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Abstract

The order of accuracy of the node-centered finite volume methods is analyzed,
and the analysis is based on an exact derivation of the numerical errors in one
dimension. The accuracy for various types of grids are considered. Numerical
simulations and analysis are performed for both a hyperbolic and a eliptic case,
and the results agree. The impact of weakly imposed boundary conditions is
analyzed and verified numerically. We show that the error contribution from the
primal and dual grid can be treated separately.

1 Introduction

The order of accuracy of the widely used [11, 3, 8, 4, 16, 9] node-centered finite volume
method (FVM) has been discussed recently. There are indications that the scheme
yields at least first order accuracy for all types of grids [2, 14], while others have in-
dications that for some meshes the order is less than one [12, 15, 6]. In this report
the behaviour of the node-centered finite volume method on a one dimensional mesh is
analyzed, using both hyperbolic and elliptic model problems. The scheme is formulated
in terms of Summation-By-Parts operators and the boundary conditions are imposed
weakly using penalty terms [1, 7, 10, 13].

The advantage with the one-dimensional analysis is that we can exactly compute
the discretization error in terms of the truncation error. No assumptions or non-sharp
estimates are needed. The drawback is of course that most applications are in multiple
dimensions. However, without the direct link from truncation error to discretization
error, no real understanding is possible. To be crystal clear, one has to be able to invert
the operators.

The outline of this paper is as follows. First we make sure that our numerical proce-
dure is stable for time dependent problems. Next, numerical simulations are performed
for one hyperbolic and one elliptic ordinary differential equation (ODE), in order to find
the rates of convergence. This is done using several types of grids. Thereafter the two
problems are thoroughly analyzed, and the orders of accuracy obtained analytically is
compared to the rates of convergence obtained experimentally.



2 Well-posedness and stability

Even though we here primarily focus on steady solutions we will first make sure that
the corresponding time-dependent problem is well-posed and stable. This procedure
guarantees that one can solve for the steady solution and that the matrix in the resulting
linear equation system can always be inverted.

2.1 Well-posedness

The continuous problem that we consider is
U + auy = ey, + F(x,t), 0<z<1 (1)
u(z,0) = f(x),
where ¢ > 0, F is a forcing function and f is the initial condition. The problem in (1) is
strongly well-posed if the solution is bounded in terms of all the data F| f, go, g1, where
go and ¢, are the boundary data at the left and right boundary, respectively. We limit
ourselves to show well-posedness, hence considering the data F| go, g1 = 0, see [5].

To examine this we use the energy method. We multiply the differential equation
in (1) by 2u and integrate over the spatial domain. We obtain

%Hu”2 = au(0,t)* — au(1,t)* + 2 (—u(O,t)ux(O, t) + u(l,t)u,(1,t) — ||ux||2) (2)

where |Jul|*> = fol u?dz. If ¢ = 0 the differential equation will be hyperbolic and we will
only need one boundary condition. If a > 0, u(0,t) = go has to be given, if a < 0,
u(1,t) = g1 has to be given instead. Assuming a > 0 and gy = 0 we get
d
> = —au(1, 1y )

Considering the parabolic case we have £ # 0 and hence we have to give data at both
boundaries, i.e. u(0,t) = go and u(1,t) = g;. Inserting the zero boundary data yields

d
Tl = —=2¢lu.” (4)
Time integration of (3) and (4) gives that the problem in (1) is well-posed in the classical
sense, assuming that the correct number of boundary conditions is used.

2.2 The discrete formulation
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Figure 1: The control volume Q; on an unstructured mesh. The unknowns are located at positions
with an integer index, i.e. x;_1, x;, ;41. The positions of the flux points are denoted with half indices,
e.g. wi_1/2 and w;;1/2. The control volumes €; are defined as z; 1/ — z;_1/2-



To discretize we integrate the differential equation in (1) over the control volumes, €2;.
The volumes (2; corresponds to positions z; and are defined as €; = ;112 — 7_1/2,
where x;11/2 is the flux point between the positions z; and x;1 1, see Figure 1. At the
boundaries we have Qy = (212 — zo) and Qn = (zy — Tn_1/2).

Next the term fQ wdx is approximated by Q;u(z;), and the flux on the control
volume boundaries by centered approximations. The numerical scheme becomes

Q(v;); = _G(Uz'+1 — Vi-1) L (Ui-i-l — v v — U¢—1> L OF (5)

2 Tig1 — X T — T

where v; denotes the discrete representation of u(z;). In matrix form, including a weak
implementation of the boundary conditions, this is written as

vy =—aP'Qu+eP ' (—=A+ BS)v+ F

+ 1P eo(vo — go) + Tw P 'en(vn — g) (6)
v(0)=f
where v = [vg v; ... vy|T is a vector containing the discretized numerical solution.

We have also introduced the vectors eg = [1 0 ... 0]7 and ey = [0 ... 0 1]7. P7'Q
represents d/dx and P~'(—A + BS) represents d?/dx?. The boundary conditions are
included using a weak penalty treatment, see [1, 10, 13] for details. The penalty param-
eters are denoted 7y y. P contains the control volumes €2;. The difference operator () is
nearly skew-symmetric as Q + Q7 = B, where B = Ey — Ey. Ey and Ey are matrices
containing only zeros, except for Fy(0,0) = Ex(N,N) =1. P and @ are shown in (7).
[ Q | 1 1

O -1 0 1

Qn -1 1

Here S is such that (Sv)o = (v; —wp)/Azy and (Sv)y = (vy —vn_1)/Axy. The interior
of S is equal to the identity matrix. A and S are given in (8), where Ax; = z; — x;_1.

- 1 1 - - _1 1 -

Y Ajl 1 —1 Az Az
Az1 Az Axo Axo 1

=1 S ST T 1

Az Az Az Az

A= 2 2o > , S = . (8)
—1 1 1 —1
Arxny_1 Axn_1 + Azy Azy 11 1
— 1 L 4

L N Azpy - L Azy  Azy

2.3 Stability in the discrete case

For simplicity we again let F' = gy = gy = 0. We multiply (6) by v? P from the left,
add the transpose, introduce A = STRS and use the relation £(||v]|%) = 4(v7 Pv).



That yields

CI0l13) = aled — %) + 2= (~p(Se)o + v (S)x) — 22(S0) R(S)  (9)

+ 27905 + 27NV -
First consider the hyperbolic case. In the continuous version we had a > 0 and should

hence only give data at the left boundary. In the discrete case, having ¢ = 0 and a > 0,
the corresponding action is to let 7y = 0. We get

d
E(HUH%) = vg(a+2m) — avy - (10)

In the hyperbolic case the semi-discrete scheme in (6) will be stable if 79 < —a/2. For
the parabolic case we will use another technique, see [1]. Rewrite (9) as

Lolh) = —2e(Su)TR(Sw)

dt .
Hleme] 172 25 ] L] ()

n UN T —a+ 27y € UN
(Sv)n € —2eyn | [ (Sv)wv |7
where R = R — YoFo+yvEN. To make (6) stable we need R > 0 and also that the two
quadratic forms in (11) are negative semi-definite. This will be fulfilled if

70 < —a/2 —e/(4Axy), ™ < a/2—¢c/(4Axy) . (12)

These stability requirements are derived in Appendix A.

3 Numerical experiments

The partial differential equation (PDE) is well-posed and the numerical scheme is stable.
The next question is: How accurate will the results be when doing simulations? We
begin be looking and the hyperbolic and parabolic problems separately. At steady-state
the time derivative is zero, and we mimic this by numerically implementing the ODE’s

ug = Fi(z), u(0) = go (13)

—Uge = F5(2), u(0) = g0, u(l) =g (14)

in the domain 0 < z < 1. We consider the manufactured solution u(z) = sin(5mx/2) +
z?+1. Consequently Fy = 57 cos(brz/2)/2+ 2z and F, = (5m)? sin(5rz/2)/4—2. (The

solution v was chosen in order to not be 27-periodic or having zero valued derivatives
on the boundaries.)

A discrete version of (13) and (14) becomes

P'Qu=F + Top_leo(vo — 9o0) (15)
—P'Mv = Fy + 1P "es(vo — go) + v P len(vn — gn) (16)



where M = —A + BS. Equation (15) and (16) was implemented using the stability
requirements on 7y and 7y in (12), and solved using five differently designed grids.

The grids are specified in terms of the primal and dual mesh. The primal mesh
consists of the integer-index solution points and the dual mesh of the flux points, see
Figure 1. For the primal mesh we will require the condition stated below

Assumption 3.1. Assume that all Ax; have the same probability distribution (this
restriction excludes stretched meshes). Hence

E(Az;)=1/N,  E((Az;)?) = m,/N? (17)

where N is the number of grid points and the constant m,, is dependent on the probability
distribution chosen. For a deterministic mesh such that Az; = 1/N we have m, = 1.

For the primal grid the following notation will be used. If all Az; = h = 1/N then
the primal mesh is said to be ’equidistant’ (or uniform). If the Az;’s are randomly
perturbed, the primal mesh is called 'random’. For the control volumes we have a
corresponding notation. If the flux points x; 12 = (%; + 7i41) /2 the dual mesh will be
called centered’. If ; 1/ is perturbed by a constant we call the dual mesh ’shifted’
and if the flux points are perturbed randomly we call it 'random’.

The discretization errors are defined as e; = u(x;) — v; and the truncation errors
as T, = P7'Qu — F, and T, = —P~'Mu — F,, respectively. The resulting convergence
rates for e and T, for the two cases are given in Table 1 and Table 2. In Figure 2 and
Figure 3 the Lo-norms of e are plotted. The slopes in the figures correspond to the
rates listed in the tables.

Primal mesh: uniform | uniform | uniform | random | random

Dual mesh: centered | shifted | random | centered | random
Rate of Conv. Ly(e) 2 1 0.5 1.5 0.5
Rate of Conv. Lo(T) 1.5 0.5 0 1 0
R.0.C. Ly(T,)(inner points) 2 2 0 1 0

Table 1: Hyperbolic case. Order of accuracy for e = u — v when solving u, = F}.

Primal mesh: uniform | uniform | uniform | random | random

Dual mesh: centered | shifted | random | centered | random
Rate of Conv. Ly(e) 2 2 1.5 2 1.5
Rate of Conv. Ly(T) 0.5 0.5 0 0.5 0
R.o.C. LQ(TE)(inner points) 2 2 0 1 0

Table 2: Elliptic case. Order of accuracy for e = u — v when solving —ug, = Fb.

One can conclude that a centering of the dual mesh, i.e. to have ;112 = (; +7,41)/2,
always gives the best rate of convergence. Another observation is that the order of
accuracy of the truncation error does not seem to have a clear relation to that of the
discretization error, see Table 1 and 2 . This was also the observation in [2], [14].

Remark: Solving with randomly distributed grid points naturally gives rise to
random errors. Therefore we have for those meshes (i.e. ’equidistant, random’, 'random,
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centered’ and 'random, random’) made 500 simulation runs. In the figures the mean of
the 500 Lo-norms of the discretization errors are plotted.
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Figure 2: Hyperbolic case. Discretization error ¢ = u — v as a function of number of gridpoints N,
when solving u, = Fj. For the random grids a mean value after 500 test runs is shown.
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Figure 3: Parabolic case. Discretization error e = u — v as a function of number of gridpoints N,
when solving —u,, = F5. For the random grids a mean value after 500 test runs is shown.



4 Order of accuracy in the hyperbolic case

To find out how the discretization errors depend on the truncation errors, we analyze
the model problems further. The discrete formulation of the hyperbolic problem in (13)
is given in (15) where v; is the numerical approximation of u(z;). Let Q = Q — 70Ey
and rewrite (15) as

v=Q Y (PF — mepg) . (18)

The truncation error T, = P~ 'Qu — F + 7oP ey is obtained by inserting the exact
solution u into (15). That leads to

U= Q_I(PF — 1pe0g + PT,) . (19)
Combining equation (18) and (19), we obtain
e=u—v=Q 'PT,. (20)

@ is non-singular if 7y # 0, and is inverted explicitly in Appendix B. The result is

[ 11 -1 1 1 —1 | 00 0 0 0 0 |
-1 1 -1 1 1 -1 01 -1 1 1 -1
-1 1 -1 1 1 -1 01 0 0 0 0
Q—lle 11 -1 1 1 -1 [42]l01 01 1 -1 | 1)
0 . . . .
11 -1 1 1 -1 01 01 1 -1
-1 1 -11 1 =1 01 01 1 0

Note that Q‘l has one constant part and one part that varies from row to row.

4.1 Computation of the discretization error

The point-wise discretization error e; = (Q~'PT.); can now be split into two parts as

1
€, = —eér + 2(;1 (22)
70
where e, = — ij:o (—1)/(PT,); is constant in all grid points. The error part é; is more

complex and varies with the index 7. It is given in Appendix C.

To compute e, we need PT,. First define z;_1/9 = (2;-1 + 2;)/2 — &, where |§] <
Ax;/2. (Le. & introduces an arbitrary perturbation around a centered dual mesh).
The control volumes then become

. AZL‘H_I + AJZZ AZEl AJZN

5 — &+ &, QOIT—&, Ov=——+4+¢&. (23

Q;
2



We Taylor expand PT, = Qu— PF and denote F* = F(z;). Recalling (7) and inserting
u, = F and u,, = F,, we can write

2
(PT)y = 6" + S5 F0 1 0(h)

2 2 .
(P = (61— 60 F' o+ (S50 ) e o) 24

2
(PT.)x = ~&xF = S{VEY + Ofn)

which yields

N N

i i— i 1 i i i
e = (—1)GF T+ F)+ 1 > (—D) A} (F + F)+O(k?) (25)
=1 =1

Note that e depends on the dual mesh and ea, on the primal mesh.

Remark: Since the error can be divided into a dual mesh dependent part an a
primal mesh dependent part, one can analyze the error contribution from the dual and
primal mesh separately, rather than analyzing all combination of grids.

4.2 Dual mesh dependent error

First consider the dual mesh (computation of e¢). When the control volumes are cen-
tered then & = 0 and therefore e, = 0. If the dual mesh is shifted (£, = C'h) cancellation
yields e¢ = Ch(FY — F°) which means that an O(h) contribution is added to the dis-
cretization error.

The random case requires more explanation. The expected value of eg, E(eg), will
be equal to zero if E(&;) = 0. On the other hand, the “worst case scenario” when one
considers & ~ O(h), leads to e¢ being O(1). The deviation from the mean value, o(e¢),
will give the correct answer from a statistical point of view.

Proposition 4.1. Consider solving the problem (13) using (15) on a mesh where the
control volumes are randomly distributed, so that & = kr;Ax; and where Assumption
3.1 holds. Assume that the random variable r; is uniformly distributed in [—1,1] and
that |k| < 1/2 is a constant. Then we have

E(eg) =0, o(ee) ~ O(h?) (26)

where E(eg) is the expected value of e¢ and o(e¢) the standard deviation. Hence the
contribution from the dual mesh to the discretization error is on average eg ~ O(h%?).

Proof of proposition 4.1. The relation & = kr;Ax; inserted into (25) gives

DirAzy(F7©71 + F7) (27)

||Mz



The mean of eg, E(eg), is zero since E(r;) = 0. To compute the standard deviation
o(eg) we need

N
e = k* <Z rEAz (P FY)E Z(—l)”jmrjA:L‘iij(Fi_l + FY(FI~! 4 Fj)> (28)

i=1 i#£j

and

B2 = [t = [ Star—g. By = EGEE) =0 (9

—o0 1
Using (28), (29) and Assumption 3.1 we obtain

N

k? moy , , E*map
E 2y ¥ 72 Fz—l F 2 _
(€0 = 33 H( R =58 (30)
eN

where ¢ is an O(1) constant depending on the function F'. (For example if F' = ¢( then
¢ = 4c¢ and if F' = ¢y then ¢ = 2(4/3 — O(h?)).) The standard deviation o(e¢) is
obtained by taking the square root of the variance V,

k2map
V(ee) = E(ef) — Elee)” = 3]\;

olee) = /Vlee) = k[ 52r ~ O(h"™7) . (31)

Hence the error contribution e¢ is on average O(h"°), when using random dual mesh. [J

The error contributions introduced by the dual meshes are summarized in Table 3.

4.3 Primal mesh dependent error

Now consider the primal mesh (the component ea, in (25)). The equidistant case,
i.e. Ax; = h, is straight-forward. Due to cancellation ex, = h*(FY — F?)/4, and we
conclude that an equidistant primal mesh contributes with an O(h?) error.

The random case requires statistical analysis. For the simplest case F, = ¢; we
get ear = o1 (—Az? + Az — ...+ Az%)/2. At best, all Az;’s have the same size and
ea; = 0, and at worst they vary such that ea, ~ O(h). The statistical result (for a
general F') is given in Proposition 4.2.

Proposition 4.2. Consider solving the problem (13) using (15) on a mesh with ran-
domly distributed primal mesh, such that Assumption 3.1 holds. Then we have

Eleas) ~ O(h2), o(eas) ~ O(RM), (32)

i.e. the primal mesh contribution to the discretization error is on average ea, ~ O(h'?).



Proof of proposition 4.2. Consider ex, in (25). Assumption 3.1 leads to

mo my
B =2 Badh =T (33)
which yields E(ea,) = ma(FY — F9)/(4N?) due to cancellation. In order to compute
the standard deviation we need

N
1 i— i 2 i+ i— i j— j
A, = T > AzH(FT 4 F)+ % S ()P AR A (FT + FY)(F 4+ F) (34)
i=1 i#j
<

where ¢ consists of N(N —2)/4 terms with positive sign, and N?/4 negative terms. We
use the relations in (33) to obtain

=

B(ed) = =M N> (pin1 . piye _2m ST(ES R FYFTU A F) O (35)
Az 16 N4 pa z x 16 N4 o z T T T
SDTN w;&/Q
_ Mayr — m3ps
16 /N3

The constants ms and my4 depends on how Ax; is distributed. The constants ¢, and
¢o depends on F,, and if F, = ¢; then ¢; = oy = 4c?. The constants msy, my, 01, 2
will automatically be such that (35) is positive, since we are computing the mean value
of a square. Hence we can put K = \/myp; — m3p,. Then

o(eas) = \JE(,) — Bleas)? = + 00> . (36)

K
4/ N3
Thus a random primal mesh gives an O(h'®) error contribution since o(ea,) ~ 1/N15.

[]

4.4 Result of the analysis of the hyperbolic case

In (22) we have split the discretization error e into one constant part e, and one varying
part . We divide €; into a dual mesh dependent and a primal mesh dependent part
just as we did with e,

& = & + éas + O(h?) (37)

and perform similar analysis as in the previous sections. This is done in Appendix C
and the result is listed in table 3 and 4. From the tables it is clear that e, and €; have
the same order of accuracy.

Remark: The contribution from e, to the discretization error e is equal in every
grid point. € on the other hand varies from grid point to grid point. In particular,
ég = 0. If 79 — oo then ey — 0, i.e. with increased penalty the numerical solution v
tends to the exact solution u(0). However, in the rest of the domain one can not (in
the general case) say whether increased penalty leads to small errors.

10



Dual mesh Error part Collective
Notation | Form of &; e¢ €¢ Order of acc.
Centered 0 0 0 00
Shifted Ch | Ch(FN — F°) | =CY onpN 1
Random kAz;r; | o(eg) ~ kh® | o(é¢) ~ kh? 0.5

Table 3: Error contribution from the dual mesh when solving a hyperbolic problem.

Primal mesh Error part Collective
Notation | Form of Az; N €A Order of acc.
Equidist. h WAFEN — FO)/4 | ZCUR2EN /4 2
Random | E(Az;)=h | oleas) ~h'® | o(éas) ~ h'? 1.5

Table 4: Error contribution from the primal mesh when solving a hyperbolic problem.

As we can see from table 5 the results from the analysis agree perfectly with the rates
of convergence obtained experimentally. This is due to the fact that the inverse of the
discrete operator, i.e. the direct link between the truncation error and the discretization
error, can be computed exactly.

Primal mesh: | uniform uniform uniform random random
Dual mesh: centered shifted random centered random
R.0.C. Ls(e) 2 1 0.5 1.5 0.5
Analysis min (00, 2) | min (1,2) | min (0.5,2) | min (oo, 1.5) | min (0.5, 1.5)

Table 5: Hyperbolic case. Order of accuracy for e = u — v when solving u, = F}.

Note that Az; ~ 1/N is assumed. For a linearly stretched mesh such that Az; = kAx; 4
this is not the case, since Az; = k'~1(k — 1)/(k™ — 1) is not proportional to 1/N.

5 Order of accuracy in the elliptic case

Next, we consider the case with second derivatives. Equation (14) in discretized form
is given in (16). Let M = M + 10Ey + 7y Ey and rewrite (16) as

v=—M"1(PF — 1he0g0 — TNENGN) - (38)
Analogous to the hyperbolic case we get

e=—M"'PT, . (39)

11



In order to express the discretization error e in terms of the truncation error 7, we need
the inverse of M. M is inverted exactly in Appendix D, and the result is

T S R w
k=it+1
Fori>j: ( ) ZAmk Z Axy, (41)

k=i+1
Fori<j: ( ) ZAmk Z Axy, (42)
k=j+1

The row index ¢ goes from 0 to IV, and so does the column index j. On the diagonal
(41) and (42) coincide.
5.1 Computation of the discretization error

We Taylor expand PT, = —Mu — PF and insert —u,, = F, —uz., = F,. Denote
F' = F(x;) and use Q = A"“ — & and Qy = MN + &y from (23) That leads to

(PT,)o = (gl - %> F° (43)
(P = (6 — &) P (S22 s o) (41
(PT)y = (gN ; A;”) Y (45)

The error e; = —(M ~1PT.); is computed and divided into one dual mesh dependent
part and three primal mesh dependent parts.

e; = ec +en, + O(h?) (46)
where
N ~ ~
ce= & ((Mfl)z'ij - (Mfl)ijflf?rl) (47)
j=1
-1y Az 1y Azy oy pE g -1 A Axﬁrl
ea, = (M )iUTF + (M7 )in 5 It (M) 5 FJ - (48)
-~ ~~ - J=1
€40 €iN N ~" 7

Here the error contribution e¢ is dependent on the dual grid, whereas e;p, e;x and €a,
depends on the primal grid.

Remark: Remember that we consider Dirichlet boundary conditions. For this
particular boundary condition the stability requirement on the penalty parameters is
that 79 < —1/(4Ax;) and 7v < —1/(4Axy) should hold, see equation (12). This means
that 79 x should be proportional to V.

12



5.2 Dual mesh dependent error

The dual mesh dependent error contribution e is given in (47). For a centered dual
mesh the contribution is e, = 0 since §; = 0. If the dual mesh is shifted (§; = Ch)

we get e = Ch((M~)nFN — (M~1);0F°) due to cancellation. We have (M~1);) =
(fo:iﬂ Axzy) /19 ~ O(1) /79 so consequently (M~1);y ~ O(h). The same is found for
(M~1);x and hence eg ~ O(h?) in the shifted grid case.

We continue by looking at the case with random dual mesh.

Proposition 5.1. Consider solving the problem (14) using (16) with the dual mesh
being random, i.e. & = kr;Az;, where r; € [—1,1] is uniformly distributed and the
constant |k| < 1/2. Assume that Assumption 3.1 holds. Then the error contribution
from the dual mesh e¢ has the following properties

E(ee) =0,  aleg) ~ O(h'?) (49)
1.e. a random dual mesh error contributes statistically with an 1.5 order error.

Proof of proposition 5.1. From (46) we have

N
e =Y & (Gij— Gija) (50)
j=1

where we have defined G;; = (M~1);;F7. The expected value of e¢ equals zero, i.e.
E(e¢) = 0, since E(&;) = 0 and G;; being independent of §;. To find the statistically
most probable error we compute the standard deviation. We need

N
62 = Z f?(Gz‘j —Gij1)* + ijfn (Gij — Gij—1) (Gin, — Gin—1) . (51)
j=1 J#n
Using the relations from (29) we get E(£2) = k*E(r})E(Az?) = k*my/(3N?) ~ O(h?)
and E(;&,) = 0. From Appendix E we have (G;; — G;j—1)* ~ O(h?). We obtain

E(ef) = O(1") (52)
olee) = \/ E(e2) — E(eg)? = O(h™) . (53)
Hence the dual mesh error is on average proportional to O(h!?). [

5.3 Primal mesh dependent error

The primal mesh dependent error was split into three parts as ea, = €0 + €;n + €Az
First consider the boundary errors e;o and e;y from (48). Recalling that 79 ~ 1/Axy,
we get

1 N Al’l 0 2
eip = — ZAxk TF ~ Azxj (54)



: 2
and in the same way e;y ~ Axy.

We now take a look at éa,. If the mesh is equidistant (Ax; = h), it is easily seen
that éa, = 0. For a general primal grid we can write

- A.’ﬂz / A$2 ’ g, AxQ / ’
€Az = Tlel - TNGiN—l + Z TJ (Gz] - Gij—l) (55)
j=2
<

where G;; is defined as G;; = (M~1);;F2. From Appendix E we have (Gj; — Gy;_,) ~
O(h), and hence ¢ ~ O(h?). Furthermore Gj, and G;,_, are proportional to O(h).
Thus the error contribution from éa, will never be worse than O(h?), and we conclude

that the same holds for ea,.

5.4 Result of the analysis for the elliptic case

The error contribution from the primal mesh was at worst O(h?) which is the best
possible result.

The main part of the error comes from the positioning of the flux points. Except if
the control volumes are centered, since then there is no additional error introduced by
the dual mesh. The dual mesh dependent errors are summarized in Table 6.

Dual mesh Error part Order
Notation | Form of &; ee of accuracy
Centered 0 0 00
Shifted Ch ~ Ch? 2
Random kAzr; | oleg) ~ kh'® 1.5

Table 6: Error contribution from the dual mesh when solving a hyperbolic problem.

In table 7 the numerical results shown earlier are listed together with the result from
the analysis. Apparently they are in full agreement.

Primal mesh: | uniform uniform uniform random random
Dual mesh: centered shifted random centered random
R.o.C. 2 2 1.5 2 1.5

Analysis min (00, 2) | min (2,2) | min (1.5,2) | min (00, 2) | min (1.5,2)

Table 7: Elliptic case. Order of accuracy for e = v — v when solving —ug, = Fb.

6 Advection-diffusion equation
Having analyzed the hyperbolic and elliptic parts separately, it is interesting to see

how they combine. One common application for FVM computations is to solve the
Navier-Stokes equations where both the hyperbolic and elliptic operators are involved.
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The corresponding one-dimensional model problem in the steady case is written

AUy, = Uy, + F(x), u(0) = go, u(l) = g1, (56)
which we can solve by implementing the discrete formulation
aP'Qu=eP 'Mv+ F + 1P 'eg(vg — go) + TP en(vn — gn). (57)

The truncation error 7. is obtained by putting the exact solution v into the numerical
scheme. We write PT, = aQu — eMu — PF which using Taylor expansion becomes

A
(PT.)o = & F° + s%ugm + O

(PTe>i = (fi-‘rl - 5@) E + (A$§+1 - A.’L’?) (%uéz - %uzzxx> + O(h’3) (58)

AINu;Vx +Oh?)

(PTe)N = —fNFN—F& 9

Hence (T.)o and (T,)x are always are of order O(1), whereas the inner points (7, ); have
either order O(1), O(h) or even O(h?), depending on the function F and the mesh.

To be more precise, for a 'uniform, centered’” and a 'uniform, shifted” mesh we have
an inner order of O(h?), and for a 'uniform, random’ mesh the order is O(F)+O(h?). If
the mesh is 'random, centered’ the order will be O(h) and if it is 'random, random’ the
order will be O(F) 4+ O(h). We call the order of the truncation error p in the interior
and ¢ at the boundaries, and get

N-1
Lo(To) ~ o | h(h9)? + ) h(hr)? ~ O(RminPat02)) (59)
i=1
So for a general F' we will have
Primal mesh: uniform | uniform uniform random random
Dual mesh: centered | shifted random centered random
Forcing func. F: any any F#A0| F=0 any F#£0|F=0
p 2 2 0 2 1 0 1
q+0.5 0.5 0.5 0.5 0.5 0.5 0.5 0.5
R.0.C. Ly(T.) 0.5 0.5 0 0.5 0.5 0 0.5

Table 8: Advection-Diffusion. Order of accuracy for e = u — v when solving au, = ey, + F.

We conclude that for the two meshes with random dual mesh, the order of the truncation
error will improve if the source function F'is zero. We examine this prediction by looking
at the equation

AUy = ElUgy, w(0)=1, u(l)=0 (60)
which has the exact solution
u(zr) = (1 e (“"_1)/8) / (1 — e_a/e) (61)



Implementing and running numerical experiments using the five grids results in

Primal mesh: uniform | uniform | uniform | random | random
Dual mesh: centered | shifted | random | centered | random
Rate of Conv. Ly(e) 2 2 2 2 2
Rate of Conv. Lo(T) 0.5 0.5 0.5 0.5 0.5
R.0.C. Ly(T,)(inner points) 2 2 2 1 1

Table 9: Advection-Diffusion. Order of accuracy for e = u — v when solving au, = etyg.

Note that all five grids gives a second order error. Having the forcing term equal to zero
is of course a special case, but nevertheless an often used and important one. Keeping
the forcing term non-zero gives exactly the same result as the elliptic case, see Table 2.

Primal mesh: uniform | uniform | uniform | random | random

Dual mesh: centered | shifted | random | centered | random
Rate of Conv. L(e) 2 2 1.5 2 1.5
Rate of Conv. Ly(T) 0.5 0.5 0 0.5 0
R.o.C. LQ(TQ)(inner points) 2 2 0 1 0

Table 10: Advection-Diffusion. Order of accuracy for e = u — v when solving au, = ey, + F.

Remark: We see that for the grids with random dual mesh the rate of convergence
is improved by 0.5 if having the forcing function F' = 0. This can be understood by
looking at the truncation error in (58), where F; is multiplied by &1 — &, i.e. the dual
mesh perturbation.

7 Summary

The discrete versions of a hyperbolic and a elliptic differential equation with Dirichlet
boundary conditions have been analyzed, and the numerical simulations agree perfectly
with the analysis.

The corner stone in this analysis is that the discrete versions of the differential
operators have been proven possible to invert. The fact that the errors introduced by
random meshes are treated with probability theory is also of importance.

The grid design is clearly very important for the rate of convergence, especially
for the hyperbolic case (the rate of convergence is 2 for a uniform mesh and 0.5 for
a random mesh). For the elliptic problem the convergence rates found were 2 for a
uniform mesh and at worst 1.5 for random meshes.

The most significant feature of a "good” grid is that the control volumes are cen-
tered, i.e. that the flux points are positioned right between the solution points. Note
that this centering is very easy to create in one dimension, but it is not clear how to
achieve the same thing in multiple dimensions.

We also solved the advection-diffusion problem with and without a forcing term.
When the forcing term was included the results were exactly the same as for the elliptic
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case. Without any forcing term the solution was second order accurate for all grids.
If this is applicable in multi dimensions this can be of great interest when solving for
example the Navier-Stokes equations.

A Penalty parameters for stability

To guarantee that the numerical scheme in (6) is stable we have to make sure that
R > 0 and that the two quadratic forms in (11) are negative semi-definite. The matrix
R=R—vEy+ yvEy, where R = S~TAS™!, has the following structure

[ Ari—7v% O T
1 —1
0 Azo Axo
0 -1 _1 + _1 =1
Azo Azo Axs Axs

=5
Il

.(62)

—1 1 1 —1
Azn_2 Azn_2 + Azn_1  Azn_ 0
—1 1 0
Axn_1 Axn_1

0 Axy — N

If a matrix is symmetric, diagonally dominant and real, with non-negative diagonal
entries, then the matrix is positive definite. For R this will be fulfilled if R;; > >, [Rij|

for every row 4, which means that if (63) holds, then R > 0.
AIl—’yOZO AZEN—/}/NZO (63)

Further, the two quadratic forms in equation (11) are negative semi-definite if

a+2m <0 —a+27ny <0
267y <0 ey <0 (64)
e < (@ + 279)(—2e70) 2 < (—a + 27n)(—2eyyN) -

When implementing we have to choose the penalty parameters 7y, 7 according to equa-
tion (64). We can treat both boundaries simultaneously with the following equations:

—ca+27 <0 (65)
—2e7 <0 (66)
e? < (—ca+27)(—2¢y) (67)

where ¢ = —1 at the left boundary and ¢ = 1 at the right boundary. We identify two
special cases. First, € = 0, the hyperbolic case: (65), (66) and (67) reduces to

—ca+2r <0 . (68)

In the continuous counterpart of this case we have to bound the solution at the boundary
where ca < 0. Therefore, if ca > 0 we put 7 = 0. If ca < 0 we instead put 7 < ca/2.
Both scenarios are covered by

ca — |al

=k
T 1

k>1. (69)
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Secondly, £ # 0, the parabolic case: If we rewrite expression (67) using (66) we will get

5
— 2r< — <90 70
ca+ 21 < —, <0 (70)
hence expression (65) is unnecessary. Inserting v < Az into equation (70) yields
5 ca
< - 4+ = 71
TS TIAr 0 (71)

If ca > 0 the penalty parameter T may equal zero (even thought two boundary condi-
tions are requiered). This can be solved by putting 7 < —¢/(4Az) — |cal/2.

Equation (69) in the hyperbolic case, or equation (71) in the parabolic case, gives
the stability conditions on (6).

B Derivation of Q!

We have the difference operator () including the penalty parameter 7y as

[ —1-27 1
—1 0 1

@:Q—TOEOZ% . (72)
0

The inverse Q~* is derived using Gaussian elimination. Start by multiplying by 2.

—1—-27 1 2
-1 0 1 2
-1 0 1 2
~ (73)
-1 0 1 2
-1 1 2
Subtract rows, starting at last row. Assume N even, where N+1 is the number of rows.
—279 2 -2 2 - =2 2
-1 1 2 =2 .- 2 =2
-1 1 2 e =2 2
. ) ~ (74)
-1 1 2 =2
-1 1 2
Define the help parameter a = 1/7 and write
1 —a a —a e a —a
1 —a 24a —2—a -+ 24a —2—a
1 —a 2+a —a e a —a
_ , (75)
1 —a 2+4a —a e 24a —2-—a
1| —a 2+4+a —a o 24a —a




which, if going back to 7y, means that

[ 11 —1 1 —1 00 0 0 0
11 -1 - 1 -1 01 —1 1 -1
., 1| -11 -1 1 -1 01 0 0 0
Q:T—O : : +2 : : . (76)
-1 1 -1 1 -1 010 1 -1
| -1 1 -1 1 -1 | | 010 10 |

Again, expression (76) assumes that N is even, where Q' is (N +1) x (N + 1).

C Derivation of the hyperbolic error ¢

In (22) the hyperbolic error is divided into one constant part e, and one part € that
varies over the grid points 7. The varying error €; can be written

i/2

L1 (1)
geven — ZO #(p@)j — kzl(pTe)%_l for even i (77)
(i+1)/2 N
&= 3" (PT.)ok—1— Y (=1)(PT.); for odd i (78)
k=1 j=i+1

Just as e, the error € can be divided into one dual mesh dependent and one primal
mesh dependent part. Recalling (24) yields

N Axs, — Axs, 3
geven Z Eop — Eopp 1 F2k 1 Z < 2k . 2k 1) Fg?k 1 +O(h2) (79)
k=1 =1 _
egven é’eAU;TL
and
(i+1)/2 N
& = Z (bok — Eop1) F?*71 — Z (=) (&1 — ) FY (80)
k=1 j=i+1
éggd
(i+1)/2 9 9 N 2 2
Azgy, — Axdy 1\ L ops (ATG — AT j 2
+ Y ( . 21 Z (-7 (= EL o) .
k=1 Jj=i+1

First consider the dual mesh (computation of é¢). For & = 0 we have ég'" = egdd 0.

For & = Ch cancellation yields that é5"" = 0 and ¢’ = ChF". Hence an O(h) error
is added to the discretization error in every odd grld point 7, in the shifted grid case.
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For the random dual mesh we assume the control volumes to be distributed such that
& = kr;Az;, where r; € (—1,1) and that |k| < 1/2. The relation in (79) is rewritten as

geven — kz 1)ir, A, F#0 (s1)

where p(j) = j — (1+(=1)7)/2. The expected value F(eg"") = 0 since E(r;) = 0. We
compute the deviation from the mean value, o(eg*") by

~even — k’2 <Z T’QALE FSD J) —+ Z n+j7’n7"jA.’Il'nAl’j (F¢(n)) (F@(]))) . (82)

n#j
From (29) we have E(r7) = 1/3 and E(r,r;) = 0. Using Assumption 3.1 this yields

k2myicp

aNs ™ k*O(h) (83)

E((eg)*) = % > B(A) (FPi)? =

where ¢ is a constant depending on F'. The standard deviation a(é?’e”) is obtained by
taking the square root of the variance. Hence we have

E(&"") =0 o (E8m) ~ KO(h0F) . (84)

Combining this derivation with the methods in Proposition 4.1 will give us that the

same result holds for egdd.

Next consider the primal mesh (computation of éa,). For Az; = h we will have
eRen = 0 and €% = h2FXN /4 due to cancellation, and we conclude that an equidistant
prlmal mesh contrlbutes with an O(h?) error in every odd point 7. For the random case
we consider X" in (79) and é%9¢ in (80). Using Assumption 3.1 we obtain E(éX") = 0
whereas E(6%4) = FNm,/(4N?). In order to compute the standard deviations we take

and get

the squares of eX"

(esem) 162Ax FE0) 4 23 (1A AL (FEW) (FE9)  (85)
n#j

-~

¢

where p(j) = j — (1 + (—1)7)/2. Here ¢ consists of i(i — 2)/4 terms with positive sign
and 7?/4 negative terms. Using (33) we achieve

AN (F¢ (])) 2m (1) (F#) (F2W)) (86)
16 N4 16 N4 v *

Jj=1 n#j

B((E)?) =

which we recognize from Proposition 4.2 to be proportinal to i/N* ~ O(h?). Using the
same methods we will obtain E((644)?) ~ O(h?). Then

o (80 = /O(B?) = O(h"?) (87)

o (6% = \/O(h3) — O(h*) = O(h') . (88)

Thus it holds that
E(éaz) ~ O(h?) 0(€az) ~ O(h'?) (89)

i.e. the primal mesh contribution to the discretization error is on average éa, ~ O(h'?).
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D Derivation of M}

Define ¢; = 1/Ax;. Then we can write M as

To

1 —C —C2

First, consider only the inner 1 to N — 1 rows (ignore row 0 and N for a while)

Ci —CL —Cy Co

CN-1

and start Gaussian elimination.

i —C —Co C

&1 —C —C3 C3
C1 —C1 0 —Cy4
C1 —C

Divide by Cit1

a a1 1

Cc2 Cc2

a —a

3 Cc3

c _a _

- - 0 1 1
a _a

CN CN

Co
' (90)
CN-1 —CN-1—CN CN
TN_
0 1
—CN—-1 — CN CN 10
01
011
Cy4 011 1 ~
—CN CN 0 1 10
0 Al’g
0 Al’g A[Eg
0 Al‘4 A$4 AZL‘4 ~
-1 1 0 Al’N AJ?N 0

and add the rows together (first row is the sum of all rows, last row is the sum of itself).

(&1 Zg —C1 Zg
(6] Z?V —C1 Z?V —1
(6] 24 —C1 24 0 —1

YN~ YN

-1

1

(D SAND DA DA S
NS SAD DA S
UEDSAND DA DA ~

oYY Yy . Yo

Here we have written va instead of ch\; Axy, in order to save space. We use the fact

that S Azy = 1 and that 1 — fo:iﬂ Az = >, Axy. Multiply the first row by

fo:i +1 Az and subtract it from row 4. Thereafter multiply first row by Az;. We get
N 1 N 1 N 1

e gy gk )

Loy gy Igkg )

D421 s 2 don21 01.091)

>, -l
Xy o 1
>0 -1

>N -1 3o

>
>
>

0
0
0

(]
=z
g
zz
— o
=2z
4
L
(@]



Now we need the first and last row from the whole, ”original”, matrix (90). Combining
them with row 1 to N—11n (91), we get back to the full system. Note that the mid-rows
differ below and above the diagonal.

T0 1

)SATEEAD S KIS DAFD S AD DAFD DN} IS (92)

T™N 1

Multiply first and last row in (92) by Zfil /7o and 3% /7y, respectively. Subtract them
from all the mid-rows. We obtain M ! as

N
~ 1
Left col =0): M) =— A 93
eft column (j ) < >i0 ™ k;ﬂ Ty (93)
. . _ 1 <
Right column (j = N): <M > T Z Axy, (94)
% T™N
k=1

Below diagonal (i > j): (M_1> = Z Axy, Z Axy, (95)

K k=1 k=i+1

~ i N

Above diagonal (i < j): <M’1> == A Z Axy, (96)

K k=1 k=j+1

E The order of G
We have defined Gi; = (M) F7. Assume i < j.
(M) = (M) = Azy Yy Awy ~ Ay (97)
k=1
. . 1 :
(M~ )in = (M )in-1 = (— + Am) > Am ~ Azy (98)
™

k=1

where we have used that 7y ~ 1/Azy. In the same way (MY — (M‘l)io ~ Azxy.
That is, (M~1);; — (M~1);;-1 ~ Az; for all j. The same result is also found for i > j.
Together with (FV — Fi=') = Ax,;FJ + O(h?) this yields

Gy — Gigor = (M1 FY — ((Mﬁl)ij + O(A%’)) (F7 +O(Az))) ~ Azj. (99)
Hence Gij - Gij—l ~ h.
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