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Abstract

This thesis concerns numerical techniques for two phase flow simulations;
the two phases are immiscible and incompressible fluids. Strategies for ac-
curate simulations are suggested. In particular, accurate approximations of
the weakly discontinuous velocity field, the discontinuous pressure, and the
surface tension force and a new model for simulations of contact line dynamics
are proposed.

In two phase flow problems discontinuities arise in the pressure and the
gradient of the velocity field due to surface tension forces and differences in the
fluids’ viscosity. In this thesis, a new finite element method which allows for
discontinuities along an interface that can be arbitrarily located with respect
to the mesh is presented. Using standard linear finite elements, the method
is for an elliptic PDE proven to have optimal convergence order and a system
matrix with condition number bounded independently of the position of the
interface. The new finite element method is extended to the incompressible
Stokes equations for two fluid systems and enables accurate approximations
of the weakly discontinuous velocity field and the discontinuous pressure.

An alternative way to handle discontinuities is regularization. In this the-
sis, consistent regularizations of Dirac delta functions with support on inter-
faces are proposed. These regularized delta functions make it easy to approx-
imate surface tension forces in level set methods.

A new model for simulating contact line dynamics is also proposed. Capil-
lary dominated flows are considered and it is assumed that contact line move-
ment is driven by the deviation of the contact angle from its static value.
This idea is used together with the conservative level set method. The need
for fluid slip at the boundary is eliminated by providing a diffusive mechanism
for contact line movement. Numerical experiments in two space dimensions
show that the method is able to qualitatively correctly capture contact line
dynamics.
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Preface

This thesis is divided into two parts. The main contributions are presented in
the second part which consists of the six papers listed below. The first part
of this thesis is intended to give a background to the second part.

Paper 1

A conservative level set method for contact line dynamics,
S. Zahedi, G. Kreiss, and K. Gustavsson,
J. Comput. Phys., 228 (2009), 6361–6375 .

The ideas were developed in close collaboration between the authors. The
author of this thesis performed most of the computations and wrote a large
part of the paper.

Paper 2

Delta function approximations in level set methods by distance function extension,
S. Zahedi and A.-K. Tornberg,
J. Comput. Phys., 229 (2010), 2199–2219 .

The author of this thesis had the main responsibility for preparing the
manuscript, the theoretical developments, and performing the computations.

Paper 3

Spurious currents in finite element based level set methods for two phase flow,
S. Zahedi, M. Kronbichler, and G. Kreiss,
Submitted to Int. J. Numer. Meth. Fl., Technical report, TRITA-NA 2011:4 .

The first and the second author wrote most of the manuscript and per-
formed the computations in close cooperation. The problems were formulated
and conclusions drawn in collaboration between all authors.
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Paper 4

A uniformly well-conditioned, unfitted Nitsche method for interface problems: Part I,
S. Zahedi, E. Wadbro, G. Kreiss, and M. Berggren,
Submitted to SIAM J. Numer. Anal., Technical report, TRITA-NA 2011:1 .

The development of the method and preparation of the manuscript were
done in close cooperation between the authors. The author of this thesis had
the main responsibility for the proofs in this paper and performed the two
dimensional computations.

Paper 5

A uniformly well-conditioned, unfitted Nitsche method for interface problems: Part II,
E. Wadbro, S. Zahedi, G. Kreiss, and M. Berggren,
Submitted to SIAM J. Numer. Anal., Technical report, TRITA-NA 2011:2 .

The development of the method and preparation of the manuscript were
done in close cooperation between the authors. The author of this thesis
contributed mainly to the proof of the error estimate and to the proof of the
bound on the condition number.

Paper 6

An unfitted Nitsche method for the incompressible two fluid Stokes system,
S. Zahedi and G. Kreiss,
Technical report, TRITA-NA 2011:3 .

The author of this thesis extended the method to the Stokes equations,
implemented the method and performed the computations. The manuscript
was written in close cooperation between the authors.
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Introductory chapters





Chapter 1

Introduction

There is a growing interest to accurately model and simulate multiphase flow
phenomena. Such phenomena are important in a wide range of industrial ap-
plications. Examples include inkjet printing, lab-on-a-chip devices, and liquid
phase sintering. An inkjet device consists of a long ink channel with a nozzle
that ejects small droplets of liquid. With help from numerical simulations
the size of droplets and ejecting speeds can be predicted. A lab-on-a-chip is a
device which has a single or multiple lab processes on a chip. It can, for exam-
ple, be used to measure glucose or determine if there are viruses or bacteria in
the blood. In a lab-on-a-chip device fluids are controlled and manipulated in
miniature channels. Simulations can be used to explore the effects of chang-
ing for example the channel geometry and the physical parameters without
fabricating, testing, and redesigning the chip.

Liquid phase sintering is an important process in manufacturing metal
objects from powder. Cutting tools are for example manufactured in this way.
This process permits the formation of dense, pore-free carbides with superior
properties such as high strength, hardness, and toughness. An important part
of the sintering process is wetting of a liquid onto solid particles. The wetting
is a consequence of the thermodynamic driving force to reduce interfacial
energy, and results in elimination of porosity. The properties of the solid
surface and the liquid will determine how the liquid wets the surface and how
well the pores are eliminated. Numerical methods that are able to handle two
phase flow with moving contact lines are crucial for simulating the sintering
process. Accurate simulations can contribute to improvements in the process,
and hence to the development of better cutting tools.

In the multiphase models considered in this thesis immiscible fluids are
separated by interfaces. These fluids may have different density and viscosity.
Surface tension forces act at the interfaces. Due to the differences in the fluids’
viscosity and the surface tension force, there is a jump in the pressure and
in the gradient of the velocity field. Hence, the pressure is discontinuous and
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4 Chapter 1

the velocity field has a weak discontinuity along the interfaces. An interface
separating two fluids may also be in contact with a solid surface as in the
liquid phase sintering where the liquid wets the solid surface. The line where
the interface meets the solid is called a contact line. The representation and
evolution of these interfaces, especially at solid surfaces, the treatment of the
discontinuous physical quantities and the singular surface tension force, and
accurate computations of the velocity field and the pressure are some of the
challenges in simulations of multiphase flow problems. In the first part of
this thesis we give an overview of some strategies to tackle these challenges.
Unless stated otherwise, we consider two space dimensions, where contact
lines appear as contact points.

In this thesis, an equation splitting approach is used for the time stepping.
In each time step, we first solve the governing equations with the interface
fixed. When the velocity field has been computed it is used to evolve the
interface. In Chapter 2 we present some commonly used interface tracking
techniques. In Chapter 3 the governing equations for the standard model for
viscous, incompressible, and immiscible fluids, given by the time dependent
Navier–Stokes equations, is introduced. We also present some extensively used
finite element methods for the discretization of the Navier–Stokes equations.
The challenge of accurately approximating the discontinuous pressure and
the weakly discontinuous velocity field is discussed. In Chapter 4, different
strategies of modeling the surface tension force are presented. The treatment
of the discontinuous density and viscosity is discussed in Chapter 5. Models
used for the interface movement at contact lines and points are studied in
Chapter 6, which ends the first part of this thesis.

The second part of this thesis consists of six papers. In the first paper
we discuss a new model for contact line dynamics. In the second paper we
consider approximations of the Dirac delta function supported on an interface.
The Dirac delta function is important in this context as it is commonly used in
models of the surface tension force. In the third paper we study the accuracy of
the approximate velocity field and the pressure using continuous finite element
methods including the effect of different surface tension models, curvature
approximations, finite element spaces, and solvers. In the fourth paper a new
finite element method for elliptic PDEs is presented. This method enables
an accurate approximation of discontinuities along an interface which can
be arbitrarily located with respect to the finite element mesh. In the fifth
paper, we prove that the method is optimal order accurate for a second-
order elliptic PDE and that the condition number of the resulting matrix is
bounded independently of the position of the interface relative to the mesh.
In the last paper the new finite element method is extended to the Stokes
equations for incompressible two fluid systems and jump conditions on the
interface separating the two fluids are imposed.



Chapter 2

Interface representation and evolution

Interface tracking techniques have been developed to represent and track mov-
ing and deforming interfaces. Existing interface representation techniques can
essentially be divided into two classes. In the first class, interfaces are repre-
sented explicitly, for example by the use of marker particles. An example is
the immersed boundary method by Peskin used to model blood flow in the
heart [1]. Another example is the front-tracking method presented by Unverdi
and Tryggvason for simulation of incompressible multiphase flow problems [2].
Since a large number of marker particles can be used, good accuracy can be
obtained. In the second class, there is no explicit representation of the in-
terface. The interface is instead represented implicitly by a function defined
on a higher dimension than the interface. This idea was used in the level set
method introduced by Osher and Sethian [3]. The volume of fluid method [4]
and the phase field method [5] are other examples. Compared to the methods
that track the interface explicitly these methods handle topological changes
such as merging and breaking more easily. All such changes are seen as a
continuous evolution of the function defining the interface implicitly. There
are also hybrid methods like the particle level set technique presented by En-
right et al. [6] where the level set method is combined with a marker particle
scheme. In this chapter we discuss both explicit and implicit representations
of interfaces.

2.1 Explicit representation of the interface

The interface Γ can be represented explicitly by a set of markers {x(l)}Nl=1 ∈ R
2

together with a parametrization x(s) = (X(s), Y (s)) connecting these points.
In two dimensions the points can, for example, be connected by straight line
segments. Higher order interpolation rules such as spline fits through the
points can also be used. In three dimensions, three points can be connected by
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Figure 2.1: The interface, initially a circle with radius 0.3 centered at
(0,−0.4), is explicitly defined by 30 markers and the parametrization
Γ = {x | x = (0.3 cos(θ),−0.4 + 0.3 sin(θ), 0 ≤ θ < 2π}. The grid velocities
u(xi, yj) = − cos((xi+

1
2 )π) sin(

3π
8 yj), v(xi, yj) = sin((xi+

1
2 )π) cos(

3π
8 yj) are

given. Interpolation is used to find the velocities at the Lagrangian markers.
The interface is advected by solving equation (2.4). No reinitialization is per-
formed. We can see how markers are depleted in some parts and clustered in
other parts.

a triangular element. Using the parametrization of the curve in two dimensions

Γ = {x | x(s) = (X(s), Y (s)), s ∈ [0, S), X(0) = X(S), Y (0) = Y (S)},
(2.1)

the normal vector n(s) and the curvature κ(s) can be computed by

n(s) =
(−Y ′(s), X ′(s))

√

(X ′(s))2 + (Y ′(s))2
(2.2)

and

κ(s) =
X ′(s)Y ′′(s)−X ′′(s)Y ′(s)

|(X ′(s))2 + (Y ′(s))2|3/2 . (2.3)

In two phase flow problems the velocity field is usually given by solving
the Navier–Stokes equations on an Eulerian grid. Given velocities at grid
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points, interface velocities u(xl, t) can be computed by interpolation. In the
immersed interface method a discrete Dirac delta function is used to interpo-
late the velocity. The interface is then evolved by advecting each marker by
the local fluid velocity u(xl, t). This is done by solving the following ordinary
differential equations

dxl

dt
= u(xl, t), l = 1, · · · , N. (2.4)

As the interface evolves some parts may be depleted of markers and in other
parts there may be clustering of markers, see Fig. 2.1. Therefore, a reinitial-
ization step is usually needed. The computed parametrization of the interface
is used here to decide where markers need to be added or removed. In two
dimensions, markers can be added when the distance between two markers is
larger than an upper bound and markers can be deleted when this distance
is smaller than some lower bound. This procedure is straightforward in two
dimensions, but becomes complicated in three dimensions.

In the segment projection method introduced by Tornberg in [7], the inter-
face is discretized explicitly by a set of segments. Functions of one variable in
two dimensions and of two variables in three dimensions define the segments.
Each segment is discretized on an Eulerian grid. The interface is evolved
by solving partial differential equations with the same dimension as in other
explicit methods.

In the case of several curves or surfaces, merging and breaking of interfaces
may occur. In explicit methods, a separate representation for the interface
of each curve or surface is used. Using separate representations has both
advantages and drawbacks. On one hand, merging and breaking do not occur
without explicit action. This allows for adding physically correct models. On
the other hand, merging and breaking require complicated reconstructions
of interfaces. Such reconstructions are particularly difficult in three space
dimensions [8].

2.2 Implicit representation of the interface

Level set methods, volume of fluid methods, and phase field methods are ex-
amples where the interface between immiscible fluids is defined implicitly by
a higher dimensional function φ(x). This function is given by values on an
Eulerian grid. In volume of fluid methods a so-called volume of fluid func-
tion gives the volume fraction of each fluid in each grid cell. The cells that
are intersected by the interface will have a volume fraction between zero and
one. The interface is reconstructed in each time step so that each cell obtains
the correct volume fraction. In the first reconstruction algorithms, piecewise
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constant or “stair-stepped” approximations were used [4]. Later, higher or-
der approximations such as piecewise linear functions [9] or splines [10] were
proposed. The interface is evolved by updating the volume of fluid function.
An advantage of the volume of fluid methods is that they conserve mass well.
However, computations of accurate normal and curvature approximations are
not straightforward.

In level set methods there is no reconstruction step. The interface is rep-
resented by a level set of a function. In standard level set methods [11,12] the
interface Γ is defined as the zero level set of a signed distance function

φ(x) =

{

dist(x,Γ) inside Γ,
−dist(x,Γ) outside Γ.

(2.5)

Here dist(x,Γ) is the shortest distance between x and Γ. For example the
zero level set of φ(x) = r −

√

(x− xc)2 + (y − yc)2 defines a circle of radius
r centered at (xc, yc). Thus, the interface is embedded in a function φ(x) of
higher dimension. The normal vector n and the curvature κ can be computed
as

n =
∇φ
|∇φ| (2.6)

and

κ = −∇ · n. (2.7)

The normal vector defined as in equation (2.6) is pointing inward.
In level set methods you want a level set that defines the interface initially

to also define the interface at a later time. Thus if for a point initially on
the interface x(0) ∈ Γ, φ(x(0), 0) = C then for x(t) ∈ Γ at a later time t,
φ(x(t), t) = C. Differentiating this condition with respect to t yields

φt +∇φ · xt = 0. (2.8)

A point on the interface should move according to the velocity field and thus
xt = u. The following partial differential equation is solved for the evolution
of the interface

φt + u · ∇φ = 0. (2.9)

Given a divergence free velocity

∇ · u = 0, (2.10)

for example from solving the incompressible Navier–Stokes equations, the ad-
vection equation (2.9) can be written in conservative form

φt +∇ · (uφ) = 0. (2.11)



Interface representation and evolution 9

As the interface evolves in time, the level set of φ defining the interface moves
correctly according to equation (2.9) or (2.11). However, when numerical
schemes are used to solve the advection equation, the φ function may lose
its original shape or properties. In order to obtain accurate approximations
of the normal and the curvature and an acceptable conservation of mass, it
is important to include a reinitialization step where essential properties of
the function φ are recovered. There are several ways to restore the level
set function to a distance function [13, 14]. When φ is a signed distance
function, |∇φ| = 1. Sussman et al. proposed in [13] to solve the following
partial differential equation to steady state

ψt̂ + sign(ψ0)(1− |∇ψ|) = 0,

ψ0 = ψ(x, 0) = φ(x, t∗), (2.12)

where φ(x, t∗) is the level set function at time t = t∗. Often a regularized sign
function is used [12]. After the reinitialization, φ(x, t∗) is replaced by ψ.

Rider and Kothe [15] compared different interface tracking methods and
found that the schemes that employed marker particles for the representa-
tion of the interface had better mass conservation properties. In the level set
method mass is lost or gained when the interface is stretched or teared. These
errors affect the accuracy of the computed location of the interface. Attempts
to improve the mass conservation in level set methods have resulted in dif-
ferent methods [6, 16–18]. In [16] the reinitialization scheme is constrained
to conserve the volume bounded by the zero level set. However, the mass
enclosed by the zero level set is not conserved in the advection step. Sev-
eral hybrid methods have also been developed with the aim of improving the
mass conservation. One approach has been to combine the level set method
and the volume of fluid method [17, 19]. In [6], a hybrid method using the
level set method with a marker particle scheme was presented. However, in
these methods the simplicity of the level set methods was lost and in three
dimensions the methods become even more complicated and computationally
expensive. In [18] the so-called conservative level set method was presented.
This method is used and further developed in this thesis.

2.2.1 The conservative level set method

The conservative level set method was introduced by Olsson and Kreiss in [18]
and later in a finite element framework with an improved reinitialization
in [20]. In this method the interface is represented by the 0.5 level set of
a regularized indicator function

φ(x) =
1

1 + e−d(Γ,x)/εn
, (2.13)
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see Fig. 2.2. Here d(Γ,x) is the signed distance function and εn determines
the thickness of the regularized function.

The normal vector and the curvature are computed as in equation (2.6)
and (2.7) respectively. The conservative level set method was formulated
for incompressible flows. Therefore the interface is advected by solving the
conservation law (2.11). The reinitialization step is formulated in conservative
form as well:

ψt̂ +∇ · (ψ(1− ψ)n)−∇ · (εn(∇ψ · n)n)−∇ · (ετ (∇ψ · t)t) = 0, (2.14)

ψ(x, 0) = φ(x, t∗). (2.15)

Here n is the normal vector satisfying (2.6) and t is the tangent vector or-
thogonal to n. Furthermore, εn is a parameter for diffusion in the normal
direction and ετ is a parameter for diffusion in the tangential direction. The
second term in (2.14) represents compression in the normal direction, the third
models diffusion in the normal direction, and the last term models diffusion
in the tangential direction. A balance between the second and the third terms
establishes a layer of thickness proportional to εn, where φ changes from 0
to 1. For the method to be accurate, εn must be much smaller than typical
geometrical features of the interface. In the original work on the conservative
level set method, standard isotropic diffusion was used [18]. This corresponds
to choosing ετ = εn = ε in equation (2.14). In the subsequent work, the
tangential diffusion ετ was set to zero, i.e. ετ = 0, to avoid unnecessary
movement of the 0.5 level set in the tangential direction [20].

The reinitialization equation in the conservative level set method is in
conservative form. This is in contrast to the reinitialization in equation (2.12)
used in standard level set methods. Therefore, using conservative numerical
methods to obtain φh and by not allowing for flux through the boundaries we
get a conserved integral:

d

dt

(
∫

Ω

φh(x)dx

)

= 0. (2.16)

Now, since the φ function is a regularized indicator function this integral is
almost equal to the area bounded by the interface φh(x) = 0.5. In [20] it was
shown that the analytical error

Aφh=0.5(tn) = Aφh=0.5(0) + δ(tn), (2.17)

where
|δ(tn)| < 2LΓ(tn)|κ(tn)|∞ε2. (2.18)

Here Aφh=0.5 denotes the area inside the 0.5 level set of φh, LΓ(tn) is the
length, and κ(tn) is the curvature of the interface Γ at time t = tn. When the
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Figure 2.2: Representation of a circular interface by the 0.5 level set of a
regularized indicator function. Panel (a): φ(x) = 1

1+e−(1−
√

x2+y2)/εn
where εn

is the regularization parameter determining the interface thickness. Panel (b):
Level sets of φ(x).
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interface Γ is a straight line the area is conserved as long as equation (2.16)
is satisfied.

In Paper 1 we have extended the conservative level set method to be able
to simulate moving contact points. This extended method is also used in [21].
For an introduction, see Chapter 6. In the next chapter we introduce the
Navier–Stokes equations which are the standard equations for two phase flow
simulations.



Chapter 3

The Navier–Stokes equations

Assume that a given convex domain Ω ∈ R
2 with polygonal boundary ∂Ω

is occupied by two immiscible fluids separated by an interface Γ. Consider
for example a water drop surrounded by oil. The domains occupied by each
fluid at time t ∈ [0, T ] are denoted Ω1 = Ω1(t) and Ω2 = Ω2(t) respectively,
see Fig. 3.1. In this chapter, we assume that the interface is not in contact
with the boundary of the domain ∂Ω. We will consider problems with contact
points in Chapter 6. The density ρ(x) and the viscosity µ(x) of each fluid is
given by

(ρ(x), µ(x)) =

{

(ρ1, µ1) for x in Ω1,
(ρ2, µ2) for x in Ω2.

(3.1)

These physical quantities are in general discontinuous functions.
At the interface separating two immiscible fluids, surface tension forces

are acting. The surface tension drives fluid surfaces to have minimum surface
energy. We will throughout this thesis consider only interfaces with a constant
surface tension coefficient σ. The standard model for each domain (Ω1 and
Ω2) is the time dependent incompressible Navier–Stokes equations with the
following coupling conditions at the interface Γ separating the two fluids

JuKΓ = 0, (3.2)

JµD(u) · nKΓ · t = 0, (3.3)

JµD(u) · n− pnKΓ = σκn, D(u) =
(

∇u+ (∇u)T
)

. (3.4)

Here JuKΓ denotes the jump of the function u at Γ, n is the unit outward
normal vector on Γ, and κ is the curvature of Γ. The first and the second
conditions imply that the velocity field and the shear stress, respectively, are
continuous across the interface. The third condition states that the jump in
the normal stress on the interface is balanced by the surface tension.

Instead of solving two equations, one in Ω1 and another in Ω2 with the
coupling conditions (3.2)–(3.4) at the interface, we can reformulate and solve

13
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Figure 3.1: The domain Ω ∈ R
2 is occupied by two immiscible fluids separated

by an interface Γ. The domains occupied by the fluids are denoted Ω1 and
Ω2. Density is denoted by ρ and viscosity by µ.

the Navier–Stokes equations in the whole domain. The effect of surface tension
can then be expressed in terms of a Dirac delta function δΓ with support on
the interface Γ. The surface tension force is given by

f = σκnδΓ. (3.5)

The action of δΓ on a smooth function v is given by

∫

Ω

δΓvdΩ =

∫

Γ

vdΓ. (3.6)

Different methods to approximate the Dirac delta function and the surface
tension force are discussed in Chapter 4.

The incompressible Navier–Stokes equations in conservative form with
gravity and surface tension added as source terms are defined as

(ρu)t +∇ · (ρuu) +∇p−∇ ·
(

µ
(

∇u+ (∇u)T
))

= ρgeg + f , (3.7)

∇ · u = 0. (3.8)

Here u, p, ρ, and µ denote velocity, pressure, density, and viscosity, respec-
tively. Furthermore, f and geg represent surface tension (equation (3.5)) and
gravity forces. When inertia is neglected, i.e. when the nonlinear term in
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equation (3.7) is removed, we obtain the incompressible Stokes equations.
Boundary conditions and appropriate initial conditions are needed. We as-
sume that a divergence free velocity field and the position of the interface Γ
are initially given. Throughout this thesis we use Dirichlet boundary con-
ditions for the velocity. The pressure is then determined by equations (3.7)
and (3.8) up to a constant. In order to determine the constant, a restriction
on the mean value of the pressure can be imposed. However, in numerical
simulations it is often easier to determine the pressure level by prescribing the
pressure at an arbitrary mesh point.

To solve the equations, finite difference, finite volume, or finite element
discretizations can be used. In this thesis we have chosen to consider mainly
finite element methods.

3.1 Variational formulation

The finite element method is based on a variational formulation of the equa-
tions. For the weak formulation of the Navier–Stokes equations [22, 23] we
introduce subspaces of the Lebesgue function space L2(Ω). Let

L2
0(Ω) =

{

q ∈ L2(Ω)

∣

∣

∣

∣

∫

Ω

qdx = 0

}

(3.9)

be the space of square integrable functions with zero mean over Ω, equipped
with the inner product and norm

(q, v) =

∫

Ω

qvdx, ||q|| = (q, q)1/2. (3.10)

Consider also the subspace

H1(Ω) =

{

v ∈ L2(Ω)

∣

∣

∣

∣

∂v

∂xk
∈ L2(Ω), k = 1, 2

}

(3.11)

and the corresponding norm

||v||1 = (||v||2 + ||∇v||2)1/2. (3.12)

Denote by
H1

0 (Ω) =
{

v ∈ H1(Ω) | v|∂Ω = 0
}

, (3.13)

the subspace of functions v ∈ H1(Ω) which are zero on ∂Ω and let

H
1(Ω) =

{

vj ∈ L2(Ω)

∣

∣

∣

∣

∂vj
∂xk

∈ L2(Ω) j, k = 1, 2

}

(3.14)
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be the space of vector valued functions v = (v1, v2) such that each of the

components belong to H1(Ω) and the norm ||v||1 =
(

∑2
i=1 ||vi||21

)1/2

.

Assuming homogeneous Dirichlet boundary conditions on solid walls for
the velocity, hereinafter referred to as the no slip condition, the weak formu-
lation of the Navier–Stokes equations is as follows (see [22]): find u(x, t) ∈
H

1
0(Ω) and p(x, t) ∈ L2

0(Ω) such that ∀t ∈ [0, T ]

((ρu)t,v) + c(u,v,u)− b(p,v) + a(u,v) = (ρgeg,v) + (f ,v), (3.15)

b(q,u) = 0 (3.16)

for all test functions (v, q) ∈ H
1
0(Ω)× L2

0(Ω). Here the forms are defined as

a : H1
0(Ω)×H

1
0(Ω) → R,

a(u,v) =

∫

Ω

µ
(

∇u : ∇v + (∇u)T : ∇v
)

dx,

b : L2
0(Ω)×H

1
0(Ω) → R,

b(q,v) =

∫

Ω

q∇ · vdx,

c : H1
0(Ω)×H

1
0(Ω)×H

1
0(Ω) → R,

c(u,v,w) =

∫

Ω

ρ(u · ∇v) ·wdx. (3.17)

The double dot operation is defined as

A : B =
∑

i

∑

j

aijbji. (3.18)

In the next section we discuss some issues that arise when the equations (3.15)
and (3.16) are discretized.

3.2 The finite element space discretization

Here, we give an overview of some existing numerical methods for solving the
incompressible Navier–Stokes equations and present some challenges for the
spatial discretization.

Throughout this thesis, we use triangulations T h
u and T h

p of the domain Ω
for the discretization of the velocity and the pressure, respectively, generated
independently of the location of the interface Γ; that is, the mesh is not
assumed to be fitted to Γ. We use triangular meshes consisting of regular
triangles with diameter

√
2h.
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In the finite element approximation, finite dimensional subspaces Vh
0 and

Sh
0 for the velocity and the pressure are introduced. Throughout this thesis

V
h
0 =

{

v
h ∈ C(Ω)2

∣

∣ vhj |K ∈ Pk(K), ∀K ∈ T h
u , v

h
j |∂Ω = 0, j = 1, 2

}

(3.19)
is the space of vector valued functions v

h = (vh1 , v
h
2 ) such that each of the

components is a continuous piecewise polynomial of degree k = 1 or k = 2
and

Sh
0 =

{

q ∈ C(Ω) ∩ L2
0(Ω)

∣

∣ v|K ∈ P1(K), ∀K ∈ T h
p

}

(3.20)

is the space of continuous piecewise linear functions with zero mean over Ω.
When bases for the spaces V

h
0 and Sh

0 have been chosen, the finite element
approximations for the velocity and the pressure can be expressed in these
bases as

u
h(x, t) =

I
∑

i=1

βi(t)v
h
i (x),

ph(x, t) =

J
∑

j=1

αj(t)q
h
j (x). (3.21)

Here {vh
i }, i = 1, · · · , I and {qhj }, j = 1, · · · , J denote bases for V

h
0 and Sh

0

respectively. Lagrange bases can for example be used. The coefficients βi
and αj need to be determined. The finite element approximation is to find
the discrete velocities u

h ∈ V
h
0 (Ω) and pressure ph ∈ Sh

0 (Ω) that fulfill a
variational formulation for all test functions (vh, qh) ∈ V

h
0 (Ω)× Sh

0 (Ω).
A challenge is how to choose the finite dimensional spaces Vh

0 and Sh
0 . If

V
h
0 ⊂ H

1
0(Ω) and Sh

0 ⊂ L2
0(Ω), the finite element method is said to be con-

forming, otherwise it is said to be nonconforming. For some choices of the
finite dimensional spaces Vh

0 and Sh
0 , spatial oscillations in the pressure field

can be observed that may grow without bound as the mesh is refined. This
problem is also present in the solution of the linear equations of Stokes flow.
Hence, the oscillations are not a result of the nonlinearity of the Navier–
Stokes equations, but rather due to the incompressibility condition. The
so-called “inf-sup” stability condition ensures that as h → 0, the discrete
approximation tends to a function that satisfies the incompressibility condi-
tion [23]. This “inf-sup” condition is also known as the LBB condition after
Ladyshenskaya [24], Babuska [25], and Brezzi [26]. A consequence of the LBB
condition is that we cannot use any combination of the spaces V

h
0 and Sh

0 .
The LBB condition is for example satisfied by the Taylor–Hood pair; that is
when T h

u = T h
p andV

h
0 (Ω) is the space of piecewise quadratic polynomials and

the functions in Sh
0 (Ω) are piecewise linear polynomials [23]. From a compu-

tational cost perspective and, possibly even more important, for simplicity in
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the implementation, it is advantageous to approximate both the velocity and
pressure using continuous piecewise linear elements. However, this element
pair satisfies the LBB condition only when different meshes for velocity and
pressure are used. One way to obtain such meshes is to construct the mesh
for the velocity T h

u by refining each triangle of the pressure mesh T h
p into four

triangles. This approach is used in Paper 3.
It has been shown that by a modification of the incompressibility con-

straint it is possible to circumvent the LBB condition [27, 28]. The simplest
modification is to change the incompressibility condition to

(∇ · uh, qh)− εph
2(∇ph,∇qh) = 0. (3.22)

With this modification we can use piecewise linear elements both for the ve-
locity and the pressure without introducing different meshes. This approach
is used in Paper 1. However, there is a new parameter εp 6= 0 in the problem
that must be determined. In Paper 3 we show that this way of modifying the
incompressibility condition leads to erroneous oscillations in the velocity field
with a magnitude that depends on this parameter.

We note that also for finite difference discretizations of the Navier–Stokes
equations there are constraints. For example, the use of a finite difference
scheme where all the derivatives are approximated on the same grid using
central difference quotients results in pressure oscillations. This can be avoided
by using staggered meshes for the pressure and the velocity [29].

In multiphase flow problems it is not only the LBB condition that puts
constraints on the finite dimensional spaces. Another challenge is that the
differences in the immiscible fluids’ viscosities lead to a discontinuity in the
gradient of the velocity field and that the surface tension force gives rise to
a discontinuous pressure. Continuous finite element methods can be used
to approximate functions with jumps in their derivatives with optimal order
accuracy provided that the mesh is aligned with the interface where the dis-
continuities arise [30,31]. In Paper 3 we show how large oscillations in both the
velocity field and the pressure arise at the interface when we use continuous
elements and the mesh is not aligned with the interface. In two phase flow sim-
ulations where the interface evolves with time and topological changes occur,
remeshing is both complicated and expensive. For a long time, the strategy
has been to smoothen the discontinuity in the pressure and the discontinu-
ity in the gradient of the velocity field. This is done by approximating the
discontinuous density and viscosity by smooth functions and the singular sur-
face tension by a volume force. We consider regularization of discontinuous
physical quantities and the surface tension force in Chapters 5 and 4, respec-
tively. However, methods using regularization always lose accuracy near the
interface where the discontinuities are present. Therefore, methods that al-
low for discontinuities internal to the elements and thus avoid regularization
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and remeshing processes have become highly attractive. During the past two
decades tremendous research efforts have been directed to the development
of such methods. Examples of methods that allow for discontinuities internal
to the elements can be found in [32–38]. Below, we give an overview of two
common approaches, the extended finite element method XFEM and the im-
mersed interface method and an approach based on Nitsche’s method that is
particularly relevant for this thesis.

3.2.1 The extended finite element method XFEM

The extended finite element method was first developed for crack problems
by Belytschko and Black [39] and Moes et al. [40], but has since then been
extended to many other problems, including two phase flows [33]. In the
extended finite element method, the finite element space is enriched with
particular enrichment functions. An approximation of the pressure p(x) using
the extended finite element method can be written in the form

ph(x, t) =
∑

j∈J

αj(t)q
h
j (x) +

∑

j∈J∗

αX
j (t)qX,h

j (x, t) (3.23)

where J is the set of all nodes in the domain, J∗ is the set of enriched nodes
(J∗ ⊂ J), αj and qhj are the unknown and the basis function at node j in the

standard finite element method, αX
j and qX,h

j are the unknown and the local
enrichment function at node j ∈ J∗. Thus, the extended finite element space
is spanned by the standard basis functions qjh and the additional enrichment
functions qj,X . The additional basis functions

qX,h
j (x, t) = Nh

j (x)(ψ(x, t)− ψ(xj, tj)), ∀j ∈ J∗. (3.24)

The functions Nh
j are standard finite element basis functions but not neces-

sarily the same as qhj . The function ψ is the global enrichment function chosen
depending on the type of discontinuity in the solution. For weak discontinu-
ities, occurring for example in the velocity field due to differences in the fluid’s
viscosity, the enrichment function

ψ(x, t) = |φ(x, t)|, (3.25)

where φ(x, t) is the signed distance function (see Chapter 2), is typically used.
The set J∗ includes the nodes of all elements intersected by the interface [33,
41].

In [34] only the space for the pressure approximation was enriched. The
Heaviside function

HΓ(x, t) =

{

0 x ∈ Ω1(t),
1 x ∈ Ω2(t),
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was used to define the enrichment function

ψ(x, t) = HΓ(x, t). (3.26)

The standard finite element space of continuous piecewise linear functions
together with the additional enrichment functions yield the extended space
for the pressure. Since enrichment functions for the velocity are not included,
the method in [34] is unable to capture weak discontinuities in the velocity
field.

Numerical experiments using XFEM have shown optimal convergence or-
der but, to the author’s best knowledge, there is no corresponding analytic
result. For some choices of enrichment functions, non-optimal convergence
order has been reported. The reason is that these enrichment functions cause
unwanted terms in the so-called blending elements which degrades the conver-
gence. Blending elements have only some of their nodes in J∗. Several publi-
cations address the special treatment needed for the blending elements [42].

As the interface moves, the extended basis function qX,h
j and the standard

basis function qj may become almost linearly dependent. This happens for
instance in cases when the interface approaches element boundaries. In such
cases, αj and αX

j cannot be stably determined. For time dependent problems
it is not unusual that such situations occur. Also, note that the extended space
depends on the location of the interface Γ and that the dimension changes
when the interface moves. This means that some extended pressure unknowns
may appear or disappear which changes the structure of the linear relations
between the unknowns and makes implementation of the method difficult.

3.2.2 The immersed interface method

The immersed interface method has been used in many flow applications,
including incompressible flows with moving interfaces [43]. The method is able
to approximate discontinuous solutions without requiring the mesh to conform
to the interface. The motivation behind the immersed interface method was to
improve the accuracy of the immersed boundary method of Peskin by avoiding
the use of discrete delta functions in the communication between the fluid and
the interface.

The immersed interface method was first developed by LeVeque and Li in
the framework of finite difference methods [44]. The key idea of the method is
to modify the standard finite difference schemes locally near or on the inter-
faces in order to include the jump conditions. Apart from the jump conditions
that are given, the method needs more relations that have to be derived from
the jump conditions and the governing equations. In [45] the jump conditions
needed for the incompressible Navier–Stokes equations were derived for the
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general case of fluids having different viscosity. In this case the jump condi-
tions for the velocity and the pressure are coupled which makes the method
more complicated. Therefore, the immersed interface method has mainly been
used when the fluids have the same viscosity. In [46] augmented variables were
introduced to decouple the jump conditions. Developers of the immersed in-
terface method have emphasized the importance of pointwise convergence in
interface problems [43]. In [43] numerical examples for the Stokes equations
show pointwise errors that do not decrease monotonically. However, a linear
regression analysis indicates roughly second order convergence.

The immersed interface method has also been extended to the finite ele-
ment framework and is then referred to as the immersed finite element method.
In [47] an immersed finite element method for two-dimensional elliptic inter-
face problems was developed. Instead of adding additional basis functions as
in XFEM, the strategy is to modify the basis functions that have support
on the interface so that the jump conditions are satisfied. Away from the
interface the standard finite element basis functions are used.

When the fluids have the same viscosity the Stokes equations can be for-
mulated as Poisson problems with uncoupled jump conditions. In [48] the
incompressible Stokes equations were reformulated as three Poisson problems,
one for the pressure and two for the velocity field, and an immersed finite
element method was developed to solve these Poisson problems. However,
few publications can be found where an immersed finite element method is
applied to the incompressible Navier–Stokes equations including the effect of
surface tension and with fluids having different viscosity.

3.2.3 Unfitted methods based on Nitsche’s technique

An unfitted method for interface problems based on an extension of Nitsche’s
method for the weak enforcement of essential boundary conditions [49] was
first developed by Hansbo and Hansbo [35]. The idea of the method is to
construct the discrete solution from separate solutions defined on each of the
subdomains separated by the interface with the jump conditions at the inter-
face being enforced by an extension of Nitsche’s method [49]. In this method
the basis functions are not explicitly modified. Instead, the variational for-
mulation is modified. Optimal convergence order without restrictions on the
location of the interface was shown by Hansbo and Hansbo [35] for an elliptic
problem and later by Becker, Burman, and Hansbo [50] for the stationary
Stokes equations. As in XFEM, the finite dimensional space depends on the
location of the interface Γ and the conditioning of the method is sensitive to
the position of the interface. In Paper 4 and Paper 6, we propose a new finite
element method using a variant of Nitsche’s method to enforce the jump con-
ditions at the interface for an elliptic PDE and for the incompressible Stokes



22 Chapter 3

equations, respectively. Numerical experiments show that the finite element
methods we present have optimal convergence order. In Paper 5, the opti-
mal convergence order in energy and L2-norms is proven for a second-order
elliptic problem. In the same paper we also prove that the method yields a
matrix condition number that is O(h−2), independently of the position of the
interface relative to the grid.

3.3 Temporal discretization

To advance the Navier–Stokes equations in time, a temporal discretization is
needed. It is common to first discretize with respect to the spatial variables
and then combine the semi-discretization with standard time discretization
methods. To use a fully implicit method directly on the full system of equa-
tions results in solving a coupled nonlinear system at every time step. Such
methods have good stability properties, but are computationally expensive
and cumbersome to implement. Fully explicit methods are rarely used be-
cause of their stability restrictions on the time step. Fractional step methods
are popular alternatives to solving the full system. Examples of such meth-
ods include projection methods, for an overview see [51]. In these methods a
sequence of decoupled equations for the velocity and the pressure has to be
solved in each time step. In Paper 1, a pressure correction scheme has been
used. First, an intermediate velocity is determined from a time discretization
of the Navier–Stokes equations where the pressure is treated explicitly. This
intermediate velocity field is not necessarily divergence free. In the next step,
referred to as the projection step, the pressure is corrected. In the projection
step the incompressibility condition is enforced by solving a Poisson equa-
tion. In Paper 3, the effect of this time discretization on spurious velocities is
studied and compared to a coupled solution for the pressure and the velocity.

In capillary dominated flow simulations, the time discretization of the sur-
face tension term is especially important. Explicit discretization of this term
imposes a limit on the time step, often referred to as the capillary time step
constraint [52]:

∆t ≤
√

ρh3

2πσ
. (3.27)

Here ρ = ρ1+ρ2

2 , h is the mesh size, and σ is the surface tension coefficient.
Semi-implicit time discretization of the surface tension force has been shown
to give good stability conditions and allow for use of large time steps [52,53].

Using methods such as XFEM, where the basis functions depend on the po-
sition of the interface and hence are time dependent, poses more restrictions on
the temporal discretizations. For example, in [54] standard semi-discretization
techniques where reported to be oscillatory in the vicinity of the discontinuity.
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In [54] a space-time enrichment is proposed and in [41] it is recommended that
the temporal discretization is performed prior to the spatial discretization.

In the next chapter we discuss how the singular surface tension force can
be approximated.
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The surface tension force

An accurate approximation of the surface tension force is essential for simula-
tions of two phase flow problems. How this force is modeled and approximated
strongly influences the quality of the approximation of the velocity field and
the pressure. In [34] discontinuous basis functions were used to capture the
discontinuity in the pressure but an accurate solution could only be achieved
when also an improved approximation of the surface tension force was used.
In this chapter we will discuss how the surface tension force can be computed.

A common approach, which we use in Paper 1 and Paper 3 of this work,
is to solve the Navier–Stokes equations in the whole domain and treat the
surface tension effect as a source term. The surface tension force is expressed
in terms of a Dirac delta function δΓ with support on the interface Γ

f = σκnδΓ. (4.1)

This force can either be regularized and hence treated as a body force [1,55,56]
or approximated in a sharp way. In the finite element framework, the surface
tension force can, without introducing delta functions, be expressed through
a line integral derived from the equations on each domain Ω1 and Ω2 and
the jump conditions (3.2)–(3.4), see for example Paper 6. We begin with an
overview of regularization methods.

4.1 Regularized representation of the surface tension force

A popular way of approximating the surface tension force f , defined in equa-
tion (4.1), has been to regularize it. To approximate the surface tension force
Brackbill et al. suggested to compute

σκ∇φ = σκ
∇φ
|∇φ| |∇φ|, (4.2)

25
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where φ is a regularized indicator function. The model is often used together
with volume of fluid methods, and has also been used with the conservative
level set method, with φ being the Fermi–Dirac function [18, 20]. This model
can be seen as approximating the Dirac delta function with support on the
interface Γ by |∇φ|.

4.1.1 Regularized Dirac delta functions with support on interfaces

Dirac delta functions with support on interfaces can be approximated also in
other ways. An early example is the work by Peskin [1]. Peskin introduced
the one-dimensional cosine approximation

δcos2h (x) =

{

1
4h (1 + cos(πx/(2h))) for |x| < 2h,
0 for |x| ≥ 2h,

(4.3)

and used a product rule to extend this function to higher dimensions.
Let Γ ⊂ R

d be a d−1 dimensional closed, continuous, and bounded surface
and let S be surface coordinates on Γ. The product formula yields

δε(Γ, g,x) =

∫

Γ

d
∏

k=1

δεk(x
(k) −X(k)(S))g(S)dS, (4.4)

where δεk is a one-dimensional regularized delta function, x = (x(1), · · ·x(d)),
X(S) = (X(1)(S), · · · , X(d)(S)) is a parametrization of Γ, and ε = (ε1, · · · , εd)
is the regularization parameter. Tornberg and Engquist [57] showed that this
extension technique is consistent when used to approximate integrals of the
form

∫

Γ

g(S)f(X(S))dS =

∫

Rd

δ(Γ, g,x)f(x)dx. (4.5)

Here δ(Γ, g,x) is a delta function of variable strength with support on Γ.
The product formula is easy to use when Γ is explicitly defined as in the
immersed boundary method, the front tracking method, or the segment pro-
jection method.

In level set methods the signed distance function d(Γ,x) has been used to
extend a one-dimensional delta function approximation to higher dimensions
as

δε(Γ, g,x) = g̃(x)δε(d(Γ,x)). (4.6)

Here g̃ is an extension of g to R
d, such that g̃(X(S)) = g(S). In the case

of surface tension g = κn. The great appeal of this extension technique is
its simplicity. However, it has been shown that with the common choice of
regularization parameter, i.e. ε = mh, this approach may lead to O(1) er-
rors [57], even when consistent one-dimensional delta function approximations
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are used. To overcome this lack of consistency several delta function approx-
imations have been derived to be used with level set methods [58–60]. These
methods are not based on the extension technique defined in equation (4.6).

In Paper 2 we show on regular grids that there is a class of one-dimensional
delta function approximations that can be extended to higher dimensions by a
distance function according to equation (4.6) and give accurate results. This
class of delta function approximations have compact support in Fourier space
or, in practice, decay rapidly in Fourier space. An example of such a one-
dimensional delta function approximation is the Gaussian approximation

δGε (x) =
1

ε
ϕG(x/ε), ϕG(ξ) =

√

π

9
e−π2ξ2/9. (4.7)

Another example is the derivative of the Fermi–Dirac function

δFD
ε (x) = ∂x

1

1 + e−x/ε
=

1

ε

e−x/ε

(1 + e−x/ε)2
(4.8)

used in the conservative level set method [18, 20]. These approximations are
shown to be second order accurate.

In the case when the interface is close to a boundary of the computa-
tional domain, care is needed when regularization is used. If some part of the
regularization zone ends up outside the domain the accuracy of the delta func-
tion approximation will usually be lost. A remedy would be to use a skewed
delta function approximation with the whole mass always being inside the
domain [61]. However, this technique is complicated and the distance to the
boundary must be known. The regularized delta function by Smereka with
support within one mesh cell could also be an alternative [59]. However, the
problem remains when the interface is in contact with the boundary. In the
finite element framework, based on the weak form, this problem can be solved
by evaluating the surface tension force through a line integral. This technique
is described in the next section.

4.2 Sharp representation of the surface tension force

Sharp treatment of the surface tension has been suggested both in finite el-
ement [62] and finite difference [37] settings. In [37], surface tension effects
are treated as boundary conditions, see equation (3.4). In the finite element
framework the surface tension force is evaluated through a line integral

(f ,v) =

∫

Ω

σκn · vδΓdx =

∫

Γ

σκn · vdΓ, (4.9)
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where v is the test function. This approach was used in Paper 1 when simu-
lations of moving contact points were performed. An advantage of evaluating
the line integral is that there is no need to discretize delta functions. However,
precaution is needed. In Paper 3, we show that when standard continuous fi-
nite elements are used this approach results in large spurious velocities and
oscillations in the pressure close to the interface. In the finite element frame-
work, the line integral formulation (4.9) comes naturally after integration by
parts of the Navier-Stokes equations and imposing the jump conditions (3.2)-
(3.4). In Paper 6 we consider Stokes equations and impose these jump con-
ditions using a variant of Nitsche’s method and show that the discontinuous
pressure can be accurately approximated and that spurious velocities can be
significantly reduced.

When computing the line integral, particular effort is needed to find the
triangles that are intersected by the interface Γ. Using a level set method
and linear elements the values of the function φ at the three nodes of each
triangle will determine if the element is intersected by the level set defining Γ.
For those elements, an accurate quadrature scheme is then used to evaluate
the integral. When quadratic elements are used to approximate the level set
function φ, the three nodes and the midpoints of each of the three edges are
used to determine whether the element is intersected by the interface or not.
Those elements that are intersected are split into four sub-triangles where in
each sub-triangle a piecewise linear approximation of the level set is defined.
The integration is then performed as described above.

From an implementation viewpoint, evaluation of line integrals is more
complicated than regularizing the delta function. However, a sharp treatment
is preferable in view of accuracy, in particular when the interface is close to
the boundary of the computational domain.

In order to have an accurate representation of the surface tension force we
also need to have an accurate approximation of the curvature. In the next
section we discuss this issue.

4.3 Evaluation of the curvature

The curvature in level set methods and volume of fluid methods is often com-
puted from equations (2.6) and (2.7). This is how the curvature is computed
in Paper 1. The curvature depends on second order derivatives of the func-
tion representing the interface. The presence of high frequency errors, that are
magnified by differentiation, may lead to an inaccurate approximation of the
surface tension force. A common approach to avoid such errors is to filter or
damp the high frequencies. Filtering can be applied to the level set function
φ before the curvature is computed or directly to the curvature κ [20]. In [20]
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a new filtered curvature κ̃ was computed according to

κ̃− εκ∆κ̃ = κ, (4.10)

with εκ proportional to the mesh size h. The idea of filtering has also been
used in the volume of fluid method [63]; in this context a convolution technique
was used.

Another approach is to reduce the order of differentiation associated with
the curvature term by using the Laplace–Beltrami operator and the finite el-
ement technique. The advantage of using this approach is that there is no
need to compute the curvature. This idea was introduced by Dziuk [64] in
numerical simulations and has been used in simulations of immiscible multi-
phase flow problems [53,65,52,66] for computing the surface tension. Let the
tangential gradient of a function f : U → R, with U an open neighborhood of
Γ, be defined by

∇f = P∇f, P = I − nn
T . (4.11)

Here I is the identity tensor, n is the normal of Γ, and P is the orthogonal
projection. The Laplace–Beltrami operator ∆ applied to f is given by

∆f(x) = ∇ · (∇f(x)). (4.12)

Denote by idΓ : Γ → Γ the identity mapping on Γ. Using that ∆idΓ = κn,
integration by parts, and the definition of the tangential gradient, equa-
tion (4.11), yields

∫

Γ

κn · vdΓ =

∫

Γ

∆idΓ · v = −
∫

Γ

∇idΓ : ∇vdΓ +

∫

γ

(nγ · ∇idΓ) · vdγ

= −
∫

Γ

(I − nn
T ) : ∇vdΓ +

∫

γ

nγ · vdγ. (4.13)

Here nγ ·∇idΓ = nγ is the normal at the contact line γ. The last term in equa-
tion (4.13) is an integral along the contact line. In two space dimensions it is
replaced by a sum over contact points. This term will only appear if Γ inter-
sects the boundary and v is non-vanishing on γ. For more details, see [53]. The
line integral is evaluated as described in the previous section. The approxima-
tion of the normal used in the projection P (see equation (4.11)) is important
for the accuracy [66]. The authors of [66] recommended computation of the
normal from a piecewise quadratic level set function using equation (2.6).

Next we discuss the treatment of the discontinuous density and viscosity
in two phase flow problems.
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Discontinuous physical quantities

In multiphase flow problems the density and the viscosity may be discontin-
uous functions. We can write the density and viscosity as

ρ(x) = ρ1 + (ρ2 − ρ1)I(x),

µ(x) = µ1 + (µ2 − µ1)I(x), (5.1)

where I(x) is the indicator function which is 1 in Ω2 and 0 in Ω1, see Fig. 3.1.
When solving the Navier–Stokes equations these functions, as well as the
derivative of µ(x), have to be evaluated. In the finite element framework,
Green’s formula can be used to move the derivative of µ(x) to the test function.

In level set methods, where φ is the signed distance function d(Γ,x), the
indicator function is written as

I(x) = H(d(Γ,x)), (5.2)

where H(t) is the Heaviside function

H(t) =







0 for t < 0,
1/2 for t = 0,
1 for t > 0.

(5.3)

Thus, in the variational formulation integrals of the form
∫

Ω

H(d(Γ,x))G(x)dx, (5.4)

need to be evaluated. Here G(x) is a smooth function.
A common approach to handle the discontinuities in the density and the

viscosity is to regularize the indicator function. This approach is very easy
to implement. When a regularized indicator function is used, the density and
the viscosity vary continuously from ρ2 and µ2 in Ω2 to ρ1 and µ1 in Ω1. The

31



32 Chapter 5

regularization can be done by regularizing the Heaviside function. A common
class of regularized Heaviside functions are written as

Hε(t) =







0 for t < −ε,
ν(t/ε) for |t| ≤ ε,

1 for t > ε,
(5.5)

where ν(ξ) is a smooth transition function with ν(−1) = 0 and ν(1) = 1.
The error introduced by this particular class of approximations was analyzed
in [61]. In level set methods

ν(ξ) =
1

2
(1 + ξ +

1

π
sin(πξ)) (5.6)

has been a popular choice.
In the conservative level set method the level set function φ is a regular-

ized indicator function. Thus, the density and the viscosity are represented
by replacing the indicator function I(x) in equation (5.1) by φ(x). For the
regularized indicator function used in the conservative level set method, de-
fined in equation (2.13), the same ideas as in Paper 2 can be used to analyze
the error.

When regularizing the indicator function care is needed in order to keep
the transition zone within the computational domain. For the treatment of
discontinuity in the density and the viscosity, another approach is to split the
integration over Ω into integration over the subdomains Ω1 and Ω2. A benefit
of this approach is that we only integrate a smooth function and do not need
to discretize the Heaviside function. This method is especially preferred when
the interface Γ is close to a boundary. In the discrete form the interface Γ
separating the two immiscible fluids is approximated and thus the integration
over the domains Ω1 and Ω2 is replaced with integration over Ωh,1 and Ωh,2.
Triangles that are in Ωh,2 must be found. Some of the triangles are intersected
by the interface Γ. Thus, integration should be done only over parts of these
triangles. This approach was studied in [7]. If two equations, one in Ω1

and another in Ω2, with coupling conditions at the interface are considered,
integration over the subdomains Ω1 and Ω2 comes naturally in the variational
formulation without introducing the Heaviside function. See Paper 6 where
we derive the variational formulation for the incompressible Stokes equations.

In the next chapter we consider immiscible fluids in contact with a solid
surface and discuss how moving contact points can be treated.
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Moving contact lines

Consider two immiscible fluids, for example oil and water, in contact with
a solid surface. In two dimensions, the point where the interface separating
the two fluids intersects the solid surface is called the contact point. In three
dimensions there are contact lines. The phenomenon when one of the fluids
spreads on the solid surface and displaces the other is called wetting. The
situation when the fluid has spread completely is referred to as total wetting.
We consider here partial wetting, which occurs when the fluid spreads but at
equilibrium makes a nonzero contact angle to the wall. This angle is referred
to as the static contact angle, see Fig. 6.1. The static contact angle θs can
be measured in experiments and is given by the surface tension coefficients of
the solid/medium σSM , solid/liquid σSL, and liquid/medium σLM interfaces
via Young’s equation:

cos(θs) =
σSM − σSL

σLM
. (6.1)

When the two immiscible fluids are not in equilibrium, the angle at the contact
line differs from the static contact angle. As the fluids approach equilibrium
the contact angle approaches the static contact angle. Besides being an inter-
esting physical phenomenon, the understanding of the contact line movement
is important in industrial applications, as discussed in the introduction. How-
ever, the physics behind the contact line movement is not entirely known.

A difficulty has been that the Navier–Stokes equations coupled with the
no-slip boundary condition for the velocity at solid walls and interface move-
ment by advection only, leads to a singular stress tensor [67]. Many models
have been developed to avoid this singularity. A popular model has been to
allow the contact line to move by introducing a slip boundary condition. We
discuss this in the next section. In the diffuse interface model presented by
Jacqmin [5], the contact line moves by diffusion rather than advection. Then,
the standard no-slip boundary conditions at solid walls can be used. The idea
to move the contact line by diffusion is employed in Paper 1.

33



34 Chapter 6
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Figure 6.1: A water droplet surrounded by oil is lying on a solid wall. The drop
is at equilibrium and the interface separating the two immiscible fluids has
formed an angle to the solid surface, referred to as the static contact angle
θs. This angle can be determined from the interfacial tensions by Young’s
equation: cos(θs) =

σSM−σSL

σLM
.

6.1 Slip models

It has been shown that the stress tensor singularity can be avoided when the
fluid is allowed to slip [68]. Therefore, simulations where moving contact lines
or points occur often employ the Navier–Stokes equations together with some
slip model near the contact line. Different slip models exist; a common choice
is the Navier boundary condition:

uslip = −lsn · (∇(u) + (∇(u))T ). (6.2)

Here the amount of slip is proportional to the shear stress. The parameter
ls is the slip length and n is the normal vector of the solid surface pointing
out of the fluid. Another model employs complete slip at the contact line but
away from the contact line the no-slip boundary condition is used. Zhou and
Sheng used a slip that decays exponentially to no-slip far from the contact
line [69].

Experiments by Hoffman [70], Cox theory [71], and molecular dynamics
simulations [72,73] all suggest that the deviation of the contact angle from its
static value is important for the contact line motion. These results have lead to
construction of new boundary conditions incorporating the dependence of the
slip on the contact angle [72, 73]. Others have used the Navier slip boundary
condition but explicitly reconstructed the interface close to the contact line
or points so that the desired contact angle at the wall is achieved [74,75].

In all the models above, parameters such as the slip length and the contact
angle at the wall must be determined. These parameters are important for
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the movement of the contact line and influence the flow [71]. In [73], these
parameters were determined based on molecular dynamics simulations. In
other numerical simulations the parameters are tuned to make the simulations
comparable to experiments.

In the next section, we will consider a diffuse interface model where the
force singularity is not present and movement of contact lines and points is
possible even with the no-slip boundary condition for the velocity at solid
walls. We also present the model used in Paper 1. In that paper, a contact
angle is prescribed without explicit reconstruction of the interface.

6.2 Moving contact lines with diffusion

Consider two incompressible immiscible fluids. In diffuse interface methods
the two fluids are separated by a diffuse interface with finite thickness. Den-
sity and viscosity vary continuously over the interface. A diffuse interface
model applicable to problems with moving contact lines was presented by
Jacqmin [5], who used the standard no-slip boundary condition for the ve-
locity at solid walls. In this method, a coupled Cahn–Hilliard/Navier–Stokes
formulation is used with the diffuse interface being defined by a function de-
scribing the concentration of each fluid. Two coupled parabolic equations are
solved, one for the concentration and another for the chemical potential. Near
the wall the contact line moves by a diffusive process. In this region the curva-
ture is large and consequently the surface tension force is strong. Villanueva
and Amberg [76] and Khatavkar et al. [77] used this Cahn–Hilliard/Navier–
Stokes model and a boundary condition for the concentration which lead to
the contact angle in the contact line region to be equal to the static contact
angle. Thus, at the wall the fluid is at equilibrium. In [5], an expression was
given that allows also for a non-equilibrium contact angle. Carlson and Am-
berg [78] studied this boundary condition and showed for a case with rapid
wetting that better agreement with experiments is achieved by allowing for a
non-equilibrium contact angle.

In the diffuse interface method above, a very fine mesh near the interface
is required. The conservative level set method requires less computational
effort away from contact points since a relatively coarse grid is sufficient to
capture the dynamics. Next we give a brief description of how to extend the
conservative level set method to be able to simulate moving contact points.

6.2.1 The conservative level set method with moving contact points

The model in Paper 1 mimics the Cahn–Hilliard/Navier–Stokes model. Also
in our model the interface becomes highly curved in the contact point regions.
In these regions, the surface tension forces are strong and balanced by viscous
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forces. By including diffusion in the reinitialization step, contact points can
move without introducing slip boundary conditions for velocities at solid walls.

In each time step, first a regularized normal vector ñ is computed by

ñ−∇ · (γ2∇ñ) =
∇φ
|∇φ| , n =

ñ

|ñ| , (6.3)

ñ = nαs ,

where nαs is the normal vector corresponding to the static contact angle.
Then the normal vector n is used in the reinitialization equation (2.14). The
tangential diffusion in the reinitialization process is essential for controlling
the contact angle at the solid boundary without a reconstruction step. The
result of this procedure is a boundary layer in φ of thickness proportional
to the regularization parameter γ, see Fig. 6.2. The shape and size of the
contact point region, denoted by A in Fig. 6.2, will depend on the regulariza-
tion parameter, the diffusion in the reinitialization, and the deviation of the
contact angle from the static angle. However, we demonstrate numerically in
Paper 1 that when the thickness of the boundary layer and the diffusion in
the reinitialization decrease, the movement of the interface becomes more and
more independent of these parameters.

In [21] we implemented the model above and used the Laplace–Beltrami
characterization of the curvature together with partial integration to avoid
direct computation of the curvature, see Section 4.3. It is difficult to accu-
rately compute the high curvature of the interface that may appear in contact
point regions. In our model, all test functions v are zero at solid walls, due
to the no-slip boundary conditions for velocities. Thus the second term in
equation (4.13) vanishes. The Laplace–Beltrami characterization of the cur-
vature was also used in [65], but together with slip boundary conditions for
the velocity. In that setting the boundary term in equation (4.13) does not
vanish.

To summarize, our model for two phase flow with moving contact points
consists of the incompressible Navier–Stokes equations coupled with evolution
of the interface by equations (2.11) and (2.14). All equations are in conser-
vative form. Therefore, using conservative numerical methods to compute φh
and no flux boundary conditions, the integral in equation (2.16) is conserved.

In Paper 1 we considered capillary dominated flows and prescribed the
static contact angle. Future work includes simulation of problems where it
may be better to prescribe other contact angles than the static, for example
in problems where inertial effects dominate.
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Figure 6.2: A boundary layer in φ of thickness proportional to the regu-
larization parameter γ. The static contact angle is prescribed at the solid
surface. The apparent dynamic contact angle αa is the angle formed between
the boundary and the interface away from the contact point region.
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