
Uppsala University

This is a submitted version of a paper published in Journal of Differential Equations.

Citation for the published paper:
Götmark, E., Nyström, K. (2013)
"Boundary behaviour of non-negative solutions to degenerate sub-elliptic equations"
Journal of Differential Equations, 254(8): 3431-3460

Access to the published version may require subscription.

Permanent link to this version:
http://urn.kb.se/resolve?urn=urn:nbn:se:uu:diva-164532

http://uu.diva-portal.org



Boundary behaviour of non-negative solutions to
degenerate sub-elliptic equations

Elin Götmark∗

Department of Mathematics, Ume̊a University
S-90187 Ume̊a, Sweden

Kaj Nyström†

Department of Mathematics, Uppsala University
S-751 06 Uppsala, Sweden

December 20, 2011

Abstract

Let X = {X1, ..., Xm} be a system of C∞ vector fields in Rn satisfying Hörmander’s
finite rank condition and let Ω be a non-tangentially accessible domain with respect to
the Carnot-Carathéodory distance d induced by X. We study the boundary behaviour of
non-negative solutions to the equation

Lu =
m∑

i,j=1

X∗i (aijXju) =
m∑

i,j=1

X∗i (x)(aij(x)Xj(x)u(x)) = 0

where X∗i is the formal adjoint of Xi and x ∈ Ω. Concerning A(x) = {aij(x)} we assume
that A(x) is real, symmetric and that

β−1λ(x)|ξ|2 ≤
m∑

i,j=1

aij(x)ξiξj ≤ βλ(x)|ξ|2 for all x ∈ Rn ξ ∈ Rm,

for some constant β ≥ 1 and for some non-negative and real-valued function λ = λ(x).
Concerning λ we assume that λ defines an A2-weight with respect to the metric introduced
by the system of vector fields X = {X1, ..., Xm}. Our main results include a proof of the
doubling property of the associated elliptic measure and the Hölder continuity up to the
boundary of quotients of non-negative solutions which vanish continuously on a portion of
the boundary. Our results generalize previous results of Fabes, Kenig, Jerison, Serapioni
[FKS], [FJK], [FJK1] (m = n, {X1, ..., Xm} = {∂x1 , ..., ∂xn}, λ is an A2-weight) and
Capogna, Garofalo [CG] (X = {X1, ..., Xm} satisfies Hörmander’s finite rank condition
and λ(x) ≡ λ for some constant λ). One motivation for this study is the ambition to
generalize, as far as possible, the results in [LN]-[LN3], [LLuN] concerning the boundary
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behaviour of non-negative solutions to (Euclidean) quasi-linear equations of p-Laplace
type, to non-negative solutions to certain sub-elliptic quasi-linear equations of p-Laplace
type.
2000 Mathematics Subject Classification.
Keywords and phrases: Hörmander condition, boundary Harnack inequality, elliptic mea-
sure, sub-elliptic pdes, Muckenhoupt weights, quasi-linear equations, p-Laplace.

1 Introduction

Let Ω ⊂ Rn be a bounded domain, i.e., a bounded, open and connected set. In this paper we
establish a number of results concerning the boundary behaviour of non-negative solutions in
Ω to equations of the type

Lu =
m∑

i,j=1

X∗i (aijXju) = 0, (1.1)

where X = {X1, ..., Xm} is a system of C∞ vector fields in Rn and X∗i is the formal adjoint of
Xi. We assume that X = {X1, ..., Xm} satisfies Hörmander’s finite rank condition, see [H]:

rank Lie [X1, ..., Xm] ≡ n. (1.2)

Concerning the m × m matrix-valued function A(x) = {aij(x)} we assume that A(x) is real,
symmetric, for every x ∈ Rn, with bounded and measurable entries, and that

β−1λ(x)|ξ|2 ≤
m∑

i,j=1

aij(x)ξiξj ≤ βλ(x)|ξ|2 (1.3)

for all x ∈ Rn, and ξ ∈ Rm and for some constant β, 1 ≤ β < ∞. The weight λ = λ(x) is
assumed to be a non-negative measurable function satisfying a Muckenhoupt type condition
with respect to the metric introduced by the system of vector fields X = {X1, ..., Xm}. More
precisely, let d(x, y) be the Carnot-Carathéodory distance, between x, y ∈ Rn, induced by
{X1, ..., Xm} and let

Bd(x, r) = {y ∈ Rn : d(x, y) < r} (1.4)

be the metric ball centered at x ∈ Rn with radius r > 0. It is well known that if Bd(0, R0) is
compact then there exists a constant c such that

|Bd(x, 2r)| ≤ c|Bd(x, r)| whenever x ∈ Bd(0, R0), r < R0, (1.5)

where |E| denotes the Lebesgue measure of a measurable set E. Furthermore, we note that
by Chow’s accessibility theorem it follows, see [Ch], that the metric space (Rn, d) is locally
compact and that there exists R0 = R0 > 0 such that the closure of of any ball Bd ⊆ Bd(0, R0)
is compact. We stress that in general metric balls of large radii fail to be compact, see [GN].
In view of these observations, we in the following always assume that Ω and R0 are such that

Ω ⊂ Bd(0, R0/2), Bd(0, R0) is compact. (1.6)
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Concerning λ we assume that there exists a constant γ such that

sup
Bd⊂Bd(0,R0)

(
1

|Bd|

∫
Bd

λ dx

)
·
(

1

|Bd|

∫
Bd

λ−1dx

)
≤ γ (1.7)

and λ = λ(x) is then said to belong to the class A2(Bd(0, R0)). If λ(x) belongs to the class
A2(Bd(0, R0)) then λ is referred to as an A2(Bd(0, R0))-weight. The smallest γ such that
(1.7) holds is referred to as the A2(Bd(0, R0))-constant of the weight. If w ∈ Ω, r > 0, and
Bd(w, 2r) ⊂ Bd(0, R0), then the class of A2(Bd(w, r))-weights is defined by replacing Bd(0, R0)
in (1.7) with Bd(w, r).

As outlined in the bulk of the paper a notion of weak solutions, for the operator L in (1.1),
assuming (1.2), (1.3) and (1.7), to the Dirichlet problem

Lu = 0 in Ω, u = f on ∂Ω, (1.8)

can be introduced in a standard manner and using the Lax-Milgram theorem the existence and
uniqueness of weak solutions can be established. Concerning the domain Ω we assume (1.6)
and that Ω is an NTA-domain (non-tangentially accessible domain), with parameters M , r0,
in the sense of [CG]. The exact definition of NTA-domains is given in Definition 3.6 below.
Assuming that Ω is a bounded NTA-domain we first prove that all points on ∂Ω are regular for
the Dirichlet problem for the operator L in (1.1) assuming (1.2), (1.3) and (1.7). In particular,
we establish a Wiener type criterion for the operator L based on which we can conclude that
there exists, for any f ∈ C(∂Ω), a unique weak solution u = uf ∈ C(Ω) to the Dirichlet problem
in (1.8). Furthermore, one can conclude that there exists, see (4.8) and (4.9) below, for every
x ∈ Ω, a unique probability measure ω(·, x) on ∂Ω such that

u(x) =

∫
∂Ω

f(y)dω(y, x). (1.9)

Given E ⊆ ∂Ω we refer to ω(E, x) as the L-elliptic measure of E relative to Ω and x.
Two of the theorems established in this paper read as follows.

Theorem 1.1 Let Ω ⊂ Rn be an NTA-domain with constants M and r0 satisfying (1.6). Let
w ∈ ∂Ω, 0 < r < r0, and let λ be an A2(Bd(0, R0))-weight with constant γ. Then there exists
c = c(n,M,X, γ, β), 1 ≤ c <∞, such that if x ∈ Ω \Bd(w, cr) then

ω(∂Ω ∩Bd(w, 2r), x) ≤ cω(∂Ω ∩Bd(w, r), x).

Theorem 1.2 Let Ω ⊂ Rn be an NTA-domain with constants M and r0 satisfying (1.6).
Let w ∈ ∂Ω, 0 < r < r0, and let λ be an A2(Bd(0, R0))-weight with constant γ. Suppose
that v1 and v2 are two non-negative weak solutions to Lv = 0 in Ω and that v1 = 0 = v2

continuously on ∂Ω ∩ Bd(w, 2r). Then there exist c = c(n,M,X, γ, β), 1 ≤ c < ∞, and
α = α(n,M,X, γ, β) ∈ (0, 1) such that∣∣∣∣log

v1(x1)

v2(x1)
− log

v1(x2)

v2(x2)

∣∣∣∣ ≤ c

(
d(x1, x2)

r

)α
whenever x1, x2 ∈ Ω ∩Bd(w, r/16).
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In the bulk of the paper we also establish a local version of Theorem 1.2, see Theorem 5.2
below. Concerning Theorem 1.1 and Theorem 1.2 we note that the study of the type of problems
considered in this paper has a long and rich history. In particular, for the uniformly elliptic case,
i.e., the case m = n, {X1, ..., Xm} = {∂x1 , ..., ∂xn}, and λ(x) ≡ λ for some constant λ, we refer
to [Ca], [Da], [CFMS], [JK] and the references in these papers. The case m = n, {X1, ..., Xm} =
{∂x1 , ..., ∂xn}, and λ an A2-weight is treated in [FKS], [FJK], [FJK1]. When X = {X1, ..., Xm}
satisfies Hörmander’s finite rank condition, and λ(x) ≡ λ for some constant λ, Theorem 1.1
and Theorem 1.2 are proved in [CG]. However, in the case treated in this paper, i.e., X =
{X1, ..., Xm} satisfies Hörmander’s finite rank condition and λ is an A2-weight, Theorem 1.1
and Theorem 1.2 are new. Fortunately though, many authors have over the years developed
(local) results and tools for the operator L in (1.1), assuming (1.2), (1.3) and (1.7), results and
tools which come in handy for our purposes. We here mention in particular the works of Franchi,
Lu, and Wheeden, see [Lu1]-[Lu5], [FLuW1], [FLuW2], concerning weighted Poincare-Sobolev
inequalities and representation formulas in terms of the vector fields X = {X1, ..., Xm}. Many
results in [Lu1]-[Lu5], [FLuW1], [FLuW2] are established in settings including the weighted sub-
elliptic setting considered in this paper and from these papers we can also quote local results
like Harnack inequalities and Hölder continuity of solutions. We also refer the reader to these
papers for additional references. Naturally, the works of Fabes, Kenig, Jerison and Serapioni
[FKS], [FJK], [FJK1] have also served as a guideline when developing this paper. Working
in the setting of NTA-domains, adapted to the vector fields X = {X1, ..., Xm}, introduced by
Capogna, Garofalo [CG] we acknowledge the work conducted by these authors and coauthors,
in the case X = {X1, ..., Xm} satisfies Hörmander’s finite rank condition, and λ(x) ≡ λ for
some constant λ, see [CDG1], [CDG2], [CG], [CGN1]-[CGN4], [CGL], [D], [DGP] [GN], [GN1].
At several instances we are able to make use of ideas and results from these papers.

To outline one motivation for this work we note that in a sequence of recent papers, see
[LN], [LN1], [LN2], the second author, together with John Lewis, proved a number of results
concerning the boundary behaviour of positive p-harmonic functions, 1 < p < ∞, in bounded
Lipschitz domains Ω ⊂ Rn. In particular, in these papers the boundary Harnack inequality as
well as the Hölder continuity for ratios of positive p-harmonic functions, 1 < p <∞, vanishing
on a portion of ∂Ω were established. In [LN3] these results were extended to certain Reifenberg
flat and Ahlfors regular NTA-domains. Furthermore, in [LLuN] the analysis in [LN3] concerning
p-harmonic functions in Reifenberg flat domains was extended to more general operators of p-
Laplace type allowing for variable coefficients. In particular, in the setting of Reifenberg flat
domains the analysis in [LN3], [LLuN] makes use of the type of boundary estimates considered
in this paper but for associated linear operators which fall within the range of the operators
considered in [FKS], [FJK], [FJK1]. In a recent paper, see [N], the second author shows that
the techniques and results in [LN3], [LLuN] concerning p-harmonic functions in Reifenberg flat
domains in fact can be generalized to p-harmonic functions in the Heisenberg group Hn in certain
‘flat’ domains which are well-approximated by non-characteristic hyperplanes. In particular, in
[N] weak solutions to the non-linear and potentially degenerate partial differential equation

Lpu =
2n∑
i=1

Xi(|Xu|p−2Xiu) = 0, 1 < p <∞, (1.10)

are considered where now the vector fields X1, ..., X2n form a basis for the space of left-invariant
vector fields on Hn and |Xu| = (

∑
|Xiu|2)1/2. As in [LN3], [LLuN] the analysis in [N] makes
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use of boundary estimates for associated linear operators and in this case these operators are
within the range of the operators considered in this paper. We refer to Section 6 and [N] for
further details.

The rest of the paper is organized as follows. In Section 2, which partly is of preliminary
nature, we introduce function spaces, establish existence of weak solutions to the Dirichlet
problem, derive fundamental principles and prove the existence of Green functions. Section 3
is devoted to the continuous Dirichlet problem and to the problem of regular boundary points.
In Section 4 we develop some (basic) boundary estimates for non-negative solutions in NTA-
domains, we establish a quantitative relation between the L-elliptic measure and the Green
function and we prove Theorem 1.1. Section 5 is devoted to the proof of Theorem 1.2 and we
at the end of this section also formulate and prove a local version of Theorem 1.2, Theorem
5.2. Finally, in Section 6 we briefly outline, as hinted above, the importance of the results
established in this paper to the study of the boundary behaviour of non-negative solutions to
the sub-elliptic p-Laplace equation.

2 Preliminaries

We consider a system X = {X1, ..., Xm} of C∞ vector fields in Rn, with n ≥ 3, satisfying
Hörmander’s finite rank condition (1.2). A piecewise C1 curve γ : [0, `]→ Rn is called subuni-
tary, see [FP], if

< γ′(t), ξ >2 ≤
m∑
j=1

< Xj(γ(t)), ξ >2,

for every ξ ∈ Rn, whenever γ′(t) exists. We note explicitly that the above inequality forces
γ′(t) to belong to the span of {X1(γ(t)), ..., Xm(γ(t))}. The subunit length of γ is by definition
ls(γ) = `. If we fix an open set U ⊂ Rn, then given x, y ∈ U , we denote by SU(x, y) the
collection of all sub-unitary γ : [0, `]→ U which join x to y. The accessibility theorem of Chow
and Rashevsky, see [Ch], [Ra], states that, if U is connected, then for every x, y ∈ U there
exists γ ∈ SU(x, y). As a consequence, if we define

dU(x, y) = inf {ls(γ) | γ ∈ SU(x, y)},

we obtain the Carnot-Carathéodory distance associated with the system X. When U = Rn, we
write d(x, y) instead of dRn(x, y). It is clear that d(x, y) ≤ dU(x, y), x, y ∈ U , for every connected
open set U ⊂ Rn. In [NSW] it was proved that, given U ⊂⊂ Rn, there exist C ≥ 1, ε > 0 such
that

C−1|x− y| ≤ dU(x, y) ≤ C|x− y|ε, whenever x, y ∈ U. (2.1)

This gives d(x, y) ≤ C|x− y|ε, x, y ∈ U , and therefore the inclusion map

i : (Rn, | · |)→ (Rn, d) is continuous.

| · | is the standard Euclidean norm. Furthermore, it is easy to see that the opposite inclusion
also holds, see [GN], and hence the metric and the Euclidean topologies are equivalent.

For x ∈ Rn and r > 0, we let Bd(x, r) = {y ∈ Rn | d(x, y) < r}. The basic properties of
these balls were established in [NSW] where the authors prove that there exist, for any compact
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subset K of Rn, positive constants C ≥ 1, R0 and Q such that, for any x ∈ K, 0 < r ≤ R0,
and 0 < t < 1,

|Bd(x, tr)| ≥ C−1tQ|Bd(x, r)|. (2.2)

Furthermore, these authors also proved that there exist, given a bounded open set U ⊂ Rn,
constants C ≥ 1, R0 > 0 such that, for any x ∈ U , and 0 < r ≤ R0,

C−1 ≤ |Bd(x, r)|
Λ(x, r)

≤ C, (2.3)

where Λ(x, r) =
∑

I |aI(x)|rdI is a polynomial function with continuous coefficients. As a
consequence there exists C1 > 0 such that

|Bd(x, 2r)| ≤ C1|Bd(x, r)| for every x ∈ U and 0 < r ≤ R0. (2.4)

Furthermore, the degree of Λ(x, r) is bigger than or equal to n and less than or equal to Q. In
particular, the function r → Λ(x, r)/r2 is increasing. Let E(x, r) = Λ(x, r)/r2 and let F (x, r)
be the inverse of F (x, r). Following [CGL] we let

B(x, r) = {y ∈ Rn|Γ(x, y) > 1/E(x, r)} (2.5)

where Γ(x, y) is the fundamental solution associated to the operator
∑m

i=1 X
∗
iXi. In [CGL]

it is proved that the sets {B(x, r)} can serve as a replacement for the balls {Bd(x, r)} in the
following sense. Let K be a compact subset of Rn. Then there exist positive constants C ≥ 1,
R0 and a such that, for any x ∈ K, y such that d(x, y) ≤ R0,

Bd(x, r/a) ⊆ B(x, r) ⊆ Bd(x, ar),

C−1d(x, y) ≤ F (x, 1/Γ(x, y)) ≤ Cd(x, y). (2.6)

In the forthcoming sections we will make use of the balls {Bd(x, r)} as well as the balls {B(x, r)}.

Convention concerning constants. Throughout the paper c will denote, unless otherwise
stated, a positive constant ≥ 1, not necessarily the same at each occurrence, depending at
most on n,M,X, γ, β. In general, c(a1, . . . , am) denotes a positive constant ≥ 1, which may
depend at most on n,M,X, γ, β and a1, . . . , am, and which is not necessarily the same at each
occurrence. If A ≈ B then A/B is bounded from above and below by constants which, unless
otherwise stated, depend at most on n,M,X, γ, β.

2.1 Function spaces

In the following we assume (1.6), we let λ be an A2(Bd(0, R0))-weight and we let O ⊂ Bd(0, R0)
be a open set. In general we will often write λ(E) as a short notation for

∫
E
λ(x)dx, where E is

measurable, and we note that if λ is an A2(Bd(0, R0))-weight with constant γ then there exists
a constant c = c(n,X, γ), 1 ≤ c <∞, such that

λ(Bd(x, 2r)) ≤ cλ(Bd(x, r)) (2.7)
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whenever Bd(x, 2r) ⊂ Bd(0, R0). In particular, λ is a doubling measure. Let C∞(O) denote the
set of functions which are infinitely differentiable in O and let C∞0 (O) ⊂ C∞(O) be the set of
functions in C∞(O) with compact support in O. Let, for 1 ≤ p <∞,

Lpλ(O) :=

{
f : ||f ||Lpλ(O) :=

(∫
O

|f(x)|pλ(x)dx

)1/p

<∞
}
. (2.8)

Assuming (1.6), λ an A2(Bd(0, R0))-weight, it follows that(
1

λ(Bd(w, r))

∫
Bd(w,r)

|φ|2λdx
)
≤ cr2

(
1

λ(Bd(w, r))

∫
Bd(w,r)

|Xφ|2λdx
)
, (2.9)

whenever φ ∈ C∞0 (Bd(w, r)), Bd(w, r) ⊂ Ω, w ∈ O. For this result and more, see [Lu1]-[Lu5],
[FLuW1], [FLuW2]. Here the constant c is independent of φ and Bd(w, r). In particular, by
a covering argument it follows that (2.9) holds with Bd(w, r) replaced by Bd(0, 3R0/4) and for
some new constant c.

Let 〈·, ·〉 denote the standard Euclidean inner product on Rm and let

a(u, v) :=

∫
O

(〈AXu,Xv〉+ uvλ)dx, a0(u, v) :=

∫
O

〈AXu,Xv〉dx, (2.10)

whenever u, v ∈ C∞(O). Let S1,2
λ (O) and S1,2

λ,0(O) be the completion of C∞(O) and C∞0 (O) with
respect to the norms

||u||S1,2
λ (O) := a(u, u)1/2, ||u||S1,2

λ,0(O) := a0(u, u)1/2, (2.11)

respectively. Note that by the non-degeneracy condition in (1.3) we have∫
Ω

|Xu|2λdx ≈ a0(u, u), (2.12)

whenever u ∈ S1,2
λ (O). Using the Sobolev inequality in (2.9) we also see that S1,2

λ,0(O) is a

subspace of S1,2
λ (O) and that the inclusion map is continuous. In particular, it follows from

(2.9) that ||·||S1,2
λ,0(O) is a norm in S1,2

λ,0(O). Note that by definition an element of S1,2
λ (O)(S1,2

λ,0(O))

is an equivalence class of the Cauchy sequences {uk}, uk ∈ C∞(O)(C∞0 (O)). Again using the
Sobolev inequality in (2.9) it follows, see [Lu1], that one can associate with each u ∈ S1,2

λ (O)
a unique pair (ũ, Xũ) such that if u = {uk} then uk → ũ in L2

λ(O) and Xuk → Xũ in L2
λ(O).

One can also argue as in [CW] and show that Xũ is the distributional gradient of ũ in the sense
that ∫

ũ(X∗i φ)dx =

∫
(Xiũ)φdx whenever φ ∈ C∞0 (O), i ∈ {1, ...,m}, (2.13)

and where X∗i is the formal adjoint of Xi. Similarly, let u, v ∈ S1,2
λ (O) and let Xũ and Xṽ be

associated to u and v, respectively, in the sense of (2.13). If u = {uk}, v = {vk}, then, see
Lemma 2.1 in [Lu2],

〈AXuk, Xvk〉 → 〈AXũ,Xṽ〉 in L1(O). (2.14)
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In particular,

a(u, v) =

∫
O

(〈AXũ,Xṽ〉+ ũṽλ)dx, a0(u, v) =

∫
O

〈AXũ,Xṽ〉dx. (2.15)

Finally, we say that u ∈ S1,2
λ (O) is non-negative, u ≥ 0, in O if u can be represented by a

sequence {uk}, uk ∈ C∞(O), uk ≥ 0 in O. It is easy to see that if u ≥ 0, then ũ ≥ 0 a.e.
in O. For these results and much more on the Sobolev space S1,2

λ (O), (S1,2
λ,0(O)) we refer to

[Lu1]-[Lu5]. Note that in these papers λ is denoted by w and the space S1,2
λ (O), (S1,2

λ,0(O)) is
denoted by H(O) (H0(O)). Furthermore, in [Lu1]-[Lu5] the spaces H(O), H0(O) are defined
using the set of Lipschitz functions Lip(O), Lip0(O) instead of C∞(O), C∞0 (O). The latter is a
non-essential difference.

2.2 Weak solutions to the Dirichlet problem

In the following we assume (1.6), we let λ be an A2(Bd(0, R0))-weight and we let O ⊂ Bd(0, R0)
be an open set. Let u ∈ S1,2

λ (O). We say that u is a weak solution to Lu = 0 in O if a0(u, v) = 0
whenever v ∈ S1,2

λ,0(O). Given f ∈ S1,2
λ (O), −a0(f, ·) is a continuous linear functional on

S1,2
λ,0(O). Thus by the Riesz representation theorem there exists a unique F ∈ S1,2

λ,0(O) such

that a0(F, φ) = −a0(f, φ) for all φ ∈ S1,2
λ,0(O). Then u = F + f is the unique weak solution

u ∈ S1,2
λ (O) to Lu = 0 in O such that u = f on ∂O in the sense that u − f ∈ S1,2

λ,0(O). In

particular, we say that the weak solution u ∈ S1,2
λ (O) equals f on the boundary of O in the

(weighted) Sobolev sense. u ∈ S1,2
λ (O) is called a subsolution of Lu = O if a0(u, φ) ≤ 0 for all

φ ∈ S1,2
λ,0(O) such that φ ≥ 0. u is called a supersolution if −u is a subsolution.

2.3 Fundamental principles

Given a set E ⊂ Rn we let
sup
E

v and inf
E
v

denote the supremum and the infimum of the function v on E, respectively.

Lemma 2.1 Let w ∈ Rn, 0 < r and assume that Bd(w, 4r) ⊂ Bd(0, R0) following (1.5) and
(1.6). Let λ be an A2(Bd(w, 4r))-weight with constant γ. Suppose that v is a positive weak
solution to Lv = 0 in Bd(w, 2r). Then there exists a constant c = c(n,X, γ, β), 1 ≤ c < ∞
such that if w̃ ∈ Rn, 0 < r̃, Bd(w̃, 2r̃) ⊂ Bd(w, r), then

(i) c−1r̃2

∫
Bd(w̃,r̃/2)

|Xv|2λdx ≤ c

( ∫
Bd(w̃,r̃)

λdx

)
( sup
Bd(w̃,r̃)

v)2 ≤ c

∫
Bd(w̃,2r̃)

|v|2λdx,

(ii) sup
Bd(w̃,r̃)

v ≤ c inf
Bd(w̃,r̃)

v.

Furthermore, there exists α = α(n,X, γ, β) ∈ (0, 1) such that if x, y ∈ Bd(w̃, r̃) then

(iii) |v(x)− v(y)| ≤ c
(
d(x,y)
r̃

)α
sup

Bd(w̃,2r̃)

v.
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Proof. To prove statement (i) we first note, since Bd(w, 4r) ⊂ Bd(0, R0) with Bd(0, R0) as
in (1.5) and (1.6), that Bd(w, 4r) is compact. Using this we see that to prove (i) we can
apply Theorem 1.5 in [GN1] which ensures the existence of cut-off functions tailored to Carnot-
Caratheodory balls. In particular, there exists a function φ, compactly supported in Bd(w̃, r̃),
Lipschitz continuous with respect to the distance d(x, y), 0 ≤ φ(x) ≤ 1, φ ≡ 1 on Bd(w̃, r̃/2)
and |Xφ| ≤ c/r̃. Using this φ, (1.3) and the equation we see that

β−1

∫
φ2|Xv|2λdx ≤

∫
φ2〈AXv,Xv〉dx

=

∫
X∗i (φ2aijXjv)vdx =

∫
2φvX∗i φaijXjvdx. (2.16)

The first inequality in (i) (the left hand-side inequality) now follows from a standard manipu-
lation based on the Cauchy-Schwarz inequality. The second inequality in (i) follows from the
mean-value inequality proved in Theorem 7.4 in [Lu1]. Statement (ii) and Statement (iii) are
proved as Theorem 7.7 and Theorem 7.8 in [Lu1], respectively. 2

Lemma 2.2 (Strong maximum principle) Let Ω ⊂ Rn be a bounded domain. Let L be as in
(1.1) assuming (1.2), (1.3) and (1.7). Assume that u is a weak solution to Lu = 0 in Ω. Let
M denote the supremum of u on Ω. Then either u < M in Ω or u ≡M .

Proof. The strong maximum principle can be proved using Lemma 2.1 (ii) and a standard
argument which can be found in [GT], Theorem 8.19. 2

Lemma 2.3 (Weak maximum principle) Let Ω ⊂ Rn be a bounded domain. Let u and v be a
supersolution and a subsolution in Ω, respectively. Assume that min{u− v, 0} ∈ S1,2

λ,0(Ω). Then
u ≥ v a.e. in Ω.

Proof. See Lemma 2.4 in [Lu2].

2.4 Existence of a (weak) Green function

We here here derive the existence and properties of a weak Green function to the operator
L following [Lu2]. In particular, in [Lu2] the existence of the Green function for a ball was
established and certain quantitative estimates derived. Let Ω ⊂ Rn be a bounded domain.
Given y ∈ Ω, we by Green’s function for Ω with pole at y ∈ Ω, mean a function g(x, y) = gy(x),
x, y ∈ Ω, which solves Lgy = δy in the weak sense, i.e.,∫

Ω

〈AXgy, Xφ〉dx = φ(y) whenever φ ∈ S1,2
λ,0(Ω). (2.17)

To outline the construction of gy we in the following we let Ω and R0 be such that (1.6) holds.
Given y ∈ Ω we consider ρ > 0 small enough to ensure that Bd(y, ρ) is contained in Ω. Define

l : φ→ 1

λ(Bd(y, ρ))

∫
Bd(y,ρ)

φλdx, for φ ∈ S1,2
λ,0(Ω). (2.18)
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Assume that φ ∈ S1,2
λ,0(Ω). Then,

|l(φ)| ≤
(

1

λ(Bd(y, ρ))

∫
Bd(y,ρ)

φ2λdx

)1/2

≤
(
λ(Bd(0, R0))

λ(Bd(y, ρ))

)1/2(
1

λ(Bd(0, R0))

∫
Bd(0,R0)

φ2λdx

)1/2

≤
(
λ(Bd(0, R0))

λ(Bd(y, ρ))

)1/2

R0

(
1

λ(Bd(0, R0))

∫
Ω

|Xφ|2λdx
)1/2

≤ cR0(λ(Bd(y, ρ)))−1/2||φ||S1,2
λ,0(Ω) (2.19)

by (2.9). We also know that a0(u, φ) is a bounded and coercive form on S1,2
λ,0(Ω). Hence, by the

Riesz representation theorem we see that there exists a function gρ,y ∈ S1,2
λ,0(Ω) such that∫

〈AXgρ,y, Xφ〉dx = l(φ) =
1

λ(Bd(y, ρ))

∫
Bd(y,ρ)

φλdx, (2.20)

for all φ ∈ S1,2
λ,0(Ω). gρ,y can be referred to as the approximate (weak) Green function for L,

with pole at y, on Ω. Using Lemma 3.1 in [Lu2] we see that gρ,y is non-negative as an element
in S1,2

λ,0(Ω). Repeating the analysis on p.1230-1233 in [Lu2] we deduce that

sup
Bd(y,r)\Bd(y,r/2)

gρ,y ≤ cr2(λ(Bd(y, r)))
−1, (2.21)

whenever ρ < r and Bd(y, 2r) ⊂ Ω. The constant c is independent of y, r and ρ. Using the
Cacciopoli estimate in Lemma 4.2 in [Lu2], see also Lemma 2.1 (i) above, we see that∣∣∣∣ ∫

Ω\Bd(y,r)

〈AXgρ,y, Xgρ,y〉dx
∣∣∣∣ ≤ cr−2

∫
Bd(y,r)\Bd(y,r/2)

(gρ,y)2λdx. (2.22)

In particular, ∫
Ω\Bd(y,r)

|Xgρ,y|2λdx ≤ cr−2

∫
Bd(y,r)\Bd(y,r/2)

(gρ,y)2λdx, (2.23)

for r and ρ and c as above. The idea is now to prove that there exists a sequence {ρj} → 0
such that gρj ,y → gy in an appropriate sense where gy satisfies (2.17). To achieve this we first
note, using (2.21), the weak maximum principle, and (2.23) that

||gρ,y||L2
λ(Ω\Bd(y,r)) + ||Xgρ,y||L2

λ(Ω\Bd(y,r)) ≤ cr. (2.24)

Using this and arguing as on p.1240-1241 in [Lu2] we can conclude that gρjk ,y → gy in L2
λ(Ω \

Bd(y, r)) for a subsequence {ρjk} → 0 which depends on r. Hence there is an other subsequence,
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also denoted by {ρjk}, such that gρjk ,y → gy pointwise a.e. in Ω\Bd(y, r). Letting r → 0 through
a sequence and using repeated subsequences and a diagonal process we can conclude that there
exists a fixed subsequence {ρjk} such that gρjk ,y → gy pointwise a.e. in Ω \ {y}. In fact we can
conclude, see the end of p.1240 and the beginning of p.1241 in [Lu2], that there exists a (weak)
Green’s function gy : Ω→(0,∞], associated to the operator L with Lgy = 0 in Ω \ Bd(y, ε)
for each y ∈ Ω, ε > 0. Furthermore, ζgy ∈ S1,2

λ,0(Ω \ B̄d(y, ε)) whenever B̄d(y, 2ε) ⊂ Ω and

ζ ∈ C∞0 (Rn \ B̄d(y, ε)). Using Lemma 2.1 (iii) we also see that there exists a function g̃y,
Hölder continuous on Ω \ B̄d(y, ε), such that g̃y = gy a.e on Ω \ B̄d(y, ε). In particular, gy

has a Hölder continuous representative and in the following we will always identify gy with
g̃y. Furthermore, it follows that (2.21) holds with gρ,y replaced by gy and we can conclude, by
repeating the argument in [Lu2] which starts at the end of p.1241 and ends on p.1243, that

c−1r2(λ(Bd(y, r)))
−1 ≤ inf

Bd(y,r)\Bd(y,r/2)
g̃y

≤ sup
Bd(y,r)\Bd(y,r/2)

g̃y ≤ cr2(λ(Bd(y, r)))
−1, (2.25)

whenever Bd(y, 2r) ⊂ Ω and for some constant c independent of r but dependent on γ. Finally,
one can prove the symmetry of the Green function:

gy(x) = g(x, y) = g(y, x) = gx(y) whenever x, y ∈ Ω. (2.26)

Note that since we are now working with the Hölder continuous representative of the Green
function the statements in (2.26) are well-defined. To prove (2.26) one can establish versions,
for the operator L in (1.1) assuming (1.2), (1.3) and (1.7), of Proposition 2.3, Lemma 2.5, and
Lemma 2.7 in [FJK] and then complete the proof along the lines of Proposition 2.8 in [FJK].
We omit further details.

3 The continuous Dirichlet problem

We here establish a Wiener type criterion for the Dirichlet problem for the operator L as in
(1.1) assuming (1.2), (1.3) and (1.7). We assume (1.6), we let λ be an A2(Bd(0, R0))-weight
and we let O ⊂ Bd(0, R0) be an open set. Recall the ball (set) B(x, r) introduced in (2.5).

In the following the notion of capacity is important.

Definition 3.1 Let K be a compact subset of O. We let

capλ(K,O) = inf{
∫
O

|Xφ|2λdx| φ ∈ C∞0 (O), φ ≥ 1 in K}.

The (X,λ)-capacity of an arbitrary set E ⊆ O is then defined

capλ(E,O) = inf
G⊆O open, E⊆G

sup
K⊂G, K compact

capλ(K,O). (3.1)

Given a set E, and a function g, we let

osc(g, E) = sup
E
g − inf

E
g. (3.2)

In particular, osc(g, E) is the oscillation of the function g on the set E.
We first prove the following theorem.
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Theorem 3.2 Let Ω ⊂ Rn be a domain. Let f ∈ S1,2
λ (Ω)∩C(Ω̄). Let u ∈ S1,2

λ (Ω) be the unique
weak solution to the Dirichlet problem in (1.8) with boundary data f as outlined in Section 2.2.
Let w ∈ ∂Ω and r̃0 > 0, 0 < r ≤ ρ ≤ r̃0/2. Then there exists a constant c > 0, depending only
on n, X = {X1, .., Xm}, Ω, λ and β, such that

osc(u,Ω ∩B(w, r)) ≤ osc(f, ∂Ω ∩B(w, 2r))

+ osc(f, ∂Ω) exp

(
−c

ρ∫
r

[
capλ((Rn \ Ω) ∩B(w, t), B(w, 2t))

capλ(B(w, t), B(w, 2t))

]
dt

t

)
.

Proof. In the unweighted case, i.e., when λ(x) ≡ λ for some constant λ, Theorem 3.2 was
proved in [D]. In fact, in [D] the more general case of sub-elliptic operators of p-Laplace type
was considered and the proof presented in [D] follows very closely the corresponding (Euclidean)
proof in Section 6 in [HKM]. In addition, recall that most of the analysis in [HKM], and in
particular the analysis in Section 6 in [HKM], is carried out in a weighted setting which allows, in
the case p = 2, for A2-weights. Analyzing the relevant arguments in [D] and [HKM] one realizes
that in our weighted case, weighted versions of all of the estimates outlined in [D] ([HKM]) and
used in the corresponding proofs of Theorem 3.2 remain valid when p = 2 and in the presence of
the A2(Bd(0, R0))-weight λ. At instances one only has to refer to some basic Poincare-Sobolev
inequalities for balls, and in this connection, to certain representation formulas for u in terms
of the vector fields X = {X1, ..., Xm} established in [Lu1]-[Lu5], [FLuW1], [FLuW2] in settings
including the weighted sub-elliptic setting considered in this paper. Hence we choose to not
reproduce the details. 2

Definition 3.3 Let Ω ⊂ Rn be a domain. A point w ∈ ∂Ω is said to be a regular point for the
Dirichlet problem for L if the weak solution u to the Dirichlet problem in (1.8) takes the value
f(w) at w whenever f ∈ S1,2

λ (Ω) ∩ C(Ω̄).

Using the notion of regular points the following theorem can be derived from Theorem 3.2.

Theorem 3.4 Let Ω ⊂ Rn be a domain. Let w ∈ ∂Ω. If

1∫
0

[
capλ((Rn \ Ω) ∩B(w, t), B(w, 2t))

capλ(B(w, t), B(w, 2t))

]
dt

t
=∞

then w is a regular point for the Dirichlet problem for L.

Proof. See the proof of Theorem 3.8 in [D]. 2

Remark 3.5 Note that the question of regular boundary points was also treated in [FJK], in the
case m = n, {X1, ..., Xm} = {∂x1 , ..., ∂xn}, and λ an A2-weight, along the lines of the classical
paper of Littman, Stampacchia, and Weinberger, see [LSW].
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3.1 NTA-domains adapted to X

Given a bounded open set Ω ⊂ Rn, we recall that a ball Bd(x, r) is M -non-tangential in Ω
(with respect to the metric d), see [CG], if

M−1r < d(Bd(x, r), ∂Ω) < Mr.

Furthermore, given x, x′ ∈ Ω a sequence ofM -non-tangential balls in Ω, Bd(x1, r1),..., Bd(xp, rp),
is called a M -Harnack chain of length p, joining x to x′, if x ∈ Bd(x1, r1), x′ ∈ Bd(xp, rp), and
Bd(xi, ri)∩Bd(xi+1, ri+1) 6= ∅ for i ∈ {1, ..., p− 1}. We note that in this definition consecutive
balls have comparable radii.

Definition 3.6 Let Ω ⊂ Rn be a bounded domain. We say that Ω is a non-tangentially acces-
sible domain in Rn with respect to X, an NTA-domain (X−NTA-domain) hereafter, if there
exist M ≥ 2, r0 > 0 such that the following holds.

(i) (Interior corkscrew condition) For any w ∈ ∂Ω and r ≤ r0 there exists ar(w) ∈ Ω such
that r/M < d(ar(w), w) ≤ r and d(ar(w), ∂Ω) > r/M .

(ii) (Exterior corkscrew condition) Ωc = Rn \ Ω̄ satisfies property (i).

(iii) (Harnack chain condition) Whenever ε > 0 and x1, x2 ∈ Ω are such that d(xi, ∂Ω) > ε,
i ∈ {1, 2}, and d(x1, x2) ≤ Cε, for some constant C ≥ 1, then there exists a M-Harnack
chain joining x1 to x2 whose length depends on C but not on ε.

Remark 3.7 Based on (1.6) we see that there exists r0 = r0(Ω) > 0 such that the closure of
balls Bd(x0, r) with x0 ∈ Ω and 0 < r < r0 are compact. In view of this, and in consistency
with (1.5) and (1.6), we in the following always assume, for a given NTA-domain Ω ⊂ Rn with
constant M and r0 and following [CG], that the constant r0 has been adjusted in such a way that
the closure of balls Bd(x0, r), with x0 ∈ Ω̄ and 0 < r < r0, are compact. In fact, we will always
assume that r0 is adjusted so that Bd(x0, 2r) ⊂ Bd(0, R0) whenever x0 ∈ Ω̄ and 0 < r < r0.

Remark 3.8 Recall that when d is the standard Euclidean distance then the notion of NTA-
domain was introduced in [JK] in connection with the study of the boundary behaviour of non-
negative harmonic functions. The first study of NTA-domains in a sub-Riemannian context was
conducted in [CG], where a large effort was devoted to the nontrivial problem of constructing
examples, see also [CGN2]. In [CG] a Fatou theory was also developed and, in particular,
the doubling condition for harmonic measure, and the comparison theorem for quotients of
non-negative solutions of sub-Laplacians were established. Subsequently, in [CGN1], [CGN3],
[CGN4] the notion of NTA-domain was combined with an intrinsic outer ball condition to obtain
the solvability of the Dirichlet problem with boundary data in Lp. Concerning NTA-domains in
a sub-Riemannian context we also refer to [MM1].

Remark 3.9 In general it is not easy to determine if a domain is a (X−) NTA-domain or not.
However, in [CG] it was proved that in every Carnot group of step 2 the so called gauge balls
are NTA-domains. Furthermore, in the Heisenberg group, Hn, every bounded domain whose
boundary is (Euclidean) C1,1 is an NTA-domain. This result is proved in [MM2]. In fact in
[MM2] this result is proved for every Carnot group of step 2.
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Lemma 3.10 Let Ω ⊂ Rn be an NTA-domain. Then, given f ∈ S1,2
λ (Ω) ∩ C(Ω), there exists

a unique weak solution u ∈ S1,2
λ (Ω) ∩ C(Ω) to the Dirichlet problem (1.8). In particular, all

points on ∂Ω are regular for the Dirichlet problem for the operator L.

Proof. The only thing we have to verify is that if w ∈ ∂Ω then w is a regular point for the
Dirichlet problem for L. Based on Theorem 3.4 we see that it is enough to prove that

1∫
0

[
capλ((Rn \ Ω) ∩B(w, t), B(w, 2t))

capλ(B(w, t), B(w, 2t))

]
dt

t
=∞. (3.3)

To verify (3.3) we first note, using the exterior corkscrew condition, that there exists, for all t,
0 < t < r0, a point ãt(w) ∈ (Rn \ Ω) and a constant Λ = Λ(M)� 1 such that B(ãt(w), t/Λ) is
contained in (Rn \ Ω) ∩B(w, t). Note that we here have also used (2.6). Hence,

capλ((Rn \ Ω) ∩B(w, t), B(w, 2t)) ≥ capλ(B(ãt(w), t/Λ), B(w, 2t)). (3.4)

Obviously,

capλ(B(ãt(w), t/Λ), B(w, 2t)) ≥ capλ(B(ãt(w), t/Λ), B(ãt(w), 4t)). (3.5)

By the same argument as in the proof of Lemma 3.3 in [D], see also Lemma 2.14 in [HKM], we
deduce that there exists t0 > 0 such that if t ≤ t0, then

capλ(B(ãt(w), t/Λ), B(ãt(w), 4t)) ≈ t−2λ(B(ãt(w), t/Λ),

capλ(B(w, t), B(w, 2t)) ≈ t−2λ(B(w, t)). (3.6)

Here ≈ means that constants only depend on Λ and the A2-constant γ. In particular,

1∫
0

[
capλ((Rn \ Ω) ∩B(w, t), B(w, 2t))

capλ(B(w, t), B(w, 2t))

]
dt

t
≥

t0∫
0

[
λ(B(ãt(w), t/Λ))

λ(B(w, t))

]
dt

t

≥
t0∫

0

c−1dt

t
=∞ (3.7)

since the measure λ(x)dx satisfies the doubling property, see (3.8). This completes the proof
of Lemma 3.10. 2

Let Ω ⊂ Rn be a bounded domain. Following [LU] we say that Ω satisfies a uniform outer
positive d-density condition if there exist constants c ≥ 1, r1 > 0 such that for every w ∈ ∂Ω
and every 0 < r < r1 one has,

|(Rn \ Ω) ∩Bd(w, r)| ≥ c−1|Bd(w, r)|. (3.8)

By the proof of Lemma 3.10, and (2.6), we see that the following more general result holds.

Lemma 3.11 Let Ω ⊂ Rn be a bounded domain. Assume that Ω satisfies a uniform outer
positive d-density condition with parameters c ≥ 1, r1 > 0 as stated above. Then all points on
∂Ω are regular for the Dirichlet problem for the operator L.
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By condition (ii) in Definition 3.6 we conclude that if Ω ⊂ Rn is a bounded NTA-domain
then Ω satisfies a uniform outer positive d-density condition with parameters c ≥ 1, r1 > 0
which only depend on the NTA-parameters of Ω. We next note the following lemma, see
Lemma 6.4 in [LU].

Lemma 3.12 There exists a positive constant θ, depending only on the doubling constant c in
(1.5), such that

|Bd(x, t) ∩Bd(w, r)| ≥ θ|Bd(x, t)|
whenever w ∈ Rn, 0 < t ≤ r and x ∈ ∂Bd(w, r).

Using Lemma 3.12 we see that Rn \ B̄d(w, r) satisfies a uniform outer positive d-density
condition, and thus, by Lemma 3.11, all points on ∂Bd(w, r) are regular for the Dirichlet
problem for L in U \ B̄d(w, r) where U is any bounded open set such that B̄d(w, r) is a compact
subset of U . Note also that the intersection of two domains, both of which satisfies a uniform
outer positive d-density condition, also satisfies this condition. This is the idea behind the
following lemma, see Theorem 6.5 in [LU], which we here state and, due to its simple and
illustrative proof, also prove.

Lemma 3.13 Let D ⊂ Rn be a bounded open set. Then, for every δ > 0 there exists a set Dδ

such that

(i) {x ∈ D : d(x, ∂D) > δ} ⊂ Dδ ⊂ D,

(ii) |Bd(w, t) \Dδ)| ≥ θ|Bd(w, r)| for every w ∈ ∂Dδ, 0 < t ≤ δ.

In (ii) θ is the constant in Lemma 3.12.

Proof. Simply put

Dδ = D \
p⋃
j=1

Bd(wj, δ) (3.9)

where wj ∈ ∂D and {Bd(wj, δ)}pj=1 is a finite covering of ∂D. Then Dδ satisfies (i). (ii) follows
from Lemma 3.12. 2.

By Lemma 3.13 and Lemma 3.11 we can conclude that any bounded open set D ⊂ Rn can
be approximated by a set Dδ as in Lemma 3.13 and that the continuous Dirichlet problem for
the operator L can be solved in Dδ. Note that we have already introduced two set of ‘balls’: see
(1.4) and (2.5). The balls {B(w, r)} in (2.5) were essentially only introduced so that we could
formulate and prove the Wiener type criterion in Theorem 3.2 along the lines of [D]. Based
on the construction above we here introduce one more set of balls. In particular, we let for
0 < δ � 1 small

Bδ(w, r) := Dδr for D = Bd(w, r) whenever w ∈ Rn, 0 < r < r0. (3.10)

Then Bδ(w, r) is an approximation of the ball Bd(w, r) and Bδ(w, r) is regular for the continuous
Dirichlet problem for the operator L. In the forthcoming sections we will use either the balls
{Bd(w, r)} or {Bδ(w, r)} depending on our purposes.

Finally, in the following sections we will also use the following notion of local NTA-domains
introduced in [DGP], see section 7 in [DGP].
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Definition 3.14 Let Ω ⊂ Rn be a domain and let w0 ∈ ∂Ω. We say that Ω is a local non-
tangentially accessible domain at w0, a local NTA-domain at w0 hereafter, if there exist M ≥
2, r0 > 0 such that the following holds.

(i) Ω satisfies, for all r, 0 < r < r0, and at every point of ∂Ω ∩ Bd(w0, r0), the interior and
exterior corkscrew condition with constant M .

(ii) (Localized Harnack chain condition) For every 0 < r ≤ r0 and x1, x2 ∈ Ω∩Bd(w0, r) with
d(xi, ∂Ω) ≥ ε, i ∈ {1, 2}, and d(x1, x2) ≤ Cε, there exists an M-Harnack chain, joining
x1 and x2, which is contained in Ω ∩ Bd(w0,Mr) and which has a length depending only
on C,M and r0.

4 Non-negative solutions in (local) NTA-domains

We first establish the following boundary version of Lemma 2.1.

Lemma 4.1 Let Ω ⊂ Rn be a domain, assume (1.6), let w0 ∈ ∂Ω and assume that Ω is a local
NTA-domain at w0 with constants M and r0. Let 0 < r ≤ r0/2, w ∈ ∂Ω ∩ Bd(w0, r0/2), and
assume that λ is a A2(Bd(w, 4r))-weight with constant γ. Suppose that v is a non-negative weak
solution to Lv = 0 in Ω ∩ Bd(w, 2r) and that v = 0 on ∂Ω ∩ Bd(w, 2r) in the weighted Sobolev
sense. Then there exists c = c(n,M,X, γ, β), 1 ≤ c < ∞, such that the following holds with
r̃ = r/c.

(i) r2

∫
Ω∩Bd(w,r/2)

|Xv|2λdx ≤ c

∫
Ω∩Bd(w,r)

|v|2λdx,

(ii) sup
Ω∩Bd(w,r̃)

v ≤ cv(ar̃(w)).

Furthermore, there exists α = α(n,M,X, γ, β) ∈ (0, 1) such that if x, y ∈ Ω ∩Bd(w, r̃), then

(iii) |v(x)− v(y)| ≤ c
(d(x,y)

r

)α
sup

Ω∩Bd(w,2r̃)

v.

Proof. Let φ be defined as in the proof of Lemma 2.1 but with Bd(w̃, r̃) replaced by Bd(w, r).
Then, for v as in the statement of the lemma it follows, as in (2.16), that∫

Ω∩Bd(w,r)

φ2|Xv|2λdx ≤ c

∫
Ω∩Bd(w,r)

|Xφ|2|v|2λdx. (4.1)

Statement (i) now follows from this inequality and the properties of φ. Assuming (iii), (ii)
follows from (iii), the fact that Ω is assumed to be a local NTA-domain at w0, and the Harnack
inequality in Lemma 2.1 (ii), by a standard argument, see [CFMS]. See also Theorem 2.6 in
[CG] for the corresponding statement in the case when λ(x) ≡ λ for some constant λ ≥ 1.
Hence it remains to prove statement (iii). To start the outline of the proof of (iii) we first note
that it follows from the fact that Ω is a local NTA-domain at w0 that

|(Rn \ Ω) ∩Bd(w̃, r̃)| ≥ c−1|Bd(w̃, r̃)| (4.2)
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for some c = c(n,M,X), 1 ≤ c <∞, whenever w̃ ∈ ∂Ω ∩ Bd(w0, r0/2), 0 < r̃ < r0. Using that
λ is an A2(Bd(w, 4r))-weight with constant γ we can therefore conclude, in particular, that

λ((Rn \ Ω) ∩Bd(w̃, r̃)) ≥ c̃−1λ(Bd(w̃, r̃)) (4.3)

for some c̃ = c̃(n,M,X, γ), 1 ≤ c̃ <∞, whenever w̃ ∈ ∂Ω ∩ Bd(w, r/4), 0 < r̃ < r/16. Since λ
is an A2(Bd(w, 4r))-weight with constant γ it follows, by standard results in harmonic analysis,
see [GR], [CoW] for example, that there exists ε > 0 such that λ is also an A2−ε(Bd(w, r/2))-
weight with constant γ′ ≈ γ. For the definition of the Muckenhoupt class Ap in our context,
see for instance p.370 in [Lu1].

Claim. There exist Q ≥ 2 and ĉ = ĉ(n,M,X, γ′, β), 1 ≤ ĉ < ∞, such that if w̃ ∈ ∂Ω ∩
Bd(w, r/4), 0 < r̃ < r/16, and if we let p = 2− ε, q = pQ/(Q− 1), then(

1

λ(Bd(w̃, r̃))

∫
Ω∩Bd(w̃,r̃)

|f |qλdx
)1/q

≤ ĉ

(
1

λ(Bd(w̃, r̃))

∫
Ω∩Bd(w̃,r̃)

|Xf |pλdx
)1/p

, (4.4)

for all functions f ∈ S1,2
λ (Ω∩Bd(w̃, 2r̃)), with f = 0 in ∂Ω∩Bd(w̃, 2r̃) in the (weighted) Sobolev

sense. In particular, neither Q nor ĉ depend on w̃, r̃.

We postpone the proof of the claim for now and here use the claim to complete the proof of
(iii). Let v be as in the statement of the lemma, hence, in particular, v ∈ S1,2

λ (Ω ∩ Bd(w̃, r̃))
and v = 0 in ∂Ω ∩ Bd(w̃, r̃) in the (weighted) Sobolev sense. We let, for k0 ≥ 0, A(w̃, r̃, k0) =
{x ∈ Ω ∩ Bd(w̃, r̃) : v(x) > k0}. Let t satisfy t−1 + p/2 = 1 where p is as stated in the claim.
Then, using (4.4) we have

(h− a)2(λ(A(w̃, r̃, h)))2/q ≤ cr̃2(λ(Bd(w̃, r̃)))
2(1/q−1/p)

( ∫
A(w̃,r̃,a)

|Xv|2λdx
)

·(λ(A(w̃, r̃, a) \ A(w̃, r̃, h)))2/(pt) (4.5)

whenever 0 < a < h, Using this, Lemma 4.1 (i) and standard arguments, it follows, recall the
definition of osc(·, ·) in (3.2), that

osc(v,Ω ∩Bd(w̃, ρ/2)) ≤ c

(
1

λ(Bd(w̃, ρ))

∫
Ω∩Bd(w̃,ρ)

|v|2λdx
)
ρα, (4.6)

for some α = α(n,M,X, γ′, β) ∈ (0, 1), whenever w̃ ∈ ∂Ω ∩Bd(w, r/4), 0 < ρ < r̃. Again c de-
pends only on n,M,X, γ′ and β. This completes the proof of Lemma 4.1 (iii) modulo the claim.

Proof of the claim. The claim follows essentially from Theorem 2.2, and the remark below
Theorem 2.3, in [Lu4]. The integer Q is called the homogeneous dimension, see [Lu4] for the
definition. 2

Our next target is prove Theorem 1.1. We first have the following lemma.
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Lemma 4.2 Let Ω ⊂ Rn be a domain, assume (1.6), and assume that Ω is an NTA-domain
with constants M and r0. Assume that λ is an A2(Bd(0, R0))-weight with constant γ. Then
there exists a Green’s function g : Ω × Ω→(0,∞] associated to the operator L, in the sense of
(2.17). In particular, Lg(·, y) = 0 in Ω \ Bd(y, ε) for each ε > 0, y ∈ Ω and g(x, y) = g(y, x)
whenever x, y ∈ Ω. Furthermore, ζ(·)g(·, y) ∈ S1,2

λ,0(Ω \ B̄d(y, ε)) whenever B̄d(y, 2ε) ⊂ Ω and

ζ ∈ C∞0 (Rn \ B̄d(y, ε)). Let g(·, y) ≡ 0 on Rn \ Ω. Then g(·, y) has a Hölder continuous
representative on Rn \ {y}. Finally, if x 6= y, then

c−1 d(x, y)2

λ(Bd(y, d(x, y)))
≤ g(x, y) ≤ c

d(x, y)2

λ(Bd(y, d(x, y)))
whenever x ∈ Bd(y, d(y, ∂Ω)/2) (4.7)

for some constant c, 1 ≤ c <∞, c = c(n,M,X, γ, β).

Proof. All of the statements in the lemma follow from the outline in subsection 2.4 and from
Lemma 4.1 (iii). 2

Let Ω ⊂ Rn be an NTA-domain and assume (1.6). Applying Lemma 2.1 and Lemma 4.1 in
Ω to v(·) = g(·, x), x ∈ Ω, one can deduce the existence of a measure ω(·, x), with support on
∂Ω, ω(∂Ω, x) = 1, such that

θ(x) =

∫ m∑
i,j=1

XiθaijXjg(·, x)dy +

∫
θdω(·, x) (4.8)

whenever θ ∈ C∞0 (Rn). We say that ω(·, x) is the L-elliptic measure relative Ω and x. Using
(4.8), Lemma 2.1 and Lemma 4.1 in Ω applied to v(·) = g(·, x), x ∈ Ω, and arguing essentially
as in [LSW], see also Theorem 3 in [FJK1] and the section on harmonic measure in [FJK1], one
can deduce by the method of Perron-Wiener-Brelot that the solution u to the Dirichlet problem
(1.8) with f ∈ S1,2

λ (Ω) ∩ C(Ω) is given, at x ∈ Ω, as

u(x) =

∫
∂Ω

f(y)dω(y, x). (4.9)

Our next step is to analyze the L-elliptic measure ω(·, x). To do this we prove the following
lemmas.

Lemma 4.3 Let Ω ⊂ Rn be a domain, assume (1.6), and assume that Ω is an NTA-domain
with constants M and r0. Assume that λ is an A2(Bd(0, R0))-weight with constant γ. Let
w ∈ ∂Ω, 0 < r < r0. Then there exists a constant c = c(n,M,X, γ, β), 1 ≤ c <∞, such that

ω(∂Ω ∩Bd(w, r), ar(w)) ≥ c−1.

Proof. The lemma follows from Lemma 4.1 (iii) with v(x) = 1− ω(∂Ω ∩Bd(w, r), x) and the
Harnack inequality. 2

Lemma 4.4 Let Ω ⊂ Rn be a domain, assume (1.6), and assume that Ω is an NTA-domain
with constants M and r0. Assume that λ is an A2(Bd(0, R0))-weight with constant γ. Let
w ∈ ∂Ω, 0 < r < r0. Then there exists a constant c = c(n,M,X, γ, β), 1 ≤ c <∞, such that if
x ∈ Ω \Bd(w, cr), then

c−1λ(Bd(ar(w), r))

r2
g(x, ar(w)) ≤ ω(∂Ω ∩Bd(w, r), x) ≤ c

λ(Bd(ar(w), r))

r2
g(x, ar(w)).

18



Proof. Using Lemma 4.2 we see that

g(x, ar(w)) ≤ c
r2

λ(Bd(ar(w), r/(4M)))
whenever x ∈ ∂Bd(ar(w), r/(4M)). (4.10)

Furthermore, using Lemma 4.3 and the Harnack inequality we also see that

ω(∂Ω ∩Bd(w, r), x) ≥ c−1 whenever x ∈ ∂Bd(ar(w), r/4M). (4.11)

(4.10), (4.11), the maximum principle and the doubling property for the measure λdx give the
left hand-side inequality in the statement of the lemma. To prove the right hand-side inequality
we fix x ∈ Ω\Bd(w, cr). We let ĝ(·, x) be the Hölder continuous representative for the function
constructed in Section 2.4 with Bd(0, 3R0/4) as the domain of reference. Then ĝ(·, x) is the
weak Green function for Bd(0, 3R0/4) with pole at x ∈ Bd(0, 3R0/4). Since we throughout the
paper assume that Ω ⊂ Bd(0, R0/2), see (1.6), we have, in particular, that if x ∈ Ω then ĝ(·, x)
is Hölder continuous on Ω̄ \ {x}. Let

g∗(y, x) = ĝ(y, x)−
∫
∂Ω

ĝ(y, z)dω(z, x) (4.12)

whenever x 6= y, y ∈ Ω. Then g(y, x) = g∗(y, x) by the maximum principle. For x fixed we
extend g(·, x) to Rn \ Ω̄ by putting g(y, x) ≡ 0 when y ∈ Rn \ Ω̄. The representation in (4.12)
can now be extended to y ∈ ∂Ω by arguing as in the proof of Theorem 1 in [CG]. Indeed, we
first note that by Fatou’s lemma we have that∫

∂Ω

ĝ(y, z)dω(z, x) = ĝ(y, x) <∞ whenever y ∈ ∂Ω.

Let now {yj} be a sequence in Ω which converges non-tangentially to y ∈ ∂Ω so that d(yj, y) ≤
Md(yj, ∂Ω). Then the doubling property of the measure λdx and the quantitative estimate for
ĝ in (4.7) yield for z ∈ ∂Ω and j ∈ N that ĝ(yj, z) ≤ cĝ(y, z). Lebesgue’s theorem on dominated
convergence now allows us to conclude the validity of (4.12) also for y ∈ ∂Ω.

Using (4.12) we next, as in the proof of Lemma 2.1 (i), choose a test function φ, compactly
supported in Bd(w, 2r), Lipschitz continuous with respect to the distance d(x, y), such that
0 ≤ φ(x) ≤ 1, φ ≡ 1 on Bd(w, r) and |Xφ| ≤ c̃/r. Then, using (4.12) and that x ∈ Ω\Bd(w, cr),
where we let c ≥ 8, we see that∫

Ω

g(y, x)Lφ(y)dy =

∫
∂Ω

φ(z)dω(z, x) ≥ ω(∂Ω ∩Bd(w, r), x). (4.13)

We can now integrate by parts on the left hand side in (4.13) and proceed by standard arguments
to conclude that

ω(∂Ω ∩Bd(w, r), x) ≤
( ∫
Bd(w,2r)

|Xg(y, x)|2λdy
)1/2( ∫

Bd(w,2r)

|Xφ(y)|2λdy
)1/2

. (4.14)
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Using Lemma 4.1 (i) we see that∫
Bd(w,2r)

|Xg(y)|2λdy ≤ cr−2

∫
Bd(w,4r)

|g(y, x)|2λdy. (4.15)

Using (4.14), (4.15), the doubling property of the measure λdy, Lemma 4.1 (ii) and Proposition
3 in [CG] in combination with the Harnack inequality, and the symmetry of the Green function
we deduce that

ω(∂Ω ∩Bd(w, r), x) ≤ c
λ(Bd(ar(w), r))

r2
g(x, ar(w)). (4.16)

This completes the proof of the lemma. 2

Proof of Theorem 1.1. Theorem 1.1 follows readily from Lemma 4.4, the Harnack inequality
and the doubling property of the measure λ(x)dx. 2

5 Proof of Theorem 1.2

Our proof of Theorem 1.2 is based on the following lemma.

Lemma 5.1 Let Ω ⊂ Rn be an NTA-domain with constants M and r0 satisfying (1.6). Let
w ∈ ∂Ω, 0 < r < r0, and let λ be an A2(Bd(0, R0))-weight with constant γ. Suppose that v1

and v2 are two non-negative weak solutions to Lv = 0 in Ω and that v1 = 0 = v2 continuously
on ∂Ω ∩Bd(w, 2r). Then there exists ĉ = ĉ(n,M,X, γ, β), 1 ≤ ĉ <∞, such that

ĉ−1v1(ar(w))

v2(ar(w))
≤ v1(x)

v2(x)
≤ ĉ

v1(ar(w))

v2(ar(w))

whenever x ∈ Ω ∩Bd(w, r/4).

Proof of Theorem 1.2 assuming Lemma 5.1. Let w ∈ ∂Ω, r, v1, v2 be as in Lemma 5.1.
We prove that there exist λ, 0 < λ < 1, and c∗ , depending only on n,M,X, γ, β, such that∣∣∣∣v1(x)

v2(x)
− v1(x′)

v2(x′)

∣∣∣∣ ≤ c∗
(
d(x, x′)

r

)λ
v1(ar(w))

v2(ar(w))
(5.1)

whenever x, x′ ∈ Ω ∩ Bd(w, r/16). This statement is easily seen to imply the statement in
Theorem 1.2. Given x̃ ∈ ∂Ω ∩Bd(w, r/8) set

M(s) = M(s, x̃) = sup
x∈Ω∩Bd(x̃,s)

v1(x)

v2(x)
, m(s) = m(s, x̃) = inf

x∈Ω∩Bd(x̃,s)

v1(x)

v2(x)
,

when 0 < s < r/8. Then v1 − m(s)v2 ≥ 0 and M(s)v2 − v1 ≥ 0 in Ω ∩ Bd(x̃, s). Using the
Harnack inequality we can conclude that each of these functions is either positive or identically
zero in Ω ∩ Bd(x̃, s). If both functions are positive then we find from Lemma 5.1 with v1, v2
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replaced by v1−m(s)v2, v2, and v2M(s)−v1, v2, respectively, that if ĉ is the constant in Lemma
5.1 and ŝ = s/4, then

(i) M(ŝ)−m(s) ≤ ĉ2(m(ŝ)−m(s))

(ii) M(s)−m(ŝ) ≤ ĉ2(M(s)−M(ŝ)). (5.2)

Let ψ(t) = ψ(t, x̃) = M(t)−m(t). Then, by adding (5.2) (i), (ii) we first see that

ψ(s) + ψ(ŝ) ≤ ĉ2(ψ(s)− ψ(ŝ)),

and then

ψ(ŝ) ≤ ĉ2−1
ĉ2+1

ψ(s). (5.3)

Clearly this inequality is also valid if either of the above functions vanishes. If x, x′ ∈ Ω ∩
Bd(w, r/16) and d(x, x′) > r/1000, then from Lemma 5.1 and (5.3) we see that (5.1) holds. If
x, x′ ∈ Ω ∩ Bd(w, r/16), d(x, x′) ≤ r/1000, d(x, ∂Ω) ≥ 2r/1000 then we can use the Harnack
inequality and interior Hölder continuity estimates for v1, v2, see Lemma 2.1 (iii), to get (5.1)
in this case. Otherwise, if x, x′ ∈ Ω ∩Bd(w, r/16), d(x, x′) ≤ r/1000, d(x, ∂Ω) < 2r/1000, then
we choose x̃ ∈ ∂Ω ∩ Bd(w, r/8) with d(x, x̃) = d(x, ∂Ω). Iterating (5.3) starting from s = r/16
and finishing with s ≈ 4d(x, x′), we deduce for some λ, 0 < λ < 1, and c,∣∣∣∣v1(x)

v2(x)
− v1(x′)

v2(x′)

∣∣∣∣ ≤M(2d(x, x′), x̃)−m(2d(x, x′), x̃) ≤ c

(
d(x, x′)

r

)λ
v1(ar(w))

v2(ar(w))
. (5.4)

Hence (5.1) holds in all cases. 2

Proof of Lemma 5.1. To start the proof of Lemma 5.1 we claim that

ω(Bd(w, r), x) ≥ c−1 whenever x ∈ Bd(w, r/4) ∩ Ω, w ∈ ∂Ω, 0 < r < r0. (5.5)

To prove (5.5) we choose, given x as in (5.5), x̂ ∈ ∂Ω such that d(x, x̂) = d(x, ∂Ω). Put
r̂ = 2d(x, x̂). Using Lemma 4.3, with w, r replaced by x̂, r̂, and using Harnack’s inequality, we
get (5.5). We intend to prove Lemma 5.1 using an argument along the lines of the proof of
Lemma 3.13 and Lemma 3.27 in [LN]. The latter is in turn based on an argument in [HL, ch
2, sec 3], see also [BL, Lemma 2.2]. In fact, it turns out that (5.5), inequality (4.7) of Lemma
4.2, the doubling property of the measure λ(x)dx and Harnack’s inequality are strong enough
to allow us to complete the proof of Lemma 5.1.

In the following we assume, as we may, that vi(ar(w)) = 1, i = 1, 2, since otherwise we
divide vi by these constants for i = 1, 2. Hence, using Harnack’s inequality and the fact that Ω
is an NTA-domain we see that to prove Lemma 5.1 it suffices to prove that

c−1 ≤ v1(x)/v2(x) ≤ c for x ∈ Ω ∩Bd(w, r/16), (5.6)

for some constant c = (n,M,X, γ, β), 1 ≤ c < ∞. Recall that g denotes Green’s function for
Ω relative to L. In the following we let ρ = r/8. If x ∈ Ω ∩ Bd(w, ρ), choose x̃ ∈ ∂Ω with
d(x, x̃) = d(x, ∂Ω). Let ρm = 2−mρ, ρ̂m = 2−1/2ρm, for m = 0, 1, 2, . . . , and

Gj = (∂Ω ∩Bd(x̃, ρj)) \Bd(x̃, ρj+1) for j = 0, 1, 2, . . . .
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Using inequality (4.7) of Lemma 4.2, (5.5) with x replaced by points in ∂Bd(x̃, ρ̂0) ∩ Ω, the
doubling property of the measure λ(x)dx, Lemma 4.1 (ii), Proposition 3 in [CG] in combination
with the Harnack inequality, and the weak boundary maximum principle for L, we see, for some
c depending only on n,M,X, γ, β, that

cv1(·) ≥ λ(Bd(aρ(x̃), ρ/(4M)))ρ−2g(·, aρ(x̃)) and v2(·) ≤ cω(G0, ·) (5.7)

in (Bd(x̃, ρ/2) \Bd(aρ(x̃), d(aρ(x̃), ∂Ω))/1000)) ∩Ω. From (5.7) and the maximum principle we
conclude that to prove v1(x)/v2(x) ≥ c−1 it suffices to prove that

ω(G0, x) ≤ cλ(Bd(aρ(x̃), ρ/(4M)))ρ−2g(x, aρ(x̃)) (5.8)

whenever x ∈ (Bd(x̃, ρ/2) \ Bd(aρ(x̃), d(aρ(x̃), ∂Ω))/1000)) ∩ Ω. (5.8) is a consequence of the
following claim.

Claim. Given ε > 0, sufficiently small, and depending on n,M,X, γ, β, there exists c(ε),
depending only on ε, n,M,X, γ, β, such that

ω(Gj−1, ·) ≤ εω(Gj, ·) + c(ε)λ(Bd(aρj(x̃), ρj/(4M)))ρj
−2g(·, aρj(x̃)) in Ω ∩Bd(x̃, ρj+1) (5.9)

whenever j = 1, 2, . . . .

We postpone the proof of the claim for now and instead use (5.9) to prove (5.8). To prove
(5.8), let k be the positive integer with x ∈ B(x̃, ρk+1) \ B̄(x̃, ρk+2). Iterating (5.9) from 1 to k
we get

ω(G0, x) ≤ εkω(Gk, x) + c(ε)
k∑
j=1

εj−1λ(Bd(aρj(x̃), ρj/(4M)))ρj
−2g(x, aρj(x̃)). (5.10)

Suppose

x 6∈
⋃
i

B(aρi(x̃), d(aρi(x̃), ∂Ω)/100). (5.11)

Then, using the symmetry of the Green function, Proposition 3 in [CG] in combination with
the Harnack inequality applied to g(x, ·), and again the doubling properties of λ(x)dx, we first
see that

εj−1λ(Bd(aρj(x̃), ρj/(4M)))ρj
−2g(x, aρj(x̃))

≤ εj−1(4c)jλ(Bd(aρ(x̃), ρ/(4M)))ρ−2g(x, aρ(x̃))

≤ c(1/2)jλ(Bd(aρ(x̃), ρ/(4M)))ρ−2g(x, aρ(x̃)) (5.12)

for j = 1, 2, . . . , provided ε is sufficiently small depending only on n,M,X, γ, β. Similarly we
see that

εkω(Gk, x) ≤ (1/2)ω(G0, x) (5.13)

for small ε. Fix ε > 0 so that (5.12), (5.13) are true. Using (5.12), (5.13) in (5.10) we obtain
that (5.8) is valid when (5.11) holds. If (5.11) does not hold then there exists x∗ satisfying
(5.11) (with x replaced by x∗) and with d(x∗, x) ≈ d(x∗, ∂Ω) ≈ ρk. Then (5.8) is valid for x∗
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and using the Harnack inequality as above it follows that (5.8) is valid for x. From the remark
above (5.8) we get the lower bound in (5.6). Interchanging v1, v2 we also get the upper bound
in (5.6). This proves Lemma 5.1.

It remains to prove the claim. To prove the claim, i.e., (5.9), for a fixed j, let ε′ < 10−10,
and let N be the largest positive integer ≤ 1/ε′. Set

Eij = {ζ ∈ Gj : (1 + i−1
100N

)ρ̂j ≤ d(ζ, x̃) < (1 + i
100N

)ρ̂j} for i = 1, 2, . . . , N.

Then

{Eij}N1 are pairwise disjoint,
N⋃
i=1

Eij ⊂ Gj and ω(Eij, ·) ≥ c−1 (5.14)

on

Fij =
⋃
{Ω ∩Bd(ζ,

ε′ρj
10000

) : ζ ∈ Eij and (1 + (i−3/4)
100N

)ρ̂j ≤ d(ζ, x̃) < (1 + (i−1/4)
100N

)ρ̂j},

as we see from a covering argument and (5.5). From (5.14) we can conclude that if

z ∈ Hij =
(

Ω ∩ ∂Bd(x̃, (1 + i−1/2
100N

)ρ̂j)
)
\ Fij,

then d(z, ∂Ω) ≥ ε′ρj/c. Using this fact, Proposition 3 in [CG] in combination with the Harnack
inequality, inequality (4.7) of Lemma 4.2 and the doubling property of the measure λ(x)dx once
again we find, for some c(ε′), that

c(ε′)λ(Bd(aρj(x̃), ρj/(4M)))ρj
−2g(·, aρj(x̃)) ≥ 1 on Hij (5.15)

for 1 ≤ i ≤ N, j = 0, 1, . . . Adding (5.14), (5.15) we get that

ω(Gj−1, ·) ≤ 1 ≤ cω(Eij, ·) + c(ε′)λ(Bd(aρj(x̃), ρj/(4M)))ρj
−2g(·, aρj(x̃)) (5.16)

on Ω∩ ∂Bd(x̃, (1 + i−1/2
100N

)ρ̂j). Using the maximum principle for L we deduce that (5.16) is valid
in Ω∩Bd(x̃, ρj+1). Summing (5.16), for a fixed j, from i = 1 to N, we obtain from (5.14) (after
division by N) that

ω(Gj−1, ·) ≤ (c/N)ω(Gj, ·) + c(ε′)λ(Bd(aρj(x̃), ρj/(4M)))ρj
−2g(·, aρj(x̃)) (5.17)

in Ω ∩ Bd(x̃, ρj+1). Choose ε′ so that c/N < ε or equivalently cε′ = ε for some c. Rewriting
(5.17) in terms of ε we obtain the claim, i.e., (5.9), provided 0 < ε < 1/c and c is large enough.
This completes the proof of the claim and the proof of Lemma 5.1. 2

5.1 A local version of Theorem 1.2

We here prove the following local version of Theorem 1.2.

Theorem 5.2 Let Ω ⊂ Rn be an NTA-domain with constants M and r0 satisfying (1.6). Let
w ∈ ∂Ω, 0 < r < r0, and assume that λ is a A2(Bd(w, 4r))-weight with constant γ. Suppose
that v1 and v2 are two non-negative weak solutions to Lv = 0 in Ω∩Bd(w, 2r) and v1 = 0 = v2

continuously on ∂Ω∩Bd(w, 2r). Then there exist 1 ≤ c <∞, and α = α(n,M,X, γ, β) ∈ (0, 1)
such that ∣∣∣∣log

v1(x1)

v2(x1)
− log

v1(x2)

v2(x2)

∣∣∣∣ ≤ c

(
d(x1, x2)

r

)α
whenever x1, x2 ∈ Ω ∩Bd(w, r/c).
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Proof. To prove Theorem 5.2 it is enough to establish a local version of Lemma 5.1 as we can
then proceed in the same way to complete the proof of Theorem 5.2 as we did when proving
Theorem 1.2 assuming Lemma 5.1. In the following we let Ω̂ be the connected component of
Ω ∩ Bd(w, r/10) which contains w in its closure. Following Lemma 4.2 we can conclude that
there exists a (weak) Green’s function ĝ : Ω̂ × Ω̂→(0,∞] associated to the operator L, in the
sense of (2.17), whenever y ∈ Ω̂. In fact, ĝ will have all the properties stated in Lemma 4.2
but one: we can not ensure that if we let ĝ(·, y) ≡ 0 on Rn \ Ω̂, then ĝ(·, y) has a Hölder
continuous representative on Rn \ {y}. In fact, to start with we can only ensure that ĝ(·, y)
vanishes continuously on ∂Ω̂ ∩ Bd(w, r/10) and, using Lemma 4.1, we see that ĝ(·, y) can be
chosen to be Hölder continuous up to ∂Ω̂ ∩ Bd(w, r/40). Recall that ω(·, x) denotes L-elliptic
measure relative to Ω and x. We can now repeat the proof of Lemma 5.1 with g replaced by ĝ
and with, say, r replaced by r̂ = r/104 and ρ = r̂/1010. In particular and to start with, (5.7)
remains true with g replaced by ĝ as we see by the maximum principle, and following the proof
of Lemma 5.1 we immediately see that it is enough to prove (5.8) with g replaced by ĝ and
that the claim is true with g replaced by ĝ. The important fact to note here is that the proof of
Lemma 5.1 does not use Lemma 4.4. In particular, to prove the version of Lemma 5.1 we need
for Theorem 5.2, we do not have to use an elliptic measure on Ω̂. All together we can conclude
that the appropriate version of Lemma 5.1 holds and hence that the proof of Theorem 5.2 is
complete. 2

6 Boundary behaviour of solutions to non-linear sub-

elliptic equations

In the following we briefly outline the implications of, in particular, Theorem 5.2, on the study
of the boundary behaviour of non-negative solutions to sub-elliptic equations of p-Laplace type.
Let as before X = {X1, ..., Xm} be a system of C∞ vector fields in Rn satisfying the finite rank
condition (1.2). Given an open set O ⊂ Rn, and 1 ≤ q ≤ ∞, we in the following by W 1,q

X (O)
denote the Folland-Stein Sobolev space of equivalence classes of functions f with horizontal
distributional derivatives Xif , for i ∈ {1, ..,m}, all of which are integrable to the q-th power
on O. Given f ∈ W 1,q

X (O) we let

‖f‖1,q = ‖f‖q +
m∑
i=1

‖|Xif |‖q

be the norm in W 1,q
X (O) where ‖ · ‖q denotes the Lebesgue q norm on O. We let W 1,q

X,0(O) be

the closure of C∞0 (O) in the norm of W 1,q
X (O).

Given G ⊂ Rn a bounded domain and p, 1 < p < ∞, we say that u is p-harmonic in G
provided u ∈ W 1,p

X (G) and ∫
|Xu|p−2〈Xu,Xθ〉dg = 0 (6.1)

whenever θ ∈ W 1,p
X,0(G). Here Xu = (X1, ..., Xm) and |Xu| = (

∑
|Xiu|2)1/2. Formally,

Lpu =
m∑
i=1

X∗i (|Xu|p−2Xiu) = 0, (6.2)
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where X∗i is the formal adjoint of Xi. We refer to the equation in (6.2) as the sub-elliptic
p-Laplace equation and we note that (6.2) is the Euler-Lagrange equation associated to the
Sobolev functional

Jp(u) =

∫
|Xu|pdx.

Assume that X = {X1, ..., Xm} satisfies (1.2) and let Ω ⊂ Rn be a (X−) NTA-domain with
parameters M ≥ 2, r0 > 0. Note that by the Wiener criterion in [D] it then follows that every
point w ∈ ∂Ω is regular for operator Lp when 1 < p < ∞. For the proof of Lemma 6.1 and
Lemma 6.2 below we refer to [D].

Lemma 6.1 Let w ∈ Rn. Given p, 1 < p < ∞, let u be a positive p-harmonic function in
Bd(w, 2r). Then there exists c = c(p, n,M,X), 1 ≤ c <∞, such that

(i) sup
Bd(w,r)

u ≤ c inf
Bd(w,r)

u.

Furthermore, there exists α = α(p, n,M,X) ∈ (0, 1) such that if x, y ∈ Bd(w, r), then

(ii) |u(x)− u(y)| ≤ c(d(x, y)/r)α sup
Bd(w,2r)

u.

Lemma 6.2 Let Ω ⊂ Rn be an NTA-domain with constants M and r0. Let p, 1 < p < ∞, be
given. Let w ∈ ∂Ω, 0 < r < r0 and suppose that u is a non-negative continuous p-harmonic
function in Ω ∩ Bd(w, 2r) such that u = 0 continuously on ∂Ω ∩ Bd(w, 2r). Then there exist
c = c(p, n,M,X), 1 ≤ c <∞, α = α(p, n,M,X) ∈ (0, 1) such that if x, y ∈ Ω ∩Bd(w, r), then

|u(x)− u(y)| ≤ c(d(x, y)/r)α sup
Ω∩Bd(w,2r)

u.

Lemma 6.3 Let Ω ⊂ Rn be an NTA-domain with constants M and r0. Let p, 1 < p < ∞, be
given. Let w ∈ ∂Ω, 0 < r < r0 and suppose that u is a non-negative continuous p-harmonic
function in Ω ∩ Bd(w, 2r) such that u = 0 continuously on ∂Ω ∩ Bd(w, 2r). Then there exists
c = c(p, n,M,X), 1 ≤ c <∞, such that if r̃ = r/c, then

sup
Ω∩Bd(w,r̃)

u ≤ c u(ar̃(w)).

Proof. This follows from the NTA-character of Ω, Lemma 6.1 (i) and Lemma 6.2 along the
lines of the corresponding proof in [CFMS]. 2

In the following we intend to make use of Theorem 5.2. However, to be able to directly
use Theorem 5.2 we in the following assume that the system X = {X1, ..., Xm} satisfies the
condition

X∗i = −Xi for all i ∈ {1, ...,m}. (6.3)

Note that if we want to avoid this assumption in the context outlined below, then we have to
establish all of the results and estimates of the previous sections also for non-negative solutions
to the equation

L̃u =
m∑

i,j=1

Xi(aijXju) = 0. (6.4)
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In general

X∗i = −Xi −
∑n

k=1 ∂xkcik (6.5)

if Xi =
∑n

k=1 cik(x)∂xk , and hence the relation between the operator L in (1.1) and the operator
L̃ in (6.6) reads

L̃u = −Lu−
m∑

i,j=1

n∑
k=1

∂xkcik(x)aij(x)Xju. (6.6)

In particular, the operators L and L̃ differ by a lower order term. While it is most likely that
all of the results and estimates of the previous sections can be developed and established in the
context of the operator L̃ this would amount to (substantial) additional work as we would then
have to ensure the validity, for the operator L̃, of all the results in the literature that we quote
for the operator L. We therefore leave this as future research and in the following assume (6.3).

Assuming that X = {X1, ..., Xm} satisfies (1.2), (6.3) we in the following let Ω ⊂ Rn be a
(X−) NTA-domain with parameters M ≥ 2, r0 > 0. Let w ∈ ∂Ω, 0 < r < r0 and suppose that
û, v̂ are positive p-harmonic functions in Ω∩Bd(w, 4r), continuous in Bd(w, 4r) with û = v̂ = 0
on Bd(w, 4r)\Ω. In the following we impose two assumptions: Assumption 1 and Assumption 2.

Assumption 1. There exists c0, 1 ≤ c0 <∞, such if r̂ = r/c0, then for some µ ≥ 1,

µ−1 h(x)

d(x, ∂Ω)
≤ |Xh(x)| ≤ µ

h(x)

d(x, ∂Ω)
whenever x ∈ Ω ∩Bd(w, 4r̂), h ∈ {û, v̂}. (6.7)

Let r̂ be as in Assumption 1. Define

e(x) = û(x)− v̂(x) whenever x ∈ Ω ∩Bd(w, 4r̂) (6.8)

and put

u(x, τ) = τ û(x) + (1− τ)v̂(x) whenever x ∈ Ω ∩Bd(w, 4r̂) and τ ∈ [0, 1]. (6.9)

Clearly, e(x) = u(x, 1)− u(x, 0). Using p-harmonicity of û, v̂ and that

|ξ|p−2ξ − |η|p−2η =

∫ 1

0

d{|tξ + (1− t)η|p−2[tξ + (1− t)η]}
dt

dt

whenever ξ, η ∈ Rm \ {0}, we see that e is a weak solution to the equation

L̂e :=
m∑

i,j=1

Xi(âij(·)Xje) = 0 in Ω ∩Bd(w, 4r̂), (6.10)

where, whenever x ∈ Ω ∩Bd(w, 4r̂),

âij(x) =

1∫
0

aij(x, τ)dτ,

aij(x, τ) = |Xu(x, τ)|p−4((p− 2)(Xiu)(x, τ)(Xju)(x, τ) + δij|Xu(x, τ)|2). (6.11)
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Here i, j ∈ {1, ...,m} and δij is the Kronecker δ. In particular, we observe that e = û− v̂ is the
solution to a symmetric divergence form PDE with ellipticity constant, at x ∈ Ω ∩ Bd(w, 4r̂),
estimated by

min{p− 1, 1}|ξ|2λ̂(x) ≤
m∑

i,j=1

âij(x)ξiξj ≤ max{p− 1, 1}|ξ|2λ̂(x), (6.12)

whenever ξ ∈ Rm. Furthermore, using elementary estimates and Assumption 1 we see that

λ̂(x) =

1∫
0

|Xu(x, τ)|p−2dτ ≈
(
|Xû(x)|+ |Xv̂(x)|

)p−2

≈
(
û(x)/d(x, ∂Ω) + v̂(x)/d(x, ∂Ω)

)p−2

, (6.13)

whenever x ∈ Ω ∩ Bd(w, 4r̂). In (6.13) ≈ means that the constants of proportionality only
depend on p, n and µ. Using (6.3), (6.13) and the Harnack inequality for p-harmonic functions
in Lemma 6.1 (i) we see that locally L̂ is a linear and uniformly elliptic sub-elliptic pde which
locally in Ω is within the range of the operators studied in [CG]. However, near the boundary
the ellipticity may degenerate and the results in [CG] do not apply.

Assumption 2. There exists c̃0 ≥ 1 such that if r∗ = r̂/c̃0, then (|Xû| + |Xv̂|)p−2 extends to
an A2(B(w, 4r∗))-weight with A2(B(w, 4r∗))-constant γ.

Assuming Assumption 1 and Assumption 2 we can now use Theorem 5.2 to prove the following
theorem.

Theorem 6.4 Let Ω ⊂ Rn, M , r0, w, r, p, û, v̂ be as above and assume Assumption 1 and
Assumption 2. Assume in addition that v̂ ≤ û and let r∗ be as in Assumption 2. Then there
exists c ≥ 1, c = c(p, n,M,X, c0, µ, c̃0, γ, β) such that if r̃ = r∗/c, then

c−1 û(ar̃(w))− v̂(ar̃(w))

v̂(ar̃(w))
≤ û(x)− v̂(x)

v̂(x)
≤ c

û(ar̃(w))− v̂(ar̃(w))

v̂(ar̃(w))

whenever x ∈ Ω ∩Bd(w, r̃).

Proof. At the end of the following argument, see the argument below (6.19), it is important
to make use of the balls introduced in (3.10). Hence we in the following prove the statement in
Lemma 6.4 whenever x ∈ Ω ∩Bδ(w, r̃) where δ is small. We first prove the lefthand inequality
in Theorem 6.4. To do so we show the existence of Λ, 1 ≤ Λ < ∞, and ĉ ≥ 1, such that if
r′ = r∗/ĉ and if

e(x) = Λ

(
û(x)− v̂(x)

û(ar∗(w))− v̂(ar∗(w))

)
− v̂(x)

v̂(ar∗(w))
(6.14)

for x ∈ Ω ∩Bδ(w, r∗), then

e(x) ≥ 0 whenever x ∈ Ω ∩Bδ(w, 2r′). (6.15)

27



To do this, we initially allow Λ, ĉ ≥ 1 to vary in (6.14). Λ, ĉ, are then fixed near the end of the
argument. Put

u′(x) =
Λû(x)

û(ar∗(w))− v̂(ar∗(w))
,

v′(x) =
Λv̂(x)

û(ar∗(w))− v̂(ar∗(w))
+

v̂(x)

v̂(ar∗(w))
.

Observe from (6.14) that e = u′ − v′. Let L be defined as in (6.10) using u′, v′, instead of û, v̂,
and let e1, e2 be the solutions to Lei = 0, i = 1, 2, in Ω ∩ Bδ(w, r∗), with continuous boundary
values

e1(x) =
û(x)− v̂(x)

û(ar∗(w))− v̂(ar∗(w))
, e2(x) =

v̂(x)

v̂(ar∗(w))
, (6.16)

whenever x ∈ ∂(Ω ∩ Bδ(w, r∗)). Using Assumption 2 we see that Theorem 5.2 can be applied
and we get, for some c+ ≥ 1 and r+ = r∗/c+, that

c−1
+

e1(ar+(w))

e2(ar+(w))
≤ e1(x)

e2(x)
≤ c+

e1(ar+(w))

e2(ar+(w))
(6.17)

whenever x ∈ Ω ∩Bδ(w, 2r+). We now put

ĉ = c+, r
′ = r+, and Λ = ĉ

e2(ar′(w))

e1(ar′(w))
,

and observe from (6.17) that

Λe1(x)− e2(x) ≥ 0 whenever x ∈ Ω ∩Bδ(w, 2r′). (6.18)

Let ê = Λe1 − e2 and note from linearity of L that ê, e, both satisfy the same linear locally
uniformly elliptic sub-elliptic pde in Ω∩Bδ(w, r∗) and also that these functions have the same
continuous boundary values on ∂(Ω ∩ Bδ(w, r∗)). Hence, using the maximum principle for the
operator L it follows that e = ê and then by (6.18) that e(y) ≥ 0 in Ω ∩Bδ(w, 2r′).

To complete the proof of the left-hand inequality in Lemma 6.4 with r̃ = 2r′ we prove that

Λ ≤ c(p, n,M,X, c0, µ, c̃0, γ, β). (6.19)

Recall that L̂ denotes the operator corresponding to û − v̂ and defined as in (6.10). Then
from the Harnack inequality in Lemma 2.1 (ii) for L̂, applied to û − v̂, and the definition
of r′, we deduce the existence of ζ ∈ Ω ∩ ∂Bδ(w, r∗) with d(ζ, ∂Ω) ≥ r/c and such that
e1 ≥ c−1 on ∂Bδ(w, r∗) ∩ Bd(ζ, d(ζ, ∂Ω)/4). We now note that by construction all points
on ∂Bδ(w, r∗) ∩ Bd(ζ, d(ζ, ∂Ω)/4) are regular for the Dirichlet problem for the operator L
in Ω ∩ Bδ(w, r∗). Hence we can, using the maximum principle, introduce a function ξ such
that Lξ = 0 and ξ ≤ ce1 in Ω ∩ Bδ(w, r∗) and such that ξ has continuous boundary values
on ∂Bδ(w, r∗) ∩ Bd(ζ, d(ζ, ∂Ω)/4) with ξ = 1 on ∂Bδ(w, r∗) ∩ Bd(ζ, d(ζ, ∂Ω)/16) and ξ = 0 on
∂Bδ(w, r∗)∩(Bd(ζ, d(ζ, ∂Ω)/4)\Bd(ζ, d(ζ, ∂Ω)/8)). Applying Lemma 4.1 (iii) with v(x) = 1−ξ
and the Harnack inequality we conclude that ξ ≥ c̃−1 in Bδ(w, r∗) ∩ Bd(ζ, d(ζ, ∂Ω)/c̃). Com-
bining these estimates and the Harnack inequality in Lemma 2.1 applied to the function e1, we
get that e1(ar′(w)) ≥ c̄−1. Also from Lemma 6.3 and the Harnack inequality applied to v̂ we
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get e2(ar′(w)) ≤ c̄ for some c̄ = c̄(p, n,M,X, c0, µ, c̃0, γ, β). Thus (6.19) is true and the proof
of the left hand inequality in Lemma 6.4 is complete. To prove the right hand inequality in
Lemma 6.4, one can proceed similarly and in this case one needs to prove, for e1, e2 as above,
that e1(ar′(w)) ≤ c̄ and e2(ar′(w)) ≥ c̄. The proof of the second inequality follows, as above,
essentially from Lemma 4.1 (iii) and the Harnack inequality in Lemma 2.1 applied to the func-
tion e2. The first inequality follows from Lemma 4.1 (iii), (ii) for L̂, applied to û− v̂, and the
Harnack inequality. This completes the proof of Lemma 6.4. 2

Based on Theorem 6.4 we can now derive the following result.

Theorem 6.5 Let Ω ⊂ Rn, M , r0, w, r, p, û, v̂ be as above and assume Assumption 1 and
Assumption 2. Let r∗ be as in Assumption 2. There exist c ≥ 1, c = c(p, n,M,X, c0, µ, c̃0, γ, β),
and α = α(p, n,M,X, c0, µ, c̃0, γ, β), α ∈ (0, 1), such that if r̃ = r∗/c, then∣∣∣∣log

û(x1)

v̂(x1)
− log

û(x2)

v̂(x2)

∣∣∣∣ ≤ c

(
d(x1, x2)

r

)α
whenever x1, x2 ∈ Ω ∩Bd(w, r̃).

Proof. Let ũ, ṽ be the p-harmonic functions in Ω ∩Bd(w, 2r
∗) with

ũ = max{û, v̂} and ṽ = min{û, v̂} on ∂[Ω ∩Bd(w, 2r
∗)].

From the maximum principle for p-harmonic functions we have ũ ≥ ṽ and hence we can apply
Theorem 6.4 to conclude that

c−1 ũ(ar̃(w))

ṽ(ar̃(w))
≤ ũ(x)

ṽ(x)
≤ c

ũ(ar̃(w))

ṽ(ar̃(w))
(6.20)

whenever x ∈ Ω ∩Bd(w, r̃). Moreover, using the definition of ũ, ṽ, and (6.20) we can conclude
that

û(x1)

v̂(x1)
≤ c

û(x2)

v̂(x2)
whenever x1, x2 ∈ Ω ∩Bd(w, r̃). (6.21)

Next if w̃ ∈ ∂Ω ∩Bd(w, r̃/8), then we let

M(ρ) = sup
Ω∩Bd(w̃,ρ)

û

v̂
and m(ρ) = inf

Ω∩Bd(w̃,ρ)

û

v̂

when 0 < ρ < r̃. If ρ is fixed we can apply Theorem 6.4 with û = û, v̂ = m(ρ)v̂, and 2r replaced
by ρ to conclude the existence of c∗, c∗, such that if ρ̃ = ρ/c∗, then

M(ρ̃)−m(ρ) ≤ c∗(m(ρ̃)−m(ρ)). (6.22)

Likewise, we can apply Theorem 6.4 with û = M(ρ)v̂ and v̂ = û to conclude

(M(ρ)v̂ − û)/û ≈ constant on Ω ∩Bd(w, ρ̃).

Using this inequality together with (6.21) it follows that

(M(ρ)v̂ − û)/v̂ ≈ constant on Ω ∩Bd(w, ρ̃).
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Thus if c∗ is large enough, then

M(ρ)−m(ρ̃) ≤ c∗(M(ρ)−M(ρ̃)). (6.23)

If osc(t) := M(t)−m(t), then we can add (6.22) and (6.23) and deduce that

osc(ρ̃) ≤ c∗ − 1

c∗ + 1
osc(ρ). (6.24)

We can now use (6.24), since c∗ is independent of ρ, in an iterative argument. Doing this we
can conclude that

osc(s) ≤ c(s/t)θosc(t) whenever 0 < s < t ≤ r/2 (6.25)

for some θ > 0, c ≥ 1. (6.25), (6.21), along with arbitrariness of w̃ ∈ ∂Ω ∩ Bd(w, r̃/8) and the
interior Hölder continuity-Harnack inequalities for û, v̂ in Lemma 6.1, are now easily seen to
imply Theorem 6.5. 2

The question remains when (6.3), Assumption 1 and Assumption 2 are fulfilled. In [N]
the second author proves that Assumption 1 and Assumption 2 are satisfied when considering
certain flat domains in the Heisenberg group Hn. In this case

X = {X1(g), ..., Xn(g), Xn+1(g), ..., X2n(g)}

where g ∈ Hn, Hn can be identified with R2n+1, g = (x1, ..., x2n, t), and

Xi(g) := = ∂xi −
xn+i

2
∂t, i ∈ {1, ..., n},

Xn+i(g) := = ∂xn+i +
xi
2
∂t, i ∈ {1, ..., n}. (6.26)

In particular, ∂t represents the differentiation in the ‘missing’ direction t. Note that (6.3) holds
in Hn. We refer to [N] for a more thorough outline, in the important case of the Heisenberg
group, of the analysis considered above.
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Poincare’ inequalities for Hörmander’s vector fields, Ann. Inst. Fourier (Grenoble) 45
(1995), 577-604.

[FLuW2] B. Franchi, G. Lu, and R. Wheeden, Weighted Poincare’ inequalities for Hörmander’s
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