between the non-
bound coefficients of Ψθ and Ψ (see Sec. 4.2). Hence, in this case, the back-
rotation in Eq. (4.30) has to be implemented in practice. This can be done
either by a direct variable transformation of r or by the back-transformation
operator [58; 59] S−θ . Both of these methods are studied in Paper I. The latter
approach is given by

S−θ ({r j})Ψθ ({r j}, t) =e−i 3Nθ

2 Ψ({r j}, t), (4.32)

S−θ ({r j})≡e
−iθ

2 ∑
N
j=1(r j·∇ j+∇ j·r j), (4.33)

which is a non-unitary transformation. A brute-force application of Eq. (4.32)
gives often very unstable numerical results. To recover the non-bound part of
Ψ from the heavily suppressed counterpart of Ψθ is, in practice, feasible only
in very few cases.

4.5.2 Passive transformation of Ψθ

An alternative to the active transformation of Ψθ back to Ψ in Eq. (4.29), can
be a passive transformation of the system; we keep Ψθ and transform the oper-
ators or functions that act on it. For that purpose, the Hermitian operator S−θ

in Eq. (4.33) can be used. In particular, the identity 1 = S−θ Sθ can be intro-
duced to connect an Hermitian expression to its complex scaled counterpart.
For instance, we can introduce this identity into the normalization of Ψ, such
that∫

Ψ
∗({r j}, t)Ψ({r j}, t)dV =

∫
Ψ
∗({r j}, t)S−θ ({r j})Sθ ({r j})Ψ({r j}, t)dV

=
∫

Ψ
∗(r, t)S−θ ({r j})Ψθ ({r j}, t)ei3Nθ/2dV.

(4.34)
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Using S−θ =
(
S−θ

)†, we find that (see Paper I)∫
Ψ
∗({r j}, t)Ψ({r j}, t)dV =

∫ [
Ψ
−θ ({r j}, t)

]∗
Ψ

θ ({r j}, t)ei3Nθ dV,

(4.35)
where [

Ψ
−θ ({r j}, t)

]∗
≡Ψ

∗({r je−iθ}, t). (4.36)

Hence, we have connected the conventional inner product used in quantum
mechanics, with the one used in the complex scaling-method, Eq. (4.24). A
related concept is the correct way to calculate expectation values with complex
scaling. A similar procedure as for the inner-product above, gives∫

Ψ
∗({r j}, t)O({r j})Ψ({r j}, t)dV =∫ [

Ψ
−θ ({r j}, t)

]∗
Oθ ({r j})Ψθ ({r j}, t)ei3Nθ dV, (4.37)

where
Oθ ({r j})≡ O({r jeiθ}), (4.38)

for operators O that can be expressed as a sum of operators rn
j and ∇n

j . Note,
however, that Eq. (4.36) does not imply that the two integrands are equal. We
finally conclude that if both the left state vector,

(
Ψ−θ

)∗, and the right state
vector, Ψθ , are known, then all information about the system is accessible.

4.6 The wave function
(
Ψ−θ

)∗
To find

(
Ψ−θ

)∗, we can expand it as[
Ψ
−θ ({r j}, t)

]∗
= ∑

n

[
c−θ

n (t)
]∗ [

Φ
−θ
n ({r j})

]∗
. (4.39)

In Eq. (4.39),
(
Φ−θ

n
)∗ are the left eigenstates to Hθ

0 . Note that the initial,
bound, wave function can, in a way similar to that of Ψθ , easily be constructed.
In agreement with Eq. (4.3), the equation that governs the time-evolution of the
left state vector is given by

− ih̄
∂

∂ t

[
Ψ
−θ ({r j}, t)

]∗
=
[
H−θ ({r j}, t)

]∗ [
Ψ
−θ ({r j}, t)

]∗
. (4.40)

Using the expansion in Eq. (4.39), we write this time-evolution in matrix-
vector form as

− ih̄
∂

∂ t

[
c−θ (t)

]∗
=
[
Hθ (t)

]T [
c−θ (t)

]∗
, (4.41)
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where we have used the relation
(
H−θ

)∗
=
(
Hθ
)T .

The field-free time-evolution of
(
c−θ

n
)∗ is given by[

c−θ
n (t +∆t)

]∗
= e

i
h̄ Eθ

n t
[
c−θ

n (t)
]∗
, (4.42)

where
(
E−θ

n
)∗

= Eθ
n has been used. Hence, the coefficients of the non-bound

states diverge in time. If a dilation of r with +θ suppresses the non-bound
part of the wave function, a transformation with −θ will then enhance its am-
plitude. In order to extract information from the reduced wave function Ψθ ,(
Ψ−θ

)∗ needs a large amplitude. In the field-free case, the “generalized popu-
lation” Pθ

n of eigenstate Φθ
n , defined by

Pθ
n (t)≡

[
c−θ

n (t)
]∗

cθ
n (t), (4.43)

will be preserved in time. The decay of one coefficient cancels the divergence
of the other.

We expose the atomic system to a light field that couples
[
c−θ

n
]∗. Unlike

for Ψ and Ψθ , the step-wise integration of
[
Ψ−θ

]∗ yields numerically very
unstable results. This problem is connected to the intrinsic tendency for high-
energy components to grow exponentially. We need thus to consider alterna-
tives to, or modifications of, the integration schemes presented in Sec. 3.3 for
the construction of

[
Ψ−θ

]∗.
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5. Energy distributions computed
with complex scaling

In the previous chapter, we discussed the possibility to extract information
about the continuum-part of the system using both the right, Ψθ , and left
state vector, (Ψ−θ )∗. In this chapter, we focus on the applicability of such
an approach. In particular, we will focus on the calculation of the energy-
distribution, dP/dE, for the system above the ionization threshold.

Using Eq. (4.37), we write the energy distribution of the system after its
exposure to a laser pulse as (see Paper I and IV)

dP(E)
dE

=
1
π

Im
(∫ [

Ψ
−θ ({r j}, t)

]∗
Gθ

0 (E)Ψ
θ ({r j}, t)ei3Nθ dV

)
, (5.1)

with the scaled Green’s operator of the field-free system given by

Gθ
0 (E) =

(
Hθ

0 ({r j})−E
)−1

. (5.2)

With the expansion of the right state vector in the right eigenstates to Hθ
0 and

the left state vector in the left eigenstates to Hθ
0 , Eq. (5.1) can be written as

dP(E)
dE

=
1
π

Im

(
∑
n

[
c−θ

n (t)
]∗ cθ

n (t)
Eθ

n −E

)
. (5.3)

The expansions used for the state vectors are seen in Eq. (4.25) and (4.39),
respectively. The key-feature in Eq. (5.3) are the complex eigenenergies Eθ

n
of the non-bound states. The denominator is consequently distinguished from
zero, for real values of E above the first ionization threshold. Each non-bound
state will contribute to dP/dE over a range of energies. Such states will thus
acquire large energy widths (see Fig. 5 in Paper I). For a smoothly varying
continuum, surprisingly few scaled pseudo-continuum states are typically re-
quired for an accurate description. Additionally, we have resonance states in
our basis. The influence of these states is then also accurately described with
a minimum of basis states.

In Paper IV, we have chosen to study dP/dE for H− in the vicinity of a
resonance state. In particular, we have investigated the possibility to change
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the structure of dP/dE by exposing the ion to different kinds of few-cycled
laser pulses. In this study, the accurate description of the resonance was vital,
and thus complex scaling is a well-suited method for this problem.

There is, however, one major difficulty connected to Eq. (5.3); we need
to accurately compute the left state vector. As discussed in Sec. 4.6, the non-
bound part of such a wave function is enhanced. For an accurate description
of (Ψ−θ )∗, the wave function should not be reflected by the artificial boundary
at r = R. Consequently, a larger computational box is needed for (Ψ−θ )∗ than
for Ψθ . The need of a larger basis is illustrated in Fig 7 in Paper III, where
we compare the populations obtained from the right and the left state vector,
respectively, of the atomic ground state for hydrogen after its exposure to a
laser pulse. However, for sufficiently short laser pulses, the left state vector
can be constructed with a reasonable box size.

As described in Sec. 4.6, the integration of Eq. (4.41) gives a very unstable
numerical solution. In order to solve this problem, we have considered three
different methods. These three methods are thoroughly discussed in Paper I,
III and IV, respectively. Consequently, we will only give a brief account of
them here.

5.1 Floquet theory

The first method, presented in Paper I, is based on Floquet’s theorem [60]. The
combination of complex scaling and Floquet theory is well-established, see,
e.g., Refs. [45; 49; 50; 61], but few attempts seem to have been made to study
explicit time-evolution of the wave functions. We follow the formulation pro-
posed by Shirley [48] and truncate an infinite-dimensional, time-independent
matrix representation of the Floquet Hamilton operator, Hθ

F . The right and
left state vectors, Ψθ and (Ψ−θ )∗, are then retrieved, at any finite time t, from
the eigenvalues and the (right and left) eigenvector of Hθ

F . Hence, the time-
dependent problem has been rephrased into a time-independent one, which
can be solved more easily for

(
Ψ−θ

)∗.
This approach is now illustrated for Ψθ . For Hamilton operators periodic

in time, Hθ (t + 2π/ω) = Hθ (t), we can make use of Floquet’s theorem and
express the associated state vector as

Ψ
θ ({r j}, t) = ∑

j
aθ

j e−
i
h̄ εθ

j t
χ

θ
j ({r j}, t), (5.4)

with the constants aθ
j given by

aθ
j =

∫ (
χ
−θ

j ({r j},0)
)∗

Ψ
θ ({r j},0)ei3Nθ dV. (5.5)
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The χθ
j -states are obtained, along with the quasi energies εθ

j , from(
Hθ ({r j}, t)− ih̄

∂

∂ t

)
χ

θ
j ({r j}, t) = ε

θ
j χ

θ
j ({r j}, t). (5.6)

Thus, exp(−iεθ
j t/h̄)χθ

j ({r j}, t) are solutions to the scaled TDSE, and conse-
quently they form a complete basis set. The operator Hθ ({r j}, t)− ih̄∂t is
usually referred to as the scaled Floquet Hamilton operator. Although Hθ cor-
responding to a single laser pulse is not periodic in time, it can be rewritten in
a Fourier series expansion which appears as a train of separate laser pulses. If
we evaluate the system under only the first laser pulse in the train, the physical
situation is identical to that of a single laser pulse (within the dipole approx-
imation). Through a similar Fourier series expansion of χθ , Eq. (5.6) can be
expressed in matrix form. We can diagonalize this matrix to obtain its eigen-
vectors χθ and construct Ψθ using Eq. (5.4). If we expand the spatial parts of
χθ in Φθ

n , the coefficients cθ
n are easily computed at any finite time t. A similar

procedure for (Ψ−θ )∗ gives an expression for (c−θ
n )∗ at any finite time t. The

two expressions can now be combined into a single expression for (c−θ
n )∗cθ

n
and an accurate energy distribution can subsequently be calculated (see Fig. 8
in Paper I).

This method, although promising, has two major drawbacks. The first
is that it is computationally expensive to diagonalize the typically large Hθ

F -
matrix. In particular, this means that it is important to minimize the number
of basis functions Φθ

n in the calculation. The second is that the combined ex-
pression of (c−θ

n )∗cθ
n (t) is also difficult to compute numerically. In particular,

the generalized population is expressed as a sum of diverging terms in t, which
needs to be truncated. Hence, this method will eventually fail.

5.2 Complex time-propagation

In order to examine the continuum for systems where the wave functions are
expanded in a larger basis, we have considered an alternative approach to Flo-
quet theory (see Paper III). Instead of using a global propagator, we will im-
prove the stability of the step-wise evaluation of (Ψ−θ )∗.

To improve on the integration of the left state vector, one option would be
to search for a more suitable integration scheme. However, we have favored
another option; to change the integration path. In particular, we will consider
an integration in the complex-valued time-plane. This idea will be discussed
for Hamilton operators that are holomorphic, also known as analytic, in time.

For Hamilton operator analytic in t, there is a freedom in choosing the
integration path. This freedom follows directly from Cauchy’s theorem and
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will be explored to search for a path, between the initial and final state at the
real time-axis, where the numerical integration of (Ψ−θ )∗ is stable. To see
which path to choose, consider the field-free time-evolution of the left state
vector, [

c−θ
n (t)

]∗
= e

i
h̄ Eθ

n t
[
c−θ

n (0)
]∗
. (5.7)

Note that this is the same expression as in Eq. (4.42). The exponential growth
of a non-bound coefficient was introduced by its complex eigenenergy. By al-
lowing complex values for t, we can force the coefficient to decay instead. For
instance, assuming that Eθ

n = |Eθ
n |exp(−i2θ) (which will be approximately

true for high energies) we can write[
c−θ

n (|t|eiα)
]∗

= e
i
h̄ |E

θ
n ||t|ei(α−2θ)

[
c−θ

n (0)
]∗
, (5.8)

where t = |t|exp(iα). Hence, (c−θ
n )∗ decays for α > 2θ . In this manner,

we can obtain a stable integration scheme when the light field couples the
coefficients to one another. If the vector potential is approximately zero, then
we may propagate the wave function in any direction in time assuming a field-
free time-evolution. It is only when

(
H−θ

I (t)
)∗ 6= 0 that the direction in the

complex time-plane matters for the numerical stability.
The advantage of a complex time-propagation is thus that we can influ-

ence the intrinsic decay (or growth) of the coefficients and thereby obtain a
numerically stable solution. The drawback is that the vector potential, and
thus

(
H−θ

I (t)
)∗

, typically grows from the real time-axis. This growth limits
somewhat the applicability of the method especially for large values of θ , and
has to be taken into account when choosing the integration path (see Paper III).

Using this method, the electron spectra shown in Fig. 5 in Paper III was
obtained. It is noteworthy that also the right state vector, Ψθ , can be com-
puted with a higher accuracy using a complex time propagation (see Fig. 4 in
Paper III).

5.3 Time-dependent perturbation theory

The third method, used in Paper IV, is based on TDPT. In particular, we make
use of the analytical time-integration introduced via a Fourier transform of the
vector potential.

In TDPT, the vector-representation of the wave function is expanded as

c(t) =
∞

∑
n=0

c(n)(t) (5.9)
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We illustrate thus the approach for Ψ, but it can be transferred directly to Ψθ

and (Ψ−θ )∗. The subscript, (n), denotes the order of the expansion. Using
Eq. (5.9), we split the TDSE into

ih̄
∂

∂ t
c(0)(t) =H0c(0)(t), (5.10)

ih̄
∂

∂ t
c(n)(t) =H0c(n)(t)+HI(t)c(n−1)(t), for n > 0, (5.11)

where the initial state vector is given by c(ti) = c(0)(ti). To find the solution
c, we rewrite Eq. (5.11) and (5.11) in the interaction picture. We introduce
c̃ = exp(iH0t/h̄)c(t) such that

ih̄
∂

∂ t
c̃(0)(t) = 0, (5.12)

ih̄
∂

∂ t
c̃(n)(t) = e

i
h̄H0tHI(t)e−

i
h̄H0t c̃(n−1)(t), for n > 0, (5.13)

where the time-independent zeroth order term is given by c̃(0) = c(ti). We
will now make a Fourier transform of the time-dependent part of HI(t) such
that all explicit time-dependence is in an exponential form. This approach
leaves us with an integral in the frequency domain, which typically has to be
solved numerically using, for instance, Gaussian quadrature. There is thus no
difficulty in obtaining a numerically stable solution to this integral.

Once the expression for the generalized population has been obtained,
complex scaling can be introduced. One has though to pay attention to possi-
ble pole contributions in the integrations. In particular, we need to integrate on
the same side of the poles in the expression with and without complex scaling
(see Paper IV).
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Sammanfattning

I den här avhandlingen undersöks möjligheten att använda komplex-skalning
till att studera tidsberoende kvantmekaniska fenomen.

Den senaste tidens tekniska utveckling med allt kortare laserpulser gör det
intressant att studera atomära processer i tiden. Av speciellt intresse är studi-
er av så kallade resonanta tillstånd. Detta är multiexciterade elektroniska till-
stånd med tillräcklig energi för att sönderfalla genom Auger-övergångar till det
närliggande kontinuumet. För att enkelt beskriva sådana tillstånd används of-
ta komplex-skalningsmetoden. Detta betyder att den radiella koordinaten blir
komplex. På detta sätt erhålls en icke-Hermitsk beskrivning av systemet.

Vi önskar nu ta reda på huruvida man med denna metod även kan studera
resonanser då de utsätts för korta laserpulser. Med detta tillvägagångsätt vi-
sar det sig vara enkelt att konstruera vågfunktionen som beskriver systemet.
Med andra ord, den icke-Hermitska tidsberoende Schrödingerekvationen kan
relativt enkelt lösas. Problemet dock är att analysera denna vågfunktion för att
kunna säga något om det undersökta systemet. Ett sätt att analysera systemet
är att konstruera en andra vågfunktion, motsvarande vänstervågfunktionen.

Beräkningen av den vänstra vågfunktionen är dock väldigt krävande nume-
riskt. För att lyckas konstruera en sådan funktion har tre metoder presenterats.
Dessa är baserade på Floquet teori, en komplex tidspropagering samt tidsbero-
ende störningsräkning.

Efter en noggrann numerisk analys av den vänstra vågfunktionen lyckades
vi slutligen studera, exempelvis, resonanta tillstånd. Närmare bestämt så un-
dersöktes hur man med två korta pulser kunde modifiera energifördelningen
hos det atomära systemet i närheten av resonanser. Denna typ av studier är av
intresse för framtida möjligheter att styra kvantmekaniska processer.
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