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i
Abstract
Demand for high data rates is increasing rapidly for future wireless systems. This trend is due to the increase in the number of mobile subscribers that
need bandwidth hungry multimedia applications anywhere, anytime. Fourth
generation cellular systems like IMT-advanced are being developed to meet
these requirements. The unreliable nature of the wireless medium is one of
the main hinderance in providing high data rates. Cooperative communication
in cellular networks is emerging as a new paradigm to deal with the channel
impairments. User cooperation via fixed relays in cellular systems form multiple access relay channels (MARCs) and provide an effective and cost efficient
solution to achieve spatial diversity gains. Network resources can be utilized
efficiently by using network coding at cooperating nodes.
A lot of research work has focused on highlighting the gains achieved by
using network coding in MARCs. However, there are certain areas that are
not fully explored yet. For instance, the kind of the detection scheme used
at the base station receiver and its impact on the link performance has not
been addressed. In most cases, the outage probability has been used as a
performance measure of MARCs. However, it is well known that the outage
probability gives information about the signal availability, but it does not give
the complete picture about the reliability of the link and the achieved quality
of service.
This thesis work looks at the link performance, in terms of symbol error
probability, of multiple access relay channels that employ network coding at
the relay node. Different types of detection schemes are considered and their
performance is compared under different link conditions. Analytical expressions for the average symbol error probability of the cooperating users are
derived. Focusing on the uplink of cellular systems, certain rules are devised
on how to group users at relay node to ensure mutual benefit for the cooperating users. As a way of improving the link performance of multiple access
relay channels and their robustness, the thesis considers constellation selection
for the different branches. This method takes advantage of the redundancy between the transmitted symbols created by network coding and the augmented
signal space obtained at the base station receiver. The obtained results show
that, with a proper selection of the constellation sets, the link performance of
MARCs can be improved. The thesis further looks at the interaction between
the channel coding schemes of the cooperating users and network coding. It is
shown that joint channel-network coding in MARCs can be seen as a product
code. This new representation provides considerable flexibility in selecting
efficient decoding algorithms at the base station receiver and gives the possibility to use more powerful network coding schemes for MARCs.
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Chapter 1

Introduction
Cellular networks are convenient means of communication having key importance in business operations and acting as stimulus for economic development. The role of mobile
communication in our daily lives has been expanded tremendously in the recent years due
to the introduction of variety of advanced multimedia services, location based applications, video transmission and high speed internet access. Today more than four billion
people are using the mobile phones [3]. It has been forecasted that the number of mobile
subscribers will reach a top mark of five billion [1] by the end of 2011 as illustrated in
Figure 2.1. Therefore, the amount of data traffic in wireless networks is anticipated to
rise exponentially in order to provide wireless broadband services to these large number
of subscribers. Hence, in order to transport this huge amount of data in acceptable time,
the target data rates for wireless systems are increasing at the same speed. For instance
the fourth-generation (4G) cellular systems, like IMT-advanced [4] are being developed to
achieve peak data rates of 100 Mega bits per second (Mbps) during mobility while 1 Giga
bits per second (Gbps) in indoor environments. It is interesting to observe that the demand
for data rates in wireless networks is growing by a factor of 10 every 5 years, as illustrated
in Figure 2.2.
This increasing trend is the main motivating factor for development of novel wireless
technologies for reliable and cost efficient transmissions. The introduction of multi-inputmulti-output (MIMO) systems [5–8] is a remarkable advancement in the field of communication theory during the last decade. Numerous practical schemes like spatial multiplexing
and space-time coding are designed using multiple antennas on transmitter and/or receiver
side. These schemes provide considerable improvement in spectral efficiency and signal
reliability on the links. MIMO techniques and their variations are very popular in cellular applications. For instance, various standards, such as IEEE 802.11, IEEE 802.16, and
IEEE 802.20 use these techniques. However, multi-antenna systems have their inherent
limitations. For instance, deployment of complex antenna systems at user device becomes
inappropriate due to size, cost and power limitations.
Cooperative communication is an innovative technique that takes the advantage of
broadcast nature of wireless channels and can achieve spatial diversity gain without de-
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Figure 1.1: Forecast for number of mobile subscribers [1].

ploying multiple antennas at the nodes. This new transmission paradigm forms an efficient
virtual multi-antenna system in a cellular network. Consequently, significant performance
gains can be achieved in terms of link reliability, system capacity and coverage.
Cooperative communication has the ability to provide an effective and cost efficient
solution for future wireless generations. For instance, high frequency bands proposed for
4G spectrum motivates to minimize the distance between transmitters and receivers, in
order to reduce the high transmission losses. A brute force solution is to deploy more base
stations for reducing the cell size. However, this results into an economically infeasible
solution [9]. Instead, relays can be used to realize cooperative multi-hop transmission,
taking the advantage of the nonlinear relationship between the distance and propagation
loss [10], that helps in reducing the overall signal attenuation as compared to single hop
transmission. Consequently, highlighting the effectiveness of cooperation for providing
high data rates at the cell edges.
Moreover the relays, that can be fixed stations or mobile devices, do not require backbone networks, making the cooperation between nodes cost efficient. In addition, relays
are less expensive and requires less power than base stations. It has been shown in [11]
that cost per transmitted bit can be reduced by a factor of two to three using cooperative
relaying. Another economical evaluation in [12] shows that for an unplanned deployment,
justifiable gains in terms of cost can be achieved if the relay is about 10% of the base station
cost. In short, due to its enormous advantages, cooperative communication has emerged as
a popular research area in cellular communication these days.

1.1 Related Work
The basic idea of relaying, i.e. the foundation of cooperative communications, has been
introduced in [13]. Later on information theoretic properties of relay channels have been
studied in [14]. In these pioneering contributions, maximum achievable communication
rate has been derived for a basic three terminal model, containing a source, a relay and a
destination. The idea of user cooperation has been introduced by [15, 16] for uplink transmission that improves the capacity and lowers the outage probability for a given data rate.

1.1. RELATED WORK
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Figure 1.2: Rapid increase in data rates for future Wireless Systems [2].

A cooperative protocol is designed where two cooperating partners listen to the broadcasted
packet and retransmit the data for each other. This technique also helps in improving the
diversity gain, as both transmitting nodes have uncorrelated channels with the destination.
Later, [17] extended the concept of cooperation, by designing energy efficient multiple access protocols based on decode-and-forward (DF) and amplify-and-forward (AF) relaying
modes. Significant gains in terms of outage probability as compared to direct link transmission has been illustrated in his work. In addition to fixed relaying modes, an outage
probability analysis in [18] has been carried out for adaptive and incremental redundancy
modes. Distributed channel codes are used at relaying nodes for improving the bit or block
error rate in [19–21]. A number of interesting relaying strategies including repetition coding [22–24], space time cooperation [25], and space time coded cooperation [26] have been
proposed and significant gain in terms of error performance, outage probability and power
efficiency has been illustrated.
Many authors have considered the use of network coding [27], a routing technique
initially proposed for wired networks, in order to combine the received packets at the relay
and improve the link efficiency. For instance [28, 29] proposed a new framework, termed
as adaptive network coded cooperation (ANCC) for reducing the outage in a multi terminal
network by using low density parity check codes (LDPC) at intermediate nodes. Similarly
[30] has investigated the diversity gain using exclusive-OR (XOR) based network coding
for multiple access relay channel (MARC) and showed that network coding improves the
bandwidth of MARC from 1/2 to 2/3, without affecting its diversity gain. However, this
investigation considers only the outage probability as a performance measure. Here system
is considered in outage, when signal to noise ratio (SNR) for two out of three direct links
is below some threshold. Another investigation in [31], considers adaptive transmission
of network coded packet based on its correct reception at relay and analyze the outage
probability for individual user. The outage probability analysis performed in these works
highlights the importance of network coding in MARC in terms of link efficiency, and
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clearly shows how often a transmission is possible. However system/individual outage
does not reflect the gain or loss in terms of SNR for a given bit or block error rate.
In the literature, different methods are considered to combine the directly received signals and relayed signals at the receiver in case of MARC. For instance, based on outage
definition in [30], it implies that a user is either detected directly or using other two correctly detected links. However the detection scheme used in [30] is not clearly mentioned.
Similarly some authors like [32], perform the detection by considering all the received
signals jointly, that increases the detection complexity at the receiver. Moreover, [33] has
considered a detection scheme based on successive cancelation of users while analyzing
the capacity of network coded MARC. In short, different detection methods are used implicitly in previous work and no effort has been made to compare the performance of these
methods. [33] has also looked into the issue of user grouping at the relay, as network coding at the relay, couples the performance of the combined users with each other. However,
analysis is not done in detail and impact of user grouping on link reliability of users is
not considered. Some other works [34–37] determine throughput improvement for various
relaying structures using network coding. Recently network coding has been considered
useful for saving network resources in a report on green wireless communications [38].
In addition to achieving diversity and throughput gain, network coded packet can also
be used to correct transmission errors. XOR based combining has been used at the relay by
many authors, as it is simplest form of network coding. However, XOR based network coding does not exhibit an error correction capability. Moreover, it is not feasible to combine
multiple users at a relay using this technique. Therefore, the concept of distributed channel
codes has been generalized to design joint network-channel codes in many research works.
For instance, [39] has used nested codes for realizing joint network-channel coding in a
network containing multiple source nodes and a single relay. It has been shown that for a
given throughput the reliability of transmitted signal is better in this case, than considering
network and channel coding separately. Similarly, [40] has proposed a scheme known as
generalized-adaptive network coded cooperation (GANCC) for wireless Ad-hoc networks,
in order to prove that network coding is a generalization of channel coding. Moreover, [41]
has considered the use of distributed turbo codes for the MARC and proved that the joint
network-channel coding is better than separate network-channel coding. Similarly it has
been illustrated in [42] how low-density parity-check (LDPC) code can be used to design
joint network-channel coding scheme for MARC. Above methods are quite useful in improving the bit or block error rate of the users, however requires complex encoding and
decoding methods while combining multiple users. The concept of joint network-channel
coding is also used for two way relay channels as described in [43]. Very recently [44] has
proposed a practical method to combine non-binary channel coding with network coding
for two source two relay topology in wireless network.

1.2. PROBLEM FORMULATION
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1.2 Problem Formulation
In heavily loaded cellular networks it is not difficult to find devices that can relay data for
other users. However, device-to-device cooperation raises certain concerns. These concerns include, battery drainage at fast rate due to helping other users, need of additional
hardware and software than conventional devices, frequent relay hand-offs due to mobility
of the relaying device and billing issues. These limitations are not present in the case of
fixed relays. Fixed relays are normally placed at the locations that are good for transmitting/recieving signals to/from base stations. In addition, relays have comparatively stable
channel conditions as compared to cooperating terminals, hence the delivered performance
is comparatively more predictable in the former case.
Based on the key findings described in previous section, this thesis work looks at the
link performance of cellular relaying systems. We focus our study on the uplink and we
assume that users have the possibility to cooperate via fixed relays with the help of network
coding. This user cooperation provides the base station receiver with some redundancy via
different links. How to use these links will impact the performance of the cooperating
users. For that, the thesis looks at the error probability of different detection strategies for
different positions of the cooperating users within the cell. As the relay has the possibility
to choose the cooperating users, it is important to investigate which users should cooperate
and on what basis should they be paired such that the error probability is improved for both
cooperating users.
Cooperation via a fixed relay provides, not only, a diversity but also increases the signal
space dimension seen at the base station receiver. This augmented signal space [45, 46]
can be used to design better multi-level modulation schemes that can take advantage of the
diversity gain as well as the augmented signal space. The question addressed here is, how
to find the appropriate signal constellations for the cooperating users and the relay node
in the presence of network coding. Network coding combines the user signals at the relay
node and creates some redundancy that can be used in designing the signal constellation
set of each of the three links. When the cooperating users are employing channel coding,
network coding employed at the relay node can be seen as an extra redundancy added
to the user signals. It will be shown, in this thesis, that channel coding in the uplink
of a cellular/relay system with network coding can be seen as a product code with rows
formed by the individual codewords of the users and columns formed by the used network
coding scheme. This new structure can be used to design good network coding schemes
for cellular/relay systems and open the possibility to use well known decoding algorithms
at the base station receiver. These decoding algorithms are quite efficient as they see the
channel coding of the cooperating users and the network coding scheme as one single code.

1.2.1 Thesis Contributions and Outline
This thesis looks at the performance of cooperative communication in cellular systems.
Cooperation is achieved via fixed relays and with network coding combining. The thesis
is a mixture of analytical and simulation results. Most of the results obtained in the thesis
have been reported (submitted and accepted) in different international conferences and
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journals. The thesis is presented in six chapters as follows:
Chapter 2
This chapter gives a brief description of cooperative communication in wireless communication with a special emphasis on cooperative relaying in cellular systems. The principle
of network coding and its advantages for wireless applications and cooperative communication is described.
Chapter 3
This chapter looks at the link performance, in terms of bit error probability, of the MARC
with network coding. Different detection schemes are considered and their performance
is compared under different link conditions. Analytical expressions for the average bit
error probability of the cooperating users are derived. Focusing on the uplink of cellular
systems, we look at the performance of MARC and how to group users in the cooperation
process. The main results of this chapter have been reported in
[T.1] Tafzeel ur Rehman Ahsin and Slimane Ben Slimane, “Detection strategies in cooperative relaying with network coding,” IEEE PIMRC 2010, Istanbul, Turkey September
2010.
[T.2] Jie Xu, Tafzeel ur Rehman Ahsin, Ling Qiu, and Slimane Ben Slimane, “Scheduling,
pairing and ordering in the network coded uplink multiuser mimo relay channels,”
in proceeding of VTC 2010-Spring Taipei, Taiwan May 2010.
[T.3] Jawad Manssour, Tafzeel ur Rehman Ahsin, Slimane Ben Slimane and Afif Osseiran,
“Detection strategies for cooperative network coding: Analysis and performance,”
submitted to IEEE Transactions on wireless communications, 2010.
Chapter 4
This chapter considers constellation selection as a way of improving the link performance
of MARC in cellular systems. The idea is, with high-level multi-level modulation, to
use a different constellation set for each link of the MARC. This method takes advantage
of the redundancy between the transmitted symbols created by network coding and the
augmented signal space obtained at the base station receiver. The obtained results show
that, with a proper selection of the constellation sets, the link performance of MARC in
both additive white Gaussian noise (AWGN) channels and fading multi-path channels can
be improved. The main results of this chapter have been reported in
[T.4] Tafzeel ur Rehman Ahsin and Slimane Ben Slimane, “Constellation selection in network coded distributive antenna systems,” IEEE GLOBCOM 2009, Hawaii, USA
Dec 2009.
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Chapter 5
This chapter considers a new alternative to improve the link performance of MARC in
cellular systems when the cooperative users employ channel coding. The study is limited to linear block codes where it is shown that the combination of channel coding and
network coding in MARC can be seen as a product code. This finding provides us a possibility to use a decoding algorithm at the base station receiver that sees the combination
of user channel coding and network coding as a single code. As several decoding algorithms for product codes exist in the literature, joint channel-network decoding can now be
achieved for MARC and recovers the performance loss due to separate channel-network
decoding. The proposed representation also allows the use of more powerful network coding schemes. It also gives the possibility to involve more than two users in the cooperation
process via each relay simultaneously. Results from this chapter have been reported in
[T.5] Tafzeel ur Rehman Ahsin and Slimane Ben Slimane, “Product coding based network
coding in cooperative relaying,” IEEE WCNC 2010, Sydney, Australia, April 2010.
[T.6] Tafzeel ur Rehman Ahsin and Slimane Ben Slimane, “Product Coding: A joint
channel-network coding scheme for the multiple access relay channel,” submitted
to IEEE Transactions on wireless communications, 2010.
Chapter 6
This chapter gives concluding remarks about the results of the thesis and provides some
directions for future research activities in the area.

Chapter 2

Cooperative Communication in Wireless
Networks
An important challenge in cellular communication nowadays is to design an energy and
cost efficient network that provides high data rate and coverage. One of the main hinderance to these objectives is the unreliable nature of wireless channels, caused by inherent
channel fading. Cooperation [16] between the nodes in a cellular network helps in combating channel impairments. Relays can take advantage of broadcast nature of wireless
channels and allow the users to cooperate, by retransmitting their data packets towards
the base station. Therefore relays break the single hop transmission into multi-hops and
help in reducing the propagation loss between transmitter and the receiver [10]. Moreover, multiple copies of the same information is reached at destination due to relaying.
Diversity gain can be achieved by combining these multiple copies at the destination and
consequently, signal reliability on the links can be improved. Using network coding [27]
at relays, provide an intelligent way to utilize network resources efficiently. For instance,
relay can combine multiple received packets using network coding and send them towards
destination as a single packet. Therefore cellular relay with network coding has the ability
to improve the system throughput.
This chapter provides necessary background on cellular relaying and its integration
with network coding. Section 2.1 discusses cooperative cellular relaying while section 2.2
describe the advantages of integrating, network coding in cellular relaying.

2.1 Multi-path Fading Channels
The physical medium through which the information signal travels, from transmitter to the
receiver is called communication channel. For instance, telephone line in wired system
and environment between the transmitter and the receiver in wireless system is termed as
communication channel. Wireless channels are highly unpredictable in nature, both in time
and frequency domain. The distortion experienced by the received signal after propagating
through wireless channel is termed as fading. In multi-path propagation, the transmitted
9
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signal can take several paths to reach the receiver. The signals reaching through different
paths experience different delays. The superposition of these signals at the receiver can
be constructive or destructive depending upon the delays introduced by each path. This
causes variation in received signal strength, frequency and phase at the receiver and thus
give rise to multi-path fading. The multi-path fading can be further divided into two types,
i.e. large scale fading and small scale fading.
Large scale fading represents the variation in the mean of received signal power over
the large distance as compare to the wavelength of the signal. It occurs when receiver is
shadowed by large terrain obstacles such as hills or buildings. Large scale fading is often
expressed in terms of mean path loss and log-normal distributed variation about the mean
for a given distance between transmitter and the receiver [47]. Log-normal distribution
means that the logarithm of signal power follows normal distribution.
Small scale fading involves the variation in received signal power over small distances,
comparable or less than wavelength of the signal. This occurs due to scatters present in
the channel. These scatters are created due to reflection, diffraction and scattering of radio
waves from various objects and surfaces situated between the transmitter and the receiver.
The received signal is the summation of all these scattered signals. This causes fluctuations
in the received signal strength. Let us assume that the bandpass signal s(t) is transmitted
during an interval 0 ≤ t ≤ T . It can be expressed in terms of its baseband waveform sl (t)
as follows
s(t) = ℜ{sl (t)ej2πfc t }

(2.1)

where ℜ{.} denotes the real part of {.} and fc is the carrier frequency. While traveling
through multi-path fading environment s(t) will be modified by a complex dimensionless
factor α(t) that takes care of both large and small scale fading. If the antennas remain
within a limited trajectory, the effect of large scale fading can be considered constant (for
instance, equal to unity) [47]. Assuming that there are i multiple scattering paths, each
having time variant propagation delay τi (t) and a time variant multiplicative factor αi (t),
the received bandpass signal can be written as follows
y(t) =

X

αi (t)s[t − τi (t)] + z(t)

ℜ

"

i

=

X
i

#

αi (t)e−j2πfc τi (t) sl (t − τi (t)) ej2πfc t

!

+ z(t)

(2.2)

where z(t) at any instant t denotes additive white Gaussian noise (AWGN) at the receiver
with zero mean and known variance. Main sources of AWGN includes thermal motion
of electrons in antenna, shot noise, black body radiation etc. As z(t) is the sum of large
number of statistically independent random variables hence according to the central limit
theorem [47], it is modeled as Gaussian random variable. Moreover, since the two sided
power spectral density of the noise is considered constant for all the frequencies of interest
hence it is termed as white noise. An equivalent received baseband signal can be obtained
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by neglecting carrier frequency multiplication factor in (2.2) as follows
X
yl (t) =
αi (t)e−j2πfc τi (t) sl (t − τi (t)) + z(t)
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(2.3)

i

Since yl (t) is the response of an equivalent baseband channel to an equivalent baseband
signal sl (t), the expression for time variant baseband channel impulse response h́(τ ; t) can
be obtained as follows
X
αi (t)e−j2πfc τi (t) δ(τ − τi (t))
h́(τ ; t) =
i

=

X
i

h́i (t)δ(τ − τi (t))

(2.4)

where h́i (t) is the complex attenuation factor of path i. It is obvious that if the number
of scattering paths is large and none are dominant, then according to central limit theorem
h́(τ ; t) can be modeled as zero mean complex valued Gaussian random process and the
received envelope h́(τ ; t) at any instant t has Rayleigh probability density function (pdf).
Therefore the channel is modeled as Rayleigh fading channel in this case. In the presence
of fixed scatters, in addition to moving scatters the h́(τ ; t) cannot be modeled as having
zero mean and hence fading can be modeled as Rician distributed random variable [48].
The two important manifestations of small scale fading are the time spreading of the received signal and the time variation of the channel. Let us look at both one by one as
follows.

a) Time Spreading
Rather simplified approach to model small scale fading is to use the notion of wide-sense
stationary uncorrelated scattering (WSSUS), where all the signals arriving at the receiver
with different delays are considered as uncorrelated [47]. For a single transmitted impulse the time Tm between the first and last (considering that signal power falls below
some threshold) received component represents the maximum delay spread. The coherence bandwidth Bm is a statistical measure of the range of frequencies over which channel
treats all the spectral components similarly. Therefore the signal components falling outside the coherence bandwidth will be treated differently by the channel. In other words,
coherence bandwidth is an analogous characterization of signal dispersion in frequency
domain. Time spreading of a signal at the receiver provides us the information about
frequency selectivity of the fading channel. For instance, a fading channel is said to be
frequency non selective or flat fading if signal bandwidth W is less than coherence bandwidth of the channel. However, if signal bandwidth is greater than coherence bandwidth,
different spectral components will be affected by the channel differently and the channel is
known as frequency selective channel. Small scale fading limits the maximum achievable
data rate since we are limited to choose W < Bm in order avoid frequency selectivity.
Moreover the time dispersion of one transmission due to multi-path components effects
one or more successive output symbols and cause inter symbol interference (ISI).
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Instead of using complex channel equalizers at the receiver, ISI can be mitigated using orthogonal frequency division multiplexing (OFDM). This scheme transforms high
data rate stream into set of parallel low data rate streams, thus providing help against time
spreading phenomena in multi-path channels. In OFDM, the input data stream is first modulated in baseband using any modulation scheme. The modulated data stream, with symbol
duration Ts is then converted to N different data streams. Each stream is modulated by
a specific subcarrier waveform and the addition of all the streams results into bandpass
OFDM transmitted symbol/block. By proper selection of number of carriers N , the duration of OFDM block T = N Ts can be made larger than Tm in order to reduce the effect
of symbol interference. However, OFDM can remove the interference (both inter symbol
and inter carrier) completely by extending the OFDM block length at the transmitter side,
by using a time guard interval Tg > Tm [10]. Assuming L as the number of multi-paths,
the received baseband OFDM signal can be written as
yl (t) =

L−1
X
i=0

h́i (t)sl (t − τi (t)) + z(t)

(2.5)

where h́i is as defined in (2.4), sl (t) is the equivalent baseband OFDM transmitted signal
in nth block interval and can be written as
sl (t)

=

N
−1
X

sm (n)gm (t),

m=0

=

nT − Tg ≤ t < (n + 1)T

N
−1
X
m
1
p
sm (n)e2π T t
T + Tg m=0

(2.6)

Here sm (n) is baseband modulated symbol and gm (t) represents the orthogonal subcarrier
waveform. The subcarrier waveforms retain the orthogonality property over the duration
of the useful part of the signal, i.e. over T only. The orthogonality property is preserved
only if (Tg ≥ Tm ) and the OFDM receiver synchronizes to the first arriving path. The
addition of the time guard interval in the OFDM system provides a time delay margin for
the subcarrier waveforms for which the orthogonality property is always preserved [10].
Hence, by using a time guard interval, inter symbol and inter carrier interference will be
absorbed and the receiver can safely ignore this added guard interval at the receiver side.
The useful part of the received signal during the nth block interval in a slowly varying
fading multi-path channel (fading coefficient can be considered constant during one OFDM
block) can be written as

yl (t) =

N
−1
X

H(m/T ; t)sm (n)gm (t),

m=0

and

H(m/T ; t) =

L−1
X
i=0

nT ≤ t < (n + 1)T

m

h́i (t)e−j2π T τi (t)

(2.7)

(2.8)
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represents the transfer function of the fading multi-path channel. After passing through the
correlation receiver, the output sample of subcarrier k becomes
yk (n) =

Z

(n+1)T

nT

=

yl (t)gk∗ dt

h(t)sk (n) + zk (n)

(2.9)

where h(t) represents the channel coefficient and can be written as
h(t) =

s

T
H(k/T ; t).
T + Tg

It can be observed from (2.9) that the output sample is completely free from inter-symbol
interference and inter-carrier interference. However, in the presence of strong multi-path
components, some carriers could be in deep fades due to destructive combination of the
paths. In crux, with the introduction of the time guard interval in OFDM, it is possible
to transform a frequency selective fading channel into N parallel frequency nonselective
(flat) fading channels.

b) Time Variation of the Channel
Multi-path channel becomes time variant due to the relative motion between the transmitter
and the receiver (or vice versa). This relative motion causes the frequency of the received
signal to be shifted relative to that of the transmitted signal. This Doppler shift fd , is proportional to the velocity of the receiver and the frequency of the transmitted signal [48].
Since the received signal travels over several reflected paths and each path have different doppler shift hence multi-path propagation creates spectral or Doppler spreading. An
analogous characterization of time variant channel in time domain is coherence time T0 .
It is the measure of the expected time duration over which the channel response remains
essentially invariant [47]. Time variation of the channel results into slow or fast fading on
the channel. For instance if the coherence time of the channel is less than the signal transmission time Ts the channel is known as fast fading channel. However, if coherence time
is larger than Ts , the fading is termed as slow fading. Fast fading causes synchronization
related issues at the receiver hence more robust modulation scheme that doesn’t require
phase tracking is needed for its mitigation. Another method to cope with fast fading is to
use error correction codes for increasing the symbol rate. In practical wireless communication systems, the channel is usually constant over several symbols and therefore the
channel coefficient h(t) in (2.9) for nth block interval can be written as
h(t) ≃ h(nN Ts ),

nN Ts ≤ t < (n + 1)N Ts

(2.10)
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Figure 2.1: Cooperative Communications

2.2 Cellular/Relay Systems
Once the channels can be modeled as flat fading channels, diversity techniques [10] can be
employed to reduce the effects of fading on the link performance, by transmitting the same
information on more than one channel. The gain achieved in terms of SNR is known as
diversity gain. Maximum diversity gain can be obtained when all the channels are uncorrelated and the number of these channels defines the diversity order. Diversity techniques
can be employed along different dimensions, i.e. time, frequency and space. By employing
time and frequency diversity techniques, bandwidth efficiency of the system is reduced as
multiple resources are used for the same information data.
Spacial diversity can be achieved by using multiple antennas [5–8] at transmitter and/or
receiver and allowing the signal to propagate along independent paths. In this case bandwidth efficiency is not affected, however power is shared between all the transmit antennas. Capacity of the system can also be enhanced using spatial multiplexing in this case.
So depending upon the application there is tradeoff between the achieved diversity and the
multiplexing. However, to achieve spacial diversity, adequate spacing between the antennas is needed to ensure independence between different channels. More spacing between
antennas is required in case of using low frequencies and poor scattering environment.
However due to limitation on size, cost and hardware complexity for most of the cellular
handsets and other wireless devices, it is difficult to place multiple antennas on them. An
efficient and inexpensive method to deal with these limitations is to employ the concept of
cooperative communications introduced in [16].
Cooperative communication takes the advantage of the broadcast nature of wireless
channel and allows different nodes in the cellular network to share their antennas to build
a virtual MIMO system without limitations on size and cost. Figure 2.1 illustrates how
cooperative communication between nodes can generate diversity in an interesting way.
The figure shows two nodes communicating with the same destination. Each node has
single antenna and hence cannot generate spatial diversity individually. However, due to
broadcast nature of the wireless channel it may be possible for one node to hear the other
and forward some version of heard information along with/without its own data. Due to
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the statistically independence of both fading paths, spatial diversity can be generated.
These cooperating nodes can be user devices or fixed relays deployed in cellular network. In the former case, user devices cooperate by transmitting each others data in
addition to their own data, known as user cooperation [18, 22]. In the later case, relay
cooperate with user and forward its data towards the destination, termed as cooperative relaying [30, 31, 41]. Both modes of cooperation have the potential to provide gain in terms
of coverage and cooperative diversity. However cooperative relaying has more practical
significance because dedicated relays are static and have relatively stable channel conditions with the destination. Moreover relays can handle complex operations easily without
constraints like limited battery life as in case of user equipment. On the other hand, some
complicating issues like reduction in rate of cooperating user and fairness between the
cooperating users need to be addressed while employing user cooperation mode. Therefore, it is encouraged to use relays as cooperating nodes as compared to user terminals as
indicated in [49].
After initial investigations on relay channels in [13, 14], this concept has regained interest due to the introduction of cooperative communications in [16–18]. The concept of
relaying is proposed for cellular networks in [50], to balance traffic load among highly
loaded cells and lightly loaded cells. In literature different wireless standards have used
the concept of in-band and out-of-band relaying for improving the performance and capacity of links [51]. Relays can extend the coverage and eliminate the black spots in the
network.

2.2.1 Relaying Protocols
Different relaying protocols are discussed in the literature [18, 22, 49] and can be summarized as follows

a) Amplify and Forward (AF)
In this scheme relay acts as repeaters. For instance, during first time slot source transmits
data towards destination. Relay also listens to the transmission due to broadcast nature of
wireless medium. It amplifies and retransmits the received signal towards the destination.
Finally both the direct and relayed signal is combined at the receiver and diversity gain can
be achieved. The main limitation of this method is that the noise present in the received
signal at the relay also gets amplified.

b) Decode and Forward (DF)
In this scheme, relay act as intelligent repeater and decodes the received signal sent by the
source in first time slot. It retransmits the signal towards the destination after re-encoding
the signal in second time slot. DF relaying solves the problem of noise amplification
present in AF relaying, however at the expense of more complexity. Moreover, during
decoding and re-encoding relay introduces errors into re-transmitted signal. The achieved
diversity gain is limited by this error propagation phenomena.
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Figure 2.2: Cellular/Relay System

c) Selection Relaying
Selection relaying helps in improving the performance of AF or DF relaying by adaptively
choosing between the direct transmission path and the relay path. It implies that if direct
path is better, user will retransmit its data during the second time slot. However if relay
path is better then relay forwards the data in second time slot. However, relay need to
acknowledge the user about its retransmission if relay path is better. [24] proposes a scheme
based on coded cooperation that can be considered as variation of selection decode-andforward.

d) Incremental Relaying
This scheme is suitable for high data rate transmission as it tries to avoid the variations of
repetition coding, performed in above mentioned schemes. Here destination decodes the
direct transmitted signal during first time slot and acknowledges relay if there is any error
in the received message, for instance using cyclic redundancy check. If there is no error,
the destination sends a one bit message to source and relay, telling the source to transmit
second message. Otherwise relay forwards the received data towards destination in second
time slot. Then destination combines direct and relayed signal for decoding.
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2.2.2 The Multiple Access Relay Channel
Cooperative relaying in the uplink of cellular systems, also known as multiple access relay
channel, consists of a set of fixed relay stations placed within the cell. These relays are
intended to help nearby mobile users to forward their messages toward the base station.
Figure 2.2 illustrates the case of mobile users sharing one relay station to communicate
with the base station. Here, it is assumed that the three nodes are using orthogonal channels (can be achieved by time, frequency or code division). With relays operating in half
duplex mode, i.e. the relay cannot transmit and receive at the same time, therefore the cooperative transmission is achieved in two phases [18]. In the first phase, each mobile user
transmits its own information data on orthogonal channels. The relay receives and decodes
the data of the mobile users. In the second phase, the relay station forwards the user data
on orthogonal channels as well. The base station receives both the original data (from the
direct links) and the relayed signals, and combine them to decode the user information.
This gives a diversity gain of order 2 for each user as the direct and relayed signals reach
the base station via independently fading channels. When time division is employed as
orthogonal access method, the transmission phases require a total of four time slots, two
time slots for the first phase and two time slots for the second phase.
Cooperative relay makes it possible for users far away from the base station to reach
the base station and to achieve its required quality of service. However, as the number
of fixed relays are usually less than the number of users within the cell, entertaining one
user per relay makes cooperative relaying a queue limited system [30]. Moreover, due to
the orthogonal operation of the cooperation process in MARC, the spectral efficiency of
cellular relaying is reduced by half as compared to direct link transmissions.

2.3 Cellular/Relay Systems with Network Coding
Network coding has been introduced by [27], in order to improve the throughput in wired
networks by performing some processing on received packets at the intermediate nodes.
This technique combines the received packets at intermediate nodes, so that these combined packets are transmitted to all the recipients instead of forwarding each packet individually. Butterfly network shown in Figure 2.3 is the most common example to illustrate
the significance of network coding. Here the sources S1 and S2 need to transmit their
respective massages to both destinations D1 and D2. Without network coding the middle
link limits the throughput as only one stream can pass through at a time, i.e. either from S1
or S2. However using network coding both streams can be combined using bit-wise XOR
coding as illustrated in this example. Hence data for both sources passes through the single
link simultaneously improving the overall throughput of the system. Most of the initial
work on network coding assumes fixed transmitters and receivers with static traffic flows
etc. However, researchers have soon realized that the broadcast nature of wireless channel
makes network coding quite favorable candidate for combining the signals at nodes.
The situation described in Figure 2.2 can be improved using network coding at the
relay. This has been illustrated in Figure 2.4, by considering two user uplink scenarios.
It is quite obvious that network coding helps in reducing number of transmissions in this
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Figure 2.3: Network Coding in Butterfly Network

scenario. For instance, in the first transmission user 1 sends its data towards the base
station. During the second transmission user 2 sends its data towards the base station.
These two transmissions are listened by the relay and relay combines the two transmissions
depending upon the network coding protocol used at the relay. The combined data is then
sent towards the base station in the third transmission. The base station combines the three
received signals, i.e. two direct signals and one network coded signal, in order to detect
the two user signals. Since the network coded signal contains information for both users,
hence signal for each user reaches the base station via two independent paths.
Consequently, using three transmissions diversity order up to two can be achieved as illustrated in [30]. Therefore network coding operation reduces the number of transmissions
by one transmission as compared to the conventional cellular relaying scenario depicted
in Figure 2.2. Therefore, throughput in cellular relaying or MARC can be improved by
using network coding. On the other hand, if we fix the allowed number of transmissions
from relays to one in case of conventional cellular relaying, it is not possible to achieve full
diversity gain as both relays have to share the available transmission [41].
Figure 2.4 illustrates the case of two mobile users and one fixed relay. In a more general
cellular network, with a large number of users and multiple relays per cell, the multiple
access relay channel can be made more reliable. Here, the access scheme is the same. In
this case, each user still transmits its own information data in the first phase on orthogonal
channels achieved by time-division. However, in the second phase, a single best relay is
selected from the multiple relay candidates within the cell to forward the network coded
data of the cooperating users to the base station. The best relay is the one that maximizes
the worst instantaneous channel conditions of the links from users to the relay and from
the relay to the base station. This opportunistic relay selection improves the link reliability
of the cooperating users within MARC and reduces error propagation at the relay node.
Different network coding protocols have been described and studied in the literature.
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Figure 2.4: Cellular/Relay System with Network Coding

These network coding protocols can be classified as digital network coding and analog
network coding (or physical network coding).

2.3.1 Digital Network Coding
Digital network coding at the relay is performed at the packet level. Packets received from
the cooperating users are first decoded and combined using bitwise XOR operation or using any other combining method. This implies that the used relays need to have decoding
capability, so that they can decode the signal sent by users and combine these signals using
network coding operation. Therefore, decode-and-forward relays are required to perform
digital network coding at the relay node. The main advantage of this method is the use
of orthogonal access methods. This does not allow user transmissions to interfere with
each other. It also gives the possibility of interaction, between channel coding used by
the cooperating users and network coding. This interaction opens the door for designing
efficient network coding schemes and efficient decoding algorithms at the base station receiver. However, as mentioned earlier, digital network coding requires three transmissions
as compared to two transmissions for the non-cooperating case.

2.3.2 Analog Network Coding
Analog network coding or physical-layer network coding at relay is done on signal level.
This scheme allows mobile users to transmit at the same time in the first phase, and some
smart physical layer techniques transform the superposition of the electromagnetic waves
into an equivalent network coding operation that mixes the user signals in the air. It implies
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that instead of performing bitwise XOR operation as in case of digital network coding, this
protocol allows to interfere two analog transmissions sent by users simultaneously. Here,
network coding is created on the electromagnetic waves in the air rather than in baseband
(at the bit level). Depending upon the relaying protocol (AF or DF) used at the relay
station, the combined signal is sent to base station in second transmission slot. Therefore,
with the dime-division multiple access, this network coding protocol requires only two
transmission slots as compared to three time slots in the case of digital network coding.
When a DF relay is used, the simultaneously received signals are mapped into a new
signal recognizable by base station, through a mapping that combines the two mapping of
the different symbols of the users as described in [52, 53]. This mapping represents the
joint symbols of the two combined signals and does not mean that each user is decoded
separately. This method has the advantage of preventing noise amplification at the relay
node but it has the obvious drawback of error propagation and the ambiguity between symbols especially for high-level modulation. It also requires perfect synchronization between
the user signal which is quite difficult to achieve especially in fading multi-path channels.
When an AF relay is used, then it simply amplifies the simultaneously received signals
and forwards the data towards base station. This method is attractive due to its simplicity and does not require synchronization between the cooperating user signals. However,
the inherent drawback of this scheme appears in possible noise amplification due to the
amplification of the received at the AF relays.
In general, there is a tradeoff between required number of transmissions and generated
interference while using different network coding protocols at relay.

2.4 Summary
In this chapter we have discussed how cooperative communication can be realized using
relays. The importance of network coding in multiple access relay channels is highlighted.
It is obvious that network coding is helpful in saving network resources in cellular relaying
systems. Therefore, we choose network coded MARC as our system model in the rest of
this monograph and investigate the link performance in such scenarios. Special emphasis
is given on analyzing different factors that can make links more reliable. In this regard, the
role of network coding scheme at the relay, choice of detection scheme at the receiver and
augmented signal formed at the receiver have great importance.

Chapter 3

Link Performance of MARC
This chapter is mainly targeted to evaluate the error performance of users in network coded
cooperative relaying scenarios. Different factors influencing the evaluation are discussed
in detail. Both analytical and simulation approach is used for this purpose.
Outline of the chapter is as follows: Section 3.1 describes the system model used
throughout the chapter. Section 3.2 illustrates different detection schemes used at the receiver. The performance and complexity of these schemes are discussed in section 3.3 and
section 3.4 respectively. Section 3.5 describes how user grouping at the relay, affects the
error performance of users. Finally section 3.6 provides the summary of results.

3.1 System Model
Figure 3.1 illustrates the system model used in our analysis. The figure describes the general structure for transmitters at each node and the common receiver in an uplink scenario.
Dashed lines refer to wireless transmission of data. The effects of channel fading (small
scale) and noise are excluded from the figure for clarity, however they are part of the analysis. Since orthogonal frequency division multiplexing divides a broadband signal into low
rate narrow band signals and uses time guard band to enable each subcarrier to experience
flat fading instead of frequency selective fading, therefore we can safely model our channel as flat Rayleigh fading channel in the absence of strong line of sight (LOS) component.
Moreover, fading coefficient is assumed to be constant during each symbol transmission.
As the receiver structure depends upon detection scheme, hence it is shown separately
for each detection method while discussing the detection schemes. In Figure 3.1, the receiver is shown as a black box. Different operations such as modulation, demodulation
and network coding have been illustrated by MOD, DEMOD and NC blocks respectively
in Figure 3.1. In some cases network decoding and demodulation in done in separate steps
at the receiver, hence network decoding (ND) block at the receiver, is used to represent the
corersponding operation.
Transmission is performed in three time slots. In the first two time slots, each user
transmits its own symbol/bit towards the base station. Relay also listen to these transmis21
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Figure 3.1: Transmission Scheme for Network Coded Cooperative Relaying

sions. It decodes the received signals from users and combines these signals using bitwise
XOR operation. In the third time slot, relay transmits the network coded symbol/bit towards the base station. In Figure 3.1 (m1 , m2 ) denotes the set of transmitted symbols/bits
by users, while (m̂1 , m̂2 ) is the set of detected symbols/bits at the destination. m3 represents the network coded symbol/bit transmitted by the relay.
In order to simplify the model further, it is assumed that users are close to relay station.
Hence the link between each user and relay station is assumed to be error free. This is
rather an optimistic assumption, however it can be considered that the relay can decide by
itself about the correctness of decoded data and refrain from transmitting the data to the
base station in case of errors. Similar assumption is considered in [41, 42] as well.
Now using Raleigh fading channel for each link, the received signal sample for link i
at the base station can be written as follows

y i = h i si + z i ,

i = 1, 2, 3

(3.1)

where si is the transmitted symbol on link i with E{|si |2 } = Ei and yi is the received
signal sample. E{.} denotes the expected or average value of {.} and Ei is the average
energy per transmitted symbol at link i. The coefficient hi denotes the complex multiplicative channel gain as defined in (2.9). The channel gain hi is assumed to be constant during
each symbol interval. The sample zi is the complex Gaussian noise experienced by link
i during the symbol interval, at the base station with double sided power spectral density
N0 /2.
As network coding combines multiple packets and receiver makes the decision on the
basis of all the received packets, hence signal reliability on the links is coupled together
with each other. Thus an analytical frame work is quite helpful in predicting the error
performance of cooperating nodes, for different SNR combinations on links. Since more
than one link is involved in the detection, it provides us an opportunity to combine links in
different ways.
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Figure 3.2: Receiver structure for Joint Detection Scheme

3.2 Performance of Different Detection Schemes
This section looks at the performance of different detection methods for two user uplink scenario. These methods include joint detection, selection-and-soft combining and
selection-and-hard combining. Closed form expressions for the bit error probability are
derived for each detection scheme as well.

3.2.1 Joint Detection
Joint detection based on the maximum likelihood (ML) criterion, is an optimal method
used for detection. It takes into account all the three received signals simultaneously in
order to make decision about the messages sent by both users as shown in Figure 3.2. For
instance, assuming ideal channel state information (CSI) at the base station receiver, the
receiver computes the metric using the received samples in (3.1), as follows
C(m̂1 , m̂2 ) = |y1 − h1 ŝ1 |2 + |y2 − h2 ŝ2 |2 + |y3 − h3 ŝ3 |2 .

(3.2)

where ŝi is the estimate of the symbol si . The receiver chooses the set of symbols that have
minimum metric and declares them as transmitted symbols of user 1 & 2. Assuming uncorrelated links and for a given fading channel observation h = {h1 , h2 , h3 }, the conditional
pairwise error probability can be written as

s
P3
Γ
δ
i
i
i=1
.
P2 (s → ŝ |h ) = Q 
(3.3)
2
Here we define

δi =

|si − ŝi |2
|hi |2 Ei
, and Γi =
.
Ei
N0

For a normalized Rayleigh fading channel the probability density function (pdf) and cumulative density function (cdf) of the instantaneous received SNR Γi on link i can be written
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as
fi (γ) =

1 − γγ
e i,
γi

Fi (γ) = 1 − e

− γγ

i

γ ≥ 0,
.

(3.4)

respectively, where
γi = E{Γi } =

2σ 2 Ei
N0

is the average received SNR on link i and σ 2 is the variance of real and imaginary part
of the complex channel coefficient hi . The pairwise error probability can be obtained by
averaging (3.3) over the fading pdfs in (3.4). It can happen that wrong detection at the
receiver results into errors in all the three symbols, then the pairwise error probability can
be written as follows
q
γ1
1 − γ1 +4/δ
1


P2 (s → ŝ) = 
γ2 δ2
γ3 δ3
2 γ1 δ1 − 1 γ1 δ1 − 1
q
q
γ2
γ3
1 − γ2 +4/δ
1
−
γ3 +4/δ3
2

+ 

.
(3.5)
+ 
2 γγ12 δδ12 − 1 γγ23 δδ23 − 1
2 γγ13 δδ13 − 1 γγ23 δδ23 − 1

It is also possible that only two of the three symbols are wrongly detected. For instance,
considering that the relay symbol is correctly detected then the pairwise error probability
in (3.5) reduces to




q
q
γ1
γ2
γ1 δ1 1 − γ1 +4/δ
−
γ
δ
1
−
2
2
γ
+4/δ
1
2
2
(3.6)
P2 (s → ŝ) =
2 (γ1 δ1 − γ2 δ2 )
Similarly, if there is an error in symbols for the relay and user k, the expression for the
pairwise error probability can be written as follows




q
q
γk
γ3
γk δk 1 − γk +4/δ
− γ3 δ3 1 − γ3 +4/δ
3
k
P2 (s → ŝ) =
(3.7)
2 (γk δk − γ3 δ3 )
The pairwise error probability expressions from (3.5) to (3.7), represent general cases when
there is error in two or more symbols.
Considering the user symbols, sj and sk as two random variables, the pairwise error
probability for symbol/user k can be calculated by averaging P2 (s → ŝ) over all possible
values of other symbol/user j as follows
1 X
(k)
P2 (s → ŝ) =
P2 (s → ŝ),
for sk 6= ŝk
(3.8)
M
sj ,ŝj
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Table 3.1: Truth table at receiver for BPSK
Symbol Set
S00
S01
S10
S11

User 1
0
0
1
1

User 2
0
1
0
1

Relay
0
1
1
0

where the summation over (sj , ŝj ) indicates that symbol j could be correctly or wrongly
detected respectively. Also M represents the modulation level used. The average bit error
probability for symbol k can be calculated by averaging the pairwise error probability over
all the values of sk as follows
(k)

Pb

≤

X (k)
1
P2 (s → ŝ)
M log2 (M ) s

(3.9)

k

Combining the expressions in (3.8) and (3.9) we get
(k)

Pb

≤

M2

X X
1
P2 (s → ŝ)
log2 (M )

(3.10)

sk 6=ŝk sj ,ŝj

Example
Considering binary phase shift keying (BPSK) at the nodes, a truth table shown in Table. 3.1, can be formed at the receiver to illustrate the error events in case of joint detection.
It can be observed that, any detection error will result into wrong detection in two out of
three symbols. For instance if S00 is transmitted and there is an error, it is received as
either of the three possibilities i.e. S01 , S10 and S11 , then in each case two out of three
received symbols are in error. In case of BPSK modulation, δi can be calculated using its
definition in (3.3) as follows
2

δi =

|Ei − (−Ei )|
= 4
Ei

(3.11)

Similar expressions can be calculated for any other modulation scheme. An upper bound
on the average bit error probability for user k, using BPSK can be calculated by employing
(3.10) as follows
(k)
Pb ≤ φk3 + φ12
(3.12)
where
φmn

√ γm
√ γn

 γm (1− 1+γm )−γn (1− 1+γn ) , γm =
6 γn
 2(γm −γn )  q
=
γ
1
1
1
m
 −
2
2 1 + 2(1+γm )
1+γm , γm = γn
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Figure 3.3: Tightness of bounds in case of joint detection. Average bit error probability of
the users as a function of γ1 in Rayleigh fading channels. Case 1: γ1 = γ2 = γ3 , Case 2: γ3
= 20 dB, γ2 = γ1 .

It is observed from (3.12) that the performance of each user is affected by all the three links
in the network coded cooperative relaying scenario. Using Chernoff bound to approximate
Q function in (3.3), the upper bound on average bit error probability at high SNR can be
calculated as
1
1
(k)
Pb ≤
+
(3.13)
2 (1 + γk ) (1 + γ3 ) 2 (1 + γ1 ) (1 + γ2 )
showing that a diversity gain of order 2 can be achieved which is consistent with the results
in [30]. It is also observed that if one of the links fail (i.e. γi 7→ 0) the order of this diversity
gain reduces to one.
Now let us analyze the tightness of our analytical expressions by comparing it with
the simulation results. Figure 3.3 illustrates the average bit error probability of the users
over Rayleigh fading channels. Two different combinations of SNRs at the nodes, are
considered as an example. For simplicity, the same average received SNR is assumed for
both users in each case. This corresponds to the same average bit error probability for the
users. It is also obvious from Figure 3.3 that the analytical upper bound calculated by using
(3.12), fits with the simulation results quite well and a diversity gain of order two can be
achieved. Therefore these expressions can be safely used to assess the performance of the
joint detection scheme, eliminating the need for performing computer simulations.

3.2.2 Selection and Soft Combining
The receiver structure for selection and soft combining (SSC) is illustrated in Figure 3.4.
Here we have to classify users based on their instantaneous channel conditions. For in-
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Figure 3.4: Receiver structure for SSC Scheme, assuming U1 is the strongest user

stance, user having better SNR is termed as strong user, while the other is considered as
weak user. In the first step, the strong user is detected using the direct link. In the second
step, the weak user is detected using its direct link and the relay signal, based on the knowledge of the detected strong symbol. For instance, the receiver detects the strong symbol ss
using the following metric
C1 (m̂s ) = |ys − hs ŝs |

2

(3.14)

where
ys =

(

y1 ,
y2 ,

if Γ1 > Γ2
if Γ2 ≥ Γ1 .

Here ŝs represents all the different possibilities for detected strong symbol. Therefore,
based on the decision made by the receiver, the detected strong symbol is represented by
s̃s . With the knowledge of s̃s , detected in (3.14), the weak symbol sw is detected based on
minimizing the following metric
C2 (m̂w ) = |yw − hw ŝw |2 + |y3 − h3 ŝ3 |2

= |yw − hw ŝw |2 + |y3 − h3 (s̃s ⊕ ŝw )|2

(3.15)

where
yw =

(

y1 ,
y2 ,

if Γ1 ≤ Γ2
if Γ2 < Γ1 .

We notice from the expressions of the two metrics, C1 (m̂s ) and C2 (m̂w ), that the strong
user takes advantage of the good link quality while the weak user takes advantage of diversity obtained from relay and direct link. Since user k can be strong or weak user, hence
denoting the error probability of the strong user by Pstrong and representing the error probability of the weak user by Pweak , the pairwise error probability of user k can be written as
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follows:
(k)

P2

(s → ŝ) = αk Pstrong + (1 − αk )Pweak ,

k = 1, 2

(3.16)

where
α1 = Pr (Γ1 > Γ2 )

(3.17)

α2 = 1 − α1 = Pr (Γ2 ≥ Γ1 )

(3.18)

The conditional error event probability for the strong user can be written as follows:
!
r
Γmax δs
(3.19)
Pstrong {E |Γmax } = Q
2
where
2

Γmax = max {Γ1 , Γ2 } , and δs =

|ss − ŝs |
.
Es

In case of Rayleigh fading channels with uncorrelated channel coefficients, the pdf for
Γmax , can be written as follows [54]
fmax (γ) = f1 (γ)F2 (γ) + f2 (γ)F1 (γ),

(3.20)

where f1 (γ), f2 (γ), F1 (γ) and F2 (γ) are as defined in (3.4). The error event probability
of the strong user can therefore be obtained by averaging the expression in (3.19) over the
pdf in (3.20) and is written as
s
!
r
r
1
γ1
γ2
γ1 γ2 δs2
P strong =
1−
−
+
.
2
4/δs + γ1
4/δs + γ2
4γ1 δs + 4γ2 δs + γ1 γ2 δs2
(3.21)
Using s̃s , the estimated symbol of the strong user, the conditional error event probability
for the weak user can be written as



2

2

Γ3
 Γmin δw + E3 |s3 − s̃s ⊕ ŝw | − |s3 − s̃s ⊕ sw |

r 
P weak {E |Γmin , Γ3 } = Q 

2
Γ3
2 Γmin δw + E
|s̃
⊕
s
−
s̃
⊕
ŝ
|
s
w
s
w
3

where
2

Γmin = min {Γ1 , Γ2 } , and δw =

|sw − ŝw |
.
Ew





(3.22)
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In above expression s3 = ss ⊕ sw , and ŝw is the estimate of the symbol sw . Assuming
uncorrelated Rayleigh fading channels the pdf [54] for Γmin can be written as follows
fmin(γ) = f1 (γ)(1 − F2 (γ)) + f2 (γ)(1 − F1 (γ)),

(3.23)

where f1 (γ), f2 (γ), F1 (γ) and F2 (γ) are as defined in (3.4). We notice from the expression
in (3.22) that the error in the first stage(i.e. error in s̃s ) will deteriorate the error probability
of the weak user. In fact we notice that the error propagation can make the argument
of the Q-function negative, resulting in an error probability larger than 0.5 for the weak
user. Averaging (3.22) over the corresponding probability density functions, the error event
probability for the weak user can be written as follows

≤ 1,
EP




 p

p
γ3
γe
(3.24)
P weak = γe δw 1−
−γ3 δ˜3 1−
4/δw +γe
4/δ˜3 +γ3



, No EP
2(γe δw −γ3 δ˜3 )
where

2

|s3 − s̃s ⊕ ŝw |
γ1 γ2
δ˜3 =
, and γe =
.
E3
γ1 + γ2
and EP stands for error propagation. Since Pweak depends upon the error propagation
from strong symbol, hence the pairwise error probability of user k given in (3.16) can be
modified using (3.24) as follows:
(k)

P2

(s → ŝ) ≤ αk P strong + (1 − αk ) [(1 − P strong )





q
q
γe
γ3
˜
γ
δ
1
−
−
γ
δ
1
−
3 3
4/δw +γe
4/δ˜3 +γ3 
 e w

 + P strong  .

×



˜
2 γe δw − γ3 δ3


(3.25)

It means that Pweak in (3.16) is replaced by two terms, i.e. first indicating no error propagation and second taking care of error propagation from strong symbol. When user k is
weak and there exist an error propagation from strong user, P weak is expected to be quite
high and therefore it can be approximated as P weak ≈ 1 in error propagation term. This
approximation makes (3.25) quite accurate especially at low average SNR values. However, at high SNR values P strong will have very small value and thus it cancels out the effect
of P weak ≈ 1 in the error propagation term . This makes the expression of pairwise error
probability in (3.25) accurate at high average SNR values. Since each user is detected separately (as opposed to joint detection) hence the average bit error probability of user k can
be obtained from its pairwise error probability as
(k)

Pb

≤

X X (k)
1
P2 (s → ŝ)
M log2 (M ) s
k

sk 6=ŝk

(3.26)
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Figure 3.5: Tightness of bounds in case of selection and soft combining. Average bit
error probability of the users as a function of γ1 in Rayleigh fading channels. Case 1:
γ1 = γ2 = γ3 , Case 2: γ3 = 20 dB, γ2 = γ1 .

Example
An upper bound on average bit error probability for user k derived in (3.26), can be obtained by averaging the pairwise error probability in (3.25) for all sk using BPSK and is
given as


γk
γk
ψ+ 1−
[(1 − ψ)
γ1 + γ2
γ1 + γ2
 




q
q
γe
γ3
γe 1 − 1+γ
−
γ
1
−
3
1+γ3 
e


×
 + ψ
2 (γe − γ3 )
(k)

Pb

≤

(3.27)

where
ψ=

1
2



r
r
r
γ1
γ2
γ1 γ2
1−
−
+
1 + γ1
1 + γ2
γ1 + γ2 + γ1 γ2

(3.28)

Figure 3.5 shows the tightness of analytical upper bound calculated in (3.27), by comparing
it with the simulation results for bit error probability of the users using selection and soft
combining. A similar behavior to that of joint detection is observed, i.e. the analytical
upper bound fits with the simulation results very well for this detection scheme.
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Figure 3.6: Receiver structure for SHC, assuming U1 is the strongest user

3.2.3 Selection and Hard Combining
Receiver structure for selection and hard combining (SHC) is illustrated in Figure 3.6. In
the first step, two links having the strongest SNR are detected directly. Then these hard
values are used to detect the symbols of both users. For instance, the symbol for the first
strongest link ss is detected based on the minimization of the following metric,
2

Cs (m̂s ) = |ys − hs ŝs |

(3.29)

where

y ,


 1
ys = y2 ,



y3 ,

if Γ1 ≥ Γ2 ≥ Γ3 or Γ1 ≥ Γ3 ≥ Γ2
if Γ2 ≥ Γ1 ≥ Γ3 or Γ2 ≥ Γ3 ≥ Γ1
if Γ3 ≥ Γ1 ≥ Γ2 or Γ3 ≥ Γ2 ≥ Γ1

It is clear that the obtained symbol ŝs is an estimate of any of the symbols s1 , s2 , or
s3 ≡ s1 ⊕ s2 depending on the status of the links. Now the symbol for the second strongest
link sm is detected at the receiver using the following metric:
2

Cm (m̂m ) = |ym − hm ŝm |

(3.30)

where

ym


y ,


 1
= y2 ,



y3 ,

if Γ2 ≤ Γ1 ≤ Γ3 or Γ3 ≤ Γ1 ≤ Γ2
if Γ1 ≤ Γ2 ≤ Γ3 or Γ3 ≤ Γ2 ≤ Γ1
if Γ1 ≤ Γ3 ≤ Γ2 or Γ2 ≤ Γ3 ≤ Γ1

and again the detected symbol ŝm is an estimate of any of the symbols s1 , s2 or s3 . Using the two obtained symbols {ŝs , ŝm }, the user symbols {s1 , s2 }, can be obtained either
directly if relay link is the weakest link or via network decoding (ND) if the relay link is
the strongest or the second strongest. This implies that if both users have stronger links
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than the relay link, the detected symbols for the users are considered correct in this case.
Otherwise the weakest user symbol is decoded based on symbols detected for the stronger
user and the relayed signal. Hence XOR based network decoding is performed using the
signals of the strong user and the relay for obtaining the symbols of the weakest user. This
detection scheme has lower complexity than the other two detection schemes as it always
ignores the weakest link during the detection.
Based on the above methodology, each link posses one of the three possible SNR states.
The three states can be defined as strongest, middle and weakest, based on their instantaneous SNRs. Let us proceed now with the derivation of the error probability for the users
in this case. Here we assume Pstrong , as the error probability when user k has strongest
link, Pmid as the error probability when user k has second strongest or middle link and
Pweak as the error probability when user k has weakest link. The pairwise error probability
of user k can be written as follows:
(k)

P2

(s → ŝ) = αk Pstrong + βk Pmid + (1 − αk − βk ) Pweak ,

(3.31)

where αk is the probability that user k is the strongest and βk is the probability that user k
is the second strongest. For user 1 we have
α1 = Pr {Γ1 > Γ2 > Γ3 } + Pr {Γ1 > Γ3 > Γ2 }
=

γ12 γ2 (γ1 + γ3 ) + γ12 γ3 (γ1 + γ2 )
(γ1 γ2 + γ2 γ3 + γ3 γ1 ) (γ1 + γ2 ) (γ1 + γ3 )

(3.32)
and
β1 = Pr {Γ2 > Γ1 > Γ3 } + Pr {Γ3 > Γ1 > Γ2 }
=

γ22 γ1 (γ1 + γ3 ) + γ32 γ1 (γ1 + γ2 )
.
(γ1 γ2 + γ2 γ3 + γ3 γ1 ) (γ1 + γ2 ) (γ1 + γ3 )
(3.33)

A simple replacement of subscripts from 1 to 2 and vice versa in (3.32) and (3.33) will give
α2 and β2 for user 2. Moreover, Pstrong can be obtained as follows
!
r
Z +∞
Γs δs
Pstrong =
Q
fstrong (γ)dγ,
(3.34)
2
0
where
2

Γs =

2

|hs | Es
|ss − ŝs |
, and δs =
.
N0
Es

Considering uncorrelated Rayleigh fading channels, the pdf for Γs [54] can be written as
follows
fstrong (γ) = f1 (γ)F2 (γ)F3 (γ) + f2 (γ)F1 (γ)F3 (γ)
+ f3 (γ)F1 (γ)F2 (γ),

γ≥0

(3.35)
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where f1 (γ), f2 (γ), f3 (γ), F1 (γ), F2 (γ) and F3 (γ) are as defined in (3.4). Similarly Pmid
can be obtained as follows
!
r
Z +∞
Γm δm
fmid (γ)dγ,
(3.36)
Pmid =
Q
2
0
where
2

Γm =

2

|hm | Em
|sm − ŝm |
, and δm =
.
N0
Em

Considering uncorrelated Rayleigh fading channels, the pdf for Γm [54] can be written as
follows
fmid(γ) = f1 (γ)[F2 (γ) (1 − F3 (γ)) + F3 (γ) (1 − F2 (γ))]
+ f2 (γ)[F1 (γ) (1 − F3 (γ)) + F3 (γ) (1 − F1 (γ))]
+ f3 (γ)[F1 (γ) (1 − F2 (γ)) + F2 (γ) (1 − F1 (γ))],

γ ≥ 0.

(3.37)

Using the expressions in (3.35) and (3.37) in (3.34) and (3.36) respectively, and simplifying
we get
Pstrong =

1
2

1−

3 r
X

k=1

γk
+
γk + 4/δs2

r

γ12
+
γ12 + 4/δs2

r

γ13
γ13 + 4/δs2


r
γ23
γ123
+
−
,
γ23 + 4/δs2
γ123 + 4/δs2

r
r
1
γ12
γ13
Pmid =
1−
−
2
2
2
γ12 + 4/δm
γ13 + 4/δm

r
r
γ23
γ123
−
+2
,
2
2
γ23 + 4/δm
γ123 + 4/δm
r

(3.38)

(3.39)

where
γik =

γi γk
,
γi + γk

γijk =

γi γj γk
.
γi γj + γi γk + γj γk

When the link is the weakest, an error will occur if and only if an error has occurred in the
strongest or second strongest symbol. Hence, the error probability of the weakest link can
be written as follows:
1
Pstrong × Pmid
(M − 1)


1
= Pstrong + Pmid − 1 +
Pstrong × Pmid
(M − 1)

Pweak = 1 − (1 − Pstrong ) (1 − Pmid ) −

(3.40)
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Figure 3.7: Tightness of bounds in case of selection and hard combining. Average bit
error probability of the users as a function of γ1 in Rayleigh fading channels. Case 1:
γ1 = γ2 = γ3 , Case 2: γ3 = 20 dB, γ2 = γ1 .

where the third term in the first line represents the case when both the strongest and the
second strongest links are wrong but results into a correct decision after network decoding.
With the expression of Pweak , the pairwise error probability can be rewritten as
(k)

P2

(s → ŝ) = αk Pstrong + βk Pmid + (1 − αk − βk ) (Pstrong + Pmid



1
− 1+
Pstrong × Pmid
(M − 1)
= (1 − βk ) Pstrong + (1 − αk ) Pmid


1
− (1 − αk − βk ) 1 +
Pstrong × Pmid
(M − 1)

(3.41)

Example
Considering BPSK, an upper bound on average bit error probability for user k can be
obtained by averaging the pairwise error probability in (3.41) for all sk using (3.26) as
follows as follows:
(k)

Pb

≤ (1 − βk ) ψ1 + (1 − αk ) ψ2 − 2 (1 − αk − βk ) ψ1 ψ2

(3.42)
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Figure 3.8: Average bit error probability for JD, SSC and SHC as a function of γ1 where
γ1 = γ2 , using γ3 = 10 dB and γ3 = 20 dB in case of BPSK

where
1
ψ1 =
2
−

r
r
r
3 r
X
γk
γ12
γ13
γ23
1−
+
+
+
γk + 1
γ12 + 1
γ13 + 1
γ23 + 1
k=1

r

γ123
γ123 + 1



(3.43)

and
ψ2 =

1
2



r
r
r
r
γ12
γ13
γ23
γ123
1−
−
−
+2
. (3.44)
γ12 + 1
γ13 + 1
γ23 + 1
γ123 + 1

Figure 3.7 illustrates the performance of this detection scheme for the two cases as considered earlier using analytical expression in (3.42) and the simulation approach. A behavior
similar to other detection schemes is observed here as well i.e. the analytical upper bounds
fits with the simulation results quite well and a diversity gain of order 2 is obtained.

3.3 Performance Comparison
The analytical expressions derived in (3.12), (3.27) and (3.42) for each detection scheme
respectively, are used to compare the performance of different detection schemes under
different SNR conditions on the links as shown in Figure 3.8. Here BPSK is assumed at
the nodes and the average bit error probability (BEP) of the users is plotted. The trend of
the curves is similar for all detection schemes at different values of γ3 , with joint detection
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Figure 3.9: Average symbol error probability for JD, SSC and SHC as a function of γ1
where γ1 = γ2 , using γ3 = 20 dB in case of 8PSK

(JD) slightly outperforming (maximum 2 dB), the two low complexity schemes. This is due
to the fact that joint detection exploits the redundancy provided by the relay in a better way
and uses it for both users. However the other two schemes i.e. SSC and SHC utilizes the
redundancy only for the weak user. Moreover, there is the phenomena of error propagation
from strong to weak user in latter case, as wrong detection of strong user can influence the
detection of the weak user. It can be observed that at high SNR values, especially those
greater than relay SNR, the curves for the JD and SSC starts to come closer to each other
and eventually coincides with each other. The reason is quite obvious, when the users have
better SNR than relay link, the significance of relay signal for joint detection gradually
reduces. Similarly for SSC, the error propagation phenomena from strong to weak user
also starts to vanish at these SNR values. This makes the curve coincide with each other
eventually. On the other hand, SHC does not use the information provided by the weakest
link, hence slight degradation in its performance can be observed as compared to the other
two schemes when the SNR of the both users is better than the relay SNR.
Let us compare the performance of these detection methods using higher level modulation schemes. For instance, assuming that 8 PSK is used at the nodes, the curves for
average symbol error probability using simulation approach are illustrated in Figure 3.9,
under the same SNR conditions, as that of BPSK. It is interesting to note that by using
8 PSK the performance difference between the low complexity schemes and the joint detection is almost same as in case of BPSK. Given that the performance reduction for low
complexity detection schemes remains in acceptable limits, these schemes become more
useful for higher modulation levels, since the reduction in detection complexity becomes
more prominent in case of higher level modulation schemes as illustrated in next section.
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Table 3.2: Complexity comparison for the detection schemes
Detection Schemes

Required Operations

8 PSK

16 QAM

64 QAM

JD

3 × 22k

192

768

12288

SSC

3 × 2k

24

48

192

SHC

2 × 2k

16

32

128

3.4 Detection Complexity
Although joint detection is an optimal method for detection, the number of comparisons
required at the receiver, when multilevel modulation schemes are employed grows exponentially, with the number of combined users/symbols in this case. This increases the
detection complexity and consequently results in more power consumption at the receiver.
Therefore, the detection schemes providing reduced complexity have great significance for
the mobile devices as they have limited battery life.
The complexity of different detection schemes can be compared in different ways. The
most obvious method is to calculate the number of comparisons required at the receiver in
each case. For instance, it can be easily verified that the number of comparisons required
for joint detection increases by M 2 as compared to 2M in the case of SSC and SHC,
where M = 2k is the modulation level and k is the number of bits per symbol. Therefore,
it can be concluded that, for higher level modulation schemes, the detection complexity is
reduced from exponential to linear by using low complexity detection schemes.
Similarly, we can choose the "required number of operations" as our comparison criteria. Here, one operation represents calculation of one Euclidean distance. The number
of operations required at the receiver for different detection schemes in a two user uplink
scenario, employing higher level modulation schemes is illustrated in Table. 3.2. It can be
observed that joint detection requires 3 × 22k operations while in case of SSC the number
reduces to 3 × 2k . The number of operations can be further reduced to 2 × 2k by using
SHC. Hence, given the small difference in performance between the different detection
schemes, we can use any of the selection schemes instead of employing joint detection.

3.5 User Grouping
The analytical expressions also help in providing some guidelines for grouping different
users at the relay. In order to have fair comparison between different grouping options
the total SNR i.e. γ1 + γ2 for the users has been kept constant. Then, the individual and
average performance of the users for different pairing possibilities is analyzed.
As an example lets us take the case, when γ1 + γ2 = 20 dB, and the relay SNR γ3
(1)
is varied from 0 dB to 40 dB in order to observe the average error performance (Pb +
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Figure 3.10: Selecting a suitable user pair at the relay on the basis of average bit error
probability (BEP) of the users

(2)

Pb )/2 of both users. For illustration, joint detection is considered at the receiver in
order to study different pairing options, as other detection schemes have similar trend with
slightly differing absolute values. The expression in (3.12) is used to plot the curves in
Figure 3.10, and it is obvious that if the relay link is weak, i.e. γ3 < γsum then its better to
group users having nearly similar SNRs on their links, as the average error performance is
best when users have same SNR. Similarly, for the large values of the relay SNR especially
when γ3 ≥ γsum , it is preferable to group users having complementary SNR conditions
on their links as illustrated in Figure 3.10.
In order to have more insight into this behavior, let us look at the individual performance of the users in both regions i.e. γsum < γ3 and γsum ≥ γ3 separately as shown
in Figure 3.11 and Figure 3.12, respectively. These figures are plotted using analytical
expressions in (3.12), (3.27) and (3.42). The legends used i.e. JD(Ui ), SSC(Ui ) and
SHC(Ui ) represents the error performance of user i for different detection schemes. As
we kept γsum constant at each point hence the performance curves are symmetrical around
the point γ1 = γ2 in both figures. Moreover, it can be observed from Figure 3.11 and Figure 3.12 that the user having better direct link SNR will have better error performance. It
is worthwhile to mention here, that the error performance of any user is influenced by two
factors, i.e. its own direct SNR with the base station and its estimate calculated by its partner by network decoding operation with the relay. The factor, which dominates will decide
about the performance of the user. For instance, if the direct link SNR is increasing and its
effect is prominent then average bit error probability for the user will reduce. However, if
its partner’s SNR is decreasing and the effect of network decoding operation is dominant,
the error probability of the user will increase even if its own direct SNR is increasing.
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Figure 3.12: Average BEP of individual users at γsum = 20 dB and γ3 = 10 dB

For instance, let us look at the performance of user 1 and user 2 in Figure 3.11, for
a specific example considering, γsum = 10 dB and γ3 = 20 dB for different detection
schemes. It is interesting to observe that there is a degradation in the error performance of
user 1 with the increase in γ1 , until it attains its maximum value at γ1 = γ2 . Here γ3 is
high, however γsum is low, hence the network decoding operation does not always result
in a good estimate. In particular when both users have the same SNR i.e. at γ1 = γ2 = 5
dB, this would result in the worst network decoding operation as neither of the users have
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a rather high SNR. Furthermore, the direct transmission of none of the users have good
enough quality. On the other hand, when users are paired with complementary SNRs i.e.
γ1 = 0 dB and γ2 = 10 dB or vice versa, the signal with the higher SNR will lead to a
better quality of the network decoding operation. Therefore as γ1 increases the direct link
transmission for user 1 starts to get better however the corresponding decrease in γ2 effects
the network decoding and results into an overall degradation in performance of the weak
user. The above is true regardless of the type of detection scheme used.
Then we consider the case where γsum ≥ γ3 and specifically when γsum = 20 dB
and γ3 = 10 dB. The average bit error performance for the individual users is shown
in Figure 3.12. For this case, the BER curves behave similar to the conventional way,
i.e. as the SNR of a certain user increases, its BER decreases and vice versa. By virtue
of having a high γsum , sharing γ3 among the two users will still result in an acceptable
network decoding operation and in a good direct transmission performance. As a result,
the losses from a worse network decoding operation are accounted for by a better direct
transmission in this case. It is worthwhile to observe that the performance of SSC and SHC
for a particular user is the same at high SNR in both Figure 3.11 and Figure 3.12, due to
the fact that the strong user is detected using direct link only, in both cases.

3.6 Summary
The effect of different detection schemes and user pairing on the error performance of
cooperating users, in network coded cooperative relaying scenarios have been analyzed in
this chapter. Using analytical expressions for the error probability of the users, it has been
shown that, by taking advantage of the channel conditions on the links it is possible to
achieve good link performance with simple detection schemes. Moreover, the selection of
users to be paired together, is independent of the detection scheme used. However, the user
pairing strategy is significantly influenced by the SNR on the different links. It has been
shown that for users in good conditions, pairing users with as similar channels as possible
results in best average performance while simultaneously providing good performance for
both users. On the other hand, if users with poor channel conditions towards the destination
exist (which is a typical case when using the relays), then these users have to be paired
with users having complementary (i.e. good) channel conditions towards the destination,
in order to ensure a good quality of the network decoding operation, hence increasing the
likelihood of correct reception for both users. Here we have looked at the individual as
well as the average error performance of the users, for exploring different options for user
grouping. Any change in the selection criteria will alter the user grouping options.
We have studied the impact of different detection schemes and user grouping on link
reliability of the users, however it can be observed that the relayed signal provides an
extra dimension in the signal space at the receiver. Therefore, it is interesting to explore
the multidimensional signal space formed at the receiver in order to improve the error
performance of the users. The interaction between this augmented signal space and the
detection scheme is also interesting to investigate.

Chapter 4

Constellation Selection
This chapter is concerned with the link performance improvement of the multiple access
relay channel in cellular system when network coding is employed at the relay node. The
chapter looks at the possibility of selecting the appropriate constellation for each link of
the MARC when linear multi-level modulation is employed by the cooperating users. A
proper selection of the link constellations set, together with the redundancy introduced by
network coding at the relay link, can provide considerable performance gain at the base
station receiver. This performance gain is possible thanks to the augmented signal space
formed by the links of the cooperative relaying scheme. This augmented signal space
allows a better spread of the signal points of the high-level modulation scheme which can
improve the link performance of the cooperating users in both additive white Gaussian
noise (AWGN) channels and fading multi-path channels. Two different detection schemes
are considered in this context: Joint detection where all the three links are considered
simultaneously, and selection and soft combining.

4.1 System Model
Let us reconsider the uplink scenario of a cellular/relay system as shown in Figure 2.4
where two mobile users are communicating with a base station and cooperating via a fixed
relay. As illustrated in the previous chapters, orthogonal time division is assumed where
the mobile users transmit their packets in the first two time slots. The relay node decodes
the received user packets, combines them using network coding (XOR-based) and forwards
the combined packets to the base station in the third time slot.
The base station receiver now has three received packets. These received packets are
used to decode the transmitted packets of the two mobile users. It is clear that there is a
certain redundancy between the three received packets. This redundancy is due to the use
of network coding at the relay node.
Redundancy between separate branches can be very useful in improving the link performance especially when linear multi-level modulation is employed by the different branches.
In fact, it has been shown in [45] that it is possible to take advantage of this redundancy
41

42

CHAPTER 4. CONSTELLATION SELECTION

Figure 4.1: Comparing MSED for two branch transmit diversity using 4-PAM, (a) Same
constellations on both branches (b) Selected constellation on branch 2

and increase the minimum squared Euclidean distance (MSED) between the signal points
of the used multi-level modulation scheme. This increase in the MSED is possible with
a proper selection of the signal constellation sets used on each branch and viewing the
received signals of the different branches as an augmented signal space. This augmented
signal space increases the signal space dimension of the used modulation scheme and provides more room for the modulation signal points to spread.
As an illustrative example we consider the case of four-level pulse amplitude modulation (4PAM) and a two-branch communication link with a correlation equals to one
between the branches (i.e. the same symbol is transmitted over the two branches) as shown
in Figure 4.1. Here, the augmented signal space is formed by the two branches and the
modulation signal dimensions. Hence, the augmented signal space has dimension two in
this case. It is observed from Figure 4.1.a, that the signal constellations of the modulation
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schemes are unchanged in the augmented signal space when the signal constellations are
the same in both branches. However, with a proper selection of the used signal constellations on each branch as shown in Figure 4.1.b, it is possible to increase the minimum
squared Euclidean of the modulation scheme by 4 dB as compared to the case of same
signal constellations. This performance improvement is obtained without increasing the
complexity of the receiver [45].
Our objective in this chapter is to apply the idea of constellation selection to the multiple access relay channel with network coding. Since the base station receives signals
from three different branches and that there is some correlation between the branches, we
believe that constellation selection can improve the link performance of both cooperating
users. However, since the correlation between the three branches is a bit weak one might
guess that the performance improvement will not be as good as that illustrated in Figure 4.1. To this end, the two detection schemes described in Chapter 3, joint detection and
successive cancelation with soft combining, are considered.

4.2 Joint Detection
Let us reconsider the uplink of a cellular/relay system as illustrated by the MARC scheme
shown in Figure 2.4 where linear multi-level modulation, such as multi-level phase shift
keying (MPSK) or multi-level quadrature amplitude modulation (MQAM), is employed at
the different transmitters. We assume that the base station receiver employs joint detection
and we consider both AWGN channels and Rayleigh fading channels.

4.2.1 AWGN Channels
For an ideal channel with AWGN interference only, the pairwise error probability can be
obtained from (3.2) and is written as follows:
s

P2 (s → ŝ) = Q 

P2

k=1

2

2

|sk − ŝk | + |s3 − ŝ3 |
2N0




(4.1)

where s1 is the transmitted symbol of user 1, s2 is the transmitted symbol of user 2, and
s3 = M(m1 ⊕ m2 ) is the network coded symbol transmitted by the relay node. M(.) is
the modulation mapping operation.
The pairwise error probability calculated in (4.1), can be used in (3.10) to obtain an
upper bound on the average symbol error probability of user k as follows:
Ps(k) ≤

1 X X
P2 (s → ŝ),
M2
sk 6=ŝk sj ,ŝj

k = 1, 2 and k 6= j

(4.2)

where M is the modulation level. It can be observed that the factor log2 (M ) in (3.10) is
not used since we are calculating average symbol error probability. Considering both users
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together, the average symbol error probability of the MARC link can be written as
Ps ≤


1  (1)
Ps + Ps(2)
2

(4.3)

It is observed that the average symbol error probability is a decreasing function of the
squared Euclidean distance
D2 (s, ŝ) =

3
X
i=1

2

|si − ŝi | .

(4.4)

Hence, our objective is to select the appropriate signal constellations set to be used at each
transmitter of the MARC scheme such that the pairwise error probability is minimized.
In selecting the signal constellation set for each branch we employ computer search
with the objective of maximizing the minimum squared Euclidean distance between the
signal points in the augmented signal space. Here, the MARC has three different branches
which gives a good spreading for the signal points of the two cooperating users within
this augmented signal space. However, since the transmitted symbols of the cooperating
users in the direct links are uncorrelated, the redundancy is only provided by the relay link
which is pretty weak and the overall augmented signal space does not allow an increase
in the MSED when joint detection is employed. Hence, computer search is performed in
finding the signal constellations sets that minimize the number of signal points having the
MSED between them. The computer search proceeds as follows:
1. Assume the same signal constellations in the three nodes.
2. Find the number of signal points, within the constellation set having the MSED
between.
3. Change the signal constellations set randomly for the three nodes and identify the
number of signal points within the set having the MSED between them. Select the
signal constellations set that provide the minimum number of signal points having
the MSED between them.
4. Repeat step 3 for the number of iterations. The signal constellations set obtained
after the number of iterations is taken as the output of the search algorithm. Since
search is performed off-line hence maximum number of iterations, does not act as a
limiting factor for the search algorithm. However, all possible combinations of constellations at the different nodes is considered, for finding an optimum combination
of constellations.
5. The signal constellations sets obtained in step 4 finalizes the selection procedure.
Once found, these sets are fixed and can be used by the MARC scheme without
modifications.
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4.2.2 Rayleigh Fading Channels
When the channel is a frequency non-selective Rayleigh fading channel and the three
branches are uncorrelated, the conditional pairwise error probability of joint detection is as
given in (3.3) and can be written as
s

P2 (s → ŝ |Γi ) = Q 

P3

2

i=1 Γi |si − ŝi |
2Ei




(4.5)

The pairwise error probability is then obtained by averaging (4.5) over the pdfs of the
fading amplitudes given in (3.4). The resulting expressions can be simplified to get an
upper bound [55], as follows
"
#
1
1
1
1
P2 (s → ŝ) ≤
+
×
(4.6)
4 1 + xmin
(1 + ψ1 ) (1 + ψ2 ) (1 + ψ3 )
(1 + xmin )2
where
xmin = min

∀s6=ŝ

s

ψi
,
1 + ψi

ψi = γi

|si − ŝi |2
|si − ŝi |2
=
4Ei
4N0

Also γi is defined in (3.4) earlier. Ei is the average energy per transmitted symbol on link
i and is related to the average energy per bit as Eb = Ei / log2 (M ). It can be observed
from expression in (4.6), that the pairwise error probability is inversely related to the product distance, which is further a function of three correlated branch distances where each
symbols appears in two branch distances. Since the minimum distance is not affected by
the selection of the signal constellation sets in AWGN, the product distance will not be
affected by this selection as well. Therefore, in this case, it is important to reduce the number of signal points having MSED between them. The constellation sets obtained for the
AWGN channel are also optimum for Rayleigh fading channels.

4.2.3 Numerical Results
Computer simulations are performed using various MPSK and MQAM modulation schemes
at the nodes. Let us take 8 PSK as an example. Equal average received SNR is assumed on
all the links for better understanding. Conventionally, the same constellation (SC) is used
at the nodes and illustrated as follows
s1 , s2 , s3 : {100, 000, 001, 011, 010, 110, 111, 101}
with the ith element (symbol) mapped to the phase iπ/4, i = 0, 1, ..., 7. It is worthwhile to
mention here, that the Gray code mapping shown above is optimum, when same constellation is used at the nodes and when no interaction is considered between the constellations

CHAPTER 4. CONSTELLATION SELECTION

46

1200
Same Constellation
Constellation Selection

Distance Distribution

1000

800

600

400

200

0

MSED

0

2

4
6
8
Squared Euclidean Distance (SED)

10

12

Figure 4.2: Comparison of SED Distribution in Augmented Signal Space, between Same
Constellation (SC) and C1 using 8PSK

at different nodes. However, while performing constellation search, we look in multidimensional space formed by all the involved constellations and hence it is not necessary
that the outcome of the search algorithm results into a constellation set that follow Gray
code mapping.
For instance, constellation search algorithm outputs a constellation set named as C1
in this case, that provides least number of pairs containing MSED between them. The
searched constellation set C1 can be described as follows
s1 :{010, 110, 101, 111, 100, 000, 011, 001}
s2 :{110, 011, 001, 000, 101, 100, 010, 111}
s3 :{001, 110, 101, 010, 111, 000, 011, 100}
It is obvious that C1 does not follow Gray code mapping. The significance of C1 is illustrated in Figure 4.2, where the SED distribution of searched and conventional constellation
sets is compared. It can be observed that signal points containing MSED are reduced by
nearly 90% using C1. The comparison of SED distribution for individual users is also
shown in Figure 4.3. Here we calculate the SED for only those pairs that represents error
in that particular user. Therefore we can see the difference in the number of pairs as compared to Figure 4.2 for a particular SED. Since both users are using different constellations
at their nodes, hence small difference in the pair reduction among both users is expected.
However, this difference does not create significant difference in the error performance of
individual users. The distance distribution of the pairs that do not contain MSED between
them, is also changed by using C1. However these pairs have distance larger than the
MSED and consequently have less impact on the error performance. Hence, an over all
improvement in performance can be envisaged by using C1.
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Table 4.1: Reduction in number of pairs containing MSED for different modulation
schemes using joint detection
Modulation Scheme

Constellation Sets

8 PSK
16 PSK
16 QAM

SC
C1
SC
C1
SC
C1

Number of Pairs containing MSED
Both Users User 1
User 2
288
192
192
32
16
24
1056
704
704
92
52
52
1920
1280
1280
280
180
192

The reduction in number of MSED pairs is numerically represented in Table. 4.1 for
different modulation schemes. The table shows the reduction for individual users as well.
Using the SED distribution in Table. 4.1 and Figure 4.3, one can write upper bounds given
in (4.3) on the average symbol error rate (SER) of the users for SC in AWGN channel as
follows.
 384 p
 384 p

192 p
PsSC ≤
Q
1.76γ0 +
Q
4.75γ0 +
Q
6γ0
64
64
64

p

p

p
≤ 3Q
1.76γ0 + 6Q
4.75γ0 + 6Q
6γ0
(4.7)
And similarly for C1 we have

 56 p
 224 p

20 p
1.76γ0 + Q
2.62γ0 +
3.9γ0
Q
Q
64
64
64




p
p
200
256
+
4.75γ0 +
6γ0
Q
Q
64
64
p

p

p

≤ 0.31Q
1.76γ0 + 0.88Q
2.62γ0 + 3.5Q
3.9γ0
p

p 
+ 4Q
4.75γ0 + 3.1Q
6γ0

PsC1 ≤

(4.8)

where γ0 = Eb /N0 . The terms inside Q function corresponds to particular SED while the
coefficients represent the average number of pairs for the corresponding SED. Since we
are calculating the average SER for both users, hence the number of pairs is the average of
both users as well.
The first term in each expression above corresponds to MSED. It can be observed that
the coefficient of the first term in (4.7) has been reduced from 3 to 0.31 in (4.8). Hence,
with a proper constellation selection for the different links, the number of branches having
the MSED between them can be reduced considerably. Consequently, error performance
of the users is expected to improve using C1. Figure 4.4 compares the average SER of both
users using SC and C1. The analytical expressions in (4.7) and (4.8) are plotted besides
the simulation results in Figure 4.4. It is obvious that significant gain can be achieved by
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Figure 4.3: Comparison of SED Distribution for individual users in Augmented Signal
Space between Same Constellation case and using C1 by employing 8-PSK

using C1, especially at low and intermediate SNRs. For instance, a gain of about 2 dB
is obtained for a SER equal to 10−2 . Similarly at SER equal to 10−5 , a gain of 1 dB is
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Figure 4.4: Comparison of Average Symbol Error Rate (SER) for SC and C1 using 8-PSK
over AWGN channel.

still achievable. Gain is reduced at high SNR, because the role of MSED pairs tends to
dominate at good channel conditions.
Similarly the upper bounds in (4.3) on average SER, in case of Rayleigh fading channels can be calculated using pairwise error probability in (4.6) and the SED distribution in
Figure 4.3. Hence in case of SC we can write
"
Λ
192
384
SC
Ps ≤
×
2 +
2
64 × 4
(1 + 0.44γ0)
(1 + 1.5γ0 ) (1 + 0.44γ0 )
#
384
+
2
(1 + 1.5γ0 )
"
1.5
0.75
≤Λ×
2 + (1 + 1.5γ ) (1 + 0.44γ )
0
0
(1 + 0.44γ0 )
#
1.5
+
(4.9)
2
(1 + 1.5γ0 )
where
Λ=



1
1
+
1 + xmin
(1 + xmin )2



and xmin =

r

0.44γ0
.
1 + 0.44γ0

Similarly in case of C1 the upper bounds on the average SER can be calculated using SED
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Figure 4.5: Comparison of Average SER for SC and C1 using 8-PSK over Rayleigh fading
channels.

distribution as follows
PsC1

"
Λ
20
200
224
≤
×
2 +
2 + (1 + 0.44γ ) (1 + 1.5γ )
64 × 4
0
0
(1 + 0.44γ0 )
(1 + 1.5γ0 )
#
56
256
+
2 +
3
(1 + 1.5γ0 ) (1 + 0.44γ0 )
(1 + 0.44γ0 )
"
0.8
0.9
0.08
≤Λ×
2 +
2 + (1 + 0.44γ ) (1 + 1.5γ )
0
0
(1 + 0.44γ0 )
(1 + 1.5γ0 )
#
1
0.22
+
(4.10)
2 +
3
(1 + 1.5γ0 ) (1 + 0.44γ0 )
(1 + 0.44γ0 )

where Λ is as defined in (4.9). It becomes obvious by comparing (4.9) and (4.10), that
the coefficient of product distance terms containing MSED has been reduced from 0.75
to 0.08 by using C1. Figure 4.5 compares the average SER of both users in Rayleigh
fading channels using SC and C1. The analytical expressions in (4.9) and (4.10) are plotted
besides the simulation results in Figure 4.5. It can be observed, that a gain of nearly 2 dB
can be obtained by using C1 as compared to SC at the nodes.
Now let us look at the performance gains while considering higher modulation levels.
For instance, using 16 PSK the conventional bit to symbol mapping using SC can be written
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Figure 4.6: Comparison of Average SER for SC and C1 using 16-PSK over Rayleigh
fading channels.

as follows
s 1 , s2 , s3 :




1000, 0000, 0001, 0011, 0010, 0110, 0111, 0101, 0100, 1100,
1101, 1111, 1110, 1010, 1011, 1001

with the ith element (symbol) mapped to the phase iπ/8, i = 0, 1, ..., 15. Search is performed for obtaining C1 and the resulting constellation set is as follows:


0001, 1111, 1001, 0100, 0111, 1110, 1010, 1100, 1101, 0011,
s1 :
0101, 1011, 0000, 0010, 0110, 1000


1101, 0111, 1011, 0000, 0110, 1100, 1000, 1001, 0001, 0011,
s2 :
1110, 1111, 0010, 1010, 0101, 0100


0001, 1011, 1100, 1010, 1110, 0111, 0011, 1000, 0010, 0110,
s3 :
.
0000, 0101, 1101, 0100, 1111, 1001
It can be observed from Table. 4.1 that the number of pairs containing MSED between them
have been reduced quite considerably from 1056 to 92 using C1. Figure 4.6 compares the
average SER using SC and C1 in Rayleigh fading channels using simulation approach. It
can be observed that significant gain can be obtained using C1 at the nodes, in case of
higher level modulation schemes.
The proposed method of choosing constellations at the nodes has been proved to be
useful for MPSK schemes. Let us analyze the usefulness of this method for the case of
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Figure 4.7: Constellations used at nodes for 16-QAM (a) SC at all nodes (b) C1 at User 1
node (c) C1 at User 2 node (d) C1 at Relay node

MQAM modulation schemes. For instance, 16 QAM can be considered as an example.
The constellation set used for SC is illustrated in Figure 4.7.a. Searched constellation
set C1 for 16 QAM, is illustrated in Figure 4.7.b-d for the three nodes respectively. Again
significant reduction in the number of pairs containing MSED by using C1 can be observed
by looking at Table. 4.1. Similar to 8 PSK, the upper bounds on the average SER can be
obtained by using SED distribution in this case. Therefore the expressions for average SER
in case of SC for Rayleigh fading channels can be obtained as follows:

PsSC

"
#
Λ
1280
3200
≤
×
2 +
2
256 × 4
(1 + 0.4γ0 )
(1 + 0.8γ0 ) (1 + 0.4γ0 )
"
#
1.3
3.1
≤Λ×
2 +
2
(1 + 0.4γ0 )
(1 + 0.8γ0 ) (1 + 0.4γ0 )

(4.11)
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Figure 4.8: Comparison of Average SER for SC and C1 using 16-QAM over Rayleigh
fading channels.

where


1
1
Λ=
+
1 + xmin
(1 + xmin )2



and xmin =

r

0.4γ0
.
1 + 0.4γ0

Similar expressions can be obtained for C1 using the corresponding SED distribution as
follows

PsC1

"
Λ
474
186
≤
+
×
2
256 × 4
(1 + 0.8γ0 ) (1 + 0.4γ0 )
(1 + 0.4γ0 )
602

474

602

#

0.6

0.5

0.6

#

+
+
(1 + 0.8γ0 )2
(1 + 0.4γ0 )3
(1 + 0.8γ0 ) (1 + 0.4γ0 )2
"
0.2
0.5
≤Λ×
+
(1 + 0.8γ0 ) (1 + 0.4γ0 )
(1 + 0.4γ0 )2
+

+

(1 + 0.8γ0 )2

+

(1 + 0.4γ0 )3

+

(1 + 0.8γ0 ) (1 + 0.4γ0 )2

(4.12)

It can be seen that the coefficient of the product distance term containing MSED has been
reduced from 1.3 to 0.2 using C1. The corresponding improvement in average SER of the
users is illustrated in Figure 4.8. The analytical expressions in (4.11) and (4.12) are plotted
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besides the simulation results in Figure 4.8. A performance gain of around 2 dB can be
achieved by employing C1 as compared to SC.

4.3 Selection and Soft Combining
Since the relay signal is used to help the weak user only, while using this detection scheme,
the multi-dimensional signal space is formed at the receiver using the relay and the weak
signal only. Here constellation is searched for the relay node in order to maximize the
MSED in augmented signal space formed by weak user and the relay. The computer search
algorithm works in this case as follows:
1. Assume the same signal constellations in the three nodes. Strong user is detected
directly so its constellation is not involved in search procedure.
2. Find the MSED in the signal space formed by the relay signal and the weak signal
for any particular value of the strong symbol.
3. Change the signal constellation at the relay and identify the MSED for new the
constellation set. Select the signal constellations sets that provide the maximum
MSED.
4. Repeat step 3 for the number of iterations. The signal constellations set obtained
after the number of iterations is taken as the output of the search algorithm.
5. The signal constellations sets obtained in step 4 finalizes the selection procedure.
Once found, these sets are fixed and can be used by the MARC scheme without
modifications. Once constellation sets are decided, bit to symbol mapping at relay
varies depending upon the symbol, transmitted by strong user. This is done in order
to keep the relationship between constellation of the weak user and the relay fixed,
i.e. according to the selected constellation set.
It is interesting to compare the performance of SSC with joint detection using the selected constellation set, since constellation search is rather simple in former case due to the
involvement of two nodes only.

4.3.1 Rayleigh Fading Channels
Considering the Rayleigh fading channels and assuming the same average SNR on the
links, the conditional pairwise error probability for user k as given in (3.16) can be rewritten as follows:
1
(k)
P2 (s → ŝ |Γi ) = (Pstrong {E |Γmax } + Pweak {E |Γmin , Γ3 } )
(4.13)
2
where
s

2
Γmax |ss − ŝs | 
Pstrong {E |Γmax } = Q 
2Es
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Table 4.2: Improvement in MSED by selecting proper constellation at the relay for different modulation schemes using SSC
Modulation Scheme
8 PSK

Constellation Sets
SC
C1
SC
C1

16 QAM

MSED
1.17
4
0.8
2

and
s

Pweak {E |Γmin , Γ3 } = Q 

2

2

Γ3 |s3 − ŝ3 |
Γmin |sw − ŝw |
+
2Ew
2E3



.

Since user k could be strong user or a weak user hence we use the subscript ’s’ and ’w’
to denote the both status on link k respectively. Moreover, Γmax = max{Γ1 , Γ2 } and
Γmin = min{Γ1 , Γ2 }. The upper bound [55] on the pairwise error probability is then
obtained by averaging (4.13) over the pdfs of Γ3 , Γmax and Γmin as given in (3.4), (3.20)
and (3.23) respectively as follows:
s
s
!
!
1 1
ψs
1
ψs
→ ŝ) ≤ −
+
4 2
1 + ψs
4
2 + ψs
"
#
1
1
1
1
+
+
2 × (2 + ψ ) (1 + ψ )
4 1 + xmin
w
3
(1 + xmin )

(k)
P2 (s

(4.14)

where
xmin = min

(s

ψw
,
2 + ψw

s

ψ3
1 + ψ3

)

and ψs , ψw and ψ3 are as defined in (4.6). It is obvious from (4.14), that the pairwise error
probability has inverse relationship with the product distance. Having the pairwise error
probability for all the possible candidate pairs, an averaging can be performed over all the
symbols to get the average symbol error probability. The expression for average symbol
error probability of user k, can be derived by modifying the (3.26) as follows
Ps(k) ≤

1 X X (k)
P2 (s → ŝ)
M s
k

sk 6=ŝk

(4.15)
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Figure 4.9: Performance of C1 using SSC as compared to Joint detection for 8-PSK over
Rayleigh fading channels.

4.3.2 Numerical Results
Taking 8 PSK as an example, the outcome C1 of the search process in this case is the
following constellation set,
s1 , s2 :{100, 000, 001, 011, 010, 110, 111, 101}
s3 : {101, 010, 000, 111, 011, 100, 110, 001}.
The MSED in the combined signal space has been increased from 1.17 to 4 using the
selected constellation set as illustrated in Table. 4.2. The change is MSED effects the
product distance terms in average SER expression as obvious from the definition of ψi in
(4.6). For instance, using the constellation set C1 and the corresponding SED distribution,
an upper bound on the average SER of both users can be obtained using (4.15) as follows:
r
0.44γ0
0.44γ0
Ps ≤ 0.5 −
+ 0.5
1 + 0.44γ0
2 + 0.44γ0


0.75
0.75
+Λ×
+
(2 + 0.44γ0 ) (1 + 2.55γ0 ) (1 + 0.44γ0 ) (2 + 2.55γ0 )
r

(4.16)

where


1
1
Λ=
+
1 + xmin
(1 + xmin )2



and xmin =

r

0.44γ0
.
2 + 0.44γ0

However if we look at the expression for the average SER in case of using same constellation at all the nodes it comes out to be as follows
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Figure 4.10: C1 for 16-QAM (a). Mapping for User 1 and User 2 (b) Mapping for Relay
node

r

r
0.44γ0
0.44γ0
Ps ≤ 0.5 −
+ 0.5
1 + 0.44γ0
2 + 0.44γ0


0.5
+Λ×
(2 + 0.44γ0 ) (1 + 0.44γ0)

(4.17)

where Λ and xmin are defined as in (4.16).
It can be observed by comparing (4.16) and (4.17), that the coefficient in the denominator of product distance terms has been increased from 0.44 to 2.55 by using constellation
selection. These coefficients can be calculated using (4.6) as follows
1.17 3Eb
×
= 0.44γ0
2
4N0
is for same constellation and


1.17
3Eb
4−
×
= 2.55γ0
2
4N0
is in case of constellation selection. Due to this change, product distance will be better
in case of constellation selection and gain in performance can be predicted. Computer
simulations are performed using the selected bit to symbol mapping, in order to compare
its performance with joint detection using constellation selection, as described previously.
The curves are plotted in Figure 4.9 using analytical expressions in (4.10) and (4.16),
besides the simulation results. It can be observed, that the performance of SSC is quite
close to joint detection at low SNR. At high SNR the difference is nearly 1 dB. Moreover,
SSC also provides a diversity gain of order 2 similar to the joint detection scheme.
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Figure 4.11: Performance of C1 using SSC as compared to Joint detection for 16-QAM
over Rayleigh fading channels.

The searched constellation set for 16 QAM is also shown in Figure 4.10. It is clear
from Table. 4.2, that the MSED has been improved from 0.8 to 2 for the selected mapping.
The corresponding change in coefficients of product distance term would be from
0.8
4Eb
×
= 0.4γ0
2
4N0
to


0.8
4Eb
2−
×
= 1.6γ0
2
4N0
according to (4.6). Therefore the expression for upper bound on the average SER of both
users, in Rayleigh fading channels can be obtained as follows:
r
r
0.4γ0
0.4γ0
Ps ≤ 0.75 − 1.5
+ 0.75
1 + 0.4γ0
2 + 0.4γ0


1
1
+Λ×
+
(2 + 0.4γ0 ) (1 + 1.6γ0 ) (1 + 0.4γ0 ) (2 + 1.6γ0 )
where


1
1
Λ=
+
1 + xmin
(1 + xmin )2



and xmin =

r

0.4γ0
.
2 + 0.4γ0

(4.18)
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Computer simulations are performed using C1 at the nodes. Results are compared with
joint detection as shown in Figure 4.11. The analytical expressions in (4.12) and (4.18) are
used to plot the curves besides the simulation results. A trend similar to that of 8 PSK can
be observed in this case as well.

4.4 Summary
Analytical and simulation approaches have been used to study the impact of selecting signal constellations set on signal reliability of the links in network coded cooperative relaying
scenario. Selection criteria for two different detection schemes have been established. The
selected signal constellations set have the capability to benefit the users in terms of average
bit/symbol error probability, by exploiting the spread of the signal points of linear multilevel modulation in the augmented signal space formed by the branches of MARC and the
dimension of the used modulation scheme. Moreover, both joint detection and SSC can
be employed along with this signal constellation selection successfully at the nodes and
provide comparable performance gain. The proposed method is valid for different linear
modulation schemes and levels (large than two) under variety of fading channel conditions
on the links. In short, signal constellation selection at the nodes of MARC is quite useful
in improving the signal reliability for each user.
Up till now we have studied the link performance of the cooperating users in MARC
for different detection schemes and with XOR-based network coding at the relay node.
The redundancy introduced by network coding has been considered in improving the link
performance of the cooperating users through a proper selection of the signal constellation
sets used at the different nodes of MARC. However, all these investigations have been done
for un-coded systems and did not include the effects of channel coding used by the cooperating users. Channel coding is an integral part of all wireless communication systems of
today. The following chapter looks at the link performance of MARC in the presence of
channel coding. Interaction between channel coding and network coding is also addressed.

Chapter 5

Joint Channel-Network Coding for
MARC
This chapter considers the interaction between channel coding and network coding in the
multiple access relay channel. For that, the chapter proposes a new representation of the
received coded packets from the different nodes of MARC. This new representation provides us with a flexibility in designing efficient joint channel-network decoding algorithms
and the possibility to use more powerful network coding schemes. By using more powerful
network coding schemes, more than two users can cooperate via one relay node without
sacrificing in performance or link efficiency. The link performance of the proposed scheme
is analyzed and compared to that of separate channel network decoding. The chapter assumes linear block codes for the cooperating users but the proposed method may be extended to other channel coding schemes.
The chapter starts with a description of the system model, followed by the interaction between channel coding and XOR-based network coding. This interaction is further
considered for other types of network coding schemes.

5.1 System Model
Let us generalize the transmission scheme described in Section 3.1, by assuming total of
N users, single relay R, and a base station as shown in Figure 5.1. Hence transmissions are
performed in N + r time slots. Each user performs the channel coding using an (n, k, d)
linear block code with minimum Hamming distance d and code rate Rc = nk . In first N
time slots, each user transmits its own channel coded packet towards the base station. The
relay also listens to the transmission of each user. After receiving the packets from the
users, relay performs channel decoding and re-encoding. Then it combine packets using
the network coding scheme and forwards r network coded packets towards the base station.
Additionally, it is assumed that users and relay have the same distance from the base station
as considered in [41, 42], thus all the N + r links have same average signal to noise ratio
(SNR) unless specified. This is rather pessimistic assumption as in practical cases, relay
61
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Figure 5.1: Uplink of a cellular/relay system with network coding for N users.

is normally closer to base station as compared to users and thus can provide better gain.
Assuming flat fading Raleigh channel on each link, the ith signal sample of the received
packet from link l at base station can be written as
yil = hil sil + zil ,

l = 1, 2, · · · , N, N + 1, N + 2, · · · , N + r;

i = 0, 1, · · · , n − 1

(5.1)

where n is the packet length, sil is the transmitted symbol i, on link l with E{|sil |2 } =
El Rc and yil is the corresponding received symbol. El is the average energy per transmitted symbol at link l. The coefficient hil denotes the complex multiplicative channel
coefficient gain and remains constant during each symbol interval. The sample zil is the
complex Gaussian noise experienced by link l during ith symbol interval at base station
with double sided power spectral density N0 /2. The received packets from different users
and relay station are then used by the base station to make a decision on transmitted information of different users. Link performance depends upon the network coding scheme
used for combining these users.

5.2 Channel and XOR-based Network Coding
Conventional network coding is based on bitwise XOR where, for the multiple access relay
channel, the received packets from the two cooperating users are first decoded, re-encoded
and then added bit-by-bit. The network coded packet is then of the same length as the
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Table 5.1: XOR-based network coding and its possible codewords in MARC.

codeword 0
codeword 1
codeword 2
codeword 3

User 1

User 2

Relay Node

0
0
1
1

0
1
0
1

0
1
1
0

packets of the individual users. Hence, the base station receiver receives three different
packets: The packet of user 1 , the packet of user 2, and the forwarded packet by the relay
node. For the case of uncoded information signals, the overall link rate of MARC with two
cooperating users is then given by
R2 =

2
.
3

(5.2)

This reduction in link efficiency of MARC is due to the redundancy introduced by network
coding at the relay node. In that, for every transmitted two bits (one bit for each user)
the relay node transmits one. This operation clearly corresponds a (3, 2, 2) linear block as
illustrated in Table. 5.1. We can easily see from Table. 5.1 that the minimum distance of
this linear network (channel) coding operation is dmin = 2 and its rate is R2 = 2/3.
In the case when channel coding is employed by the individual cooperating users then
the MARC link becomes a concatenation of two coding schemes, the channel codes of the
individual users and the network coding of the relay node. The overall rate of the MARC
will then be reduced by the rate of the used channel. For instance, if the two cooperating
are using the same linear block code (n, k, d) then the overall rate of MARC becomes
Rt =

2k
2 k
× =
3 n
3n

(5.3)

which is the product of the rates of the two coding schemes.
Taking the three coded packets of MARC and placing them in rows as shown in Figure 5.2, we notice that the channel coding operation of the individual user codes is done
along the rows of this formed channel matrix and the XOR-based network coding is done
along the columns. Looking at the matrix of Figure 5.2, it is clear that the n × 3 matrix
formed by the individual packets of the cooperating users and that of the relay station is a
codeword matrix of a product code [56]. The obtained product code is an
(n, k, d) × (3, 2, 2) = (3n, 2k, 2d)
2k
block code with rate 3n
.
This coding structure can be used at the base station receiver to decode the information
of the cooperating users. Seen as one single code, the correction capability of the corresponding decoder is now (2d − 1)/2 as compared to (d − 1)/2 for the case of separate
channel-network decoding. In Rayleigh fading channels with uncorrelated links, it can be
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k
n
2

m1 (packet of user 1)
3

m2 (packet of user 2)
m1 ⊕ m2 (packet of relay)

Figure 5.2: Representation of conventional (XOR-type) network coding at the relay station.

shown that the diversity gain of order 2d/2 can be achieved if we look network and channel
codes separately. It means that detection for both codes is done separately as illustrated in
Figure 5.3, where after performing network decoding, channel code is decoded using hard
decision decoding. However, by considering network and channel codes as a single product code (3n, 2k, 2d), we have the possibility to perform detection of both codes jointly,
so that the redundancy present in the product code can be exploited efficiently. By using
an optimum joint detection method at the receiver, a diversity order of 2d can be achieved.
Here the receiver looks channel and network code as a single code and try to find the 3 × n
matrix closest to the transmitted one. Therefore joint network and channel coding based on
product code representation improves the error correcting capability and diversity gain as
compared to separate network and channel decoding. Other decoding methods for decoding product codes as described in [57–62], can also be used for joint network and channel
decoding.
Clearly, the correction capability offered by channel and XOR-based network coding is
limited by the performance of network coding scheme used. Moreover, it is cumbersome
to combine more than two users at relay using conventional XOR based method, since with
N cooperating users, N - 1 links need to be reliable so that help can can be provided to the
weaker link.
For the case of N cooperating users via one relay, the relay node transmits one packet
(XOR-based network coding packet) for each set of N received packets. The network
coding scheme can now be seen as a linear (N, N − 1, 2) block code. Hence, with the new
representation, the overall coding scheme of MARC can be seen as an
(n, k, d) × (N, N − 1, 2) = (n × N, k × (N − 1), 2d)
product code with rate
Rt =

k(N − 1)
.
nN

It is observed that the correction capability of the corresponding decoder is still (2d − 1)/2
which is independent of the number of cooperating users within MARC.
To solve this limitation in the correction capability of the overall code we can increase
the number of network coded packets at the relay station which is basically equivalent to
increasing the redundancy of the network coded scheme. The problem now reduces to
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Figure 5.3: Network decoding followed by channel decoding for conventional network
coding in cooperative cellular/relay systems.

finding a good way of generating the network coded packets at the relay node. The linear
combinations of the packets at the relay node should maximize the minimum Hamming
distance of the network coded scheme.

5.3 Channel-Network Coding based on Product Codes
We look, in this section, at the interaction between the user information signals (direct
links) and forwarded signal(s) by the relay station to allow the base station to use a flexible
and more powerful decoding algorithms when estimating the transmitted signals of the
cooperating users with MARC. The interaction considered here is between the channel
coding scheme of the cooperating users and the network coding used at the cooperating
relay node. We have seen in Section 5.2 that joint channel-network coding in MARC can
be seen as a product code. The codeword matrix of this product code, constitutes of rows
formed by the individual channel codes of the cooperating users and columns formed by
the network coding scheme used at the relay node. It has also been that the correction
capability of the corresponding decoder when an XOR-based network coding is employed
can be written as
t=⌊

2d − 1
⌋
2

(5.4)

where d is the minimum Hamming distance of the block code used by the cooperating
users for performing channel coding.
One way to improve the correction capability of the formed channel-network coding
scheme is to use a better network coding scheme. This option is now possible with the new
representation introduced in the previous section. In fact, with this new representation,
it is now possible to use any linear block code as a network coding scheme at the relay
node. With this flexibility, it becomes now possible to tradeoff link performance for link
efficiency and vise versa.
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Figure 5.4: Network coding scheme based on the principle of product codes in cellular/relay systems.

Let us reconsider the uplink of a cellular/relay network representing MARC and shown
in Figure 5.1. Assume that we have a total of N users cooperating via one relay and that
each cooperating user is using an (n, k, d) linear block code. Hence, with time-division
multiple access between the users, the relay node receives a total of kr = N coded packets. The relay node then decodes the received packets, re-encode them using the same
(n, k, d) user block code. With the re-encoded packets, the relay node forms a coding matrix structure of size n × kr , by placing the kr packets one on each other (one received
packet per row). The relay node then applies a linear block code, denote it by (nr , kr , dr ),
along the columns of the formed coding matrix. The obtained coding matrix will have a
size of n × nr . Since the first kr rows (packets) of this formed matrix received by the base
station receiver via the direct links of the cooperating users, the relay node does not need
to forward them but instead it only needs to forward the remaining nr − kr rows (packets)
of this formed matrix. These forwarded packets by the relay node are in-fact the redundancy produced by the network coding scheme. The base station receiver takes the packets
received directly from the cooperating users and the packets received from the relay node
to form a received version of the complete product code matrix. This received codeword
can now be decoded using known decoding algorithm of product codes [57–62].
The formed product coding matrix at the relay station is illustrated in Figure 5.4. The
obtained product code for the proposed scheme is an
(n, k, d) × (nr , kr , dr ) = (nr n, kr k, dr d).
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Figure 5.5: Joint channel-network decoding for product code representation.

having a coding rate
Rs =

k
kr
×
.
n nr

It is observed that this formed coding scheme has a correction capability ⌊(dr d − 1)/2⌋
which is about dr times larger than the correction capability of the individual user codes.
Hence, with a proper selection of the block code used at the relay station, one can improve
the link performance of the cooperating users within MARC significantly in comparison
with the case when conventional XOR-based network coding is employed without affecting
the overall efficiency of the MARC scheme. This selection reduces to choosing a linear
block code at the relay node having as parameters:
dr > 2
kr
2
= .
nr
3
This obtained coding structure presents channel and network coding in one single code.
Hence, a single decoder as shown in Figure 5.5, for joint channel-network decoding can be
used at the base station receiver. A single decoder can take advantage of the channel variations in the different branches of MARC and, as a result, better diversity gain can be obtained due to the involvement of the different radio links at the receiver. Besides optimum
joint detection method, there are many other methods described in literature for decoding
product codes. These methods are based on generalized minimum distance decoding, turbo
decoding of concatenated codes and iterative decoding, as discussed in [57–62]. These
detection methods have performance close to joint detection and offers less complexity.
Therefore any of these methods can be used to detect product code formed by network and
channel codes.
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It should be mentioned that the coding structure of Figure 5.4 allows the combination
of kr different packets at the relay node. This structure is quite general and the only
limitation here is that the number of packets to be combined at the relay station needs to
be kr packets. These kr packets can belong to one user, two users, or kr different users.
It is also possible to combine packets with different code rates or different versions of the
same packet. The result of this is a very flexible structure that can be adapted to help the
user(s), within the cooperating set of users, that need(s) help.

5.4 Analytical Performance
The product coding based structure for channel-network coding shown in Figure 5.4, provides enough motivation to use better network coding scheme at the relay. The main objective of the analysis in this section is to show the significance of using better network
coding schemes to combine the users at the relay as compared to conventional XOR based
method. For fair comparison, let us consider simple detection scheme as illustrated in
Figure 5.3 at the receiver in both cases. For performing network/column decoding soft
decision decoding can be used for instance, followed by the hard decision decoding for
channel/row codes.
With soft decision decoding based on joint detection, the receiver computes the following metric using symbol i from each received packet l as
C(m̂) =

nr
X
l=1

2

|yil − hil ŝil | ,

i = 0, 1, · · · , n − 1

(5.5)

for all possible codewords(set of symbols) in a network/column code. Since we are computing the matric C(m̂) for the column code, hence symbol i from each link l is used in
the calculation. Moreover ŝil denotes the estimated symbol for the transmitted symbol sil .
For detection, the receiver chooses the set of symbols that have the minimum metric and
declare them as the network decoded symbols of link 1, 2, · · · , N .
Assuming uncorrelated links and Rayleigh fading channels, with channel state information hi = {hi1 , · · · , hiN , hi(N +1) , · · · , hi(N +r) }, the conditional pairwise error probability for column code words can be written as
r Pn

r

P2 (si → ŝi |hi ) = Q

l=1

Γil δil Rc
2

!

(5.6)

where si = {si1 , si2 , · · · , siN } denotes the transmitted column codeword and ŝi =
2
{ŝi1 , ŝi2 , · · · , ŝiN } denotes the estimated column codeword. Moreover Γil = |hilN|0 El
2

il |
denotes instantaneous received SNR on link l and δil = |silE−ŝ
. For the Rayleigh fading
l Rc
channel the probability density function of Γil can be written as

fi (γ) =

1 − γγ
e il ,
γil

γ ≥ 0.

(5.7)
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where
γil = E{Γil } =

2σ 2 El
N0

is the average received SNR per symbol on link l and σ 2 is the variance of real and imaginary part of the complex channel coefficient hil .
The exact value of pairwise error probability for column codewords can be calculated
by averaging the expression in (5.6) over the pdfs of Γil in (5.7). The resulting expression
will be the generalization of the expression in (3.5) for nr links in error as compared to only
three links. This expression can be used in (3.10) for finding upper bound on the average
bit error probability for column code. However, the generalized expression for pairwise
error probability is tedious to calculate for higher values of nr or using long block codes.
Hence, a rather simple method to compute upper bound on pairwise error probability is to
use Chernoff bound in (5.6) and the resulting expression can be written as follows:
n

r
1Y
P2 (si → ŝi ) ≤
2

l=1

1
1+

γil δil Rc
4

!

(5.8)

The above expression assumes that when receiver detects the code word si wrongly, all the
nr symbols are in error. However, it is not necessary that wrong detection of transmitted
codeword always results into an error in all the symbols. Taking BPSK as an example, the
number of symbol/bit errors corresponds to hamming distance between both(transmitted
and detected) codewords and it varies from dr to the maximum value nr . Denoting the
hamming distance between the transmitted codeword si and the estimated one ŝi by w, we
can write pairwise error probability as
w

P2 (si → ŝi ) ≤

1Y
2
l=1



1
1 + γil Rc



,

dr ≤ w ≤ nr

(5.9)

Here δil is replaced by 4 as calculated in (3.11). An upper bound on code word error probability given in [10] can be calculated using the expressions for pairwise error probability
above as

pcw ≤

r −1
2k
X

q=1

P2 (si → ŝi )

kr


2 −1 wq 
1 X Y
1
≤
2 q=1
1 + γil Rc

(5.10)

l=1

where 2kr represents the total number of possible codewords using column block code
and again wq is the corresponding hamming weight while selecting codeword q instead of
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transmitted one. Using the upper bound on codeword error probability above and assuming
that γil = γ0 , an expression for raw bit error probability [10] can be written as
pb ≤

aq
pcw
kr
kr

wq

2 −1
1 X
1
≤
aq
2kr q=1
1 + γ0 Rc

(5.11)

Here aq is the number of information bit errors associated with choosing the codeword q
instead of the correct transmitted code word. Consider that there are ndr number of terms
having hamming distance dr , then these terms can be separated from the rest of the terms
as follows


r −1

dr

wq
ndr
2k
X
1 X
1
1

pb ≤
aq
+
aq
2kr q=1
1 + γ0 Rc
1
+
γ
R
0
c
q=n

(5.12)

dr +1

For high SNRs, the upper bound in (5.12) can be approximated by the first summation,
since at high SNR the terms having dr limits the error performance. Therefore the expression for pb can be written as

dr
ad r
1
pb ≈
.
(5.13)
2kr 1 + γ0 Rc
In the above expression adr corresponds to the total number of information bit errors in
the terms having hamming distance dr . It is obvious that performance is limited by the
minimum hamming distance dr . It can also be observed that the diversity gain of dr can
be obtained at the high SNR.
After performing column decoding, the detected symbols/bits are passed through hard
decision channel/row decoder. The expression for bit error probability of column code
calculated in (5.11) can be used to model the memoryless binary symmetric channel at the
input of the row code decoder with transition probability pb . With this model, a good upper
bound on average bit error probability Pb for any user/packet can be written as follows

Pb ≤

 
n
X
j+t n
j
n−j
(pb ) (1 − pb )
,
n
j
j=t+1

(5.14)

d−1
⌋
2

(5.15)

where
t = ⌊

represents the correction capability of channel/row block code (n, k, d). The expression in
(5.14) is a bit loose at low SNR values but quite good at high SNR values.
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Since we have derived the expression for bit error probability pb for network/column
code in (5.11), it can also be used to calculate block/codeword error probability PM for
any user/packet. Assuming that all zero codeword was transmitted, the probability P2 that
a codeword with hamming weight wm is selected at the receiver can be computed by using
Chernoff bound [48] as follows
wm /2

P2 ≤ [4pb (1 − pb )]

(5.16)

The detection error occurs at the receiver if wm /2 or more bits will be in error. For the
channel code (n, k, d) total number of possible wrong codewords will be 2k − 1. [48] has
calculated a tighter upper bound by considering the union of all these decisions as follows

PM ≤

k
2X
−1

m=1

wm /2

[4pb (1 − pb )]

≤ 2k − 1



4pb − 4p2b


d/2
≈ 2k − 1 [4pb (1 − pb )]

d/2

(5.17)

Since pb is low at high SNR, the terms containing higher powers in (5.17) can be ignored
safely and the expression for pb derived in (5.13) can be used to obtain upper bound on
PM as follows

k

PM ≤ 2 − 1





2adr
kr

d/2

1
dr d/2

(1 + γ0 Rc )

.

(5.18)

Hence, when all the links have the same SNR, a diversity gain of order dr d/2 is obtained
with this scheme. This diversity gain order is the product of the diversity gain order obtained from network coding and that obtained from channel coding. Therefore by using
a better network coding scheme having dr greater than two, the error performance of the
users can be improved as compared to conventional combining method based on XOR.
Simple detection scheme have been used to highlight the performance gain achievable by proposed method(using powerful network coding) as compared to conventional
method. However, by looking at channel-network codes together as a single product code
an efficient iterative decoding method proposed by [62], can also be used at the receiver.
The importance of this iterative method increases while using powerful block codes, where
constituent network and channel codes are long and it becomes too complex to use soft decision decoding to decode these constituent codes. In this iterative decoding method, multiple iterations are required to achieve maximum performance improvement. During each
iteration hard decision decoding is applied along the columns, followed by hard decision
decoding along the rows of the product coding matrix. The output of the first iteration is
considered as input for the next iteration. In addition to simple detection scheme discussed
earlier, the iterative decoding method is also considered in next section for performing
channel and network decoding jointly in case of proposed method.
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Figure 5.6: Comparison of joint channel-network decoding with separate channel-network
decoding, using XOR as network code and (7, 4, 3) as channel code. All the links have the
same received SNR γ0 .

5.5 Numerical Results
In this section we will focus on two things. First we will show that joint network and
channel coding based on product code representation improves the error performance of
users as compared to separate network and channel decoding. Then we will illustrate that
by using a better network coding scheme at the relay, links can be made more reliable as
compared to conventional XOR based method.
Let us consider a simple example, where channel coding is performed at the nodes
using (7, 4, 3) hamming code. The packets are combined at the relay using conventional
XOR based method. If the receiver considers channel and network decoding separately as
illustrated in 5.3, then the redundancy contained in network coded packets cannot be exploited efficiently at the receiver in order to correct the errors. However by looking channel
and network codes jointly as a (21,8,6) product code, the correction capability at the receiver improves due to higher minimum hamming distance between the codewords of the
product coding matrix. Joint channel-network detection can be performed for the obtained
product coding matrix at the receiver. Figure 5.6 illustrates the performance improvement
in average bit error probability of the users by using joint decoding as compared to separate
decoding in Rayleigh fading channels. It can be observed that by using product code based
representation, performance gain of nearly 4 dB can be obtained at a bit error rate equal to
10−4 .
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Figure 5.7: Average bit error probability of the proposed network coding scheme with
(15, 11, 3) × (7, 4, 3) in cellular/relay systems over Rayleigh fading channels when joint
detection is employed for the column code and hard decision for the row code. All the
links have the same received SNR γ0 .

After illustrating the significance of product code representation, let us look at the
impact of using better network coding scheme at the relay as compared to XOR based
combining. To ensure a fair comparison between the two schemes, we have kept the code
rate of the system Rs = Rc kr /nr same in both cases. As same channel code is used in both
cases, hence fairness depends upon the rate of linear block code used at the relay station in
case of proposed scheme. In XOR based network coding scheme each pair of users require
three transmitted packets, i.e. two direct packets and one relay packet. Therefore we
tried to match the column code rate kr /nr in proposed scheme with 2/3. Consequently,
two linear block codes with a code rate around 2/3, namely (7, 4, 3) and (31, 21, 5) are
considered as column codes for proposed scheme. Different row block codes considered
here for illustration purposes are (15, 11, 3) and (15, 5, 7).
Figure 5.7 illustrates the average bit error probability, of the proposed scheme over
Rayleigh fading channels when (15, 11, 3) × (7, 4, 3) product code is employed. Here
(15, 11, 3) is employed as channel code in case of XOR based reference system. Simulation results are supported by the analytical upper bounds in Figure 5.7. Since (7, 4, 3) is
a short block code , hence the generalization of analytical expression in (3.5) for nr = 7
links is used in (3.10) for obtaining an upper bound on average bit error probability of the
column code for proposed method. Similarly in case of XOR based system the expressions
in (3.5) and (3.10) are used for nr = 3 links in order to obtain the average bit error proba-
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Figure 5.8: Average bit error probability of the proposed network coding scheme with
(15, 11, 3) × (7, 4, 3) in cellular/relay systems over Rayleigh fading channels when the
relay link is 10 dB better that user direct link. Joint detection is employed for the column
code and hard decision for the row code.

bility for the network coding scheme. These expressions for average bit error probabilities
of column/network coding schemes are then used in (5.14) to obtain the analytical upper
bounds on average bit error probability of each user as plotted in Figure 5.7. It is observed
from the said figure, that the proposed network coding scheme provides good performance
gain as compared to the conventional XOR based network coding. Gain around 3 dB at
a bit error rate of 10−4 can be obtained with this simple (7, 4, 3) linear block code. Note
that with the proposed network coding scheme it is possible to combine up to four users
without affecting the efficiency of the overall system.
Figure 5.8 illustrates the average bit error probability using simulation approach, when
the relay to base station link is 10 dB better than direct links of the users. It can be observed
that the relative gain of the proposed network coding scheme in comparison with that of
the XOR-based scheme has increased and the performance improvement is now around
4.5 dB for a bit error rate of 10−4 . This improvement is due to the fact that, with the new
network coding scheme, the cooperative communication scheme takes better advantage of
the relay channel and can provide better help in decoding the cooperating users.
As we have seen from Figure 5.7, significant gain in bit error probability can be
achieved, even by using short block codes for combining the users in case of proposed
scheme. Hence, it will be interesting to see the impact of using more powerful and long
block codes along the columns. However, more powerful codes along the columns cor-
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Figure 5.9: Average bit error probability of the proposed network coding scheme with
(15, 11, 3)×(7, 4, 3) in cellular/relay systems over Rayleigh fading channels when iterative
hard decision decoding is employed for both the row and column codes. All the links have
the same received SNR γ0 .

respond to more number of combined packets. We know that the complexity of joint detection increases exponentially with the number of combined packets and hence becomes
unacceptable in case of long powerful block codes.
Better bit error probability along with a low detection complexity can be obtained by
employing iterative decoding described in [62], where candidate lists for constituent row
and column codes are obtained using hard decision decoding. Therefore with low complexity iterative decoding more powerful product codes can be used. Let us apply iterative
hard decision decoding to short code (15, 11, 3) × (7, 4, 3) first as illustrated by Figure 5.9.
The curves are plotted using simulation approach. It can be observed that by increasing
the number of iterations the error performance can be improved up to nearly 2.5 db at a bit
error rate of 10−4 . However, using more than two iterations does not improve the average
bit error probability further in this case.
Figure 5.10 illustrates an example using simulation approach, where a powerful block
code is used to combine the users and the formed product code is (15, 11, 3) × (31, 21, 5).
Due to better hamming distance significant improvement in signal reliability on the links
is expected. It is observed that a performance gain of nearly 5 dB at a bit error rate of 10−4
can be obtained as compared to the XOR-based network coding scheme. This is 2.5 dB
more as compared to the performance gain obtained with the short code of Figure 5.9.
Hence, more powerful codes can provide better system performance without affecting the
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Figure 5.10: Average bit error probability of the proposed network coding scheme with
(15, 11, 3) × (31, 21, 5) in cellular/relay systems over Rayleigh fading channels for different number of decoding iterations at the receiver. All the links have the same received SNR
γ0 .

system code rate Rs .
Let us now fix the block code used along the columns and investigate the impact of
changing the block code used along the rows. Figure 5.11 illustrates the average bit error
probability of the proposed method based on product codes using simulation approach
over Rayleigh fading channels and for different row block codes. By employing a more
powerful code along the rows, the relative performance gain between the two schemes
is slightly reduced. This is due to the fact that with strong block codes the direct links
become more reliable and there is less need for help from the relay link. For instance, the
gain obtained with (15, 5, 7)×(7, 4, 3) as compared to corresponding XOR curve is slightly
less than 3 dB at a bit error rate of 10−4 , whereas gain obtained with (15, 11, 3) × (7, 4, 3)
is more than 3 dB as compared to its XOR curve.

5.6 Summary
Here we have represented the channel and the network codes in the form of product codes.
This new structure allows us to perform the network and the channel decoding jointly by
using a single decoder for the product codes. This decoder takes the advantage of channel
variations on the combined links and therefore diversity gain of each link can be improved.
Moreover, using powerful block codes along with the iterative decoding method, enhance
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Figure 5.11: Average bit error probability of the proposed network coding scheme with
(n, k, d) × (7, 4, 3) in cellular/relay systems over Rayleigh fading channels for different
row block codes. Joint detection is employed for the column code and hard decision for
the row code. All the links have the same received SNR γ0 .

the error correction capability of the channel-network coding scheme, along with acceptable detection complexity at the receiver. From the results, it can be observed even with the
simple linear block codes, the proposed method outperforms the conventional XOR based
network coding scheme, while keeping the system efficiency same in both cases. The proposed method also helps in combining the multiple users/packets at the single relay and
improves the link performance of each combined user.

Chapter 6

Conclusions
The concluding chapter highlights the important contributions discussed in the thesis and
the possible directions of future work.

6.1 Concluding Remarks
Recently cooperative communications has been considered as an effective solution for future wireless systems. The thesis mainly addresses the issue of signal reliability on the
links for network coded cooperative relaying scenario. Different factors affecting the error
performance of users are studied. Two techniques have been proposed to improve the link
reliability for the cooperating users.
The role of the detection schemes in determining the bit/symbol error rates of users,
have been illustrated using the analytical approach. It has been concluded that by taking
the advantage of channel conditions, it is possible to achieve good error performance with
low detection complexity. For instance, it has been observed that the performance of low
detection schemes is nearly 1 to 2 dB away from conventional joint detection scheme.
These low complexity detection schemes become more attractive for higher modulation
levels since, performance gap remains almost same as that in case of BPSK, however
complexity reduction becomes more prominent. The detection complexity is reduced from
M 2 to 2M where M is the modulation level. Therefore joint detection can be replaced by
low complexity detection schemes for high level modulation schemes, as the latter offer
significant complexity reduction as compared to the corresponding performance loss.
Since the number of users are always more than the number of relays in a cellular network, hence each relay has the possibility to choose the cooperating partners in MARC.
How these partners are selected has an impact on the link performance of the users. User
grouping at the relay has been studied before, only in the context of improving the system
capacity. However, here we looked at this problem in the context of improving the link
reliability of the cooperating partners. It has been found that the pairing strategy is independent of detection scheme used, however, it depends upon the SNR on the individual
links. It has been concluded that for the users having poor channel conditions towards the
79
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destination (i.e. relay has better SNR than the sum SNR of the pair), it is preferable to
group users having complementary channel conditions. On the other hand if users have
good channel conditions towards destination, it is shown that users having similar channel
conditions should be grouped together.
Besides looking at various detection methods and user grouping strategies, we have
looked at different techniques to improve the error performance of the users in MARC.
First method is based on the concept of constellation selection at the nodes. Extra dimension provided by the relay in network coded cooperative scenario is exploited, to search an
optimal bit to symbol mapping for the nodes. The selected constellation set improves the
error performance of users as compared to the case when same constellation is used at the
nodes. The improvement is verified for different detection schemes. The proposed method
provides gain for different modulation schemes without spending any extra resources. For
instance, taking 8 PSK as an example, a gain of nearly 2 dB is achievable in Rayleigh
fading channels, by using the searched constellation set as compared to the conventional
case, where same constellation is used at all the nodes.
Another novel approach is introduced to improve, the link performance of MARC in
cellular systems, by looking at the interaction of network and channel coding schemes at
the relay. It has been shown that the channel and network codes can be considered as
a single product code and this representation allows us to perform joint channel-network
decoding at the receiver, that recovers the performance loss due to separate network and
channel coding. It has been concluded that by using this representation, significant gain
in link performance can be achieved by using joint decoding as compared to the separate network and channel coding. For instance, in Rayleigh fading channels using XOR
based network coding and channel code having minimum hamming distance dmin , the
diversity order of 2dmin can be achieved by using joint channel-network coding as compared to dmin in case of conventional separate network and channel coding. The gain is
comparable to other related works such as [41], that considers distributed turbo codes to
implement joint network and channel coding. Since linear block codes are used as channel
and network codes, hence the decoding complexity at the receiver is less(for short block
codes) as compared to the method based on turbo codes in [41]. Another advantage of
using product code representation is that, it provides us an opportunity to choose powerful
network coding schemes based on linear block codes instead of using conventional XOR
based combining. It has been observed that by keeping the system throughput same in both
cases, significant gain(at least around 3 dB) can be achieved in link performance, even by
using short linear block codes to combine the users. Besides improvement in error performance of users, the proposed method allows us to combine more than two users at the
relay.
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6.2 Future Directions
There could be several possible directions for the future work. These can be summarized
as follows.
Motivated by other related works on MARC, we have considered relay-user link as
an ideal link by assuming that, relay is located near to the user and it can refrain from
transmitting the network coded packet if there are errors on relay-user link. However, it is
interesting to look, how errors on the relay-user link impacts the gains achieved by various
methods discussed in this monograph. Different factors such as detection method used
at the receiver and user grouping strategy have been studied for un-coded packets. Use
of channel coding on the links may alter the performance of detection schemes or it may
impact the user grouping strategy.
While introducing product code based representation of channel-network codes, it has
been assumed that all the users have the same channel code and have same average received
SNR on their links. In practice, users can have different received SNRs and may require
different channel codes. It will be interesting to investigate code selection for cooperating
users and the interaction between them. Moreover, in order to keep throughput efficiency
same as that of XOR based combining, for fair comparison in case of product coding based
method, we are limited to choose network/block codes having code rate 2/3. Therefore
small number of options are available to fulfill this criteria. Higher level modulation can
be used to transmit the redundant packets at relay in case of low rate codes. The loss in
error performance by using higher level modulation scheme can be compensated by better
error correction capability of the low rate code. This method provides us the opportunity
to choose different combinations of low rate codes and modulation schemes, along with
keeping throughput efficiency equal to 2/3.
Product codes can also be formed by the combination of convolutional codes(along
rows) and linear block codes(along columns). Therefore the interaction between channel
coding scheme based on convolutional codes and network coding scheme based on linear
block codes can be investigated for further gain in link performance. The study can also be
extended towards non linear block codes.
Improvement in link level performance has been considered for various proposed methods. It is important to look how much performance gain can be achieved by these methods
at the network/system level under multi-user multi-relay scenarios. For instance, since
multiple users can be combined at the relay by product coding based scheme, hence it
would be useful to look how this approach impacts the quality of service of the users in
the whole network as compared to the conventional XOR based approach that allows to
combine only two users at the relay.
Another area that is receiving much attention these days, is the concept of energy efficient cellular system. The role of network coding in cooperative relaying scenarios can be
explored to save power consumption at the transmitter side. Noise limited and interference
limited scenarios can be investigated. More specifically, area energy consumption of the
cellular network can be analyzed for a target user spectral efficiency, considering different
transmission scenarios in downlink.
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