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Left panel: Magnetic field structure in the dynamo exterior. Field lines are shown in red
and the modulus of the current density is shown in pink with semi-transparent opacity.
Note the formation of a vertical current sheet above the arcade. Taken from Paper I.
Right panel: Coronal ejections in spherical coordinates. The normalized current helicity
µ0R J ·B/〈B2〉t is shown in a color-scale representation for different times; dark blue
stands for negative and light yellow for positive values. The dotted horizontal lines show
the location of the surface at r = R. Taken from Paper II.



Department of Astronomy Nordita

Flux emergence:
flares and coronal mass ejections

driven by dynamo action

underneath the solar surface

Licentiate Thesis

Jörn Warnecke

April 8, 2011

First Supervisor

Axel Brandenburg

Second Supervisor
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Abstract

Helically shaped magnetic field structures known as coronal mass ejections (CMEs) are
closely related to so-called eruptive flares. On the one hand, these events are broadly
believed to be due to the buoyant rise of magnetic flux tubes from the bottom of the
convection zone to the photosphere where they form structures such as sunspots. On the
other hand, models of eruptive flares and CMEs have no connection to the convection
zone and the magnetic field generated by dynamo action. It is well known that a dynamo
can produce helical structures and twisted magnetic fields as observed in the Sun. In this
work we ask, how a dynamo-generated magnetic field appears above the surface without
buoyancy force and how this field evolves in the outer atmosphere of the Sun.

We apply a new approach of a two layer model, where the lower one represents the
convection zone and the upper one the solar corona. The two layers are included in one
single simulation domain. In the lower layer, we use a helical forcing function added to the
momentum equation to create a turbulent dynamo. Due to dynamo action, a large-scale
field is formed. As a first step we use a Cartesian cube. We solve the equations of the
so-called force-free model in the upper layer to create nearly force-free coronal magnetic
fields. In a second step we use a spherical wedge, which extends radially from 0.7 to 2 solar
radii. We include density stratification due to gravity in an isothermal domain. The wedge
includes both hemispheres of the Sun and we apply a helical forcing with different signs in
each hemisphere.

As a result, a large-scale field is generated by a turbulent dynamo acting underneath the
surface. Due to the latitudinal variation of the helicity produced by the helical forcing, the
dynamo is oscillating in the spherical wedge. Twisted magnetic fields emerge above the
surface and form arch-like structures with strong current sheets. Plasmoids and CME-like
structures are ejected recurrently into the outer layers. In the spherical simulations we find
that the magnetic helicity changes sign in the exterior, which is in agreement with recent
analysis of the solar wind data.
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Chapter 1

Introduction

1.1 The Sun

The Sun is a very normal star of the G2V class. But with the comparably short distance
to our Earth, the Sun becomes a very interesting object. We are able to observe the Sun
with much higher resolution than any other stars in the Universe. Even with the naked eye,
we can recognize structures like sunspots on the Sun. Nowadays with modern observing
techniques on the ground or in space, it is possible to resolve structures down to a scale of
a hundred kilometers.

The Sun has a mass of M� = 2 · 1030 kg, a radius of R� = 700Mm, and an effective
temperature of Teff = 5780K. It is a 4 billion years old main sequence star. The Sun
consists, like many other stars, of several layer in the inner part and several atmospheres
in the outer part. All of them have different physical properties (see Figure 1.1). The
following sections are base on the text book by Stix (1989).

Figure 1.1: A cut-away schematic view of the Sun, showing the main three parts. Courtesy of the
Center for Science Education of Berkeley, University of California.

3



4 Chapter 1 Introduction

1.2 From the core to the surface

The solar interior consists of three main parts. The inner one is the hydrogen burning core
which extents to r = 0.3 R�. The temperature is up to ten million Kelvin due to the fusion
processes. The fusion of hydrogen to helium is the main energy source of the Sun and
produces a strong pressure, which acts against the gravity, so the Sun does not collapse.
The solar core is rapidly rotating.

From the core, the energy has to be transported outwards. In the region between r =
0.3 R�, and r = 0.7 R� called the radiation zone, all the energy is mainly transported
by radiation. The radiation zone is very dense which causes the pressure waves tend to
occur standing waves. On one hand, there are basically only a few possibilities to observe
structures and dynamics in these regions and also the physical influence is not very relevant
for the dynamic and structure of the other parts of the Sun. On the other hand, the
radiation zone is well know to rotate as a solid body.

The outer 30% of the solar interior is called the convection zone. Here, convection
contributes the energy transport. The heat, i.e. internal energy is carried by the motion of
the plasma. These motions are forming convection cells. Their sizes are comparable with
the local pressure scale height, which are quite big in lower part and become smaller the
near surface of the Sun, where they form granules. Even though we can only get ideas about
the dynamics and structures out of helioseismology, the physics of the convection zone is
a matter, where many scientists are working on. Helioseismology is a method, where one
interpret the travel lime of free oscillations to measure the velocity and density distribution
of the convection zone.

Due to very large length scales and high velocities (about 1 km/s), the fluid motions are
very turbulent and chaotic. The convection zone of the Sun has differential rotation where
the surface at the equator rotates much faster than the poles (27d to 35d) and both different
to the lower boundary called the tachocline, which rotated as a rigid body with a period of
30 days. These conditions cause a strong shearing and rotation force on the fluid. Because
of this, the convection zone is difficult to describe by analytical models. Additionally,
the magnetic field strength can be strong and influences the plasmas. So to calculate the
physical properties and the dynamic of the convection, we have to solve the combined
equations of hydrodynamics and electrodynamics as equations of magnetohydrodynamics
(MHD). The magnetic field in the convection zone is created and destroyed by the fluid
motions. The creation is due to a dynamo effect (see Section 2.2), which plays an important
role for the solar cycle; the destruction is caused by molecular and turbulent diffusion. The
magnetic field can then backreact on the fluid motion through the Lorentz force. Nowadays
there is no certainty on where and how exactly the magnetic field is created. But we know,
that the magnetic field can be concentrated and emerge to the surface where it forms
structures like sunspot and even ejects to the solar atmosphere like CMEs. Because of the
very limited possibilities of observations, numerical models are necessary to understand the
structure and the dynamics of the solar convection zone.



1.3 The solar atmosphere 5

Figure 1.2: Image of a sunspots(AR10030). Observed with the Solar Swedish Telescope (SST) by
Göran Scharmer, Mats Löfdahl at a wavelength of 487.7 nm at 15th of July 2002.

1.3 The solar atmosphere

The lowest and very distinguishable layer in the solar atmosphere is the photosphere. It
forms the visible border of the gas ball and is therefore used to determine its radius. This
border is of course no sharp edge. It is a small transition region (4 · 10−4R�) where the
density and the opacity strongly decrease. In this layer, the energy transport changes
between two regimes namely convection (of the convection zone) and radiation (of the
atmosphere). Photons can be emitted freely which forms such a sharp border of the Sun.
The emitted light from the photosphere is very similar to a black body radiation except
the prominent Fraunhofer lines.

The surface of the photosphere is covered with a network of granules and intergranular
lanes. The size of these granules are of the order of one megameter. In the center the plasma
emerges, streams radial outward, and then sinks at the edges of the granules. These edges
form the intergranular lanes. The granules in photosphere are continuously produced and
destroyed by the turbulent motions in the convection zone (see Section 1.2) and are therefore
forming a complex velocity pattern.

One of the most famous features of the Sun is the sunspot (see Figure 1.2). A flux tube
with strong magnetic field rises to the solar surface and forms a dark region. In the dark
center, called umbra, the sunspot has a magnetic field strength up to 4000 G, which is large
compared with the field of the quite Sun, which is around 12 G. Due to these strong fields,
the convection (i.e. the convective heat transport) is reduced. Therefore so the umbra has
a much lower temperature (4000 K) as the quite Sun and appears much darker in the
continuum spectrum. Around this umbra, a penumbra is formed. It has a lower magnetic
field strength (around 2000 G) and filament structures. The appearance of sunspots is
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strongly correlated with the solar cycle, see Section 1.5.

The layer above the photosphere called chromosphere is just a few megameters thick. It
can be observed, for example, by certain spectral lines of Hα, CaII H and K, which have
much lower intensity because of the decreased density. The bottom of the chromosphere is
defined by the radial temperature minimum of the Sun. This is mostly set to 500 km above
the optical limb, depending on the model. Starting at this point, the temperature rises
radially up to ten times the effective temperature of the Sun. This is one of the reasons,
why one is not able to observe the Fraunhofer absorption line but some emission lines
of high ionized atoms. Large scale network structures are visible in observations, which
correspond scales of super granulation in the photosphere. These structures have very
rapid dynamics and one needs to use non-local thermal equilibrium (N-LTE) techniques to
determine spectral lines, which makes it one of the research foci of observers nowadays.

At height of around 2 Mm above the photosphere, the transition region is formed. This
is a layer, where the temperature rises in a range of two orders of magnitude up to one
million Kelvin. This region is very inhomogeneous and consists of many discontinues in the
distribution of temperature and density. Therefore, it is more a theoretical construct than
a real atmospheric layer. This layer is special, because there are different emission lines
of the same atoms, because it occur in different states of ionization due to the very high
temperature gradient.

The transition region leads to the solar corona, which extends to several solar radii.
This region is just in the optical observable at a solar eclipse or when using a chronograph
that obscures the much more intensive light of the solar disk. Only in the ultraviolet and
X-rays the solar corona is observable from space without coronograph and shows large
and complex structures like protuberance and coronal mass ejection (CME). The corona
has very special conditions, i.e. the density is very small, between n = 1014 particles/m3

and n = 1012 particles/m2, and the temperature is of the order of 106 K. The electrical
conductivity is so high, that the field lines are frozen into the plasma and therefore the
plasma takes the shape of the magnetic field lines. This could be observed in coronal loops
where close magnetic flux tubes form loops, in which carry plasma. The solar corona, just
like the formation of sunspot, is strongly influence by the 11 years solar cycle, which change
the structure and extension of the corona in a very fundamental way (see Figure 1.3). Due to
the low density, the plasma-β, which is the ratio between the gas pressure and the magnetic
energy density is very low. This means, the magnetic field and with it the Lorentz force
are dominating the structure and the dynamic of the corona.

The main focus of the research concerning the solar corona is on the coronal heating
process. The temperature of the corona cannot be explained by a heat flux coming from
the inner part of the Sun. Heating with waves, like MHD-waves, which are believed to be
responsible for the chromospheric heating, can produce these high temperatures. Numerical
simulation by Gudiksen & Nordlund (2005a) and Bingert & Peter (2011) have successfully
shown, foot-point motion of the magnetic field lines in the photosphere in combination with
reconnection processes in the corona can dissipate enough energy through ohmic heating
or other plasma processes to produce high temperatures as in the corona of the Sun.
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Figure 1.3: Evolution of the solar activity in X-ray spectrum. The photographs were taken every
90 days by the satellite Yohkoh, a cooperative mission of Japan, the USA, and the UK,
in the years 1991-1993.

1.4 The solar wind

The first evidence of the solar wind came from the tails of comets, which are always pointing
radial away from the Sun. The temperature in the solar corona is around 106 K and falls of
less rapidly than 1/r, which results a no vanishing pressure for an infinite distance. Putting
in the right number, this pressure is even much larger than the interstellar pressure. With
these conditions, Parker (1958) formulated his solar wind solution. The solar wind expands
after the critical point of rc = 20R� supersonically into the interstellar space. These
solutions were derived under the assumption of spherical symmetric, single-fluid equation
and an isothermal outflow. However, observations by spacecraft like Mariner II or Ulysses
have proven the solution of the Parker wind to be very accurate. The solar wind can be
divided in two different kinds of wind. One is the slow solar wind, which is generated
from the streamer belt at the solar equator. Its speed is of the order of 400 km/s and is
filamentary and highly variable. The other one is the fast solar wind, which originates in
the corona whole near the solar poles. It can reach values of the order of 800 km/s and is
very uniform and has very small changes in time. The solar wind is responsible to open up
the magnetic field lines in the solar corona and forming the characteristic vertical shape of
the field lines at r = 1.5R�. Like the structures of the corona, the solar wind also changes
with the activity of the solar cycle, in both intensity and shape.

1.5 The solar cycle

At least since 400 years ago, sunspots have been known due to observations by Galileo
Galilei. Even though the origin and the physics of a sunspot was unknown, Schwabe (1844)
was the first who discovered a oscillation behavior in the numbers of sunspots. This cycle
has a maximum every 11 years, which is followed by a minimum. But not until Hale (1908)
discovered the existence of magnetic field in sunspots. Since then, it is known that the
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DAILY SUNSPOT AREA AVERAGED OVER INDIVIDUAL SOLAR ROTATIONS

Figure 1.4: Time evolution of the sunspots area. The upper panel show the sunspots area in the
dependence to the latitude over time. In the lower panel the average daily sunspots
area is given over time. Taken from the NASA Marshall Space Flight center for Solar
Physics.

global magnetic field varies over time with an average cycle period of 11 year. To be more
precise the cycle period is 22 years, because every 11 years the polarity of the magnetic
field changes its sign. Due to evaluation of old solar observations data, we are now able to
establish the cycle backwards in time. Conventionally, the sunspot cycle that began in 1755
is referred to as cycle 1. In Figure 1.4, the time evolution of the emergence of sunspots
according to their latitude and the average sunspots number. Not only the amount of
sunspots changes with time, but also size and the latitudinal appearance depends on the
cycle. At the sunspot maximum, the sunspots are larger. In the beginning of the cycle,
the sunspots are observed in higher latitudes (up to 30◦); while at the end of the cycle the
sunspots appear in lower latitude, closer to the equator. Not only features like sunspots are
cycle dependent, the global magnetic field is stronger and forms a lot of different structures
in the time of the maximum. The structure of the solar corona changes fundamentally (see
Figure 1.3) and events like CMEs and flares happen much more often. Even though the
radiation of the Sun is just changes by a factor of 10−4, the solar cycle can have a strong
influence on the climate of the Earth. The most famous example is the Maunder minimum,
where between 1645 and 1715 only a very few sunspots were observed. The Sun was then
for a period of 70 years in a non-active phase. The resulting effect on the earth was the
Little Ice Age. The people were skating on London’s Thames in the summer and crops
failed in Northern Europe (Schrijver & Siscoe, 2011).

More information about the Sun can be found in the text book by Stix (1989).



Chapter 2

Framework

2.1 Magnetohydrodynamics

In magnetohydrodynamics (MHD) hydrodynamics, the theory of motion of fluids and gases,
is combined with (non-relativistic) electrodynamics, the theory of electric and magnetic
fields. They connect via Lorentz force and moving frames of reference.

2.1.1 Basic equations of hydrodynamics

To be able to use the hydrodynamic description one always has to have a much smaller
(several orders of magnitude) distance between the particles than the scaling length of
the physical problem. In the context of the solar convection zone and solar corona this
condition is fulfilled. The equations of Newtonian mechanics can be rewritten in a fluid
description:

Continuity equation

∂ρ

∂t
+ ∇ · (ρU) = 0, (2.1)

where ρ is the density and U the velocity of the fluid.

Navier-Stokes equations

DU

Dt
= −ρ−1∇p + g + ρ−1∇ · (2ρνS) + F ext, (2.2)

where ν is the kinematic viscosity, Sij = 1
2(Ui;j + Uj;i) − 1

3δij∇ · U is the traceless rate-
of-strain tensor, semi-colons denote (covariant) differentiation, p is the pressure, g the
gravitational acceleration and F ext an external force, which acts on the fluid. The expres-
sion D

Dt = ∂
∂t +U ·∇ is the Lagrangian derivative, which is a derivative with respect to the

co-moving fluid.
If one compares the advective term (U ·∇) U with the viscous term ν∇2U , one can do

a simple estimate for the orders of magnitude:

(U ·∇) U

ν (∇2U)
≈ u2

0

L
· L2

νu0
=

Lu0

ν
≡ Re, (2.3)

where u0 is a typical velocity and L a typical length of the system. The ratio of these two
terms is defined as the Reynolds number Re = Lu0

ν . This quantity describes whether a

9
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fluid is laminar or turbulent. The transition between both regimes is smooth. Flows which
have a Reynolds number over 2000 count as turbulent. This values differs however with
the system under consideration.

2.1.2 Equations of magnetohydrodynamics

Maxwell’s equations

The origin of MHD is based on the equations for the magnetic field B and the electric field
E which Maxwell (1865) postulated.

∇ ·E =
ρe

ε0
, [Gauss′ law] (2.4)

∇ ·B = 0 , [no magnetic monopoles] (2.5)

∇×E = −∂B

∂t
, [Faraday′s law] (2.6)

∇×B = µoJ + µoεo
∂E

∂t
, [Ampere′s and Maxwell′s law], (2.7)

where ρe is the charge density, ε0 the vacuum permittivity and µ0 the vacuum permeability.
The speed of light is defined with these two quantities: c = 1/

√
ε0µ0.

General assumptions for MHD

1. non-relativistic MHD:
|U | � c (2.8)

2. no electromagnetic waves:
|Uph| � c, (2.9)

where Uph is the phase velocity, defined as Uph = L
τ = |∂F

∂t |/|
∂F
∂x |

3. high conductivity or quasi neutral:

B2

2µ0
� ε0E

2

2
, (2.10)

Using these assumptions and looking at the plasma in a co-moving frame, we can deduct
the following equations from Maxwell’s equations and the equations of hydrodynamics
(Section 2.1.1):

Basic equations of MHD

J = σ (E + U ×B) , [Ohm′s law] (2.11)
∂B

∂t
= ∇× (U ×B)−∇× η (∇×B) , [Induction equation] (2.12)

Dρ

Dt
+ ρ∇ ·U = 0 , [Continuity equation] (2.13)

DU

Dt
= −ρ−1∇p + g + F visc + ρ−1J ×B + F ext , [Momentum equation] (2.14)

p = c2
sρ , [Equation of state], (2.15)
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where J ×B is the Lorentz force, σ is the conductivity, η = 1/µ0σ the magnetic diffusivity,
F visc = ρ−1∇ · (2ρνS) is the viscous force, ν is the kinematic viscosity and cs the sound
speed. The equation of state is given for an isothermal polytropic gas.

If one compares the inductive term ∇×(U×B) with the dissipative term ∇×(η∇×B),
one can do a simple estimate for the order of magnitudes:

∇× (U ×B)
∇× (η∇×B)

≈ u0B0

L
/
ηB0

L2
=

u0L

η
≡ ReM . (2.16)

The ratio of these two terms is defined as the magnetic Reynolds number ReM = Lu0
η .

Typical values for the Sun are between 108 and 1010.

2.1.3 Alfvén’s theorem: frozen-in field lines

If the conductivity of a plasma is very high (σ → ∞,ReM → ∞), the magnetic field lines
follow the fluid motion of the plasma. This limit is also called ideal MHD.

Consider a magnetic flux through a surface. One can show that the magnetic flux through
that surface is conserved during the motion of the fluid, in the limit of high conductivity.
In the Sun this concept is not completely true, but can be used as an approximation for
various models. For example in the convection zone it is fundamental for dynamo theory
that the magnetic field lines move with the fluid. In contrast in the solar corona, the
plasma follows the magnetic field lines, because the magnetic field energy dominates over
the kinetic and thermal energy. But still the field lines are connected to the plasma.

2.1.4 Magnetic buoyancy

The effect of magnetic buoyancy is very important for the emergence of magnetic flux
(see Section 4). Parker (1955) figured out, that in the presence of strong magnetic fields,
flux tubes can rise due to a buoyancy force. In the momentum equation the Lorentz force
contributes to the change of the velocity field, see Equation (2.14). One can rewrite the
Lorentz force in the following way:

J ×B =
1
µ0

(∇×B)×B = −∇ B2

2µ0
+

1
µ0

(B ·∇) B, (2.17)

where it is split up in an isotropic pressure-like force and a tension force related to the
curvature of the magnetic field. In the present of magnetic fields, the magnetic energy
contributes to the total energy. Due to that also the magnetic pressure is added to gas
pressure to form a total pressure. Assuming a polytropic gas, the equation of state has the
following form for the gas pressure pk, see Equation (2.15):

pk = c2
sρ ∼ Tρ. (2.18)

The temperature T and the total pressure ptot is the same inside and outside the tube. In
the plasma surrounding a magnetic flux tube ptot = pk, but due to the magnetic field inside
the tube, the total pressure ptot = pk + pm. The magnetic pressure pm = B2

2µ0
increases the

total pressure. The plasma has to obey the equation of state (Equation (2.18)), therefore
the flux tube has a lower density than its surroundings and rises. The vertical force acting
on the tube is called magnetic buoyancy.
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2.2 Dynamo theory

The diffusive time scale τd ∼ L2

η gives an estimate of magnetic field decay. For various
astrophysical objects the diffusive time scale is comparably low, therefore there has to be a
mechanism to sustain and generate magnetic fields. For example the Earth has a diffusion
time of the order τd ∼ 104 years, which is much shorter than the Earth’s life time. But if
one does this calculation for the Sun, the diffusion time is much larger than its life time. So
one might think, that the Sun has a primordial magnetic field. But as we have described
in Section 1.5, the solar magnetic field oscillates with a period of 22 years. This behavior
is impossible to explain with a primordial theory. The only possible solution is to have a
dynamo acting in the solar interior (Ossendrijver, 2003; Charbonneau, 2005; Brandenburg
& Subramanian, 2005).

In the following I will focus on the solar dynamo and its properties. Larmor (1919) was
the first writing a paper how the Sun could become a magnet. The fluid motion in the
Sun could build up a certain current, which can then maintain the magnetic field of the
Sun. Fourteen years later, Cowling (1933) published his famous anti-dynamo theorem and
hindered theoretical progress for possible dynamos for several decades. More than twenty
years later Parker (1955) made a breakthrough for the solar dynamo by averaging over
complicated non-axisymmetric components, showing that with this approach one can get
solutions which favor a dynamo. But after this work there was no followup work done,
because the actual meaning for dynamo theory was not quite understood and appreciated.
Finally in the work by Steenbeck et al. (1966) the mean-field theory was finally born.

2.2.1 Mean-field theory

The main idea of the mean-field theory is to split physical units into an averaged and a
fluctuating part. This is mostly done for the magnetic field and the velocity field:

B = B + b (2.19)
U = U + u, (2.20)

where the overbar represents the averaged, called mean quantities. The small letters denote
the fluctuations field. If one rewrites the induction equation (Equation (2.12)) for the mean-
field, we get:

∂B

∂t
= ∇×

(
U ×B + u× b− ηµ0J

)
, (2.21)

where J = ∇ ×B/µ0 is the mean current density. The additional term comes from the
multiplication of two fluctuating quantities. It is also called mean electromotive force:
E = u× b. A very common ansatz to describe the electromotive force is writing it in terms
of the mean magnetic field B:

E = αB − β∇×B + ..., (2.22)

where α and β are tensors. For the α and β one can make a kinetic ansatz which is based
on turbulence theory:

α = −1
3τcu · ω (2.23)

β = 1
3τcu2, (2.24)
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where τc is the turnover time of the turbulent flow, ω = ∇ × u the vorticity and u · ω =
u · ∇ × u is the kinetic helicity. The connection of the mean magnetic field with the
small-scale field b in E is called the α effect (Steenbeck et al., 1966). β is also called
turbulent diffusion and written based on the magnetic diffusion ηt in Section 2.1.2. In
the following sections, I will give a brief introduction to the α2 mean-field dynamo and
the αΩ mean-field dynamo. For other dynamo models, like the Babcock-Leighton flux
transport dynamo models, I recommend the paper by Dikpati & Charbonneau (1999) and
the reviews by Ossendrijver (2003), Charbonneau (2005) and Brandenburg & Subramanian
(2005).

2.2.2 α2 mean-field dynamo

Combining Equation (2.21) with Equation (2.22) and assuming, there was no mean velocity,
i.e. U = 0, one obtains the induction equation for the mean magnetic field:

∂B

∂t
= ∇×

(
αB − ηt∇×B − ηµ0J

)
, (2.25)

with ∇ ·B = 0,
∇× J = ∇×∇×B/µ0 = −∇2B/µ0, (2.26)

and using constant η and ηt, one can rewrite Equation (2.25) to:

∂B

∂t
= α∇×B + ηT ∇2B, (2.27)

where ηT = η + ηt is the total diffusivity and we assume, that ηT and α are constant in
space. Equation (2.27) can be solved which gives different modes, which are growing or
decreasing depending on the values of α and ηT . If one splits the magnetic field into a
poloidal and toroidal one, one can write the induction equation also for both components
separately. The poloidal field is created by an α effect from the toroidal field and vice versa.
The mechanism of the α2 dynamo is not important for the global field of the Sun and other
rotating stars, but for geodynamos, planetary dynamos and the local magnetic field of the
Sun.

2.2.3 αΩ mean-field dynamo

If one considers a mean flow which drags the magnetic field, then the Equation (2.27)
changes to:

∂B

∂t
= ∇×

(
U ×B

)
+ α∇×B + ηT ∇2B. (2.28)

This mean flow is, in the case of the αΩ dynamo, considered to be a shearing flow. In
the Sun, the differential rotation causes very strong shearing motions, mostly at the lower
boundary of the convection zone, called tachocline, and close the the photosphere, called
the surface shear layer. Due to the space and direction dependence of these shear velocities,
the creating of the poloidal and toroidal field is caused by different effects. The poloidal
field is enhanced due to a α effect from the toroidal, but the toroidal field is enhanced due
to a Ω effect, which comes from the differential rotation and its shearing.
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2.2.4 Quenching

The expressions in Equation (2.24) are for the kinematic regime. Since magnetic field
strength always saturates during dynamo action, it is expected that both α and ηt depend
on the magnetic field strength and get quenched. Already Pouquet et al. (1976) added an
additional term to Equation (2.24) justified their results from their groundbreaking MHD
simulations:

α = −1
3τc

(
u · ω − 1

ρ
j · b

)
. (2.29)

The second term is also called magnetic α (αM ) and has the opposite sign of the kinetic α.
So strong magnetic fields can quench the α effect sufficiently (Blackman & Brandenburg,
2002).

Another quenching formula was introduced by Ivanova & Ruzmaikin (1977) as an ad hoc
dependence on B

α(B) =
α0

1 +
(
B/Beq

)2 , (2.30)

where α0 is the non-quenched α, Beq is the equipartition field strength. An alternative
approach is to take a magnetic Reynolds number dependence into account, see (Vainshtein
& Cattaneo, 1992; Cattaneo & Hughes, 1996; Brandenburg & Dobler, 2001):

α =
α0

1 + ReM

(
B/Beq

)2 . (2.31)

The behavior is also called catastrophic α quenching, because for the Sun the magnetic
Reynolds number is around ReM = 109 and causes α to be quenched even at a low magnetic
field strengths

2.3 Magnetic helicity and current helicity

In fluid dynamics we can define the kinetic helicity Hk as the volume integral over the dot
product of the velocity and the vorticity:

Hk =
∫

V
U ·W dV , (2.32)

where vorticity is given by W = ∇ × U . The kinetic helicity gives a qualitative and
quantitative value about the twisting of vortex field lines. According to this idea, we define
magnetic helicity Hm as the volume integral over the dot product of the magnetic vector
potential and the magnetic field:

Hm =
∫

V
A ·B dV , (2.33)

where A is the magnetic vector potential defined by B = ∇×A. The magnetic helicity is
measure of the linkage and twist of magnetic field lines. It plays a very important role in
MHD. In ideal MHD magnetic helicity is a conserved quantity. If one assumes no helicity
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fluxes across the boundaries of the domain, the following equation can be deducted from
the induction equation:

d
dt

∫
V

A ·B dV = −2µ0η

∫
V

J ·B dV , (2.34)

where
∫
V J ·B dV is the current helicity of the magnetic field. One sees immediately,

that in the limit of hight magnetic Reynolds numbers, the magnetic helicity is conserved.
In resistive or real MHD the magnetic helicity can only decay on resistive time scales, which
is for the Sun many orders of magnitude higher than the dynamo period. This implies, that
the Sun can only get rid of large amounts of magnetic helicity via ejections, which are not
included in Equation (2.34) and Equations (2.35) and (2.36). Using the induction equation,
the mean-field decomposition and Equation (2.34), we can split the large-scale magnetic
helicity evolution into components coming from the large-scale fields and small-scale fields:

d
dt

∫
V

A ·B dV = +2α

∫
V

B2 dV − 2µ0ηt

∫
V

J ·B dV − 2µ0η

∫
V

J ·B dV , (2.35)

d
dt

∫
V

a · bdV = −2α

∫
V

B2 dV + 2µ0ηt

∫
V

J ·B dV − 2µ0η

∫
V

j · bdV , (2.36)

where the the α effect and the turbulent diffusivity ηt is used for E = αB − ηtµ0J . From
these equations it follows, that the α effect produces a magnetic helicity of the large-scale
fields with the same sign as α and magnetic helicity of the small-scale fields is produced
with the opposite sign.

The current helicity measures the linkage between the magnetic field lines and the electric
current. j · b is also a good approximation for magnetic helicity in the small-scale fields and
has the big advantage that it is gauge invariant in contrast to the magnetic helicity density.
Therefore it has been measured in mean-field simulations by Dikpati & Gilman (2001). This
quantity is much more important for observers, because it can be measured in the solar
atmosphere, see (Seehafer, 1990). The rotation of the Sun induces twisting of magnetic
field lines and also twisting of electric current. Current helicity is therefore a good tool to
measure these twists, which are ubiquitous in ejection like CMEs, see Section 3. Shedding of
current helicity can correlate with features like CMEs and plasmoidal ejection and therefore
with expulsion of large amounts of magnetic helicity of the small-scale magnetic field.

2.4 Magnetic field in the solar corona

The dynamics, structures and most of the features of the solar corona are caused and dom-
inated by the magnetic field. The plasma-β is very low, so the motions of the plasma follow
the magnetic field lines. Therefore coronal loops are formed, where the heat conduction
along the field lines is very efficient and strongly suppressed perpendicular to the loop.
Most of the dynamics is caused by the footpoint motions of the magnetic field lines. The
footpoints of the coronal magnetic fields lie in the photosphere and move around by the
granulation, which are convective motions in the photosphere. Due to these motions the
field lines get twisted and interlinked. The twisted and interlocked magnetic field lines,
then reconnect and so supply such amount of energy to the corona, that it can be heated
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and features like CMEs can occur. The magnetic field in the solar corona is very difficult
to observe directly. One can only observe the coronal emissivity (see Figure 2.1) coming
from hot plasma following the magnetic field lines. But with this method, one just gets a
qualitative idea about the field line structure. A much efficient method are force-free field
extrapolations.

2.4.1 Force-free fields

For a force-free field the Lorentz force is zero, i.e J ×B = 0. This can be accomplished
by solving the following equation:

µ0J = ∇×B = αffB. (2.37)

For a scalar αff the current is (anti-)parallel to the magnetic field lines. Depending on
the choice of αff , one can have different types of force-free field extrapolations. For most
of these methods photospheric high resolution magnetograms are taken to construct the
magnetic field configuration. Based on this the extrapolation the magnetic field lines in
the solar corona be computed. The simplest one is to set αff = 0 which is a potential
field extrapolation, where there is no electric current (Schmidt, 1964; Semel & Rayrole,
1968). One calls it linear force-free field, if the αff is constant in time and space in the
hole domain. The electric current is then always parallel to the magnetic field (Nakagawa
& Raadu, 1972; Alissandrakis, 1981; Gary, 1989). The non-linear force-free field model
is more realistic and the αff can change for every field line (Woltjer, 1958; Sakurai, 1981;
Wiegelmann, 2004). The latter one is very complex to implement, but there are several
different models to realize this approach, details can be found in (Wiegelmann, 2008).

2.4.2 Force-free model

Note, that even though the force-free field models have a very similar name as the force-
free model (FFM), the magnetic field in the latter one is not always force free. The MHD
FFM was introduced to model the magnetic fields of the solar corona by Mikic et al. (1988);
Ortolani & Schnack (1993). Basically one uses the MHD equations (see Section 2.1.2) but
neglects several terms. In the solar corona, as mentioned above, the plasma-β is very low,
so it is convenient to neglect the pressure force ∇p in the momentum equation. If we want
to focus on the evolution of the magnetic fields, we can simplify the equations even further
and set the density to a constant value in time and space and neglect gravity and hence also
buoyancy . Therefore we rewrite the momentum equation to a FFM momentum equation:

ρ
DU

Dt
= −F visc + J ×B. (2.38)

These FFMs have been used to model plasmoidal ejections (Mikic et al., 1988) and the
structure of the solar corona (Warnecke, 2009).

2.4.3 Forward model approach

Another way to study the magnetic field lines in the solar corona is the forward model
approach. One combines observations and theory in numerical simulations. The initial
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Figure 2.1: Image of a coronal loop observed with the satellite TRACE in 171 Åpass band. This
filter correspond to a temperature of one million Kelvin. The height of this loop is
roughly 70 Mm.

conditions are chosen to be close to the observable quantities. The examined results are
comparable with observations. Very successful models which reproduce the magnetic field
structures with emissivities nearly identical with the observed ones have been done by Peter
et al. (2004, 2006), and the coronal heating by Bingert & Peter (2011) and by Gudiksen
& Nordlund (2005a,b). The latter use as input an observed photospheric magnetogram
with an artificial velocity driver to model the granulation motions for 3D MHD coronal
simulations which solve the full set of magnetohydrodynamic equations including a realistic
energy equations with radiative cooling and heat conduction.

2.5 Reconnection

Reconnection is defined as a change of the connectivity of magnetic field lines in time. Or
in a more popular science way of saying, the merging of magnetic field lines. In many
astrophysical processes and phenomena reconnection plays a major role and is necessary
for the formation magnetic field structures. In the Sun reconnection is believed to be the
major effect to heat the corona and is essential for the generation process of magnetic fields
in dynamo theory. It is nowadays the only explanation for motions of flare loops and the
huge amount of energy release during flares and CMEs.

Reconnection theories are used to solve the problem of fast reconnection processes in a
real MHD environment. If one distinguishes between ideal and non-ideal MHD, in the ideal
case processes can happen on a very short time scale. But in the non-ideal case, the time
scales are much longer due to the resistivity. A solar flare releases up to 1025 J in just 100
s, which is for the global length scale of a flare is very fast. In contrast the dissipation time
would be of the order of 109 years, based on the global length scale. The short time scale is
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Figure 2.2: Sketch of an X-point. The lines represent the magnetic field lines and the arrows the
plasma flows.

typical for an ideal MHD process, but in ideal MHD field lines cannot reconnect due to the
lack of resistivity. Reconnection is a theory which solves this problem basically by breaking
it down to very small length scales of current sheets (Priest & Forbes, 2000).

Since Giovanelli (1946) and Hoyle (1949), who suggested that magnetic X-type null points
can serve as locations for plasma heating and acceleration, the interest in reconnection has
continually grown.

2.5.1 Null points, X-points and current sheets

To understand the structure of the magnetic field it is in many cases sufficient to look at
the null points and the field attached to them (Priest et al., 1997; Longcope & Klapper,
2002). Null points are located where all three components of the magnetic field vanish. In
every conducting fluid or plasma or in neutral gases, null points can occur. In general there
are two types of null points in two dimension. One is the O-type where the field lines are
arranged elliptically around the null point. The other one is called X-point and is shown
in Figure 2.2. The field lines lie hyperbolically around the null point and the separatrices
form an x-shape. Separatrices are the limiting field lines between two opposite direction of
the magnetic field.

A current sheet is generally defined as a layer which is filled with current and across
which the magnetic field changes in direction or in magnitude or both. But in contrast
to the null points, a current sheet can only occur in a conducting medium and in plasmas
a X-point always causes a current sheet. In a current sheet there is a strong gradient of
the magnetic field perpendicular to the field lines, which implies the emergence of a strong
current.

2.5.2 Reconnection in two dimensions

The first theories about reconnection was brought up in two dimensions. It is still much
easier to describe reconnection in two instead of three dimensions. I will present here some
of the most important models.

Sweet-Parker model

To study reconnection analytically Parker (1957) and Sweet (1958) considered steady-state
reconnection and incompressible plasmas. As shown in Figure 2.3, the current sheet has



2.5 Reconnection 19

the length L which is the length scale of the field and the current sheet has a thickness
of l. The velocity of plasma flowing into the current sheet perpendicular to the field lines
is called v and the outflow velocity can be estimated by the Alfvén speed vA = B/

√
µ0ρ.

Using the continuity equation (see Equation (2.1)), one can conclude:

Lv = lvA (2.39)

⇒ v = vA
l

L
. (2.40)

So the plasma outflow depends crucially on the ratio of the two length scales. Using a
similar estimate of magnitude as for the magnetic Reynolds number (Equation (2.16)),
where one takes the length scale of the magnetic field L for the inductive term and the
thickness of the current sheet l for the dissipative term:

∇× (U ×B)
∇× (η∇×B)

≈ u0B0

L
/
ηB0

l2
=

u0l
2

ηL
(2.41)

⇒ l2

L2
=

η

u0L
Re−1

M . (2.42)

Using the Alfvén speed vA instead of u0, the ratio is given by:

l2

L2
=

η

vAL
≡ Lu−1, (2.43)

where Lu = vAL/η is the Lundquist number. Inserting this relation into Equation (2.40),
the speed of the outflow is given by:

v = vALu−
1
2 . (2.44)

The Sweet-Parker reconnection rate can then be expressed by the Alfvén Mach number
MA = v/vA via:

MA = Lu−
1
2 . (2.45)

The Lundquist number is for many astrophysical objects very large (Lu � 106), so the
reconnection rate would be very slow. Also the aspect ratio between the length and the
thickness of the current sheet have to be very large. Therefore the Sweet-Parker model
cannot be applied to most of the reconnection events which are observed.

Petschek model

Petschek (1964) tried to solve the problem of the Sweet-Parker model by a greatly reduced
length of the current sheet, as shown in Figure 2.3. The length of the current sheet 2L′

is much shorter than the length scale of the magnetic field 2L. He also introduced two
outward going shock waves, which accelerate and heat the outgoing plasma in form of jets.
By additionally assuming a current free magnetic field outside the reconnection region, he
was able to increase the reconnection rate:

MA[MAX] = π/8 ln (Lu). (2.46)
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Figure 2.3: (a) Sweet-Parker Model: The blue lines indicate the magnetic field lines. The large gray
arrows represent the outflows and inflows and pink dotted line surround the location of
the current sheet. Note, the current sheet has the same length as the length scale of the
magnetic field.
(b) Petschek Model: Similar legend as in the Sweet-Parker model. In addition the
separatrices and the current sheet are red colored. Note, the length of the current sheet
is much smaller than the length scale of the magnetic field.
(Yamada et al., 2006).

Using the Lundquist numbers for typical solar flares, the reconnection rate is MA ≈ 10−1

to 10−2. Unfortunately the assumptions Petschek has used are not always valid in many
applications. There are many more models of reconnection in two dimensions. For further
interest, I would recommend the text book by Priest & Forbes (2000).

2.5.3 Reconnection in three dimensions

The three dimensional reconnection is in several aspects different from the two dimensional
case. Due to projection, magnetic field lines can have the same topology in three dimensions,
but can still reconnect. Two flux tubes tend to split up in four tube rather than reconnect
(Priest et al., 2003). The definition of X-points given in the previous sections is not longer
valid or is not suitable any more. Now the intersections of separatrices are not points,
they form lines. These lines are called separators. It was suggested to generalize the
reconnection, so that it exists if the following equation is valid:∫

E‖ds 6= 0, (2.47)

where is E‖ is the electric field along the magnetic field (Schindler et al., 1988).
Nowadays, there are a large numbers of people working with numerical simulations of

three-dimensional reconnection. In Figure 2.4 the results of magnetohydrodynamic simu-
lations of the magnetopause by Dorelli et al. (2007) are shown. In Figure 2.5 a snapshot
of a simulation which model a reconnection process in compact solar flares by Haynes et
al. (2007) is illustrated. Three dimensional reconnection is also used to model the coronal
heating by flux braiding (Galsgaard & Nordlund, 1996) and to investigate its occurrence in
turbulent flow by Lazarian & Vishniac (1999).

For further details, I want to recommend the review by Longcope (2005) and text book
by Priest & Forbes (2000).
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Figure 2.4: Magnetohydrodynamic simulation of separator reconnection I: A view from the Sun
towards the Earth’s dayside magnetopause. A separator line extends across the magne-
topause (Dorelli et al., 2007).

Figure 2.5: Magnetohydrodynamic simulation of separator reconnection II: A simulated solar corona
magnetic skeleton. Two separatrix surfaces intersect to form three separator lines
(Haynes et al., 2007).

2.6 Solar wind solutions

As addressed in Section 1.4 the solar wind is an important feature of the Sun. In this
section, I will present the main solutions of the solar wind equation.

Looking at the momentum and mass balance of flow tubes, which have a cross section A
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and move radially outwards:

ρv
dv

dt
=

dp

dr
− ρ

GM�
r2

, (2.48)

d
dr

(ρvA) = 0, (2.49)

where v is the radial flow velocity, r the radius from the center of the Sun, G Newton’s
gravitational constant and M� the mass of the Sun. Using a static and fully ionized solar
corona, Equation (2.48) reduces to (Parker, 1958):

0 =
d
dr

(2nkT ) +
GM�mpn

r2
, (2.50)

where n is the proton number density, k the Boltzmann constant, T the gas temperature
and mp the proton mass. By integrating this equation, one can calculate the pressure at
infinity:

p(r) = p0 exp
(
−GM�mp

2k

∫ r

R�

dr

r2T (r)

)
, (2.51)

with R� being the solar radius. Parker (1958) argued that if one goes sufficiently far
from the Sun, where there are no local heat sources, the temperature falls off less rapidly
than 1/r. Therefore the pressure does not vanish at infinite radial distance r. Under
this condition, he presented the equation for the solar wind, by rewriting Equations (2.48)
and (2.49) to: (

v2 − 2kT

mp

)
d ln |v|

dr
=

4kT

mpr
− GM�

r2
. (2.52)

Parker (1958) also calculated the critical point r∗ where the velocity becomes supersonic:

r∗ =
mpGM�

4kT
(2.53)

v∗ =

√
2kT

mp
≡ cs. (2.54)

If one wants to solve Equation (2.52), it seems to have a singularity at v2 = c2
s , but if the

right hand side is also zero, the equation is solvable. Therefore this point is called critical.
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Coronal mass ejections and flares

Coronal mass ejections (CMEs) and flares are phenomena that appear on the Sun and can
have strong impacts on Earth. They are both closely related, more than fifty percent of the
flares (except small and nano-flares) are correlated with CME events. Before describing
the theory of both phenomena, I will present some observational results.

3.1 Observations

3.1.1 Flares

Solar flares are explosions whose energy exceeds every known explosion on Earth of orders
of magnitude. For a tenth of a second the temperatures of such a flare can reach nearly 109

K and can hold a temperature of 2 · 106 K for more than a minute. At such temperatures
most of the released radiation is in the X-ray spectrum and cannot penetrate the Earth
atmosphere. The energy of this kind of event was stored in the magnetic field and gets
released by reconnection events.

The first noted observation of a flare was made by Lord Carrington (1859), who drew
the first sketch of a solar flare, shown in Figure 3.1. Afterwards the flare research basically
followed the development of possible observation techniques. Starting by the observation of
the photosphere in the visible light continuum, spectroscopy of the chromosphere and finally
X-rays and radio waves in the solar corona. For the latter, space missions were needed to be
able to observe the emissions of flares, because the Earth atmosphere blocks this frequency
range. Solar flares have impulsive and gradual signatures. Impulsive in this context means
a high emission on short time scale and gradual a emission with lower amplitude on a larger
time scale. The impulsive flares occur in hard X-rays and microwaves, whilst the gradual
ones have been observed mostly in radio, Hα, EUV and soft X-ray (Benz, 2002).

Flares can appear at very different scales; ranging form large and powerful white flares
with energies up to 1025 J to microflares with energies of 1019 J. The smaller the flares the
more often they happen. Microflares or nanoflares can occur more than ten times a day
above one single active region, the frequency decreases as energy increases. The energy of
a major white flare is around 108 times higher than the larges hydrogen bomb and 1011

times larger than the Hiroshima bomb. The major flares are mostly associated with CMEs
and occur much less often.

3.1.2 CMEs

Coronal mass ejections (CMEs) have a typical bubble-like shape, see Figure 3.3. They

23
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Figure 3.1: Left panel: Sketch from the first observed and noted solar flare. The British astronomer
Richard Carrington had done this drawing of the Sun at the 1st of September 1859, after
he had observed a solar flare for the first time. The white regions among the black and
gray sunspots represent the Doppler ribbons of the white flare which emerge suddenly
amid the sunspots (Carrington, 1859).
Right panel: Image of white flare in Hα taken at the 7th of August 1972 from the Big
Bear Solar Observatory. One can see the typical form of the ribbons above a sunspot.
This flare was very intensive and had strong terrestrial impact, for example breakdowns
of power grids. It happened between the Apollo 16 and Apollo 17 mission. If there were
astronauts out of the earth magnetosphere, for example on the moon, they could have
been killed.

were first observed in solar eclipse images, but after the introduction of the coronagraph
and space missions (like Skylab, SOHO, SDO) CMEs are recorded at at rate of a few per
week or even several per day, depending on the level of solar activity. As mention above,
CMEs often correlate with major flare events. The ejected plasma has a typical velocity
of 105 − 106 m/s and can reach Earth after about 46 hours. The shape of the eruptions is
helical and has the typical three-part structure, see Figure 3.3 and (Low, 1996). It contain
a loop-like front, a cavity and a bright core. The front has the shape of bow and is believed
to consist of pile-up plasma. In the core filaments with long and basically magnetic fields in
the horizontal direction, can be observed. In Section 3.2 and Figure 3.5 one can find a more
detailed description of the structure. Due to the helical shape of the CMEs, it is believed
that they play an important role of transporting magnetic helicity out of the Sun. This
is a fundamental aspect to avoid or at least reduced the quenching of the solar dynamo
significantly (Blackman & Brandenburg, 2003). Statistically CMEs contribute about as
much as 10% of the mass loss of the solar wind.
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Figure 3.2: Left panel: Image of a flare by TRACE.
Right panel: Image after a flare by SOHO. Just after 22 minutes, after the flare was
observed by TRACE (Right panel), the cameras of SOHO, which is located in L1, was
showered by a solar storm of Protons.

3.2 Theory

As mentioned above, the evolution of solar flares and coronal mass ejections are strongly
correlated and have a single physical process causing both phenomena. In this process as
described in Section 2.5 stored energy in the magnetic field can be released due to recon-
nection. Therefore I will described both flare and CMEs in the next section. Traditionally
a flare is defined as a local brightening in the chromosphere observed in the Hα spectrum.
But from space missions this definition was extended to also include impulsive emissions in
X-ray and UV spectrum. The X-ray emission are coming typically from the loop structures,
also called X-loops, in the corona, in contrast to the Hα emissions, which are emitted from
the flare double ribbons forming the chromospheric foot points for the loop structures, see
Figures 3.4 and 3.5. The typical three-part structure of CMEs is schematically shown in
Figure 3.5. A bright outer loop, a dark cavity and a bright inner core which consist of
filament material, compare with observations Figure 3.1. The origin of the outer bow-like
structure is not totally clear. From the standard model it is believed to be a plasma pile-up
of coronal and solar wind material. Note that filaments and prominences are the same
phenomena. Prominences have just historically a different name, because in the line of
sight projection, they have a different geometrical shape at the solar limb than observed in
the disc center. Large CMEs which are mostly connected with a flare have high velocities
and appear most commonly over active regions.

As mentioned in Section 3.1, solar flare events can be described in two phases. The
first is the impulse phase, followed by the gradual phase. Figure 3.4 shows a schematic
view of a cusp-type flare by Magara et al. (1996), where the cusp-type refers to the shape
of the flare loop. In the impulse phase, Hα ribbons in the chromosphere are connected
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Figure 3.3: Left panel: This SOHO LASCO C2 image shows a very large coronal mass ejection
(CME) blasting off into space on 2 December 2002. It presents the standard shape of
a CME: a large bulbous front with a second, more compact, inner core of hot plasma.
This material erupts away from the Sun at speeds of one to two million kilometers per
hour.
Right panel: This composite image combines observation from two instruments on two
different solar study spacecraft to show two views of a coronal mass ejection as it blasts
into space (Aug. 7, 2010). The SDO image of the Sun itself, taken in extreme UV light,
shows the active region that was the source of the blast (whiter area, left of center). The
larger background image, taken at about the same time, captures the front edge of he
expanding particle cloud heading to the left. This coronagraph image was processed to
highlight the difference between one frame and the next, taken about 15 minutes later.
A coronagraph blocks out the Sun with an occulting disk to reveal the much fainter
structures in the Sun’s atmosphere. The red Sun was enlarged about 50% to fill that
disk.

with hard X-ray sources at the footpoints of the magnetic loop. Chromospheric gases are
heated and evaporate in the solar corona (see yellow colored regions which an evaporation
flow in Figure 3.4). These gases emit soft X-rays which look like loop structures, if one
observed them. In the top of the cusp, a diffusion region or current sheet is formed. Out
of this region, two fast shock fronts are emitted. One ejects vertical outwards and pushes
the plasmoid out of the corona, the other one ejects downwards and collides with the top
of the loop. There it builds a region with high temperature and high density and in these
conditions there is a strong X-ray source. Out of the current sheet high energy electrons and
thermal conduction flow downwards along the magnetic field lines and form the conduction
front, which heat the surrounded plasma. The Gradual phase can be also interpreted as
a long duration event (LDE) Flare, where the thermal conduction is more efficient. The
evaporation flow has filled the whole loop with chromospheric and heated gas. This gas
emits still soft X-rays, which can been observed as a loop structure. The hot and dense
region at the top of the loop has cooled down and emits also soft X-rays. This can be
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Figure 3.4: Schematic view a of the cusp-types flare in the impulsive (left) and in the gradual phase
of LDE flare (right), respectively. In the impulsive phase, a hard X-ray loop-top source
is observed, whereas in the gradual phase or long duration event (LDE) flare thermal
conduction and radiative cooling have effectively worked out so that there appears soft
X-rays cusp structure associated with a long lived soft X-ray loop-top source and Hα
post flare loop. A conduction front is formed by the heat flow emerging from the vicinity
of the neutral point directing toward the loop footpoint. From the lower atmosphere,
the evaporated gases go upwards and fill inside the loop. Taken from Magara et al.
(1996).

observed for a long time period. Although the evaporation gas is heated by the conduction
front at the border of the loop, it cools down in the inner part and build an Hα loop
(Magara et al., 1996).

For the formation of CMEs one can take the evolution of a cusp flare as a good foundation.
As shown in Figure 3.5, a filament structure is formed above the current sheets of several
flare loops. Filaments are filamentary, cloud-like structures. They consist of plasma which is
a hundred times denser and cooler than the surrounding coronal plasma. Due to the energy
release in the current sheet, the plasma pushed outwards and forms loop-like structures.

An important issue for the formation of flares and CMEs is their energy requirement.
A large flare and a high-speed CME have a typical kinetic and radiative energy of 1025 J.
By looking at the different energy densities in the corona, only the magnetic energy density
has a sufficiently large value. With a magnetic field of 100G, the energy density is about
40 Jm−3. In contrast, the thermal or gravitational energy is nearly 3 orders of magnitude
smaller. With a typical size of 1024 m3 to 1025 m3, only the energy available the magnetic
field can cause such large and intensive events.
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Figure 3.5: Idealized diagram showing the relation between the flare ribbons, flare loops, the CME
shock, the CME shell (plasma pile-up region), the CME cavity, and the filament con-
tained within the cavity. Taken from a talk by Terry Forbes at the Heliophysics Summer
School 2010, Boulder, US.

3.2.1 Numerical models

One of the issues for an appropriate numerical model is how to simulate the storage of
energy. As described above, this huge amount of energy can only be stored in the magnetic
field. But how this happens exactly is not yet solved. One possibility is strong shearing
motion of the footpoints in the photosphere, which can build up magnetic energy (Sturrock,
1980; Antiochos et al., 1999). But also recent simulations by Warnecke (2009) have shown,
that quite large amount of energy can be accumulated in the corona just by footpoint
motions caused by granulation.

Two-dimensional models

A principle sketch of a two-dimensional toy model is shown in Figure 3.6. In this model
the solar surface is represented by a conducting stationary plate, so the field lines are frozen
into this plate. This scenario models the time just after a flare has been emitted. As a
first step, the magnetic field lines move to the X-point, reconnect and close in pairs. So the
region of closed field line grows and the X-point moves upwards. With this simple model
it can be explained, why the Hα ribbons and loop structures seem to spread after a flare
was emitted.

To have a simple model, the coronal magnetic fields lines are represented by a force-
free field. But with the current parallel to the field, no Lorentz force can act to drive an
eruption. Such a model with a force-free field has to explain the eruption driven by a slow
change in the photosphere.
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Figure 3.6: The magnetic field line topology in the reconnection model of flare loops at two different
times. The shaded area is the X-ray loop system, while the numbers at the base mark the
footpoints of individual field lines. Taken from a talk by Terry Forbes at the Heliophysics
Summer School 2010, Boulder, US and after Priest & Forbes (2000)

As an example a two dimensional flux rope model is shown in Figure 3.7. The pho-
tosphere is represented by a conducting plate, where the flux is frozen in. For the initial
magnetic field configuration, one puts one flux rope with a certain height h above the
photosphere and place two photospheric field sources below and on both sides of the flux
rope, which have opposite polarity, see Figure 3.7b. By moving the photospheric sources
slowly toward the flux rope, it can be investigated, what condition is necessary to trigger
an eruption. It was found out that the configuration is stable and in equilibrium as long as
the distance of the two the sources is the same as the hight of the rope above the surface.
The equality of both lengths defines the critical point, see Figure 3.7c. If the distance
decreases even more, the flux rope becomes unstable. It will jump to the next possible
stable setup, see Figure 3.7a. As shown in Figure 3.7d, the flux rope has increased its
height fundamentally and has build up a current sheet connecting the flux rope with the
photosphere. In the absence of reconnection, the flux rope will not escape and stay in the
this configuration. But, if there is reconnection, the flux rope will be accelerated starting
at the critical point and just escapes out of the simulation domain (Forbes & Priest, 1995).

Three dimensional models

In this part I want to present a selection of three dimensional models. It is not surpris-
ing, that in general three dimensional models are much more complex and more difficult
to compute than two dimensional ones. They have to take account helical structures, the
curvature of the surface and even the solar rotation if they want to be realistic. Even
though the dynamical evolution is much more complex. There could be non-linear turbu-
lence, magnetic reconnection as described in Section 2.5 which have different properties in
three dimensions, but there are also a new set of instabilities which can drive eruptions.
One of the models is the breakout model by Antiochos et al. (1999), which has been in-
vestigated also by other groups. This model is using two important conditions to cause an
eruption. First, they use a multiflux system, so they not only consider one coronal arcade,
they consider several. These multi polar field structures are based on observations of com-
plex topologies in eruptive flares and CMEs. To drive to energy storage they use strong
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Figure 3.7: Ideal MHD evolution of a two-dimensional arcade containing a magnetic rope. (a)
shows the flux-rope height, h, as a function of the separation half-distance, λ, between
the photospheric sources for R0/λ0 = 0.1. The dashed section of the curve indicates the
region which is bypassed because of the jump at the catastrophe point. Figures (b), (c)
and (d) show contours magnetic vector potential in the x-y plane at the three locations
indicated in (a). Figure (e), (f) and (g) show the corresponding energy schematic for
each configuration. Taken from Forbes & Priest (1995)

shearing motions in the photosphere. This shearing was only applied to one of the arcade
structures. Reconnection of these arcades with the neighboring ones causes a triggering of
the eruption. For the calculation they apply the standard ideal MHD equations, with an
energy equation which is suitable for the solar corona. With this model it is possible to
accumulate the energy required for erupting a CME (Antiochos et al., 1999).

Base on the flux rope model in two dimensions, it has become very common to use a
three-dimensional flux rope model.

The flux rope model uses a configuration which was proposed by Titov & Démoulin
(1999). The flux rope is build up by three different sources. There is a current in the flux
rope, forming a twisted magnetic field in the rope. The rope is stabilized by a line current
underneath the surface, with cause a line tying force acting on the rope. A coronal arcade
field is set up by magnetic charges in the surface. In this model ideal MHD equations
are solved. to decouple the energy equation the plasma β is set to zero. With small
perturbations it is possible to trigger a kink instability which makes the flux rope twist and
rise. As shown in Figure 3.9, this twisting and rising can be very similar to eruptions on
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Figure 3.8: Comparison of observations and simulation:
Left panel: TRACE 195 Åimages of the confined filament eruption on 27th May 2002.
Right panel: Magnetic field lines outlining the core of the kink-unstable flux rope (with
start points in the bottom plane at circles of radius 0.1 at t=0, 24 and 37. The central
part of the box (a volume of size 43) is shown, and the magnetogram, Bz(x, y, 0, t) is
included. Taken from Török & Kliem (2005).

the Sun. In this particular simulation by Török & Kliem (2005) and Török et al. (2004) it
was not possible to eject the flux rope. But by changing the configuration of the overlying
coronal field, it is possible to model an ejective eruption which has even magnetic X-Point.

A very similar numerical model has been used to obtain simulation results shown in
Figure 3.9 by Fan & Gibson (2007). In their model, they focus on the eruption of the flux
rope into the corona in respect to the coronal arcade field. First the flux rope emerges slowly
into the coronal field, becomes then kink unstable and gets ejected as seen in the right panel
of Figure 3.9. One of the results is, that the amount of twist is crucial to determine, if the
flux ropes become kink unstable or not. An emerging flux tube with a left-handed twist
(which is observed for flux tubes in active regions in the northern hemisphere) leads to the
formation of an intense current layer with an inverse-S shape. This is consistent with the
observation of X-ray flares the northern hemisphere (Fan & Gibson, 2007, 2004).

Of course, there exist many more simulations which try to model CMEs and flares and
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Figure 3.9: 3D flux rope simulation by Fan & Gibson (2007, 2004). The Figure show a two time
step snapshots of the evolution of the coronal magnetic field. The red lines are coronal
magnetic field lines forming a arch structure as initial condition. The blue and green
lines illustrate the flux rope which get ejected outwards.

even though they differ, they have similar assumptions and results: All three dimensional
models include a twisted flux rope in a relatively early stage of the eruption. They all
produce a vertical current sheet below the flux rope, which can be interpreted as flare
reconnection. The main difference is the trigger and storage mechanism.
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Flux emergence

The emergence of magnetic flux or short flux emergence is a very broad concept. In the
context of this work it basically means the rise of magnetic flux. In relation to the Sun
it is used in different aspects. Flux emergence can be understood as the rise of magnetic
field in the form of flux tubes from the tachocline (bottom of the convection zone) to the
solar surface, where it creates features like sunspots. Another usage of flux emergence
concerns that of small magnetic flux elements that form active regions. A third aspect is
the emergence of magnetic flux into the solar corona or even further out, with respect to
eruptive flares and CMEs. In the next section I will try to give an overview of several
models, theory and their results. I will distinguish between the flux emergence to the lower
atmosphere and to the upper atmosphere.

4.1 From the convection zone to the lower atmosphere

It is broadly believed, that the formation of sunspots and active region is a result of emer-
gence of magnetic flux tubes. At the tachocline, the differentially rotating convection zone
touches the radiation zone, which rotates like a solid body. As a result very strong shearing
motions exist in this region which can produce strong magnetic fields due to dynamo action.
If the magnetic field gets concentrated in magnetic flux tubes, they will become buoyantly
unstable (see Section 2.1.4) and will rise through the convection zone up to the photosphere
(Figure 4.1). By peaking though the photosphere, they can form feature like sunspots and
also coronal loops in the upper atmosphere (Moreno-Insertis et al., 1994; Caligari et al.,
1995). In numerical simulations of Caligari et al. (1995), it was shown that magnetic flux
can be stored in the form of flux tubes with a strength of the order of 100 kG in the
tachocline. Undular perturbations cause the flux tube to become unstable and to rise. It
takes about one month to reach the photosphere. They were also able to reproduce the
preferred tilt angle between leading and trailing sunspots in a bipolar region with respect
to the east-west direction.

This model is successful to explain that in cool stars with rotation velocity faster than
the Sun, starspots appear only at high latitudes. Due to the stronger Coriolis force of
these rapidly rotating stars, the flux tube deviates from a radial ascent and moves more
polewards. When the path of an emerging flux tube at solar rotation speed is compared
with one ten times this speed, it is observed that the solar flux tube moves almost radially,
while the flux tube of rapidly rotating star emerge almost parallel to the rotation axis
(Schuessler & Solanki, 1992).

33
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Figure 4.1: A schematic sketch of a emerging magnetic flux tube. Due to magnetic buoyancy the
flux tube rises from the bottom of the convection zone to the solar atmosphere. When
it breaches though the photosphere it forms features like sunspots. After Parker (1955)
and Caligari et al. (1995)

Further investigation of flux tube emergence from the bottom of the convection zone are
still the focus of interest (Fan et al., 1998; Fan, 2008; Cheung et al., 2008). But there are
still unsolved aspects that question the feasibility of this model. The simulations mentioned
above have shown that the flux tubes need a strong magnetic field (of the oder of 100 kG) to
become unstable in the tachocline and rise to the surface without being destroyed. But such
strong magnetic fields are one to two orders of magnitude larger than the corresponding
kinetic energy of the turbulent motions at the tachocline. It is not yet clear whether such
strong magnetic field strengths may be created by dynamo action. The rising of a magnetic
flux tube need an additional twist to remain undestroyed across the 20 pressure scale heights
on its way up to the photosphere (see Figure 4.2)(Fan et al., 1998; Fan, 2008; Cheung et
al., 2008). Simulations of successful large-scale dynamo have shown that its not easy to
get tube-like structures. The magnetic field tends to be more space filling in the final
non-linear stage (Brandenburg, 2005; Käpylä et al., 2008). Another issue is the magnetic
buoyancy. The solar convection zone is strongly stratified and has therefore a concentrated
downdraft and upwellings. As a result, simulations by Nordlund et al. (1992) and Tobias
et al. (1998) have shown an effectively downwards pumping of the magnetic field towards
the bottom of the convection zone. However, in the recent self-consistent simulation by
Guerrero & Käpylä (2011), it was possible to create flux tubes with dynamo-action in a
narrow shearing layer. The maximum magnetic field strength obtained by their simulations
is ∼ 6Beq. Some of the flux tubes are even able to rise up to the surface, but they always
lose their initial coherence.

The basic idea outlined above has been used to model direct the formation of sunspots
in the photosphere (Rempel et al., 2009; Cheung et al., 2010). But in their models, the flux
tube is imposed and the simulation only covers the surface layer of the convection zone and
the photosphere. Nevertheless, these simulation are very successful in describing the main
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Figure 4.2: Upper panel: Evolution of a buoyant horizontal flux tube with purely longitudinal mag-
netic field.
Lower panel: Buoyant rise of a twisted horizontal flux tube with twist that is just above
the minimum which is necessary to remain structure of the flux tube. The color indicates
the longitudinal field strength and the arrows describe the velocity field. Taken from
Fan et al. (1998).

properties and features of sunspots and their formation.

4.2 From the surface layer to the upper atmosphere

Even though the computing power has grown a lot in the last decades, it still very difficult
to have a realistic simulation ranging from the convection to the corona. Therefore, most
of the simulations of flux emergence in the upper atmosphere are limited to the upper-
most 10 Mm of the convection zone and to the 50 or 60 Mm in the corona. But still the
problem of different time scales exists. The large range of time scales is related to the
strong density stratification in the Sun. In the convection zone, the governing time scale
is given by the turnover time which is of the order of days and months. In the corona,
on the other hand, the typical time scale depends on the magnetic field and therefore on
the Alfvén time, which is of the order of seconds. In addition the plasma β changes from
being very high in the convection zone to very low values in the solar corona. Thus, gravity
and pressure dominate beneath the photosphere, whereas the magnetic field dominates
the upper atmosphere. Realistic models, which have the purpose of being comparable
with observations, have also to include radiative transfer processes (even non-LTE) for the
photosphere and chromosphere. However, this is not so important for the magnetic field
structure in the corona. There, optically thin radiative losses, thermal conduction and
heating are more crucial (Hood et al., 2011).
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Figure 4.3: The contour gives the magnitude of the magnetic field at normalized times 20 (top left),
40 (top right), 60 (bottom left) and 80 (bottom right). The gray region indicates the
solar interior out to 1 pressure scale height above the base of the photosphere. Form
Hood et al. (2011).

Following the idea of the emergence of flux tubes (see Section 4.1), most of the simulations
model the rise of such a flux tube to the solar corona (Hood et al., 2011, 2009; Archontis &
Hood, 2010; Murray et al., 2006; Archontis et al., 2004; Fang et al., 2010; Mart́ınez-Sykora
et al., 2008, 2009). In the convection zone the emergence is driven by magnetic buoyancy,
but in the photosphere and the low chromosphere the temperature gradient is not longer
negative so that a flux tube is not longer buoyant. As it is shown in Figure 4.3, a flux tube
rises to the photosphere in the top left panel. Due to the lack of magnetic buoyancy the
flux tube expands horizontally instead of vertically; see Figure 4.3 at the top right and the
bottom left panel. But in the bottom right the tube starts to emerge as a result of the
magnetic buoyancy instability, see Archontis et al. (2004) for details. For this the magnetic
pressure must be higher than the surrounding gas pressure, so the magnetic field of the flux
tube must be sufficiently strong. This occurs mostly if the plasma β is of the order of unity.
However, due to this a significant amount of magnetic flux is trapped in the photosphere
and cannot emerge to the corona.

An interesting and common feature in most of the simulations is the formation of a new
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Figure 4.4: Left panel: Computational box from the convection zone to the corona. The color
table is the temperature. The magnetic flux tube coming from the bottom boundary
is shown by green lines, and the initial (weak) background magnetic field lines by red
lines. The z axis runs from the corona (z = 14Mm, top boundary) to the convection zone
(z = −1.4 Mm, bottom boundary). The authors center their attention on four different
heights, shown in the figure as partial planes with the temperature (gray-scale coded);
at heights z = 10 km (photosphere), z = 234 km (reverse granulation), z = 458 km
(photosphere-chromosphere), and z = 906 km (mid-chromosphere). The black lines at
the left and right side show the heights of the four layers.
Right panel: Computational box from the convection zone to the corona at later time
as seen from the side. Density is shown in color: blue-green-yellow-red in order of
decreasing density. Magnetic field lines are drawn from regions of low density (blue
lines), high density (red lines), and where the magnetic field was open 400 s before
(green lines). The temperature in the photosphere is shown with a gray scale layer.
Taken from Mart́ınez-Sykora et al. (2008, 2009).

flux tube in the atmosphere. If a magnetic field rises rapidly through the photosphere, it can
cause strong shearing motions along the polarity inversion line, which lies between the two
main polarities on the surface (Hood et al., 2009). As a result, the shearing reconnection
can lead to the formation of a new flux tube. The location of the converging flow dictates
weather the new or the original flux tube rises to the corona.

Another important result of several simulations by Fan & Gibson (2004) and by Archontis
et al. (2004) is that the rise of flux tubes can form S-shaped field lines structures, called
sigmoids. It is broadly believed that these sigmoids are likely to lead to eruptive flares or
CMEs. In the right panel of Figure 3.1 an S-shaped sigmoidal structure of Hα ribbons is
shown in the image of a flare event. However, an eruptive event only occurs, if an overlying
coronal field exists and reconnects with the rising flux tube (Hood et al., 2011).

Recent realistic 3D MHD simulation by Mart́ınez-Sykora et al. (2008, 2009) let a flux
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tube rise from the upper convection zone (1.4 Mm under the photosphere) to the corona
(14 Mm). The improvement over previous simulations of Hood et al. (2009); Archontis
& Hood (2010); Murray et al. (2006); Archontis et al. (2004); Fang et al. (2010) is that
the flux tube is released in a self-consistence coronal model. This model includes realistic
magneto-convection with granulation. It includes non-LTE radiative transfer and thermal
heat conduction along the field lines. Due to coronal magnetic field stresses, there is
energy dissipation and heating, so the coronal temperature can build up and be maintained,
comparable with what is found in the simulations of Gudiksen & Nordlund (2005a). In
Figure 4.4 two snapshots of the beginning of this simulation are shown. They conclude
that the twist and strength of magnetic flux tubes are crucial to the amount of flux that
can penetrate to the chromosphere and corona. In agreement with several simulations, for
example by Cheung et al. (2010), the granulation cells in the photosphere expand due to
the emergence of the magnetic field. An interesting effect is the appearance of observed
features like photospheric bright points or bright structures in the chromosphere. They
occur near the edges of the rising flux tube. Looking at the evolution of the flux tube, it
rises to the photosphere and mostly remain there, but some parts become unstable and
emerge to the upper chromosphere. Therefore it is almost impossible to follow the axis
of the flux tube. However, the chromospheric structure changes dramatically during the
emergence. It gets raised from 2-3 Mm up to 6 Mm and pushes the transition region and
the corona aside. But a formation of a second flux tube (Hood et al., 2009) cannot be found.
In the corona the Joule heating get effected by the emerging flux. The heating increase
throughout the atmosphere as the emerging field expanse, and additionally episodic events
of larger amplitude of heating take place Mart́ınez-Sykora et al. (2008, 2009).
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The new approach using a two layer model

In this chapter I will describe the main idea and the motivation using a composite setup
to model eruptive flares and CMEs. I will also give an overview about the two approaches
used in Papers I and II.

5.1 Motivation

The Sun sheds continuously material in eruptive ejections. These ejections have a helical
shape and are mostly called coronal mass ejections (CMEs). CMEs play an important
role for the space weather and can have strong impact on the Earth. Satellites and space
crafts in the Earth’s orbit can be effected and space vehicles outside the Earth’s protecting
magnetosphere can take essential damage. But not only craft also for human themselves it
can be highly risky, if they leave the region, where the Earth magnetic field shields them.
Planing a new voyage to the Moon and especially to Mars, where the journey takes at least
nine months one way, has to take the effect the risk of eruptive flares and CMEs into account.
Until now, there are no models, which are able to predict these eruptions. Nowadays only
due to observation with modern space telescopes, like SOHO, SDO and STEREO it is
possible to have predictions. But just around 46h later after the first detection, the plasma
reaches the Earth. This is the only predictable time we have at the moment. For protons
that are accelerated in a white flare the traveling time is even less. For this reason several
groups of scientist are working on this problem.

But in addition there is another interesting aspect concerning the theory of solar ejections.
As described in Section 2.2, a dynamo can be efficiently quenched by the build-up of
magnetic helicity at very high magnetic Reynolds numbers, which the Sun have. But,
if it is possible to transport the helicity out of Sun, the quenching can be sufficiently
reduced (Blackman & Brandenburg, 2003). As shown in Section 3.1, CMEs tend to have
helical shapes. Therefore it can be concluded, that in combination of shedding plasma also
magnetic helicity gets ejected. Unfortunately it is not yet possible to measure effectively
the current helicity of an eruptive CME, which then would give an estimate, how much
helicity is transported outwards. In this sense, the only way to have an idea about the
amount of helicity, which can be transported out of the Sun via CMEs, is via numerical
simulations.

The importance of numerical CME simulations have to be combine with the choice of the
appropriate model for this issue. In Section 3.2.1 I have presented several models of CMEs
and flares. Even though the selection was far from completeness, all the models have a
few features in common. None of them is self-consistence. On the one hand the magnetic
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field is initially imposed with a certain shape and topology. On the other hand the storage
of the energy and the driving of the eruption is prescribed and depends crucially on the
choice of parameters. However, there are a few models which take the upper part of the
convection zone into account and drive CMEs via flux emergence (Hood et al., 2011).

We know, that the solar dynamo produces helical structures due to the Coriolis force
and the differential rotation. These helical structure are observed in many flare and CME
features and are even used as an initial condition in the most of the numerical CME models.
But to combine dynamo action with a CME model was never considered. There is not a
single model which creates the magnetic field self-consistently in the convection zone, let it
emerge to the photosphere and forms ejections.

Another important aspect that we want to investigate with this new approach is the
emergence of flux without magnetic buoyancy. As described in Sections 2.1.4 and 4.1
magnetic buoyancy is an important effect which has been used to explain most of the flux
emergence features. As also mentioned in Section 4.1, it could be successfully suppressed.
As a conclusion it would be interesting to investigate flux emergence without magnetic
buoyancy. This can give an idea, whether magnetic buoyancy takes this important role for
forming sunspots for example, which has been proposed by many supporters of the rising
flux tube theory.

5.2 The two layer model

To be able to drive CMEs and flare from the dynamo-generated field, we have to combine
the convection zone with the solar corona. The photosphere and chromosphere are not the
main focus of interested. Also, their main physical properties are not relevant either for
the dynamo nor for the magnetic structures in the corona. For simplicity, we take a lower
layer which represents the convection zone and a upper layer which represents a isothermal
corona and put them on top of each other. The important aspect is, that there are two
layers in one simulation. The different properties, i.e. solving different equations in the
lower or top layer is imposed by using a error function:

Θw(x) = 1
2 [1− erf(x/w)] , (5.1)

where w is the width of the transition at the border between the two layers. A certain term
of an equation will be set smoothly to zero in one layer, in the other it will be included
in the computation. This method has once been used in modeling the buoyant ascent of a
hot bubble through an adiabatic atmosphere into a zero-gravity layer above; see Fig. 10 of
Brandenburg & Hazlehurst (2001). With this trick, it is possible to solve different equation
in the two different layers in one simulation. Even the setup is more complex in Paper
II than in Paper I, it is still a simplified model. To avoid magnetic buoyancy and save
computing time, we choose an isothermal plasma and neglect solving an energy equation.
Of course under these conditions, we are not able to use convection to drive a dynamo.
Therefore we add a forcing term in the momentum equation, which then represent the
effect of convection that act on the plasma and especially on the magnetic field. We use
helical forcing to get a large-scale dynamo, a helical magnetic field and to represent the
differential rotation. The forcing is confined to the lower layer and suppressed in the upper
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Figure 5.1: Schematic sketch of the model setup.
Left panel: A Cartesian box from Paper I.
Right panel: A spherical wedge from Paper II.

one. For CME and corona simulation it is important to apply the right magnetic boundary
condition for the upper boundary. We choose a vertical field boundary condition due to
the fact that at a solar radii of r = 1.5− 2.0R� the magnetic field become vertical. This is
a result of the solar wind pressure, which opens up the field lines. We perform mean-field
and direct numerical simulations with the Pencil Code1, which is a modular high-order
code (sixth order in space and third-order in time, by default) for solving a large range
of partial differential equations, including the ones relevant in the present context. In the
following sections, I will describe the setup in more details.

5.3 Paper I

In Paper I we use Cartesian coordinates. At a first step it is reasonable to use a Cartesian
box with a simplified model. As simplification we use a force-free model, see Section 2.4.2
with a initial constant density for both layers. In the lower layer, later referred to as the
turbulence zone in Paper I and Paper II, we add the forcing function and a pressure
term to the momentum equation. In addition, we also solve the continuity equation in the
turbulence zone.

The boundaries in x and y direction are fully periodic. For the velocity we employ
stress-free boundary conditions at top and bottom for the magnetic field we adopt perfect
conductor boundary conditions at the bottom and vertical-field or pseudo-vacuum con-
ditions at the top. Note that no mass is allowed to escape at the top. In most of the
simulations of Paper I we use a cubic box, with a edge length of 2π. The turbulence
zone is confined in the lower third, so that the coronal part take the upper two third, see
Figure 5.1 In some simulations, we extend the height by a factor of two or four, but let the
turbulent zone have the same extension. The section 2 and 3 of Paper I further details

1http://pencil-code.googlecode.com
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are given.

5.4 Paper II

In Paper II we go a step further and extend our model to the spherical polar coordinate
system. There are several motivations for this extension. First of all, if one wants to study
simulation, which should represent a large part of the Sun, the curvature can be neglected
anymore. Second, density stratification and gravity, we also include now in our model, can
be strongly effected by the curvature of the model. Third, we are now able to study the
two different solar hemisphere, including the different properties.

The wedge has a radial extension of 0.7R� to 2R�, where the turbulence zone is confined
to the convection zone (0.7R� to 1R�) and the outer layer extends to 2R�. In latitudinal
θ and azimuthal φ direction we restrict the model to a small wedge of the range π/3 ≤ θ ≤
2π/3, corresponding to ±30◦ latitude, and 0 < φ < 0.3, corresponding to a longitudinal
extent of 17◦, see Figure 5.1.

As mentioned above, we take gravity and density stratification into account. Therefore
we are not using the equation of the force-free model any more. The equation of motion
extend then to:

DU

Dt
= −∇h + g + J ×B/ρ + F visc + Θw(r)F for, (5.2)

where F visc = ρ−1∇ · (2ρνS) is the viscous force, ν is the kinematic viscosity, Sij =
1
2(Ui;j +Uj;i)− 1

3δij∇ ·U is the traceless rate-of-strain tensor, semi-colons denote covariant
differentiation, g = −GMr/r3 is the gravitational acceleration, h = c2

s ln ρ is the specific
pseudo-enthalpy, and cs = const is the isothermal sound speed, and F for is a forcing function
that drives helical turbulence in the interior. The forcing is such that the kinetic helicity of
the turbulence is negative in the northern hemisphere and positive in the southern. Θw is
the error function to connect the two layers, see Equation (5.1). We choose GM/R�c2

s = 3,
so r∗ = 1.5R� lies within our domain.

The boundary conditions in radial direction in Paper I are the same as for the vertical
in Paper II. In the azimuthal direction, our wedge is periodic. For the velocity, we use
stress-free boundary conditions on all other boundaries. For the magnetic field we employ
the two θ boundaries. The section 2 of Paper II further details are given.



Chapter 6

Major results presented in Papers I and II

In this chapter I summarize the major results of Papers I and II. Because the two papers
belong to one project, this chapter is not divided in two paper, but rather in different
topics, that were discussed in both papers in most cases.

6.1 Dynamo in the turbulence zone

In the Cartesian and spherical setup it is possible to create a large-scale field by dynamo
action in the turbulence layer. Just by imposing a seed magnetic field, the helical forced
turbulence can produce a large scale field due to dynamo action. The magnetic field grows
first exponentially, then reaches saturation after a few hundred turnover times. In the
simulations of Paper I, the magnetic field strength reaches values up to equipartition field
strength, in the simulations of Paper II even values of one and half times the equipartition
field strength. In both cases the magnetic field is much stronger in the turbulent layer and
decreases exponentially to the exterior.

In Paper I the large scale-field shows a systematic variation in one of the horizontal
directions. Due to the symmetry of simulation box, a preferred horizontal direction is not
determined. Apart from a small migration the pattern of the large scale field has always the
same sinusoidal variation. This is also shown in Figure 6.3, where the normal component
of the field at the interface at z = 0 between the turbulence zone and exterior is visualized.

Due to the sign change of alpha in two hemispheres in the model of Paper II, we observe a
slightly different behavior. The magnetic field strength oscillates and shows an equatorward
migration as shown in Figures 6.1 and 6.2. In the northern and southern hemisphere the
dynamo creates a magnetic field with an opposite sign. The field of one polarity moves
to the equator, merges with the other polarity and gets ejected. This cycle repeats with
reversed polarity in the same hemisphere. The period of this dynamo oscillation is of the
order of 200 turnover times and seems to have a small dependence on the magnetic Reynolds
number. As shown in Figure 6.2, the first and the last wedge have the same topology, just
the polarity of the field is inverted.

6.2 Forming of arcade structures

As the field travels from the interior to the exterior, the magnetic field lines are forming
arcade structures. In the simulations of Paper I these structures have a significant appear-
ance. As shown in the two visualizations of Figure 6.3, magnetic field lines (in red) connect
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Figure 6.1: Periodic variation of 〈Bφ〉r and 〈Br〉r in the turbulence zone. Dark blue stands for
negative and light yellow for positive values. The dotted horizontal lines show the
location of the equator at θ = π/2. The magnetic field is normalized by the equipartition
value. Taken from Paper II.

Figure 6.2: Equatorward migration, as seen in visualizations of Br at the surface of r = R over a
horizontal extent ∆θ = 58◦ and ∆φ = 17◦. Taken from Paper II.

from one polarity to the other at the boundary of the two layer, or connect to the upper
boundary. This structure is very similar to the magnetic field line topology in X-Points
of eruptive flare and CME events, see Section 3 and Figures 3.4 and 3.6. In fact, we find
a current sheet forming in the X-Point: the current density has a strong concentration at
this location, as shown in the left panel of Figure 6.3. In a simulation which would allow
ohmic heating and would solve a energy equations, it would correspond to a large heating
source. The formation arcade structures and X-points is unique event, but was found to
be recurrent as describe below.
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Figure 6.3: Left panel: Magnetic field structure in the upper layer of the domain. Field lines
are shown in red and the modulus of the current density is shown in pink with semi-
transparent opacity. Note the formation of a vertical current sheet above the arcade.
Right panel: Structure of magnetic field lines in the exterior, together with a represen-
tation of the normal component of the field at the interface at between turbulence zone
and exterior. Green represents a positive and blue a negative value of Bz.
Both taken from Paper I.

6.3 Plasmoidal ejections and CME-like structures

The most important result of Paper I and Paper II is that it is possible to create plas-
moidal ejections and CME-like structures with a very simplified model. In the cartesian
simulations of Paper I, is clearly seen, that anti-aligned vertical fields lines reconnect above
the neutral line and form a closed arch with plasmoid ejections above. In Figure 6.4 one
can see explicitly the formation of a plasmoid being ejected outwards. In the spherical
simulation of Paper II, these plasmoidal ejections do not have the typical shape obtained
in Paper I or in Mikic et al. (1988) and Ortolani & Schnack (1993), for the topology
magnetic field lines. But the eruptions occurring in the spherical simulation have a shape
similar to observed CME structures. As shown in Figure 6.5, where the azimuthally aver-
aged current helicity is plotted, the ejections exhibits a typical three-part structure. One
can recognize the front loop or bow-like structure, followed by a bubble of the opposite
polarity. In between these two the current helicity is very small and forms a void. This
three-part structure has been obtained in observation (Figure 3.3) and as a result of the
standard model (Figure 3.5). Even though the conditions under which a CME is formed in
the latter differs fundamentally from the simulation setup we use. However, it is remarkable
to have this very similar shape. It should also be noted that due to the isothermal equation
of state and the closed boundary at the top, the plasma is not accelerated by Joule heating
and can not leave the simulation domain.
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Figure 6.4: Time series of the formation of a plasmoid ejection. Contours of 〈Ax〉x are shown
together with a color-scale representation of 〈Bx〉x; blue stands for negative and yellow
for positive values. The contours of 〈Ax〉x correspond to field lines of 〈B〉x in the yz
plane. The dotted horizontal lines show the location of the surface at z = 0. Taken from
Paper I.

6.4 Recurrent events

All the events mentioned above are recurrent phenomena. Even though the magnetic field
in the dynamo region in Paper I shows no significant oscillation pattern, the formation
of arcade structure with subsequent plasmoidal ejections happens continuously. So during
the ejection of a plasmoid a new arcade is formed. In order to demonstrate the recurrence
of the ejections, it is convenient to look at the evolution of the current density versus time
and height. In the right panel of Figure 6.6, the recurrent plasmoidal ejections are shown
for one simulation from Paper I. It turns out that the ejection speed is approximately half
of the root mean squared (rms) velocity of the turbulence in the interior and correspond
to around half of the Alfvén speed. The interval of the ejections depends strongly on the
kinetic and magnetic Reynolds number and is between 250 turnover times for low values of
ReM and 800 turnover times for high values of RM.

In the more realistic runs in spherical coordinates of Paper II, the coronal ejections
are recurrent. In the right panel of Figure 6.6, the current helicity evolution is plotted
for one simulation from Paper II. The recurrent ejections are quite distinct and have a
typical speed between 40% to 50% of the rms velocity of the turbulence in the interior and
correspond to approximately 70% of the Alfvén speed. Note, the current helicity has been
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Figure 6.5: Time series of coronal ejections in spherical coordinates. The normalized current helicity
µ0R J ·B/〈B2〉t is shown in a color-scale representation for different times; dark blue
stands for negative and light yellow for positive values. The dotted horizontal lines show
the location of the surface at r = R. Taken from Paper II.

averaged over the φ-direction and over a small θ band(20◦-28◦) in each hemisphere, because
the shape of ejections do not have the same curvature as the sphere and the current helicity
changes the sign across the equator, see Figure 6.5.

6.5 Magnetic helicity evolution

In Paper II we also looked at the evolution and transport of magnetic and current helicity.
A surprising result is the difference in the current helicity between the turbulence zone and
the exterior, as can be seen in the left panel of Figure 6.7, where the current helicity, which
is averaged over φ and time, is plotted over the colatitude θ and the radius r/R�. In
the turbulence zone the current helicity is negative in the north and positive in the south
because helicity of the forcing function was chosen to execute this behavior. In the outer
layers the sign of the current helicity tend to have changed, so it is positive in the northern
hemisphere and negative in the southern.

Even though we have averaged the result over several thousand turnover times, the
behavior is only approximately obeyed. However, there are recent results obtained for solar
wind data (Brandenburg et al., 2011) that support these results. For their results, they
used the Taylor hypothesis to calculate the magnetic helicity out of measurement of the
latitudinal and azimuthal magnetic field at different times by using the Ulysses space
craft. We applied the same idea to our simulations using the mean speed of plasmoidal
and coronal ejections. In the right panel of Figure 6.7 we show the results for the northern
hemisphere, as well as a time series of the two relevant components Bθ and Bφ. The results
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Figure 6.6: Left panel: Dependence of the normalized current density 〈J · B〉H/〈B2〉H versus the
turnover time τ and height z with magnetic Reynolds number ReM = 3.4. Blue stands
for negative and red for positive values. The dashed horizontal line shows the location
of the surface at z = 0. Taken from Paper I.
Right panel: Dependence of the dimensionless ratio µ0R J ·B/〈B2〉t on time t/τ and
radius r in terms of the solar radius. The left panel shows a narrow band in θ in the
northern hemisphere and the right one a thin band in the southern hemisphere. In both
plots we have also averaged in latitude from 20◦ to 28◦. Dark blue stands for negative
and light yellow for positive values. The dotted horizontal lines show the location of the
surface at r = R. Taken from Paper II.

suggest positive magnetic helicity in the north smaller length scales. It also agrees with the
current helicities determined using explicit evaluation in real space.



6.5 Magnetic helicity evolution 49

Figure 6.7: Left panel: Current helicity averaged over 3900 turnover times. Legend is the same as
in Figure 6.5. Blue is negative, the yellow positive.
Right panel: Helicity in the northern outer atmosphere. The values are written out at the
point, r = 1.5 R, 90◦ − θ = 17◦, and φ = 9◦. Top: Phase relation between the toroidal
Bφ and poloidal Bθ field, plotted over time t/τ . Bottom: Helicity H(k) is plotted over
normalized wave number kR. The Helicity is calculated with the Taylor hypothesis out
of the Fourier transformation of the poloidal and toroidal field.
Both taken from Paper II.
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Chapter 7

Outlook

Modeling flares and CMEs with dynamo-driven flux emergence is a project that will be
continued. Even though we have already achieve new some remarkable results, these were
only the first steps and there are many more that can follow. We are modeling both the
dynamo and the solar corona in simplistic ways. This has the advantage that it allows us
to combine these two regions in a two layer model of a single simulation in an easy way.
Further work will mainly focus on improving the two layers of our model by making them
more realistic.

First of all, our goal is to use more computing power to reach higher Reynolds numbers.
Especially in the simulations of Paper II the Reynolds numbers were relatively small, and
effects due to larger Reynolds number could not be studied. In this context, it would also
be important to increase the size of the wedge significantly. Using a larger extent in the
latitudinal and azimuthal directions is interesting, because the dynamo frequency might
depend on the size of the turbulence zone.

Another project could be to use the existing simulations of Papers I and II and in-
vestigate the ejection of magnetic helicity. Is the amount of magnetic helicity being shed
from the domain enough for alleviating the catastrophic quenching? Is an upper nearly
force-free layer, like we use in our simulations, a good approach for replacing effectively the
boundary condition of the dynamo? These are questions that can be discussed and may be
answered.

There are many ways in which the current model can be extended and made more realis-
tic. In the spherical simulations of Paper II we include gravity and density stratification,
which should form a Parker wind with a critical point inside the simulation box. But with a
closed boundary, we suppress this wind. With a radial extent of 2 solar radii and a critical
point of r∗ = 1.5 R, the wind in the dynamo region and at the surface would be far too
large. The dynamo is not strong enough to maintain the magnetic field in the turbulent
layer, because it gets blown outwards too fast. However, the Parker wind is believed to play
an important role in the ejection of plasma and magnetic fluxes, as well as the formation
of structures in the coronal magnetic field. Therefore a further step to improve our model,
would be to extend the wedge size radially and to allow a Parker wind to form.

Including differential rotation could be another possibility to improve the dynamo simu-
lation. The rotation can cause a Parker spiral that is known to produce magnetic helicity
of its own. It would then be interesting to see how this affects the magnetic helicity distri-
bution seen in the present model.

An upgrade to a more realistic model could be to remove the simplification of an isother-
mal plasma and to create the magnetic field with a convective dynamo in the lower layer.
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Whether the isothermal condition can then still be retained in the upper layers is question-
able, but the alternative of a realistic corona model is computationally very expensive.
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In the beginning of the project of Paper II, I spent time together with one of the co-
authors transforming the equations and the setup of the Cartesian model into spherical
version and implementing this in the Pencil Code. I did the parameter study to find a
domain with stable running simulation and performed all of the runs we used in Paper II.
In addition, I coded a few analysis tools applied in IDL and the Pencil Code. I did most
of the analysis and made all the plots we used in the paper. The actual writing of Paper
II was done in collaboration with the co-authors.
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ABSTRACT

Aims. Twisted magnetic fields are frequently seen to emerge above the visible surface of the Sun. This emergence is usually associated
with the rise of buoyant magnetic flux structures. Here we ask how magnetic fields from a turbulent large-scale dynamo appear above
the surface if there is no magnetic buoyancy.
Methods. The computational domain is split into two parts. In the lower part, which we refer to as the turbulence zone, the flow is
driven by an assumed helical forcing function leading to dynamo action. Above this region, which we refer to as the exterior, a nearly
force-free magnetic field is computed at each time step using the stress-and-relax method.
Results. Twisted arcade-like field structures are found to emerge in the exterior above the turbulence zone. Strong current sheets tend
to form above the neutral line, where the vertical field component vanishes. Time series of the magnetic field structure show recurrent
plasmoid ejections. The degree to which the exterior field is force free is estimated as the ratio of the dot product of current density
and magnetic field strength to their respective rms values. This ratio reaches values of up to 95% in the exterior. A weak outward flow
is driven by the residual Lorentz force.

Key words. magnetohydrodynamics (MHD) – turbulence – stars: magnetic field – Sun: dynamo –
Sun: coronal mass ejections (CMEs)

1. Introduction

The magnetic field at the visible surface of the Sun is known to
take the form of bipolar regions. Above these magnetic concen-
trations the field continues in an arch-like fashion. These forma-
tions appear usually as twisted loop-like structures. These loops
can be thought of as a continuation of more concentrated flux
ropes in the bulk of the solar convection zone. However, this in-
terpretation is problematic because we cannot be certain that the
magnetic field in the Sun is generated in the form of flux ropes.
Indeed, simulations of successful large-scale dynamos suggest
that concentrated tube-like structures are more typical of the
early kinematic stage, but in the final nonlinear stage the field
becomes more space-filling (Brandenburg 2005; Käpylä et al.
2008). The idea that the dynamics of such tubes is governed by
magnetic buoyancy is problematic too, because the solar con-
vection zone is strongly stratified with concentrated downdrafts
and broader upwellings. This leads to efficient downward pump-
ing of magnetic field toward the bottom of the convection zone
(Nordlund et al. 1992; Tobias et al. 1998). This downward pump-
ing is generally found to dominate over magnetic buoyancy. The
question then emerges whether magnetic buoyancy can still be
invoked as the main mechanism for causing magnetic flux emer-
gence at the solar surface. Another possible mechanism for the
emergence of magnetic field at the solar surface might simply
be the relaxation of a strongly twisted magnetic field in the
bulk of the convection zone. Twisted magnetic fields are pro-
duced by a large-scale dynamo mechanism that is generally be-
lieved to be the motor of solar activity (Parker 1979). One such
dynamo mechanism is the α effect that produces a large-scale
poloidal magnetic field from a toroidal one. However, this mech-
anism is known to produce magnetic fields of opposite helicity

(Seehafer 1996; Ji 1999). This magnetic helicity of opposite sign
is an unwanted by-product, because it quenches the dynamo ef-
fect (Pouquet et al. 1976). A commonly discussed remedy is
therefore to allow the helicity of small-scale field to leave the do-
main, possibly in the form of coronal mass ejections (Blackman
& Brandenburg 2003).

In order to study the emergence of helical magnetic fields
from a dynamo, we consider a model that combines a direct sim-
ulation of a turbulent large-scale dynamo with a simple treatment
of the evolution of nearly force-free magnetic fields above the
surface of the dynamo. An additional benefit of such a study is
that it alleviates the need for adopting a boundary condition for
the magnetic field at the top of the dynamo region. This is im-
portant, because it is known that the properties of the generated
large-scale magnetic field strongly depend on boundary condi-
tions. A common choice for the outer boundary condition is to
assume that the magnetic field can be matched smoothly to a po-
tential field. Such a condition is relatively easily implemented in
calculations employing spherical harmonic functions (see, e.g.,
Krause & Rädler 1980). A more realistic boundary condition
might be an extrapolation to a force-free magnetic field where
the Lorentz force vanishes in the exterior. This means that the
current density is proportional to the local magnetic field, but
the constant of proportionality depends generally on the mag-
netic field itself. This renders the magnetic boundary condition
nonlinear, which is therefore not easy to implement. Moreover,
a perfectly force-free magnetic field is not completely realistic
either. Instead, we know that above the solar surface, magnetic
fields drive flares and coronal mass ejections through the Lorentz
force. A more comprehensive approach would be to include in
the calculations the exterior regions above the solar or stellar
surface. This can be computationally prohibitive and a realistic
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treatment of that region may not even be necessary. It may
therefore make sense to look for simplifying alternatives. One
possibility is therefore to attempt an iteration toward a nearly
force-free magnetic field such that the field can deviate from a
force-free state locally in regions where the field cannot easily
be made force-free. This could be done by solving the induction
equation with an additional ambipolar diffusion term, which im-
plies the presence of an effective velocity correction proportional
to the local Lorentz force. This is sometimes called the magneto-
frictional method and has been introduced by Yang et al. (1986)
and Klimchuk & Sturrock (1992). In this approach the electro-
motive force attains not only a term in the direction of B, but also
a term in the direction of J (Brandenburg & Zweibel 1994). The
latter corresponds to a diffusion term, which explains the diffu-
sive aspects of this effect. However, the resulting ambipolar dif-
fusivity coefficient is proportional to B2 and can locally become
so large that the computational time step becomes significantly
reduced. This is a typical problem of parabolic equations. A bet-
ter method is therefore to turn the problem into a hyperbolic one
and to solve an additional evolution equation for the velocity
correction where the driving force is the Lorentz force. This ap-
proach is sometimes called the “force-free model” (FFM), even
though the field in this model is never exactly force-free any-
where (Mikić et al. 1988; Ortolani & Schnack 1993). In the con-
text of force-free magnetic field extrapolations this method is
also known as the stress-and-relax method (Valori et al. 2005).

2. Equations for the force-free model

The equation for the velocity correction in the force-free model
(FFM) is similar to the usual momentum equation, except that
there is no pressure, gravity, or other driving forces on the right-
hand side. Thus, we just have

DU
Dt
= J × B/ρ + Fvisc, (1)

where J × B is the Lorentz force, J = ∇ × B/μ0 is the current
density, μ0 is the vacuum permeability, Fvisc is the viscous force,
and ρ is here treated as a constant corresponding to a prescribed
density. Equation (1) is solved together with the induction equa-
tion. In order to preserve∇ ·B = 0, we write B = ∇× A in terms
of the vector potential A and solve the induction equation in the
form
∂A
∂t
= U × B + η∇2 A, (2)

where we have adopted the so-called resistive gauge in which
the electrostatic potential is equal to −η∇ · A and the magnetic
diffusivity η is assumed constant. The value of η will be given
in terms of the magnetic Reynolds number, whose value will be
specified below. No continuity equation for ρ is solved in this
part of the domain, because there is no pressure gradient in the
momentum equation.

In the following we couple such a model for the magnetic
field above the solar photosphere to a simulation of a large-scale
dynamo. In order to keep matters simple, we restrict ourselves to
the case of an isothermal equation of state with constant sound
speed cs. Our goal is then to analyze the appearance of the re-
sulting magnetic field above the surface of the dynamo and to
study also the effects on the dynamo itself.

3. The model

The idea is to combine the evolution equations for the dynamo
interior with those of the region above by simply turning off

those terms that are not to be included in the upper part of the
domain. We do this with error function profiles of the form

θw(z) = 1
2

(
1 − erf

z
w

)
, (3)

where w is the width of the transition. Thus, the momentum
equation is assumed to take the form

DU
Dt
= θw(z) (−∇h + f ) + J × B/ρ + Fvisc, (4)

where Fvisc = ρ
−1∇ · (2ρνS) is the viscous force, Si j =

1
2 (Ui, j +

U j,i) − 1
3δi j∇ · U is the traceless rate-of-strain tensor, commas

denote partial differentiation, h = c2
s ln ρ is the specific pseudo-

enthalpy, cs = const is the isothermal sound speed, and f is
a forcing function that drives turbulence in the interior. The
pseudo-enthalpy term emerges from the fact that for an isother-
mal equation of state the pressure is given by p = c2

sρ, so the
pressure gradient force is given by ρ−1∇p = c2

s∇ ln ρ = ∇h. The
continuity equation can either be written in terms of h

Dh
Dt
= −c2

sθw(z)∇ · U, (5)

where we have inserted the θw(z) factor to terminate the evolution
of h in the exterior, or in terms of ρ,

∂ρ

∂t
= −∇ · [θw(z) ρU

]
, (6)

which serves the same purpose, but also preserves total mass.
Most of the runs presented below are carried out using Eq. (5),
but comparisons using Eq. (6) resulted in rather similar behavior.

The forcing function consists of random plane helical
transversal waves with wavenumbers that lie in a band around
an average forcing wavenumber kf . These waves are maximally
helical with ∇ × f ≈ kf f , so the helicity is positive. This type of
forcing was also adopted in Brandenburg (2001) and many other
recent papers. The profile function θw(z) in front of the forcing
term restricts the occurrence of turbulence mostly to the dynamo
region, z < 0. The forcing amplitude is chosen such that the rms
velocity in this region, urms, is about 4% of the sound speed.

We adopt non-dimensional units by measuring density in
units of the initially constant density ρ0, velocity in units of cs,
and length in units of k−1

1 , where k1 = 2π/Lx is the minimal
wavenumber in the x direction with an extent Lx. In most of the
cases reported below, the vertical extent is Lz1 ≤ z ≤ Lz2 with
Lz1 = −Lx/3 and Lz2 = 2Lx/3. In a few cases we shall consider
larger domains where the domain is two or four times larger in
the z direction than in the horizontal directions. The extent of the
domain in the y direction is Ly = Lx. We adopt periodic boundary
conditions in the x and y directions. For the velocity we employ
stress-free boundary conditions at top and bottom, i.e.

Ux,z = Uy,z = Uz = 0 on z = Lz1, Lz2, (7)

for the magnetic field we adopt perfect conductor boundary con-
ditions at the bottom, which corresponds to

Ax = Ay = Az,z = 0 on z = Lz1, (8)

and vertical-field or pseudo-vacuum conditions at the top, i.e.,

Ax,z = Ay,z = Az = 0 on z = Lz2. (9)

Note that no mass is allowed to escape at the top. Although this
restriction does not seem to affect the results of our simulations
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significantly, it might be useful to adopt in future applications
outflow boundary conditions instead.

Our model is characterized by several dimensionless pa-
rameters. Of particular importance is the magnetic Reynolds
number,

ReM = urms/ηkf , (10)

where kf is the wavenumber of the energy-carrying eddies. The
ratio of viscosity to magnetic diffusivity is the magnetic Prandtl
number, PrM = ν/η. In most of our simulations we use PrM = 1.
The typical forcing wavenumber, expressed in units of the box
wavenumber, kf/k1, is another important input parameter. In our
simulations this value is 10. For the profile functions we take a
transition width w with k1w = 0.1 in most of the runs, but in
some cases it is 0.2. The magnetic field is expressed in terms of
the equipartition value, Beq, where B2

eq = μ0〈ρu2〉, and the ave-
rage is taken over the turbulence zone. We measure time in non-
dimensional units τ = turmskf , which is the time normalized to
the eddy turnover time of the turbulence. As initial condition we
choose a hydrostatic state, U = 0, with constant density ρ = ρ0,
and the components of the magnetic vector potential are random
white noise in space with Gaussian statistics and low amplitude
(10−4 below equipartition).

In this paper we present both direct numerical simulations
and mean-field calculations. In both cases we use the Pencil
Code1, which is a modular high-order code (sixth order in space
and third-order in time) for solving a large range of different
partial differential equations.

4. Results

We begin by considering first hydrodynamic and hydromag-
netic properties of the model. In the turbulence zone the velocity
reaches quickly a statistically steady value, while in the exterior
it takes about 1000 turnover times before a statistically steady
state is reached. This is seen in Fig. 1, where we show urms(z) at
different times. In the following we discuss the properties of the
magnetic field that is generated by the turbulence.

4.1. Dynamo saturation

Dynamo action is possible when ReM reaches a critical value
Recrit

M that is about 0.5 in our case. The situation is only slightly
modified compared with dynamo saturation in a periodic do-
main. For not too large values of ReM the dynamo saturates rel-
atively swiftly, but for larger values of ReM the magnetic field
strength may decline with increasing value of ReM (Brandenburg
& Subramanian 2005). An example of the saturation behavior is
shown in Fig. 2, where ReM ≈ 3.4. The initial saturation phase
(100 ≤ τ ≤ 500) is suggestive of the resistively slow satura-
tion found for periodic domains (Brandenburg 2001), but then
the field declines somewhat. Such a decline is not normally seen
in periodic domains, but is typical of dynamo action in domains
with open boundaries or an external halo (see Fig. 5 of Hubbard
& Brandenburg 2010a). The field strength is about 78% of the
equipartition field strength, Beq.

In all cases the magnetic field is strongest in the turbulence
zone, but it always shows a systematic variation in one of the
two horizontal directions. It is a matter of chance whether this
variation is in the x or in the y direction. Comparison of different
runs shows that both directions are about equally possible (see

1 http://pencil-code.googlecode.com

Fig. 1. Vertical dependence of the rms velocity at different times. Note
the drop of urms(z) from the turbulence zone to the exterior by a factor
of about 3−5. The inset shows urms(z) in the exterior at different times.

Fig. 2. Initial exponential growth and subsequent saturation behavior
of the magnetic field in the interior for forced turbulence with dynamo
action.

below). Also, the magnetic field pattern shows sometimes a slow
horizontal migration, but this too seems to be a matter of chance,
as will be discussed below.

4.2. Arcade formation

After some time the magnetic field extends well into the exterior
regions where it tends to produce an arcade-like structure, as
seen in Figs. 3 and 4. The arcade opens up in the middle above
the line where the vertical field component vanishes at the sur-
face. This leads to the formation of anti-aligned field lines with
a current sheet in the middle; see Figs. 3 and 4. The dynami-
cal evolution is seen clearly in a sequence of field line images
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Fig. 3. Magnetic field structure in the dynamo exterior at τ = 1601.
Field lines are shown in red and the modulus of the current density is
shown in pink with semi-transparent opacity. Note the formation of a
vertical current sheet above the arcade.

Fig. 4. Structure of magnetic field lines in the exterior, together with
a representation of the normal component of the field at the interface
at z = 0 between turbulence zone and exterior at τ = 1601. Green
represents a positive and blue a negative value of Bz.

in Fig. 5 where anti-aligned vertical field lines reconnect above
the neutral line and form a closed arch with plasmoid ejection
above. This arch then changes its connectivity at the foot points
in the sideways direction (here the y direction), making the field
lines bulge upward to produce a new reconnection site with anti-
aligned field lines some distance above the surface. Note that this
sideways motion takes the form of a slowly propagating wave.
However, it is a matter of chance whether this wave propagates
in the positive or negative coordinate direction, as will be shown
below in Sect. 4.4.

Field line reconnection is best seen for two-dimensional
magnetic fields, because it is then possible to compute a flux
function whose contours correspond to field lines in the cor-
responding plane. In the present case the magnetic field varies
only little in the x direction, so it makes sense to visualize the
field averaged in the x direction. Since the averaging commutes
with the curl operator, we can also average the x component of
the magnetic vector potential, i.e. we compute 〈Ax〉x, where the
second subscript indicates averaging along the x direction. This
function corresponds then to the flux function of the magnetic
field in the yz plane and averaged along the x direction. In Fig. 6

we plot contours of 〈Ax〉x, which correspond to poloidal field
lines of 〈B〉x in the yz plane. This figure shows clearly the re-
current reconnection events with subsequent plasmoid ejection.
We also compare with a color/grey scale representation of the
x component of the x-averaged magnetic field, 〈Bx〉x. Note that
in the exterior the contours of 〈Bx〉x trace nearly perfectly those
of 〈Ax〉x. This suggests that the x-averaged magnetic field has
nearly maximal magnetic helicity in the exterior. This is also in
agreement with other indicators that will be considered below.

4.3. Averaged field properties

The magnetic field is largely confined to the turbulence zone
where it shows a periodic, nearly sinusoidal variation in the y di-
rection. Away from the turbulence zone the field falls off, as can
be seen from the vertical slice shown in Fig. 7. Near the top
boundary, some components of the field become stronger again,
but this is probably an artifact of the vertical field condition em-
ployed in this particular case.

In order to describe the vertical variation of the mag-
netic field in an effective manner, it is appropriate to Fourier-
decompose the field in the two horizontal directions and to de-
fine a complex-valued mean field as

B
lm
i (z, t) =

∫ ∫
dx
Lx

dy
Ly

B(x, y, z, t) e2πi(lx/Lx+my/Ly), (11)

where superscripts l and m indicate a suitable Fourier mode.
In Fig. 8 we plot absolute values of the three components of
B01(z, t) as a function of z for a time representing the final satu-
rated state. This figure shows quite clearly a relatively rapid de-
cline of |By| with z, while |Bx| and |Bz| level off at values that are
still about 40% of that in the turbulence zone. This suggests that
our model is suitable to describe the evolution of magnetic fields
in the dynamo exterior. Earlier simulations of coronal loops and
coronal heating (Gudiksen & Nordlund 2002, 2005; Peter et al.
2004) demonstrate that the dynamics of such fields is controlled
by the velocity properties at their footpoints, which is here the
interface between the turbulence zone and the dynamo exterior.

4.4. Force-free versus current free

Already the straightforward inspection of magnetic field lines
viewed from the top suggests that the magnetic field is twisted
and forms a left-handed spiral; see Fig. 9. This is indeed the
orientation expected for turbulence with positive kinetic helicity,
producing a negative α effect and hence magnetic spirals with
negative helicity at the scale of the domain.

We expect the magnetic field in the dynamo exterior to be
nearly force free, i.e., we expect 〈(J × B)2〉H to be small com-
pared with 〈B2〉H〈J2〉H. Here, 〈·〉H denotes an xy average. In or-
der to characterize the degree to which this is the case, we define
the quantities

k2
J×B = μ

2
0
〈(J × B)2〉H
〈B4〉H , k2

J·B = μ
2
0
〈(J · B)2〉H
〈B4〉H , (12)

and note that

k2
J×B

k2
JB

+
k2

J·B
k2

JB

= 1, (13)

with k2
JB = μ

2
0〈J2〉H/〈B2〉H. In Fig. 10 we show k2

J×B and k2
J·B

as functions of z. Given that k2
J×B/k

2
JB has values below 0.1, it is
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Fig. 5. Time series of arcade formation and decay. Field lines are colored by their local field strength which increases from pink to green. The
plane shows Bz increasing from red (positive) to pink (negative). The normalized time τ is giving in each panel.

Fig. 6. Time series of the formation of a plasmoid ejection. Contours of 〈Ax〉x are shown together with a color-scale representation of 〈Bx〉x; dark
blue stands for negative and red for positive values. The contours of 〈Ax〉x correspond to field lines of 〈B〉x in the yz plane. The dotted horizontal
lines show the location of the surface at z = 0.

evident that the field is indeed nearly force free in the exterior.
In the turbulence zone, on the other hand, the Lorentz force is
quite significant.

To prove the existence of a force-free structure, it is conve-
nient to calculate the angle χ between J and B. We expect χ to

be 0 or π for an ideal force-free environment. In Fig. 11 we show
the distribution of values of χ plotted over the height z. One sees
that, in the exterior, the angle χ is close to π, but it drops to π/2
at the very upper part, where the normal field condition enforces
that J and B are at right angles to each other.
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Fig. 7. Slice of Bz through an arbitrarily chosen cross-section x = const.
Note the periodicity with nearly sinusoidal variation in the y direction,
and the more nearly monotonous fall-off in the z direction.

Fig. 8. Vertical dependence of the moduli of the components of B, as
defined in Eq. (11).

In order to demonstrate that plasmoid ejection is a recurrent
phenomenon, it is convenient to look at the evolution of the ra-
tio 〈J · B〉H/〈B2〉H versus τ and z. This is done in Fig. 12 for
Lz = 6.4 and ReM = 3.4 (Run A) and in Fig. 13 for Lz = 8π
and ReM = 6.7 (Run B1). It turns out that in both cases the typ-
ical speed of plasmoid ejecta is about 1/2 of the rms velocity
of the turbulence in the interior region. However, the time inter-
val δτ between plasmoid ejections increases from ≈250 to ≈570
turnover times as we increase the kinetic and magnetic Reynolds
numbers. At higher magnetic Reynolds numbers, the length of
the interval increases to ≈800 turnover times. A summary of all

Fig. 9. Three-dimensional visualization of the magnetic field viewed
from above. The vertical magnetic field component is color-coded (yel-
low pointing upward and blue pointing downward). Note that the field
lines form a left-handed spiral over the scale of the domain, as expected
for turbulence with positive helicity at small scales.

Fig. 10. Vertical dependence of k2
J×B/k

2
JB and k2

J·B/k
2
JB. Note the decline

of the normalized Lorentz force from more than 60% in the turbulence
zone to less than 10% in the exterior.

runs is given in Table 1. Here we also give the l and m values of
the leading mode of the mean field in Eq. (11) and indicate ex-
plicitly whether the large-scale magnetic field varies in the x or
the y direction. Indeed, both directions are possible, confirming
that it is a matter of chance. In most cases the magnetic field pat-
tern shows a slow horizontal migration, whose direction appears
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Fig. 11. Two-dimensional histogram of the distribution of angles, p(χ),
where χ = arccos(J · B) is the angle between J and B at different
heights. p(χ) is normalized such that

∫
p(χ)dχ = 1. The dashed line

gives the location of the maximum position of the distribution.

Fig. 12. Dependence of 〈J · B〉H/〈B2〉H versus time τ and height z for
Lz = 6.4 with ReM = 3.4 (Run A).

to be random. The sign in the table indicates whether the wave
migrates in the positive or negative coordinate direction.

4.5. Interpretation in terms of a mean-field model

The magnetic field found in the simulations displays a clear
large-scale structure. One may have expected that the magnetic
field varies mainly in the z direction, because this is also the di-
rection in which the various profile functions vary. However, this
is not the case. Instead, the main variation is in one of the hori-
zontal directions (see Fig. 7, where the field varies mainly in the
y direction). The magnetic field does of course also vary in the
z direction, but this happens without sign change in Bz. Above
the surface at z = 0, the field gradually decays and retains only
rather smooth variations.

In order to compare with dynamo theory, we now solve the
usual set of mean-field equations for the mean magnetic vector

Fig. 13. Similar to Fig. 12, but for Lz = 8π and ReM = 6.7 (Run B1).

potential A, where B = ∇ × A is the mean magnetic field and
J = ∇ × B/μ0 is the mean current density,

∂A
∂t
= αB − (ηt + η)μ0 J. (14)

We recall that η = const is the microscopic magnetic diffusivity,
which is not negligible, even though it is usually much smaller
than ηt. We consider first the kinematic regime where α and ηt

are independent of B. In order to account for the fact that there
is no turbulence above the turbulence zone, we adopt the profile
θw(z) for α and ηt, i.e., we write

α(z) = α0θw(z), ηt(z) = ηt0θw(z), (15)

where α0 and ηt0 are constants, and for w we take the same value
as for the other profile functions used in the direct simulations.
The excitation condition for the dynamo can be quantified in
terms of a dynamo number that we define here as

Cα = α0/ηT0k1, (16)

where ηT0 = ηt0 + η is the total magnetic diffusivity and k1 was
defined in Sect. 3 as the smallest horizontal wavenumber that fits
into the domain. If the turbulence zone were homogeneous and
periodic in the z direction, the critical value of Cα is unity, but
now the domain is open in the z direction, so one expects the
dynamo to be harder to excite. In the models presented below
we therefore adopt the value Cα = 2.5, which is also compatible
with estimates of the critical value from the simulations, if we
write α ≈ urms/3 and ηt ≈ urms/3kf.

Next, we consider the nonlinear regime by employing the
dynamical quenching model (Kleeorin & Ruzmaikin 1982;
Blackman & Brandenburg 2002). We assume that α = αK + αM,
where now αK(z) = α0θw(z) is the kinetic α effect profile used
earlier in the solution to the kinematic equations, and αM is the
solution to the dynamical quenching equation,

∂αM

∂t
= −2ηtk

2
f
E · B
B2

eq
− 2ηk2

fαM, (17)

where E = αB−ηtμ0 J is the mean electromotive force. Note that
we have here ignored the possibility of magnetic helicity fluxes
that must become important at larger values of ReM.

In Fig. 14 we compare the resulting magnetic field geometry
with that of the direct simulations. In both cases the horizontal
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Table 1. Summary of runs.

Run Re ReM PrM k1w B2
rms/B

2
eq B

2
i,rms/B

2
eq lm direction Δτ Veject/urms

A 3.4 3.4 1 0.1 0.3–0.4 0.11 01 +y 250 0.45
B1 6.7 6.7 1 0.2 1.0–1.2 0.52 01 −y 530 0.55
B2 6.7 13 2 0.2 0.9–1.2 0.45 10 +x 570 0.63
B3 6.7 67 10 0.2 0.9–1.0 0.28 01 ±y 800 0.55
B4 6.7 133 20 0.2 0.9 0.27 01 −y ? ?
B5 15.0 15 1 0.2 0.7–1.0 0.29 10 +x 370 0.52

Notes. Run A is for a cubic domain while Runs B1 to B5 are for taller domains at different values of ReM. Note that the nondimensional interval
length δτ as well as the ejection speeds cannot be determined accurately for most of the runs, but the values suggests that there is no systematic
dependence on the value of ReM. The column “lm” gives the l and m values of the leading mode of the mean field in Eq. (11) and the columns
“direction” gives the direction of propagation of this mean field, confirming that it is a matter of chance.

Fig. 14. Comparing the average in the x direction of the magnetic field
with the 2D mean-field model. The structures are very similar.

variation of the field is similar. However, in the direct simula-
tions the field extends more freely into the exterior. This is prob-
ably caused by a vertical upward flow that appears to be driven
by the magnetic field. In Fig. 15 we see the vertical dependence
of an upward flow, which soon reaches a statistically steady state.

Fig. 15. Horizontally averaged rms velocity field as a function of
height z for 5 different times for a run with Lz = 8π. Note the devel-
opment of a statistically steady state after about 1000 turnover times.

5. Conclusions

Our first results are promising in that the dynamics of the mag-
netic field in the exterior is indeed found to mimic open bound-
ary conditions at the interface between the turbulence zone and
the exterior at z = 0. In particular, it turns out that a twisted mag-
netic field generated by a helical dynamo beneath the surface is
able to produce flux emergence in ways that are reminiscent of
that found in the Sun.

Some of the important questions that still remain open in-
clude the presence and magnitude of magnetic helicity fluxes.
In the present model we expect there to be diffusive magnetic
helicity fluxes associated with the vertical gradient of magnetic
helicity density. A related question concerns the dependence on
the magnetic Reynolds number. One expects magnetic helicity
fluxes to become more important at large values of ReM.

One of the future extensions of this model includes the addi-
tion of shear. In that case one might expect there to be strong
magnetic helicity fluxes associated with the Vishniac & Cho
(2001) mechanism that may transports magnetic helicity along
the lines of constant shear, although more recent considerations
now cast doubt on this possibility (Hubbard & Brandenburg
2010b). One should also keep in mind that the magnetic field
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cannot really be expected to be fully helical, as was assumed
here in order to promote large-scale dynamo action under rela-
tively simple conditions. Reducing the degree of helicity makes
the dynamo harder to excite. On the other hand, shear helps to
lower the excitation conditions, making it again feasible to ob-
tain large-scale dynamo action even at low relative helicity of
the driving. Another promising extension would be to move to
a more global geometry, including the effects of curvature and
gravity. This would allow for the emergence of a Parker-like
wind that turns into a supersonic flow at sufficiently large radii.
This would also facilitate the removal of magnetic field through
the sonic point.
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Mikić, Z., Barnes, D. C., & Schnack, D. D. 1988, ApJ, 328, 830
Nordlund, Å., Brandenburg, A., Jennings, R. L., et al. 1992, ApJ, 392, 647
Ortolani, S., & Schnack, D. D. 1993, Magnetohydrodynamics of plasma relax-

ation (Singapore: World Scientific)
Parker, E. N. 1979, Cosmical magnetic fields (Oxford: Clarendon Press)
Peter, H., Gudiksen, B. V., & Nordlund, Å. 2004, ApJ, 617, L85
Pouquet, A., Frisch, U., & Léorat, J. 1976, J. Fluid Mech., 77, 321
Seehafer, N. 1996, Phys. Rev. E, 53, 1283
Tobias, S. M., Brummell, N. H., Clune, T. L., & Toomre, J. 1998, ApJ, 502, L177
Valori, G., Kliem, B., & Keppens, R. 2005, A&A, 433, 335
Vishniac, E. T., & Cho, J. 2001, ApJ, 550, 752
Yang, W. H., Sturrock, P. A., & Antiochos, S. K. 1986, ApJ, 309, 383

Page 9 of 9



76 Bibliography



 II





Astronomy & Astrophysics manuscript no. paper c© ESO 2011
April 4, 2011

Dynamo-driven plasmoid ejections above a spherical surface

Jörn Warnecke1,2, Axel Brandenburg1,2, and Dhrubaditya Mitra1

1 Nordita, AlbaNova University Center, Roslagstullsbacken 23, SE-10691 Stockholm, Sweden
2 Department of Astronomy, AlbaNova University Center, Stockholm University, SE-10691 Stockholm, Sweden

April 4, 2011, Revision: 1.205

ABSTRACT

Aims. We extend earlier models of turbulent dynamos with an upper, nearly force-free exterior to spherical geometry,
and study how flux emerges from lower layers to the upper ones without being driven by magnetic buoyancy. We also
study how this affects the possibility of plasmoid ejection.
Methods. A spherical wedge is used that includes northern and southern hemispheres up to mid-latitudes and a certain
range in longitude of the Sun. In radius, we cover both the region that corresponds to the convection zone in the Sun
and the immediate exterior up to twice the radius of the Sun. Turbulence is driven with a helical forcing function in
the interior, where the sign changes at the equator between the two hemispheres.
Results. An oscillatory large-scale dynamo with equatorward migration is found to operate in the turbulence zone.
Plasmoid ejections occur in regular intervals, similar to what is seen in earlier Cartesian models. These plasmoid
ejections are tentatively associated with coronal mass ejections. The magnetic helicity is found to change sign outside
the turbulence zone, which is in agreement with recent findings for the solar wind.

Key words. Magnetohydrodynamics (MHD) – turbulence – Sun: dynamo – Sun: coronal mass ejection (CMEs) – stars:
magnetic fields

1. Introduction

Observations show that the Sun sheds mass through
twisted magnetic flux configurations (Démoulin et al.,
2002). Remarkable examples of such helical ejections can be
seen in the movies produced by the SOHO and SDO mis-
sions1. Such events may be important for the solar dynamo
(Blackman & Brandenburg, 2003). They are generally re-
ferred to as coronal mass ejections (CMEs). Conventionally,
CMEs are modeled by adopting a given distribution of mag-
netic flux at the solar surface and letting it evolve by shear-
ing and twisting the magnetic field at its footpoints at the
surface (Antiochos et al., 1999; Török & Kliem, 2003). This
approach is also used to model coronal heating (Gudiksen
& Nordlund, 2005; Bingert et al., 2010). The success of
this method depends crucially on the ability to synthesize
the velocity and magnetic field patterns at the surface. Of
course, ultimately such velocity and magnetic field patterns
must come from a realistic simulation of the Sun’s convec-
tion zone, where the field is generated by dynamo action. In
other words, we need a unified treatment of the convection
zone and the CMEs. The difficulty here is the large range
of time scales, from the 11-year dynamo cycle to the time
scales of hours and even minutes on which CMEs develop.
Such a large range of time scales is related to the strong
density stratification in the Sun, as can be seen from the
following argument. In the bulk of the convection zone, the
dynamo is controlled by rather slow motions with turnover
times of days and months. The typical velocity depends on
the convective flux via Fconv ≈ ρu3

rms, where ρ is the mean

1 http://sohowww.nascom.nasa.gov/bestofsoho/Movies/
10th/transcut sm.mpg and http://www.youtube.com/watch?
v=CvRj6Uykois&feature=player embedded

density and urms is the rms velocity of the turbulent con-
vection. The dynamo cycle time can even be several hun-
dred times the turnover time. In the corona, on the other
hand, the typical time scale depends on the Alfvén time,
L/vA, where L is the typical scale of magnetic structures
and vA = B/

√
µ0ρ is the Alfvén speed for a given magnetic

field strength B. Here, µ0 is the vacuum permeability.

In a recent paper, Warnecke & Brandenburg (2010) at-
tempted a new approach of a unified treatment by combin-
ing a dynamo-generated field in the convection zone with
a nearly force-free coronal part, albeit in a local Cartesian
geometry. In this paper, we go a step further by perform-
ing direct numerical simulations (DNS) in spherical geom-
etry. We also include density stratification due to grav-
ity, but with a density contrast between the dynamo in-
terior and the outer parts of the simulation domain that
is much less (about 20) than in the Sun (around 14 orders
of magnitude). This low density contrast is achieved by us-
ing an isothermal configuration with constant sound speed
cs. Hence, the average density depends only on the gravita-
tional potential and is given by ln ρ(r) ≈ GM/rc2s , where G
is Newton’s gravitational constant, M is the central mass,
and r is the distance from the center. As convection is not
possible in such an isothermal setup, we drive turbulence
by an imposed helical forcing that vanishes outside the con-
vection zone. This also helps achieving a strong large-scale
magnetic field. The helicity of the forcing is negative (pos-
itive) in the northern (southern) hemisphere and smoothly
changes sign across the equator. Such a forcing gives rise to
an α2 dynamo with periodic oscillations and equatorward
migration of magnetic activity (Mitra et al., 2010a). We
ignore differential rotation, so there is no systematic shear-
ing in latitude. The only twisting comes then from the same

1
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motions that also sustain the dynamo-generated magnetic
field. Note that in our model the mechanism of transport of
the magnetic field to the surface is not magnetic buoyancy.
Instead, we expect that, twisted magnetic fields will expel
themselves to the outer regions by the Lorentz force.

Our aim in this paper is not to provide a model as
close to reality as possible, but to show that it is possi-
ble to capture the phenomenon of CMEs (or, more gener-
ally, plasmoid ejections) within a minimalistic model that
treats the convection zone and the outer parts of the Sun
in a self-consistent manner. That is, the magnetic field in
the convection zone is dynamically generated by dynamo
action and the motions are not prescribed by hand, but
they emerge as a solution of the momentum equation and
include magnetic backreaction from the Lorentz force.

Given that gravity decreases with radius, there is in
principle the possibility of a radial wind with a critical point
at r∗ = GM/2c2s (Choudhuri, 1998). However, as we use
stress-free boundary conditions with no mass flux in the
radial direction, no such wind can be generated in our sim-
ulations. Nevertheless, we observe radially outward prop-
agation of helical magnetic field structures without mass
flux. Furthermore, our results for the flux of magnetic he-
licity compare well with recent measurements of the same
in the solar wind (Brandenburg et al., 2011). Our approach
might therefore provide new insights not only for CMEs
and dynamo theory, but also for solar wind turbulence.

2. The model

We use spherical polar coordinates, (r, θ, φ). As in earlier
work of Mitra et al. (2009) and Mitra et al. (2010a), our
simulation domain is a spherical wedge. Our model is a
bi-layer that is characterized by a reference radius r = R,
which corresponds to the radius of the Sun and which will
also be used as our unit length. The inner layer models the
convection zone (0.7R ≤ r ≤ R) and the outer layer (R ≤
r ≤ 2R) models the solar corona. We choose GM/Rc2s =
3, so r∗ = 1.5R lies within our domain. We consider the
range π/3 ≤ θ ≤ 2π/3, corresponding to ±30◦ latitude, and
0 < φ < 0.3, corresponding to a longitudinal extent of 17◦.
Here, θ is the polar angle and φ the azimuth. At the solar
surface at R = 700 Mm, this would correspond to an area of
about 730×210 Mm2, which could encompass several active
regions in the Sun. In our model the momentum equation
is

DU

Dt
= −∇h + g + J ×B/ρ + F for + F visc, (1)

where F visc = ρ−1
∇ · (2ρνS) is the viscous force, ν is the

kinematic viscosity, Sij = 1
2
(Ui;j + Uj;i) − 1

3
δij∇ · U is

the traceless rate-of-strain tensor, semi-colons denote co-
variant differentiation, h = c2s ln ρ is the specific pseudo-
enthalpy, cs = const is the isothermal sound speed, and
g = −GMr/r3 is the gravitational acceleration. We choose
GM/Rc2s = 3, so r∗ = 1.5R lies within our domain. This
value is rather close to the surface and would lead to signif-
icant mass loss if there was a wind, but this is suppressed
by using impenetrative outer boundaries.

The forcing function F for is given as the product of two
parts,

F for(r, θ, φ, t) = Θw(r −R)f(r, θ, φ, t;− cos θ), (2)

where Θw(r) = 1
2

[1− erf(r/w)] is a profile function con-
necting the two layers and w is the width of the transition at
the border between the two layers (r = R). In other words,
we choose the external force to be zero in the outer layer,
r > R. The function f consists of random plane helical
transverse waves with relative helicity σ = (f ·∇×f)/kff

2

and wavenumbers that lie in a band around an average forc-
ing wavenumber of kfR ≈ 63. In Equation (2) the last ar-
gument of f (r, θ, φ, t; σ) denotes a parametric dependence
on the helicity which is here chosen to be σ = − cos θ such
that the kinetic helicity of the turbulence is negative in the
northern hemisphere and positive in the southern. The forc-
ing is the same as that used by Mitra et al. (2010a) with the
exception that their simulations were limited to the con-
vection zone. The pseudo-enthalpy term in Equation (1)
emerges from the fact that for an isothermal equation of
state the pressure is given by p = c2sρ, so the pressure
gradient force is given by ρ−1

∇p = c2s∇ ln ρ = ∇h. The
continuity equation is then written in terms of h as

Dh

Dt
= −c2s∇ ·U . (3)

Equations (1) and (3) are solved together with the uncurled
induction equation for the vector potential A in the resis-
tive gauge (Candelaresi et al., 2011),

∂A

∂t
= U ×B + η∇2A, (4)

where η is the magnetic diffusivity, so the magnetic field
is given by B = ∇ ×A and thus obeys ∇ ·B = 0 at all
times. The gauge can in principle become important when
calculating the magnetic helicity density A·B, although the
part resulting from the small-scale fields is expected to be
independent of the gauge (Subramanian & Brandenburg,
2006; Hubbard & Brandenburg, 2010), while that of the
large-scale fields is not.

Our wedge is periodic in the azimuthal direction. For the
velocity, we use stress-free boundary conditions on all other
boundaries. For the magnetic field we employ vertical field
conditions on r = 2R and perfect conductor conditions on
both r = 0.7R and the two θ boundaries. Time is expressed
in units of τ = (urmskf)

−1, which is the eddy turnover time
in the turbulence zone, and urms is the rms velocity in r <
R. Density is given in units of the mean density in the
turbulence zone, ρ0 = ρ. The magnetic field is expressed
in units of the mean equipartition value, Beq, defined via

B2
eq = µ0ρu2. The magnetic Reynolds number is defined as

Rm = urms/ηkf , (5)

where kf is the characteristic scale of the external force,
defined above. This also turns out to be the energy con-
taining scale of the fluid. In the following analysis, we
use φ averages, defined as F (r, θ, t)=

∫

F (r, θ, φ, t) dφ/2π.
Occasionally we also use time averages denoted by 〈.〉t. We
perform DNS with the Pencil Code2, which is a modu-
lar high-order code (sixth order in space and third-order in
time, by default) for solving a large range of partial differ-
ential equations, including the ones relevant in the present
context.

2 http://pencil-code.googlecode.com
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Fig. 1. Initial exponential growth and subsequent saturation be-
havior of the magnetic field in the interior for forced turbulence
with dynamo action for Run A. The magnetic field strength is
oscillating with twice the dynamo frequency 2ωcyc.

Fig. 2. Equatorward migration, as seen in visualizations of Br

for Run D at r = R over a horizontal extent ∆θ = 58◦ and
∆φ = 17◦.

3. Results

3.1. Dynamo in the turbulence zone

We start our DNS with seed magnetic field everywhere in
the domain. Owing to the helical forcing in the turbulent
layer, a large-scale magnetic field is produced by dynamo
action. he dynamo is cyclic with equatorward migration of
magnetic fields. This dynamo was studied by DNS in Mitra
et al. (2010a) and has been interpreted as an α2 dynamo.
The possibility of oscillating α2 dynamos was known since
the early papers of Baryshnikova & Shukurov (1987) and
Rädler & Bräuer (1987), who showed that a necessary con-
dition for oscillations is that the α effect must change sign
in the domain.

The dynamo first grows exponentially and then satu-
rates after around 300 turnover times, see Figure 1. After
saturation the dynamo produces a large-scale magnetic field
with opposite polarities in the northern and southern hemi-
spheres. In Figure 2 we plot the radial magnetic field at
the surface of the dynamo region at r = R, which cor-
responds to the solar photosphere. The six wedges repre-
sent different times and show clearly an equatorward mi-

Fig. 3. Periodic variation of 〈Bφ〉r and 〈Br〉r in the turbulence
zone. Dark blue stands for negative and light yellow for posi-
tive values. The dotted horizontal lines show the location of the
equator at θ = π/2. The magnetic field is normalized by the
equipartition value. Taken from Run A.

gration of the radial magnetic field with polarity rever-
sal every half cycle. The other components of the mag-
netic field (not plotted) also shows the same behavior.
Comparing the first (t/τ = 3028) and the last (t/τ = 3110)
panel, the polarity has changed sign in a time interval
∆t/τ ≈ 100. The oscillatory and migratory properties of
the dynamo is also seen in the butterfly diagram of Figure 3
for 〈Bφ〉r and 〈Br〉r . In Figure 1 one can also verify that
the oscillation period is around 200 turnover times, cor-
responding to a non-dimensional dynamo cycle frequency
of τωcyc = 0.032 and the field strength in the turbu-
lent layer varies between 1.2 and 1.6 of the equipartition
field strength. This value of the cycle frequency is roughly
consistent with an estimate of Mitra et al. (2010b) that
ωcyc = 0.5ηtk

2
m, where km is the relevant wavenumber of the

mean field. Using ηt ≈ ηt0 ≡ urms/3kf (Sur et al., 2008), we
find τωcyc ≈ 0.2(km/kf)

2 ≈ 0.02, where we have assumed
km ≈ 2π/0.3R ≈ 20k1 and kf ≈ 60k1. The estimate of
Mitra et al. (2010b) applies to perfectly conducting outer
boundary conditions, which might explain the remaining
discrepancy.

Table 1. Summary of four runs discussed in this paper.

Run Rm Pm B2
rms/B2

eq τωcyc ∆t/τ Vej/urms

A 1.6 1 1.3–3.0 0.032 100 0.482
B 5 1 2.0–5.0 0.029 110 0.409
C 10 1 2.1–5.0 0.022 130 0.455
D 20 1 1.7–4.5 0.019 170 0.409

Notes. Rm is the magnetic Reynolds number defined in
Equation (5) and Pm = ν/η is the magnetic Prandtl number.
ωcyc = 2π/Tcyc stands for the frequency of the oscillating dy-
namo, where Tcyc is the cycle period. ∆t/τ is the typical interval
of plasmoid ejections, whose typical speed is Vej.

3
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Fig. 4. Time evolution of the radial magnetic field Br (solid line)
and the azimuthal magnetic field Bφ (dotted line) in the dynamo
region averaged over the radius r and azimuth at θ=±7◦. In
order to improve the statistics, we calculate the components of
the magnetic field as the antisymmetric part in latitude, i.e.,
Bi =

(

BN
i −BS

i

)

/2 for i = r, φ.

A summary of all runs is given in Table 1, where the am-
plitudes of the magnetic field show a weak non-monotonous
dependence on the magnetic Reynolds number Rm. For
larger values of Rm, the magnetic field strength decreases
slightly with increasing Rm, but it is weaker than in some
earlier α2 dynamos with open boundaries (Brandenburg,
2001). This could be due to two reasons. Firstly, our simu-
lations are far from the asymptotic limit of large magnetic
Reynolds numbers, in which the results of Brandenburg
(2001) are applicable. The maximum value Rm is in our
simulations approximately 15 times the critical Rm. The
second reason could be that we have expulsion of mag-
netic helicity from our domain which was not present in
(Brandenburg, 2001). We find the peak of the Rm depen-
dency at Rm = 10, corresponding to Run C. The dynamo
cycle frequency shows a weak decrease (by a factor of 1.5)
as the magnetic Reynolds number increases (by a factor of
20).

3.2. Phase relation between radial and azimuthal fields

Although our dynamo model does not include important
features of the Sun such as differential rotation, some com-
parison may still be appropriate. For the Sun, one measures
the mean radial field by averaging the line-of-sight magnetic
field from synoptic magnetograms. The azimuthal field is
not directly observed, but its sign can normally be read
off by looking at the magnetic field orientation of sunspot
pairs. Existing data suggest that radial and azimuthal fields
are approximately in out-of-phase (Yoshimura, 1976). This
is reasonably well reproduced by αΩ dynamos models,
where the radial field lags behind the azimuthal one by
0.75π (Stix, 1976). However, in the present work, radial and
azimuthal fields are approximately in phase with a phase
difference of 0.3π inside the dynamo region; see Figure 4.
Future studies will include the near-surface shear layer,
which has been suspected to play an important role in pro-
ducing equatorward migration (Brandenburg, 2005). This
would also help reproducing the observed phase relation.

3.3. Relation between kinetic and magnetic energies

Next we investigate the relation between the rms values
of the magnetic field and the velocity. Both quantities are
oscillating in time with a typical period of 200 turnover
times. In Figure 5 we compare the time evolution of the
magnetic field strength and the rms velocity. The magnetic

Fig. 5. Phase relations between the magnetic field and the veloc-
ity in the dynamo region. The magnetic field is plotted as Brms,
normalized with the equipartition field of the sound speed, B2

M

(=µ0ρc2s) as a solid and black line. The rms velocity, normalized
by the sound speed cs, is plotted as a dashed red line, and has
been smoothed over 5 neighboring data points to make it more
legible. Taken from Run A.

Fig. 6. Radial dependence of density overplotted at different
times. In the inset is the linear behavior of the logarithmic den-
sity log ρ/ρ0 to the inverse of the radius shown. Taken from
Run A.

field is calculated in the dynamo region and normalized to
the thermal equipartition field strength. The phase differ-
ence between the two is slightly less than π within the dy-
namo region. This basically shows that the magnetic field
quenches the turbulence.

3.4. Density variations

The density is stratified in radius and varies by over an
order of magnitude. For all the runs listed in Table 1 the
density fluctuates about the hydrostatic equilibrium value,
ρ ≈ ρ0 exp(GM/rc2s ). The relative fluctuations are of com-
parable strength at all radii; see Figure 6.
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Fig. 7. Radial dependence of the mean squared magnetic field,
B2

rms (solid line), compared with those of Br (dotted), Bθ

(dashed), and Bφ (dash-dotted). All quantities are averaged over
13 dynamo cycles. The inset shows the same quantities in a log-
arithmic representation. Taken from Run A.

3.5. Magnetic field outside the turbulence zone

The magnetic field averaged over the entire domain is
more than 5 times smaller than in the turbulence zone. In
Figure 7 we show that the magnetic field is concentrated to
the turbulence zone and drops approximately exponentially
by one order of magnitude in the outer parts for r > R. The
toroidal component of the magnetic field is dominant in the
turbulence layer, but does not play a significant role in the
outer part. By contrast, the radial field is weak in the inner
parts and dominates in the outer.

Magnetic structures emerge through the surface and
create field line concentrations that reconnect, separate,
and rise to the outer boundary of the simulation domain.
This dynamical evolution is clearly seen in a sequence of
field line images in Figure 8, where field lines of the mean
field are shown as contours of r sin θAφ and colors represent

Bφ.
In the outer layers, the magnetic field emerges as large

structures that correlate with reconnection events of mag-
netic fields. In Rust (1994) such phenomena have been de-
scribed as magnetic clouds. We find recurrent ejections of
magnetic field lines with concentrations and reconnection
events, but the occurrence of structures such as magnetic
clouds does not happen completely regularly, i.e., these
structured events are not predictable.

3.6. Current helicity

The current helicity (J ·B) is often used as a useful proxy
for the magnetic helicity (A ·B) at small scales, because,
unlike magnetic helicity, it is gauge-independent. Current
helicity has also been observed in the Sun (Seehafer, 1990)
and it has been obtained from mean-field dynamo models
(Dikpati & Gilman, 2001). In the present paper we are par-
ticularly interested in the current helicity outside the Sun.
We normalize it by the r-dependent time-averaged mean
squared field to compensate for the radial decrease of J ·B.
In addition, we have also averaged in latitude from 20◦ to

28◦. In the turbulent layer the sign of J ·B/〈B2〉t is the
same as that of kinetic helicity which, in turn, has the same
sign as the helicity of the external forcing, i.e. of σ; see
Figures 9 and 10.

However, to our surprise, above the surface, and sep-
arately for each hemisphere, the signs of current helicity
tend to be opposite to those in the turbulent layer; see
Figure 9 for the panels of t/τ = 1669 and t/τ = 1740.
To demonstrate that plasmoid ejections are recurrent phe-
nomena, we look at the evolution of J ·B/〈B2〉t as a func-
tion of t and r. This is done in Figure 10 for Run A. It
turns out that the typical speed of plasmoid ejecta is about
0.48 of the rms velocity of the turbulence in the interior
region, which corresponds to 0.7 of the Alfvén speed. The
time interval between subsequent ejections is around 100 τ
for Run A. As seen from Table 1, the ejection interval
increases weakly with magnetic Reynolds number, but it
seems to be still comparable to half the dynamo cycle pe-
riod, i.e., ∆τ ≈ Tcyc/2. This means that plasmoid ejections
happen about twice each cycle. In our simulations, we find
the ejections to have the shape of the characteristic three-
part structure that is observed in real CMEs (Low, 1996).
Here the plasma is confined to loops of the magnetic field
and flows along field lines due to the low plasma-β in the
solar corona. This is also seen in our simulations displayed
in Figure 9, where the ejections follow field lines and ap-
pear to create loop-like structures. An animation of the
detailed time evolution of the CME-like structures emerg-
ing recurrently into the solar corona is given at http://
www.youtube.com/watch?v=aR-PgxQyP24. However, since
our choice of boundary conditions does not allow mass flux
at the outer boundary, no plasma can actually leave the
domain.

From Figures 9 and 10 we conclude that in each hemi-
sphere the sign of current helicity outside the turbulence
zone is mostly opposite to that inside the turbulent zone.
A stronger trend is shown in the cumulative mean of cur-
rent helicity over time. This is shown in Figure 11, where
we plot the time evolution of the φ averaged current helic-
ity at r = 1.5 R and 28◦ latitude, which is a safe distance
away from the outer r and θ boundaries so as not to perturb
our results, which should thus give a reasonable represen-
tation of the outer layers. For the northern hemisphere the
current helicity (solid black line) and the cumulative mean
(solid red line) show positive values and for the southern
hemisphere (dotted lines) negative values. This agrees with
results of Brandenburg et al. (2009), where the magnetic
helicity of the field in the exterior has the opposite sign
than in the interior.

In order to further investigate whether the sign of the
current helicity is different in the turbulence zone and in
the outer parts, we show in Figure 12 the azimuthally and
time-averaged current helicity as a function of radius and
colatitude. It turns out that, even though we have aver-
aged the result over several thousand turnover times, the
hemispheric sign rule of current helicity is still only approx-
imately obeyed in the outer layers—even though it is nearly
perfectly obeyed in the turbulence zone. Nevertheless, there
remains substantial uncertainty, especially near the equa-
tor. This suggests that meaningful statements about mag-
netic and current helicities in the solar wind can only be
made after averaging over sufficiently long stretches of time.
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Fig. 8. Time series of formation of a plasmoid ejection in spherical coordinates. Contours of r sin θAφ are shown together with

a color-scale representation of Bφ; dark blue stands for negative and light yellow for positive values. The contours of r sin θAφ

correspond to field lines of B in the rθ plane. The dotted horizontal lines show the location of the surface at r = R. Taken from
Run D.

Fig. 9. Time series of coronal ejections in spherical coordinates. The normalized current helicity, µ0RJ ·B/〈B2〉t, is shown in
a color-scale representation for different times; dark blue stands for negative and light yellow for positive values. The dotted
horizontal lines show the location of the surface at r = R. Taken from Run D.

Fig. 10. Dependence of the dimensionless ratio
µ0RJ ·B/〈B2〉t on time t/τ and radius r in terms of
the solar radius. The left panel shows a narrow band in θ in
the northern hemisphere and the right one a thin band in the
southern hemisphere. In both plots we have also averaged in
latitude from 20◦ to 28◦. Dark blue stands for negative and
light yellow for positive values. The dotted horizontal lines
show the location of the surface at r = R.

3.7. Magnetic helicity fluxes

In view of astrophysical dynamo theory it is important to
understand the amount of magnetic helicity that can be

Fig. 11. Dependence of the dimensionless ratio
µ0RJ ·B/〈B2〉t on time t/τ at radius r = 1.5 R and 28◦

latitude. The solid line stands for the northern hemisphere and
the dotted for the southern hemisphere. The red lines represent
the cumulative mean for each hemisphere.

exported from the system. Of particular interest here is the
magnetic helicity associated with the small-scale magnetic
field. Under the assumption of scale separation, this quan-
tity is gauge-independent (Subramanian & Brandenburg,
2006), so we can express it in any gauge. This has been
verified in simulations both with an equator (Mitra et al.,
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Fig. 12. Current helicity averaged over 3900 turnover time.
Legend is the same as in Figure 9. The dark blue is negative,
the light yellow positive. Taken from Run D.

Fig. 13. Cumulative mean of the time evolution of the magnetic
helicity flux of the small-scale field, F f = e× a, normalized by
ηtB

2
eq, where ηt ≈ ηt0 ≡ urms/3kf was defined in Section 3.1.

Here, the mean of magnetic helicity flux out through the surface
of the northern hemisphere (black) is shown, together with that
through the southern hemisphere (dotted red), and the equator
(dashed blue).

2010b) and without (Hubbard & Brandenburg, 2010). Here,
we compute the magnetic helicity flux associated with the
small-scale field by subtracting that of the azimuthally av-
eraged field from that of the total field, i.e.,

e× a = E ×A−E ×A, (6)

where E = µ0ηJ−U×B is the electric field. This is also the
way how the magnetic helicity flux from the small-scale field
was computed in Hubbard & Brandenburg (2010), where
the magnetic helicity flux from the total and large-scale
fields was found to be gauge-dependent, but that from the
small-scale field was not. In Figure 13 we compare the flux
of magnetic helicity across the outer surfaces in the north-
ern and southern hemispheres with that through the equa-
tor. It turns out that a major part of the flux goes through
the equator.

On earlier occasions, Mitra et al. (2010b) and Hubbard
& Brandenburg (2010) have been able to describe the re-

Fig. 14. Dependence of the latitudinal component of the mag-

netic helicity flux, F
f

θ, compared with the latitudinal gradient
of the magnetic helicity density of the small-scale field, ∇θhf ,
at r/R = 0.85. The latter agrees with the former if it is multi-
plied by an effective diffusion coefficient for magnetic helicity of
κt ≈ 3ηt0. We used the same legend as in Figure 13.

sulting magnetic helicity flux by a Fickian diffusion ansatz
of the form F f = −κh∇hf , where κh/ηt0 was found to be
0.3 and 0.1, respectively. In Figure 14 we show that the
present data allow a similar representation, although the
uncertainty is large. It turns out that κh/ηt0 is about 3,
suggesting thus that turbulent magnetic helicity exchange
across the equator can be rather efficient. Such an efficient
transport of magnetic helicity out of the dynamo region is
known to be beneficial for the dynamo in that it alleviates
catastrophic quenching (Blackman & Brandenburg, 2003).
In this sense, the inclusion of CME-like phenomena is not
only interesting in its own right, but it has important ben-
eficial consequences for the dynamo itself in that it models
a more realistic outer boundary condition.

3.8. Comparison with solar wind data

Our results suggest a reversal of the sign of magnetic helic-
ity between the inner and outer parts of the computational
domain. This is in fact in agreement with recent attempts to
measure magnetic helicity in the solar wind (Brandenburg
et al., 2011). They used the Taylor hypothesis to relate
temporal fluctuations of the magnetic field to spatial varia-
tions by using the fact that the turbulence is swept past the
space craft with the mean solar wind. This idea can in prin-
ciple also be applied to the present simulations, provided
we use the obtained mean ejection speed Vej (see Table 1)
for translating temporal variations (in t) into spatial ones
(in r) via r = r0−Vejt. Under the assumption of homogene-
ity, one can then estimate the magnetic helicity spectrum
as H(k) = 4 Im(B̂θB̂

⋆
φ)/k; see Matthaeus et al. (1982) and

Eq. (9) of Brandenburg et al. (2011). Here, hats indicate
Fourier transforms and the asterisk denotes complex con-
jugation.

In Figures 15 and 16 we show the results for the north-
ern and southern hemispheres, as well as time series of the
two relevant components Bθ and Bφ. The resulting mag-
netic helicity spectra, normalized by 2µ0EM/k, where EM

is the magnetic energy spectrum, give a quantity that is be-
tween−1 and +1. Note that the time traces are governed by
a low frequency component of fairly large amplitude. In ad-
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Fig. 15. Helicity in the northern outer atmosphere. The values
are written out at the point, r = 1.5 R, 90◦ − θ = 17◦, and
φ = 9◦. Top panel: Phase relation between the toroidal Bφ and
poloidal Bθ field, plotted over time t/τ . Bottom panel: Helicity
H(k) is plotted over normalized wave number kR. The Helicity
is calculated with the Taylor hypothesis out of the Fourier trans-
formation of the poloidal and toroidal field.

dition, there are also other components of higher frequency,
but they are harder to see. The results suggest positive mag-
netic helicity in the north and negative in the south, which
would be indicative of the helicities of the solar wind at
smaller length scale. It also agrees with the current helici-
ties determined using explicit evaluation in real space. On
the other hand, the Parker spiral (Parker, 1958) might be
responsible for the magnetic helicity at large scales (Bieber
et al., 1987a,b).

4. Conclusions

In the present work we demonstrate that CME-like phe-
nomena are ubiquitous in simulations that include both
a helicity-driven dynamo and a nearly force-free exte-
rior above it. This was first shown in Cartesian geometry
(Warnecke & Brandenburg, 2010) and is now also verified
for spherical geometry. A feature common to both mod-
els is that the helical driving is confined to what we call
the turbulence zone, which would correspond to the con-
vection zone in the Sun. In contrast to the earlier work,
we have now used a helical forcing for which the kinetic
helicity changes sign across the equator. This makes the
dynamo oscillatory and displays equatorward migration of
magnetic field Mitra et al. (2010a). More importantly, un-
like our earlier work where the gas pressure was neglected
in the outer parts, it is fully retained here, because it does
automatically become small away from the surface due to
the effect of gravity that is here included too, but was ne-
glected in the earlier Cartesian model. The solutions shown
here and those of Warnecke & Brandenburg (2010) demon-

Fig. 16. Helicity in the southern outer atmosphere. The val-
ues are written out at the point, r = 1.5 R, 90◦ − θ = −17◦ and
φ = 8.6◦. Top panel: Phase relation between the toroidal Bφ and
poloidal Bθ field, plotted over time t/τ . Bottom panel: Helicity
H(k) is plotted over normalized wave number kR. The Helicity
is calculated with the Taylor hypothesis out of the Fourier trans-
formation of the poloidal and toroidal field.

strate that this new approach of combining a self-consistent
dynamo with a corona-like exterior is a viable one and can
produce successfully features that are similar to those in
the Sun.

Of particular interest is the sign change of magnetic
and current helicities with radius. Although similar be-
havior has also been seen in other Cartesian models of
Brandenburg et al. (2009), its relevance for the Sun was
unknown until evidence for similar sign properties emerged
from solar wind data (Brandenburg et al., 2011). In the
present case we were also able to corroborate similar find-
ings by using the Taylor hypothesis based on the plasmoid
ejection speed. It is remarkable that this appears to be suf-
ficient for relating spatial and temporal fluctuations to each
other.

There are many ways in which the present model can be
extended and made more realistic. On the one hand, the as-
sumption of isothermal stratification could be relaxed and
the increase of temperature in the corona together with the
solar wind could be modeled in a reasonably realistic way.
On the other hand, the dynamo model could be modified
to include the effects of convection and of latitudinal dif-
ferential rotation. Among other things, differential rotation
would lead to the Parker spiral (Parker, 1958), which is
known to produce magnetic helicity of its own (Bieber et
al., 1987a,b). It would then be interesting to see how this
affects the magnetic helicity distribution seen in the present
model.
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