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Abstract

This thesis consists of two articles. Both articles concern homotopi-

cal algebra. In Paper I we study functors indexed by a small category

into a model category whose value at each morphism is a weak equiv-

alence. We show that the category of such functors can be understood

as a certain mapping space. Specializing to topological spaces, this

result is used to reprove a classical theorem that classi�es �brations

with a �xed base and homotopy �ber. In Paper II we study augmented

idempotent functors, i.e., co-localizations, operating on the category of

groups. We relate these functors to cellular coverings of groups and

show that a number of properties, such as �niteness, nilpotency etc.,

are preserved by such functors. Furthermore, we classify the values

that such functors can take upon �nite simple groups and give an ex-

plicit construction of such values.
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Sammanfattning

Föreliggande avhandling består av två artiklar som på olika sätt

berör området algebraisk homotopiteori. I artikel I studerar vi funk-

torer mellan en liten kategori och en modellkategori som ordnar en

svag ekvivalens till varje mor�. Vi visar att kategorin som utgörs av

dessa funktorer kan förstås som ett särskilt avbildningsrum. Efter en

specialisering till topologiska rum använder vi detta resultat för att

ge ett nytt bevis för en klassisk sats som klassi�cerar �breringar med

en given bas och homotopi�ber. I artikel II betraktar vi augmenterade

idempotenta funktorer, d.v.s. kolokaliseringar, som verkar på kategorin

av grupper. Vi relaterar dessa funktorer till cellulära övertäckningar av

grupper och visar att ett antal egenskaper såsom ändlighet, varandes

nilpotent bevaras av dylika funktorer. Vi klassi�cerar även de värden

som sagda funktorer kan anta på ändliga enkla grupper och ger en

explicit konstruktion därför.
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Introduction

This thesis has two components. The �rst is a work on the classi�cation of
�brations and the second presents a beginning to the understanding of the
action of augmented idempotent functors on �nite groups. The starting point
for both of them was to understand homotopy meaningful constructions such
as homotopy colimits in various situations.

1 Paper I

When a student �rst encounters algebraic topology he/she is typically pre-
sented only with very elementary explicit examples of continuous maps and
homotopies, examples that typically do not re�ect the essential di�culties of
the subject. He/she is left with an impression that solving a problem in alge-
braic topology is simply just about writing down some maps and homotopies.
However, constructing non-trivial maps and homotopies is probably one of
the most di�cult tasks in algebraic topology. Existence of a non-trivial map
is typically a re�ection of some structural phenomenon.

So how can non-trivial maps be constructed? It was a breakthrough when
Eilenberg and MacLane used classi�cation results [EM45] to do that. This
is one reason why classi�cation results have been important in topology.
Eilenberg and MacLane showed that cohomology classes of a given space
correspond to homotopy classes of maps from that space into an appropriate
Eilenberg-MacLane space. In this way, cohomology calculations could be
used to establish the existence of non-trivial maps.

In general, classi�cation results in topology are about exhibiting bijec-
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2 1. INTRODUCTION

tive correspondences between certain geometric objects related to a given
space with a set of homotopy classes of maps from that space to some clas-
sifying space. For example, the classi�cation results of vector bundles by
Milnor [Mil56] states that the set of their isomorphism classes correspond,
bijectively, to the homotopy classes of maps into the in�nite Grassmanian
which is a model for the classifying space of the topological group of linear
authomorphisms. Thus, each vector bundle gives a non-trivial map.

The �rst general result concerning classi�cation of �brations of topolog-
ical spaces was obtained by Stashe� in [Sta63]. His result follows the same
line. He shows that there is a bijection between �brations with a given base
and a �ber with the set of homotopy classes of maps from that base to the
classifying space of the space of homotopy equivalencies of the �ber.

Stashe�'s result was later reproved and generalized by May in [May75].
The most general classi�cation result however was obtained by Dwyer and
Kan [DK84]. In their work they do not just identify the collection of com-
ponents of the category of objects to be classi�ed with the set of homotopy
classes of maps into an appropriate classifying space. They make an impor-
tant observation that it is often possible to identify the entire homotopy type
of the category of objects to be classi�ed with the mapping space into an
appropriate classifying space. In this way they prove classi�cation theorems
for diagrams of simplicial sets, which encompasses the classi�cation results
for Postnikov conjugates of [Wil76] and [DDK79] and those for simplicial
�brations of [BGM59] and [DDK80].

We believe that these classi�cation results are important. Our aim was
to reprove them using other methods with a hope that they will further our
understanding of such classi�cation results. In this introduction to the �rst
part of the thesis we will state the main results and outline the key notions
and techniques needed for the proofs of these results.

This project started as a consequence of a failed attempt by the authors
to understand some of the classical arguments. We �rst approached the
problem by considering homotopy classes, not mapping spaces. It was Dwyer
during a conversion that suggested that it would be bene�cial to consider
the entire mapping space rather than just the homotopy classes.
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2 Main results

2.1 De�nition. Let X and F be topological spaces. The symbol Fib(X,F )
denotes the category whose objects are maps f : A→ B, where B is weakly
equivalent to X and the homotopy �ber of f , over any basepoint in B, is
weakly equivalent to F . The set of morphisms in Fib(X,F ), between f :
A→ B and f ′ : A′ → B′, consists of pairs of weak equivalences φ : A→ A′

and ψ : B → B′ for which f ′φ = ψf . The composition of morphisms is
induced by the usual composition of maps.

The classical theorem about the classi�cation of �brations may be re-
formulated to say that the components of the category Fib(X,F ) can be
enumerated by the set of homotopy classes of maps [X,Bwe(F, F )], where
we(F, F ) denotes the topological monoid of weak equivalences of F , and
Bwe(F, F ) is its classifying space [Sta63]. Instead of just looking at the
components, it is more desirable to look at the entire �moduli space� of �-
brations with a given homotopy type of the base and the �ber. That is, we
would like to understand the homotopy type of the entire category Fib(X,F )
and not just the set of its components. An important part of this paper is
devoted to formulate exactly what this means, since Fib(X,F ) does not have
a small skeleton. We show that the category Fib(X,F ) has what we call a
core, which is a small subcategory whose nerve approximates the homotopy
type of its ambient category (see De�nition 6.1).

Our reformulation of the classical result is:

Theorem A. The category Fib(X,F ) is essentially small and has a core that

admits a map into Bwe(X,X). This map has a section and its homotopy

�ber is weakly equivalent to the mapping space map(X,Bwe(F, F )).

It turns out that the above theorem is a particular case of a much more
general statement that holds in an arbitrary model category. The purpose
of such a generalization is not only to show that analogous classi�cation
statements hold in much broader context. Statements that hold in an arbi-
trary model category often have more conceptual proofs in which one does
not need to use the nature of objects considered but rather basic fundamen-
tal facts from homotopy theory. In this way arguments are becoming more
transparent. It was Dwyer and Kan who �rst realized and proved that such
general classi�cation statements are true. In their sequence of papers that
includes [DDK80, DK80, DK84, DK85a, DK85b] they develop a strategy
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and techniques for dealing with classi�cation questions. An important part
of their program was a discovery of continuity in model categories. They
showed that an arbitrary model category is furnished with mapping spaces
and they showed that each mapping space has a unique homotopy type.
They also gave a particular model for them using so called hammocks.

In this thesis we follow, in principle, the plan of Dwyer and Kan. Our
realization of their strategy is di�erent however. For example, homotopical
smallness and its properties is an essential ingredient in our work. We treat
it in much more detail. In our view, understanding this concept does require
non-trivial arguments that at several instances are not the naive straightfor-
ward ones. Another important di�erence is that we use a model for mapping
spaces developed in [CS08]. This model turned out to be particularly useful
for understanding the homotopy type of categories that frequently occur in
classi�cation questions.

Our general statement is about the homotopy type of the category of
weak equivalencesMwe of a model categoryM. Its objects are the objects
of M and morphisms are all the weak equivalences in M. To understand
its homotopy type, we are going to study the components of Mwe. For an
object X inM, the full subcategory ofMwe that consists of all the objects
in M which are weakly equivalent to X is denoted by Xwe and called a
component ofMwe. Our key result states:

Theorem B. Let I be a small category and X be an object in a model cate-

goryM. The category of all functors Fun(I,Xwe) has a core which is weakly

equivalent to the mapping space map(N(I), Bwe(X,X)), where Bwe(X,X)
is the delooping of the monoid of the space of weak equivalences of X.

Theorem B is the key tool to prove Theorem A. It also illustrates well the
continuity of model categories discovered by Dwyer and Kan. For example let
X be a CW complex. Consider the monoid haut(X,X) of all the continuous
maps f : X → X that are weak equivalences. This is just a group like
discrete monoid and so its nerve has the homotopy type of en Eilenberg Mac
Lane space K(π, 1). This monoid is a subcategory of the component Xwe.
According to Theorem B above the core of this component has the homotopy
type of the classifying space of the space of weak equivalences we(X,X).
Thus, out of this component Xwe continuity of the space we(X,X) can be
recovered.

The rest of this introduction is devoted to explain and de�ne the concepts
used in above theorems, such as core, space of weak equivalences etc.
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3 Model categories

In this section we brie�y recall the notion of a model category. Model cat-
egories were introduced by Quillen in his fundamental work [Qui67] from
1967. A model category is a category, usually denoted M, endowed with
three distinguished classes of morphisms: weak equivalences, co�brations and
�brations. To indicate which class a morphism belongs, the symbols

'→, ↪→
and � are used for weak equivalances, co�brations and �brations respec-
tively. A (co-)�bration which in addition is a weak equivalence is called an

acyclic (co-)�bration. Acyclic co�brations and �brations are denoted
'
↪→ and

'� respectively. A model category is subject to �ve axiomsMC1-MC5. Ax-
iom MC1 ensures that model categories has arbitrary colimits and limits.
In particular, a model category has an inital object, denoted ∅ and a ter-
minal object, denoted ∗. Objects X inM for which the inital map ∅ → X
is a co�bration are called co�brant; similarly, objects for which the terminal
map X → ∗ is a �bration are called �brant. Axiom MC2 requires that
the class of weak equivalences satis�es the �2 out of 3� property. For two
composable morphisms f and g, this means that if two out of {f, g, g ◦ f}
are weak equivalences, then so is the third. Axiom MC3 guarantees that
the classes of weak equivalences, co�brations and �brations are closed under
retracts. Explicitly, given a commutative diagram

A //

f
��

C

g

��

// A

f
��

B // D // B

in which composition along any row equals the identity, then if g is a weak
equivalence, co�bration or a �bration so is f . Axiom MC4 gives a relation
between co�brations and �brations. Given a commutative diagram

A //

i
��

X

p

��
B // Y

then the axiom stipulates that if either i is an acyclic co�bration and p
is a �bration, or i is a co�bration and p is an acyclic �bration then there
is a lift; that is to say there is a morphism h : B → X such that the
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resulting diagram of �ve morphisms is commutative. The �nal axiom MC5

says that any morphism can be written as a composition of a co�bration
followed by an acyclic �bration, and as a composition of an acyclic co�bration
followed by a �bration. In addition to the axioms MC1-MC5 we require
that the �rst part of the factorization axiom of MC5 should be functorial
and thatM admits a functorial �brant replacement. This is satis�ed by the
usual concrete examples of model categories such as topological spaces and
simplicial sets. Explicity, this means that any commutative square on the
left below can be extended functorially to a commutative diagram on the
right with the indicated morphisms being co�brations and acyclic �brations:

X
f //

α1
��

Y

α2
��

X ′
f ′ // Y ′

X

α1

��

f

$$� � // P (f) ' // //

P (α1,α2)
��

Y

α2

��
X ′

f ′

::
� � // P (f ′) ' // // Y ′

Functoriality means that f 7→ P (f) and (α1, α2) 7→ P (α1, α2) : P (f) →
P (f ′) is a functor out of the arrow category of M to M. That M admits
a functorial �brant replacement means that there is a functor R :M→M
and a natural weak equivalence X → R(X) such that R(X) is a �brant
object.

4 The problem with the nerve

As mentioned in Section 1 non-trivial maps and homotopies are not easy to
obtain. Classi�cation results is one source for such maps. Another common
way to exhibit such maps is to use small categories and functors between
them. In practice it is often easier to �nd functors and natural transforma-
tions than maps and homotopies. For this reason it is sometimes preferable
to work at the combinatorial level of category theory, and then transport the
�ndings to the category of simplicial sets, using the nerve construction.

Recall that the category of simplicial sets, interchangeably called spaces,
is denoted by Spaces, and is de�ned as the functor category Fun(∆op, Set),
where ∆ is the order category. The category ∆ is a full subcategory of the
category of small categories Cat. The objects of ∆ are, for each integer
n ≥ 0, the totally ordered categories:
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[n] = {0→ . . .→ n}

and the morphisms in ∆ are just functors between these small categories.

4.1 De�nition. The nerve is the functor N : Cat −→ Spaces given by

I 7→ morCat([−], I).

The nerve thus, via Yoneda's Lemma, associates to each small category
I a simplicial set, N(I), whose 0-simplices are given by the objects of I
and whose n-simplices, for n ≥ 1, are n-tuples of composable maps. More
precisely, the simplices are

N(I)0 = {i0 is an object in I} = ob I

N(I)n =
{
in

αn−→ . . .
α1−→ i0|αj is a morphism in I

}
and the k:th face map of an n-simplex is given by the composition of the
morphisms at the k:th object or dropping of the k:th object if k = 0 or
k = n. The k:th degeneracy map is given by inserting the identity at the
k:th object.

The nerve functor is a right adjoint, and therefore commutes with limits.
This is one of its key properties which, for instance, allows the nerve to map
natural transformations into homotopies. In this context we also mention
the important standard n-simplex, denoted by ∆[n], which is the nerve of
the totally ordered category [n].

A classical application of the nerve is a surprisingly easy proof that the
conjugation automorphism of a group induces a map of its classifying space
which is homotopic to the identity map. Indeed, let G be a group; give it
the usual category structure consisting of one object, the group elements as
morphisms and group multiplication as composition. A functor G → G is
then simply a homomorphism and the nerve of G, N(G), is weakly equivalent
to the classifying space BG. Let g ∈ G and let (−)g denote conjugation by
g. The commutative diagram

G
(−)g //

g

��

G

g

��
G G
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shows that there is a natural transformation between any conjugation and
the identity. Hence, upon taking the nerve, it is seen that any conjugation
automorphism is homotopic to the identity map.

We could try to use the nerve also for classi�cation purposes. A naive
approach would be to apply the nerve to the category whose objects we
desire to classify and then try to identify its homotopy type. However,
most categories of interest, with respect to classi�cation questions, are not
equivalent to small categories. At a generous interpretation, the nerve of
a particular �big� category would be a class endowed with some simplicial
structure; a less generous interprepration would state that this does not make
sense, because the codomain is not well-de�ned. One radical way to attack
this problem is set theoretical: Change the universe considered, so that the
category in question is �small� in this universe and thereafter take the nerve
in the usual fashion. This however does not solve the classi�cation problem
for it only shifts the di�culty to proving that the �big� nerve is an object
weakly equivalent to one in the �normal� universe, where we would like the
solution to be presented.

Dwyer and Kan [DK80] noted that some classes furnished with a sim-
plicial structure could justi�ably be considered as �homotopically small.� In
this paper we extend this observation (a brief remark in [DK80]), by bringing
it back to the level of categories, and develop a theory of what we call as
essentially small categories. Such a category, albeit large, contains a small
subcategory which, from a homotopy point of view, includes the essential
information. The purpose for introducing essential smallness was two fold:
First, the notion should be broad enough to contain categories typically en-
countered in classi�cation problems and second such homotopically small
categories should share similar properties with small categories. In our view
this has not been just an elaboration on the brief remark of Dwyer and Kan.
It did require arguments that on a few occasions were not straightforward.
Furthermore, there are statements about small categories that do not extend
to essentially small ones.

5 Homotopy theory for categories

Natural transformations are for categories what homotopies are for topo-
logical spaces. They allow us to introduce the following basic homotopical
dictionary for categories:
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• Two functors f, g : B → A are said to be homotopic if there is a �nite
sequence of functors {hk : B → A}0≤k≤n and natural transformations
f = h0 → h1 ← · · · ← hn = g, connecting f and g.

• A functor f : B → A is called a homotopy equivalence if there
is a functor g : A → B such that gf is homotopic to idB and fg is
homotopic to idA.

• A category A is called a homotopy retract of a category B if there
are functors f : A → B and r : B → A for which rf is homotopic to
idA.

• A functor f : B → A is called a strong �bration if, for any morphism
γ : a1 → a0 in A, the functor γ ↑ f : a0 ↑ f → a1 ↑ f is a homotopy
equivalence.

• Consider a commutative square of functors:

D
g //

e

��

C
h

��
B

f // A

This square is called a strong homotopy pull-back if:

� f is a strong �bration and

� for any object c in C, the functor (e, h) : c ↑ g → h(c) ↑ f is a
homotopy equivalence.

Recall that the under category , used in above notions, is de�ned as follows:
Given a functor f : B → A and an object a in A, then an object in the
under category a ↑ f is a pair (b, α) where α : a → f(b) is a morphism
in A and b is an object in B. The morphisms in a ↑ f are commutative
triangles; i.e., the set of morphisms between two objects (b0, α0) and (b1, α1)
in a ↑ f are the morphisms β : b0 → b1 such that f(β)α0 = α1.

Note that in above de�nitions, smallness is not required.
Unfortunately, these homotopy notions, although useful, are often too

strong. The reason is analogous to why homotopy equivalences are too re-
strictive for spaces. Two spaces are, simply put, far more likely to be weakly
equivalent, than homotopy equivalent. It is thus preferable to study weak
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equivalences rather than homotopy equivalences. For small categories we
can use the nerve to transport weak notions from simplicial sets to small
categories using the following dictionary:

• A functor f : J → I of small categories is called a weak equivalence,
if N(f) : N(J)→ N(I) is a weak equivalence of spaces.

• A functor f : J → I of small categories is called a quasi-�bration if,
for any morphism α : i1 → i0 in I, the functor α ↑ f : i0 ↑ f → i1 ↑ f
is a weak equivalence.

• A commutative square of functors of small categories is called a ho-
motopy pull-back if after applying the nerve we obtain a homotopy
pull-back of spaces.

It turns out that homotopy weak notions can be extended from small
categories to a broader collection of categories. A natural such collection
consists of the essentially small categories.

6 Essentially small categories

6.1 De�nition. A core of a category C is a small subcategory I ⊂ C such
that, for any small subcategory J ⊂ C with I ⊂ J , there is a small subcate-
gory K ⊂ C for which J ⊂ K and the inclusion I ⊂ K is a weak equivalence.
A category is said to be essentially small if it has a core.

A fundamental property of an essentially small category is that any two
of its cores are weakly equivalent. Thus, to an essentially small category it
is possible to associate a unique homotopy type � i.e., the nerve of its core.
At this point, it is not easy to give serious examples of essentially small
categories. Nevertheless, below are some elementary examples.

• The category of sets is essentially small; indeed any category with an
initial (or terminal) object is essentially small. The core is contractible.

• The discrete category, whose objects are the sets is not essentially
small.

• A category is essentially small if and only if its opposite is.



11

• A small category, or more generally, a category with a small skeleton
is essentially small.

• Let I and C be categories, with I small. If there is a homotopy co�nal
functor f : I → C, then C is essentially small.

A far more interesting example, due to W. Chachólski is:

6.2 Example. Let R be a commutative ring with 1 6= 0 and letM,N be R-
modules. Let ExtnR(M,N) be the category whose objects are exact sequences
of the form

0 // M // X1 // . . . // Xn
// N // 0

and whose morphisms are commutative diagrams of the form

0 // M // X1

��

// . . . // Xn
//

��

N // 0

0 // M // Y1 // . . . // Yn // N // 0

Note that if n ≥ 2, then ExtnR(M,N) does not have a small skeleton.
However, the category ExtnR(M,N) is essentially small and by Retakh's re-
sult [Ret86] its core has the homotopy type of

n∏
i=0

K(Extn−iR (M,N), i)

where K(G, i) is the Eilenberg-MacLane space and ExtiR is the usual Ext-
functor.

LetM be a model category; as in Section 2, letMwe be the subcategory
ofM whose objects are the objects ofM and whose morphisms are all the
weak equivalences in M. For any object X in M, denote by Xwe the full
subcategory ofMwe whose objects are all objects inM weakly equivalent to
X. We then have the following theorem, which gives a non-trivial example
of an essentially small category. It also gives a model for the space of weak
equivalences we(X,X) of an object X in a model category.

6.3 Theorem. Let X be an object in a model category M. The category

Xwe is essentially small and the nerve of its core is weakly equivalent to

Bwe(X,X).
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As indicated earlier, one reason for considering essentially small cate-
gories is that it is possible to assign homotopy types to them. A homo-
topy type is not enough however in order to obtain something that in some
meaningful way resembles a proper nerve construction. What is missing is
functoriality. For this, we need to consider functors whose value at each
object might be a �big� category. Intuitively, this means functors of the form
�I → BigCat", but �BigCat� is not a category. To get around this obstacle
we introduce a local notion of �BigCat� which we denote by a system of

categories.

6.4 De�nition. Let C be a category. A system of categories indexed by C
consists of a category Fc, for any object c in C, and a functor Fα : Fc0 → Fc1 ,
for any morphism α : c1 → c0 in C (observe contravariancy in our setup).
These functors have to satisfy the following conditions:

• for any object c in C, Fidc = id;

• for any two morphisms α′ : c2 → c1 and α : c1 → c0 in C, Fαα′ =
Fα′Fα.

6.5 Example. Let F be a system of categories indexed by [1]op = {0← 1}.
Then F is simply a functor F0 → F1.

Thus, a system of categories is just a contravariant functor into �BigCat�,
but with the important distinction that the codomain is well de�ned. We
also introduce the notion of a subsystem:

6.6 De�nition. A subsystem G ⊂ F consists of a subcategory Gc ⊂ Fc, for
any object c ∈ C, such that the functor Fα : Fc0 → Fc1 takes Gc0 to Gc1 ,
for any morphism α : c1 → c0 in C. In this way the categories Gc with the
restrictions of Fα's, form a system of categories which is also denoted by G.

Furthermore, we need to extend the notion of the core to system of
categories.

6.7 De�nition. Let F be a system of categories indexed by a small category
I. A core of F is a subsystem F ⊂ F such that Fi ⊂ Fi is a core for any
i (in particular Fi is a small category). A system F is called essentially

small if it has a core.
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This language allows us to express what it means to say that cores behave
well with respect to functors. Moreover, it allows us to make precise some
categorical constructions, which work well on �big� categories, even though
they are rarely formulated for such categories. The most important notion
in this regard is the famous Grothendieck construction.

6.8 De�nition. Let F be a system of categories indexed by C. The
Grothendieck construction, denoted by GrCF , is de�ned to be the cat-
egory whose objects are pairs (c, x) where c is an object in C and x is an
object in Fc. The set of morphisms between (c1, x1) and (c0, x0) is the set
of all pairs (α : c1 → c0, β : x1 → Fα(x0)) where α is a morphism in C and β
is a morphism in Fc1 . The composition of (α′ : c2 → c1, β

′ : x2 → Fα′(x1))
and (α : c1 → c0, β : x1 → Fα(x0)) is de�ned to be the pair:

(c2
α′−→ c1

α−→ c0, x2
β′−→ Fα′(x1) Fα′ (β)−−−−→ Fα′(Fα(x0)) = Fαα′(x0)).

The construction above gives a category for the morphisms between any
two objects constitute a set. Indeed, let F and C be as above and let (c0, x0)
and (c1, x1) be objects in GrCF . The morphisms between (c0, x0) and (c1, x1)
may be parameterized as follows:

mor((c0, x0), (c1, x1)) =
⊔

α:c1→c0
{α} ×mor(x1,Fα(x0)).

With these technical de�nitions in place we are able to state some propo-
sitions that may convince the reader that these notions are worthwhile and
that the concept of the core is indeed functorial.

6.9 Proposition. Let F be a system of categories indexed by a small category

I for which each Fi is essentially small for any i in I. Let Gi ⊂ Fi be a

small subcategory, for any object i in I. Then there is a core H ⊂ F such

that Gi ⊂ Hi and Hi ⊂ Fi is a full subcategory for any object i in I.

6.10 Proposition. Let F be a system of categories indexed by a small cat-

egory I.

1. F is essentially small if and only if, for any i, Fi is an essentially

small category.

2. Assume that F ⊂ F and F ′ ⊂ F are cores. Then there is a core H ⊂ F
such that F ⊂ H ⊃ F ′ and Hi ⊂ Fi is a full subcategory, for any object

i in I.
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3. If F ⊂ F is a core, then GrIF ⊂ GrIF is a core.

Above propositions shows, for instance, that any small diagram consist-
ing of essentially small categories may, functorially, be substituted with a
corresponding diagram of their respective cores. We therefore have a sensi-
ble functorial way of taking the nerve of essentially small categories and, in
particular, we are able to specify what weak homotopy notions on essentially
small categories should be.

7 Weak homotopy notions on essentially small

categories

First, we note that the essentially small categories are compatible with the
homotopy notions introduced in Section 5. Indeed,

7.1 Proposition. A homotopy retract of an essentially small category is

essentially small.

7.2 Proposition. Let A → B be a homotopy equivalence. Then A is essen-

tially small if and only if B is.

Now, let f : F1 → F0 be a functor. As noted in Example 6.5 such a
functor is a system of categories indexed by the category [1]. We de�ne a
core of f to be a core of the corresponding system indexed by [1]. It consists
of cores F1 ⊂ F1 and F0 ⊂ F0 such that f takes F1 to F0. By restriction,
we get a functor of small categories f : F1 → F0 that �ts into the following
commutative diagram:

F1� _

��

f |F1 // F0� _

��
F1

f // F0

By the �2 out of 3� property of weak equivalences and 6.10.(2), if f : F1 → F0
and f : F ′1 → F ′0 are cores of f : F1 → F0, then f : F1 → F0 is a weak
equivalence if and only if f : F ′1 → F ′0 is so. This shows that it makes sense
to call a functor between essentially small categories a weak equivalence

if its core is a weak equivalence.
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Analogously, a commutative square of essentially small categories:

F1,2 //

��

F2

��
F1 // F∅

is a homotopy pull-back if this system indexed by the poset category of
subsets of {1, 2} has a core that is a homtopy pull-back of small categories.
As before this does not depend on the choice of a core of this system.

8 Model structure on functor categories

In [DS95], by Dwyer and Spali«ski, it is remarked that, given a model cat-
egory M and a small category I, ..., it seems unlikely that Fun(I,M) has

a natural category structure. Nevertheless, Chachólski and Scherer [CS02]
show how to do homotopical algebra on such functor categories through the
use of model approximations. Their results hinges on a model structure on
the category of so called bounded functors indexed by a simplex category.
For a simplicial set A, its simplex category has simplices as objects. The
set of morphisms between σ : ∆[n] → A and τ : ∆[m] → A consists of the
set of maps α : ∆[n] → ∆[m] for which τα = σ. The morphisms in A are
generated by degeneracy and boundary morphisms given by:

∆[n+ 1] si //

siσ

##HHHHHHHHH
∆[n]

σ

}}{{
{{

{{
{{

A

∆[n] di //

diσ

!!CC
CC

CC
CC

∆[n+ 1]
σ

{{vvvvvvvvv

A

A functor F : A → M is called bounded if it maps all the degeneracy
morphisms si to isomorphisms. The full subcategory of Fun(A,M) whose
objects are bounded functors is denoted by Funb(A,M). We need the fol-
lowing de�nition:

8.1 De�nition. Let I be a small category and let σ = in
αn→ . . .

α1→ i0 be
an object in the simplex category N(I). The functor ε : N(I) → I is then
given by

σ 7→ i0
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(skσ
sk→ σ) 7→ idi0

(dkσ
dk→ σ) 7→

{
idi0 if k > 0
α1 if k = 0

What makes bounded functors useful is the following theorem by Chachól-
ski and Scherer

8.2 Theorem. If A is a simplicial set and M a model category, then the

following describes a model structure on Funb(A,M):

• φ : F → G is a weak equivalence (�bration) if, for any simplex σ ∈ A,
φσ : F (σ)→ G(σ) is a weak equivalence (�bration) inM;

• φ : F → G is a (acyclic) co�bration if, for any non-degenerate simplex

σ : ∆[n]→ A, the induced map

colim

(
colim∂∆[n]Gσ

colim∂∆[n]φ←−−−−−−− colim∂∆[n]Fσ → F (σ)
)
−→ G(σ)

is a (acyclic) co�bration inM.

This model structure on bounded functors can be used to transport ho-
motopical algebra to functors indexed by arbitrary small categories:

8.3 Theorem. If I is a small category and M a model category, then the

pair

εk : Funb(N(I),M) � Fun(I,M) : ε∗,

where εk is the left Kan extension and ε∗ the pullback, forms a left model

approximation.

9 Mapping spaces

For our classi�cation results we need mapping spaces. In [DK80] Dwyer and
Kan showed that model categories are in fact equipped with an underlying
continuous structure, although this is not apparent from the de�nition. Their
construction involves so called hammocks. For our purposes however this
construction is not convenient. We prefer instead to use Chachólski and
Scherer's [CS08] mapping space model. Before we recall it let us �rst try
to understand what mapping spaces should be. It turns out that there is
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not much freedom, at least not with respect to their homotopy type. Indeed,
given an objectX inM and a simplicial set A; view A as its simplex category,
and consider the constant functor X : A→M with value X. The functor

Spaces 3 A 7→ hocolimAX ∈ Ho(M)

is homotopy invariant with respect to A and therefore factors through the
category Ho(Spaces). Hence, the functor hocolimAX may be written as a
composition of the localization functor Spaces → Ho(Spaces) and a functor
denoted by X ⊗l −. A key result in [CS08] states that X ⊗l − has a right
adjoint map(X,−) : Ho(M) → Ho(Spaces). This right adjoint is what
the homotopy type of the mapping space out of X should be and, as an
adjoint, it is unique. However, knowing that the mapping space is the value
of some adjoint is often not enough. Sometimes we need to have an explicit
construction.

In Chachólski and Scherer's [CS08] construction the idea is to exploit
the basic fact that Fun([0],M) = M and then employ the machinery of
model approximations on the left hand side to express the mapping spaces
in terms of natural transformations of functors indexed by a contractible
space. For their construction to work, it turns out that a double subdivi-
sion is necessary. Consider therefore the model category Funb(N(∆[0]),M).
Let Cons(N(∆[0]),M) be the full subcategory of Funb(N(∆[0]),M) whose
objects are weakly equivalent to constant functors and are both �brant and
co�brant. Furthermore, for any non-negative integer n we have a terminal
map p : ∆[n]→ ∆[0]; by composition these maps induce functors

N(p)∗ : Funb(N(∆[n]),M)→ Funb(N(∆[0]),M).

To make formulas more transparent the e�ect of N(p)∗ is denoted by adding
the symbol [n]. Thus, if f : F → G is a natural transformation in
Funb(N(∆[0]),M), then f [n] : F [n] → G[n] denotes the natural transfor-
mation N(p)∗f : N(p)∗F → N(p)∗G in Funb(N(∆[n]),M). For functors
F,G in Cons(N(∆[0]),M) put mapn(F,G) = NatM(F [n], G[n]). When we
vary n, these sets [n] 7→ mapn(F,G) = NatM(F [n], G[n]) form a simplicial
set which we denote by map(F,G). Let us now choose a functorial �brant-
co�brant replacement Q in the model category Funb(N(∆[0]),M). Objects
X,Y in M may be considered as constant functors in Funb(N(∆[0]),M)
and, after changing X,Y to the functors QX,QY , we may de�ne mapping
spaces onM by

mapM(X,Y ) := map(QX,QY ).
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De�ne the composition mapM(X,Y ) ×mapM(Y, Z) → mapM(X,Z) to be
given by the usual composition of natural transformations. This composi-
tion is therefore strictly associative which is an important advantage of this
contraction of mapping spaces.

The set of components of mapM(X,Y ) is naturally isomorphic to the
set of morphisms [X,Y ] in the homotopy category Ho(M). We de�ne the
space of weak equivalences we(X,Y ) to be the sum of the components of
mapM(X,Y ) that correspond to isomoprphisms in Ho(M). It turns out that
the set of n-simplices in we(X,Y ) is given by the natural weak equivalences

we(X,Y )n = {φ : QX[n]→ QY [n] | φ is a w.e. in Funb(N(∆[n]),M)}

For any object X, the space we(X,X) together with the composition
becomes a simplicial monoid which is group like and so it has a classifying
space which we denote by Bwe(X,X). This is the space which is weakly
equivalent to the core of Xwe.

10 Key observations for the proof

In the classical classi�cation of vector bundles or �brations two ingredients
are used. The �rst is the fact that over a contractible space all �brations are
trivial. The second is the clutching contraction. We use the same ingredients
to study the functors with the values in the component Xwe. In our setting
the �rst ingredient is formulated as follows:

10.1 Proposition. Let I be a small contractible category. The the category

Fun(I,Xwe) is essentially small and the nerve of its core is weakly equivalent

to Bwe(X,X).

The clutching construction can be expressed using the model structure
on the bounded functors. For a simplicial set A, let Cof(A,Xwe) be the
category of the bounded functors F : A → Xwe for which the composition
with the inclusion Xwe ⊂ M is �brant and co�brant in Funb(A,M). This
category of co�brant objects has the following property:

10.2 Proposition. Assume that the following square is a push-out square
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where f sends non-degenerate simplices to non-degenerate simplices:

A
� � i //

f
��

C

g

��
B

� � j // D

Then the following diagram of categories is a strong homotopy pull-back:

Cof(D,Xwe)
j∗ //

g∗

��

Cof(B,Xwe)

f∗

��
Cof(C,Xwe) i∗ // Cof(A,Xwe)

These two steps are used to show that for any simplicial set A, the
category of functors Fun(A,Xwe) is essentially small whose nerve is weakly
equivalent to:

holimσ:∆[n]→A (Core of Fun(∆[n], Xwe))

11 Paper II

Following Klein's Erlangen program: To study an object is to study its
symmetries. If the object of study is the category of groups, this means end-
ofunctors φ : Groups → Groups. Of particular interest are the idempotent
functors, namely endofunctors that are endowed with an augmentation (or
a co-augmentation), i.e., a functor φ : Groups → Groups together with a
natural transformation ε : φ → id (or ε : id → φ in the co-augmented case)
such that the repeated application φ2 → φ (or φ → φ2) is a natural iso-
morphism via ε. The main interest in this subject comes from the fact that
many common transformations such as abelianization or localization with
respect to some set of primes are examples of idempotent functors. The
co-augmented case (i.e., localizations), with regard to what structures are
preserved or not, has been extensively studied for the category of groups.
For instance, in [Lib00] Libman shows that �niteness is not preserved, and
Rodríguez, Scherer and Viruel [RSV06] shows that a localization of a �nite
simple group need not be simple. Moreover, the question whether or not
nilpotency is preserved has partially been resolved by Aschbacher [Asc04].
In contrast to the more intractible case of co-augmented idempotent functors,
we have the following result:
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Theorem A. Let (φ, ε) be an augmented idempotent functor. If G is s-
nilpotent, or solvable, or �nite, or �nitely generated and s-nilpotent, then so

is φ(G).

In particular, augmented idempotent functors act upon the category of
�nite groups. We might ask how complicated this action is. To measure it,
we study the orbits of this action. For a �nite group G we de�ne:

11.1 De�nition. Idem(G) := {iso. class of φ(G) | (φ, ε) is idempotent}.

Although the collection of augmented idempotent functors does not even
form a set, the number of di�erent values idempotent functors can take on
a given �nite group is �nite.

Theorem B. If G is a �nite group, then Idem(G) is a �nite set.

One might then try to enumerate this set. One aim of this paper is
to do that for �nite simple groups for which we �nd that Idem(G) has in
general very few elements. Recall that by functoriality the automorphism
group Aut(G) acts on the Schur multiplier H2(G) of G. Let InvSub(H2(G))
denote the set of all subgroups of H2(G) which are invariant (not necessarily
pointwise �xed) under this action.

Theorem C. Let G be a �nite simple group. There is a bijection between

Idem(G) and the set:

{0}
∐

InvSub(H2(G)).

The bijection in the above theorem can be described explicitly. The value
of an idempotent functor on G could be the trivial group. This corresponds
to the element 0 in the above set. If the value is not trivial, then it can be
constructed as follows: �rst take the universal central extension H2(G)/E →
G, then, for an invariant subgroupK ⊂ H2(G), take the quotient E/K. Such
quotients are exactly the non-trivial values idempotent functors take on a
simple group G. Theorem C with the classi�cation of �nite simple groups
is also used to calculate explicitly |Idem(G)|. Although this might seem
daunting at �rst glance, it should be remarked that the outer automorphism
groups and the Schur multipliers of �nite simple groups are remarkably small,
which at several instances allowed for combinatorial arguments.

The composition (φ′φ, ε′φ(−)ε) of two idempotent functors (φ, ε) and (φ′, ε′)
is not, in general, idempotent. Such compositions give new operations on
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groups. We can then study the orbits of the action of this broader collection
of operations:

11.2 De�nition. Let n be a positive integer.

Idemn(G) := {iso. class of φ1 · · ·φn(G) | for all i, (φi, εi) is idempotent}

Since the identity functor, with the augmentation given by the identity, is
idempotent, we have the following nested sequence of inclusions Idem1(G) ⊂
Idem2(G) ⊂ Idem3(G) · · · . Using this sequence of inclusions, we de�ne:

Idem∞(G) :=
⋃
k≥1

Idemk(G).

By applying all idempotent functors to a �nite group, according to The-
orem B, we get only �nitely many values. We can then apply idempotent
functors to these newly obtained groups to get yet again some �nite set of
groups. We can keep iterating this procedure. It turns out that this process
eventually stabilizes, the set of values remains unchanged, and by repeating
these operation arbitrary number of times we get only a �nite number of
di�erent isomorphism classes of groups:

Theorem D. If G is �nite, then Idem∞(G) is a �nite set. If in addition G
is simple, then Idem∞(G) = Idem2(G).

These results depend to a large degree on the notions of cellularity and
cellular approximation, which were originally introduced in homotopy the-
ory, but has of late has been generalized to a number of algebraic contexts
such as chain complexes and groups etc. See for example, [Cas00, CD05,
CRS99, CDFS09, CFGS09, DF96, FGS07, FGSS07, Flo07, MP01, RS01],
but in particular [FGS07] where e.g., the notion of cellular cover is de�ned.
A key observation, and starting point, in our work on the augmented idem-
potent functors, is that the values of said functors of a given group, up to
isomorphism, is in bijection with the cellular covers of same group.
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