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Abstract
Density functional theory (DFT) has become the leading method in calculating the
electronic structures and properties from first principles. In practical applications
of DFT in the frame work of Kohn-Sham (KS) method, an approximate exchangecorrelation functional has to be chosen. Hence, the success of a DFT calculation
critically depends on the quality of the exchange-correlation functional.
This thesis focuses on the development and validation of the so-called doubly hybrid density functionals (DHDFs). DHDFs present a new generation of
functionals, which not only have a non-local orbital-dependent component in the
exchange part, but also incorporate the information of unoccupied orbitals in the
correlation part. I will first give an overview of modern DFT in the introductory
chapters, emphasizing the theoretical bases of a newly developed DHDF, XYG3.
I will then present further examination of XYG3 and new development on top of
XYG3, leading to XYG3o and XYG3s. Attempts have also been made to extract
band structure information of a periodic system from cluster model calculations.
The present work consists of four major parts as follows:
(1) Bond dissociation enthalpy (BDE) is a fundamental concept in chemistry,
being widely used in pursuit of the understanding of a diversity of chemical processes such as atmospheric and combustion reactions, or enzymatic
catalysis, etc. The present study demonstrates that XYG3 presents the best
performance in predicting BDE among 25 popular functionals examined.
(2) We have examined the basis set dependence issue associated with XYG3. In
contrast to the well-known slowly converged behavior of MP2 in the wavefunction methods, the basis set convergence behavior for XYG3 is found to
be similar to that of B3LYP. This suggests that accurate XYG3 results for
large systems may be obtained by using a smaller basis set.
(3) In order to accelerate the doubly hybrid functional calculations, we have
extended XYG3 to propose the XYG3o functional which is specifically optimized for a particular basis set. We have adopted the scaling-all-correlation
(SAC) idea to develop the XYG3s functional. After examining their performance in the description of thermochemistry, thermochemical kinetics, and
nonbonded interactions using some well-established benchmarking data sets,
we conclude that XYG3o and XYG3s are both fast and accurate for general
use.
(4) It is nature to think solids as giant molecules. This is conceptually attractive
but practically unfeasible with the increase of the molecular size. By noticing
v

that the density matrices of the core parts (i.e., RRS, a reduced real space)
in a finite cluster model (FCM) of reasonable size are readily converged to
those of the bulk crystalline solid with periodic condition (PBC), we propose
a simple yet accurate method, entitled RRS-PBC. With a simple transformation scheme, the inevitable boundary effects in FCM are eliminated naturally,
and the full k-space information of solids is obtained conveniently.
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Chapter 1

Introduction

It is now an undisputed fact that the most widely used method for the first principles electronic structure calculations is density functional theory (DFT). 1–3 Valuable information can be obtained by doing such calculations not only for atoms,
molecules (including biomolecules), but also for nanostructures, solids, and solid
surfaces. DFT uses density, ρ(r), as the basic variable, instead of wavefunction,
Ψ(r1 , r2 , , rN ) for an N-electron system. 4–6 It is, therefore, conceptually more simple and technically more efficient. In the framework of Kohn-Sham (KS) theory, 6
only the divine density functionals for exchange and correlation (xc) are unknown,
making it essential to pursue more and more accurate and reliable approximate xc
functionals.
Various density functional approximations (DFAs) to the xc energy have been
developed and tested in recent decades. 4–40 This thesis focuses on the construction
of the so-called doubly hybrid density functionals (DHDFs), which not only have a
non-local orbital-dependent component in the exchange part, but also incorporate
the information of unoccupied orbitals in the correlation part. 32–37 A new class
of DHDFs are proposed in this thesis, and their theoretical bases are highlighted.
The performances of these new functionals in the description of thermochemistry,
thermochemical kinetics, and nonbonded interactions are validated by using some
well-established benchmarking data sets. 41–46
Hybrid density functionals have, although more accurate for some properties,
found their applications normally for molecules. 4–40 How to use these functionals
for calculating periodic systems is still a big challenge. It would be difficult to do
it with the traditional approach, periodic boundary condition model (PBC), since
the computational inefficiency in doing with the non-local exchange operator. 47–50
We have developed a new approach here that combines the advantages of the finite
cluster and the periodic boundary condition models. The elementary assumptions
1
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are discussed, and four one-dimentional examples are presented to demonstrate
the concepts and their usefulness.
1.1 Overview of modern density functional theory
Early density functional approximation started from Thomas-Fermi model, 1–3 where a simple expression for the kinetic energy was derived based on quantum statistical model of the uniform electron gas:
Z

3
2 2/3
TT F [ρ] =
3π
d3 ρ5/3 (r).
(1.1)
10
The foundation of modern density functional theory was laid on the HohenbergKohn (HK) theorems, which proved that there exists a one-to-one correspondence
between the ground state electron density ρ0 of a many-body system and its total energy, while the ground state density ρ0 can be searched by employing the
variational principle on the density. 1–6 Thus, the total energy of the system can
formally be expressed using density ρ as basic variables:
E[ρ] = F [ρ] + Vext [ρ],

(1.2)

F [ρ] = T [ρ] + J[ρ] + Encl [ρ].

(1.3)

Here Vext is the external potential energy (normally from electrons-nuclei attractions), and F [ρ] is the HK universal functional. The former is system dependent,
while the latter is not system dependent. T is the kinetic energy. J is the classic
Coulomb energe among electrons. Encl is the non-classic electrostatic interaction
of electrons. 1
Currently, the most popular implementation of DFT is through the KohnSham (KS) method, 6 which assumes a non-interacting N-electron system, having
a Hamiltonian as

N 
X
1 2
Ĥs =
− ∇i + νs (ri ) .
(1.4)
2
i
The KS equations for the orbitals and eigenvalues thus take the form


1 2
− ∇ + νs (r) φi (r) = εi φi (r).
2

(1.5)

Here νs (r) is a multiplicative one-electron potential, which is chosen in the way
such that the ground state density ρs of the non-interacting N-electron system,
2
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as constructed by the KS orbitals {φi (r)}, is the same as the original many-body
system:
N
X
ρ0 = ρs =
|φi (r)|2 .
(1.6)
i=1

With the KS orbitals {φi (r)} at hands, the kinetic energy of the non-interacting
system can be described as:
N

1X
Ts [{φi [ρ]}] = −
2 i

Z

d3 φ∗i (r)∇2 φi (r).

(1.7)

Ts is an explicit orbital functional but an implicit density functional. The HK
functional (Eq. 1.3) can then be reformulated as
F [ρ] = Ts [ρ] + J[ρ] + Exc [ρ].

(1.8)

Exc is the so-called exchange-correlation energy, which also covers the residual part
of the true kinetic energy (Tc = T − Ts ). Ts is a major contributor of total energy
E[ρ]. Its proper description is the key to the success of KS-DFT.
By requiring the chemical potential of the non-interacting system be equal to
that of the real system, νs (r) can then be determined by
νs (r) = νext (r) + νJ (r) + νxc (r),

(1.9)

where the external, Coulomb, and xc potentials are given by
νext (r) =

X Za
δVext [ρ]
=−
,
δρ
|Ra − r|
a

δJ[ρ]
=
νJ (r) =
δρ
νxc (r) =

Z

d3 r 0

ρ(r0 )
,
|r0 − r|

δExc [ρ]
.
δρ

(1.10)

(1.11)

(1.12)

Note that the exact xc functional is unknown, such that the exact xc potential,
defined in Eq. 1.12, is unknown. Thus, pursuing more and more accurate and
reliable approximate xc functionals is the key issue in the development of density
functional theory.
It is usual to decompose Exc into its exchange Ex and correlation Ec components:
Exc = Ex + Ec .
(1.13)
3
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The exchange energy can also be written explicitly in terms of the KS orbitals as
Z Z
φ∗j (r0 )φ∗k (r)φj (r)φk (r0 )
1X
HF
3 0 3
Ex = Ex [{φi [ρ]}] = −
.
(1.14)
d rd r
2 jk
|r0 − r|
The superscript HF recognizes the fact that it shares the same form as in the
Hartree-Fock (HF) theory. 51 Early attempt to use Eq. 1.14 directly in Eq. 1.13
was not fruitful: 14,15,52
(1.15)
Exc ≈ ExHF + EcDFA .
As ExHF is nonlocal which depends on two spatial variables (r, r0 ), it is difficult to
construct a EcDFA , normally local which depends only on one spatial variable r, that
matches well with ExHF . Therefore ExDFA [ρ] and EcDFA [ρ] are generally developed
jointly so that errors in one part can be compensated for by the other part. 52–55
1.2 Jacob’s ladder of approximate DFT methods
With different philosophies in their developments, various flavors of DFAs have
DFA
been developed. 6–37 Many Exc
take the form as
Z
DFA
2
Exc
= d3 rρ(r)εLDA
(1.16)
xc (ρ)F (ρ, ∇ρ, ∇ ρ, and/or, τ ),
where εLDA
is the exchange-correlation energy density under the local density apxc
proximation (LDA). F is the so-called enhancement factor, leading to functionals
of generalized gradient approximation (GGA) 10–13,16,19,26–28 or meta-GGA. 22,23,30
LDA is the foundation of most DFAs, representing the first rung of the Jacob’s ladder of DFAs. 56 It was derived based on solutions of the uniform electron
gas, 6–9 where the value of εLDA
xc [ρ] at position r depends solely on the value of the
LDA
density at the very same point. For Exc
, the enhancement factor F is constantly
at unit. It was concluded that LDA, such as SVWN, 7,9 yields results of good or
moderate accuracy for properties such as lattice constants, bulk moduli, equilibrium geometries, and vibrational frequencies, whereas LDA leads to covalent bond
energies and cohesive energies that are far too large. 57,58
GGAs, such as BLYP 10,11 and PBE, 16 represent the second rung of this hierarchy. 56 The enhancement factor F is written as a function not only of the
density but also of its gradient. B88 10 is perhaps the most popular GGA exchange
functional, which is often combined with the LYP 11 correlation functional, due to
Lee-Yang-Parr. PBE 16 , proposed by Perdew and co-workers is an example of the
“non-empirical” exchange-correlation functionals, where constants are fixed based
on physical and mathematical constraints. These GGAs significantly reduce the
4
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Figure 1.1: Jacob’s ladder of approximate DFT methods

overbinding tendency of LDA, but generally fall short of chemical accuracy for
thermochemistry of molecules. 57
The third rung of this hierarchy 56 is the so-called meta-GGA (e.g. TPSS, 22
VSXC, 23 M06-L 31 ). The additional ingredients are the Laplacian of the density
P
∇2 ρ, and/or the kinetic energy density, τ (r) = i |∇φi (r)|2 . Meta-GGAs generally perform similarly to GGAs in applications. Nevertheless, the domain of
meta-GGA may have not been thoroughly explored as it has for GGA.
Hybrid methods introduce some amount of ExHF . They belong to the fourth
rung of this hierarchy. 56 B3LYP 10,11,15,59 is the most popular hybrid functional. It
represents a big step toward greater accuracy. B3LYP has unfortunately several
well-documented flaws 38–40 for the predictions of non-covalent bonding interactions 46,60,61 and reaction barrier heights. 45,46 Such drawbacks have been partially
5
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overcome by recently developed hybrid meta-GGAs, such as M06 and M06-2X. 31
The final fifth rung of Jacob’s ladder will further include the information of
the unoccupied KS orbitals in addition to the occupied KS orbitals. It is expected
that this final rung will allow the heaven of chemical accuracy to be achieved for
broad applications. 56,62 Nevertheless, its development is still at its initial stage. 63,64
The present thesis will thus focus on the development of some empirical version
of DHDFs, aiming to design practical functionals of general purpose for routine
use. 31–37
1.3 Adiabatic connection formula
The adiabatic connection approach of DFT provides a powerful tool that can be
used to design new xc energy functionals. 14,15,29,65–68 Along this path, the electronelectron interactions are gradually switched on by changing the coupling-constant
parameter λ from 0 (i.e. the fictitious non-interacting KS system) to 1 (i.e. the real
physical system), while simultaneously changing the external potential to maintain
the electron density being the same for any partially interacting N-electron systems
as that of the real system. The Hamiltonian at interaction strength λ is given by
Eq. 1.17, where we assume a linear path as suggested by Langreth and Perdew 67 :
Ĥλ = T̂ +

N
N
X
X
λ
+
νλ (ri ).
r
ij
i<j
i

(1.17)

Letting Ψλρ be the unique antisymmetric ground state wave function of Ĥλ ,
the Hellmann-Feynman theorem allows the xc energy to be defined in terms of the
coupling-constant integration as: 66,67,69
Z 1
Wλ [ρ]dλ,
(1.18)
Exc [ρ] =
0

where the integrand is given by
D
E
Wλ [ρ] = Ψλρ V̂ee Ψλρ − J[ρ]

(1.19)

For λ = 0, it is immediately known from Eq. 1.19 that the initial value of the xc
potential energy is no more and no less than ExHF :
D
E
0
0
W0 [ρ] = Ψρ V̂ee Ψρ − J[ρ]
D
E
(1.20)
= Ψ0s V̂ee Ψ0x − J[ρ]
= ExHF .
6
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Wλ [ρ]
Exc [ρ]

0

λ

1

Figure 1.2: Linear model for adiabatic connection path.
Even though the exact form for Wλ [ρ] dependence on λ is unknown, this
scenario has been studied by several authors for functional construction. 14,15,29,68
By assuming a linear model, Becke proposed the half and half functional 14,15
Wλ [ρ] = a[ρ] + b[ρ]λ.

(1.21)

Integrating Eq. 1.18 by using Eq. 1.21 gives rise to an energy expression
1
Exc [ρ] = a + b.
2

(1.22)

From Eqs. 1.22 and 1.20, it is immediate that
a = ExHF ; b = W1 − ExHF ,

(1.23)

W1 is the potential energy contribution to the xc energy of the fully interacting
system, but Becke approximated it with LDA 14,15
LDA
W1 [ρ] ≈ Wxc
= ExLDA + WcLDA .

(1.24)

His half-and-half functional is then expressed as:
Exc [ρ] =

 1
1
ExHF + ExLDA + WcLDA .
2
2

(1.25)

Levy and co-workers provided a general expression for W1 in terms of approximate
DFA 65
xc functional Exc
. Nevertheless, it is quite common to approximate WcLDA with
7
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EcVWN or 12 WcLDA with EcLYP . The former is the so-called BHandH functional, while
the latter is BHHLYP as implemented in Gaussian suite of program. 70
The most popular B3LYP is actually a more empirical model by relaxing the
linear approximation with three fitting parameters {c1 , c2 , c3 } = {0.20, 0.72, 0.81}.
The B3LYP functional 10,11,15,59 reads as:
B3LYP
Exc
[ρ] = c1 ExHF + (1 − c1 )ExS + c2 ∆ExB + (1 − c3 )EcVWN + c3 EcLYP .

(1.26)

B3LYP turned out to be the number one choice for everyday quantum chemistry
problem up to now. 71 The great success of B3LYP demonstrates the importance
to mix in certain portion of ExHF , and reveals that the source of error in GGA’s
description of covalent bonding comes from the improper behaviour of GGA at the
λ → 0 limit.
1.4 Perturbation expansion for the DFT correlation energy
It seems now sensible to find a non-local orbital-dependent correlation functional
that can be more compatible than a local EcDFA with EcHF . A possibility is to make
a connection with the wavefunction based theory such as Møller-Plesset theory 51,72
that starts from the HF approximation and then introduces electronic correlations
in a perturbative way on top of HF. This was practiced by Truhlar and co-workers 32
as discussed in Chapter 2. In DFT, the analogous density functional perturbation
theory (DFPT) has been developed and discussed in detail. 73 We are particularly
interested in Görling and Levy’s (GL) coupling constant perturbation theory, 74,75
as it provides a formally exact perturbative approach within the KS framework.
In the following, I will sketch some basics of the GL theory.
We may reformulate Eq. 1.17, defined for the Hamiltonian of the partially
interacting N-electron systems, as
Ĥλ = Ĥs + λĤ 0 .

(1.27)

Here Ĥs corresponds to the non-interacting KS system, and the perturbation term
is given by
N
1X
Ĥ 0 = V̂ee +
[νλ (ri ) − νs (ri )] .
(1.28)
λ i=1
Hence, in terms of the standard perturbation theory, 51 we can immediately
write the ground state energy of Ĥλ as
Eλ = Es0 + λE (1) + λ2 E (2) + λ3 E (3) + O(λ4 ),
8

(1.29)

1.4. PERTURBATION EXPANSION FOR THE DFT CORRELATION ENERGY

D
E
where Es0 = Ψ0s Ĥs Ψ0s and E (k) is the kth-order energy correction to Es0 . In
particular, the second order perturbation energy is given by 74,75
D
E2
0
0
m
∞
X Ψs Ĥ Ψs
E (2) =
.
Es0 − Esm
m6=0

(1.30)

And Eq. 1.30 may be explicitly written in terms of KS orbitals as 74–76
E (2) = EcGL2
=

XX
i

a

φKS
|νx − kx | φKS
i
a
εi − εa

1 XX
+
4 ij ab

2

KS
KS
|νee | φKS
φKS
a φb
i φj
εi + εj − εa − εb

(1.31)
2

.

1
Here νee = |r−r
0 | is the electron-electron repulsion operator, and the subscripts
(i, j) and (a, b) denote the occupied and unoccupied KS orbitals, respectively. In
comparison with νx , which is the local exchange operator, kx is the Fock-like, 51
non-local exchange operator:
X Z φ∗ (r0 )φp (r0 )
i
kx φp (r) = −
dr0 φi (r).
(1.32)
0
|r − r |
i(occ)

E (2) is widely recognized as the Görling-Levy theory of coupling-constant perturbation expansion to the second order EcGL2 .
As we will show below that the Görling-Levy theory of coupling-constant
perturbation expansion provides a way that xc can be constructed (see Chapter 2
below for more discussion). 77

9

Chapter 2

Construction of doubly hybrid functionals

In quest of a good compromise of accuracy, cost and ease of use for practical
calculations, Truhlar and co-workers proposed a kind of ‘double hybrid’ functionals MC3BB and MC3MPW. 32 In this methods the MP2 energy was mixed with
the DFT total energy. Hence they are more suitably termed as multi-coefficient
methods.

MC3BB
HF
BBX
Etot
= e2 Etot
+ e1 EcMP2 + (1 − e2 )Etot
,
(2.1)

EcMP2

1 XX
=
4 ij ab

HF HF
HF
φHF
i φj |νee | φa φb
εi + εj − εa − εb

2

.

(2.2)

The DFT part, BBX, uses Becke88 10 as its exchange and Becke95 as it correlation, 78 while X stands for the percentage of the HF-like exchange. 32 The parameter
e1 was intended to extrapolate a double-zeta (DZ) quality MP2 calculation to the
limit of full dynamical correlation of valence electrons and a complete one-electron
basis set for the valence electrons (see Chapter 5 for more discussion). 32 The parameters {e1 , e2 , X} = {1.332, 0.205, 0.39} were optimized against a set of 109
atomization energies and 42 barrier heights.
Note that different orbitals are used in evaluating different terms in Eq. 2.1.
BBX
While the DFT part uses the self-consistent-field (SCF) KS orbitals of Exc
, the
MP2 part uses SCF orbitals from Hartree-Fock. Hence we have two densities here.
BBX is not supposed to work alone as it was optimized to make DFT part and
the wavefunction part more compatible with each other for final performance. As
compared to EcGL2 in Eq. 1.31 and EcMP2 in Eq. 2.2, singles contribution vanishes
in the latter.
Grimme proposed another kind of DHDFs, B2PLYP 33 and mPW2PLYP, 79
which are technically similar to MP2. It first performs a SCF calculation to get
11
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Figure 2.1: The B2PLYP family of functionals.
orbitals and orbital eigenvalues, which are subsequently used in the same way as
in MP2 (Eq. 2.2). For example, in B2PLYP, a hybrid GGA functional, namely
B2LYP (Eq. 2.3), is first used to generate orbitals and orbital eigenvalues:

B2LYP
Exc
= ax ExHF + (1 − ax ) ExS + ∆ExB + ac EcLYP .

(2.3)

The full expression of the xc functional of B2PLYP is then given by
B2PLYP
B2LYP
Exc
[ρ] = Exc
+ (1 − ac )EcMP2 .

(2.4)

As ac portion of DFT correlation is already included in Eq. 2.3, the MP2 correlation
is scaled by (1 − ac ). The parameters {ax , ac } = {0.53, 0.73} in Eqs. 2.3 and 2.4
were determined by parameterization against heats of formation (HOFs) of the
G2/97 set. 41–43
As pointed out by Grimme, B2PLYP can also be regarded as an interpolation
approach between pure GGA-DFT and MP2, respectively (see Fig. 2.1). 33,80 If
{ax , ac } = {0.0, 1.0}, B2PLYP reduces to BLYP, while for {ax , ac } = {1.0, 0.0},
MP2 is recovered. If {ax , ac } = {1.0, 1.0} (i.e. HF-LYP), a standard Hartree-Fock
12

calculation may be first performed, whose results are then plugged into LYP to
get the correlation energy. If {ax , ac } = {0.0, 0.0} (i.e. B-MP2), an exchange-only
SCF calculation may be first performed, whose orbitals and orbital eigenvalues are
then used to get MP2 energy.
Along this line, several new functionals (i.e. B2T-PLYP, 34,35 B2K-PLYP, 34,35
B2GP-PLYP, 35 B2π-PLYP, 81 ROB2-PLYP, 80 UB2-PLYP, 80 B2-P3LYP, 82 B2-OS3
LYP 82 ), have been developed. All these methods may be viewed as optimizing the
parameters in B2LYP to ensure a good performance to the final B2x-PLYP. Again,
the B2LYP part alone cannot be used as a standard DFT method. Recently, Savin
and co-workers showed that B2PLYP can be rationalized in terms of DFPT 73 ,
which goes beyond the KS scheme. As correlation in B2LYP is incomplete, it
corresponds to a scaled electron-electron interaction. Reference density given by
B2LYP does not correspond to the KS density. The newly developed DHDF,
ωB97X-2, 37 can also be put into the B2PLYP class where the truncated DFT is
an long-range corrected hybrid of the B97 type. 17
We proposed the third class of DHDFs, 36,77,83,84 the XYG3 family of functionals, based on the adiabatic connection formalism 14,15,29,65–68 and Görling-Levy
coupling-constant perturbation expansion. 74,75 For a partially interacting system,
we have: 66,67
Exc,λ [ρ] = λExHF [ρ] + λ2 EcGL2 + O(λ3 )
Z λ
=
Wλ0 [ρ]dλ0 .

(2.5)

0

This gives an useful expression for Wλ [ρ]:
Wλ [ρ] = ExHF [ρ] + 2λEcGL2 + O(λ2 ).

(2.6)

Immediately, we see that the exact initial slope of Wλ [ρ] is twice of 74 EcGL2 ,
W00 =

∂Wλ
∂λ

= 2EcGL2 .

(2.7)

λ=0

For a linear model defined in Eq. 1.21, {W0 , W00 } provides an alternative, other
than {W0 , W1 }, to fix the {a, b} parameters:
a = ExHF ; b = 2EcGL2 .

(2.8)

This would be exact if the linear model were exact and the KS orbitals were known.
Nevertheless, Wλ [ρ] would generally differ from the linear model (see Fig. 2.2).
Hence higher order corrections in Eq. 2.6 can not be simply ignored. We therefore
13
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Wλ [ρ]
Exc [ρ]
2EcGL2
0

λ

1

Figure 2.2: Non-linear model for adiabatic connection path.
introduced empirical parameters {b1 , b2 } to optimize the functional parameters: 36

DFT
b = b1 EcGL2 + b2 Exc
− ExHF .
(2.9)

DFA
Assuming that EcDFA ≈ Exc
− ExHF contains a complete description of correlation effects, the second term of Eq. 2.9 may also be interpreted as a way to
extrapolate the second-order perturbation to infinite order to account for the nonlinear dependence of Wλ on λ.
Our XYG3 doubly hybrid functional takes an empirical formula of the form: 36
XYG3
Exc
[ρ] = d1 ExHF + (1 − d1 )ExS + d2 ∆ExB + (1 − d3 )EcLYP + d3 EcMP2 .

(2.10)

One may compare Eq. 1.26 for B3LYP with Eq. 2.10 for XYG3. Our analysis
based on adiabatic connection formalism 14,15,29,65–68 and Görling-Levy couplingconstant perturbation expansion 74,75 suggests that the perturbative correlation
energy be a natural ingredient in construction of xc functional. In XYG3, we use
B3LYP to generate density and KS orbitals to evaluate each term in Eq. 2.10.
We believe that other fully functionalized DFTs (i.e. non-truncated) can play a
similar role as B3LYP does in XYG3. In particular, pure GGAs with local multiplicative potentials are in better accordance with Görling-Levy coupling-constant
perturbation expansion theory. 74,75 We do not calculate singles contribution explicitly in XYG3, such that the GL2 term 74 is approximated by the MP2-like
14

PT2 term. 33–35,37,79–82 We argued that the singles contribution can be absorbed
into EcDFA and the fitting parameters against the experimental data. 36 By fitting
only to HOFs of the G3/99 set, 41–43 the parameters in XYG3 were determined
empirically as {d1 , d2 , d3 } = {0.8033, 0.2107, 0.3211}. 36

15

Chapter 3

Assessment of XYG3 in predicting bond dissociation enthalpy

Chemical bond is a fundamental concept in chemistry. Understanding a chemical
process is to understand how the old bonds in the reactants break and how new
bonds in the products form. Bond dissociation enthalpy (BDE) provides a means
to quantify such a chemical process. BDE can either be determined experimentally
or theoretically. Nevertheless, the majority of experimental BDE data suffers from
an uncertainty of 1 to 2 kcal/mol, 85–91 and some of them are contradictory to each
other. Theory provides a valuable alternative. In particular, it offers a way to
provide BDEs of unknown species or unstable species that are not amenable to
any experimental techniques. Hence, developing accurate, yet efficient theoretical
methods for BDE prediction is vitally important.
We use the BDE142/07 set 91 to validate the performance of a wide range of
DFT methods in calculating BDE for a homolytic cleavage of a covalent bond. This
set contains 142 bond dissociation reactions made of 5 atoms, 32 molecular radicals
and 116 closed-shell molecules. We first calculate heats of formation (HOFs) of
altogether 148 species in this set. BDE is then calculated according to the enthalpy
change of the following reaction in the gas phase at 298 K and 1 atm:
X − Y (g) = X · (g) + Y · (g),
BDE = ∆r H298 = ∆f H298 (X·) + ∆f H298 (Y ·) − ∆f H298 (X − Y ).

(3.1)

(3.2)

When X or Y happens to be an atom, we use the experimental HOF. 41–43
As HOFs are routinely calculated via atomization energies, which present a
harsh chemistry where every bond in the molecule is broken, it is generally believed
that errors associated with BDE calculations are smaller than HOF calculations.
Contrary to this general belief, our calculations show that a good prediction of
HOFs does not necessarily guarantee a good performance for BDE prediction. 91,92
17
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Figure 3.1: Mean absolute deviation for the performance of some representative
functionals in calculating heats of formation and bond dissociation enthalpies.

Indeed, as indicated in Eq. 3.2, if errors in HOFs for radicals and the parent
molecules are of the opposite sign, there will be an error accumulation in the
prediction of BDE. This is obviously the case for B3LYP as shown in Fig. 3.1
where MAD for HOFs is 3.96 which increases to 6.14 kcal/mol for BDEs. On the
other hand, even though B3P86 leads to unacceptable MAD of 29.93 kcal/mol for
HOFs, the corresponding MAD for BDEs is significantly reduced to 3.30 kcal/mol,
benefiting a lot from error cancellations between HOFs of molecules and radicals.
We find that MADs associated with XYG3 are 1.45 kcal/mol for HOFs and 1.87
kcal/mol for BDEs, being quite satisfactory for both quantities (see Paper 1 for
detailed discussion).
While finding accurate BDEs is mandatory, finding trends of relative BDEs
can be even more important from both practical and fundamental points of view.
Such knowledge can be used to highlight the active sites most accessible to a
reagent, and can be very helpful for the rational synthesis of a target structure
based on the substitution effects on relative BDEs. Relative BDE calculation is
believed to be an easier job than absolute BDE calculation due to error cancellation
for a given theoretical method.
We have examined the trends for R-X BDEs as functions of alkylation (i.e.,
R· = Me, Et, i-Pr, t-Bu) and X· substitution (i.e., X· = H, Me, Cl, OH) with
several state-of-the-art DFT methods, 10,11,14–16,24,31,32,59,93,94 as well as G3 42 and
G4 95 theories. As shown in Fig. 3.2, there is a good agreement among experimental,
G4 and XYG3 results. B3LYP fails in qualitative prediction of ∆BDE trends for
18

Figure 3.2: Capture the trends in R-X bond dissociation energies (R·=Me, Et,
i-Pr t-Bu, X·=H, Me, Cl, OH).
electronegative substituents X· = Cl or OH. Even G3 falls short quantitatively in
these cases. Using G4 energy terms as references, we discuss the physical origin of
success or failure of each method (see Paper 2 for detailed discussion).
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Chapter 4

XYG3o: Basis set optimized functionals

It is well known that DFT converges relatively quickly with respect to basis set
size. 96–98 For conventional DFT calculations, fairly accurate results can sometimes be obtained even with basis sets as small as double-zeta (DZ) plus polarization. 97,99,100 On the other hand, in wavefunction theory, dynamical correlation
energy converges slowly and may require large basis sets with many angular and
radial nodes to reach completeness. 101 As XYG3 includes a portion of MP2-like
correlation, it would be expected that XYG3 suffers from a similarly slow basis set
convergence as in wavefunction theory.
We have systematically investigated the basis set dependence of XYG3. 84
The databases include HOFs of the G3/99 set, 41–43 BDEs of the BDE92/07 set, 91
reaction barrier heights (RBHs) of Truhlar’s NHTBH38/04 and HTBH38/04
sets, 31,32,45,46,94 and nonbonded interactions (NBIs) of Truhlar’s NCIE31 set. 31,32,45,46,94
The basis sets examined include 70,102 B1: 6-311+G(d,p), B2: 6-311+G(2d,p), B3:
6-311+G(2d,2p), B4: 6-311+G(3d,2p), B5: 6-311+G(2df,p), B6: 6-311+G(2df,2p),
B7: 6-311+G(3df), B8: 6-311+G(3df,p), B9: 6-311+G(3df,2p), and B10: 6311++G(3df,3pd), where B9 is the basis set used in optimizing the mixing coefficients in XYG3. We have also developed the XYG3o functionals that are
specifically optimized for smaller basis sets in order to enhance its performance
when using moderate size basis set. 84
For XYG3, we find that HOF calculations are most sensitive to basis set
quality (see Fig. 4.1), while calculations of BDEs, RBHs and NBIs are less basis
set dependent (see Figs. 4.2-4.4). All of them converge fast with the increase
of basis set size. As it is clear from the figure, XYG3 starts from an error in
between B3LYP and UMP2, converges rapidly to surpass both B3LYP and UMP2.
Note that functional optimization using smaller basis set can indeed absorb the
deficiencies of the basis set. This is particular so for HOF predictions with basis
21
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sets (B1-B4) without including f function (see Paper 3 for detailed discussion).

Figure 4.1: Basis set dependence for HOFs of the G3/99 set. 43

Figure 4.2: Basis set dependence for BDEs of the BDE92/07 set. 44
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Figure 4.3: Basis set dependence for RBHs of the Truhalar’s NHTBH38/04
set. 31,32,45,46

Figure 4.4: Basis set dependence for NBIs of the Truhalar’s NCIE31 set. 31,32,45,46
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Chapter 5

XYG3s: Speedup by means of scaling-all-correlation method

DFT is a good compromise between accuracy and cost, such that B3LYP formally
scales as N4 , while the lowest level wavefunction method that includes correlation
effect (i.e. MP2) formally scales as N5 , where N is the size of the system. As XYG3
also includes a portion of MP2-like correlation, this raises an issue on how to speed
up XYG3 calculations for large systems. 83 Fortunately, the basis set dependence
of XYG3 is mild, such that it is possible to use XYG3 or XYG3o with smaller
basis set than standard MP2 as discussed in Chapter 4 and Paper 3.
Here we recall the strategy that Truhlar and his co-workers used 32 in MC3BB
(see Eq. 2.1). A TZ spdf quality basis set (i.e., G3S 32,43 ) was employed in the DFT
calculation to approach to its basis set limit for the DFT part. For the MP2 part,
the core electrons were not correlated and an augmented polarized valence DZ set
(6-31+G(d,p) 70,103 ) was employed for speedup. The parameter e1 was optimized
in MC3BB which was intended to extrapolate MP2/6-31+G(d,p) calculations to
the limit of full dynamical correlation of the valence electrons and a complete oneelectron basis set for the valence electrons. This extrapolation method is called
the scaling-all-correlation (SAC 32,104 ) method.
We have adopted the SAC idea 32,104 and proposed XYG3s 83 :
XYG3s
[ρ] = d1 ExHF + (1 − d1 )ExS + d2 ∆EcLYP + s × d3 EcMP2 .
Exc

(5.1)

While in MC3BB (Eq. 2.1), where {e1 , e2 , X} were optimized simultaneously, we
assume the {d1 , d2 , d3 } parameters be the same as those in XYG3, a scaling factor,
s, is introduced to scale up the PT2 correlation to account for the basis set specificity as well as to catch up also some missing part of the core-valence interactions
if the frozen core (FC) approximation is adopted. Specifically, in SACt, we use a
TZ basis set, 6-311+G(d,p), 105,106 to evaluate the PT2 term, while in SACd, the
25
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PT2 term is calculated with a DZ basis set, 6-31+G(d,p). The scaling factors are
optimized using HOFs of alkanes (C1-C16).
We have systematically validated the performance of XYG3s using databases
include HOFs of the G3/99 set, 43 BDEs of the BDE92/07 set, 44 reaction barrier heights (RBHs) of Truhlar’s NHTBH38/04 and HTBH38/04 sets, 32,39,45,46 and
nonbonded interactions (NBIs) of Truhlar’s NCIE31 set. 32,39,45,46 We conclude that
XYG3s is both accurate and fast for main group chemistry, speeding the calculations and widening the range of applicability.

Figure 5.1: Performance for HOFs of the G3/99 set. 43
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Figure 5.2: Performance for BDEs of the BDE92/07 set. 44

Figure 5.3: Performance for RBHs of the Truhalar’s NHTBH38/04 set. 32,39,45,46
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Figure 5.4: Performance for NBIs of the Truhalar’s NCIE31 set. 32,39,45,46
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Chapter 6

RRS-PBC: A molecular approach for periodic systems

For covalent bonding it is now well documented that hybrid density functionals work better than pure DFT functionals. 14–17,22,23,25,30–40 However, the long
range Coulomb interaction makes it technically difficult to cope with the nonlocal exchange operator k̂x (see Eq. 1.32) within the periodic boundary condition
(PBC). 47–50 So the traditional periodic approaches generally employ only LDA or
GGA functionals, which have well known drawbacks in description of the band
structures of a class of important materials, i.e. semiconductors, which have wide
applications in many important fields of technologies. 107–109
Conceptually, people would like to think solids as a giant molecule. This is
especially true when people are thinking about nano materials where size plays a
dominant role. People may start from a finite cluster, and then gradually increase
its size. If the size is big enough, ideally the properties of the cluster will converge
to those of the solids. This actually provides another angle to look into this
problem that the infinite solid can be mimicked by using a finite cluster model
(FCM). This is indeed the molecular way to describe the periodic system. FCM is
also quite often used in the literature to describe properties which are intrinsically
local. The immediate advantage of the molecular way is that all methods, such
as the hybrid density functionals, developed for molecules can be readily used for
solids. However, with such a brute-force extension of small clusters to large ones,
one has to eventually work with unmanageably large matrices in the solution of
the eigenvalue problem. Furthermore, there are indeed cases that a finite molecule,
even though it seems to be extremely large, can never converge to an infinite solid
due to the inevitable boundary effects on the specific property it is concerned.
We cherish the picture in real space of FCM, as it provides a natural link from
molecule to cluster to nano aggregate, which eventually evolves to solid. At the
same time, we would like to extract band structure information from this molecular
29
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route and set up bridge to the standard machinery of the band theory of solids,
exploiting the concepts of Bloch functions, PBC and the first Brillouin zone (FBZ)
in the k-(reciprocal) space.
If, on one side, a FCM has been extended to the infinite size, and if, on the
other side, infinite k-points for FBZ sampling has been taken, density matrix (DM)
given in the real space with Gaussian type orbitals (i.e. GTO representation) and
those in the k-space with crystalline orbitals (i.e. CO representation) has to be
identical:
K
1 X
~
Dij,~k eik·(~p−~q)
,
(6.1)
Di~p,j~q|cluster→∞ =
K
~k

K→∞

where Di~p,j~q is the element of DM in real space corresponding to φi,~p and φj,~q;
and Dij,~k is the element of DM in k space corresponding to ψi,~k and ψj,~k . This is
practically impossible, but conceptually useful, which stimulates our idea.
Our idea is that, because of the nearsighted nature of DM, it is guaranteed
that there is a fast convergence of DM in the core parts of a FCM towards the
bulk crystalline solids, long before the FCM is big enough to be taken as a solid,
whose size is already out of control with standard methods for molecules. In other
words, even though the FCM itself is not yet bulk-like, the central part (i.e. a
reduced real space, RRS, as compared to the whole FCM) is already much more
bulk-like. Hence, we will use the density matrix of the central part to construct
the Fock matrix in the real space, and then, by imposing the periodic boundary
condition, we transform it to Fock matrix in the k-space:
Fij,~k ≈

FCM
X

~

eik·(~p−O) Fi~p,jO .

(6.2)

p
~

Here O is the reference unit cell, and Fij,~k and Fi~p,jO are given by
E
D
Fij,~k = ψi,~k fˆ(D) ψj,~k ,
Fi~p,jO = hφi,~p | fˆ(D) |φj,O i ,

(6.3)
(6.4)

which corresponds to Fock matrix in the real and k-space, respectively. In this
way, the inevitable boundary effects in FCM are eliminated naturally, and elaborate levels of density functional theory methods and basis sets can be exploited
efficiently to achieve high quality bond structures. We call our method RRS-PBC.
Table 6.1 uses trans-polyacetylene as a representative, which shows that (1)
how HOMO-LUMO gaps of finite clusters gradually converge to band gaps of infinite size; (2) how efficient RRS-PBC can accelerate such convergency; and (3)
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Table 6.1: Trans-polyacetylene. Calculated HOMO-LUMO gaps (HLGs, in eV)
of finite clusters H-(C2 H2 )N -H, and the corresponding band gaps (BGs) predicted
by RRS-PBC.

N=
HLG
BLYP
BG(X)2
HLG
B3LYP
BG(X)2
HLG
PBE
BG(X)2
HLG
PBE0
BG(X)2

9
1.26560
0.46381
2.17283
1.19796
1.26941
0.46070
2.42018
1.40556

Cluster1
29
99
0.66151 0.49715
0.46839 0.46863
1.37554 1.18887
1.16181 1.16298
0.66096 0.49470
0.46568 0.46594
1.58234 1.39295
1.36592 1.36735

199
0.47511
0.46863
1.16846
1.16298
0.47266
0.46594
1.37281
1.36735

Gaussian-PBC1

3

0.46863
1.16298
0.465944
1.367355

1 For

all calculations, the basis sets used are 6-31G*.
RRS-PBC calculated BG(X) is the energy gap between HOCO and LUCO at the
X point.
3 The Gaussian-PBC values calculated with total k points of 6850 are used as references.
4 BG calculated with PBE/PW basis sets as implemented in VASP is 0.45940 eV 50 .
Ultra-soft pseudo-potentials are used. The cut-off energies for C are 290 eV. The
k-points including the end points are 30. The inter-molecular distance is assumed to be
6 Å.
5 Experimental BG is 1.5-1.8 eV 107,110 .
2 The

how important it is to use a hybrid functional, PBE0, to overcome the underestimate tendency of the widely used GGA functional, PBE, to bring the calculated
band gap in agreement with the experimental values. (see Paper 5 for detailed
discussion).
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Chapter 7

Final remarks

Finding the exact energy functional is at the heart of modern density functional
theory. In recent decades, many approximations to this divine functional have been
developed, validated and applied, which have made great contribution to our understanding of molecular science, materials science, life science and environmental
science, etc.
This thesis focuses on some recent advances in construction of the so-called
doubly hybrid density functionals. We suggest that DHDFs currently available
may be classified into three classes according to how they are constructed, or
technically which orbitals are used to evaluate the PT2 correlations. The first
class, as in Truhlar’s MC3BB, 32 uses Hartree-Fock orbitals as reference to run a
conventional MP2. The second class, such as B2PLYP 33 and B2GP-PLYP 34,35
etc., uses orbitals generated from a truncated DFT that has to be completed
after the PT2 term is augmented. We proposed the third class DHDFs which use
orbitals from a fully functionalized DFT. 36,83,84 In particular, the XYG3 family
functionals employ B3LYP orbitals as reference. We developed the XYG3 family
of functionals based on the adiabatic connection formalism 14,15,29,65–68 and the
Görling-Levy coupling-constant perturbation expansion to the second order. 74,75
While the first two classes go outside the KS scheme, we try to stay in the KS
framework to have the right density.
We systematically examined the performance of the XYG3 family functionals, on HOFs, BDEs, RBHs and NBIs. 36,77,92 Especially, we addressed the basis
set dependence issue associated with XYG3 and developed XYG3o, 84 while we examined the compatibility of the frozen-core approximation, and Truhlar’s scalingall-correlation method 32,104 with the XYG3 functional and proposed XYG3s. We
conclude that the XYG3 family functionals represent a promising approach that
greatly surpasses B3LYP with broad applicability in main group chemistry. It is
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also competitive in accuracy with high level wavefunction based method at the
level of TZ basis set.
There are limitations of the current version of the XYG3 family of functionals,
which are also the directions of future development.
• In the wavefunction theory, many efficient methods have been developed for
the MP2 term evaluations. Methods such as resolution of identity, 111 local
MP2, 112–114 dual-basis MP2, 115–117 scaled-opposite-spin MP2, 118,119 etc. shall
be readily adopted in DHDFs. Progress is being made along this direction.
• Only single point energy calculations are available at the present time for
the XYG3 type of calculations. In all XYG3 calculation at present, we
employed the B3LYP geometies. It will fail when the B3LYP geometries
diverge significantly from the experimental geometries. This is especially true
for systems like π − π stacking where B3LYP potential energy is erroneously
repulsive. 36,40,120,121 We have done potential energy scans which suggest that
the XYG3 family of functionals are able to give accurate geometries for either
covalently bonded or noncovalently bonded complexes with standard basis
sets commonly used. We are currently developing gradient and hessian for
analytical optimizations.
• Currently, the XYG3 family of functionals are trained and validated with
benchmark sets developed only for the main group chemistry. Systematic
validation and possible extension is mandatory for the XYG3 family of functionals to be used for transition metal systems. 122–124
• This thesis focuses on ground state properties of molecular systems. How to
handle excited states and periodic systems with DHDFs are valuable directions to go. Indeed, the machinery of combing PBC with (local) MP2 has
already been set up, 125,126 which shed light on how DHDF may be applied
to periodic systems. There are several ways that excitation energies can
be calculated using DFT. 66,127–131 Within the frame work of time-dependent
density functional theory, 130,131 DHDF of Grimme’s type has already appeared. 132 Many techniques could also be borrowed from perturbative corrections to excitation energies from configuration interaction singles (CISMP2 133–135 ). As a first attempt, we present here a method named RRS-PBC,
which tries to extract band structure information of a periodic system from a
molecular approach. In the perturbative approach, approximating band gap
as the differences of Kohn-Sham eigenvalues of HOMO and LUMO is just
to get the zeroth-order excitation energies. 136 We noticed that calculations
34

that included first order corrections have be made. 137 It was found that first
order corrections from the standard Møller-Plesset perturbation theory led
to results that were worse than those from the Görling and Levy coupling
constant perturbation theory. Certainly, there is plenty of room to play for
DHDFs for excited states and periodic systems.
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