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Abstract

The presence of different types of defects is an important reality for manufacturers and
users of engineering materials. Generally, the defects are either considered to be the
unwanted products of impurities in the raw materials or to have been introduced during
the manufacturing process. In high-quality steel materials, such as tool steel, the defects
are usually non-metallic inclusions such as oxides or sulfides.

Traditional methods for purity control during standard manufacturing practice are usually
based on the light optical microscopy scanning of polished surfaces and some statistical
evaluation of the results. Yet, as the steel manufacturing process has improved, large
defects have become increasingly rare. A major disadvantage of the traditional quality
control methods is that the accuracy decreases proportionally to the increased rarity of the
largest defects unless large areas are examined.

However, the use of very high cycle fatigue to 109 cycles has been shown to be a power-
ful method to locate the largest defects in steel samples. The distribution of the located
defects may then be modelled using extreme value statistics.

This work presents new methods for determining the volume distribution of large defects
in high-quality steels, based on ultrasonic fatigue and the Generalized Extreme Value
(GEV) distribution. The methods have been developed and verified by extensive experi-
mental testing, including over 400 fatigue test specimens. Further, a method for reducing
the distributions into one single ranking variable has been proposed, as well as a way to
estimate an ideal endurance strength at different life lengths using the observed defects
and endurance limits. The methods can not only be used to discriminate between differ-
ent materials made by different process routes, but also to differentiate between different
batches of the same material.

It is also shown that all modes of the GEV are to be found in different steel materials,
thereby challenging a common assumption that the Gumbel distribution, a special case
of the GEV, is the appropriate distribution choice when determining the distribution of
defects.

The new methods have been compared to traditional quality control methods used in com-
mon practice (surface scanning using LOM/SEM and ultrasound C-scan), and suggest a
greater number of large defects present in the steel than could otherwise be detected.

Keywords: Non-metallic inclusions, Tool steel, Extreme value statistics, Distribution of
defects, Generalized extreme values
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1 Introduction

Defects of different origins are an important aspect of material quality which manufactur-
ers of engineering materials need to take into account. The defects present in high-strength
steel used in demanding applications may cause a component to fail prematurely due to
fatigue, initiate pitting corrosion or increase the roughness of a polished surface.

The increased use of high-strength steel in different applications, such as automotive parts
and plastic moulds, presents the manufacturers of high-quality steel grades with new dif-
ficulties. Yet, thanks to evolved practices in steelmaking, modern high-performance steels
generally contain a low amount of defects.

One consequence of the low defect content might at first glance seem counterintuitive –
the traditional methods for determining the defect content, such as light optical micro-
scope or scanning electron microscope scans of polished surfaces, tend to be less reliable
as the volume distribution of defects decreases with new manufacturing methods. It has
been shown that, in order to achieve statistical confidence, impractically large areas have
to be scanned [1].

Since the conventional methods perform worse as the defect content of the investigated
steel decreases, this project was initiated to suggest a method using high cycle fatigue as
a means of finding large defects in steel samples. The inclusions act as crack initiation
points in the steel matrix by increasing the local stresses. When a sufficiently high pul-
sating load is applied, a crack begins to grow at the defect. The crack growth per cycle
depends on the size of the defect and already-initiated crack as well as on the load. If
the stress amplitude is low, crack initiation and growth will only occur at the very largest
inclusions. However, the low load means that the number of load cycles must be increased
before failure occurs.

Eventually, the crack initiated at one defect, or a cluster of defects, grows to a size at
which the remaining matrix can no longer sustain the load, and the part fails. Assuming
that the critical crack is initiated at the largest defect in the loaded volume, a distribution
of defect sizes may be estimated from a number of tested specimens. This distribution of
the largest defects can then be analyzed using extreme value statistics and, as is shown
here, be used to estimate the total number of large inclusions in the steel sample, as well
as their size distribution.

This thesis examines the use of ultrasound resonance fatigue to find defects on fracture
surfaces and extreme value statistics methods to estimate the total defect distribution. The
introduction of these methods may increase the accuracy with which the distribution of
large defects present in the material is estimated, when compared to current practice.

This summarizing chapter of my compilation thesis begins with an introduction to the
field, including a historical overview of high-quality Swedish steel and an outline of the
history of fatigue and fatigue research. This section is followed by brief accounts of the
methods commonly used to estimate defect distributions, before the methods used in this
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project – ultrasonic resonance fatigue testing and extreme value statistics – are described.
The main findings are presented, with notes about the papers in which they are published,
and this is followed by more general results of the project, as well as by a discussion of
possible future research and applications.

1.1 Historical background

1.1.1 Swedish steel, a high-quality product

The steel industry in Sweden has long been renowned for the high quality of the steel it
produces, and from the 18th century, the best Swedish steel was sold at premium prices
on the export markets, mostly because it was known to be of a high and even quality with
a low content of slag inclusions [2]. The price premium could be as high as 100% of the
price of base quality steel. In this way, the industry could focus on capitalizing on quality,
rather than quantity.

One influential individual was the French metallurgist Le Play, who defined some of the
terms used to describe the quality of steel. By defining terms such as “body” or “sound”,
which convey a certain meaning to those working in the smithy, these terms could also be
used by those with less hands-on experience. Thus steel manufacturers were able to dis-
cuss different manufacturing processes and their effect on the material using a consistent
terminology [2].

The importance of the Swedish steel industry is also reflected in the research activities it
has inspired since the 18th century. This has had, and still has, a reciprocal effect: thanks to
the research results, Swedish steel manufacturers are able to produce steel of high quality.

In 1782 Sven Rinman published Järnets historia [The History of Iron], in which he
describes the “density” of the material. This term describes the absence of slag inclu-
sions. Rinman also published results of optical microscopy of slag inclusions in polished
steel samples, classifying them by appearance. Professor Nils Gabriel Sefström of Falu
Bergsskola reviewed different slags and published the results, including the slag recipies,
in 1825. During experiments in a smithing course at Falu Bergsskola, the master smiths
“as sceptical at Avesta, as at other places, about news and changes” (own translation)1

were convinced in just one day to add manganese ore to the molten iron, in order to re-
duce the slagg content [2].

During the second half of the 19th century, a shift from master smiths’ knowledge towards
the more theoretical approach of metallurgists occurred. During this time, new models
were being derived to explain material properties known from earlier observations and
practices. By using these models new phenomena could be predicted. Simultaneously the
size of the average steel-producing unit increased. This was not only due to changes in
manufacturing practice, but also happened because of changes in the legal basis for stock

1“som lika litet vid Avesta som någorstädes annars äro särdeles hågade för nyheter och förändringar” Fors-
mark och Vallonjärnet, p. 135
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companies, which allowed better funding to be made available for necessary investments
in the steel industry. The larger production plants facilitated improved manufacturing
quality and the amount of research activity at the plants also increased, as did cooperation
with the academic world. Some of the major scientific advances made during this time
include Gibbs’s work on phase transitions, as well as improvements in microscopy and
microanalytical methods.

As new methods enabled the manufacture of high-quality steel also from ore with lower
quality, the need for research and education further increased during the beginning of
the 20th century. Since the Swedish government would not impose levies on imported
steel during the Depression, manufacturers were forced to focus and specialize, which
paid off in higher-quality products. One can contrast this with the protectionism guarding
the North American steel industry which allowed plants to survive due to employment
concerns, although they may have been unprofitable in comparison to international man-
ufacturers.

Today the Swedish steel manufacturers may be small in terms of the total volume of steel
products on the world market, but they are important players in the specialized steels
arena.

1.1.2 A brief history of fatigue and fatigue research

The failure of manufactured goods, tools and parts due to wear or single overloads must
have occured ever since man begun to use tools. It may be assumed that failure due to
fatigue (that is to say failure after a number of load cycles, each too insignificant to cause
immediate failure on its own) became an increasingly severe problem with the introduc-
tion of machines driven by steam, for example.

The first documented mention of the concept of fatigue in metals occurred in the first half
of the 19th century. Wilhelm Albert published an article on the subject in 1837, and the
word “fatigue” was coined in a book written by Poncelet in 1839 [3]. Another pioneer
was August Wöhler, whose concept of stress versus life cycle plots is still used today
for rule-of-thumb design and to describe the fatigue properties of materials and products
(ibid.).

Early advances in fatigue studies provided guidelines for the manufacture and use of crit-
ical components. Around 1860, it was established that the most important factor deter-
mining fatigue life was the amplitude of the cyclic stress, but that the mean stress also
had an influence. Since most products used in long-life applications were used in rotating
bending such as train axles, failures were predominantly initiated from surface flaws or
sharp notches. Other features with seriously detrimental properties were identified in the
material itself, as for example corrosion pits and non-metallic inclusions, such as oxides
and sulfides (ibid.).

During the early part of the 20th century major advances in fatigue research were made in
the U.S., the U.K. and in Germany, with Germany taking the position of leading research

3



nation around the middle of the 1920s [4]. A Swedish name which also deserves mention
in this context is that of Palmgren; his rule describing the summation of load cycles at
different stress levels, formulated in 1924, is still widely used.

During the Second World War much work was done especially on aeroplane design and
materials. When the war ended, the use of some aeroplane models were extended to
civilian spheres as well, and then previously unnoticed problems were detected. For some
models life lengths of up to 30 000 hours were expected, whereas the bomber aircrafts
they were based on were used for only about 5 000 hours (ibid.).

The military industry continued work on fatigue research after the war, but much work
was also done in the civilian sector, where areas such as the automotive industry now
boomed.

Certain trends from the last 50 years may be summarized:

• Fatigue properties are described either for the material or for the finished part.

• Low cycle fatigue is a concern mostly for start-stop cycles of equipment intended
for long-term use, such as turbines and engines, especially coupled with tempera-
ture changes.

• Very high cycle fatigue testing (to a few billion cycles or more) has become fea-
sible thanks to the construction of high-frequency testing machines such as that
developed by Professor Claude Bathias.

• The concept of fatigue has been incorprated into that of fracture mechanics, dealing
with crack formation and fracture criteria, thus providing a strong framework for
formulating crack growth and fatigue behaviour. Professor Paul C. Paris is one of
the pioneers in this area.

• Thanks to the availability of powerful computers the use of computer aided design
and finite element modelling has increased. This has resulted in more research into
models that may be used to predict the fatigue behaviour of parts and goods already
at the design stage.

At present fatigue research is a wide and viable field with general research journals, such
as the International Journal of Fatigue and Fatigue and Fracture of Engineering Materials
and Structures. Papers related to fatigue research and properties are also published in
journals specializing in subjects such as steel, concrete construction and microelectronical
devices.
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2 Conventional methods for defect content estimation

In this section I briefly mention some of the most commonly used methods for estimating
the defect content in steel, without describing them in full. Extensive comparisons be-
tween different methods may be found in the literature: see, for example, the review by
Lifeng Zhang and Brian G. Thomas [5]. Many other studies comparing different methods
for defect content estimations have been published, see for example Kanbe et al [6] and
Atkinson and Shi [7].

Since the methods all have different detection limits, studied volumes or other advantages
and drawbacks, a combination of methods may be used to obtain as much information as
possible about the material under investigation.

2.1 Macroscopic methods

When defects are detected using ultrasound testing, one of the most common macroscopic
methods, large pieces of the material in question are scanned with an ultrasound C-scan
probe. The probe emits sharp sound pulses and the defects may be detected as they reflect
the pulses.

These methods are mostly used to detect rather large defects, as the detection limit is
roughly proportional to the investigated volume, with sizes of around 20 µm as a normal
detection limit in relatively small volumes. The C-scan method may perform better or
worse, depending on the types of defects present. It has, for example, been shown that
soft sulfide inclusions may be very hard to detect [8].

2.2 Surface scanning methods

One of the commonly used methods for detecting defects in steel consists of scanning a
polished surface of the material in either light/optical microscopes or scanning electron
microscopes and registering the number of defects and their sizes. If a scanning elec-
tron microsope is used, information regarding the chemical composition of the defects
may also be obtained. The surface can also be scanned using an electric discharge, and
impurities are then detected by the change in light emitted from the spark.

The major disadvantage of surface scanning methods is that as the number of large inclu-
sions decreases, the chance of finding them on polished surfaces also decreases. Thus, in
order to achieve statistically useful results, large areas have to be scanned [1]. When a
very clean material is to be investigated, the required areas may be impractically large.

Another drawback of the surface scanning methods is that they only provide the surface
density of the defects. In order to estimate the volume density of defects different conver-
sion schemes may be used. They are either based on defining an investigated thickness
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as the average size of the largest defects found on a number of surfaces (the Murakami
method) [9], or on calculating a volume density by stereological methods such as that
described by Xu and Pitot [10].

2.3 Enrichment methods

A further variety of methods depends on the enrichment of the unwanted compounds.
These include cold crucible levitation melting or electron beam remelting of small sam-
ples of the material to be investigated, which causes the non-metallic inclusions to form a
layer on the surface of the material so that the amount of impurities may be estimated.

2.4 Dissolution methods

A group of methods intending to provide an estimate of the total amount of inclusions
in a larger piece of material involves dissolution of the material matrix. Using these
methods, a piece of steel is dissolved using a strong acid and the residues are examined.
The main advantage of these methods is that, comparatively, a very large volume may be
investigated quite quickly.
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3 Extreme value statistics

The study of extreme values as an own discipline in statistics started in the early-to-mid
20th century. It provides an alternative to “normal” statistics, which mostly deals with
commonly occurring phenomena and in which extreme observations are instead seen as a
nuisance or as outliers with a minor influence.

A few names should be mentioned as pioneers: Fischer and Tippett, who showed that the
distributions of maxima generally can be renormalized to one of three special distributions
and Fréchet who independently showed the same, also Gnedenko who proved an alterna-
tive formulation of the theorem. The Swedish mathematician Weibull also used extreme
value statistics in materials engineering, and Gumbel’s book of 1958 greatly increased the
use of extreme value statistics in practice.

The extreme value statistics methods are mainly divided into two families, the asymptotic
models for maxima and the peaks-over-threshold models.

3.1 Models for maxima

The maxima-models concern the distribution of the (n) largest observation(s) in a number
of observation sets. For simplicity’s sake, I here only discuss the case of the single largest
observation, i.e. where n = 1. The possible asymptotic distributions form three distinct
families, namely the Gumbel (I), Fréchet (II) and Weibull (III) distributions [13]:

GI(z) = exp
{
− exp

[
−
(
z − b
a

)]}
, −∞ < z <∞ (1)

GII(z) = exp

{
−
(
z − b
a

)−α}
, z > b; 0 otherwise (2)

GIII(z) = exp
{
−
[
−
(
z − b
a

)α]}
, z < b; 1 otherwise (3)

whith scale parameter a, location parameter b and, for the Fréchet and Weibull distribu-
tion, shape parameter α. All of the parameters have to be positive.

The three families may be reformulated to a single distribution function

G(z) = exp

{
−
[
1 + ξ

(
z − µ
σ

)]−1/ξ
}
, (4)

known as the Generalized Extreme Value distribution, or GEV. The support for the GEV
is {z : 1 + ξ(z − µ)/σ > 0}.

If ξ is positive, the GEV corresponds to the type II or Fréchet extreme value distribution,
when ξ is negative it corresponds to the type III or Weibull distribution, and as ξ → 0,
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Figure 1: The cumulative distribution function of the three modes of the Generalized
Extreme Value distribution, plotted in reduced form. For the figure, µ = 40, σ = 10 and
ξ as indicated.

the distribution tends to the type I or Gumbel distribution. The mode of the GEV can be
visually inspected by plotting the reduced cumulative distribution function,

Greduced(z) = − log {− log (G(z))} , (5)

as a function of z, as illustrated in Figure 1 above. The shape of the curve, in this rep-
resentation, depends directly on the value of the shape parameter; for ξ < 0 the curve is
convex, when ξ = 0 the curve is a straight line and ξ > 0 corresponds to a concave curve.

3.1.1 Maximum likelihood estimation of parameters

The three parameters for the GEV distribution forN observations may be estimated using
the maximum likelihood approach, in which a likelihood function [13],

`(µ, σ, ξ) = −N log σ − (1 + 1/ξ)
N∑

i=1

log
[
1 + ξ

(
zi − µ
σ

)]

−
N∑

i=1

[
1 + ξ

(
zi − µ
σ

)]−1/ξ

(6)

is maximized under the condition that 1 + ξ
(
zi−µ
σ

)
> 0 for all observations zi. This is

generally done numerically.
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3.2 Peaks-over-threshold models

The major disadvantage of using the maxima approach to model the distribution of large
observations is that it, by definition, disregards information about observations smaller
than the maximal observation in each set. In the peaks-over-threshold approach one in-
stead focuses on all observations that are larger than a certain threshold value, zt, and thus
one models the conditional probability

Pr{Z > z + zt|Z > zt} =
1− F (z + zt)

1− F (zt)
(7)

where F is the overall distribution function of all observations[13]. It can be shown that
the conditional probability may be asymptoticly expressed as

H(z) = 1−
(

1 +
ξz

σ

)−1/ξ

(8)

for z > 0, with shape parameter ξ ∈ R and scale parameter σ ∈ R≥0. If ξ < 0, the
support is limited to 0 ≤ z ≤ −σ/ξ. The resulting distribution functions are shown in
Figure 2 below.

If a certain set of observations is used to model a Generalized Extreme Value distribution
and a Generalized Pareto distribution, the shape parameter ξ is equal for both distributions
[13].

Figure 2: The cumulative distribution function of the three modes of the Generalized
Pareto distribution. In the figure, ρ = 10, u = 40 and ξ as indicated.
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4 Ultrasound resonance fatigue testing

Figure 3 shows a schematic representation of the ultrasound resonance fatigue testing ma-
chine utilized for testing in this project. A PC with controlling software regulates the
controller/generator which is connected to the piezoelectric converter. In the converter,
the 20 kHz sinusoidal electric signal generates a standing wave, with a controlled vibra-
tion amplitude at one end. Here, a horn amplifies the vibration applied at the end of the
specimen and also provides a place to fasten the resonance fatigue setup to a support. The
specimen is fastened to the horn using an M8 bolt. During testing, an additional amplifier
horn was attached to the lower end of the specimen.

During testing the testing machine was used in a tensile rig which provided a static ten-
sile stress in the tested specimens. The applied force also keeps the horn and specimen
assembly straightened, and counteracts movement of the screws between specimen and
horns.

Figure 3: Ultrasonic resonance fatigue machine in R=-1 setup (no static stress imposed
on test specimen). A regulator PC controls the controller/generator, which provides a 20
kHz sinusoidal voltage to the piezoelectric converter. The horn amplifies the vibration.
Image from [11].

Specimens were manufactured to have a resonance frequency of 20.0 kHz. During testing,
the specimens were maintained near room temperature using under-cooled compressed
air.
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(a) Hourglass specimen

(b) Dogbone specimen

Figure 4: Stress distribution in the two specimen designs most often used for the testing
that this thesis is based on.

In Figure 4 above, the two types of specimens used during the experiments are shown
together with the calculated stress distribution arising from the ultrasonic resonant wave.

The ultrasound resonance fatigue equipment is set to abort testing if the resonance fre-
quency of the specimen, horn and converter falls below 19 500 Hz or exceeds 20 500 Hz,
in order to protect the converter from “over-power”.

Due to the formation of cracks after initiation, the resonance frequency falls. Depending
on the static stress, the material’s crack growth speed and its strength, the crack may
either grow enough to break the specimen completely, or the resonance frequency drops
and the machine stops. If the specimen does not break completely, supercooling with
liquid nitrogen helps final cracking by temporarily making the material more brittle.

11



4.1 Stress distribution in specimens

The distribution of stresses in the specimens plays an important role in determining the
most likely place for a specimen to fail due to crack growth from a defect in the material.

The stress amplitude due to the forced vibration in resonance may be calculated analyti-
cally for hourglass specimens (such as the one shown in Figure 4(a)), if one assumes that
the stress level is equal in each cross-section perpendicular to the specimen axis [11].

Finite element calculations provide a means to estimate the stress distribution without
assuming constant stress on the cross-section, as well as for specimens of other shapes,
where an analytical solution may be impossible to achieve. Care should be taken to in-
clude the effects of damping, as it lowers the actual stresses significantly from those cal-
culated when damping is ignored in finite element models, or when the analytical solution
is used [12].
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5 Investigated materials and prior research

5.1 Tool steel and inclusions

The materials studied in this project all belong to the tool steel family. The tool steels are
steel materials used in demanding applications, e.g. in tools for shaping other materials,
for plastic moulds and otherwise where exceptional properties, such as hardness, wear
resistance or toughness are needed.

Tool steel is usually produced in much smaller volumes than the “tonnage” steel, for
the most part because of the special alloying and need for defect control. Depending
on the grade, the steel can be produced by various process routes such as conventional
ingot casting, spray-forming, powder metallurgy or continuous casting. In order to refine
the microstructure and for defect control additional steps are sometimes taken, such as
electroslag remelting or remelting under vacuum.

A big quality issue in tool steel production is the presence of unwanted impurities in the
material. These impurities may be introduced from the raw material used, break off from
the ladles in which the steel is melted or be entrapped from the slag covering the molten
steel. They may also arise from oxidization during casting, which takes place if the molten
steel comes into contact with air. Another important reason inclusions occur in the final
steel is that aluminium is introduced in order to reduce the level of dissolved oxygen in
the melt. Some of the resulting aluminium oxide particles may be retained in the smelt.

Since the large inclusions are detrimental to most material properties, much work has been
done to categorize the inclusions by chemical composition, appearance or origin and one
of the reference works is Non-metallic inclusions in steel by Kiessling and Lange [14].

Lately, work has been done to track and model the emergence, growth and properties
of inclusions during steelmaking processes. Several studies have been performed taking
molten steel from the ladles at different points in the process [15, 16], tracking inclusion
chemistry changes due to alloy additions [17], or from thermodynamical calculations and
modelling of the flow in the ladle [18, 19].

Statistical methods for determining the inclusion content, largely focusing on inferring
the total amount of large defects based on the observations on polished surfaces have
been proposed. Many apply the method proposed by Murakami and Usuki [20], based
on properties of the Gumbel distribution. Others have compared the Gumbel and the
Generalized Pareto Distribution [21] and discussed the modes of the Generalized Extreme
Value distribution modes [22].

The surface scanning method proposed by Murakami and his colleagues is still quite pop-
ular: in several papers presented at the International Symposium on Fatigue Design &
Material Defects in Trondheim, 2011, as well as the 5th International Conference on Very
High Cycle Fatigue in Berlin, 2011, this method was used. In one paper presented at
the earlier conference, the authors state that “the inclusion distribution obtained from the
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polished specimen is not representative of the inclusion distribution found on the fracture
surfaces” [23], showing that other methods are needed.

5.2 The materials examined in this project

In total six tool steel grades have been examined in this project, taken from normal pro-
duction at two steel plants. For some materials several test series manufactured from
different production heats were used, whereas only one series of specimens was tested
for another. For two production heats, tests were performed using conventional servohy-
draulic machines to complement the ultrasonic resonance fatigue machine tests.

In the study, all material was taken out perpendicular to the working direction of the pro-
duced steel bar. This was done in order to maximize the projected area of the defects,
which were expected to form stringers, elongated structures, as the inclusions were de-
formed during the hot-working operation. The larger projected area means a severe degra-
dation of the fatigue properties as compared to that of material tested along the working
direction.

The material was tested in a hardened and tempered condition, having similar properties
to those expected for normal use in tools or parts.
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6 Results and discussion

6.1 Comparing fatigue, LOM/SEM and UIT

The first tests in this project were aimed at developing a new method for detecting large
defects and estimating their distribution based on high cycle fatigue, as well as at compar-
ing it with three commonly used methods for estimating the defect content, namely:

a) Surface scanning methods using light optical microscopes (LOM);

b) Surface scanning methods using scanning electron microscopes (SEM);

c) Ultrasound immersion tank (UIT).

Testing according to the conventional test methods was performed by the manufacturers,
using their standard test protocol. Fatigue testing was performed in-house. For each of
the tested batches, some twenty-odd specimens were tested in each fatigue series.

LOM testing was performed according to Swedish Standard 11 11 16, giving the number
of inclusions in four groups defined by the breakpoint sizes: between 2.8 µm and 5.6 µm,
between 5.7 µm and 11.2 µm, between 11.3 µm and 22.4 µm and larger than 22.5 µm.

SEM investigation was performed on a polished sample from one of the material batches
and directly provided the sizes of inclusions. The same bar was used for UIT C-scan
testing, in which an ultrasonic probe is used to measure the echoes from defects in the
material.

As only the ultrasound immersion tank C-scan testing provides a volume distribution di-
rectly, the distributions obtained using the other methods have to be converted to make
comparisons meaningful. In the case of surface scanning methods the distributions are
obtained as the number of inclusions per unit area and when fatigue testing is used the
size distribution obtained is that of the initiating defects.

The conversion from area distribution to volume distribution was done according to a
modified Saltykov method [10] in the LOM case. In order to use this method, one needs to
assume that the inclusions are spherical and that the irregular cross-section area observed
on the polished surface is equal in size to an equivalent circular area (see Figure 5 on the
next page). The observed accumulated numbers of inclusions were fitted to exponential
distributions, from which area distributions were calculated. The Saltykov conversions
were then applied to these calculated values.

Conversions of SEM results were performed either using a Matlab routine developed at
the steel manufacturer or using the same basic method as for the LOM observations.
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Figure 5: In the modified Saltykov conversion scheme, the area of a defect is rearranged
to an equivalent circular disk. A disk of a certain size may be caused by spherical defects
with radii equal to or larger than that of the disk.

In order to estimate the volume distribution based on the observations of inclusions found
on fatigue crack surfaces, I used the observations made by Anderson, de Maré and Rootzen
[24]:

• The Gumbel distribution is the limiting extreme value distribution for the exponen-
tial distribution

• The scale parameter, σ, is equal to the size parameter, α, in the exponential distri-
bution for observations, N(s) = exp(−αs)
• The location parameter, µ, is given by the size parameter, the smallest observation,
u0, the size of the studied area, A, and the occurence parameter of observations
above u0, λ(u0), as

µ = u0 + α log(Aλ(u0)) (9)

In Paper I these observations were applied in reverse, showing how to estimate a volume
distribution under the assumption of randomly placed inclusions with sizes following an
exponential size distribution. The resulting distribution is given by NV (z),

NV (u0) = exp
[(

(µ̂− u0)
ˆsigma

)
/V

]
(10)

NV (z) = NV (u0) · exp
(
−z − u0

σ̂

)
(11)

with σ̂ and µ̂ being the estimated values of the scale and location parameters, u0 the
smallest observed size and V the volume estimated to have been extensively searched
during the fatigue tests.

The resulting distributions from the four methods for inclusion assessment (fatigue, LOM,
SEM and UIT) can be seen in Figure 6 on the next page. These results were published in
Paper I.
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Figure 6: The estimated volume distribution of inclusions found in a tool steel material
using four different methods, from Paper I.

6.2 Material ranking

In order to facilitate the comparison of different materials or different batches, it was
deemed necessary to propose a method to easily summarize the volume distribution in
one single variable. Such a comparison would be valuable to monitor changes in quality
for example when new manufacturing procedures are implemented or when the ladles
used for melting, degassing and transporting the molten steel begin to wear out due to
excessive use.

The fatigue specimens were tested according to the staircase testing protocol with a pre-
defined runout life length of 109 cycles. Inherent in the protocol is that approximately
half of the specimens reach the runout limit and are therefore stopped before failure.

Based on the fact that on average half of the specimens broke due to a large defect, it was
considered that a convenient ranking variable for all methods could be defined as a defect
size S, such that the maximum defect sizes in a number of volumes V are larger than S in
half of the cases.

In Paper II of this compilation thesis, estimates of the ranking variables for nine batches,
five and four batches of two steel materials manufactured by two different process routes,
materials A and B, were presented. In total, four methods were used to estimate the total
inclusion content, namely:

a) The method based on very high cycle fatigue described above;

b) The surface scanning method described above using LOM;

c) The surface scanning method described above using SEM;

d) UIT C-scan.
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The defect distribution obtained using the UIT C-scan measurements was much lower
than those obtained using the other methods, and the use of this method was discontinued.

The surface scanning method was modified, as the defect distribution on the scanned sur-
faces could not be fitted well to an exponentially decaying distribution function. Instead
a function of the form

NA(D) = C exp(−k
√
D) (12)

was used, see Figure 7.

Figure 7: The area and volume distribution as measured, fitted and estimated for one
batch of an investigated steel material, from Paper II. Note that the label on the y-axis
should read “Accumulated inclusion density (mm−2/mm−3)”.

It was assumed that the Gumbel distribution was a reasonable model for the size distribu-
tion of defects found at fatigue fracture surfaces in these materials. In Figures 8(a) and
8(b) on the next page, the observed defect size distributions were plotted. Evidently, the
assumption that the sizes can be plotted along straight lines was not true for all batches.

18



(a) Material A

(b) Material B

Figure 8: Detected defect sizes for the two materials for which results were reported
in Paper II. The distributions of defects are plotted in reduced form, as given in Eq. 5
(described in Section 3.1).
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As may be seen from results presented in Table 1, both the fractography method (giving
the Sgcf ranking variable) and scanning method using LOM (SLOM ) and SEM (SSEM )
gave results which correlated reasonably well to the endurance strength.

Table 1: Endurance limits and S estimates for the two materials tested in Paper II.
Material, Endurance Std SGCF SLOM SSEM

batch limit (MPa) (MPa) (µm) (µm) (µm)
A-1 303 13 66.8 31.8 -
A-2 282 10 69.5 51.1 -
A-3 345 24 40.9 30.5 -
A-4 307 28 37.4 53.9 44.8
A-5 324 10 45.6 41.1 -
A-all 312 28 50.1 44.45 -
B-a 362 7 44.8 38.8 -
B-b 378 33 19.0 22.3 -
B-c 358 31 35.9 23.6 25.8
B-d 368 26 34.7 24.2 -
B-all 352 37 28.9 29.5 -

6.3 Effects of stress level and gradients

The influence on defects found in fatigue due to changes in stress level may not always be
easy to determine. The model proposed by Murakami gives the fatigue limit as a function
of the projected area of the largest inclusion present,

Se = K(HV + 120)
√
areamax

−1/6

(
1−R

2

)α
(13)

By rearranging, it is seen that the expected size of the largest defect in a volume would be
given by the fatigue limit as √

areamax ≈ kS6
e (14)

The probability that failure may be caused in a certain volume at a particular stress level
due to a defect of a specific size depends on three factors. Firstly, a defect of the specified
size should be present in the volume. Secondly, no larger defects should be present, since
they would cause fatigue failure before “our” defect gets the opportunity. Finally, the
stress level has to be high enough to allow initiation and growth of a critical crack before
test is aborted. These factors may be written as [25]

P (σ, J) =

[ ∞∏

I=J+1

exp(−N(I) · V )

]
× [1− exp(−N(J) · V )]×

× 1√
2π

∫ X

U=−∞
exp(−u−2/2)dU (15)
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In this calculation, the inclusion is viewed as a spherical void and fatigue cracks are as-
sumed to be initiated at, and growing from, the notch formed around the void. The stress
level at which a defect causes failure is assumed to be normally distributed around a level
given by the size.

If a stress gradient exists in test specimens, a large defect in a low-stressed part may be
censored/shielded by a smaller defect located in another part of the specimen, which is
subject to higher stress levels. When the general stress level in the specimen is increased,
the critical size of defects at which fatigue crack may initiate decreases. Since there is a
greater number of small defects in a given volume than large ones, the number of likely
initiation sites may thus increases drastically.

In this project tests had been performed to investigate the effect of shielding due to the
stress gradients. A number of specimens were tested in staircase fatigue testing to three
life lengths, 105 cycles, 2 · 106 cycles and 109 cycles.

The sizes of the defects found at fracture surfaces decreased with decreasing life and
increasing stress levels (see Figure 9).

Figure 9: Defect size distribution obtained from specimens tested at three different life
lengths.

Assuming that the total distribution of defects is similar for all three sets of specimens,
the results showed that the volume actually tested for critical defects differs by a factor
of as much as 118 times at 105 cycles when compared to 109 cycles. This decrease in
effectively tested volume is caused by the screening of large defects by smaller defects
located in higher stressed regions, as discussed above.
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The results also suggested that the fatigue properties of an ideal material, having no
macroinclusions but otherwise with the same properties, may be calculated from the mea-
sured fatigue limit and the defect distribution. It should be noted that these fatigue prop-
erties will not be reached in practical use, since competing crack initiation mechanisms
will gain influence. These findings were presented in Paper III.

One problem with testing to life lengths of around 109 cycles is that even with ultrasound
resonance testing at 20 kHz each individual specimen takes a long time to test. If fatigue
testing is to be a viable defect detection method, the testing time would have to be short-
ened, so that a batch of at least 20–25 specimens could be tested within a day. Also, the
staircase testing scheme makes parallel testing impossible, as the outcome of test i deter-
mines the stress level for test i + 1. If an estimate of the life length is available ahead
of testing – possbibly because similar material has been tested before – testing may be
performed at a fixed stress amplitude, using several resonance machines in parallel.

If the life length at which the specimen is considered as a run-out is set to 5 · 107 cycles,
each test takes at most 42 min when tested at a frequency of 20 kHz.

As mentioned above, the stress gradient effect may pose a problem when the stress am-
plitude is increased to shorten test times: it is likely that a number of small defects exist
in the most highly stressed volume, each of them being more critical than a single large
defect located where the stress amplitude is lower, if the stress gradient is large.

Tests were performed using a dog bone specimen geometry, shown in Figure 4(b), specif-
ically designed to have a large section stressed at a fraction (σlocal/σmax) close to one.

In Figure 10(a) the distribution of the life lengths for the two test series are shown and
Figure 10(b) shows the distribution of defect sizes. As may be seen from the graphs,
the defects found in specimens tested at the higher stress level, giving shorter lives, were
on average larger than those found in the specimens tested at the lower stress level. The
results were unexpected, as higher stresses usually lead to smaller defects acting as fatigue
crack initiators.

It is assumed that this may in part be caused by the material having a too high resistance
to crack propagation at stress amplitudes of less than approximately 300 MPa. This was
reported in Paper V.

6.4 All three GEV modes detected in different steel grades

As the number of investigated materials grew it was discovered that the Gumbel distri-
bution, which had been reasonably successfully used for most batches of the first two
examined materials, was not always suitable for describing the sizes of defects found on
fatigue fracture surfaces. Rather, the Generalized Extreme Value distribution, of which
the Gumbel distribution is a special case, should be used to describe the sizes of defects
found on fatigue fracture surfaces.
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(a)

(b)

Figure 10: Distribution of life lengths and defect sizes for two test series, performed at
stress levels resulting in “Medium long lives” (M, 160±320 MPa) and “Long lives” (L,
175±350 MPa).
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Previously, censored specimens (i.e. specimens for which the cycle count reached that
determined as the run-out life length before failure occurred) had largely been ignored.
It had been assumed that the censored specimens could be incorporated in the results by
pairing with a specimen for which a defect was found after failure, effectively doubling
the volume when calculating the volume distribution.

If it may be assumed that the largest defect present in the specimens is smaller than a
certain size, the correct way to compensate for censored tests when using the maximum
likelihood method to estimate the distribution parameters is to include a term for each
aborted test,

L =
k∑

i=1

log
(
G(xc)1{xi≤xc} +

d

dxi
G(xi)1{xi>xc}

)
(16)

where G is the GEV, as given in Equation 4.

The resulting distributions from six materials, produced using four process routes are
shown in Figures 11 and 12. The routes chosen for the materials were powder metallurgy,
vacuum remelting, conventional ingot casting and electroslag remelting.

It is shown that the assumption of a Gumbel distribution fitting the sizes of defects found
on fatigue fracture surfaces should not be used unless supported by testing against other
modes of the GEV.

Figure 11: Defect sizes in specimens made from three high-quality steel grades, manu-
factured using different process routes and/or at different plants. It may be noted that the
Gumbel distribution is a reasonable choice for these materials.
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Figure 12: Defect sizes in specimens made from three other steel grades than those shown
in Figure 11. As can be seen from the curvature in this graph, the Gumbel distribution
would not be an appropriate choice for these materials.

6.5 Calculating the volume distribution for non-Gumbel distributions

As discussed above, it is possible to estimate the total distribution of defects larger than
a certain size if the largest defects found can be described by the Gumbel distribution.
However, since the GEV is better suited to some materials, a more general procecure had
to be formulated.

This more general method is based on the statement that it is possible to calculate the
distribution of the largest defects in a set of samples using two approaches:

a) Select the largest defect in each sample and disregard all others. Calculate the distri-
bution of these largest defects.

b) Find all defects larger than a certain threshold size, and find the distribution for all
such defects. When this is obtained, use it to calculate the probability of the largest
defect in each sample having a certain size.
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By equating the resulting distributions for the largest defects calculated using these two
approaches, the following volume distribution,NV , of all defects larger than the threshold
size is obtained:

NV (z) = ς(u0) · φ(z) (17)

where

ς(u0;µ,σ,ξ ) =

(
1 + ξ(u0−µ)

σ

)−1/ξ

V
(18)

is the rate at which defects larger than the threshold size u0 occur in the material and

φ(z;u0,µ,σ,ξ ) =
[
1 + ξ

z − u0

σ + ξ(u0 − µ)

]−1/ξ

(19)

is the size distribution of those defects. The parameters µ, σ and ξ as well as the threshold
size u0 are calculated or given by the observed sizes.

In Paper VI the calculations are derived. Further, the method is applied to defects found
in one batch of specimens. The resulting distribution of large defects and estimated con-
fidence limits are shown in Figure 13 together with the distribution estimated from LOM
measurements on the same material, as presented in Paper II.

Figure 13: Estimated volume distribution of large defects as calculated using the new
method. The curves represent the distribution obtained using the estimated GEV param-
eter values, as well as the confidence limits. For comparison the defect distribution as
calculated using LOM surface measurements is included. From Paper VI.

Some methods for obtaining the confidence limits of the GEV distributions are compared,
and some possibilities for inferring the confidence limits of the estimated volume distri-
bution are discussed.

26



7 Summary and conclusions

Several high-quality steel materials with low defect content have been examined using
very high cycle fatigue to find critical defects. In total over 400 fatigue specimens have
been tested at different life lengths and using different specimen designs. The defects
observed on fatigue crack surfaces have been modelled using the Generalized Extreme
Values distribution.

The Generalized Extreme Value distribution has been found to be well suited to describ-
ing the sizes of defects found on fatigue fracture surfaces. All three modes of the GEV
distribution have been shown for the sizes of defects in different materials, see Paper III.

The use of high-frequency fatigue testing equipment provides the basis for a method to
estimate the defect distribution in tool steels. The method has a more general form and a
special case, for which two assumptions are to be satisfied:

i) The distribution of largest defects in samples are assumed to belong to the Gumbel
family (GEV mode I).

ii) The sizes of defects larger than a threshold size are assumed to be exponentially
distributed.

The more general form allows for estimating the defect distribution for materials with any
mode of the GEV.

Further, a method for summarizing the volume distribution of large defects in the steel
material has been proposed. The method is based on the probability to find a critically
large defect within a scanned volume, and may be used to estimate the fatigue properties.

The fractography-based methods proposed here have other advantages to the surface scan-
ning methods, in that one does not need to specify in advance which types of defects
should be considered for prediction of fatigue properties. This may also be a disadvan-
tage if the method is used to estimate only the distribution of large non-metallic inclusions,
as other types of defects then may prevent their detection.

A potential method has been proposed for estimating the endurance strength for a material
without large inclusions present. This ideal endurance strength should be regarded as a
yardstick that will probably never be reached, as other types of defects or microstructural
features may initiate cracks when the large inclusions have been eliminated.
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8 Open questions and suggested future work

More testing

Specifically we need to see if the results for dog bone specimens using two fixed stress
amplitudes were just a strange coincidence or if there exists a stress amplitude level at
which no cracks grow to failure before the “run-out” cycle counts. Can tests be performed
at higher stress levels and shorter life lengths without disturbing the observation of large
defects?

Testing the method on other materials

The method seems to work well for high-quality tool steels, i.e. for materials where the
large defects are relatively rare. Does the method also perform well for materials with
a larger number of defects, or with defects whose sizes are distributed by other volume
distributions? Could it be used for materials such as light metal alloy castings and cast
irons?

Incorporating the effect of stress gradients in specimens

A tested volume may be defined for each specimen as the volume subjected to a higher
stress amplitude than the position where the critical defect was located. How can this
information be used when calculating the total distribution of defects?

Practical implementation

A procedure for the practical use of these methods should be devised. This should include
recommendations and guidelines for specimen design, test protocol and analysis. This
procedure should be tested in practice and revised according to the findings.
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Large and rare

An extreme values approach to estimating the  
distribution of large defects in high-performance steels

The presence of different types of defects is an important reality for manufacturers and 
users of engineering materials. Generally, the defects are either considered to be the un-
wanted products of impurities in the raw materials or to be have been introduced during 
the manufacturing process. In high-quality steel materials, such as tool steel, the defects 
are usually non-metallic inclusions such as oxides or sulfides.

Traditional methods for purity control during standard manufacturing practice are usually 
based on the scanning of polished surfaces and some statistical evaluation of the results. 
Yet, as the steel manufacturing process has improved, large defects have become increa-
singly rare. A major disadvantage of the traditional quality control methods is that the 
accuracy decreases proportionally to the increased rarity of the largest defects unless large 
areas are examined.

However, the use of very high cycle fatigue to 109 cycles has been shown to be a powerful 
method to locate the largest defects in steel samples. The distribution of the located de-
fects may then be modelled using extreme value statistics.

This work presents methods for determining the volume distribution of large defects in 
high-quality steels, based on ultrasonic fatigue and the Generalized Extreme Value (GEV) 
distribution. It is also shown that all modes of the GEV are to be found in different 
steel materials, thereby challenging a common assumption that the Gumbel distribution,  
a special case of the GEV, is the appropriate distribution choice when determining the 
distribution of defects.

The new methods have been compared to traditional quality control methods used in 
common practice, and suggest a greater number of large defects present in the steel than 
could otherwise be detected.
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