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Abstract

COMSOL Multiphysics c© (Comsol)
The present master’s thesis deals with numerical modeling of solid-state

micrometrical-sized polymeric dye lasers, commonly denoted as microcavities.
It is part of a large research initiative carried out in the optics group, at the MAP
(Microelectronics and Applied Physics) department in KTH (Kungliga Tekniska

Högskolan - Royal Technical School) and targeted towards the design and man-
ufacturing of micro- and nano-scaled polymeric components for nano-photonics,
primarily lasers.

The finite element method (FEM) in frequency domain is used as a pri-
mary modeling tool through the simulation software COMSOL Multiphysics c©.
Models for spontaneous emission, optical losses and gain are developed and
demonstrated.

A specific layout is studied : the double hexagonal microcavity. While it
was expected to be a good candidate for a laser, the design shows unexpected
properties making it useful for sensing applications.

Finally, the transposition of models to time domain is initiated : a replace-
ment solution for the lacking perfectly matched layer (PML) in Comsol is de-
veloped and demonstrated. Methods for modeling materials parameters in time
domain are investigated, together with the possible use of a more suitable algo-
rithm : finite differences in time domain (FDTD) or Yee’s scheme.
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Introduction

Micrometrical sized optical cavities of various shapes [1] [2] are increasingly
attracting interest for their properties and potential applications as couplers or
lasers.

Nowadays fast growing interest for lab-on-chip (LOC) [3] and photonic in-
tegrated circuits reveals the need for small-sized, cost effective and reliable on-
chips light sources. Microcavity lasers being good candidates, the study of their
properties is one of the research fields the optics groups takes actively part in [4].

Solid-state lasers made of poly(methyl methacrylate) (PMMA) doped with
dyes, like, for example, Rhodamine 6G [5], are expected to provide nearly
monochromatic, highly coherent, and easily tunable lasers at low costs.

The goal of this project is to — starting from previous work accomplished in
the group — improve current numerical models and study a particular design,
candidate for laser applications, the double hexagonal cavity (Figure 1).

Figure 1: Sample cavity design studied in this project.
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OUTLINE INTRODUCTION

Outline

The present work is part of the research done in the optics group. It is nor
a starting point, nor an end. Through those pages, we base ourselves on former
work accomplished in the group, bring some improvements, and introduce new
ideas to be investigated and improved further.

An introduction to physics of microcavity lasers is given in chapter 1 in
order to make reader familiar with the topic. An overview of the tools available
to us follows in chapter 2, where we introduce or re-introduce basic notions of
the finite element method (FEM) and present the software used in the group,
COMSOL Multiphysics c©, our main modeling tool.

In chapter 3, we discuss fundamental differences between an optical cavity
and a laser cavity together with their consequences on models. Methods to
calculate cavity modes in general — and in particular for laser cavities — are
developed. Finally, a model for spontaneous emission is introduced.

Chapter 4 introduces a systematic method to represent accurately mate-
rials parameters available as experimental data. Optical absorption and gain
are studied in details. An innovative model for optical gain is introduced. A
complete laser model is built and demonstrated on a simple case in order to
highlight its strengths and limitations.

Properties of hexagonal cavities are discussed in chapter 5 and compared to
the more classical circular and rectangular shapes. The double hexagonal cav-
ity, expected to be candidate for a laser, is studied and unexpected properties
are observed.

All simulations so far being carried on in the frequency domain on 2D ge-
ometries, chapter 6 mentions briefly notions of 3D models. Extension to time
domain and consequent problems are discussed in details : a replacement for
the perfectly matched layer (PML) is developed and demonstrated. Notions of
material parameters in time domain are introduced : an overview of auxiliary
differential equations (ADE) and recursive convolution is presented. Finally, a
new algorithm — finite differences in time domain (FDTD) or Yee’s scheme —,
more suitable for time domain than FEM, is introduced.

All the way through this work, we take a very pragmatic point of view :
the ideas behind present formulations, their mathematical expressions and the
approximations done are heavily influenced by the software used, COMSOL
Multiphysics c©, by its strengths and limitations as well as by the hardware used
— its amount of memory and computing power. Purely technical details are
kept well hidden when unnecessary, however reader needs to keep in mind that
when talking about a model, what is actually meant is a model solvable with
COMSOL Multiphysics c© on the hardware available in the group.
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Chapter 1

Physics of Microcavity
Lasers

As it is well known from basic optics classes [6], a laser is a device able
to generate intense beams of coherent monochromatic light. It is made up of
four essential parts : an optical cavity, a gain medium, a pump and an output
coupler.

1.1 The right theory of light

Along years, many theories of light were developed, each corresponding to a
different level of approximation : ray optics is valid at scales of several meters,
beam propagation methods bring satisfactory corrections for scales of a few
centimeters, etc... For optics at micro-metric scale, the electromagnetic nature
of light needs to be considered.

Both near-field and far-field phenomena, reflection, refraction, diffraction,
interference, etc... are taken into account through Maxwell’s equations, pro-
vided that we achieve to construct an accurate model corresponding to each
material properties.

On the other hand, lasing is a purely quantum phenomenon, which, in order
to be described accurately, requires to consider light as a beam of particles :
photons. However, a photon-based theory at a the scale of a microcavity would
require to consider billions of atoms one by one, a far too complex task.

In this work, we will analyze light propagation in cavities by solving Maxwell’s
equations. Quantum nature of light is not modeled directly but considered when
required, and consequent effects are translated into larger scale, electromagnetic,
phenomena.

1.2 Cavity and Output Coupler

A cavity is any system able to produce reflections of an optical beam, in a
way causing interferences within itself. For a given cavity, those interferences

3



1.2. CAVITY AND OUTPUT COUPLER 1 PHYSICS OF MICROCAVITY LASERS

are constructive or destructive depending on the wavelength. Configurations
corresponding to constructive interferences are called resonance modes or cavity
modes.

Cavity modes are often conveniently represented under the form of a plot,
the cavity modes diagram, as on Figure 1.1 : a value representative of the
resonance — typically the output intensity or the optical energy accumulated
within the cavity — is plotted against the free-space wavelength or, equivalently,
the frequency.

Figure 1.1: Representation of cavity modes. [6]

Often, a measure of the quality of those modes is introduced : the Q-factor,
defined for oscillatory phenomena as the ratio of energy stored in the cavity
over energy dissipated per cycle. Practically, a high Q-factor corresponds in the
cavity mode diagram (Fig. 1.1) to a peak with high height to width ratio.

Fresnel’s coefficients

A cavity is often an empty area surrounded by mirrors, but mirrors are not
the only method available to create reflections. Any interface between two me-
dia with different refractive indexes causes reflections governed by the Fresnel’s
coefficients :

Rs =

n1 cos θi−n2

r
1−
“
n1
n2

sin θi
”2

n1 cos θi+n2

r
1−
“
n1
n2

sin θi
”2

2

, Ts = 1−Rs,

Rp =

n1

r
1−
“
n1
n2

sin θi
”2
−n2 cos θi

n1

r
1−
“
n1
n2

sin θi
”2

+n2 cos θi

2

and Tp = 1−Rp,

(1.1)

where R and T are the reflection and transmission coefficients for the interface
on Figure 1.2(a). The subscripts s and p denote respectively a perpendicular
and an in-plane polarization.

In the case of a semiconductor or polymeric cavity, those coefficients lead
to two conceptually very different regimes, yet they result from the same phe-
nomenon (Figure 1.2(b)) :

• Partial reflection : light reaching the interface with small angles of in-
cidence is partially reflected and partially transmitted. The transmitted
part represents a loss for the cavity.
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1 PHYSICS OF MICROCAVITY LASERS 1.3. GAIN MEDIUM AND PUMP

• Total internal reflection (TIR) : when the angle of incidence is high, light
is reflected without any losses.

P

O

S
Q

normal

interface

(a) (b)

Figure 1.2: (a) Optical beam incident on an interface (b) Re-
flection coefficients for an inner reflection. [7]

Output coupler

The output coupler is a component of the laser — part of the cavity or
external to it — which allows us to retrieve light out of the device. It can be
a partially reflective mirror, a piece of dielectric material close enough to the
cavity to induce optical tunneling, or even just a partially transmissive facet.

The output coupler is not necessary for the laser to operate, but essential to
make anything useful out of it.

1.3 Gain medium and Pump

A gain medium is any material able to provide optical amplification.

According to Albert Einstein, light and mater may interact in three ways:
absorption, spontaneous emission and stimulated emission (Figure 1.3).

Figure 1.3: Three interactions between light and matter: (a)
absorption (b) spontaneous emission (c) stimulated emission. [8]
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1.3. GAIN MEDIUM AND PUMP 1 PHYSICS OF MICROCAVITY LASERS

As illustrated, stimulated emission is the phenomenon responsible for optical
amplification, but happens notably only if a majority of electrons are on high
energy levels : this is an unnatural state of mater called population inversion.

It is now well-known that two levels systems as on Figure 1.3 cannot achieve
population inversion. Three and four-levels systems (Figure 1.4) are commonly
used in lasers.

Figure 1.4: Three and four-levels systems suitable for gain media
in lasers [8].

The role of the pump is to excite electrons from ground to upper-most level.
A fast decay follows and brings electrons to the meta-stable level 2. Stimulated
emission occurs between level 2 and ground level in three-levels systems, and
between level 2 and 4, followed by a fast decay to ground state, in four-levels
systems.

The value of optical gain at each place and moment depends ultimately on
the number of electrons on both levels involved in lasing. Population of each
level is in return governed by the rate equations :

∂Nj =
∑
i

(Bij(Ni −Nj)I −AijNj) , (1.2)

where Ni is the number of electrons on levels i, Bij represents the stimulated
transition probability — absorption or stimulated emission — from state i to j,
Aij the spontaneous transition probability and I an optical intensity, pump or
incoming beam depending on the transition considered.

Solving the rate equations leads to the value of gain, but requires knowledge
of all the A and B coefficients.

For dye-based lasers, the ground and upper levels become manifold (Figure
1.5(a)) and solving rate equations becomes illusory. Instead, the medium will
often be characterized through experimental measurements of absorption and
gain (Figure 1.5(b)).
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1 PHYSICS OF MICROCAVITY LASERS 1.4. LASER OPERATION
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Figure 1.5: (a) Typical levels in dye-based gain medium.1(b)
Gain and losses across the spectrum for Rhodamine6G (arbi-
trary scales). 2

1.4 Laser operation

Finally, it is interesting to consider how a laser operates, how lasing phe-
nomena arises when all parts of the laser are put together :

1 The first step for lasing is to create a population inversion in the gain
medium, initially at rest (Figure 1.6(a)). This is done by turning on the
pump.

2 As soon as the pump is activated, some electrons reach high energy lev-
els. Shortly after, photons start to be emitted with random wavelengths,
phases and directions through spontaneous emission (Figure 1.6(b)).

3 Those photons initiate stimulated emissions within the material : this is
the stage of amplified spontaneous emission (Figure 1.6(c)). Simultane-
ously, some photons reach cavity borders and are reflected.

4 Due to those reflections, interferences appear within the cavity (Figure
1.6(d)) : wavelengths corresponding to cavity modes interfere construc-
tively, others are filtered out.

5 If and only if gain is high enough to compensate losses, cavity modes are
amplified further and become laser modes (Figure 1.7). Output intensity
increases and gain decreases due to depletion in population inversion until
an equilibrium is reached. The laser is fully operational (Figure 1.6(e)).

At each step as well as at steady state, pump permanently re-populates upper
levels and spontaneous emission continuously acts (not illustrated on Figure
1.6).

This work focuses mainly on steady state : further, we consider almost
exclusively the full operation mode, but the initial steps described here will
play an important role.

1Reproduced from IO2651, Optics, Sergei Popov.
2Based on experimental data from [5].
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1.4. LASER OPERATION 1 PHYSICS OF MICROCAVITY LASERS

(a)

(b)

(c)

(d)

(e)

Figure 1.6: Three main steps in laser operation.1

Figure 1.7: Schematic representation of major parameters for
lasing : cavity modes, gain and losses level [8].

1Reproduced from The Free Dictionnary by Farlex, c©2001 The Computer Language Co.
Inc.
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Chapter 2

Modeling methods and
Software tools

This chapter introduces or reintroduces basics of the finite element method
(FEM), the algorithm extensively used in this work. We focus on fundamental
building blocks of the method and do not go deep into its technical details nor
practical implementation, extensively covered in [9] and unnecessary for this
work. Good knowledge of fundamental ideas and underlying principles is, on
the contrary, a sine qua non prerequisite for clear understanding of methods
and results presented in following chapters.

We then present the software used in the group : COMSOL Multiphysics c©.
An overview of its features, formalisms, strengths and limitations is provided
since those clearly influenced the turn of this work.

Finally, we cover in details modeling assumptions taken further.

2.1 Galerkin’s method

Boris Galerkin, 1871-1945

Let’s consider the following partial differential equation together with a set
of boundary conditions :

L u = f on Ω
f(u) = 0 on ∂Ω u, f ∈ V, (2.1)

where L denotes a linear differential operator and ∂Ω is the boundary of do-
main Ω. The ensemble V is the vectorial space of functions defined on Ω and
f(u) = 0 represents a set of boundary conditions (BCs) suitable for the problem.

Multiplying equation (2.1) by a function v ∈ V and integrating over domain
Ω, we get ∫

(v L u− v f) dΩ = 0 ∀v ∈ V. (2.2)

9



2.1. GALERKIN’S METHOD 2 MODELING METHODS & TOOLS

Let V0 be a particular subspace of V such that the ensemble

{φi : φi ∈ V0}

constitutes a complete - but not necessarily orthogonal - basis of V0.

Let’s define u0 ∈ V0 as
u0 =

∑
j

ρjφj , (2.3)

such that ∫
(v L u0 − v f) dΩ = 0 ∀v ∈ V0. (2.4)

Moreover, since this is valid in general for any v ∈ V0, it is valid in particular
for v equal to each of the basis functions φi. Thus

∫ φiL ∑
j

ρjφj − φif

 dΩ = 0 ∀φi (2.5)

or, using linear properties of the operator [10],

∑
j

ρj

∫
φiL φj dΩ =

∫
φif dΩ. (2.6)

Equation (2.6) is the Galerkin’s formula for generation of linear equations : for
a subspace V0 of finite dimension n and a given set of n basis functions φi, this
formula provides a systematic scheme to generate the system

Aρ = b, (2.7)

with
Ai,j =

∫
φiL φj dΩ and bi =

∫
φif dΩ,

where A is commonly called the mass matrix and b the load vector. Solving
system (2.7) gives? us the coefficients ρj and allows to calculate u0.

A meaning needs to be attached to our – so far arbitrary – function u0.
From equation (2.2), we restrict v to the subspace V0 and (2.4) - (2.2) gives∫

(v R) dΩ = 0 , R = L e , e = u− u0 ∀v ∈ V0, (2.8)

where we just defined the error e and the residual R.

10



2 MODELING METHODS & TOOLS 2.2. BASIS FUNCTIONS

Equation (2.8) is called the Gallerkin’s orthogonality relation and should be
read as follows : for any function v ∈ V0, the v-weighted integral of R in (2.8)
vanishes. In terms of vectorial spaces, this means1 that e is orthogonal to all
functions v and thus that the error is the minimum possible for the given choice
of subspace V0.

Galerkin’s method constitutes a powerful tool to approximate a given func-
tion by a linear combination of other, known and simpler, functions. It provides
at the same time a systematic way of generating a linear system of equations and
the certainty that the approximation based on its solution is the best possible
in the sense of Galerkin’s orthogonality (2.8) for the given set of functions.

2.2 The choice of Basis Functions

We already introduced the word finite when derivating the linear system
(2.7), this section introduces the notion of elements and mesh.

We now consider the simplistic case of a scalar equation in 1D on the domain
[0, 1] with our linear differential operator L being the identity operator :

u = f(x). (2.9)

Let’s apply Galerkin’s method with basis functions defined as

φk(x) = e−2ikπx k = 0,±1, · · · ,±n. (2.10)

The Galerkin’s approximated solution resulting from (2.4) and (2.7) is

u0(x) =
n∑

k=−n

ρk e
−2ikπx, (2.11)

which is a truncated discrete Fourier transform of f .

Choosing our basis functions to be the polynomials

φk(x) = xk k = 0, 1, · · · , n (2.12)

gives

u0(x) =
n∑
k=0

ρk x
k, (2.13)

the well known Taylor serie around 0 limited to n terms.

1This requires to show that the expression of the Ai,j terms in equation (2.7) is a scalar
product. The proof [9] is equation dependent and puts restrictions on problems solvable by
FEM.
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2.2. BASIS FUNCTIONS 2 MODELING METHODS & TOOLS

Two choices of basis functions lead to totally different but fundamental tools
of modern mathematics. Those examples illustrate how important is this choice.
The whole FEM is nothing else than Galerkin’s method applied with a partic-
ular set of basis functions.

A canonical choice is to consider P1
h defined as the subspace of piece-wise

linear functions associated to the computational grid h, and to take for basis
the so called hat functions. A visual definition of those is given on Fig. 2.1(a)
: the kth hat functions is associated to the node xk and differs from zero only
on the segments [xk−1, xk] and [xk, xk+1]. Such functions are said to have a
compact support.

Compact support is the key of the algorithm : back to the system of equa-
tions (2.7), the matrix elements Aij become

Aij =
{ ∫ xi+1

xi−1
φiL φj dx if i = j, j + 1, j − 1

0 otherwise
. (2.14)

This leads to a sparse system of equations : a numerically remarkable property,
saving a lot of storage space and computational efforts.

Applying the method to the simplistic equation (2.9) gives us a linear ap-
proximation to f , as illustrated on figure 2.1(b).

(a) (b)

Figure 2.1: (a) Hat functions (blue), typical basis of P1
h in 1D

and a linear combination of them (red). (b) The same linear
combination is a linear approximation to the function in blue. [7]

Those notions can be easily generalized to problems in 2 or 3 dimensions.
There, one introduces the notion of mesh, which is a convenient visual repre-
sentation of the basis functions set. Nodes of a mesh represent centers of basis
functions and elements represent overlapping areas subject to integration in
terms of (2.14). A plot of a hat function on a mesh for a 2D case is given on
Figure 2.2.

12



2 MODELING METHODS & TOOLS 2.3. MESHING

Figure 2.2: 3D representation of a 2D hat function associated
to the grid point xj .1

In practice, hat-functions are seldom used in favor of more complex shapes
and piece-wise polynomials of higher orders. Many types of basis functions exist.
The optimal choice of a particular form is a science in itself, it is both problem
and implementation dependent. Often, this choice is made at programmer side
rather than by the final user.

What is left to the user is the choice of mesh. Choosing the mesh means
choosing a set of basis functions. Since, on a given mesh, Galerkin’s orthogonal-
ity relation ensures that the computed solution is the most accurate possible,
improving the solution can only be done by a better choice of mesh.

2.3 Meshing

Meshing is the process of choosing basis functions, often done by drawing a
set of elements on top of a geometry. How exactly the mesh affects a solution
is very difficult to analyze in general. More and smaller elements are very likely
to produce a more accurate solution, but will also increase memory consump-
tion and solution time. Fortunately, reasonably good results can be obtained
applying a few simple rules of thumb :

(a) Mesh should be fine enough to fairly represent the geometry : obviously,
trying to represent a circle with six triangles will produce bad results! In
particular, sharp corners often need particular attention.

(b) Put more elements where solutions varies a lot. This can be intuitively
understood by considering the approximation in Figure 2.1(b) and might
be a serious problem when user has a priori absolutely no idea of how the
solution looks like. Intelligent meshing algorithms exist for such cases :
those have the ability to interactively refine the mesh where needed, at
the cost of lower performances.

However, for problems in electromagnetic propagation, one has an a priori
estimate of a typical solution’s variation length : the wavelength. The

1Illustration by Werner Scholz, Vienna University of Technology, reproduced from
http://magnet.atp.tuwien.ac.at/scholz/
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rule of thumb for the elements size h is1

h ≤ λ0

6× n
, (2.15)

with λ0 the free-space wavelength and n the local refractive index.

Underlying ideas in this rule are the same as for Shannon’s sampling the-
orem : just like there is an upper limit on the frequency of a signal rep-
resentable by a set of temporal samples, there is a lower limit on the
wavelength representable on a given mesh.

Note that relation (2.15) is a hard limit on h which will produce rough
results. When some accuracy is required, one will probably choose

h ' λ0

8× n
or h ' λ0

10× n
. (2.16)

(c) Avoid deformed elements as much as possible : this comes from numerical
problems arising during integrations of (2.14) : the integration is usually
performed on a reference element by mapping of the coordinate system.
For highly deformed elements, the Jacobian brought into play by this map-
ping might amplify dramatically tiniest numerical errors.

The amount of deformation of each element is commonly measured by the
element quality. There exist many ways of defining this quantity, details
on how this is done in Comsol can be found in the documentation together
with corresponding lower limits.

In practice, dealing with elements quality in Comsol is a fake problem.
The meshing algorithm, one of the strengths of this software, takes care of
elements shapes entirely and — unless an especially designed pathological
case is used — always manages to achieve high quality results transpar-
ently, reducing the mesh quality step to a simple and quick check.

2.4 Overview of COMSOL Multiphysics c©

COMSOL Multiphysics c© (formely FEMLab) is a general purpose finite el-
ement solver initially based on the work of Germund Dahlquist (January 16,

1925 Uppsala - February 8, 2005 Stockholm), formely student and later professor
at KTH.

Comsol’s core is built upon a set of high performance solvers together with
modules implementing main equations of physics and providing a convenient way
of defining problems through physically meaningful parameters. Each parameter
may be a constant or a function of any variables available in the model.

The software comes with a graphical user interface (GUI) providing a con-
venient way to define geometry, physics and mesh, as well as with powerful

1Comsol documentation unreasonably relaxes this limit to λ/5, probably in order to boost
performances.
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post-processing tools. A text-based interface makes it possible to run simple
scripts for automation of tasks.

Finally, the software features the ability to interface itself with the popular
technical computing software Matlab c©. The interfacing works both ways :
Matlab c© receives a toolbox making it possible to use Comsol’s solvers and post-
processing tools within a Matlab script file (M -file), and reversely — probably
the most interesting — problem parameters may be defined using any available
Matlab function or script.

Practically, every time the solver comes across a parameter defined as a
script or function, the corresponding M -file is executed in Matlab c© and the
result is sent back to the solver. This ability to interact with the solver through
scripts of virtually unlimited complexity makes Comsol extremely handy and
powerful.

Note on non-linear solvers

In our introduction to FEM, we talked only about cases with linear differen-
tial operators and we silently used their properties to establish the algorithm.
This does not come from a simplification : FEM works only for linear differential
equations.

This may seem to be a severe limitation since non-linearities are common in
many problems. For such cases, a pretty straightforward solution exists, based
on the following : a non-linear differential equation is nothing else than a linear
differential equation whose differential operator is solution-dependent :

D(u) = f ⇔ Luu = f. (2.17)

Non-linear problems are then handled by numerical schemes solving itera-
tively linearized equations : first the scheme chooses an initial guess u′0, evaluates
Lu′0

and solves the problem for this operator to obtain a solution u1. Informa-
tion from u1 is used to build a new guess u′1 and so on. The process is stopped
when ui and ui+1 are sufficiently close, and the problem is considered as solved.

Nothing however guarantees that this solution is unique nor that the itera-
tion will at all converge.

Note on time-dependent solvers

Similarly to non-linear problems, initial-value time dependent problems are
solved by transforming them into an iterative scheme called time stepping.

An equation of the type

∂tu+ L u = f (2.18)

is transformed into

(L + 1)u(t+ ∆t) = ∆t f + u(t). (2.19)

Starting from an initial state u(0), the solution can be calculated at any t
by iteratively solving equation (2.19). Here, we restricted ourselves to a linear
differential operator, but non-linear time dependent problems can be solved as
well, simply by calling a non-linear solver at each time step.
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2.5 The RF module

The RF module is the tool in Comsol which deals with electromagnetic
propagation : all our models will be based on it. Within this module, several
modes are available for various types of problems. The relevant ones for this
work are :

• In-Plane transverse electric (TE) Waves : Analyzes propagations in
a plane with the assumption that the electric field is perpendicular to the
considered surface (Figure 2.3(a)).

• In-Plane transverse magnetic (TM) Waves : Similar, but here mag-
netic field is assumed to be perpendicular to the plane (Figure 2.3(b)).

• In-Plane Hybrid Waves : In-plane propagation with no assumption on
the polarization of fields (Figure 2.3(c)).

• Electromagnetic Waves : Volume propagation of electromagnetic field
with no assumptions on polarization.

(a) TE (b) TM (c) Hybrid

Figure 2.3: Representation of different modes available in 2D.

Additionally, for each mode, four different formalism are available :

• Harmonic propagation : Performs calculations in frequency domain, fields
components are phasors.

• Eigenfrequency analysis : Aimed towards quick analysis of resonance
modes.

• Transient analysis : Performs calculations in time domain.

• Scattered harmonic propagation : Separates fields into two unphysical
parts : the incident and scattered fields. Calculations are performed in
frequency domain for scattered fields only. Aimed towards specific types
of problems.

Beside this, the module supplies an interface to define problem directly
through physical parameters like refractive index, free space wavelength, con-
ductivity, etc.. as well as a set of pre-defined and easy accessible quantities like
power flow, energy density, electric potential, etc...
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Post-processing tools

Comsol comes with a set of powerful post-processing tools which let user
easily measure any pre-defined physical quantities as well as any combination
of them.

Different types of probes are available :

• Point probes : Those allow to get the value of any physical quantities
anywhere in the system. This concept is mainly used in the form of a plot
of the spatial distribution of that quantity, which give us a qualitative idea
of the physical situation in the model.

• Boundary1 integration : integrates any quantity over one or several
segments of the model. In particular, boundary integration of the energy
flow corresponds to an intensity detector, with the addition that this nu-
merical detector can take any shapes and sizes and does not disturb the
field in its surrounding.

• Domain2 integration : integrates any quantity over one or several do-
mains. An important quantity of this type is the energy density integral
which gives the amount of energy stored in a cavity. Note that quantities
of this type of can seldom be measured directly in practice.

Moreover, when those tools are not sufficient, the entire solution can be conve-
niently exported to Matlab c© for more advanced or automated post-processing.

2.6 Modeling assumptions in this work

The present work is aimed towards analysis of micro-cavities properties in
frequency domain. Most of the modeling is done using the in-Plane TE waves
harmonic propagation. An overview of its formalism, assumptions and their
consequences is thus required.

Harmonic formalism

In harmonic formalism, fields are represented in terms of phasors. The pha-
sor Â representing the quantity

A(t) = A0 cos(ωt+ φ) (2.20)

is
Â = A0e

iφ (2.21)

and is related to A(t) through

A(t) = Re
{
A0e

i(ωt+φ)
}

= Re
{
Âeiωt

}
. (2.22)

1A boundary is a object of dimension N − 1 where N is the dimension of the model. Thus
in 3D, a boundary is a surface while in 2D it is a line.

2Similarly, a domain is a geometrical object of dimension N . It is a volume in 3D and a
surface in 2D.
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Note that this is equivalent to the Fourier transform A(t) −→
F

Â(ω). Conse-

quently, the associated derivation and integration theorems hold :

if
f(t) −→

F
F (ω),

then
∂tf(t) −→

F
iωF (ω), (2.23)

∫
f(t) dt −→

F

−i
ω
F (ω). (2.24)

The biggest benefit is the subsequent simplification of equations : partial
differential equations in space and time become partial in space only. This re-
moves the necessity of time stepping in the solving process.

The restrictions introduced by harmonic formalism are :

• Only quantities of the type of equation (2.20) can be represented.

• The simulation is narrow-band : only a single frequency — or equivalently,
a single wavelength — can be simulated at a time.

As a result, only steady-state behaviors can be obtained this way and the
solution to our problems will often be presented under the form of a frequency
response.

All this is however true only for linear oscillators — a fundamental assump-
tion silently taken when introducing phasors formalism as a Fourier transform.
Harmonic mode cannot model interactions between phenomena occurring at
different frequencies. In particular, it cannot model directly an optical pump in
a laser.

2D assumptions

In 2D, we consider a geometry defined in the xy-plane only, with an assump-
tion of translation symmetry along the third axis. According to this statement,
what is really simulated depends on the reference system.

In most cases, the reference system is cartesian and the considered 2D plane
represents a slice of an infinitely long geometry along z-axis (Figure 2.4(a)).
Choosing a reference system with cylindrical coordinates leads to simulate a
volume as on Figure 2.4(b), which may or may not be what is expected.
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(a) Cartesian (b) Cylindrical

Figure 2.4: Physical meaning of a 2D representation.

In this work, we will use only cartesian systems. Our calculations are thus
carried on under the assumption of no variations along the z-axis, meaning
that effects of top and bottom interfaces of the cavity are totally omitted. The
solutions calculated that way are valid if and only if those surface effects are
negligible.

In reality, this last assumption is probably wrong when accuracy counts.
However, one may reasonably expect that surface effects will not change radi-
cally the qualitative behavior. Obviously, this assumption — like any modeling
assumption — needs to be checked against experimental results.

Finally, every quantity calculated this way is expressed per unit of thickness.
Thus, for example, the unit of an electric field in 2D is V/m2, unit of an energy
is J/m, unit of volume becomes m3/m, etc...

Equation system

In the present mode, the equation system presented in the GUI is

∇×
(

1
µr
∇×E

)
−
(
εr −

iσ

ωε0
k2
0E
)

= 0,

E = Ezez, (2.25)
ε = n2,

with the ability to define εr, µr and σ independently, or to specify only n, taking
automatically σ = 0 and µr = 1.

However, this is just a user interface. The equation which is actually solved is

∇ · (−c∇Ez −αEz + γ) + aEz + β · ∇Ez = f, (2.26)

called the coefficient form.

Coefficients in equation (2.26) are by default automatically calculated from
the problem definition and equation (2.25). It is also possible to specify manually
one or several of those, the automatic calculation being then overridden.
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2.7 Modeling tools in the 2D TE harmonic mode.

A broad set of tools to define the physics of the problem is available within
the RF module. Some of those tools are common to all modes, some are more
specific. We detail here only the most important one available under 2D TE.

Similarly to post-processing, those tools come in three families :

• Point propeties : Each point in the geometry can be associated to
a current, turning it into a source of cylindrical waves. Defining such a
source of electric field through a current may seems surprising at first.

A pseudo-physical interpretation may be given as follows : due to hy-
pothesis taken for 2D representation, a point represent in real space a
line perpendicular to the plane - thus a infinitely thin wire. Such a wire
sustaining an oscillating current generates an oscillating magnetic field,
which in return generates an oscillating electric field.

A more rigorous interpretation of this notion will be given in section 3.4.2.

• Boundary properties : Several types of boundaries may be defined

– Electric field and Perfect electric conductor : Those correspond re-
spectively to a non-homogeneous and homogeneous Dirichlet’s BC -
i.e. the electric field is constrained at the boundary to a certain value
or to zero.
From a physical point of view, those BCs are 100% reflective.

Magnetic field and Perfect magnetic conductor are similar but con-
strains the magnetic field. Their behavior is also reflective, but with
a different phase shift.

– Surface current : This is similar to the notion of point sources, the
current in the wire now becomes a current density in a plane. It may
be used as a source similarly to the Electric field condition except
that it is transparent for an incoming field while used on an interior
boundary (it is also reflective while specified on a domain boundary).

– Scattering boundary condition, Matched boundary, Impedance bound-
ary condition : those are semi-transparent BCs - i.e. transparent in
some cases, reflective in others.

For example, the Scattering boundary condition is defined as follows

“The Scattering boundary condition is transparent for
the scattered electric field. It is also transparent for a
plane wave.“

The distinction between a scattered field and a total field is well-
defined only for a scattered harmonic solution. In other modes, a
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non-plane wave — or even a plane wave with non-normal incident —
hitting this boundary results, in some cases, in a reflection of up to
50% in terms of electric field.

While those boundaries are useful in specific cases, they should not
be used as general purpose absorbing boundary conditions.

– Port and Periodicity : Designed for very specific uses. Port is used
for analysis of coupling between several inputs and outputs in a sys-
tem. Periodicity models infinitely periodic structures like crystals.

• Domain properties : Different domains represent different materials,
thus each domain is associated to a set of material parameters : relative
electric permittivity εr, relative magnetic permeability µr and electric con-
ductivity σ, directly or through refractive index n.

A special type of domains is the perfectly matched layer (PML). A PML
is an artificial material which shows the ability to damp any incoming
wave without causing any reflection1. PMLs are often placed around a
domain like on Figure 2.5 and used as an absorbing pseudo BC in order
to truncate and simulate a part of an infinitely large area. Note that a
BC around the surrounding layer is still needed since PMLs are domains
and not boundaries, but its role is not significant.

(a) 2D

44 |  C H A P T E R  2 :  R F  M O D E L I N G

• Spherical—PMLs absorbing in the radial direction from a specified center point.

For each of the above PML types, you can choose the coordinate directions in which 
the PML should absorb waves, that is, for which directions a coordinate 
transformation of the type Equation 2-1 should apply. To allow complete flexibility 
in defining a PML there is, in addition, a fourth option:

• User defined—General PMLs or domain scaling with user-defined coordinate 
transformations.

Figure 2-4: A cube surrounded by typical PML regions of the type “Cartesian.”(b) 3D

Figure 2.5: perfectly matched layers used as absorbing BC
around the domain of interest (red).

An optimal PML should be made of 6 to 12 elements along the absorbing
direction, the physical thickness is not important in itself. A good practice
is to draw this layer with a thickness more or less equal to the wavelength of
the problem. Consecutive meshing using the rule of thumb from equation
(2.15), just like for any other areas in the model, gives back this optimality.

1This is only true with some restrictions : like any material, a PML has material parameters
and a refractive index. At a material-PML interface, a mismatch of those does produce partial
reflection in agreement with Fresnel’s coefficients.
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Chapter 3

Cavity Modes Calculation

When modeling a complete optical circuit or a part of it, one can usually
determine pretty easily inputs and outputs in the system, sources which generate
light and places where this light leaves the system.

Similarly, when modeling a cavity as part of a circuit, one considers this
circuit as a whole and identifies sources, paths and outputs. Boundary condi-
tions and excitations can then be set up to mimic the effect of the non-modelled
optical circuit.

In order to illustrate this, we consider on Figure 3.1 a ring resonator used
as a coupler between two optical fibers. The optical source and detectors lie
outside of the domain considered here, but we know where they are and how
they work. With this information, it is then easy to choose a set of BCs and
optical excitations which will mimic the effect of the omitted areas.

Figure 3.1: Ring resonator used as coupler in an optical circuit. The
dashed lines represent part of the circuit which are not modeled, but
whose information is used to build relevant boundary conditions and
excitations.
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Once the problem is defined this way, one can solve it for a set of wavelengths,
obtain the field distribution everywhere in the area of interest and calculate any
subsequent electromagnetic quantities. The relevant quantity in this problem is
the throughput1 as a function of wavelength (Figure 3.2). In the present case, it
is widely known the last is mainly dependent on the geometry of the ring : we
thus conclude that it is an intrinsic property of this element.
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Figure 3.2: Throughput for the coupler on Figure 3.1.

3.1 Cavity Modes

As mentioned previously (chapter 1), the cavity is one of the building blocks
of a laser, as well as the central component of previous example. Knowledge of
cavity modes is thus essential in many cases, just like knowledge of the through-
put is essential in the example above.

3.1.1 Direct calculations

Comsol eigen frequency analysis tool is precisely designed for calculation of
those resonance modes. This tool provides very efficiently resonance frequencies
of the cavity as well as all possible field distributions corresponding to each of
those frequencies2.

However, this tool is mainly oriented towards analysis of wave-guides cross-
sections [11], and consequently shows severe limitations. The most notable one
is a total incompatibility with PMLs. Other semi-transparent BCs happen to
be by far insufficient to produce any reliable results3.

In practice, it turns out that our only option to model a cavity is to use a
perfect electric conductor (PEC) for cavity boundaries. A typical result obtained
using this method is shown on Figure 3.3 : the solver provides a discrete set
of wavelengths corresponding to resonance modes (Fig. 3.3(a)) and, for each of
those wavelengths, one or several field distributions in the cavity (Fig. 3.3(b)
and 3.3(c))

1Throughput is defined as the ratio of power flows at locations of the domain arbitrarily
chosen as input and output.

2For a classical laser cavity, a resonance frequency corresponds to a longitudinal mode and
associated field distributions correspond to transversal modes.

3A typical result is that the modes obtained this way are dependent on the size of the
free-space area considered in the model, an obviously non physical result.
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Figure 3.3: (a) Resonance modes of a rectangular cavity made
of perfectly reflective mirrors, calculated using the eigen fre-
quency analysis tool. (b)-(c) Example of electric field distribu-
tions in the cavity as obtained using the eigen frequency analysis
solver.

If this approximation may hold for a cavity made of mirrors, its physical
meaningfulness vanishes for an air-glass or air-PMMA interface. Due to these
limitations, the tool happens to be simple unusable for the present problem and
we need to take a radically different approach.

3.1.2 Calculation by spectral sweeping

Let’s consider the experimental process of finding cavity modes : the experi-
menter would send a monochromatic beam towards the cavity and measure the
intensity at one or several outputs. Tuning the wavelength of the source, the
operation is repeated until the whole spectrum is scanned.

We will thus simple transpose this experiment into the numerical model. We
actually already did this silently in the introductory example of this chapter.

This leaves us with the problem of choosing what type of source to use,
where to put it and what to measure. Unlike in a laboratory, numerical probes
do not suffer from practical limitations and the range of what can be done is
much wider, making this choice even more important.

3.2 Choice of a measurement tools

Among the available numerical probes, two are useful in the present case :

• Integral of energy flow over a boundary : this corresponds to intensity
detection. It is the method used in the ring resonator example. This
technique is particularly helpful when one can clearly define an output in
the model — i. e. a location in the system where intensity is what we are
interested in. This output may be the output coupler for a laser, but is
undefined when considering a cavity independently of its surrounding.
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• Integral of energy density over the cavity : this is a measure of the amount
of energy stored inside the cavity, a notion introduced with the Q-factor
in section 1.2. This quantity cannot be measured directly experimentaly.
However, it is maybe a more accurate indicator than intensity since it con-
siders the cavity itself and only the cavity : we do not define an arbitrary
output.

This does not mean that this quantity is independent of the output.
Changing an output physically affects field distributions and thus total
energy. It is independent of the choice of output - i.e. independent of
which segment in the geometry is arbitrarily labeled as output. This is
particularly helpful when such an output is not clearly defined.

Yet different, both notions are closely related : the internal resonance of the
cavity directly affects the output.

Integration of energy density over the whole cavity provides a direct insight
through a single scalar quantity on what is happening inside a cavity - a really
valuable tool which we will use extensively. However, energy stored in a cavity is
seldom the quantity we are eventually interested in : what we see and measure is
always an intensity. It is a convenient first indicator for cases where one does not
know yet how and where exactly to define an output in the numerical problem.
A fortiori, it is a good indicator when considering a cavity independently.

3.3 Intrinsic and Calculated properties

Let’s consider a simplistic rectangular cavity of size L× l made of a material
with uniform refractive index, n = 2. The cavity is placed in free-space. We
now consider the problem of calculating its resonance modes.

We choose as measurement tool the energy density integral as described
in previous section. We excite the system using different methods : a plane
wave incoming along x-axis, y-axis and with a incidence angle of 45◦, as well
as 4 excitation points placed as on Figure 3.3. For a set of wavelengths λ, we
integrate the energy density over the cavity volume and plot the result as a
function of λ on Figure 3.5. Electric field distributions at a sample resonance
frequency for different excitations are shown on Figure 3.6.

Figure 3.4: Rectangular cavity with PML and the 4 excitation points.
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Figure 3.5: Modes diagrams for the rectangular cavity using
different excitations. Dashed vertical lines indicate wavelength
corresponding to plot in Figure 3.6.

A direct result is that the calculated modes diagrams and electric field dis-
tributions do depend on our choice of excitation. What we compute here are
not the intrinsic modes, property of the cavity, but a set of them weighted by
how efficiently the chosen excitation can activate a given mode.

More intuitively : a plane wave traveling along x-axis can hardly put the
cavity in a resonance mode like on Figure 3.6(b) or 3.6(e) without serious vio-
lation of symmetry.

Figure 3.6(g) shows a field distribution similar to what we obtained in Fig-
ure 3.3(c) using the eigen frequency analysis tool, which also corresponds to the
highest energy in Figure 3.5 and the closest to what one intuitively expects.
Unfortunately, nothing allows us to tell that this is the right mode nor to know
in advance which excitation will produce this result.

Consequently, we cannot really calculate cavity modes as a intrinsic property
of the cavity. The best result one can get is that for that particular excitation,
the cavity resonates this way at this particular set of wavelengths.. We need to
put aside the idea of calculating modes of a cavity independently and always
consider it as part of a broader system.

Note that this may only be a practical impossibility : it is unknown if there
exists solvers able to do the type of calculation from section 3.1.1 for any kinds
of cavities together with PMLs. The present implementation cannot.
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(a) Plane wave along x. (b) Plane wave along y (c) Plane wave at 45◦.

(d) Excitation from Point 1. (e) Excitation from Point 2.

(f) Excitation from Point 3. (g) Excitation from Point 4.

Figure 3.6: Electric field distributions at resonance, for the same
wavelength but using different excitations.

3.4 Excitation in a Laser cavity

The case of a laser cavity is particular : it constitutes a whole optical system
in itself. The outputs are optical losses — output intensity can be regarded as
a loss for the cavity. The source of optical excitation is spontaneous emission:
a source of completely incoherent light coming from within the material of the
cavity. A realistic model for a laser needs to take this into account.

3.4.1 Random excitation points

A first natural attempt to model this spontaneous emission is to randomly
distribute a certain number of points inside the cavity and use them as point-
sources. Physically, those points represent atoms or molecules involved in the
spontaneous emission.

One may reasonably expect that for an important number of point-sources
the solution will be stable with regard to points distribution. We also hope that
this excitation will be able to excite if not all modes, at least all of those involved
in lasing. Nothing can however guarantee this.

In principle, the method described above works but requires in a realistic
case several hundreds to a few thousands points.
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While applying the FEM, comes a technical problem : each point-source in
the model becomes a node1 of the mesh. This is illustrated on Figure 3.7. As
a result, hundreds or thousands additional points in the model will generate an
unreasonable number of additional mesh elements, leading to huge increase of
memory consumption and blowup of computing time.

Figure 3.7: Illustrates how additional points constrain the mesh.

3.4.2 Excitation as a continuous source term

We now propose a new formulation for our point-sources which does not
suffer from this meshing problem. The tool developed here happens to be much
more general, giving us the ability to describe any arbitrary source.

The method is shown for the 2D TE harmonic mode in Comsol. It can be
transposed to any other modes of the software, but requires specific analytic
treatment for each case.

As described in section 2.6, Comsol is solving the following equation

∇ · (−c∇Ez −αEz + γ) + aEz + β · ∇Ez = f. (3.1)

A more careful analysis 2 of the right hand side (RHS) shows that

f = j ωµrµ0 J
f
z , ω =

2πc0
λ0

,

where λ0 is the free-space wavelength and Jfz has the dimensions of a density
of current.

Taking Jfz as a function of coordinates, one can describe a coordinate de-
pendent source in the domain. In particular, taking

Jfz (x, y) = I0 δ(x− x0, y − y0), (3.2)

1The reason behind this is the way the numerical integrations are performed on elements
during matrices assembly : only the nodes are guaranteed to be evaluated, and are thus the
only points where it make sense to use discrete source terms.

2The proof is based on rewriting Maxwell’s equations in the form of Equation (3.1). The
mathematical derivation is given in appendix A and the result is confirmed to comply with
implementation [12].
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where δ(x, y) is the two dimensional Dirac’s delta function, Jfz corresponds to
a point-source at the point (x0, y0).

It is important to note that the source term f corresponds to a source of
electric field. The fact that we express it through an auxiliary current density is
a consequence of the form of equation (3.1). One should not try to give any kind
of physical meaning to Jfz : it is not necessarily a physical density of current,
it is an auxiliary quantity with the dimensions of a density of current used to
conveniently - i.e. independently of the wavelength - describe a source of electric
field.

Similarly, equation (3.2) allows us to give a more rigorous interpretation to
the point-source described in section 2.7 : the current associated to a point
does not need to correspond to a physical current crossing the plane. It is an
auxiliary variable which describes a point source of electric field independently
of other quantities, like λ0.

Jfz has been introduced as a function of coordinates, but it can be extended,
like any other variable in Comsol, to a function of wavelength, electric field,
etc... as well as to a script. The last allows us to model any source we want
and makes this auxiliary current density a valuable tool.

Following the ideas introduced in section 3.4.1, we can now represent a vir-
tually unlimited number of points without affecting the mesh, and without
subsequent performance and memory issues. A set of point-sources located at
coordinates (xk, yk) with intensity Ik may be simply represented by

Jfz (x, y) =
∑
k

Ik δ(x− xk, y − yk). (3.3)

While such a function is mathematically correct, it is undesirable in Comsol.
Going through the FEM algorithm, equation (3.1) is integrated numerically –
i.e. using a finite number of discrete points. Nothing guarantees that the inte-
gration points chosen by the algorithm will corresponds to the points (xk, yk),
unless those are nodes of the mesh, which brings us back to the initial problem.

The workaround is to replace δ-peaks from equation (3.3) by some other,
spatially wider, functions. Gaussian functions are good candidates tough many
other functions would suit as well.

Our source term becomes

Jfz (x, y) =
∑
k

Ik
w
√
π
e

(x−xk)2+(y−yk)2

w2 . (3.4)

The limit for w → 0 gives equation (3.3) back. In practice, w must be taken
big enough to make sure each gaussian will be integrated with sufficient accuracy,
and small enough not to loose completely the meaning of a point-sources.

The optimal value for w can be determined by a simple test : since our aim
is to mimic points using gaussian functions, we build the very simple problem
shown on Figure 3.8(a) where we consider a single point source in free-space.
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We calculate the solution once using a geometrical point-source and keep it as a
reference. We then change the source to be a gaussian with variable width. The
problem is solved again, and the solution is compared to the reference. Error is
measured by ||Eref−EGauss||||Eref || and the resulting plot is shown on Figure 3.8(b).
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Figure 3.8: (a) Test problem used to find optimal width w :
single point source in free-space.(b)Relative error on norm of
electric field with respect to gaussian width w for three different
wavelengths. All lengths in units of mesh size.

In order to mimic a point-source with a gaussian, its optimal width w should
be taken approximately equal to 4% of the mesh size. Any value between 3 and
10% of mesh size will produce acceptable result (less than 1% relative error
on norm of solution). Note that the error is only weakly dependent on the
wavelength considered, the key parameter here being mesh size.

3.5 A model for Spontaneous emission

Back to section 3.4.1, we tried to describe spontaneous emission by a set
of point-sources randomly distributed. We now have an efficient tool able to
represent many point-like sources without affecting much memory and solution
time. Spontaneous emission being completely random, not only in positions of
sources, one may want more randomness in the model.

Formalism of harmonic calculations doesn’t allow to represent randomness
over time : sources may be described only as steady-state sinusoidal oscillators
with an identical frequency. We can however randomize intensity and phase of
each point-like source.

Random intensities tend to cause normalization problems in practice. The
random phase term showed little influence : we include it here in order to be
more coherent with physics and keep in mind that it can safely be omitted for
simplicity and performances.
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The proposed model for spontaneous emission is :

Jfz (x, y) =
N∑
k=0

I0
N w
√
π
e

(x−xk)2+(y−yk)2

w2 eiφk , (3.5)

with

• I0 : an arbitrary current density.

• w : chosen to be around 4% of the mesh size.

• (xk, yk) : randomly chosen coordinates of points within
the cavity.

• φk : represents the phase for the corresponding point-like
sources, chosen randomly in [0, 2π[.

• N : number of point-like sources used. This is a critical
and problem dependent parameter.

A visual representation of such a source term is provided on Figure 3.9.
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Figure 3.9: (a) Representation of the source term Jfz used to
model spontaneous emission. (b) Zoom on a small area of (a).

The parameter N needs to be adjusted such that the solution — i.e. the
set of resonance frequencies and field distributions at resonance — is sufficiently
stable with regard to random parameters. Increasing the parameter N improves
the solutions to a certain point only. This can be seen on Figure 3.10 : from 50
to 500 point-like sources, the solutions improves, however, the leap from 500 to
5000 does not bring significative improvements, and even worsen the solution.

A plot of the electric field at resonance for two different distributions of 500
point-like sources is shown on Figure 3.11.
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Figure 3.10: Stored energy for several distributions of points
and different numbers of points.

(a) (b)

Figure 3.11: Electric field at resonance for two random distri-
butions of 500 point-like sources.

Conclusions

Our discussion about calculations of cavity modes lead to one important and
unfortunate conclusion : based on the tools available to us, we cannot really
calculate modes as an intrinsic property of the cavity and what can be calcu-
lated shows a high dependence on user’s choice of initial excitation.

For the case of a laser cavity, physical considerations lead us to the excitation
built on the idea of random points. Performance considerations lead us to the
continuous source term formalism based on the auxiliary current density.

The consequent model for spontaneous emission is able to provide approxi-
mate values for resonance frequencies as well as approximate field distributions.
This may be enough for a first qualitative approach, but it definitely fails to
gives reliable quantitative results.

Representing atoms randomly emitting photons by a set of sinusoidal oscil-
lators generating cylindrical waves is probably not a very accurate description.
So far, excitation sources were limited to points and segments. The continuous
source term allows to represent virtually any source – within the limit of the
underlying mathematical formalism. Radically new ideas may now be tried.
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Chapter 4

Modeling of materials
properties

In this chapter, implementation of materials properties into Comsol models
is discussed. It is a continuation of previous work done in the group, in partic-
ular in [13], where quantitative models for dispersion and losses were developed
and demonstrated.

We do not redevelop those models but rather build a more general method for
implementing those. We demonstrate a systematic way to integrate efficiently
any frequency dependent parameter in a model. We then develop a new model
for optical gain and demonstrate its strengths and weaknesses.

4.1 Three fundamental parameters

Light being an electromagnetic radiation, its behavior is governed by Maxwell’s
equations. Those are, in frequency domain and with no free charges,

∇ ·D = 0,
∇ ·B = 0,
∇× E = −jωB,
∇×H = J + jωD.

(4.1)

Maxwell’s equations are valid anywhere, anytime, but do not constitute a
well-defined system. In order to extract any meaning from them, three more
equations are needed :

D = εE,
B = µH,
J = σE.

(4.2)

Those are the constitutive equations, are specific to a material, and characterize
completely its electromagnetic behavior. In the most general case, ε, µ and σ
are complex tensors. Restricting ourselves to isotropic materials, those become
scalars.
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It is common to describe permittivity and permeability through their rela-
tives values : one defines ε = εrε0 and µ = µrµ0 where ε0 and µ0 are permittivity
and permeability of the vacuum, and only mentions εr and µr. In this work, we
do not consider any magnetic material, thus we’ll always take µr = 1 in every
subsequent case.

We will also assume that εr and σ are real. This assumption is not restrictive
in any ways : last equation from system (4.1) becomes

∇×H = (σ + jωεrε0)E, (4.3)

which shows that a complex part of εr is of the same nature as the real part of
σ and vice-versa.

As a result, one can model any electromagnetic, and a fortiori any optical,
behavior using only the three parameters εr, µr and σ from equations (4.2). In
most of cases — non-magnetic materials, µr = 1 — two of those are sufficient.

4.2 Secondary parameter : the refractive index

In optics, it is common to describe materials by their refractive index n
defined as

n =
c0
c
, (4.4)

where c is the speed of light in the material, and c0 the speed of light in the
vacuum.

It is also common to describe a dissipative material by adding a complex
part to its refractive index. We’ll now relate the notion of complex refractive
index to the parameters introduced in previous section.

From (4.1) and (4.2), we can write

∇× E = −jωµH. (4.5)

Using the identity
∇×∇× E = ∇(∇ · E)−∇ · ∇E

and recombining equations from previous section, we get

∇2E = −ω2 µrµ0

(
εrε0 − j

σ

ω

)
E. (4.6)

This is the mathematically well-known wave equation. The corresponding gen-
eralized propagation speed c̃ is given by

1
c̃2

= µrµ0

(
εrε0 − j

σ

ω

)
. (4.7)

Since speed of light in vacuum is by definition

c0 =
1

√
ε0µ0

,
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we get

ñ2 = µr

(
εr − j

σ

ωε0

)
. (4.8)

In general, the RHS of equation (4.8) has three times more degrees of free-
dom than its LHS, justifying the secondary appellation chosen here. However,
under the assumptions of section 4.1 — µr = 1, real εr and σ — both descrip-
tions become mathematically strictly equivalent.

In further sections, both notions are used indifferently. However, at implemen-
tation, we will always favor the εr/µ formalism for two reasons :

• Two real parameters are often easier to handle and more meaningful than
a single but complex one.

• Implementing equation (4.8) requires a complex square root, a mathemat-
ically non-uniquely defined operation. Which of the two conjugated roots
is actually selected on a given implementation is a matter of convention:
using the fundamental parameters is thus safer.

4.3 Frequency dependence from experimental data

Previous work within the optics group [13] showed that phenomena like
dispersion or losses can be represented by simply introducing a frequency —
or equivalently a wavelength — dependence into the refractive index. Often,
this frequency dependence is provided as set of measurements. In order to
implement those, one needs to express them through an analytical expression,
usually obtained by fitting. How precise is the fitted model depends on the
chosen fitting function, and the whole technique is limited by how complex an
implementable fitting function can be.

This section introduces a systematic method to fit accurately any experimen-
tal data. It deals with software specific details and may be skipped by readers
not interested in purely technical details.

First, we introduce a general purpose family of fitting functions called splines:
a spline of degree k is continuous function such that it’s kth derivative is con-
stant by part. An example of such a function is illustrated on Figure 4.1.
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Figure 4.1: Five points fit with a spline function. [7]

A handful property of splines is their ability to fit any realistic shape with
good precision, together with — for the smoothing splines variant — a built-in
ability to filter out potential noise in the data. Their main drawback is an un-
reasonable complexity in their analytical expressions.

Figure 4.2(a) shows how splines can be used to fit a realistic set of data :
the gain curve of rhodamine 6G. Figure 4.2(b) shows the same fit after addition
of noise to initial data.
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Figure 4.2: Sample fit using splines. (a) Experimental data [5]
(b) with additional noise.

This type of fit can be done extremely easily using Matlab c© but, due to the
particular complexity of those functions, the result of the operation is not the
usual set of parameters but a non humanly readable structure which behaves
just like a function.

Transferring this structure and using it inside a Comsol model requires the
bridging ability between Comsol and Matlab c©, and is based on the — undocu-
mented1 — property that, while bridged, both softwares use the same memory
address space. It is thus possible to access within the Comsol solver not only
Matlab functions, but also Matlab global workspace.

In practice, before launching the solver, the fit is performed in Matlab c© and
sent to the global workspace. Then, in Comsol, the corresponding parameter is

1The method is reported to work using COMSOL Multiphysics c© 3.4 and Matlab c© 2007b
under Windows XP 64bits and MacOS X 10.5. It is known to fail with Matlab c© 2008a on
the same systems.
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defined as a Matlab function of the type f(λ). Finaly, the corresponding M -file
is written in order to pull the fitted structure out of the global workspace and
return the value corresponding to λ.

This type of in-memory transfer being undocumented, we provide a com-
plete sample code below.

• In Matlab, before solving :

%lamda_data : Contains wavelengths
%gain_data : Contains corresponding gain

%User choice
Smoothing = .999; %Smoothing factor, in ]0,1[, 1 = no smoothing. Very sensitive!!!
Norma = 1e7; %Normalization factor for lambda

%Do the fit and show the result
gcurve = fit(lambda_data’*Norma,gain_data,’smoothingspline’,’smoothingparam’,Smoothing);
figure;plot(lambda_data,gain_data,’xb’,lambda_data,gcurve(lambda_data*Norma),’-r’)

%Sends data to global memory
global gain;
gain.curve = gcurve;
gain.min = min(lambda_data*Norma);
gain.max = max(lambda_data*Norma);
gain.norma = Norma;

• In Comsol GUI, simply do

parameter = gainrhod6G(λ)

• Create gainrhod6G.m as follows :

function y = gainrhod6G(lambda)

%Retrieve structure from Global memory
global gain;

lambda = lambda*gain.norma; %Normalize lambda
y = gain.curve(lambda); %Calculate gain at corresponding wavelength

%Optionally, prevent extrapolation
%y((lambda<gain.min) | (lambda>gain.max))=0;

4.4 Losses as positive conductivity

An optical beam propagating in a lossy medium sees its intensity decreasing
exponentially with the distance. For a plane wave the intensities at two points
distant by d are related by

I2 = I1e
−αd, (4.9)

where α is the extinction coefficient expressed in m−1 (dB/m or dB/cm being
also commonly used). It is a material and wavelength dependent parameter
which describes how strongly a given material damps a given wavelength.

We’ll now relate the extinction coefficient α to the fundamental parameters
introduced in section 4.1. Knowing that the wavelength dependence can be im-
plemented afterwards, through the method of section 4.3 for example, we will
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omit it for simplicity.

We know from basic optics [6] that intensity of a beam is proportional to
the square of the electric field. Thus equation (4.9) can be translated in terms
of electric field as follows :(

E2e
j(k·r2−ωt)

)2

=
(
E1e

j(k·r1−ωt)
)2

e−αd, (4.10)

with d = (r2 − r1) · k̂, k̂ = k/|k|.

Or, in terms of phasors

Ê2 = Ê1 e
−jk·r1−α2 d+jk·r2 , (4.11)

which can be rewritten as

Ê2 = Ê1e
jk′d,

with k′ = k + j α2 .
(4.12)

Since k = 2π
λ = 2π

λ0n
, we can relate k′ and α to the complex refractive index

from section 4.2 :

ñ =
λ0

2π
k′ =

λ0

2π
(k + j

α

2
) = n+ j

λ0α

2π
, (4.13)

where n is the refractive index in the sense of (4.4). Finally, using relation (4.8)
with µr = 1, we get

ñ2 = εr − j
σ

ωε0
= n2 − λ2

0α
2

16π2
− j nλ0α

2π
. (4.14)

Thus

εr = n2 − λ2
0α

2

16π2
' n2. (4.15)

The second term can often be neglected : in the optical range, λ2
0

16π2 ∼ 10−15 m,
and the extinction coeficients for materials used in our cases are at most of the
order of 1 dB/cm ∼ 104 m−1.

σ = nε0
λ0ω

2π
α = nε0c0 = n

√
ε0
µ0
α =

n α

Z0
, (4.16)

where Z0 is the wave impedance of vacuum.

Except for extreme cases, it is thus sufficient to introduce a positive conduc-
tivity as given by equation (4.16) in order to model absorption.

4.5 Gain as negative conductivity

When introducing gain, one canonically considers a plane wave traveling in
a gain medium and writes

E2e
j(k·r2−ωt) = E1e

j(k·r1−ωt)eγ|r2−r1|. (4.17)
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The quantity γ is then labelled as the gain. Its units are m−1 or dB/cm,
dB/cm,...

Equation (4.17) is similar in every aspects to equation (4.10) : gain and
extinction coefficient can be identified by

γ = −α
2
. (4.18)

And results from section 4.4 apply :

εr = n2 +
λ2

0γ
2

4π2
' n2, (4.19)

σ = −2
nγ

Z0
. (4.20)

Thus gain can be seen as negative losses, and represented by introducing a
negative conductivity in the model. However, while for losses, throwing what-
ever constant value for α will result in a meaningful solution (Figure 4.3(a)),
doing the same with gain will very likely lead to a numerical catastrophe as on
Figure 4.3(b).
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Figure 4.3: Distribution and cross-section of calculated electric
field for (a) Constant losses (b) Constant gain.

A constant1 extinction coefficient means that the material damps the in-
coming optical wave regardless of beam intensity : while this may be only an
approximation of reality, this assumption is still physically meaningful. On the
contrary, a constant gain means that the medium is able to amplify the same
way a beam regardless of its intensity - i.e. the medium is able to throw an

1Constant here means intensity independent. Frequency dependence is still allowed since
the simulation is narrow-band.
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arbitrary amount of energy into the amplification process - which is obviously
unphysical.

Numerically, however, a medium can supply an unlimited amount of energy
to amplification, but this is very likely to generates numerical problems in the
scheme, leading directly to the meaningless result of Figure 4.3(b).

What is the final value of gain in the form of γ depends ultimately on the
number of electrons available for stimulated emission, which means that it de-
pends on material, wavelength, pump power but also on current and past beam
intensity. The correct value for γ comes ultimately from rate equations (section
1.3 ), where pump effect is taken into account.

In the case of a steady state problem with constant pump power — which is
the only case representable under harmonic formalism — a simple relation for
gain exists [14] :
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Figure 4.4: Graph of eq. (4.21)

γ =
γ0

1 + P
P0

, (4.21)

where γ0 is the small signal gain, P is the density of optical power and P0 a
reference density of power. This relation describes the saturation phenomenon
of gain when optical intensity increases.

Based on this formula, we derivate and implement in our models

σ =
σ0

1 + |Êz|2
|E0|2

, (4.22)

where

• σ0 is the conductivity associated to the small signal gain. It has a fre-
quency dependence given by the fluorescence curve of the material and a
certain pump-dependence. This last one will be only taken into account
qualitatively : it seems reasonable - up to some extends -that when pump
power increases, small signal gain increases and vice versa.

• E0 is a saturation electric field. It characterizes the depletion of population
inversion resulting from strong optical amplification. Like the small signal
gain, this value is frequency dependent and probably pump dependent.

It is important to note the limitations of the harmonic formalism here. Equa-
tion (4.22) considers in the saturation phenomenon the electric field correspond-
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ing to one single wavelength only. By nature, harmonic formalism forbids inter-
frequency phenomena : each frequency saturates independently of others.

Finally, equation (4.22) introduces a non-linearity into the equation system.
A first practical consequence is that it requires to use non-linear solvers, which
are iterative - thus slow - and not guaranteed to converge.

Secondly, the non-linearity breaks the superposition principle required to
associated phasors notation to a Fourier transform. Computing a solution for a
sinusoidal wave keeps its physical meaning, but the notion of frequency response
cannot be used anymore.

Implementing this saturating gain into the problem of Figure 4.3(b), one
obtains a much more physical solution (Figure 4.5).
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Figure 4.5: Solution to problem on Fig. 4.3(b) with saturating gain.

4.6 A(n almost) complete laser model

Putting together all the building blocks developed so far, an almost complete
model in frequency domain can be constructed.

The resulting model for laser achieves to provide results qualitatively in
agreement with experiment. However, the model is non-linear and numerically
pretty unstable, requiring a lot of tuning before a solution can actually be
obtained.

4.6.1 Weak dependence on initiatial excitation

Back in chapter 3, we showed cavity modes as calculated then - without
including gain - did depend strongly on the choice of excitation.

Once again, we analyze, on our simple rectangular laser cavity, the effect of
the initial excitation on electric field distribution corresponding to a resonance
frequency. Figure 4.6 shows a comparison between results obtained with and
without gain.

Calculated field distributions at resonance, with gain included in the model,
become fairly similar and only weakly dependent on the initial excitation. A
fortiori, using the model for spontaneous emission introduced in section 3.5,
which already reduces this dependence in a no-gain model, improves the method
further and gives stable patterns.
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Figure 4.6: Solutions with (right) and without (left) gain for
various point or plane wave excitations. Right color scale ∼
100× left one.
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4.6.2 Numerical limits to gain

A major drawback from the present model comes from its non-linearity :
such a problem needs to be solved iteratively, and the whole process it not
guaranteed to lead to a solution in any ways. In practice, models become some-
times numerically unstable and solutions can be obtained only in some range of
values of σ0 for which the solver converges. For other values — especially high1

values — of gain, the solver simply fails.

In terms of finite elements (section 2.1), Comsol solves iteratively the system

AEzEz = f. (4.23)

Physically, a high gain means that for a weak excitation, the system response
is high, thus electric field is high. This translates numerically into

‖Ez‖ >> ‖f‖, (4.24)

which in turn means a high condition number for the matrix AEz . Each linear
system (4.23) becomes more and more numerically unstable when gain increases,
until iterative solver fails to converge.

A rule of thumb for building a model is to first set the values of small signal
gain through σ0 and determine a saturation field E0 according to physics.

Then, the model for spontaneous emission is introduced and calibrated such
that the resulting average electric field amplitude in the no-gain model is around
5% and not lower than 1% of the saturation field. Lower values will seriously
slow down or break convergence. Higher values do work and simply represents
systems dominated by spontaneous emission rather than lasers.

If the model fails to converge, further tuning of excitation and saturation
field are required. In some situations, convergence may simply be impossible to
achieve.

4.6.3 Results

An experimental result for a trapezoidal cavity made of PMMA doped with
Rhodamine6G is available in [15]. Paper reports successful measurements on a
cavity with a side-length of 50 µm — reproduced on Figure 4.7 — as well as
inconclusive measurements for a 10µm cavity.

Unfortunately, the 50µm cavity is far too large to make any simulation pos-
sible. Instead we will scale down the geometry by a factor 10 and build a model
including spontaneous emission and the saturating gain curve for rhodamine 6G.
Variation of pump power are taken into account by simply arbitrarily varying
small signal gain.

1What is high gain depends on the problem, but sometimes even on the parameters given
to the solver.
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fiber (200 mm core diameter), placed within one centimeter
from the sample, in the plane of the sample. The light is
analyzed by a fixed grating spectrometer(AVS-USB2000
from Avantes).

Figure 8 shows the output from a trapezoid shaped de-
vice with a side length ofL=50 mm fabricated by NIL.
Three spectra, measured at different optical pumping inten-
sities, 35, 184, and 332 mW/cm2, are shown. The laser ex-
hibits multimode oscillations. A series of double and triple
peaks are observed with the predicted period of approxi-
mately 1.6 nm. The observed double and triple peak struc-
ture can be due to the small difference in propagation con-
stants of the lasing TM0 and TM1 modes. Small variations in
size of the lasing devices can also contribute to the compli-
cated details of the observed emission spectra. The inset
shows the PMMA microcavity dye laser output intensity ver-

sus pumping intensity. The change in slope indicates the on-
set of lasing. The efficiency of the lasers is estimated to
approximately 0.1%. The dye laser light is emitted laterally
at an angle of refraction ofu4.80°, in accordance with our
design considerations. The emitted dye laser light is verti-
cally polarized, as expected from the assumption of lasing
TM modes. The lifetime of the laser devices was also mea-
sured. At a pumping intensity of 195 mW/cm2, the dye laser
output was reduced by 3 dB(50%) after 12 000 pulses, or
20 min.

Figure 9 shows the output from a trapezoid shaped de-
vice with a side length ofL=10 mm. The spectra are differ-
ent from the five times larger devices in Fig. 8. The inset
shows that there is no change in slope in the output intensity
as function of pumping intensity, but there is a significant
drop in the full width half maximum(FWHM). This could be
an indication of amplified spontaneous emission29 rather
than lasing from the smaller devices, where the quality of the
fabricated polymer cavities is limited by the resolution of the
UV-lithography step used for the stamp fabrication.

D.N. wishes to thank the Center for Microinstruments
(CfM) and Sensor Technology Center A/S(STC) for their
financial support. The work was supported by the Danish
Technical Research Council(STVF, Grant No. 26-02-0064).
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(b)

Figure 4.7: Experimental results available in [15]. (a) SEM im-
ages of a trapezoid shaped solid polymer microcavity dye laser.
The length of the output side (to the left) is L = 50 µm.(b)
Output spectra from an array of trapezoid shaped devices with
50 µm side length, at different pumping intensities: [...].

Calculated cavity modes for several values of small signal gain are shown
on Figure 4.8(a). Our model exhibits a higher spectral separation of modes,
expectable due to the scaling. Output intensity as a function of small signal
gain is shown on Figure 4.8(b) : the plot shows an increase of output intensity
up to a critical value where the iterative solver fails. For higher values of gain,
convergence is recovered, but validity of the solution is more than questionable.
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Figure 4.8: Numerical result for the scaled down trapezoidal
laser cavity. (a) Cavity modes for various values of small signal
gain γ0. (b) Output intensity as a function of γ0

The proposed model achieves results qualitatively comparable to the exper-
iment. This is encouraging but not enough to fully validate the model : exact
relation between pump power and small-signal gain value is so far unknown and
saturation field was taken here to an arbitrary value. Further comparison, with
a fully known and controllable experimental setup are needed.
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4.6.4 Conclusions

The model for gain developed here, based on gain saturation at steady-state,
a simple approximation to rate equations, shows promising possibilities.

While it is a simple to understand and implement model, its numerical insta-
bility makes it difficult to apply on practical models : it will work only in some
range of values and may requires some time consuming tuning of parameters for
each model.

Further improvements to the model go surely through a more accurate ex-
pression for gain derived from rate equations, including directly the effect of
pump power. Maybe numerically more stable relations can be derived as well.

Lots of space is left for improvements.
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Chapter 5

The hexagonal shape

One of the simplest types of optical cavity is a parallelepiped — or rectangle
in 2D – made of a dielectric material. Partial reflection and transmission at
the interfaces play the role of mirror and output couplers. Resonance in such
a cavity is well known and commonly described in terms of longitudinal and
transversal modes : a longitudinal mode corresponds to a resonance frequency
and transversal modes are associated to multiple field distributions allowed at
this precise frequency (Figure 5.1).

(a) (b)

Figure 5.1: Representation of two transversal modes for a rect-
angular cavity.

Circularly symmetric structures — spheres, cylinders and rings — are known
to support a very different type of resonance modes : the so-called whispering
gallery modes (WGMs) [16]. Unlike in volumes modes above — modes where
the electric field occupies the whole cavity — in a WGM, light is trapped close
to the surface of the cavity and travels guided by total internal reflection (Figure
5.2(a)).

Note that volume modes also exist for circular shapes (Figure 5.2(b)), but
WGMs are dominant.

WGMs exhibit sharp resonance leading to very high Q-factor. A well-known
application of those is the ring resonator (see example in chapter 3).

However, for lasers, this type of resonance is not efficient since only mate-
rial close to the surface takes part in the optical gain, leaving the central area
unused. Moreover, rounded edges are not suitable for good coupling.
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Figure 5.2: Representation of modes in a circular cavity : (a)
WGM (b) Volume mode.

The hexagonal shape is a compromise between those two : it is geometrically
half way between the square or rectangle and the circle. It allows at the same
time volume modes as well as surface modes similar to WGMs.

(a) (b) (c)

Figure 5.3: Representation of different types of modes allowed in
a hexagonal cavity. (a) Volume mode is dominant. (b) Surface
mode is dominant (c) Third type of modes not present in other
geometries.

5.1 Geometrical Optics approach

Yet geometrical optics at this scale is not a valid representation, simple
considerations based on it may help us to understand such behaviors. Two
phenomena act jointly : partial reflection and total internal reflection (TIR).

Partial reflection

Each partial reflections weaken the optical beam. Thus, in order to avoid
high losses and produce notably constructive interferences, optical round paths
with few reflections must be available.

In the rectangle, many such paths exist between opposite facets. Moreover,
slight divergences are corrected by TIR on the second set of facets : modes based
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on partial reflections can build easily. In the hexagon, many two-reflections
paths are available between opposite facets, but slightly divergent rays enter
many-reflection paths.

Finally, in the circle, only rays traveling exactly through the center may
perform a round trip in the cavity with only two reflections. Many-reflections
paths are infinitely more probable : rays after a round trip are weakened too
strongly to produce any notable interferences, modes based on partial reflection
in a circle are thus difficult to obtain.

(a) (b) (c)

Figure 5.4: Possible paths based on partial reflection.

Total Internal Reflection

Let’s consider the round path based on TIR with the greatest incident angle
possible : in a rectangle, it is a rhombus (Fig. 5.5(c)), in a hexagon, it is another
hexagon (Fig. 5.5(b)). For the circle (Fig. 5.5(a)), any regular polygon is a
candidate. The result is direct : interferences based on TIR in the rectangle
can be obtained only for high refractive indexes because of the small incidence
angles in the rhombus. In the circle, light can be trapped very easily in one of
the multiple round paths along the surface.

For the hexagon, the situation is intermediate : TIR round-trips can be ob-
tained at relatively low refractive index because of high incidence angles, but
not as easily as in the circle. Moreover, the hexagonal round path lies deeper
in the cavity than those corresponding to higher order polygons

(a) (b) (c)

Figure 5.5: Possible round paths based on TIR.

Because of this situation in the middle where modes can arise from both
TIR and partial reflection, hexagonal cavities are expected to show interesting
properties.
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5.2 The single hexagonal cavity

Potential laser cavity modes for the hexagonal cavity are calculated and
compared to the ones for a circle and a square on Figure 5.6. Resonance modes
of the hexagonal cavity are intermediate between the rectangular - here square
- shape and the circle. Yet the hexagon improves Q-factor and resonance am-
plitude compared to the square, this improvement is only slight and surely not
comparable to the one brought by the circular shape.
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Figure 5.6: Calculated cavity modes for cavities of hexagonal,
circular and square shapes. Inset shows geometric relation be-
tween cavities used in the simulation.

Behaviors of the hexagonal cavity in many other situations have been studied
and an interesting phenomenon was noticed : when exposed to a plane wave,
modes show a very particular sensitivity to incidence angle can be seen. In order
to exploit this property, a potential sensor design is introduced on Figure 5.7(a)

(a) (b)

Figure 5.7: (a) Proposed sensor design : a plane wave incom-
ing with an angle α is directed by the cavity onto an intensity
detector. Radius of hexagon — the distance from its center to
one of the corners — is 1.5 µm (b) Example of electric field
distribution in our sensor.
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The intensity at the detector for several angles is shown on Figure 5.8. While
most of the time resonance modes are pretty insensitive to the angle, boxed area
shows two neighboring modes with radically different behaviors : when α varies,
resonance amplitude on the right peak is stable while the one of the left peak
is very sensitive. However, in this form, the effect weak.
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Figure 5.8: Intensity at the detector with regard to wavelength
for several angles between 0 and 10◦ for sensor design from Fig-
ure 5.7(a) . Boxed area shows unusual angular sensitivity.

5.3 The double hexagonal cavity

Following results from previous section, a new design based on two hexago-
nal cavities coupled by facets is introduced (Figure 5.9). The target here being
mainly to increase the newly observed angular sensitivity.

Figure 5.9: Sensor design based on the double hexagonal cavity.
Each cavity has radius 1.5 µm.

5.3.1 Optimal gap

A necessary step in the design of our double cavity sensor is to determine
the optimal size for the gap. To do so, cavity modes are calculated varying gap
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length (Figure 5.10 ). The optimality — the length corresponding to highest
resonance amplitude — is found in this case to lie between 0.7 and 0.8 µm. It
can be shown that, in general, optimal gap length lies around half the radius of
hexagons.
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Figure 5.10: Energy stored in the cavity with respect to wave-
length. Each curve corresponds to a particular gap length ex-
pressed in µm.

5.3.2 Angular properties

Once again, a plot of calculated intensity at the sensor with respect to wave-
lengths for several angles is shown on Figure 5.11. Boxed areas show angular
sensitivity similar to the one observed in previous section. The amplitude of the
variation is notably increased in the new design (Figure 5.12). Various angular
dependences are present : at 658 nm, the intensity is minimal for α = 5◦, at
463 nm, a quasi linear behavior in the range 3.5 to 6.5◦ is observed.
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Figure 5.11: Intensity at the detector with regard to wavelength
for several angles between 0 and 10◦ for sensor design from Fig-
ure 5.9 . Boxed areas show unusual angular sensitivity.
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Figure 5.12: Intensity at the detector with regard to angle for
several wavelengths, for the single and double hexagonal cavity.

Finally, one may get pretty good physical understanding of the phenomenon
by plotting calculated electric field distributions (Figure 5.13). In every cases,
the first cavity resonates and directs light into the gap, but in two different
manners : in Figure 5.13(a)-(c), the resonance is mainly a volume mode while
in Fig. 5.13(b)-(d) the resonance is more similar to WGM.

(a) α = 0◦ (b) α = 0◦

(c) α = 6.5◦ (d) α = 6.5◦

Figure 5.13: Calculated field distributions for two incident angles for (a) (c)
stable peak in left most box on Fig. 5.11 (b) (d) angular sensitive peak.

At α = 0◦, in both cases, the second cavity collects lights from the gap and
directs it onto the intensity detector through a ray-like path. For α = 6.5◦, on
Fig. 5.13(c), the second cavity is only weakly affected : light continues to be
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directed towards the sensor through a similar ray-like path. On Fig. 5.13(d) the
situation is however totally different : a WGM is excited in the second cavity,
lights travels mostly along the surface and is partially backscattered, causing
the observed variations of intensity at the detector.

5.3.3 Applications

Under the scope of those results, detectors based on double hexagonal cavi-
ties might be useful in beam steering application. A single sensor can cover an
angular range of 3 ∼ 4◦.

Compared to classical techniques [17] or nowadays state-of-the-art sensors
[18] performing angular measurements of incident optical beams in this range,
the proposed design is far simpler and several order of magnitude smaller.

Moreover, due to their small size, many of such detectors might be packed
into a small area and their various behaviors (Fig. 5.12) can be combined in
order to increase precision or angular range.

5.3.4 External Field Enhancement

Another remarquable property of the double hexagonal cavity can be ob-
served on Figure 5.13 : a high-intensity spot appears in the gap.

Many optical cavities exhibit focusing-like effects, but those high-intensity
regions are often located within cavity core, inside the material. For a single
hexagonal cavity, this high field is located just across the facet (Figure 5.7(b)
). Coupling two cavities increases this effect, broaden this region and enhances
its intensity, regardless of the wavelength in the whole optical range. The cross
section on Figure 5.14 shows this high field region in the gap. .

Good use of this property can be made in lab-on-chip applications when
high field is required, for example, while probing fluids, chemicals or biological
samples.
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Figure 5.14: (a) Cross section showing optical intensity enhance-
ment in the gap. (b) Electric field distribution. Red line indi-
cates location of the cross section in (a).
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5.3.5 Stability

Stability with regard to waveshape

Many times we assumed an incident plane wave on our device : this is an
idealization of reality only, it is thus important to verify that our result are
reproducible for other types of beam shape.

We setup in a numerical model a source emitting curved wavefront (Figure
5.15). Calculated modes for various radii of curvature of the wavefront are
shown on Figure 5.16.

The overall behavior of the device appears to be stable. The only effect of an
increasing wavefront curvature is uniform scaling of the diagram, indicating a
drop of the coupling efficiency between the incident beam and the device rather
than a sensitivity to curvature itself.

Figure 5.15: Setup for checking stability with respect to wave-
front shape : Upper plot shows calculated field distribution in
the cavity. Lower plot shows the incident unperturbed wave-
front. Wavefront curvature is tunable.
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Figure 5.16: Cavity modes calculated varying wavefront cur-
vature. Arrow shows evolution for increasing curvature : the
pattern is uniformly scaled down..
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Dependence on gap refractive index

Behavior resulting from variations of the refractive index in the gap is ana-
lyzed on Figure 5.17. An increase of this refractive index shifts modes towards
longer wavelengths, increases coupling between both cavities but also destroys
resonance properties.

Such a behavior is undesirable for a laser but might be turned into a useful
property in sensing applications.
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Figure 5.17: Cavities energy for several values of refractive index
in the gap, increasing from 1 to 1.5. Arrows show the effect of
this increase.
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Chapter 6

Further analysis and Other
types of models

So far, we performed all our computations in 2D TE harmonic mode. Ex-
tending our models to other modes and types of calculations is a natural con-
tinuation.

Extension to 2D TM harmonic mode requires only to adapt the model into
a new formalism. This step requires good understanding of those new tools and
some experience with them, but does not face any technical limitations. 2D
hybrid mode is then just a summary of both cases.

Both TM and hybrid modes keep the assumptions of translation symmetry
along z-axis and harmonic formalism, but remove the one about the z-polarized
electric field.

Extension to 3D and/or to time domain are technically more interesting and
relax other, maybe more significant, assumptions previously made in models.

6.1 Extension to 3D

Extending our models into the third dimension removes the assumption of
infinite translation symmetry present in 2D. This means that we may now take
into account all the interfaces of the microcavities, i.e. the air-cavity interface
at the top and the substrate-cavity one at the bottom. Also, no polarization is
assumed.

Unfortunately, 3D calculations happen to be computationally much more
heavy for three reasons :

• The number of elements increases dramatically : in 2D, we need to ap-
ply a mesh on a slice, and this requires typically a few tens to a hundred
thousands elements. In 3D, the volume is sliced in many layers, each layer
being meshed roughly like in 2D. Consequently, an equivalent 3D model,
requires several millions of elements, leading to serious memory problems.
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• Compared to a 2D case, each node of a 3D mesh is part of many more
elements. The result is that the mass matrix (section 2.1) gets many more
non-zero elements per lines and its sparsity decreases. This means that
even for an equal number of degrees of freedom, a 3D problem is more
costly in term of computing time than a 2D problems.

• The equation to be solved is vectorial in 3D : the number of unknowns in
the system is roughly tripled.

In practice, one more problem arises : very often models with high mem-
ory consumption need to be solved using iterative solvers. Those are memory-
efficient but much more costly in term of computing time than fast direct solvers.

Of course, one may always use an extremely coarse mesh to reduce memory
requirement, but then what trust can we put into a solution computed that
way? Meshing the model on Figure 6.1(a) using 4 or 6 slices along z-axis will
surely not model correctly any interface phenomena.

Using an adequate mesh size, one gets the result shown on Figure 6.1(b),
scoring over 1.3 million elements. To be solved, such a model requires around
40GB of memory using an iterative - memory efficient - solver, and around 10
hours of CPU-time on the most powerful workstation of the group, for a single
wavelength, in a linear version of the model. Non-linearity introduced by gain
is likely to multiply this time by 10 ∼ 20, and a typical run requires roughly a
hundred different wavelengths in order to represent the spectral behavior.

In comparison, a 2D version, with an equivalently accurate mesh, scores
just above 20000 elements, requires around 1.5GB of memory — with a direct
solver — and roughly 10s of CPU-time per wavelength in a linear version, on a
standard computer.

(a) (b)

Figure 6.1: Double hexagonal cavity problem in 3D and corre-
sponding mesh.

As a result, while most of our 2D models require just a few hours of CPU-
time for a full parametric study, the same analysis on an equivalent 3D problem
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may take several days or weeks.

Extending a model to 3D is not a mild task. One should think carefully
before acting in order not to waste resources. For first investigations of new
ideas and concepts like in this work, 2D computations constitute a handful
sandbox, relatively inexpensive in terms of time and computer resources.

6.2 The time domain

Time domain formalism is probably the most interesting of all : one can per-
form wide-band simulations and get information about transient phenomena.

Transient phenomena may be extremely important : some systems may be
interesting for their transient behaviors only, other setups may actually reach a
different steady state than the one calculated in harmonic mode, or even never
reach one at all.

Wide-band allows to perform simulations for multiple wavelengths in one
shot as well as to consider interactions between effects taking place in different
regions of the spectrum — a very important feature terribly missing so far.

On the other hand, one needs to face new constrains, limitations and tech-
nical problems :

• Time domain simulations are computationally more heavy because of time
stepping : each small step in time requires to solve a system of linear
equations. But fortunately, memory consumption can be maintained low:
the system solved at each time step is not significantly bigger than for an
equivalent problem in harmonic formalism.

• Comsol tools for time domain are not yet as well developed as for the
harmonic mode. The most noticeable problem here being the absence of
PML, another is strong numerical dispersion.

• Mathematical expressions of parameters like refractive index, gain and
losses in time domain become much more complicated to handle.

This section presents a fully functional absorbing layer for time-domain cal-
culations and introduces basic ideas on how to implement material parameters.
A specific scheme based on finite differencess (FDs) is also briefly discussed.

6.2.1 An absorbing boundary condition

Historical overview

For many years, a general purpose absorbing boundary condition for Maxwell’s
equations has been the holy grail of computational electromagnetics. Such a BC
still does not exist nowadays. The best we have are a set of BCs which are, as
described in section 2.7, non-reflective under some specific circumstances.

In the meanwhile, engineers have been successfully using absorbing layers
in anechoic chambers (Figure 6.2 ). The idea to transpose this concept into
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numerical methods and use an absorbing and non-reflective layer rather than a
boundary, leading directly to modern PML, arrises relatively late.

Figure 6.2: Absorbing layer in anechoic chamber at ULg1.

The very first technique to build such a layer, efficient enough to be called
perfectly matched, the split-field PML, was proposed by Berenger in 1994 for
Yee’s scheme. Its formulation is famous for its complexity and its 27 equations
in 3D.

In 1996, Gedney proposed an equivalent but simpler formulation, the uniax-
ial PML (uPML), based on the use of an artificial anisotropic absorbing material.

Finally, the modern formulation was introduced in 1998 by Teixeira and
Weedon, called stretched-coordinates PML. This formulation is based on a
mapping of coordinates system from real to complex space and happens to be
equivalent but much more general than the previous ones.

Both uniaxial and stretched-coordinates PML have been very successful and
are now widely used. Why they are absent for time domain calculations in our
software is unknown.

Implementing completely any of the methods above can only be done by
modifying software core. However, based on Gedney’s ideas for his uniaxial
PML [19], we may quite easily build an artificial anisotropic material which
will be absorbing and only weakly reflective. This technique can be seen as an
unperfectly matched or sponge layer.

A sponge layer for time domain in Comsol

Reflection at an interface occurs according to Fresnel’s coefficients (section
1.2). Those are dependent only on the refractive index of the media across the
interface and on the angle of incidence of the beam. In general, this refractive
index is a complex number combining the three essential material parameters :
electric permittivity, magnetic permeability and conductivity (section 4.2).

1Reproduced from Montefiore institute, University of Liège, Belgium —
http://www.ulg.ac.be.
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Based on those three degrees of freedom, it might be possible to find an
interface between different media such that no reflection occurs. An additional
difficulty is that those considerations must be valid in the discrete forms of
numerical schemes. Gedney’s work showed that strict absence of reflection is
possible only at the cost of an artificial material with specific relations between
tensors’ components.

For simpler - isotropic - materials, a strictly non-reflective interface cannot
be achieved. However, if the refractive index is changed only slightly across the
interface, the reflection will be small.

Now, let’s consider the layered medium on Figure 6.3 : constant permittivity
and permeability, and variable conductivity.

 

 

µ

ε

σ

Figure 6.3: Multiple interfaces with variable conductivity.

When an electromagnetic wave hits the first interface, partial reflection oc-
curs, but is small since the change in refractive index is low. The transmitted
wave travels to the next layer and is damped weakly. At the second interface,
we again increase the conductivity but more than at the first step : this will
produce stronger reflection, but before this reflected wave reaches our domain,
it needs to cross the first layer backwards and is partially damped. Following
the same logic, conductivity can be increased more and more at each step, each
partially reflected wave being more and more damped on the way back.

Such staircase functions are exactly what happens when we represent an
analytical function on a computational grid. Conductivity may be described as
a continuous function and the layering appears automatically in the computing
process. Often, one chooses a simple polynomial function of the type

σ(d) = σ0 d
α, (6.1)

where d represents the current depth in the layer.

The exponent α is a key parameter : if chosen too low, the functions grows
too fast close to d = 0 and creates strong reflections. If chosen too high, conduc-
tivity grows too slowly to efficiently damp the forward wave. This is illustrated
on Figure 6.4. The optimal α can be determined for a given problem by trial
and errors, and generally lies in the range ]2, 3[.
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The parameter σ0 is a constant depending on α, thickness of the layer, and
normalization chosen for d. It does not depend on the magnitude of the field
to be damped and is dependent on wavelength only for variations across several
orders of magnitude.
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Figure 6.4: Comparison of different candidates for conductivity
curve. x2, 3 was found to be optimal in most cases in Comsol.

Finally, a special mesh may be applied onto the sponge layer : the only thing
we want is to damp the wave, we do not care about solution in the layer. The
mesh size may be increased little by little when going deeper into the layer, as
shown on Figure 6.5(a). This has two benefits :

• It reduces number of elements, memory usage and computing time. This
can be greatly helpful, especially because such a sponge layer must be
notably thicker than a real PML in order to be efficient.

• It is impossible to represent a given wave on a mesh which has a size
comparable to or larger than its wavelength. In such a case, the wave must
vanish - which is what we want. Oversized mesh elements generate strong
numerical error, but, up to some extend, this won’t have any influence
on the solution since the resulting waves are damped before reaching the
domain .

Figure 6.5 shows a test problem built to analyze the behavior of our sponge
layer : a pulse is generated and directed toward the layer, all boundaries are
set to PEC. Fig. 6.5(b) and (c) show the electric field at two different time
steps. On (c) the wave is strongly damped inside the layer and no reflection is
visible. Fig. 6.5(d) shows the electric field in logarithmic scale at the same mo-
ment: there is some residual reflection coming from the layer, but the maximum
reflection is around 1% in terms of electric field.

A reflection of 1% is acceptable in practice, and might be lowered further
by increasing the length of the layer. However, using a real PML, one may
reasonably expect the reflection to drop down by several orders of magnitude
for layers 10 times shorter than on Figure 6.5.
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(a) (b) (c)

(d)

Figure 6.5: Test-problem for the sponge layer. (a) Special mesh
applied on the absorbing layer. (b) Electric field a t1. (c) Elec-
tric field at t2 > t1. (d) Electric field at t3 ' t2 in logarithmic
scale.

The sponge layer introduced here is a satisfactory free-space simulating
boundary in most of cases where high accuracy is not required. It is a workaround
when PMLs are not available, and should be used only then. Figure 6.6 shows
how this technique can be applied to a practical model used in the optics group.
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(a) (b)

Figure 6.6: Sponge layer for a sample problem1. (a) Mesh (b)
Conductivity.

6.2.2 Material parameters

Electromagnetic behavior of a material is described in frequency domain by
frequency - or wavelength - dependent (ε, µ, σ) or n (section 4.1). Mathemati-
cally, those parameters are functions of ω.

Let’s consider only the conductivity σ, the same procedure being applicable
to any other parameter. In harmonic formalism, with strict notations we have
the constitutive law

Ĵ(ω) = σ(ω)Ê(ω). (6.2)

In time domain, the same constitutive law becomes

J(t) = σ(?)E(t). (6.3)

The dependence of σ is voluntary left with a question mark. The correct
dependence is not time, at least not explicitly. Even in time domain, σ remains
a function of frequency, or more exactly of the speed of variation of E at time
t. Thus

σ(?) = σ (∂tE(t), ∂t2E(t), ∂t3E(t), ...) . (6.4)

From a function of frequency in harmonic formalism, σ becomes a differ-
ential equation in time domain. This technique is called auxiliary differential
equations (ADE).

From the derivation and integration theorem associated to Fourier transform
(section 2.6), if σ is expressed in frequency domain as a polynomial or a ratio-
nal function of ω, one can reconstruct analytically an expression for equation
(6.4). Similarly, any realistic function for σ(ω) can be expanded into its Taylor
series to obtain a polynomial, and experimental data like on Figure 1.5(b) can

1Model taken from the work of Mewael Giday Sertsu.
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be fitted with a rational function.

However, practical considerations darken this situation : yet time derivatives
are easily accessible in Comsol, derivations is a numerically very unfavorable
process. Third or fourth order derivatives should be already considered as a
hard limit, meaning that the best we can do is to fit a curve like on Figure
1.5(b) with a polynomial of fourth order in the best case. Thus ADE in our
case happens to be a very crude method - yet it works in principle.

The differential equation for σ in time domain appears because of the form
of equation (6.3). We’ll now take a radically different approach.

We have
Ĵ(ω) −−−→

F−1
J(t). (6.5)

Thus
J(t) = F−1

{
σ(ω)Ê(ω)

}
= (Σ⊗ E) (t), (6.6)

where
σ(ω) −−−→

F−1
Σ(t) and Ê(ω) −−−→

F−1
E(t).

and ⊗ symbolizes a convolution product.A proper implementation leads to the
method called recursive convolution. This is however not applicable in our case
since Comsol requires an explicit expression of the type σ = · · · .

All this remains valid for permittivity, permeability and refractive index.

6.2.3 FDTD - Yee’s scheme

FEM is a very general and powerful technique for solving various differential
equations, but it is not the only one. It relies on heavy mathematical ma-
chinery and advanced programming techniques for building meshes, performing
high-order integrations and solving efficiently linear systems.

Beside FEM, another available method is FD, based on a single and ex-
tremely simple principle : one defines a regular computational grid with a step
size h and approximates all the derivates by the finite differences

df

dx
(x) ⇒ f(x+ h)− f(x− h)

2h
.

The same holds for higher order and/or partial derivatives in both space and
time. Depending on the form of the equations discretized, the process leads to
a system of linear equations or an iterative scheme.

Back to section 2.2, it can be shown that, for a scalar partial differential
equation in space, choosing as a basis P0, the ensemble of piece-wise continuous
functions, FEM and FD lead to strictly the same system of equations, corre-
sponding to a staircase approximation of the solution, obviously sub-optimal.
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FD method is thus often regarded as a simple to understand and easy to
implement — almost doable by hand — method for small problems, and FEM
is kept for more serious cases.

However, in 1966 Kane Yee introduces a revolutionary iterative scheme [20]
for Maxwell’s equations in time domain. The algorithm is based on applying
FD to each field component on a different computational grid. The grids are
specifically staggered in both space and time (Figure 6.7).

(a) (b)

 (i, j, k)  (i+1, j, k) 

 (i, j, k+1) 

 (i+1, j+1, k) 

 (i+1, j+1, k+1)

 Ez 

 Ex 

 Ey 

 Hy 
 Hx 

 Hz 

(c)

Figure 6.7: Sample of grids used in Yee’s scheme : (a) 2D TE
spatially staggered grids [21] (b) 1D space-time staggered grids.
(c) 3D spatial grid. [7]

The discretization leads to a two-step iterative time-stepping scheme based
only on explicit update formula — i.e. without a single system of linear equa-
tions to be solved — resulting in dramatical boost of performances compared
to a FEM-based timestepping.

Further improvements and stronger mathematical basis were brought to
Yee’s scheme later, mainly through the work of Allen Taflove, who renamed
it to finite differences in time domain (FDTD).

Nowadays, FDTD is the most widespread, efficient and mature algorithm,
designed from the beginning for Maxwell’s equations in time domain. Tools like
real PML or recursive convolution, absent from Comsol are extensively covered
in [21]. The book also supplies a fully working Matlab implementation.

Methods to model properly optical gain - directly from rate equations -
exist [22], and the algorithm has been successfully applied on microcavities [23],
[24], [21].

While it makes sense to use FEM for Maxwell’s equations in harmonic
formalism, this general-purpose algorithm becomes antiquated in time domain
where a very specific, much simpler and efficient scheme exists. At the scale of
our problems, FDTD - Yee’s scheme outperforms FEM from every point of view.
It might worth to give a try to FDTD through other commercial softwares, or
maybe by our own implementation.
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Conclusions

Following the initial aim of this work, new models, techniques and ideas were
introduced and developed towards simulations of polymeric microcavity based
lasers. The new cavity design introduced, expected to be a candidate for a laser,
eventually showed properties making it more suitable for sensing applications.

Those newly discovered properties eventually turned from an apparent half
failure into a full success, leading to publication of paper [25].

Other cavity designs will be studied. New ideas and innovative models in-
troduced in this work — while they still need improvements — might play an
important role in future projects within the optics group. Some improvements
brought to simulation tools during this work are already in use today, the most
remarkable being the sponge layer, replacement for the PMLs absent from our
main software for time domain simulation.

While all our models were checked against physical coherence in simple
cases and qualitatively compared to literature, none was quantitatively checked
against experimental results. This is the bitter taste of practical reality : build-
ing and experimenting a setup in a lab takes long, much longer than the time
available for this master’s thesis.

Promising and now well-known results [4] obtained in the group before my
arrival are about to be experimented. Hopefully, the present work will be vali-
dated or corrected by experiment in near future.
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Appendix A

Derivation of the
continuous source term
described through a density
of current

The present appendix derivates the form of the RHS of equation (3.1) in-
troduced in section 3.4.2. The proof is essentially based on rewriting Maxwell’s
equations under the implemented form with 2D TE assumptions.

In 2D for TE-waves in harmonic mode, Comsol solves the following equation :

∇ · (−c∇Ez −αEz + γ) + aEz + β · ∇Ez = f. (A.1)

Maxwell’s equations in frequency domain for isotropic homogeneous lossy medium
are

∇ · E =
ρ

ε
,

∇ ·H = 0,
∇× E = −jωµH,
∇×H = J + jωεE.

From this we derivate the wave equation :

∇×∇× E = −jωµ ∇×H. (A.2)

From vectorial calculus, we have the following identity :

∇×∇× E = ∇ (∇ · E)−∇ · ∇E. (A.3)
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A SOURCE TERM DERIVATION

Combining equation (A.2) with first and fourth Maxwell’s equations and identity
from equation (A.3), we get :

1
ε
∇ρ−∇ · ∇E = −jωµ J + ω2µε E. (A.4)

Restricting this to our 2D TE case, we get :(
1
ε
∇ρ
)
z︸ ︷︷ ︸

=0

8<: −no variation along z
−ε scalar

−∇ · ∇Ez = −jωµ Jz + ω2µεEZ . (A.5)

And we take
Jz = Jcz + Jfz

With

• Jc = σE is the physical current density due to material conductivity.

• Jf is any other arbitrary current density.

From this, equation (A.5) becomes

∇ · ∇Ez = jωµ Jfz − ω2µ
(
ε− j σ

ω

)
Ez, (A.6)

which can be directly mapped to the coefficient form equation (A.1) by taking

f = j, ωµ Jfz
c = 1,
a = ω2µ

(
ε− j σω

) (A.7)

and all the unspecified coefficients equal to zeros.
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Appendix B

Acronyms

Comsol COMSOL Multiphysics c©

MAP Microelectronics and Applied Physics

KTH Kungliga Tekniska Högskolan - Royal Technical School

FEM finite element method

PML perfectly matched layer

FDTD finite differences in time domain

LOC lab-on-chip

PMMA poly(methyl methacrylate)

ADE auxiliary differential equations

TIR total internal reflection

GUI graphical user interface

TE transverse electric

TM transverse magnetic

BC boundary condition

PEC perfect electric conductor

RHS right hand side

LHS left hand side

WGM whispering gallery mode

ULg University of Liège

FD finite differences
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[4] Sergei Popov, Sébastien Ricciardi, Ari T. Friberg Sergey Sergeyev, Mode
suppression in a microcavity solid-state dye laser, Journal of the European
Optical Society, Rapid Publications 2, 07023/1–4 (2007).

[5] Scott Prahl, OMLC, Rhodamine 6G absorption and fluorescence.

[6] Eugene Hecht, Optics, Fourth edition (Addison Wesley, 2005), ISBN 0-
321-18878.

[7] Wikimedia Foundation, Wikipedia, the free encyclopedia.

[8] Daniel Nilsson, Polymer Based Miniaturized Dye Lasers For Lab-On-A-
Chip-Systems, Ph.D. thesis (Technical University of Denmark (DTU),
2005).

[9] K. Eriksson, D. Estep, P. Hansbo C. Johnson, Computational Differential
Equations (Studenlitteratur, 1996), ISBN 91-44-49311-8.

[10] R. A. Adams, Calculus. A Complete course, fourth edition ed. (Addison-
Wesley, 2003), ISBN 978-0201791310.

[11] COMSOL, Workshop om elektromagnetisk modellering (2008).

[12] COMSOL, Comsol Multiphysics user manual and technical support.

[13] Rui Zhang, Fluorescence, gain and cavity optimization in Fluorescence gain
and cavity optimization in micro-sized polymer dye laser , Master’s thesis,
KTH Information and Communication Technology, 2008.

[14] RP Photonics, Gain Saturation, Encyclopedia of Laser Physics.

v



REFERENCES REFERENCES

[15] A. Kristensena, D. Nilsson, T. Nielsen, Solid state microcavity dye lasers
fabricated by nanoimprint lithography, Review of Scientific Instruments
75, 4481–7 (2004).

[16] Ilkka Tittonen, Whispering Gallery Modes, Helsinki University of Technol-
ogy (2003).

[17] Ming-Horng Chiu, Der-Chin Su, Improved technique for measuring small
angles, Applied Optics 36, 7104–6 (1997).

[18] Andrew Maxwell Scott, Andrew Charles Lewin, Kevin Dennis Ridley, Opti-
cal Angle Detection, United States Patent Application Publication (2008).

[19] Stephen D. Gedney, An Anisotropic Perfectly Matched Layer - Absorb-
ing Medium for the truncation of FDTD Lattices, IEEE Transactions on
Antennas and Propagation 44, 1630 (1996).

[20] Kane Yee, Numerical solution of inital boundary value problems involving
maxwell’s equations in isotropic media, IEEE Transactions on Antennas
and Propagation 14, 302–307 (1966).

[21] Allen Taflove, Susan C. Hagness, Computational Electrodynamics (Artech
House, 2000), ISBN 1580538320.

[22] Amit S. Nagra, Robert A. York, FDTD Analysis of Wave Propagation in
Nonlinear Absorbing and Gain Media, IEEE Transactions on Antennas and
Propagation 46, 334 (1998).

[23] Shouyuan Shi, Dennis W. Prather, Lasing dynamics of a silicon photonic
crystal microcavity, Optics Express 15, 10294–302 (2007).

[24] S. C. Hagness, D. Rafizadeh, S. T. Ho A. Taflove, FDTD Microcavity
Simulations: Design and Experimental Realization of Waveguide-Coupled
Single-Mode Ring and Whispering-Gallery-Mode Disk Resonators, Journal
of Lightwave Technology 15, 2154–66 (1997).

[25] Nicolas Innocenti, Sergei Popov, Sergey Sergeye Ari Friberg, External Field
Enhancement in Coupled Polymer Microcavities, CLEO/Europe-EQEC
(2009).

vi


	Abstract
	Acknowledgements
	Introduction
	Background
	Outline

	Physics of Microcavity Lasers
	Theory of Light
	Cavity and Output Coupler
	Gain medium and Pump
	Laser operation

	Modeling methods & tools
	Galerkin's method
	Basis functions
	Meshing
	Overview of Comsol Multiphysics©
	The RF module
	Modeling assumptions
	Modeling tools in 2D TE harmonic

	Cavity Modes
	Cavity Modes
	Direct calculations
	Calculation by spectral sweeping

	Measurement tools
	Intrinsic and Calculated properties
	Excitation in a Laser cavity
	Random excitation points
	Excitation as a continuous source term

	A model for Spontaneous emission

	Modeling Materials
	Fundamental parameters
	Refractive index
	Frequency dependence
	Losses through conductivity
	Gain through conductivity
	Laser model
	Weak dependence on initiatial excitation
	Numerical limits to gain
	Results
	Conclusions


	The hexagonal shape
	Geometrical Optics approach
	The single hexagonal cavity
	The double hexagonal cavity
	Optimal gap
	Angular properties
	Applications
	External Field Enhancement
	Stability


	Going further
	Extension to 3D
	The time domain
	Absorbing boundary condition
	Material parameters
	FDTD - Yee's scheme


	Conclusions
	Source term derivation
	Acronyms
	References

