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Abstract

Incoherent scattering in the ionosphere from twisted
radar beams

Fredrik Waldemarsson

Twenty-odd years ago, scientists managed to produce several new techniques for
manipulating certain properties of laser and microwave radiation. These new
properties made it possible for the radiation to contain a lot more information than
what was previously known. What they had discovered was that light could be
twisted, thereby not only carrying polarization, also known as spin angular momentum
(SAM) but also orbital angular momentum (OAM). 
Radar beams are used by scientists to probe the earth’s ionosphere. By measuring the
echo of the radar waves one can deduce a lot of information, such as density and
temperature of the plasma. In this thesis we will expand an existing program
(iscatspb0.m) which computes the spectrum of plasma fluctuations as seen with an
incoherent scatter radar, to having it incorporate radar beams carrying OAM, to see
what new information of the plasma can be obtained.
The three major findings in this thesis were what magnitude of the integer l is needed
in order for the contribution of OAM to equal the contribution for the beam opening
angle, how much the radar beam opening angle affected the measurements and in
what way the spectrum obtained by a twisted beam is affected by different flows
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1  
I N T R O D U C T I O N  

Around 100 years ago J. H. Poynting discovered that polarized light could carry angular 
momentum due to the circular polarization of the light [1]. This was later confirmed by Richard 
A Beth in 1936 [2]. This was long thought to be the only form of angular momentum carried by 
light. 

Twenty-odd years ago, scientists managed to produce several new techniques for manipulating 
certain properties of laser and microwave radiation. These new properties made it possible for 
the radiation to contain a lot more information than what was previously known. What they had 
discovered was that light could be twisted, thereby not only carrying polarization, also known as 
spin angular momentum (SAM) but also orbital angular momentum (OAM) [3]. A mechanical 
analogue of SAM and OAM is the earth spinning around its own axis and orbiting around the sun, 
respectively.  

A beam that carries OAM appears twisted. There are several techniques for twisting a light 
beam, for example, one can use a spiral phase plate. Such a plate is circular and has a thickness 
varying such that the phase is delayed from zero to a multiple of the wavelength of the light for a 
full turn around the beam axis. The light passing through the thickest part of the plate will get 
phase-shifted by a multiple of the wavelength and light passing through the thin part of the plate 
will not experience any phase-shift at all. Thus different parts of the beam will have different 
phase after passing through the plate, which causes the light beam to become twisted.  

A simple way of doing this with radar beams is to have a circular array of antennas, all 
transmitting at the same frequency but with a phase difference varying from 0 to a multiple of 
2π. This produces a twisted radar beam. The electric field in the beam cross section for a beam 
with an azimuthal phase varying from 0 to 2π can be seen in figure 1. It is also possible to have 
different modes by for example having the phase difference vary from 0 to 6π for one full turn 
around the antenna. This causes the beam to not have just one but three twists in one rotation. 
This can be seen in figure 2. 

It is well known that electromagnetic waves, such as light, radio and radar beams, can either 
have right- or left-hand circular polarization. Before the discovery of OAM these two different 
polarization states were the only way to send different information on the same frequency. With 
the incorporation of OAM one could theoretically send an infinite amount of information on one 
single frequency just by sending them using different OAM modes, such as those shown in figure 
1 and figure 2. 

Radar beams are used by scientists to probe the plasma in the earth’s ionosphere. By measuring 
the echo of the radar waves one can deduce a lot of information, such as density and 
temperature of the plasma. The EISCAT (European incoherent scattering) scientific association 
is a research organization based in Kiruna. Among other things they operate three incoherent 
scatter radar facilities located in Tromsø (transmitter and receiver), Kiruna (receiver) and in 
Sodankylä (receiver). The Tromsø radar transmits waves at around 930 MHz using a parabolic 
dish with a diameter of 30 m.. The scattering caused by these radar waves, which will be 
discussed later in this thesis, can then be picked up by the receivers on the different stations in 
Norway, Sweden and Finland. The point of having three receivers is that one can then deduct the 
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plasmas movement in the ionosphere in three dimensions. This is not done anywhere else in the 
world making this facility unique. In figure 3 the transmitting radar in Tromsø is shown. 

While the EISCAT facilities are impressive, they cannot produce twisted radar beams. This can 
however be done with the AMISR radar located in Poker Flat Alaska, seen in figure 4. This radar 
consists of 4096 antenna elements, each of which can be individually controlled. These elements 
can, when sending radar waves with the same frequency but with different phase as described 
above, produce twisted radar beams. The first experiments with twisted radar beams from this 
facility were done in October 2010 by the Uppsala group of the Swedish institute of space 
physics. 

The object of this thesis is to expand an existing program (iscatspb0.m) which computes the 
spectrum of plasma fluctuations as seen with an incoherent scatter radar, to having it 
incorporate radar beams carrying OAM, to see what new information of the plasma can be 
obtained. 

 

Figure 1: Electric field arrows in the beam  Figure 2: Same as figure 1, but for a azimuthal 
cross section at a given time. The azimuthal phase variation of 6π .  
phase of the field varies by 2π for a full turn  
around the beam axis.  
 
 

 
Figure 3: EISCAT incoherent scatter radar at  Figure 4: AMISR radar located in Poker Flat 
Tromsø. This is the Tromsø incoherent Alaska. This radar consist of 4096 antenna 
scattering radar which probes the ionosphere elements capable of creating twisted radar beams. 
using radio waves transmitted at930 MHz. (Taken from  
(Taken from www.amisr.com/images/LG-PFISR-IMG_6885.jpg). 
www.eiscat.se/about/info/uhf/image_view).  
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2  
T H E  I O N O S P H E R E  

The earth’s ionosphere is a part of the atmosphere that lies about 50 km to 1000 km above the 
earth’s surface. When high energy ultra violet radiation from the sun hits the ionosphere, it 
removes some of the electrons from the atoms and molecules’ occupying this region and thus 
this part of the atmosphere is partially ionized. These free electrons and ions constitute a plasma 
and can scatter radio waves. The scattering of radio waves will be discussed later. 

2.1 FORMATION OF THE IONOSPHERE 

In the atmosphere, charged particles account for a very small part of the total mass. They do 
however play a very big part in a wide range of geophysical phenomena such as lightning, 
auroras and reflection of radar waves. 

The largest source of ionization in the ionosphere is due to the suns radiation. X-rays and high 
energy ultra violet radiation hits the atmosphere causing neutral atoms and molecules to 
separate into positively charged ions and negatively charged electrons. Most of the suns 
radiation is absorbed at levels above 60 km. This is the lowest part of the ionosphere.  

At the highest altitude of the atmosphere, the solar radiation is very strong, but there are very 
few atoms and molecules present to interact with and thus the ionization is small. As the altitude 
decreases more gas particles are present and the ionization increases. However at the same time 
an opposing process called recombination will occur. Free electrons are captured by the positive 
ions if they are close enough, forming neutrals. The recombination process increases with lower 
altitudes since the density of the gas increases, causing the ions and electrons to be closer 
together. The balance between the ionization and the recombination is what determines the 
degree of ionization present in the ionosphere at any given time.  

At even lower altitudes the number of molecules increase further and there is a higher chance 
that some of the molecules can absorb some of the suns radiation thus forming ions. However 
the intensity of the suns radiation is a lot smaller at lower altitudes since some of it was of 
course absorbed at higher altitudes. We therefore reach a point where greater recombination 
rates, greater gas density and lower intensity of the suns radiation balance out. This leads to the 
formation of ionization peaks or layers. These layers will be discussed in chapter 2.2. 

In figure 5 we can see the plasma density profile of the ionosphere. At an altitude of about 
300 km the maximum density is reached. Figure 5 also illustrates the difference in the densities 
during the night and day. During the night the molecules are not bombarded with radiation from 
the sun and thus the recombination process takes over and the plasma density decreases. 
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Figure 5: Plasma density profile of the ionosphere. Here we see how the density of the plasma  varies with 
altitude, reaching a maximum at the F-layer at an altitude of about 300 km. We can also see that the 
ionosphere partially disappears during the night since the suns radiation is not present to ionize the gas 
molecules.  

2.2 IONOSPHERIC LAYERS 

The ionosphere is made up of a few ionospheric layers, the F-layer, the D-layer and the E-layer. 
These can be seen in figure 6. 

The F-layer extends from about 200 km and upward. It is the uppermost layer and therefore the 
layer with the largest concentration of ions since it receives the most radiation from the sun. The 
F-layer in turn can be divided into two separate layers, the F1- and the F2-layer. The F1-layer 
consists of a mixture of molecular ions, (   and   

 ) and also atomic ions (  ) and is the lower 
region of the two. The F2-layer consists of mainly the lighter   -ions and is the principal 
reflecting layer for high frequency waves. These two layers can only be observed during the 
daytime when the suns radiation ionizes the F-layer, during the night the F1-and F2-layers 
merge forming just one weak F-layer.  

Below the F-layer lies the E-layer stretching from about 100 km to 120 km above the earth’s 
surface. This layer consists mostly of   

  and     and is mainly ionized due to the suns 
radiation. During the night the E-layer disappears due to the lack of solar radiation, but aurora 
can cause a strong E-layer also at night. The E-layer can sometimes reflect waves with 
frequencies up to about 10 MHz. 
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The lowermost layer in the ionosphere is the D-layer. It stretches from about 60 km to 90 km 
above the earth’s surface and contains mainly    ,   

   and   
  ions. During nighttime, 

recombination is high and the D-layer is therefore only visible during the day. The D-layer just as 
the E-layer does not reflect high frequency waves but rather waves with frequencies of at most a 
few megahertz. However, high frequency waves can suffer a loss of energy when passing 
through these lower layers due to frequent collisions of electrons. 

In both the D- and E-layer the major ions produced are   
  and   

 , however   
  ions are rapidly 

removed from the ionosphere by ion-neutral reactions: 

  
       

     

  
          

making the   
 -ions a minor species, with a density much less than the electron density. The 

reactions above show that   
  is converted into both     and   

  ions which are the major ions 
in the D-and E-layer. These reactions are very fast in the E-layer and thus almost all   

  ions 
become     and   

 . However     ions can also be produced by    reacting with   
 , namely: 

  
            

Thus we can see that despite   
  and   

  being the main ions produced in the D- and E-layer the 

dominant ion due to ion-neutral reactions is    .  

Both     and   
  also undergo electron-ion dissociative recombination: 

          

  
        

which is the main reason for the layers disappearing during the night. 

 

Figure 6: Different layers of the ionosphere during day- and night-time. Because most of the ionization is 
caused by the suns radiation, more layers can be observed during the day time. During the night the ions 
undergo recombination and some of the layers disappear. 
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3  
P L A S M A  

When describing the ionosphere we described plasma as a partially ionized gas. But since all gas 
has some small ionization, a better definition of plasma might be [4]: 

A plasma is a quasineutral gas of charged and neutral particles which exhibits a collective 
behavior. 

By collective behavior we mean motion that does not only depend on local conditions but the 
state of the plasma in remote regions as well. Consider a neutral gas, the only way the molecules 
in the gas interact with one and other is through collisions, since there is no net electromagnetic 
force on them and the force of gravity is negligible. This is of course not the case when dealing 
with a plasma, since it contains charged particles.  

As the negatively charged electrons and the positive ions move around in the plasma they can 
generate local concentrations of positive and negative charges which in turn give rise to an 
electric field. This movement of the charged particles also generates currents which generate 
magnetic fields. Both these fields affect the motion of charged particles far away. 

Another important parameter of a plasma is its temperature. Different species in a plasma can 
have different temperatures. If we consider a gas in thermal equilibrium only capable of moving 
in one dimension, it will have a one dimensional Maxwellian velocity distribution, given by [4]: 

       
 

     
 

 
  

 

 
 
 
   

    

where   is the particle density of the gas,   is the mass of the particles,    is Boltzmann’s 
constant,   is the temperature and   is the velocity. Now, it often happens that the electrons and 
ions have different Maxwellian velocity distributions with different temperatures    and   . This 
can be the case if the collision rate between an electron and an electron or the collision rate 
between two ions is larger than the collision rate of an electron and an ion. Then both the ions 
and electrons can be in their own thermal equilibrium. Because of the large difference in the 
mass of the ion and electron, the electrons come to thermal equilibrium amongst themselves 
faster than the come into equilibrium with the ions. This is the reason why the electron and ion-
temperature may differ. 

For simplicity, in the present treatment effects of a stationary magnetic field in the plasma, such 
as the earth’s magnetic field in the ionosphere, are neglected. When a plasma, such as the plasma 
in the ionosphere is probed by radar waves the ions and electrons start to oscillate and thus emit 
radiation. These waves can then be picked up by receivers on the ground and analyzed. In an 
unmagnetized plasma there exists two types of electrostatic plasma waves, Langmuir waves and 
ion acoustic waves. The Langmuir waves are caused by oscillating electrons, and the ion acoustic 
waves are caused by oscillating ions [4]. The dispersion relation, which is the relationship 
between the angular frequency   of the wave and the wave vector   and thus a measurement of 
the wave’s velocity, for both types of waves will be derived and discussed in chapter 3.1.  

When deriving the dispersion relations for the ion acoustic- and Langmuir waves, we use the 
fluid approximation, meaning that we consider the plasma to be composed of two or more fluids, 
one for each species involved. This is a macroscopic approach. In the following cases we will 
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only consider two types of fluids, one for the positive ions and one for the negative electrons. In 
a more complicated scenario other types of fluids might have to be included, for example if the 
plasma is made up of more than one species of ions or if the plasma is only partially ionized. We 
also assume the velocity distribution of both species to be Maxwellian. However the physics 
contained in the appearance of a Maxwellian distribution is not accounted for when using the 
fluid approximation, only the average velocities are used. If the velocity distributions had not 
been the same for both species, the fluid approximation would not have been valid and we 
would have been forced to use kinetic theory instead. 

When using the fluid approximation the dependent variables are functions of only four 
independent variables,  ,  ,   and  . When using kinetic theory we take into account the velocity 
distributions and thus get a velocity distribution function       for each species. Thus, when 
considering velocity distributions in kinetic theory we have seven independent variables,  ,  ,  , 
 ,   ,    and   . 

When looking at kinetic theory we can analyze an important phenomenon called Landau 
damping. This is damping without energy dissipation by collisions. This effect is connected to 
particles that have a velocity near or equal to the phase velocity of a wave in the plasma given 
by: 

   
 

 
 

These particles travel along with the wave and do not see a rapidly fluctuating electric field. 
They can therefore exchange energy with the wave efficiently. 

Imagine a particle traveling along a wave at a velocity close to the phase velocity of the wave. If 
this particle is a bit slower than the wave it can be caught by the faster wave. The particle will 
then be pushed along meaning the particle will gain energy, causing the wave to lose energy and 
thus damping the wave. On the other hand, if the particle has a higher velocity than the wave the 
particle will push the wave forward, transferring some of its energy to the wave. A plasma of 
course consists of both fast and slow electrons, thus causing both phenomena described above 
to occur. However if the velocity distribution is Maxwellian we have more slow particles than 
fast ones. Therefore we have more particles taking energy from the wave than vice versa, thus 
the wave is damped. This phenomenon cannot be seen when using the fluid approximation since 
the velocity distribution is not accounted for, only average velocities are considered. 

3.1 THE DISPERSION RELATION FOR ION ACOUSTIC WAVES

We start by considering the general fluid equation of motion and the continuity equation, where 
the subscript α is the type of species, ion or electron,   is the mass,   is the velocity,   is the 
charge,   is the density,   is the electric field,   is the magnetic field and   is the pressure: 

     
   

  
                                [3.1] 

   

  
                             

[3.2] 
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To treat the simplest case possible we make the following assumptions:  

1. The plasma is unmagnetized,     , and homogenous  

2. The plasma is neutral,          

3. The electric field can be written as a potential,          

In assumption 1, we set the magnetic field to zero. Thus we will only have two types 
of electrostatic waves, Langmuir- and ion acoustic waves. If a magnetic field had 
been present, we would have several other types of waves. We are however only 
interested in the simplest case. In assumption 2 we say that the plasma is neutral. 
This can be done as long as long as the wave motions in the plasma are slow enough 
that both ions and electrons have time to move. If one species is unable to move this 
assumption is not valid and we are forced to replace the condition         with 
Poisson’s equation. This will be done later when deriving the Langmuir waves. In 
assumption 3, we write the electric field as a potential. This is because we want to 
investigate the electrostatic case. 

We are interested in weak waves in a quiet plasma. Therefore we can linearize the 
equations. This is done by separating the dependent parts into an equilibrium part 
indicated by a subscript 0, and a much smaller perturbed part indicated with a 
subscript 1. 

 

                                     

                                                                                     

Since we have made the assumption of a homogenous plasma without external 
perturbations we have: 

 

               [3.3] 

   

  
 

    
  

 
    

  
   [3.4] 

By inserting the perturbed quantities into the equation of motion and the continuity 
equation, writing the pressure as             , where γ is determined by the 
number of degrees of freedom in the system,   is Boltzmann’s constant,    is the ion 
temperature, and focusing on ions (α= ), we get the following two expressions for 
the equation of motion and the continuity equation: 
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[3.5] 

 

  
                                  [3.6] 

We start by linearizing the equation of motion [3.5] using that perturbed parts 
multiplied by each other can be neglected since they become much smaller than the 
linear terms. By using equations [3.3] and [3.4] the following equation of motion is 
obtained: 

 

          
     

  
                     

  

                              
 

Where we used         and    is given by the following expression (N is the 
number of degrees of freedom in the system): 

 

   
     

 
 

[3.7] 

The motion of a fluid can be deconstructed using Fourier analysis into a 
superposition of sinusoidal oscillations with different wavelengths and frequencies. 
When, as in this case, the oscillations are very small, the waveform is generally 
sinosodial. Any sinusoidal oscillating quantity, for example the velocity, can be 
represented as: 

 

                   

By having this representation of the different oscillating quantities, the time and 
space derivatives can be replaced by: 

 

 

  
                           

 

Finally, by using assumption 3, that the electric field can be written as a potential, 
        we get the following equation of motion: 
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                                [3.8] 

Since the perturbed quantities, indicated by the subscript 1, are very small, the 
product of these quantities will be even smaller still and can be discarded. The same 
procedure is done for the continuity equation with the result: 

 

              [3.9] 

Now, consider the Boltzmann relation for electrons: 
 

      
   
     

[3.10] 

Since we are looking for very weak waves, with a small potential Φ, we can Taylor 
expand the Boltzmann relation and thus achieving the following equation: 

 

        
   

    
         

   

    
 

 

Here we recognize the second term on the right hand side of this expression as the 
first perturbed term,   , i.e.: 

 

     

   

    
 [3.11] 

By solving equation [3.9] and [3.11] for    and    respectively we get the following 
two expressions: 

 

   
       

 
 

 

   
      

   
 

         

  
 

 

Inserting these two equations into the linearized equation of motion [3.8] the 
dispersion relation for ion-acoustic waves is obtained: 
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[3.12] 

Where    is the sound speed in a plasma. Here we can see why these plasma waves 
are called acoustic. Ion acoustic waves are basically constant-velocity waves and 
exist only when there are thermal motions, i.e. their speed is independent of the 
frequency, as sound waves in air.  

As the ions oscillate they affect nearby electrons pulling them along with the ion 
oscillation. These electrons tend to shield out the electric field caused by the 
bunching of the ions. This bunching of ions, attracting electrons, will form regions 
with high density and thus also regions with low density, just as in an ordinary 
sound wave. These compressed regions tend to expand into less dense regions, there 
are two main reasons for this expansion. 

Firstly the thermal motion of the ions will cause them to spread out and will thus 
give rise to the second term, inside the square root, in equation [3.12]. Secondly the 
ion bunches have a positive charge and will thus disperse because of the resulting 
electric field. However, this field is largely shielded out by the electrons and only a 
small fraction, proportional to      is available to act on the ion bunches. This is 
what gives rise to the second term, inside the square root, in equation [3.12]. 
Because of the ions inertia, they will overshoot, and the resulting fluctuating 
compressions are the cause of the formation of the wave. 

As stated earlier the ion acoustic waves are basically constant-velocity waves, this 

means that the phase velocity 
 

 
 is also constant, i.e if the wave vector k is increased, 

the frequency ω also has to increase. 

An interesting note here comes from the second reason discussed above. If the ions 
are cold, i.e. the term      goes to zero, the ion waves still exist with a acoustic 
velocity given by the electron part of equation [3.12]: 

 

 

    
    

  
 

 
  

 [3.13] 

This is a phenomena often observed in laboratory plasmas since it is common to 
have      . The sound speed    thus depends on the ion mass    since the fluids 
inertia is proportional to it, and the electron temperature    since the electric field is 
proportional to it. This phenomenon does not occur in a neutral gas. 
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3.2 THE DISPERSION RELATION FOR LANGMUIR WAVES 

We start the derivation for the Langmuir waves in the same way as for the ion 
acoustic waves, with the equation of motion and the continuity equation. The 
difference is that we will use Poisson’s equation to find     instead of using 
assumption 3 in the previous section. The plasma is still neutral, but here we 
consider the ions to be stationary with only the electrons oscillating. This causes the 
plasma to be charged locally and we can thus assume the plasma to have       and 
        at the same time. The same steps are taken as in the derivation above, but 
considering electrons rather than ions, until we arrive at a version of equation [3.8]: 

 

                              [3.14] 

Now we look at Poisson’s equation: 
 

                 [3.15] 

Where    is the permittivity of free space. Since we are interested in Langmuir waves 
which are due to rapidly oscillating electrons the motion of the heavy ions can be 
neglected, that is                    With these assumptions the linearized 
Poisson equation becomes: 

 

              

Where the subscript 1, just as in the derivation of ion acoustic waves, represent a 
small perturbation. Thus,    can be written as: 

 

     
   

    
 [3.16] 

Using the linearized continuity equation [3.9],    can be written as:  

   
       

  
 [3.17] 

Inserting these the two expressions [3.16] and [3.17] into [3.14] we get the 
following result: 

 

                

  

   
          

      
 

 

 

   
    

    
 

       
 

  
 [3.18] 
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We recognize the first term as the plasma frequency:  

    
    

    
 

 
  

 
[3.19] 

and the thermal velocity for electrons in the second term as: 
 

     
     

  
 

 
  

 
[3.20] 

Considering this as a one-dimensional problem (N=1),      according to [3.7], our 
final result for the dispersion relation of Langmuir waves is: 

 

     
  

 

 
     

  [3.21] 

We will now analyze the equation [3.21] by considering the group velocity given by: 
 

   
  

  
 [3.22] 

The group velocity determines the velocity of the energy propagation of the wave. If 
we look at the first term in equation [3.21], the plasma frequency, we see that it is 
independent of k, therefore the group velocity of just the plasma frequency is zero. It 
is thus the second term in equation [3.21], the thermal velocity, which causes the 
Langmuir waves to propagate. The group velocity for Langmuir waves is obtained by 
deriving the left hand side of equation [3.21] with respect to ω and the right hand 
side with respect to k: 

. 

          
    [3.23] 

Thus the group velocity for Langmuir waves is:  

   
  

  
 

 

 

 

 
   

  
[3.24] 

While the ion acoustic waves were said to be constant-velocity waves, the Langmuir 
waves are approximately constant-frequency waves with a correction due to thermal 
motions, i.e. the second term in equation [3.21]. We can also see that the frequency 
of the Langmuir waves is much greater than the frequency of the ion acoustic waves 
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since the dispersion relation of the Langmuir waves has a 
 

  
-dependence while the 

dispersion relation for ion acoustic waves has a 
 

  
-dependence (  >>  ). 
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4  
I N C O H E RE N T  S C A T T E R I N G  

When a radar beam is scattered from a solid object such as an airplane one speak of coherent 
scattering. A radar beam that interacts with stable density structures in the ionosphere is also 
scattered coherently. However, in this thesis we are interested in the radar scatter from the 
random thermal fluctuations in the ionospheric sea of electrons and ions. These thermal 
fluctuations have weak density gradients. This is referred to as incoherent scatter. 

4.1 DIFFERENTIAL SCATTERING CROSS SECTION 

When the theory of incoherent scattering was developed there were basically two approaches 
practiced, a microscopic and a macroscopic approach. The microscopic approach is also referred 
to as the “dressed” particle approach. In this theory one looks at single test particles in the 
plasma and calculates the scatter from the individual charges and their polarization cloud. In the 
macroscopic approach also referred to as the plasma wave approach, the different density 
fluctuations are calculated directly using statistics and thermodynamics.  

When transmitting from a radar, such as the EISCAT-radar located at Tromsø, operating at 
several hundred megahertz, the radar waves will travel through the earth’s atmosphere and 
continue out into space. However, when these waves pass through the ionosphere they will 
make the free electrons and ions oscillate, making them radiate, i.e. the radar waves will be 
weakly scattered. This scatter is not directed in any special direction but rather in all directions 
and some of this scatter can be picked up by a receiver on the ground. Since the energy 
scattered from one single electron is known, the strength of the scatter at the receiver is a 
measurement of the number of electrons in the scattered volume. The frequency shift of the 
scattered signal from the transmitted radar frequency is a measure of the electron velocity, and 
therefore the temperature. Thus the electron density and pressure can be calculated. When 
calculating the differential scattering cross section the following expression is used [5]: 

   

    
   

           
 

           
                        

 

 
      

  

 
     

        

       
 
 

                 
                   

     
       

  

 
  

        

       
 
 

                 
              

    [4.1] 

This is the scattered energy per unit plasma volume, per unit angular frequency, per unit solid 

angle per unit infalling energy flux, where          is the electron susceptibility and         

is the dielectric function. The electron susceptibility and the dielectric function are related to 
each other as: 

                   [4.2] 

  and    denote the difference between the wave vectors and angular frequencies of the 

scattered and infalling radar wave respectively: 
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     [4.3] 

        [4.4] 

Where    and   is the wave vector and angular frequency of the radar.   is the polarization of 

the infalling wave and   is the unit vector from the scattering volume to the observer, and    is 

the classical electron radius given by: 

   
  

       
 

If the wavelength of the incident wave and the scattered wave are almost equal, i.e. 
 

 
   , then 

the wave vector   of the returned signal in equation [4.3] is: 

         

Furthermore if we have a monostatic radar the unit vector   will be equal to minus 1, thus 

equation [4.3] is reduced to: 

 
       [4.5] 

We can conclude that the wave vector probed by the radar will be twice the magnitude of the 
radar wave vector. Another consequence of having a monostatic radar is that the observational 
dependence of equation [4.1] is reduced to 1. 

Using equation [4.1] we can calculate the magnitude of the differential scattering cross section 
for the ion line, caused by ion acoustic waves, and for the plasma line caused by Langmuir 
waves. 

The ion line, seen in figure 7, is caused by oscillating ions. The ions and electrons in a plasma are 
always oscillating and due to the ions having a much larger mass than the electrons, the ion 
oscillation is much slower than the electron oscillation. The ions oscillate with a certain 
frequency and when doing so they will affect electrons passing by, causing them to deviate from 
their trajectory. The effect of this deviation will cause the ions to appear to have a negative 
charge around them, i.e. the radar will see negative charges oscillating with the ions frequency. 
These oscillations are ion acoustic waves which obey the dispersion relation in equation [3.12]. 
The ion line in figure 7 is not produced by one single electron or ion but several. Some of these 
particles will be traveling away from the radar causing the reflected frequency to be lower than 
the transmitted carrier frequency while others will be travelling towards the radar causing the 
scattered frequency to be higher than the transmitted frequency. This is why we observe two 
peaks instead of one in figure 7, this will be discussed further in chapter 4.2. In theory we should 
only see two vertical lines where the peaks are, but because the oscillations are damped we get 
a broadening of the up and down shifted lines causing them to overlap, creating the spectrum 
seen in figure 7. 
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Figure 7: Ion line spectrum as a function of frequency. A standard plot of the ion line caused by ion 
acoustic waves. Here the spectrum is mirrored around the frequency 0. The y-axis is the differential 
scattering cross section and the x-axis is the frequency difference between the emitted radar frequency and 
the scattered frequency. 

Using equation [3.12], we can calculate at what frequency the peaks of the ion line in figure 7 
should appear. Using a monostatic radar transmitting at 430 MHz and equation [3.12] we 
calculate a frequency of around 2500 Hz. However, the factor two in equation [4.5] needs to be 
accounted for. Thus the peaks are expected to be located at around 5000 Hz. This is confirmed 
in figure 7. 

As we said earlier the ion line is caused by oscillating ions, the large and positively charged ions 
oscillate and when doing so they attract the negatively charged electrons, thus producing ion 
acoustic waves. However, the electrons themselves oscillate without the contribution of the 
ions. These oscillations transmit Langmuir waves [3.21] and produce the plasma line seen in 
figure 8.  

As can be seen in figure 8 the plasma line is located a lot further away from the transmitted 
frequency than the ion line. This is because the electrons are much lighter than the ions and 
thus oscillate with a much higher frequency. This is seen in equation [3.21]. The dispersion 

relation has a 
 

  
 dependence causing the frequency to be very large compared to the frequency 

in the dispersion relation for ion acoustic waves, seen in equation [3.12] which has a 
 

  
 

dependence. Figure 8 shows only one plasma line but just as for the ion line there exist a similar 
plasma line downshifted from the transmitted frequency.  

When comparing the ion line and the plasma line we not only see that they are located at 
different frequencies but also that the plasma line has a lot weaker differential scattering cross 
section. This is because the ions and electrons have a Maxwellian velocity distribution. At lower 
velocities there are more particles that can scatter the radar waves, thus the heavier and slower 
ion wave motion will be able to scatter more power than the lighter and faster electron wave 
motion, causing the plasma line to be a lot weaker than the ion line. 
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Figure 8: Plasma line spectrum as a function of frequency. A standard plot of the plasma line caused by 
Langmuir waves. The plasma lines distance from the carrier frequency is determined by the plasma 
frequency [3.19]. This spectrum is, like the spectrum in figure 7 , mirrored, i.e. there is a similar spectrum 
in the downshifted frequency range.  

 

4.2 DOPPLER SHIFT 

An important aspect when using radar to measure different properties of the ionosphere is the 
Doppler shift. If the scattering waves detected on the ground come from a plasma that moves 
away from the receiver, these waves will be stretched and thus appear to have a lower 
frequency than expected. In the same way, if the plasma travels towards the receiver the 
detected waves will have higher frequency.  

The scattering detected by the receiver is not from just one single electron but several, and since 
these electrons are not stationary but in thermal motion the return scatter consists not only of 
one frequency but rather a wide range of frequencies. For higher temperatures the electron 
velocity increases causing the range of velocities to increase and thus causing a wider and wider 
frequency range. This directly links the width of the produced spectrum to the temperature of 
the measured volume: the wider the spectrum the higher the temperature.  

In figure 7 we saw that the ion line has an upshifted and a downshifted peak at approximately 
the same magnitude of the frequency shift from the radar frequency. This is not always the case. 
Often the entire spectrum has a shift in one or the other direction as can be seen in figure 8. This 
shift is caused by the movement of the plasma as a whole. As described earlier, the scattering 
waves have different frequencies depending on which way the scattering electrons are moving. 
In the same way the entire spectrum will be shifted in one or the other direction depending on 
how the measured plasma is moving as a whole. In conclusion, by measuring the shift of the 
entire spectrum, one can calculate at what velocity and also in which direction the measured 
plasma is moving. This will be discussed more in depth later.  
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Figure 9: Doppler shifted ion line spectrum from a moving plasma. We observe the same spectrum as in 
figure 7 but it has been shifted to the right due to the Doppler shift caused by the plasma moving as a 
whole. 

 

4.3 THE PROGRAM ISCATSPB0.M 

Iscatpb0.m is a program written by Stephan Buchert at the Swedish institute of space physics in 
Uppsala. It makes use of the program faddeeva.m and both of these can be found in appendix A. 
Iscatspb0.m calculates the differential scattering cross section for the ion- and plasma-lines 
using [4.1]. 

By entering the desired range of frequency, for example -10 kHz to 10 kHz for the ion line, the 
ion-density, the ion-mass, the electron and ion temperature and the value of   into iscatspb0.m, 
the program calculates the frequency spectra of the ion- and plasma-line. This is only done for 
one single point in space and with a stationary plasma. By changing the different parameters, 
different spectra can be computed and analyzed. 

Figure 10 shows the dependence of the ion line spectrum on the plasma density. A higher 
plasma density gives a stronger scattered signal. This is intuitively expected since the more 
particles you have the more scattering will occur. In the dispersion relation for ion acoustic 
waves, given by equation [3.12], there is no ion density dependence. Therefore as can be seen in 
figure 10, the frequency at which the peaks of the ion lines lie is not changed with different ion 
density. We can however observe a change in the amplitude of the peaks when the ion density is 
changed. This is because of the ion dependent term in equation [4.1]. This term has a linear ion 
density dependence and therefore as the ion density increases, the differential scattering cross 
section also increases. 
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Figure 10: Ion lines for different plasma densities.  A higher density gives a stronger ion line.  This is 
expected since the more particles you have the more scattering will occur.   

The spectrum in figure 11 shows the dependence of the ion line on the mass of the ions. This is 
done by comparing ion lines for two different ion-species, O+ with a ion mass of 16 u and NO+ 
with a ion mass of 30 u, where u is the atomic mass constant (u=1.66∙10-27 kg). Due to the 
electrons having a Maxwellian distribution, for which there are always more electrons at a 
lower velocity, the slower and heavier ions (ionm=30 u) will be able to attract more electrons 
and thereby causing a higher Debye shielding [5]. This causes the differential scattering cross 
section to be larger for the heavy slower ions than for the faster and lighter ions (ionm=16 u). 
This result is seen in figure 11 which shows a higher peak for the heavier ions compared to that 
of the lighter ions. As shown in equation [3.12] the dispersion relation for ion acoustic waves 
has an inverse dependence of the ion mass. Thus, as can be seen in figure 11, the location of the 
peak of the ion line is closer to the carrier frequency as the ion mass increases, i.e. the frequency 
of the ion acoustic waves decreases with higher ion mass. 

 

Figure 11: Ion lines for different ion mass. These are the different ion lines achieved by changing the ion 
mass from 16 u [O+] to 30 u [NO+]. The heavier and slower ions will attract more electrons and thus 
causing a larger differential scattering cross section than the lighter ions.  
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In figure 12 we have computed the dependency of the ion line on the ion temperature. You can 
clearly see that as the ion temperature    increases the ion line gets broader. The width of the 
peak in the ion line corresponds to Landau damping. The wider the peak, the more damped the 
oscillations are. A higher ion temperature also means that the ions have a higher average 
velocity. This causes the frequency range returned to be broader, as discussed in chapter 4.2. 
We can also observe a slight shift in the peaks of the different ion lines as the ion temperature 
increases, this is due to the ion temperature dependence in equation [3.12]. When the ion 
temperature increases the frequency also increases. The same change in the location of the 
peaks is also seen when the electron temperature    is changed. 

 

Figure 12: Ion lines for different ion temperatures . Here the electron temperature is constant at 2000 K. 

We can also analyze the ion line with different radar frequencies. In figure 13, one can see that 
for higher radar frequencies the ion line becomes broader and the amplitude of the peak for the 
differential scattering cross section is reduced. The reduction of the peak is due to the 

differential scattering cross section [4.1] having a 
 

 
 dependence, while the broadening of the 

spectrum is caused by the ion thermal motion being higher and thus a wider range of 
frequencies is transmitted. Thus for higher frequencies and subsequently higher  , the 
differential scattering cross section is reduced. We also observe a difference in the location of 
the peaks in the ion lines in figure 13. This comes from the ion acoustic waves being basically 
constant velocity waves. As seen in equation [3.12] if the   vector is increased the frequency 
also has to increase in order to maintain a constant velocity   .  
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Figure 13: Ion lines for different radar frequencies. The differential scattering cross section has a 1/k-
dependence, thus, for higher frequencies, and subsequently higher k-values, the differential scattering 
cross section is reduced.  
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5  
I N C O H E RE N T  S C A T T E R I N G  F R O M  A  

R A D A R  B E A M  

The program isctaspb0.m computes the differential scattering cross section for both ion 
acoustic waves and Langmuir waves. This does so for regular radar beams, for a nonmoving 
plasma and only for one single point in space. In this chapter we will use iscatspb0.m to 
compute the ion line for not only one point but several, to better simulate the scatter from a real 
beam. We will introduce motion in the plasma as a whole and we will also use the program to 
examine twisted radar beams. 

5.1 THE BEAM OPENING ANGLE 

The program we started with, iscatspb0.m, calculated the ion- and plasma line for one single 
point in space. We will now make use of this program and expand from calculations in one point 
to several, and when doing so take into account that the plasma is moving as a whole. The 
simplest case is chosen first, with the plasma moving in just one direction, here taken to be the 
z-direction, and with points taken only on an axis perpendicular to the plasma flow. Since we 
are not looking at a single point in the plasma but several, we have thus expanded the radar 
beam which will now depend on the beam opening angle θ. This dependence is illustrated in 
figure 14. Because the plasma is moving, the backscatter will be Doppler shifted. It is important 
to note that while the particles in the plasma are moving in all directions it is the plasma 
velocity as a whole that produces the shift in the spectrum, the individual movement of the 
particles is what causes the broadening of the lines. This movement of the plasma as a whole 
will thus produce a spectrum shifted from the transmitted frequency, this shift can be seen in 
figure 9. Only the velocity components parallel to the wave vector will contribute to a Doppler 
shift. The scattered frequency will get an extra term that depends on   and on the plasma 
velocity parallel to  ,    , as seen in equation [5.1],  

                  [5.1] 

where  

          [5.2] 

Thus, the total shift is:  

                 [5.3] 
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Figure 14: Effect of beam opening angle on Doppler shift . θ is the beam opening angle and k is the wave 
vector. Here one can see the projection of v onto k, it is only the velocity vector parallel to the wave vector  
that will contribute to the Doppler shift.   

 

The program we use together with iscatspb0.m to add several ion lines together is called 
dopplersum.m and can be found in appendix A3. By using dopplersum.m with two different 
values of the beam opening angle θ, and with a plasma velocity in the positive z-direction, we 
obtain the spectra in figure 15. The red dotted line shows the radar frequency. Because the 
plasma is moving as a whole in one direction, the spectra get shifted from the radar frequency 
due to the Doppler shift. 

The number of single point spectra added to create the spectra in figure 15 depends on   Ten 
spectra are added together per degree, thus for a beam opening angle of one degree, ten 
differently shifted spectra were added together. To create the spectrum for      , 450 
differently shifted spectra were used. 

In figure 15 we see that the spectrum for       has a smaller frequency shift than for     . 
This is due to the fact that for larger   the Doppler shift becomes smaller for a velocity in the z-
direction, as seen in equations [5.1] and [5.2]. Thus, when adding the differently shifted spectra 
and dividing by the number of spectra, a larger angle will produce a smaller shift in the total ion 
line.  
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Figure 15: Ion lines for different beam opening angles. Two different summations of ion lines, one with the 
angle of the radar varying from 0 to 45 degrees and one varying from 0 to 1 degree .  

5.2 TWO-DIMENSIONAL BEAM CROSS SECTION 

The program dopplersum.m was used to compute the sum of several Doppler shifted single 
point ion lines for a given beam opening angle  . However, the beam cross section was only one-
dimensional. Our next investigation will be to compute a spectrum from a two-dimensional 
beam cross section. In order to do this each point to be measured is assigned an x- and y-
coordinate, as seen in figure 16 

A spectrum will be computed for each x- and y-coordinate, but only the points inside the actual 
radar beam should be added together as indicated by the blue circle in figure 16. Points outside 
the beam will be discarded. 

 

Figure 16: Point grid used for a circular beam cross section. Every point is given an x- and y-coordinate. 
Only the spectra for points inside the blue circle should be added together  since points outside the circle 
are not part of the beam.  
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In chapter 5.1 we dealt with plasma velocities in the z-direction. Later velocities in the x-
direction will be considered and also velocities with different directions in different parts of the 
beam. All measurements are done in the x-y-plane at an altitude of z=200 km.  

The length r from the center of the beam to every point in the beam cross section is given by: 

         
        

  [5.4] 

And the angle    from the beam axis to this coordinate is given by:  

        
 

 
 [5.5] 

where:  

        

Since the plasma velocity is only in the z-direction the same method is used as in figure 14 so 
that each point in the beam gets a different Doppler shifted spectrum. Using these parameters 
the ion line seen in figure 17 is computed. To create this ion line we used a grid containing 
10000 points. However as described earlier not all points will be located inside the beam. The 
spectrum in figure 17 was thus computed by adding 7668 differently shifted spectra together. 
As indicated by the dotted red line at the radar frequency 0 the spectrum has been Doppler 
shifted to the right due to the plasma velocity as a whole in the positive z-direction. 

 

 

Figure 17: Doppler shifted ion line for two dimensional beam cross section.  A spectrum made up from 
7668 different points with a plasma velocity of 100 m/s in the positive z-direction.  

In the preceding chapters we have only computed spectra using a plasma moving in the z-
direction, along the beam axis. We will now include velocities in the x-direction, that is 
transverse to the beam axis. In order to calculate the Doppler shift for velocities in the x-
direction, the velocity vector first has to be projected in the xy-plane using the angle   to match 

the projection of the wave vector    in this plane. Then the projected vector in the xy-plane has 
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to be projected again with the angle        in order to find the velocity component parallel to 

  . This is illustrated in figure 18. 

 

Figure 18: Projection of the velocity vector on the radar wave vector for a plasma flow transverse to the 
radar line of sight along the x-axis.  

In order to project the velocity vector along   , the angle   needs to be calculated. 
This is very simple since both x- and y-coordinates are known: 

 

     
      

      
 [5.6] 

This is done for all points in the beam cross section with the values of   ranging from 
0 to 180 in the first and second quadrant and from 0 to -180 in the fourth and third 
quadrant. By calculating a value for   in every point of the grid, the velocity vector’s 
projection along    for every point in the xy-plane can now be calculated: 

 

              [5.7] 

The projection from        on    is:  

                                      [5.8] 

The frequency shift in each point due to the velocity vector    is then:  

                  [5.9] 

  

‘ 

‘ 
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Thus, the total shift is: 

                  

If     is in the positive x-direction   and   will have the same sign in the first and fourth 
quadrant and opposite signs in the second and third quadrant. Thus for the right half of the xy-
plane the different spectra will be shifted to the right (       is positive) and for the left half the 
spectra will be shifted to the left (      is negative). Therefore, when adding all the different 
spectra together a broadened spectrum is obtained. This effect is shown in figure 19. 

 

Figure 19: Ion line broadened by plasma flow transverse to the radar line of sight . With plasma velocities 
in the x-direction a broadening in ion line 1 is seen compared to ion line 2 which is calculated from a 
motionless plasma. The broadening is achieved since half of the calculated spectra have a Doppler shift to 
the right and half of the spectra will be Doppler shifted to the left.  

We will now take a look at a plasma with different velocities in different parts of the beam cross 
section, such as sheared flows occurring around auroral arcs. This is done in the simplest case 
by having the velocity in the first and second quadrant in the positive x-direction and the 
velocity in the third and fourth quadrant in the negative x-direction. This causes the spectra 
from the first and third quadrant to have a positive shift and the spectra in the second and 
fourth quadrants to have a negative shift. Thus, the total spectrum will look exactly the same as 
in figure 19. The point of having different directions of the velocity in different parts of the beam 
will be seen more clearly later when OAM (Orbital Angular Momentum) is involved in the radar 
beam. The program using all the attributes incorporated this far is called dopplerpol_v_xyz.m 
and can be found in appendix A4. 

By using the program dopplerpol_v_xyz.m we can investigate what effect the width of the beam 
has on the distortion of the ion line spectra due to Doppler shift. 

The frequency shift on the edge of the beam will be different than the shift in the center due to 

the fact that at the edge the wave vector    is not pointing directly in the z-direction but at an 
angle    from the beam opening angle and at an angle   from the x-axis, as seen in figure 18. We 

project the wave vector    in its z- and x-components, as seen in figure 20. By comparing the 
Doppler shifts in the center and at the edge of the beam one can calculate the velocity needed to 
cause a difference of the shift of the frequency by for example 100 Hz. It turns out that for a 
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velocity in the z-direction,    needs to be about 41000 m/s for a beam opening angle       , 
which is a lot higher than the velocities normally found in the z-direction in the ionosphere and 
thus this effect might be neglected. But for velocities in the x-direction,    only needs to be 
about 400 m/s for      , in order to cause a shift difference of 100 Hz. Since velocities in the 
ionosphere are usually a lot higher than this, this shift needs to be accounted for when 
investigating the ion line. A set of angles and velocities needed to get a shift of 100 Hz within the 
beam can be seen in table 1. 

 

Θ V100 Hz [m/s] 

0.25° 1600 

0.5° 800 

0.75° 550 

1.0° 400 

1.25° 330 

1.5° 270 

Table 1: The velocities in the x-direction needed to get a 100 Hz shift within the beam for different beam 
opening angles.  

In table 1 we see that even for very small angles the velocities needed in the x-direction to get a 
100 Hz difference within the beam is still relatively small. Thus, plasma flows transverse to the 
radar beam axis cause a Doppler broadening of the ion and plasma lines due to the nonzero 
beam opening angle. 

 

Figure 20: The dependence of the radar wave vector on the angle   . A description of how the wave 

vector    has components in the x- and z-direction due to the angle   . 

 

 

‘ 

‘ 



36 
 

5.3 GAUSSIAN BEAM 

All previous computations were done with a beam with the same intensity everywhere. In a real 
radar beam the intensity is more like Gaussian, meaning that the intensity is higher in the center 
of the beam than at the edges. An illustration of this is shown in figure 21. 

 

Figure 21: Intensity distribution in a Gaussian beam 
cross section. Darker color means higher intensity.  

We therefore incorporate a Gaussian weight function using the following expression: 

      
         

   
 

Here   is the distance to a specific coordinate and   is the radius of the beam. The weight 
function is then normalized and multiplied with the different single point spectra in the beam. A 
spectrum calculated in the most intense part of the beam will be multiplied by, or close to 1 
while a spectrum calculated in a less intense area is multiplied by, or close to 0.  

Even though this is a more accurate way of describing the beam it has little impact on the 
calculations and no visible differences were seen when comparing spectra using a Gaussian 
distribution and spectra where the intensity of the beam was not accounted for. 

5.4 TWISTED BEAM 

All previous calculations were done with regular radar beams. In this chapter we will look at 
twisted radar beams carrying OAM. We therefore need to incorporate OAM in our program and 
thus an expression for    and    is needed. First let’s consider the phase        of a plane 

wave. By expanding this phase in the neighborhood of       and only considering the first order 
terms the following expression can be written: 

                   
  

  
  

  

  
  [5.10] 
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where ξ and η are small deviations in the x- and y-directions respectively. By 
comparing this to the phase distribution        produced by a plane wave across 
the plane    , i.e.: 

 

                               [5.11] 

where α0 is an initial phase term, it can be seen that: 
 

   
  

  
                 

  

  
 [5.12] 

Now, consider Laguerre-Gaussian beams with the field amplitude distribution: 
 

                 
   

   
[5.13] 

and by writing the phase of this field as: 
 

         
 

 
 [5.14] 

By using polar coordinates with x=rcos   and y=rsin  , kx and ky can be written as: 
 

   
  

  
  

  

     
  

      

  
  

     

 
 [5.15] 

   
  

  
  

  

     
  

      

  
  

     

 
 [5.16] 

A final expression for    and    is thus obtained [6].  

We will now take a look at the intensity profile of the Laguerre-Gaussian beam. It differs from 
the regular Gaussian beam seen in figure 21 in that it has a zero-intensity hole in the center of 
the beam, so that it is ring-shaped. This shape is illustrated in figure 22.  
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Figure 22:Intensity distribution in a twisted  
Laguerre-Gaussian beam cross section. Darker 
areas mean higher intensity 

 

This phenomenon needs to be accounted for by a weight function. This was done in the same 
way as for Gaussian beams. For example the points in the center of the beam where the 
intensity is very low, will be multiplied with 0, while points in the high intensity ring will be 
multiplied with 1. This becomes particularly important since the    and    previously derived 

have a 
 

 
 -dependence causing them to approach infinity in the center of the beam. 

The weight function for Laguerre-Gaussian beams is (which are represented in figure 
23): 

 

   
   

 
 

 

 
   

 
 

    

 
  

   

   
     

[5.17] 

where     is given by: 
 

     
 

     
 

 
  

           
[5.18] 

  is the radius and   is the radius to the intensity maximum. The width   depends 
on the value of   and the radius  , we therefore need an expression for this before the 
weight function can be calculated. The main parts contributing are 

 
   

 
 

    

      
  

   

   
, so by derivating this expression, setting it to zero to find the 

intensity maximum, and solving for   we get an expression for the width. By using 

variable substitution, setting 
 

 
   we obtain: 
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and finally by substituting back we get an expression for the width: 
 

    
   

 
 

[5.19] 

 

 

Figure 23: Normalized Laguerre-Gaussian intensity distribution for different OAM modes. This has been 
normalized to the case of l=0. 
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5.5 TRANSVERSE PLASMA FLOWS 

We will now consider plasma flows that have different velocities in different parts of the beam. 
We first study a sheared plasma flow. Previously only the contribution of    [5.15] had to be 
analyzed. By removing the contribution of      and      due to the beam opening angle, as seen 
in figure 24, the only contribution will be    from OAM.    is chosen with a positive sign 
(making    have a negative sign), therefore     will be directed in the x-direction in the first and 

second quadrant and in the negative x-direction in the third and fourth quadrant (if the integer   
is positive). The velocities in the plasma are taken to be in the positive x-direction for the first 
and second quadrants and in the negative x-direction in the third and fourth quadrants, as 
illustrated in figure 24.  

 

Figure 24: Sheared plasma flow transverse to the radar line of sight.  With this type of velocity,  all   -
components will always point in the same or opposite direction as    causing a Doppler shift in only one 

direction. Since it has a 
 

 
-dependence,    will be largest in the center of the beam. Sheared flows occur 

around auroral arcs.  

The program incorporating OAM and sheared flows is called oam_k_x_z.m and is found in 
Appendix A5. 

Next we will study how large the contribution of   , due to OAM, is. Table 2 and table 3 show 
how large velocities      are needed in order to get a Doppler shift of 100 Hz in the scattered 
spectra. This is not a 100 Hz difference within the beam as our previous investigation, but a shift 
of the entire spectrum by 100 Hz, much like in figure 9. 

In table 2 we see that for an  -value of 1 it takes very high velocities to shift the spectrum 
100 Hz, even for very small beam opening angles. By doubling the  -value the velocities needed 
for a shift of 100 Hz are halved as seen in table 3. 
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Θ beam radius [m] L V100Hz [m/s] 

0.25° 900 1 69 000 

0.5° 1700 1 138 000 

0.75° 2600 1 207 000 

1.0° 3500 1 276 000 

1.25° 4400 1 345 000 

1.5° 5200 1 414 000 

Table 2: Velocities needed in order to get a spectrum with a Doppler shift of 100  Hz. Here the beam 
opening angle θ is only used to calculate the beam radius . 
 

Θ beam radius [m] l V100Hz [m/s] 

0.25° 900 2 34 500 

0.5° 1700 2 69 000 

0.75° 2600 2 103 500 

1.0° 3500 2 138 000 

1.25° 4400 2 172 500 

1.5° 5200 2 207 000 

Table 3: Same as for table 1 but for l=2.  
 

Now we look at the    that depends on the beam opening angle   (which will from now on be 
denoted      ) and how it compares to      .    , as seen in chapter 5.2, will only contribute to 
a broadening of the spectrum. It turns out that for small  ,     is much larger than       and the 
broadening effect will be greater than the translational frequency shift of the spectrum. In order 
for        to be equal to          , the integer   needs to be equal to 12 when having a beam 
opening angle of        . If   is doubled,     is also doubled since for small               
and           . So in order for        to be equal to          with a beam opening angle of 
say 1° a  -value of 48 is needed. This can be seen in table 4. 

 

Θ l- value 

0.25° 12 

0.5° 24 

0.75° 36 

1.0° 48 

1.25° 60 

1.5° 72 

Table 4: These are the integer values of l needed for the OAM contribution  to the frequency shift to 
have the same magnitude as the contribution from the beam opening angle. However, whereas the OAM 
contribution causes a translational shift of the scattered spectrum, the beam opening angle has the 
effect of broadening the spectrum. 
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Next we study how vortices in the plasma could affect the frequency shift. Thus the next step is 
to involve not just a velocity in the x-direction but a vortex-velocity, and thus incorporating   . 

A description of this can be seen in figure 25. In each point of the beam, the vortex-velocity will 
be given by the distance to the point times the angular velocity:  

     [5.20] 

The velocity components    and    can then be calculated using the angle   shown 

in figure 25 

 

                  [5.21] 

                [5.22] 

With the frequency shift given by:  

     [5.23] 

and    and    given by equations [5.15] and [5.16]:  

    
     

 
 

 

    
     

 
 

 

the total shift     then is:  

                     [5.24] 

where:  

    
    

 
               

[5.25] 

    
    

 
               [5.26] 

Thus, finally      is given by:  
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                                        [5.27] 

     depends only on the integer   and the angular velocity   [7].   

 

Figure 25: Velocity components for vortex flow around the z-axis. 

The result obtained in [5.27] is quite interesting. The frequency shift due to OAM in a plasma 
with vorticity is independent of the azimuthal angle   and the distance from the center of the 
beam. The only contribution to the shift is the integer   and the angular frequency   of the 
plasma flow. 

But what about the shift due to the beam opening angle  ? As we have seen in table 1 and 
figure 20, the beam opening angle can contribute to a broadening of the spectrum. Equation 
[5.27] shows that the shift due to the OAM of the beam due to a vortex is: 

      

But the total shift is obtained by adding the shift due to OAM and the shift due to the 
beam opening angle: 

 

                               [5.28] 

where          is given by equations [5.21] and [5.22] and     is the   shown in figure 
20. In order to analyze the second term in equation [5.28] we need to project     first 
in the xy-plane, and then into an x-component and a y-component. The expression 
for the shift due to the radar angle is: 
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                            [5.29] 

We first project    on the xy-plane:  

              [5.30] 

We then need to project the        into its x- and y-components:  

                             

                            

[5.31] 

[5.32] 

Inserting equations [5.21], [5.22], [5.31] and [5.32] into equation [5.29] we get an 
expression for the Doppler shift of the spectrum due to the beam opening angle: 

 

                                                       [5.33] 

The same result can be obtained by analyzing the scalar product in equation [5.29]. 
    will always point radially outwards from the center of the beam and the velocity 
component of the vortex          will always point perpendicular to the radius vector 
   seen in figure 25. Thus the angle γ between          and     will always be    . We 
get the following result: 

 

                                                            [5.34] 

According to equations [5.33] and [5.34] the shift due to the beam opening angle is zero when 
having a plasma with a vortex that is aligned with the radar beam. This is a very interesting 
result. We saw earlier that for sheared plasma flows or flows in one direction the spectra were 
broadened by the shift due to the radar angle. But here we see that for a plasma with a vortex the 
spectrum will not be affected by the radar opening angle and will therefore not be broadened. 
Thus we can conclude that when using OAM-beams, depending on the appearance of the 
spectrum we can see if the plasma has a sheared flow or a vortex flow. A comparison of spectra 
calculated with vortex- and sheared-flow can be seen in figure 26. 
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Figure 26: Comparison of spectra computed for a vortex flow and a sheared flow. We can see that the 
spectrum for a vortex flow has a small translational shift to the right of the radar frequency and the 
spectrum for a sheared flow has both a translational shift and a broadening.  

Now the program can add together several differently shifted spectra, simulate different 
movements of the plasma, use OAM, and takes into account the shape of the beam itself. This 
program is called finalprog.m and can be found in Appendix A6. 
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6  
S U M M A R Y  

The main goal of this thesis was to study the effect of plasma flows on twisted incoherent scatter 
radar beams. This was done by creating a program, with the aid of the existing program 
iscatspb0.m, that computes the incoherent scattering spectrum from additional parameters 
such as altitude, beam width and most important, OAM. This goal was achieved in the final 
version of the program called finalprog.m.  

Another part of the thesis was to investigate how certain conditions could affect the measured 
incoherent scattering spectrum. The three major findings were what magnitude of   is needed in 
order for the contribution of OAM to equal the contribution for the beam opening angle, how 
much the radar beam opening angle affected the measurements and in what way the spectrum 
obtained by a twisted beam is affected by different flows. 

Starting with the importance of the beam opening angle of the radar beam, it turned out that 
already for quite small plasma velocities the difference in the Doppler shift caused by the angle-
dependent radar beam and a plane radar wave was surprisingly large. This is a quite important 
result since all measurements taking place today do not take into account the fact that the radar 
beam has an opening angle. This means that the measurements done today have a small, yet 
perhaps significant, error, which needs to be accounted for. 

The second significant investigation done was to see how large the  -values of the OAM-beam 
needed to be in order to give the same or higher contribution to the total Doppler shift as the 
angle dependent part of the beam. It turned out that quite large  -values are needed in order for 
the OAM-part to have the same magnitude as the angular dependent part of the beam. The 
measurements of these magnitudes were however not taken in the same parts of the beam, but 
rather at their respective maximums. The OAM-part has its highest magnitude in the center of 
the beam while the angular dependent part has its maximum in the outer part of the beam. 
These maximum values are discarded in the final program where the beam has a Laguerre-
Gauss distribution meaning that, as seen in figure 22, the inner and outer parts of the beam get a 
lower contribution. Still, the calculated  -value gives an indication of how high modes are 
needed in order to detect OAM effects in the incoherent scattering. 

The third important result obtained was that when using OAM-beams the calculated spectrum 
can be used to see what type of flow is present in the plasma. If the spectrum is broadened, the 
plasma flow is sheared. If instead the spectrum only has a translational frequency shift, the 
plasma has a vortex flow. These computations are done with ideal vortices. A spectrum obtained 
from real measurements will not be as clear cut as those shown here. But they give an indication 
of what to expect when measuring on a sheared or vortex flow. 

Another interesting part, not covered in this thesis, is how OAM might be used in the future. In 
my opinion the most intriguing part in using OAM is in the field of communication, theoretically 
one could send an infinite amount of information on only one frequency. For example, every 
single radio station could be transmitted on one single frequency only with different modes of 
OAM and they would not interfere with each other. OAM could also be used in the next step of 
developing quantum computers, with these new degrees of freedom. 
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A P P E N D I X  

A: MATLAB CODES 

A1: ISCATSPB0.M 

function [ionline, plasmaline] = iscatspb0(freq, ni, ionm, ti, te, k) 
% ISCATSP - incoherent scatter spectrum 
%   (Trulsen and BjÃ¸rnÃ¥, The origin and properties of thermal 
%   fluctuations in a plasma, in Radar Probing of the Auroral Plasma, 
%   Ed. A. Brekke, Universitetsforlaget, 1975 

 
r0 = 2.817940289458e-15;      % Classical electron radius 
echarge = 1.60217648740e-19;  % Elementary charge 
kB = 1.3806504e-23;           % Boltzmann constant 
amu = 1.66053878283e-27;      % Atomic mass constant 
emass = 9.1093821545e-31;     % Electron mass 
cspeed = 299792458;           % Speed of light 
e0 = 1/(4e-7*pi*cspeed^2);    % Electric constant 

 
% Replicate Ti, if the same for each ion species: 
if isscalar(ti) & ~isscalar(ionm) 
  ti = repmat(ti, size(ionm)); 
end 

  
ne = sum(ni);   % Electron density is sum of ion densities: 
vthe = sqrt(2*kB*te/emass);          % Thermal electron velocity 
ldebye2 = e0*kB*te/(echarge^2*ne);   % Debye length 

 
sqrtpi = sqrt(pi); 
omeg  = 2*pi*freq; 
thetae = (omeg)/(k*vthe); 
% Electron susceptibility: 
chie = (1 + sqrtpi*i*thetae .* faddeeva(complex(thetae)))/(k^2*ldebye2); 
% Dielectric constant, ion susceptibility to be added later: 
diel = 1 + chie; 

 
sumf1d = repmat(0, 1, length(freq)); % Sum over 1-d ion distributions 
for ion=1:length(ionm) 
  imass = amu*ionm(ion); 
  vthi =  sqrt(2*kB*ti(ion)/imass);   % Ion thermal velocity 
  ldebyi2 = e0*kB*ti(ion)/(echarge^2*ne); 
  theta = (2*pi*freq)/(k*vthi); 
  % add ion susceptibility to dielectric constant: 
  diel = diel ... 
         + (1 + sqrtpi*i*theta .* faddeeva(complex(theta)))/(k^2*ldebyi2); 

  
  sumf1d = sumf1d + ni(ion)*exp(-(theta.^2))/(sqrtpi*vthi); 
end 
ionline = (r0^2/k)*sumf1d .* (abs(chie./diel)).^2; 

  
if nargout>1 
  plasmaline = (r0^2/k)*ne*exp(-(thetae.^2))/(sqrtpi*vthe) ... 
      .* (abs(1 + chie./diel)).^2; 

end 
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A2: FADDEEVA.M 

function w = faddeeva(z,N) 
% FADDEEVA   Faddeeva function 
%   W = FADDEEVA(Z) is the Faddeeva function, aka the plasma dispersion 
%   function, for each element of Z. The Faddeeva function is defined as: 
% 
%     w(z) = exp(-z^2) * erfc(-j*z) 
% 
%   where erfc(x) is the complex complementary error function. 
% 
%   W = FADDEEVA(Z,N) can be used to explicitly specify the number of terms 
%   to truncate the expansion (see (13) in [1]). N = 16 is used as default. 
% 
%   Example: 
%       x = linspace(-10,10,1001); [X,Y] = meshgrid(x,x);  
%       W = faddeeva(complex(X,Y));  
%       figure;  
%       subplot(121); imagesc(x,x,real(W)); axis xy square; caxis([-1 1]);  
%       title('re(faddeeva(z))'); xlabel('re(z)'); ylabel('im(z)');  
%       subplot(122); imagesc(x,x,imag(W)); axis xy square; caxis([-1 1]); 
%       title('im(faddeeva(z))'); xlabel('re(z)'); ylabel('im(z)');  
% 
%   Reference: 
%   [1] J.A.C. Weideman, "Computation of the Complex Error Function," SIAM 
%       J. Numerical Analysis, pp. 1497-1518, No. 5, Vol. 31, Oct., 1994  
%       Available Online: http://www.jstor.org/stable/2158232 

  
if nargin<2, N = []; end 
if isempty(N), N = 16; end 

  
w = zeros(size(z)); % initialize output 

  
%%%%% 
% for purely imaginary-valued inputs, use erf as is if z is real 
idx = real(z)==0; % 
w(idx) = exp(-z(idx).^2).*erfc(imag(z(idx))); 

  
if all(idx), return; end 
idx = ~idx; 

  
%%%%% 
% for complex-valued inputs 

  
% make sure all points are in the upper half-plane (positive imag. values) 
idx1 = idx & imag(z)<0; 
z(idx1) = conj(z(idx1)); 

  
M = 2*N; 
M2 = 2*M; 
k = (-M+1:1:M-1)'; % M2 = no. of sampling points. 
L = sqrt(N/sqrt(2)); % Optimal choice of L. 

  
theta = k*pi/M; 
t = L*tan(theta/2); % Variables theta and t. 
f = exp(-t.^2).*(L^2+t.^2); 
f = [0; f]; % Function to be transformed. 
a = real(fft(fftshift(f)))/M2; % Coefficients of transform. 
a = flipud(a(2:N+1)); % Reorder coefficients. 
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Z = (L+1i*z(idx))./(L-1i*z(idx)); 
p = polyval(a,Z); % Polynomial evaluation. 
w(idx) = 2*p./(L-1i*z(idx)).^2 + (1/sqrt(pi))./(L-1i*z(idx)); % Evaluate 

w(z). 

  
% convert the upper half-plane results to the lower half-plane if necesary 
w(idx1) = conj(2*exp(-z(idx1).^2) - w(idx1)); 
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A3: DOPPLERSUM.M 

%A program that can sum several different dopplershifted ionlines. 

 
function[ionlinetot, freqlong]=dopplersum(deg) 

  
M     = 1001;                        % "Resolution" 
fmax  = 10e3;                        % Highest frequency 
fmin  = -10e3;                       % Lowest frequency 
fmax2 = 12e3;                        % Maximum frequency for the plot 
fmin2 = -12e3;                       % Minimum frequency for the plot 
freq0 = linspace(fmin, fmax, M);     % Frequency 
ni    = 5e11;                        % Typical ion density /m3 
ionm  = 16;                          % O+ 
ti    = 1000;                        % Typical ion temperature in K 
te    = 2000;                        % Typical electron temperature in K 
k     = 4*pi*430e6/3e8;              % Monostatic radar at 430 MHz 
v     = 1e3;                         % Velocity of plasma (m/s) 
rad   = ((2*pi)/360);                % One radian 
nrk   = deg*10;                      % Number of different k's 

  
%Calculates the ionline with iscatspb0 
[ionline, plasmaline] =iscatspb0(freq0, ni, ionm, ti, te, k);  

  
%magnr is how many elements freqlong needs to be divided into to have 
%the same "frequency-jump" as freqtot2.  
magnr=round((abs(fmin2)+abs(fmax2))/((abs(fmin)+abs(fmax))/M)); 
%Creates vectors containing M zeroes 
vd=repmat(0,1,M);                
fd=repmat(0,1,M); 
%Creates vectors with magnr elements 
ionlinetot=repmat(0,1,magnr);                 
freqlong=linspace(fmin2,fmax2,magnr);  
%Creates nrk vectors that contain linspace(fmin,fmax,M) 
freqtot2=repmat(linspace(fmin,fmax,M), nrk, 1);  

  
%Calculates vd(s) at angle deg*(s-1)/(nrk-1) 
%fd will be shifted differently due to different vd's 
for s = 1:1:nrk 
    vd(s)=v*cos((rad*deg*(s-1))/(nrk-1));        
    fd(s)=k*vd(s);                              
end 
%Adds a different Doppler shifted frequency fd(j) to every row of freqtot2 
for j=1:nrk 
    freqtot2(j,:)=freqtot2(j,:)+fd(j); 
end 
%For-loop that compares freqtot2X(rowX,columnX) with the entire vector 
%freqlong. Where freqtot2X(rowX, columnX)=freqtot2Y(rowY, columnX) 
%their respective value for DSCS will be added and placed in index 
%in ionlinetot 
for m=1:1:nrk 
    for p=1:1:M                                                      
        [nr,index]=min(abs(freqtot2(m,p)-freqlong(1,:)));      
        ionlinetot(index)=(ionlinetot(index)+ionline(p));              
    end 
end 

  
%Calculates the average ionline. 
 ionlinetot=ionlinetot/nrk;         
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A4: DOPPLERPOL_V_XYZ.M 

%A program that adds several ionlines with different dopplershifts in a 
%cylindrical geometry, and now with plasmavelocity in the x-direction. 

  
function [ionlinetot, freqlong]= dopplerpol_v_xyz(deg, vz, vx, steps, z, M, 

fmin, fmax) 
% deg     The "beam opening angle" 
% vz      Velocity of plasma (m/s) in the z-direction 
% vx      Velocity of plasma (m/s) in the x-direction 
% steps   Number of measuring points per axis 
% z       Height where the measurements take place 
% M       "Resolution" (needs to be odd) 
% fmin    Lowest frequency 
% fmax    Highest frequency 

  
r     = z*tan((deg*2*pi)/360);       % Radius of the beam at height z  
freq0 = linspace(fmin, fmax, M);     % Frequency 
ni    = 5e11;                        % Typical ion density /m3 
ionm  = 16;                          % O+ 
ti    = 1000;                        % Typical ion temperature in K 
te    = 2000;                        % Typical electron temperature in K 
k     = 4*pi*430e6/3e8;              % Monostatic radar at 430 MHz 
rad   = ((2*pi)/360);                % One radian 

     

  

  
%Calculates the ionline with iscatspb0 
[ionline, plasmaline] =iscatspb0(freq0, ni, ionm, ti, te, k); 

  
%Creates x- and y-vectors containing only zeros 
xkoord=zeros(1,steps); 
ykoord=zeros(1,steps); 

  
%creates a vector vzz and vxx, containing only zeros. 
vzz=zeros(steps,1); 
vxx=zeros(steps,1); 

  
%Creates vector diameter  
diameter= linspace(-r,r,steps); 

  
%Creates vector points 
points=zeros(2*steps,steps); 

     
%Inserts coordinates into the x- and y-vectors  
for s= 1:1:steps 
    xkoord(s)=xkoord(s)+diameter(s); 
    ykoord(s)=ykoord(s)+diameter(s); 
end 

  
%Creates all the different points where measurements will take place 
for p= 2:2:2*steps 
        for n= 1:1:steps 
            points(p-1,:)=ykoord(steps+1-(p-p/2)); 
            points(p,n)=xkoord(n); 
        end 
end 
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%Calculates the distance from the beams center to all the different points 
%in the beam 
radius=zeros(steps,steps); 
for p=2:2:2*steps 
    for n=1:1:steps 
        radius(p-p/2,n)=sqrt(abs(points(p-1,n))^2+abs(points(p,n))^2); 
    end 
end 

  
%Creates a step x step matrix full of zeroes 
kdeg=zeros(steps, steps); 

  
%This for-loop calculates the "beam opening angle" of every point in the 

beam 
%by calculating the points distance from origo (radius) and using that the 
%angle then is angle=arctan(radius/z). It also sets every value with a 

angle 
%larger than the actual "beam opening angle" (deg) of the beam to 0. 
for kd=2:2:2*steps 
    for kd2=1:1:steps 
       kdeg(kd-kd/2,kd2)=atan(radius(kd-kd/2,kd2)/z)*(360/(2*pi)); 
       if kdeg(kd-kd/2,kd2)>deg 
           kdeg(kd-kd/2,kd2)=0; 
       end 
    end 
end 

  

  

  
%This for-loop calculates how many elements in kdeg that are non-zero. 
j=0; 
for f=1:1:steps 
    for f2=1:1:steps 
        if kdeg(f,f2)>0 
            j=j+1; 
        end 
    end 
end 

     

     
%Creates freqtot2 which contains j (number of non-zero elements in kdeg) 
%rows of "undisturbed" frequencies  
freqtot2=repmat(linspace(fmin,fmax,M), j, 1);  

  

  
%Uses different velocities for different parts of the beam 
for g=1:1:steps 
    a=steps/2; 
    if g<=a 
        vzz(g,1)=vz; 
        vxx(g,1)=vx; 
    else 
        vzz(g,1)=-vz;     
        vxx(g,1)=-vx; 
    end 
end 
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%This calculates the different angles from the x-axis to the different 
%points (x- and y-koordinates) where the ionline is measured 
phi=zeros(steps,steps); 
for p=2:2:2*steps 
    for n=1:1:steps      
    phi(p-p/2,n)=atan(points(p-1,n)/points(p,n))*(360/(2*pi)); 
    end 
end 

  

  
%Adds 180 degrees in the second quadrant and subtracts 180 degrees in the 
%third quadrant 
for p=1:1:steps/2 
    for n=1:1:steps/2 
        phi(p,n)=phi(p,n)+180; 
        phi(p+steps/2,n)=phi(p+steps/2,n)-180; 
    end 
end 

  
%Calculates the projection of v on to every point in the x-y-plane 
vkplan=zeros(steps,steps); 
for p=1:1:steps 
    for n=1:1:steps 
    vkplan(p,n)=vxx(p,1)*cos(phi(p,n)*((2*pi)/360)); 
    end 
end 

  
%Calculates the projection of v from the x-y-plane on to the k-vector 
vkpara=zeros(steps,steps); 
for p=1:1:steps 
    for n=1:1:steps 
    vkpara(p,n)=vkplan(p,n)*sin(kdeg(p,n)*((2*pi)/360)); 
    end 
end 

  

  
%This for-loop calculates the Doppler shifted frequency for every point 
%inside the beam and adds every shift to a previously unshifted frequency 
s=1; 
for f=1:1:steps 
    for f2=1:1:steps 
        fdx=k*vkpara(f,f2); 
        if kdeg(f,f2)>0 
            vdz=vzz(f2)*cos(kdeg(f,f2)*rad); 
            fdz=k*vdz; 
            freqtot2(s,:)=freqtot2(s,:)+fdz+fdx; 
            s=s+1; 
        end 
    end 
end 

  
%Calculates the "proper" numbers for fmin2 and fmax2 
fmax2=max(freqtot2(:,M)); 
fmin2=min(freqtot2(:,1)); 
fmax2=round(fmax2*1e-3)*1e3+1000; 
fmin2=round(fmin2*1e-3)*1e3-1000; 
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%magnr is the number of elements freqlong needs to be divided into to have 
%the same "frequency-jump" as freqtot2. 
if fmin2>0 || fmax2<0 
    magnr=round((abs(fmax2)-abs(fmin2))/((abs(fmin)+abs(fmax))/M)); 
else 
    magnr=round((abs(fmin2)+abs(fmax2))/((abs(fmin)+abs(fmax))/M)); 
end 

     
%Turns magnr into a odd nr since M is odd. 
if mod(magnr,2)==0 
    magnr=magnr-1; 
end 

  
%Creates vectors with magnr elements 
ionlinetot=zeros(1,magnr);                 
freqlong=linspace(fmin2,fmax2,magnr);  

  

  
%For-loop that compares freqtot2X(rowX,columnX) with the entire vector 
%freqlong. Where freqtot2X(rowX, columnX)=freqtot2Y(rowY, columnX) 
%their respective value for DSCS will be added and placed in index 
%in ionlinetot 
for m=1:1:j 
    for p=1:1:M                                                      
        [nr,index]=min(abs(freqtot2(m,p)-freqlong(1,:)));      
        ionlinetot(index)=(ionlinetot(index)+ionline(p));              
    end 
end 

  
%Calculates the average ionline.         
ionlinetot=ionlinetot/j;   
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A5: OAM_K_X_Z.M 

%A program that adds several ionlines with different Doppler shifts in a 
%beam with OAM, only for velocities in the x-direction (positive and 
%negative)In order to actually see a shift with this program 
%(for a small num) the M needs to be very large. This is because  
%the shifts are in the 1-10Hz range.. 

  
function [ionlinetot, freqlong]= oam_k_x_z(deg, vz, vx, steps, z, M, fmin, 

fmax, num) 

  
% deg     The "beam opening angle" 
% vz      Velocity of plasma (m/s) in the z-direction 
% vx      Velocity of plasma (m/s) in the x-direction 
% steps   Number of measuring points per axis 
% z       Height where the measurements take place 
% M       "Resolution" (needs to be odd) 
% fmin    Lowest frequency 
% fmax    Highest frequency 
% num     Number in kx (l-value) 

  
r     = z*tan((deg*2*pi)/360);       % Radius of the beam at height z  
freq0 = linspace(fmin, fmax, M);     % Frequency 
ni    = 5e11;                        % Typical ion density /m3 
ionm  = 16;                          % O+ 
ti    = 1000;                        % Typical ion temperature in K 
te    = 2000;                        % Typical electron temperature in K 
k     = 4*pi*430e6/3e8;              % Monostatic radar at 430 MHz 
rad   = ((2*pi)/360);                % One radian 

  

  
%Calculates the ionline with iscatspb0 
[ionline, plasmaline] =iscatspb0(freq0, ni, ionm, ti, te, k); 

  
%Creates x- and y-vectors containing only zeros 
xkoord=zeros(1,steps); 
ykoord=zeros(1,steps); 

  
%creates a vector vzz and vxx, containing only zeros. 
vzz=zeros(steps,1); 
vxx=zeros(steps,1); 

  
%Creates vector diameter  
diameter= linspace(-r,r,steps); 

  
%Creates vector points 
points=zeros(2*steps,steps); 

     
%Inserts coordinates into the x- and y-vectors  
for s= 1:1:steps 
    xkoord(s)=xkoord(s)+diameter(s); 
    ykoord(s)=ykoord(s)+diameter(s); 
end 
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%Creates all the different points where measurements will take place 
for p=2:2:2*steps 
    for n= 1:1:steps 
        points(p-1,:)=ykoord(steps+1-(p-p/2)); 
        points(p,n)=xkoord(n); 
    end 
end 

     
%Creates vectors vxx, and vzz that can have different velocities for 
%different parts of the beam 
for g=1:1:steps 
    a=steps/2; 
    if g<=a 
        vzz(g,1)=vz; 
        vxx(g,1)=vx; 
    else 
        vzz(g,1)=-vz;     
        vxx(g,1)=-vx; 
    end 
end 

  
%This calculates the different angles from the x-axis to the different 
%points (x- and y-coordinates) where the ionline is measured 
phi=zeros(steps,steps); 
for p=2:2:2*steps 
    for n=1:1:steps      
        phi(p-p/2,n)=atan(points(p-1,n)/points(p,n))*(360/(2*pi)); 
    end 
end 

  

  
%Adds 180 degrees in the second quadrant and subtracts 180 degrees in the 
%third quadrant 
for p=1:1:steps/2 
    for n=1:1:steps/2 
        phi(p,n)=phi(p,n)+180; 
        phi(p+steps/2,n)=phi(p+steps/2,n)-180; 
    end 
end 

  
%Calculates the distance from the beams center to all the different points 
%in the grid and if this distance is larger than the radius of the beam, 
%the distance is set to zero 
radius=zeros(steps,steps); 
for p=2:2:2*steps 
    for n=1:1:steps 
        radius(p-p/2,n)=sqrt(abs(points(p-1,n))^2+abs(points(p,n))^2); 
        if radius(p-p/2,n)>r 
            radius(p-p/2,n)=0; 
        end 
    end 
end 
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%Creates a steps*steps matrix full of zeroes 
kdeg=zeros(steps, steps); 
%This for-loop calculates the "beam opening angle" of every point in the 

beam 
for p=2:2:2*steps 
    for n=1:1:steps 
       kdeg(p-p/2,n)=atan(radius(p-p/2,n)/z)*(360/(2*pi)); 
    end 
end 

  
%Creates a steps*steps matrix full of zeroes 
kzplane=zeros(steps,steps); 
%This for-loop projects the "radar k" onto the x-y-plane 
for p=1:1:steps 
    for n=1:1:steps 
       if kdeg(p,n)>0 
           kzplane(p,n)=k*sin(kdeg(p,n)*((2*pi)/360)); 
       end 
    end 
end 

  
%Creates a steps*steps matrix full of zeroes 
kzx=zeros(steps,steps); 
%This for-loop projects kzplane in the x-direction 
for p=1:1:steps 
    for n=1:1:steps 
        if kdeg(p,n)>0 
            kzx(p,n)=kzplane(p,n)*cos(phi(p,n)*((2*pi)/360)); 
        end 
    end 
end 

  
%Calculates kxx (OAM) in every point inside the beam 
kxx=zeros(steps,steps); 
for p=1:1:steps 
    for n=1:1:steps 
        if radius(p,n)>0 
        kxx(p,n)=-num*(sin(phi(p,n)*((2*pi)/360))/radius(p,n)); 
        end 
    end 
end 

  
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
%Calculates kyy (OAM) in every point inside the beam (not used here) 
kyy=zeros(steps,steps); 
for p=1:1:steps 
    for n=1:1:steps 
        if radius(p,n)>0 
        kyy(p,n)=num*(cos(phi(p,n)*((2*pi)/360))/radius(p,n)); 
        end 
    end 
end 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%  
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%This for-loop calculates how many elements in radius that are non-zero. 
j=0; 
for p=1:1:steps 
    for n=1:1:steps 
        if radius(p,n)>0 
            j=j+1; 
        end 
    end 
end 

     
%Creates freqtot2 which contains j rows of "undisturbed" frequencies  
freqtot2=repmat(linspace(fmin,fmax,M), j, 1);  

  
%This for-loop calculates the Doppler shifted frequency for every point 
%inside the beam and adds every shift to a previously unshifted frequency 
fdxx=zeros(steps,steps); 
fdzx=zeros(steps,steps); 
s=1; 
for p=1:1:steps 
    for n=1:1:steps 
        if radius(p,n)>0 
        fdxx(p,n)=kxx(p,n)*vxx(p,1); 
        fdzx(p,n)=kzx(p,n)*vxx(p,1); 
        freqtot2(s,:)=freqtot2(s,:)+fdxx(p,n)+fdzx(p,n); 
        s=s+1; 
        end 
    end 
end 

  
%Calculates the "proper" numbers for fmin2 and fmax2 
fmax2=max(freqtot2(:,M)); 
fmin2=min(freqtot2(:,1)); 
fmax2=round(fmax2*1e-3)*1e3+1000; 
fmin2=round(fmin2*1e-3)*1e3-1000; 

  
%magnr is the number of elements freqlong needs to be divided into to have 
%the same "frequency-jump" as freqtot2. 
if fmin2>0 || fmax2<0 
    magnr=round((abs(fmax2)-abs(fmin2))/((abs(fmin)+abs(fmax))/M)); 
else 
    magnr=round((abs(fmin2)+abs(fmax2))/((abs(fmin)+abs(fmax))/M)); 
end 

     
%Turns magnr into a odd nr since M is odd. 
if mod(magnr,2)==0 
    magnr=magnr-1; 
end 

  
%Creates vectors with magnr elements 
ionlinetot=zeros(1,magnr);                 
freqlong=linspace(fmin2,fmax2,magnr);  
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%For-loop that compares freqtot2X(rowX,columnX) with the entire vector 
%freqlong. Where freqtot2X(rowX, columnX)=freqtot2Y(rowY, columnX) 
%their respective value for DSCS will be added and placed in index 
%in ionlinetot 
for m=1:1:j 
    for p=1:1:M                                                      
        [nr,index]=min(abs(freqtot2(m,p)-freqlong(1,:)));      
        ionlinetot(index)=(ionlinetot(index)+ionline(p));              
    end 
end 

  

  
%Calculates the average ionline.         
ionlinetot=ionlinetot/j; 
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A6: FINALPROG.M 

%A program that adds several ion lines with different Doppler shifts in a 
%beam with OAM, only for velocities in the x-direction (positive and 
%negative). It also takes into account the appearance of the beam, 
%in this case a laguerre gauss distribution. 
%In order to actually see a shift with this program 
%(for a small num) the M needs to be very large. This is because  
%the shifts are in the 1-10Hz range.. 

  
function [ionlinetot,freqlong]=finalprog(deg, steps, z, M, fmax, fmin, vz, 

vx, num, angvel) 

  
% deg     The "beam opening angle" 
% vz      Velocity of plasma (m/s) in the z-direction 
% vx      Velocity of plasma (m/s) in the x-direction 
% steps   Number of measuring points per axis 
% z       Height where the measurements take place 
% M       "Resolution" (needs to be odd) (=1001) 
% fmin    Lowest frequency 
% fmax    Highest frequency 
% num     l-value 
% angvel  angular velocity of plasma 

  
r     = z*tan((deg*2*pi)/360);       % Radius of the beam at height z  
freq0 = linspace(fmin, fmax, M);     % Frequency 
ni    = 5e11;                        % Typical ion density /m3 
ionm  = 16;                          % O+ 
ti    = 1000;                        % Typical ion temperature in K 
te    = 2000;                        % Typical electron temperature in K 
k     = 4*pi*430e6/3e8;              % Monostatic radar at 430 MHz 
rad   = ((2*pi)/360);                % One radian 

  
%Calculates the ionline with iscatspb0 
[ionline, plasmaline] =iscatspb0(freq0, ni, ionm, ti, te, k); 

  
%Creates x- and y-vectors containing only zeros 
xkoord=zeros(1,steps); 
ykoord=zeros(1,steps); 

  
%creates a vector vzz and vxx, containing only zeros. 
vzz=zeros(steps,1); 
vxx=zeros(steps,1); 

  
%Creates vector diameter  
diameter= linspace(-r,r,steps); 

  
%Creates vector points 
points=zeros(2*steps,steps); 

     
%Inserts coordinates into the x- and y-vectors  
for s= 1:1:steps 
    xkoord(s)=xkoord(s)+diameter(s); 
    ykoord(s)=ykoord(s)+diameter(s); 
end 
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%Creates all the different points where measurements will take place 
for p=2:2:2*steps 
    for n= 1:1:steps 
        points(p-1,:)=ykoord(steps+1-(p-p/2)); 
        points(p,n)=xkoord(n); 
    end 
end 

  

  
%This calculates the different angles from the x-axis to the different 
%points (x- and y-coordinates) where the ionline is measured 
phi=zeros(steps,steps); 
for p=2:2:2*steps 
    for n=1:1:steps      
        phi(p-p/2,n)=atan(points(p-1,n)/points(p,n))*(360/(2*pi)); 
    end 
end 

  

  
%Adds 180 degrees in the second quadrant and subtracts 180 degrees in the 
%third quadrant 
for p=1:1:steps/2 
    for n=1:1:steps/2 
        phi(p,n)=phi(p,n)+180; 
        phi(p+steps/2,n)=phi(p+steps/2,n)-180; 
    end 
end 
  

%Calculates the distance from the beams center to all the different points 
%in the grid and if this distance is larger than the radius of the beam, 
%the distance is set to zero 
radius=zeros(steps,steps); 
for p=2:2:2*steps 
    for n=1:1:steps 
        radius(p-p/2,n)=sqrt(abs(points(p-1,n))^2+abs(points(p,n))^2); 
        if radius(p-p/2,n)>r 
            radius(p-p/2,n)=0; 
        end 
    end 
end 

  

     
%Creates vectors vxx, and vzz that can have different velocities for 
%different parts of the beam 
for g=1:1:steps 
    a=steps/2; 
    if g<=a 
        vzz(g,1)=vz; 
        vxx(g,1)=vx; 
    else 
        vzz(g,1)=-vz;     
        vxx(g,1)=-vx; 
    end 
end 
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%The following lines of code makes the shift in the velocity change broader 
%limit is where (in meters) the shift should start 
nr1=0; 
limit=0; 

  
for g=1:1:steps     
       if radius(g,a)<limit && radius(g,a)~=0 
           nr1=nr1+1; 
       end 
end 
nr1=nr1/2; 
weight1=linspace(1,0,nr1); 
weight2=linspace(0,1,nr1); 
weight3=zeros(1,length(weight1)+length(weight2)); 
for g=1:1:length(weight1) 
    weight3(1,g)=weight1(1,g); 
end 
for g=1:1:length(weight2) 
    weight3(1,g+length(weight1))=weight2(1,g); 
end 

  
nr11=1; 
for g=1:1:steps 

  
      if radius(g,a)<limit && radius(g,a)>0 
          vzz(g,1)=vzz(g,1)*weight3(1,nr11); 
          vxx(g,1)=vxx(g,1)*weight3(1,nr11); 
          nr11=nr11+1; 

  
      end   
end 
  

 
%Creates a steps*steps matrix full of zeroes 
kdeg=zeros(steps, steps); 
%This for-loop calculates the "beam opening angle" of every point in the 

beam 
for p=2:2:2*steps 
    for n=1:1:steps 
       kdeg(p-p/2,n)=atan(radius(p-p/2,n)/z)*(360/(2*pi)); 
    end 
end 

  
%Creates a steps*steps matrix full of zeroes 
kzz=zeros(steps,steps); 
%Calculates the projection of the "radar k" in the z-axis 
for p=1:1:steps 
    for n=1:1:steps 
        if radius(p,n)>0 
            kzz(p,n)=k*cos(kdeg(p,n)*rad); 
        end 
    end 
end 
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%Creates a steps*steps matrix full of zeroes 
kzplane=zeros(steps,steps); 
%This for-loop projects the "radar k" onto the x-y-plane 
for p=1:1:steps 
    for n=1:1:steps 
       if kdeg(p,n)>0 
           kzplane(p,n)=k*sin(kdeg(p,n)*((2*pi)/360)); 
       end 
    end 
end 

  

  
%Creates a steps*steps matrix full of zeroes 
kzx=zeros(steps,steps); 

  
%This for-loop projects kzplane in the x-direction 
for p=1:1:steps 
    for n=1:1:steps 
        if kdeg(p,n)>0 
            kzx(p,n)=kzplane(p,n)*cos(phi(p,n)*((2*pi)/360)); 
        end 
    end 
end 

  
%Calculates kxx (OAM) in every point inside the beam 
kxx=zeros(steps,steps); 
for p=1:1:steps 
    for n=1:1:steps 
        if radius(p,n)>0 
        kxx(p,n)=-num*(sin(phi(p,n)*((2*pi)/360))/radius(p,n)); 
        end 
    end 
end 
  

 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
%Calculates kyy (OAM) in every point inside the beam 
kyy=zeros(steps,steps); 
for p=1:1:steps 
    for n=1:1:steps 
        if radius(p,n)>0 
        kyy(p,n)=num*(cos(phi(p,n)*((2*pi)/360))/radius(p,n)); 
        end 
    end 
end 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%  

  
%This for-loop calculates how many elements in radius that are non-zero. 
j=0; 
for p=1:1:steps 
    for n=1:1:steps 
        if radius(p,n)>0 
            j=j+1; 
        end 
    end 
end 

     
%Creates freqtot2 which contains j rows of "undisturbed" frequencies  
freqtot2=repmat(linspace(fmin,fmax,M), j, 1);  
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%This for-loop calculates the Doppler shifted frequency for every point 
%inside the beam and adds every shift to a previously unshifted frequency 
fdzz=zeros(steps,steps); 
fdxx=zeros(steps,steps); 
fdzx=zeros(steps,steps); 
fdvort=zeros(steps,steps); 
fdtot=zeros(steps,steps); 
s=1; 
for p=1:1:steps 
    for n=1:1:steps 
        if radius(p,n)>0 
        fdzz(p,n)=kzz(p,n)*vzz(p,1);     
        fdxx(p,n)=kxx(p,n)*vxx(p,1); 
        fdzx(p,n)=kzx(p,n)*vxx(p,1); 
        fdvort(p,n)=num*angvel; 
        fdtot(p,n)=fdzz(p,n)+fdxx(p,n)+fdvort(p,n)+fdzx(p,n); 
        freqtot2(s,:)=freqtot2(s,:)+fdtot(p,n); 
        s=s+1; 
        end 
    end 
end 

 
%Calculates the "proper" numbers for fmin2 and fmax2 
fmax2=max(freqtot2(:,M)); 
fmin2=min(freqtot2(:,1)); 
fmax2=round(fmax2*1e-3)*1e3+1000; 
fmin2=round(fmin2*1e-3)*1e3-1000; 

  
%magnr is the number of elements freqlong needs to be divided into to have 
%the same "frequency-jump" as freqtot2. 
if fmin2>0 || fmax2<0 
    magnr=round((abs(fmax2)-abs(fmin2))/((abs(fmin)+abs(fmax))/M)); 
else 
    magnr=round((abs(fmin2)+abs(fmax2))/((abs(fmin)+abs(fmax))/M)); 
end 

     
%Turns magnr into a odd nr since M is odd. 
if mod(magnr,2)==0 
    magnr=magnr-1; 
end 

  
%Creates j vectors all containing ionline 
ionlinelaggauss=repmat(ionline, j, 1); 

  
%Creates j vectors only containing 1 element, 0 
weightfkn=zeros(j,1); 

  
%calculates the weighted function from a laguerre-gaussian distribution 
s=1; 
for p=1:1:steps 
    for n=1:1:steps 
        if radius(p,n)>0 
        weightfkn(s,1)=LaguerreGaussDist(radius(p,n),num,deg);            
        s=s+1; 
        end 
    end 
end 

  
maxweight=max(weightfkn(:,1)); 
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%Normalization of the weightfunction 
for p=1:1:length(weightfkn(:,1)) 
    weightfkn(p,1)=weightfkn(p,1)/maxweight; 
end 

  

  
%Multiplies the weighted function with its respective ionline. 
for p=1:1:j 
    ionlinelaggauss(p,:)=ionlinelaggauss(p,:)*weightfkn(p,1); 
end 

  
%Creates vectors with magnr elements 
ionlinetot=zeros(1,magnr);                 
freqlong=linspace(fmin2,fmax2,magnr);  

   
%For-loop that compares freqtot2X(rowX,columnX) with the entire vector 
%freqlong. Where freqtot2X(rowX, columnX)=freqtot2Y(rowY, columnX) 
%their respective value for DSCS will be added and placed in index 
%in ionlinetot 
for m=1:1:j 
    for p=1:1:M                                                      
        [nr,index]=min(abs(freqtot2(m,p)-freqlong(1,:)));      
        ionlinetot(index)=(ionlinetot(index)+ionlinelaggauss(m,p));              
    end 
end 

  

  
%Calculates the average ionline.         
ionlinetot=ionlinetot/j; 

  
%Plot the spectrum 
plot(freqlong, ionlinetot) 
legend('sum of ionlines') 
xlabel('frequency'); ylabel('differential scattering cross section')  
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A7: LAGUERREGAUSSDIST.M 

function [LG]=LaguerreGaussDist(r,l,deg) 
phi=0; 
z=2e5; 
p=0; 
r1=z*tan((deg*pi)/360); 
wz=r1*sqrt(abs(l)/2); 
Clp=sqrt(2/(pi*factorial(l)*factorial(p)))*factorial(min(l,p)); 
A=power(Clp/wz,2); 
B=power((((r*sqrt(2))/wz)),2*abs(l)); 
C=exp(-2*(power(r,2))/(power(wz,2))); 
D=real(exp(1i*l*phi)); 
LG=A.*B.*C.*D; 
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