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the proof of Lemma 5(b) can be shortened by using stochastic calculus
arguments in [15, Section IV.3] differing from those in this technical
note.
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Global Robust Output Regulation by State Feedback
for Strict Feedforward Systems

Tianshi Chen and Jie Huang, Fellow, IEEE

Abstract—This note studies the global robust output regulation problem
by state feedback for strict feedforward systems. By utilizing the general
framework for tackling the output regulation problem [10], the output reg-
ulation problem is converted into a global robust stabilization problem for a
class of feedforward systems that is subject to both time-varying static and
dynamic uncertainties. Then the stabilization problem is solved by using a
small gain based bottom-up recursive design procedure.

Index Terms—Nonlinear systems, output regulation, robust control.

I. INTRODUCTION

Output regulation problem of nonlinear systems has been one of the
central control problems for nearly two decades [3], [6]–[16], [20],
[21], [23], [24]. The research was first focused on the local version of
the problem where all the initial conditions and uncertain parameters
are assumed to be sufficiently small [3], [8], [11], [12], [14], [20]. The
research on the nonlocal version of the problem started in the late 1990s
[6], [7], [10], [13], [15], [16], [21], [23], [24]. It is now well known (see,
e.g., [10]) that the robust output regulation problem can be approached
in two steps. In the first step, the problem is converted into a robust sta-
bilization problem of a so-called augmented system which consists of
the original plant and a suitably defined dynamic system called an in-
ternal model candidate, and in the second step, the robust stabilization
problem of the augmented system is further pursued. The success of the
first step depends on whether or not an internal model candidate exists
which can usually be ascertained by the property of the solution of the
regulator equations. Even though the first step can be accomplished,
the success of the second step is by no means guaranteed due to at
least two obstacles. First, the stabilizability of the augmented system is
dictated not only by the given plant but also by the particular internal
model candidate employed. An internal model candidate can be chosen
from an infinite set of dynamic systems and a suitable internal model
candidate is usually obtained from the past experience and some trial
and error. Second, the structure of the augmented system may be much
more complex than that of the original plant. Therefore, even though
the stabilization of the original plant with the exogenous signal set to 0
is solvable, the stabilization of the augmented system may still be in-
tractable. Perhaps, it is because of these difficulties, so far almost all
papers on semi-global or global robust output regulation problem are
focused on the lower triangular systems [6], [10], [13], [24], feedback
linearizable systems [15], [16], and output feedback systems [7], [23].
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In this note, we study the global robust output regulation problem by
state feedback for the following strict feedforward systems

��� � �������� � � � � ��� �� �� ��� � � �� � � � � �

��� � 	�� �������


 ��� � ����� �� (1)

where � � ���� � � � � ��� �
� is the state, � � the control, 
 �

the tracking error, � � � the uncertain constant parameter, � � �

the state of the exosystem

�� � �� (2)

where all eigenvalues of the matrix � are simple with zero real parts,
	 is a known nonzero real number, and for � � �� � � � � �, the functions
�� and �� are smooth functions satisfying ���	� � � � � 	� �� � 	 and
���	� �� � 	 for all � � � .

Global Robust Output Regulation Problem (GRORP)

For any compact set � � � with a known bound and any compact
set � � � with a known bound, design for system (1) a dynamic
state feedback controller in the following form:

� � ���� �� 
�� �� � ���� �� 
� (3)

where � is the compensator state and ��� are locally Lipschitz func-
tions vanishing at the origin, such that the closed-loop system com-
posed of (1) and (3) has the following properties:

a) for all ��	� � �� � �� and for all initial state ��	�� ��	�, the
trajectory of the closed-loop system exists and is bounded for all
� � 	;

b) the tracking error converges to zero as � tends to infinity, i.e.,

����� 
��� � 	.

To our knowledge, the only papers that are relevant to the problem
described above are [2] and [19]. An approximate and restricted
tracking problem for a class of block feedforward systems was studied
in [2] via dynamic output feedback control. The term approximate
refers to the approximate regulation which is achieved by utilizing the
�-fold internal model [8]. The term restricted refers to the fact that
the state of the exosystem should be sufficiently small. In [19], the
authors studied the input disturbance suppression problem (IDSP) via
dynamic state feedback control for the following system:

��� ��������� � ��� ������ � � � � ���� ��� � � �� � � � � �

��� ��� ����� (4)

where � � ���� � � � � ����� is the uncertain constant parameter and
the functions ��� � � �� � � � � �, vanish at �	� � � � � 	� ��. The goal of
IDSP is to achieve property a) of GRORP and 
����� ���� � 	.
There is distinct difference between IDSP and GRORP. Roughly
speaking (see Remark 3.3 for more specific comparison between IDSP
and GRORP), for the IDSP, the internal model consists of only one
dynamic system associated with the input �. The IDSP of system
(4) can be converted into a global robust stabilization problem for a
class of feedforward systems subject to input unmodeled dynamics.
Several results about this robust stabilization problem have been
reported, see e.g., [1], [17], [18], [22]. In contrast, for the GRORP, the
internal model in general consists of � dynamic systems associated
with ��� � � � � �� and the input �, respectively. The GRORP of system
(1) can be converted into a global robust stabilization problem for
a class of feedforward systems subject to both time-varying static
and dynamic uncertainties described by (5) below. The stabilization
problem of a system of the form (5) is itself interesting and is worth
an independent study.

In order to solve the GRORP of strict feedforward system (1), we
have to overcome the difficulties mentioned above. First, we need to
identify the structural properties of the functions �� and �� in (1) so
that an internal model candidate exists. Then, by looking for a suitable
internal model and performing appropriate transformations on the aug-
mented system consisting of (1) and the internal model, we can convert
the GRORP of system (1) to a global robust stabilization problem of the
system

��� � ������ ����� � � � � ��� ��� �� ��

��� � ������ ����� � � � � ��� ��� �� ��� � � �� � � � � �

��� � ������ �� ��

��� � ������ �� �� (5)

where for � � �� � � � � �, �� � , �� � � , � � � , � � , ��� �� are
smooth functions vanishing at �	� � � � � 	� �� for all � � �, �� and ��
are dimensions of �� and � respectively. System (5) contains two types
of uncertainties, i.e., time-varying static uncertainty represented by the
external disturbance � where � � �	���	 � is a continuous function
with its range� a compact subset having a known bound, and dynamic
uncertainty represented by dynamics governing ��� ��� � � � � ��. The dy-
namics governing ��� ��� � � � � �� is called dynamic uncertainty because
��� ��� � � � � �� are not allowed for feedback. The global robust stabi-
lization problem of system (5) had not been studied until recently [4]
in which, a bottom-up recursive design procedure is presented to deal
with the problem. Two types of the small gain theorem with restrictions
adapted from [25] is applied to establish the local stability and global
attractiveness of the closed-loop system at the origin respectively.

The rest of the note is organized as follows. Section II presents some
definitions and preliminary results, and the result of the global robust
stabilization problem for system (5). The main result of this note is
contained in Section III. In Section IV, an illustrative example is elab-
orated. Finally, Section V concludes this note.

Like [25], we let ���� ��� with �� � � � � � �� �, denote the vector
���� � �

�
� �

� � � 
 � , and let ��� be the set of all piecewise con-
tinuous functions � � �	��� 	 � with a finite supremum norm
���� � ������ ������, and let ���	 � 
�� ������ ������ de-
note the asymptotic �� norm of �, where �� denotes the standard
Euclidean norm. A function � � �� 	 �� is called a gain function
if it is continuous, nondecreasing, and satisfies ��	� � 	. Finally, let
�� be � dimensional identity matrix.

II. PRELIMINARY

We first review some terminologies in [5], [25] for nonlinear systems
of the following form:

�� � ���� �� ��� � � ���� �� �� (6)

where � � � is the plant state, � � 
 the output, � � � the piece-
wise continuous input, ���� �� �� and ���� �� �� are locally Lipschitz
functions vanishing at �	� 	� �� for all � � �, and � � �	��� 	 � is
a continuous function with its range � a compact subset of � . Let
���� denote the solution of system (6) with initial state ��	�, input �,
and �.

Definition 2.1: [5] The output � of system (6) is said to satisfy a
robust �� stability bound (RLB) with restrictions ��� on ��	�� �
and gains ��� � respectively, if there exist an open subset � of �

containing the origin, a positive real number �, gain functions ��� �,
all independent of �, such that, for each��	� � � , � � �, ���� � �,
the solution of (6) exists for all � � 	 and

���� � ����������	���� ��������� (7)
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Definition 2.2: [25] The output � of system (6) is said to satisfy a
robust �-�� stability bound (Ra-LB) with restrictions��� on ����� �
and gains ��� � respectively, if � satisfies RLB with restrictions ���
on ����� � and gains ��� � respectively, and for each ���� � � , � � �,
���� 	 �,

���� � �������
 (8)

The output � of system (6) is said to satisfy a robust asymptotic bound
(RAB) with restriction � on ����, restriction � on � and gain �, if
there exist an open subset� of � containing the origin, a non-negative
real number �, a gain function �, all independent of �, such that, for
each ���� � � , � � � and piecewise continuous � satisfying ���� �
�, the solution of (6) exists for all � � � and

���� � �������
 (9)

Remark 2.1: In both Definitions 2.1 and 2.2, the word robust is used
to emphasize that the inequalities (7)–(9) hold regardless of the pres-
ence of the disturbance � in (6). For convenience, we will simply use
LB, AB and a-LB to mean RLB, RAB and Ra-LB respectively. The
combination of LB and AB can be used to study the asymptotic sta-
bility of system (6) with � � �. More specifically, if the state � of
system (6) satisfies LB and AB with restrictions �� and �� on ����
respectively, then the equilibrium point � � � of system (6) with � � �
is locally asymptotically stable, and if, in addition, �� � �, then it
is globally asymptotically stable. As for the relationship between a-LB
and the combination of LB and AB, we refer the reader to [5].

For simplicity, if the output � of system (6) satisfies LB with restric-
tion on ����, restriction � on � and gain �, and satisfies AB with no
restriction on ����, restriction � on � and gain �, then we will say �
satisfies LB with restriction and AB with no restriction on ����, both
with restriction � on � and gain �.

Like [1], [25], our approach will utilize saturation functions charac-
terized as follows.

Definition 2.3: A locally Lipschitz function ���� � � �	� � is
said to be a saturation function with saturation level  � �, if ���� � �
when 
�
 � �	, and �	 � ���������� � 
���
�
� � when 
�
 �
�	.

In the rest of this section, we restate the stabilization result obtained
in [4] for system (5). For this purpose, we first make two assumptions
on system (5).

Define ����� � �������
�������, ����� � ������
�������,
����� � � �����
�������, ����� � � ������
������� and for � �
	� � � � � �, ����� � �������
�����������, ����� � ���������
�����������,
����� � � ��������
�����������, ����� � � ������
�����������. To sim-
plify the notation, we drop the argument � in the matrices defined
above, then system (5) can be rewritten in the following form:

��� ����� � ������ � ��� ���� ����� � � � � ��� ��� �� ��

��� ����� ������� � ��� ���� ����� � � � � ��� ��� �� ���

� � �� � � � � 	

��� ����� � ���� ��� ���� �� ��

��� ����� ����� ������� �� �� (10)

where ��� � �
�
� are suitably defined smooth functions.

Assumption 2.1: For � � �� � � � � �,���
��
� is a constant matrix and

�� � �� 	���
��
� �� is a positive (or alternatively negative) constant.

Assumption 2.2: �� satisfies LB and AB with no restriction on �����,
both with restriction �� on � and gain ���, and for � � 	� � � � � �, ��
satisfies LB and AB with no restriction on �����, both with restriction
�� on ������ ����� � � � � ��� ��� �� and gain ���.

Theorem 2.1: [4] Consider system (5). Under Assumptions 2.1–2.2,
there exist � � � and nonzero �� with the same sign as �� where
�� � �� and �� � �������, � � 	� � � � � �, such that, under the control

� � 	������� � ������� � � � �� ���������� (11)

where for � � �� � � � � �, �� is a saturation function with level �, the
closed-loop system at ��� � � � � �� is globally asymptotically stable for
all � � �.

III. MAIN RESULT

In this section, we will first give conditions under which the
GRORP of system (1) can be converted into a global robust stabiliza-
tion problem of a well defined augmented system (19) which takes
the form (5) satisfying all assumptions of Theorem 2.1. Thus, we
can further conclude the solvability of the GRORP of system (1) by
Theorem 2.1. The first step of our approach is to find an appropriate
internal model. For this purpose, we make the following assumptions.

Assumption 3.1: There exist smooth functions ����  � �
������  �� � � � ������  �� and ����  � with ���� �� � � and
���� �� � � satisfying for all � � ��  � �

������  � � ���������� �� � � ������  ������  �� ��  ��

� � �� � � � � 	

������  � � �����  � � ����� �

�����  � � !���� �
 (12)

Assumption 3.2: Let "���� � � ����  �, "���� � � �����  �,
� � 	� � � � � �. For each � � � � � such that "���� � is not identically
zero, there exist sufficiently smooth functions #� � �  � � � ,
� � �� � � � � �, vanishing at (0, 0), matrix ��, and column vector ��,
such that

�#����  � � ��#����  �� "���� � � ��#����  � (13)

where the pair ������� is observable and all eigenvalues of �� are
simple with zero real parts

Remark 3.1: Equation (12) is called regulator equations and the
solvability of these equations is necessary but not sufficient for the
solvability of the robust output regulation problem [3], [9], [10], [14].
Assumption 3.2 is made for the existence of appropriate linear internal
models. Both Assumption 3.1 and 3.2 are quite standard in literature.
In particular, if ����  � and ����  � are polynomial in �, Assump-
tion 3.2 is satisfied automatically [9], [10]. Under Assumption 3.2, for
each � � � � � such that "���� � is not identically zero, given a
pair of controllable matrices �$�� ��� with$� �

� �� Hurwitz and
�� �

� , there exists a unique and nonsingular matrix %� � � ��

satisfying the Sylvester equation

%��� 	$�%� � ���� (14)

since the spectra of $� and �� are disjoint and the pair ������� is
observable.

We define the following system:

�&� �$�&� ����	
$���'

�
�&� �$�&� ������ � � 	� � � � � � (15)

as the internal model of (1) with output ��� ��� � � � � ���. Note that the
dimension of &� is understood to be zero if "���� � is identically zero.

Next, we will convert the GRORP for system (1) into a global ro-
bust stabilization problem for the augmented system composed of the
original plant (1) and the internal model (15). Performing the following
coordinate and input transformation

�� ��� 	 �����  � � '
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��� ��� ����
��
� ��� � � �� � � � � �

��� � �� � ����� � � �� � � � � �

�� ������
��
� �� (16)

on the augmented system gives

���� � ����
��
� 	
	� �
����

��
� ���� �
����

� ���
������ ������ � � � � ���� ���� ��� �� �

���� �
	� �
����
��
� ���� �
����� � � �� � � � � �

���� � ����
��
� ��� � ���

���� �
	� �
����
��
� ���� �
����

	�
����
�

(17)

where

���
���� ���� ��� �� �

� � ��
����� �� � � ��
��� � ��� ������
��
� ������ �� �

���

���
������ ������ � � � � ���� ���� ��� �� �

� � ��
����� � � � ������ �� �

� ��
����� ������
��
�������� � ����� � � � � ���

� ��� ������
��
� ��� � �� �� �� � � �� � � � � ��

It is known from [9] and [10] that the GRORP of system (1) will
be solved if we can make the equilibrium point 
��� ��� � 
�� �� of
system (17) globally asymptotically stable for any trajectories �
��
starting from �� and any  � � , where �� � 
���� � � � � ���� and
�� � 
���� � � � � ����. A system of the form (17) has never been encoun-
tered and there is no clue whether or not this system is stabilizable at
the equilibrium point. Nevertheless, by performing some further coor-
dinate and input transformations on (17), it is possible to convert (17)
to the form of (5) with all desirable properties. For this purpose, we
introduce two more assumptions.

Assumption 3.3: For each � � � � � such that ��
��� is not
identically zero, �� is invertible.

Assumption 3.4: For � � �� � � � � �

���
�����

��� ������ ������ ����������� �������������

is a positive (or alternatively negative) constant.
Now define the following coordinate and input transformation:

�� � ���� �
�����

�� �
	� �
����
��
� ���� �
����� � � �� � � � � �

�� � ���
���

��
� 
����
�

� (18)

From (14), 	� � 
����
��
� � �����

��
� , and then from Assump-

tion 3.3 and � �� �, the transformation (18) is globally invertible. Per-
forming the transformation (18) on (17) yields

���� � ����
��
� �� � ���
������ ����� � � � � ���� ��� ��� ��

����	����
�
���
������ ����� � � � � ���� ��� ��� ��� ���� � � � � �

���� ����
��
� �� � ���

��� �	��� (19)

where � � 
���

���
���� ��� ��� ��

� � ��
����� �� � �� ��� � ��� ���
���

��
� ��
�

� �� �

���

���
������ ����� � � � � ���� ��� ��� ��

� � ��
����� � � � ������ ��

��� 
�������
��
����

��
���
���������������

��
����

��
�������

������ � � � � ��� � ��� ���
���

��
� ��
�

��� � � ���� � � � � ��

Without loss of generality, assume � � � � � �� where � is a
compact set containing all trajectories of (2) starting from ��. Since ��
is compact, and all eigenvalues of the matrix � in (2) are simple with
zero real parts, � exists. Thus, � is compact. Clearly, the GRORP of
system (1) will be solved, if we can globally asymptotically stabilize
the origin of system (19) for all � � �.

Theorem 3.1: Suppose system (1) satisfies Assumptions 3.1 to 3.4.
Then, the GRORP can be solved by a dynamic state feedback controller
of the form

� ����
��
� �� �


��

�

� ��
���� � � �� ��
���� � �����
��
� ����

��� �	��� �
���
	�
��

�
��� �	��� �
���� � � �� � � � � �� (20)

Proof: Since system (19) is in the form of (5), by Theorem 2.1, it
suffices to show that, system (19) satisfies Assumptions 2.1 and 2.2.

Let us first verify that system (19) satisfies Assumption 2.1. Rewrite
(19) in the form of (10) as follows:

���� �����
��
� �� � ��������� ���� 
������ ����� � � � � ���� ��� ��� ��

��� �	��� �
����������
�
���� 
������ ����� � � � � ���� ��� ��� ��

� � �� � � � � �

���� ����
��
� �� � �����

��� �	��� (21)

where ���� � � � �� � � � � � are suitably defined smooth functions and ��� �
�, ��� � � ����������������	� � ���������� ������ ���

��� �
� ���
������

����������	�

�
�������
��
����

��
���
����

�
���
�����

��� ������ ������ ������ ���� � � �� � � � � ��

Then noting the form of (21) yields

�� � �� �� � 
� � ���
��
� 	��

� 
��
���
���

��� ������ ��� �

�� �
� � ���
��
� 	

��
� 
��
�������

��
����

��
���
����

�
���
�����

��� ������ ������ ������ ���� ���� � � � � ��

We claim that � � ���
��
� 	

��
� 
� �� �� � � �� � � � � �� and � �

�����
��
����

��
���
��� �� �� � � �� � � � � �. From (14), Assumption 3.3

and the identity ���
�� � ��� � ���
�
 � �� � where ��� are
� � and � � matrices respectively, we have

� � ���
��
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��
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��
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Then noting the form of (21) and Assumption 3.4 shows that Assump-
tion 2.1 is satisfied.

Next, we show that system (19) also satisfies Assumption 2.2. For
� � �, the specific form of the last equation of (19) immediately
implies that �� satisfies Assumption 2.2 with ��� � � and �� � �.
For � � �� � � � � �, let ��� � ���	������ ����� � � � � ���� ��� ��� 	
. Then ��
subsystem in (19) is rewritten as ��� � 
��� � �����. Since 
� is
Hurwitz, �� satisfies a-LB with no restriction on ��	�
, no restriction
on ��� and linear gain ���, where �� is an appropriate nonnega-
tive constant. Since ���	������ ����� � � � � ���� ��� ��� 	
 is smooth and
���	�� � � � � �� 	
 � � for 	 � �, there exist positive constants ��� ���
independent of 	 such that ����� � ���	������ ����� � � � � ���� ��� ��
�
for �	������ ����� � � � � ���� ��� ��
� � ��� and 	 � �. Thus, Assumption
2.2 is satisfied with ��� � �� �� and �� � ���, � � �� � � � � �.

By Theorem 2.1, there exist �� � � and nonzero �� such that, the
following control

�� � ���	����� � ��	����� � � � �� ��	�����


 (22)

can globally asymptotically stabilize the origin of system (19) for all
	 � �. Noting (15), (16), (18) and (22) yields the controller (20), which
solves the GRORP of system (1).

For the class of strict feedforward systems which only involve poly-
nomial nonlinearities, Assumptions 3.1 to 3.3 can be easily testified.
To this end, let ���� � � � 	��� � � � � ��
 �

� and for � � �

���� � 	���� �
���
� ��� � � � � �

���
� ���

����� ��� � �
���
� ����� � � � � �

���
� ����� � � � � �

�
�
�

Proposition 3.1: Assume � is even, and �	���
 is an odd poly-
nomial in �, i.e., there exist nonnegative integer � and row vectors
�����	�
� � � �� � � � � �� with suitable dimensions such that

�	���
 �

�

���

�����	�
�
������� (23)

Then there exists an odd polynomial �	�� �
 in � such that ��	�� �
 �
�	���
 for all trajectories �	�
 of the exosystem and � � � .
Moreover, there exist an integer � and  � ����� � ��� ,
where  is nonsingular with all its eigenvalues simple and on
the imaginary axis and the pair 	��
 is observable, such that
� 	���
 � 	�	���
� ��	�� �
� � � � � 		���
�	�� �
�	�	���

 satisfies
�� 	���
 � �	���
 and �	�� �
 � ��	�� �
.

Proof: First, note from [9, p. 123] that, there exists a matrix ����

such that 	�����	� � �������� and moreover, all the eigenvalues of ����

are given by

�� ���� � � � �� ����� �� � � � �� ��� �� ��� � � � � ����� �� � � � � � (24)

where ��� � � � � �� are eigenvalues of �. Thus, if all eigenvalues of �
are simple with zero real parts, then ���� is nonsingular if and only if �
is even and � is odd. Then it is ready to derive that

�	�� �
 �

�

���

�����	�
	�
������
���������

is a solution of ��	�� �
 � �	���
 for all trajectories �	�
 of the ex-
osystem and � � � .

Since all eigenvalues of � are simple with zero real parts, from
[9,Theor. 5.16], the roots of the minimal polynomial of ���� coincide
with all distinct eigenvalues of ����. Thus, from (24), the minimal poly-
nomial of ������� divides the minimal polynomial of ������� when-
ever � � �. Denote the minimal polynomial of the matrix �������

by  	�
 � �� � !� � !�� � � � � � !��
��� for some real num-

bers !�� � � � � !� . Then, the roots of  	�
 are non-repeated with zero

real parts. By the Cayley-Hamilton Theorem,  	�������
 � �, � �
�� � � � � �. Thus

	��	�	�
��


	��
�!��	�	�
� �
�!�

	�	�	�
� �


	�
� � � �

�!�
		���
�	�	�
� �


	�	���

��

for all trajectories �	�
 of the exosystem and� � � . From the above
equation and by Proposition 6.12 of [9],  � ����� � ��� exist
and the pair 	��
 is observable. Moreover, since the characteristic
polynomial of  is the minimal polynomial of �������,  is nonsin-
gular, and all its eigenvalues are simple and on the imaginary axis.

Remark 3.2: If � is even and ��	�� �
 is an odd polynomial in
�, then by Proposition 3.1, it can be concluded that, Assumptions
3.1 to 3.3 are satisfied if ��	���
 is an odd polynomial in � and
for � � �� � � � � �, ��	����� � � � � ��� �� �� �
 is an odd polynomial in
	����� � � � � ��� �� �
.

Remark 3.3: When ��	���
 � � and ��� � � �� � � � � �, in (1)
are independent of � and vanish at 	�� � � � � �� �� �
, the GRORP of
system (1) reduces to the IDSP studied in [19]. For this special case,
�	�� �
 � ���	���
�"��	�� �
 � � and thus Assumption 3.1 is sat-
isfied automatically. Moreover, since �	�� �
 � �, there is no need to
estimate �	�� �
. It suffices to use one single system �#� � 
�#� �
��� �
������" to define the internal model which essentially re-
duces to the same case as what has been done in [19]. Also, Assump-
tion 3.3 is not needed anymore and thus Assumption 3.2 with � � �
and Assumption 3.4 become the assumptions to the IDSP of system (1).
The IDSP of system (1) can be converted into a global robust stabiliza-
tion problem for a class of feedforward systems with input unmodeled
dynamics. On the other hand, when ��	���
 	� �, �	�� �
 	� � in
general. To estimate �	�� �
 and ��	�� �
� � � � ���	�� �
, we define
the internal model (15). If Assumptions 3.1-3.4 are satisfied, then the
GRORP of system (1) can be solved by converting it into a global ro-
bust stabilization problem for a class of feedforward systems with both
time-varying static and dynamic uncertainties. Thus, there is distinct
difference between IDSP and GRORP.

IV. AN ILLUSTRATIVE EXAMPLE

We study the global robust output regulation problem of the fol-
lowing system:

��� �	� � ����������
�� � �������� �	�� � ���


��� ����� �������

��� � � ��� ��� � ��

$ ��� � ���� (25)

where for illustration, we assume 
�
 � � is the uncertain constant
parameter and ��	�
� � �.

System (25) is in the form of (1). Let us verify that (25) satisfies
Assumptions 3.1 to 3.4. Firstly, the regulator equations of (25) have a
global solution as follows:

��	�� �
 � ���� ���	�� �
 � �����	�� �
 � ������� (26)

which implies that Assumption 3.2 is satisfied. Simple calculation
shows that

� �

� � � �

� � � �

� � � �

�� � ��� �

�� �
� �

�� �

�� � � � � � � �� �� � � � � �� (27)

From (27) and %���%��
		 
�
�	� 	�


�	�


 � �, Assumptions 3.3
and 3.4 are satisfied. Thus, Theorem 3.1 can be applied to solve the
global robust output regulation problem of system (25).
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To design the internal model, let

�� �

�� � � �

� �� � �

� � �� �

� � � ��

� �� �
�� �

� ��

�� � � � � � � �� � �� � � � � �� �

Solving the Sylvester equation (14) gives

�� �

�����	 ����
�� ������ �������

����
	 ������
 ����
	 ������


����� ������� ����� �������

������ ������� ������ �������

�� �
��� ����

��� ����
�

Then the internal model takes the following form:

��� � ���� ����� ��������� ��� � ���� ���	�� (28)

Using the coordinate and input transformations (16) and (18), the
augmented system consisting of (25) and (28) is put into the following
form

��	� � ����
��
� 
� � �	� � ������	� � ��������� ������

��
� 
��

�
� ���
� ����	� � ��������	� � ��������� ������
��
� 
��

��	� ����
��
� 
� � ����

�
� ���
�� (29)

In the following, Theorem 2.1 will be used to design the stabilizing
control �� � �������	� � �����	��� for system (29). The design
procedure follows the proof of [4, Theor. 3.1].

Performing the coordinate transformation

�� � �	� ����
��
� ���

� 
�� �� � �	� ����
��
� ���

� 
� �
��
��
��

on (29) gives

��� � ����� �������	� � ��������� ������
��
� 
�� � �����	�

�
� ���
� ����	� � ��������	� � ��������� ������
��
� 
��

��� � ����

�
� ���
� (30)

where �� � �� � ��� �� � ����� � ������. Since �� has the same
sign with ��, ��� �� are both positive in this case.

First, consider ��� 
� dynamics. Since ��� � ���� � �, for
arbitrarily positive ��� ��, under the control �� � ������� �
�����

��
� ���

� 
� � ���, ��� �	�� �� satisfy LB with restriction and AB
with no restriction on ������� 
�����, both with restriction ���� on
�� and gains ������ 
����� 
�, respectively. Then consider ��� 
� dy-
namics. We first calculate the gain from �� to 
�. Let �� be a positive
definite and symmetric matrix such that ��

� �� � ���� � ��� , and
��� � �	� � ������	� � �������� � ������

��
� 
��. It can be verified

that � �
�� � 
�� ��
��� satisfies the assumptions of Lemma 3.3 of
[25] and 
� subsystem satisfies a-LB with no restriction on 
����,
no restriction on ��� and gain ������������������������, where
��������� �������� are maximal and minimal eigenvalues of ��,
respectively. Then note that

��	� � ��������� ������
��
� 
��

� �	���� ������� ����	����
��
� 
� � ����������

��
� 
�

� ��������	�� � ������ � ����

� ������
��
� ���
��

� � �������
��
� ��
�� (31)

which implies

��	����������� ������
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���������	������������������
��
� ����������

��
� ��
��

for ��	�� � �� ���� � � and �
�� � �. Then we have

����� � ����
��	�� � ���	������ ���
��
��

for ��	�� � �� ���� � � and �
�� � �. Thus, 
� satisfies LB
with restriction and AB with no restriction on 
����, both with
restriction ��������� ���
� ��
� on �� and gain �� � �, where
�� � � ������
� 
��� � ���	�� 
�.

Now let �� � �
�� ��� 
��. Then (30) can be written in the form

��� � ���� � ������� ��� ��

��� ������� ��� ��

where

������� ��� �� � �������	� � ���������������
��
� 
��

� ������	�� ���

����	�� ��� � ���	����������	�����, and�� is a suitably defined
function.

Let �� � ������� � �����
��
� ���

� 
� � ����������.
Clearly, ��

	�

�� ��� � ���������

��
� ���

� ��� � � ��������������.
Note that ����	�� ��� has no contribution to ��

	�

�� ��� when

�� � ���������� ���
� ��
�, then from (31), we obtain

��
	�

�� ��� � �����

	

�������� ���� �������� ��

�
� � �������� ���

�

��
�

Solving 
������
	�

�� ���� ��

	�

�� ���� � � for � � �, we choose �� �

���� �� � �������� �� � �� and �� � ������.
As a result, the global robust output regulation problem of system

(25) is solved by the following dynamic state feedback control:

� ����
��
� ��� � �������

� ������� ����������	�����
��
� �����

��� ������������������� �����������	� (32)

where �� � are saturation functions with level 10 and 0.0049
respectively.

For illustration, Figs. 1 and 2 show the simulation result of system
(25) under the control (32) with initial state

�	����� 	����� ����� ������ ������

� ������	� ��������
�� ����� �� ���� ��� ��� ���

and � � ���.

V. CONCLUSION

In this note, we have presented the solvability conditions of the
GRORP by state feedback for strict feedforward systems. The problem
is approached in two steps. In the first step, the GRORP of the system
is converted into a global robust stabilization problem of an augmented
system. In the second step, the stabilization problem of the augmented
system is further addressed. For the success of the first step, a suitable
internal model and appropriate transformations have to be found so
that the augmented system takes a suitable form and is stabilizable. For
the success of the second step, we need to globally robustly stabilize
a class of feedforward systems subject to both time-varying static
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Fig. 1. State trajectory.

Fig. 2. Tracking error.

and dynamic uncertainties, which is solved by using the bottom-up
recursive design procedure recently developed in [4].
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