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Abstract
The objective of this work is to derive a Mixed Integer Quadratic Program-
ming algorithm tailored for Model Predictive Control for hybrid systems.
The Mixed Integer Quadratic Programming algorithm is built on the branch
and bound method, where Quadratic Programming relaxations of the orig-
inal problem are solved in the nodes of a binary search tree. The difference
between these subproblems is often small and therefore it is interesting to
be able to use a previous solution as a starting point in a new subprob-
lem. This is referred to as a warm start of the solver. Because of its warm
start properties, an algorithm that works similar to an active set method is
desired. A drawback with classical active set methods is that they often re-
quire many iterations in order to find the active set in optimum. So-called
gradient projection methods are known to be able to identify this active
set very fast. In the algorithm presented in this report, an algorithm built
on gradient projection and projection of a Newton search direction onto
the feasible set is used. It is a variant of a previously presented algorithm
by the authors and makes it straightforward to utilize the previous result,
where it is shown how the Newton search direction for the dual MPC prob-
lem can be computed very efficiently using Riccati recursions. As in the
previous work, this operation can be performed with linear computational
complexity in the prediction horizon. Moreover, the gradient computation
used in the gradient projection part of the algorithm is also tailored for the
problem in order to decrease the computational complexity. Furthermore,
it is shown how a Riccati recursion still can be useful in the case when
the system of equations for the ordinary search direction is inconsistent.
In numerical experiments, the algorithm shows good performance, and it
seems like the gradient projection strategy efficiently cuts down the num-
ber of Newton steps necessary to compute in order to reach the solution.
When the algorithm is used as a part of an MIQP solver for hybrid MPC,
the performance is still very good for small problems. However, for more
difficult problems, there still seems to be some more work to do in order to
get the performance of the commercial state-of-the-art solver CPLEX.

Keywords: Model Predictive Control, Hybrid Systems, Quadratic Program-
ming, Mixed Integer Quadratic Programming
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Abstract

The objective of this work is to derive a Mixed Integer Quadratic Program-
ming algorithm tailored for Model Predictive Control for hybrid systems.
The Mixed Integer Quadratic Programming algorithm is built on the branch
and bound method, where Quadratic Programming relaxations of the origi-
nal problem are solved in the nodes of a binary search tree. The difference
between these subproblems is often small and therefore it is interesting to
be able to use a previous solution as a starting point in a new subproblem.
This is referred to as a warm start of the solver. Because of its warm start
properties, an algorithm that works similar to an active set method is de-
sired. A drawback with classical active set methods is that they often require
many iterations in order to find the active set in optimum. So-called gradi-
ent projection methods are known to be able to identify this active set very
fast. In the algorithm presented in this report, an algorithm built on gradi-
ent projection and projection of a Newton search direction onto the feasible
set is used. It is a variant of a previously presented algorithm by the au-
thors and makes it straightforward to utilize the previous result, where it is
shown how the Newton search direction for the dual MPC problem can be
computed very efficiently using Riccati recursions. As in the previous work,
this operation can be performed with linear computational complexity in the
prediction horizon. Moreover, the gradient computation used in the gradi-
ent projection part of the algorithm is also tailored for the problem in order
to decrease the computational complexity. Furthermore, it is shown how a
Riccati recursion still can be useful in the case when the system of equations
for the ordinary search direction is inconsistent. In numerical experiments,
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the algorithm shows good performance, and it seems like the gradient projec-
tion strategy efficiently cuts down the number of Newton steps necessary to
compute in order to reach the solution. When the algorithm is used as a part
of an MIQP solver for hybrid MPC, the performance is still very good for
small problems. However, for more difficult problems, there still seems to
be some more work to do in order to get the performance of the commercial
state-of-the-art solver CPLEX.

1 Introduction

In recent years, the field of application of the popular control strategy Model Predictive
Control (MPC) has been broadened in several steps. From the beginning, MPC was only
applicable to linearly constrained linear systems. Today, MPC is applicable to nonlin-
ear systems as well as to hybrid systems in Mixed Logical Dynamical (MLD) form, [6].
The focus in this work will be on control of hybrid systems. In the basic linear setup,
the MPC problem can be cast in the form of a Quadratic Programming (QP) problem.
When MPC is extended to more advanced systems, also the type of optimization prob-
lem to solve in each sample is changed. When a hybrid system is to be controlled, the
corresponding optimization problem is changed from a QP problem into a Mixed Integer
Quadratic Programming (MIQP) problem, and hence, the term Mixed Integer Predictive
Control (MIPC) is sometimes used. Today there exist tailored optimization routines with
the required performance for linear MPC. However, there is still a need for efficient op-
timization routines for MIPC. The MIQP problem is in general known to be NP-hard,
[40]. Therefore, to be able to use the algorithm in real-time, it is desirable to reduce the
computational complexity. One way of doing that is by utilizing problem structure when
solving the optimization problem.

A popular method for solving MIQP problems is branch and bound, where the origi-
nal integer optimization problem is solved as a sequence of QP problems. Depending on
the problem, sometimes a large number of QP problems have to be solved. Therefore, it
is important to be able to solve these subproblems efficiently. In this work, the efficiency
of this process is enhanced in two ways. First, since the difference between different sub-
problems is small, the solution from a previously solved subproblem is reused as a starting
point in a new subproblem. This procedure is often called a warm start of the solver, and it
is most easily and efficiently implemented if a dual active set QP solver is used, [1]. Early
work on dual active set solvers can be found in [25] and [37]. A more recent method is
found in [19], which has been refined in [33], [9] and [4]. Second, in the dual QP solver
to be presented, a large part of the KKT system is solved using a Riccati recursion. This
has previously been done in primal active set QP solvers, e.g., [24], and in interior point
solvers, e.g., [35]. The material presented in this report is based on an extension of the
work presented in [1] and in [3], where a dual active set QP solver tailored for MIPC built
on a classical active set method is presented. In this report, the classical active set method
has been replaced by a gradient projection method which has the potential to give better
performance, especially for problems with many constraints that are active at the opti-
mum, [7]. Early work on gradient projection methods can be found in [20] and in [26].
Many articles have been written about gradient projection. In [29], a method is presented
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which is very similar to the one used in this report. The difference is that in [29] basic
gradient projection iterations are combined with conjugated gradient iterations, while in
this report, the gradient projection iterations are combined with projected Newton steps
which can be very efficiently computed using Riccati recursions.

In this report, S
n
++ (Sn

+) denotes the set of symmetric positive (semi) definite matrices
with n rows. Further, let Z be the set of integers and Z++ be the set of positive (non-zero)
integers.

All computational performance tests have been performed on a computer with two
processors of the type Dual Core AMD Opteron 270 sharing 4 GB RAM (the code was
not written to utilize multiple cores) running CentOS release 4.6 (Final) Kernel 2.6.9-
55.ELsmp and MATLAB 7.2.0.294. Computational times have been calculated using
the MATLAB command cputime. CPLEX has been called using the freely available
MATLAB interface CPLEXINT, which was slightly modified in order to be able extract
more information about the solution process from CPLEX. In all computational times
presented for CPLEX, the time spent in CPLEXINT is also included. The latter is as-
sumed to be negligible in comparison with the time spent in CPLEX itself. Since all ideas
presented in this work can be illustrated without solving the MPC optimization problem
repeatedly as done in practice, the problem is only solved in one time instant. Therefore,
the word time instant is from now on used to refer to a certain time in the prediction of
the future behavior of the system.

This report is organized as follows. In the remainder of this section, the MPC prob-
lem studied in this work is presented. In Section 2, an overview of MIQP is given. In
Section 3, the QP background to be used later in the report is presented. Furthermore,
some different solution methods for QPs are discussed. In Section 4, the general ideas in
the dual gradient projection QP solver presented in this report are discussed. In Section 5,
efficient algorithms for computation of search directions are presented. In Section 6, the
solver is incorporated into a branch and bound method. In Section 7, numerical experi-
ments are used to evaluate the performance of the algorithm. In the Appendix, definitions
and different optimization related results can be found.

1.1 Problem Definition

As for linear MPC, there are at least two different equivalent optimization problem for-
mulations of the MIPC problem. First, it can be written as an MIQP problem with only
control signals as free variables, and second, it can be written as an MIQP where control
signals, states and control errors all are free variables. The derivations of both formula-
tions for a general linear MPC problem can be found in [27], or in [1]. If the resulting
KKT systems are examined, it can be seen that the linear part for the first approach in-
volves a dense system while the second approach involves an almost block diagonal sys-
tem. In this report, it will be seen that the latter system is in a form which is advantageous
from a computational point of view.



4

Consider an MIPC problem in the form

minimize
x,u,e

JP (x, u, e) =
1
2

N−1∑
t=0

eT (t)Qe(t)e(t) + uT (t)Qu(t)u(t)+

+
1
2
eT (N)Qe(N)e(N)

subject to x(0) = x0

x(t + 1) = A(t)x(t) + B(t)u(t), t = 0, . . . , N − 1
e(t) = M(t)x(t), t = 0, . . . , N

h(0) + Hu(0)u(0) ≤ 0
h(t) + Hx(t)x(t) + Hu(t)u(t) ≤ 0, t = 1, . . . , N − 1
h(N) + Hx(N)x(N) ≤ 0

(1)

where

x =
[
xT (0), . . . , xT (N)

]T
, u =

[
uT (0), . . . , uT (N − 1)

]T
,

e =
[
eT (0), . . . , eT (N)

]T (2)

and where the system matrices are given by A(t) ∈ R
n×n, B(t) ∈ R

n×m and M(t) ∈
R

p×n. Furthermore, for t ∈ Z

x(t) =
[
xT

c (t) xT
b (t)

]T
, xc(t) ∈ R

nc , xb(t) ∈ {0, 1}nb , n = nc + nb (3)

denotes the state of the system, partitioned into continuous states xc(t) and logical (bi-
nary) states xb(t). The controlled output is

e(t) =
[
eT

c (t) eT
b (t)

]T
, ec(t) ∈ R

pc , eb(t) ∈ {0, 1}pb , p = pc + pb (4)

The control input is partitioned according to

u(t) =
[
uT

c (t) uT
b (t)

]T
, uc(t) ∈ R

mc , ub(t) ∈ {0, 1}mb , m = mc + mb (5)

where uc(t) denotes the continuous inputs and ub(t) the logical inputs. Moreover, Hx(t) ∈
R

c(t)×n, Hu(t) ∈ R
c(t)×m and h(t) ∈ R

c(t), where c(t) denotes the number of inequality
constraints at time t. Furthermore, the following assumptions are made

Assumption 1. Qe(t) ∈ S
p
++, t = 0, . . . , N

Assumption 2. Qu(t) ∈ S
m
++, t = 0, . . . , N − 1

The objective with this work is to design an optimization algorithm for control of
systems in the MLD form presented in [6]. Except for notational differences, there are
four differences between the optimal control problem for MLD systems presented in [6]
and the optimization problem in (1). First, the problem in [6] has reference signals on
the control signals, states and outputs. Second, the MLD system has a direct term in e(t)
from the input u(t). Third, the control problem in [6] has an equality constraint on the
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final state. Fourth, the weight matrix for the “auxiliary variables” in the control problem
defined in [6] is positive semidefinite. In this work, it is assumed positive definite for all
variables. The results presented in this work can be generalized to the case when the three
first differences have been eliminated. However, so far, the fourth difference has not been
possible to overcome.

Remark 1. Note that (1) becomes a linear MPC problem if nb = pb = mb = 0.

2 Mixed Integer Quadratic Programming

In a QP problem, the optimization variables are real-valued, but in an MIQP problem,
some variables are restricted to be integer-valued. In this text, the common special case
of MIQP when the integer variables are constrained to be 0 or 1 is studied. A survey of
Quadratic Integer Programming (QIP) can be found in [39].

The mathematical definition of an MIQP problem is

minimize
x∈Rnc×{0,1}nb

1
2
xT Hx + fT x

subject to AEx = bE , AIx ≤ bI
(6)

where n = nc + nb, x ∈ R
n, H ∈ S

n
+, f ∈ R

n, A ∈ R
p+m×n and bI ∈ R

p+m.
Moreover, E ∈ Z

p
++ and I ∈ Z

m
++ denote sets of indices to rows representing equality

constraints and inequality constraints, respectively, in A and b.
The four most commonly used methods for solving MIQP problems are, [6], cut-

ting plane methods, decomposition methods, logic-based methods and branch and bound
methods. According to [16], branch and bound is the best method for mixed integer
quadratic programs. An important explanation to why branch and bound is so fast for
MIQP problems is that the QP subproblems are very cheap to solve, [16].

There exist several software for solving MIQP problems. For MATLAB, free software
like YALMIP or miqp.m can be used. A commonly used commercial software is CPLEX.

2.1 Branch and Bound

In worst case, the solution process of an MIQP problem requires explicit enumeration of
2nb combinations of binary variables. The branch and bound method is a method that
can significantly cut down the number of combinations necessary to investigate. Unfortu-
nately, the worst case complexity is still exponential and the actual computational burden
is problem dependent. The key idea to reduce the computational effort needed is to, in
a computationally cheap way, compute upper and lower bounds for the optimal objec-
tive function value for the subproblems in the nodes. Often, these bounds can be used
to prune entire subtrees, which means that these subtrees do not have to be considered
anymore since the optimal solution will not be found in any of them. A thorough deriva-
tion of and motivation for the branch and bound method can be found in [40] and in [17],
where also a formal algorithm description is presented.
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Figure 1: This figure shows an example of a binary search tree for two binary vari-
ables, x1 and x2. In each node, represented as an ellipse, the corresponding feasible
set Si is shown. The symbol � is used to denote that this variable is free to be either
0 or 1.

Let the feasible set of the optimization problem considered be denoted S. In the
branch and bound method, S is partitioned into K smaller sets such that

S =
K⋃

i=1

Si (7)

The partitioning can be represented using a tree structure and is at first coarse, but is in
later steps more and more refined. An example of a tree is given in Figure 1. The tree in
Figure 1 is a so-called binary search tree, which is a special case of a general search tree
and is the type of tree of interest for the MIQP problems considered in this text.

For what follows, let Pi denote the optimization subproblem over the set Si, Ni the
node containing Pi, z∗ the optimal objective function value over S, and zi∗ the optimal
objective function value for subproblem Pi.

The optimal solution over the set S can be computed by optimizing over the smaller
sets separately according to

zi∗ = minimize
x∈Si

f0(x), i ∈ {1, . . . ,K}
z∗ = min

i∈{1,...,K}
{
zi∗} (8)

where f0(x) is the objective function in the original integer problem. The optimal solu-
tion over S is found as the optimal solution to the subproblem with the lowest optimal
objective function value. The idea in branch and bound is to use bounds on zi∗ in order
to reduce the number of partitions that have to be explicitly explored. In an MIQP solver
built on branch and bound, QP relaxations of the original integer problem provide lower
bounds and feasible integer suboptimal solutions provide upper bounds. QP relaxations
are found by relaxing integer constraints into bound constraints. That is, if the binary
variable indexed by j is relaxed, the constraint

xj ∈ {0, 1} (9)

is replaced by
xj ∈ [0, 1] (10)



3 Quadratic Programming 7

In this report, the relaxation of Pi is denoted by PR
i , and the relaxed solution by

¯
xi. The

relaxation of the set Si is denoted SR
i .

According to [16], solving the subproblems using a dual active set method offers the
most straightforward way to exploit the structure introduced by the branching procedure.
After a branch, the solution to the parent primal problem is in general infeasible in the
child problems. But, a dual feasible starting point for the child problems is directly avail-
able from the dual solution of the parent problem. Consequently, it is possible to warm
start the active set solver using information from the solution to the parent problem. Also,
since a dual active set method is an ascent method generating dual feasible points, it can
use an upper bound as a cut-off value for terminating the QP solver prematurely, [16].
According to [40], for very large problems Interior Point (IP) algorithms can be used to
solve the first subproblem, but in the subsequent subproblems an active set method should
be used.

A branch and bound algorithm description can be found in, e.g., [40] and [17].

3 Quadratic Programming

In this section, the QP problem is introduced and some basic properties are discussed.
Furthermore, the gradient projection algorithm used in this work is presented. For an
extensive bibliography on QP, see [22]. The optimization notation used in this report is
chosen similar to the one in [10]. For what follows, a Quadratic Programming (QP) prob-
lem with n variables, p equality constraints and m inequality constraints in the following
form will be of importance

minimize
x1,x2

1
2
[
xT

1 xT
2

] [H̃ 0
0 0

]
︸ ︷︷ ︸

H

[
x1

x2

]
︸︷︷ ︸

x

+
[
f̃T 0

] [x1

x2

]

subject to
[
A1E A2E

]︸ ︷︷ ︸
AE

[
x1

x2

]
= bE ,

[
A1I A2I

]︸ ︷︷ ︸
AI

[
x1

x2

]
≤ bI

(11)

where n = n1 + n2, x1 ∈ R
n1 , x2 ∈ R

n2 , H̃ ∈ S
n1
++, f̃ ∈ R

n1 , A1 ∈ R
p+m×n1 ,

A2 ∈ R
p+m×n2 and b ∈ R

p+m. Furthermore, E ∈ Z
p
++ and I ∈ Z

m
++ denote sets of

indices to rows representing equality constraints and inequality constraints respectively in
A ∈ R

p+m×n and b ∈ R
p+m. The dual problem to the problem in (11) can be found as

described in Appendix A.2. By reformulating the resulting dual maximization problem
in (74) as a minimization problem and by removing a constant in the objective function,
the result is a new equivalent QP problem in the form

minimize
λ,ν

1
2
QD(λ, ν)

subject to A2
T
I λ + A2

T
E ν = 0, λ ≥ 0

(12)
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where λ ∈ R
m, ν ∈ R

p and

QD(λ, ν) =
[
λT νT

] [A1I
A1E

]
H̃−1

[
A1

T
I A1

T
E
] [λ

ν

]
+

+ 2
(
f̃T H̃−1

[
A1

T
I A1

T
E
]
+
[
bT
I bT

E
] ) [λ

ν

] (13)

By Theorem 3, strong duality holds for the primal problem in (11) and the dual problem
in (74). Note that the solution to the equivalent problems in (12) and in (74) are equal, but
that the optimal objective function values do not coincide since the sign of the objective
function has been changed and a constant has been removed.

The idea in this work is to solve a primal QP problem in the form in (11) by solving
a dual problem in the form in (12) and then compute the primal optimal solution from
the dual optimal solution. According to Theorem 3, the primal problem has a feasible
solution if and only if the solution to the dual problem is bounded. Given such a bounded
dual optimal solution λ∗ and ν∗, a primal optimal solution x∗ can be found from the
necessary and sufficient (by Theorem 2) KKT conditions for the primal problem.

Note that, there is only one difference between how primal equality constraints and
primal inequality constraints appear in the dual QP problem. The difference is that the
dual variables corresponding to primal inequality constraints get a lower bound inequality
constraint (cf., λ ≥ 0) in the dual, while the dual variables corresponding to primal equal-
ity constraints are not subject to any inequality constraints in the dual. Note especially, if
the dual inequality constraints are removed, the inequality constraints in the correspond-
ing primal QP problem has been “converted” into equality constraints. This observation
turns out to be useful later on in this report.

3.1 A Short Introduction to Dual Active Set QP Methods

A quick verbal description of the algorithm presented in this work is that it can be inter-
preted as an active set method, where large changes of the active set is possible in each
iteration. Hence, most properties of such methods, like the possibility of efficient warm
start also hold for this improved algorithm. For an introduction of active set methods, see,
e.g., [31]. A more detailed description of the algorithm presented in this work will be
given in Section 3.3.

A primal feasible active set QP method starts in a primal feasible point and primal
feasibility is thereafter maintained in all subsequent QP iterations. One important draw-
back with such a method is that it can be hard to find a primal feasible starting point for
a general QP. If a feasible starting point cannot be obtained using, for example, practical
knowledge of the problem, a so-called Phase I algorithm can be applied to find such a
point. According to [19], the authors’ computational experience indicates that on average
between one-third to one-half of the total effort needed to solve a QP with “typical primal
algorithms” is spent in Phase I. A great structural advantage with the dual problem in (12),
compared to the primal problem in (11), is that the latter only has constraints with linear
(not affine) constraint functions.

Briefly, a dual active set method solves an inequality constrained optimization prob-
lem of the type in (12) by solving a sequence of equality constrained problems in the
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form
minimize

λ,ν
QD(λ, ν)

subject to A2
T
I λ + A2

T
E ν = 0, [Ina

0] λ = 0
(14)

where it has been assumed that na inequality constraints are chosen active and, without
any loss of generality, that the components in λ have been ordered such that the compo-
nents that are constrained to zero are placed first in λ. The set of indices to the original
equality constraints in the problem, plus the na inequality constraints that currently have
been converted into equality constraints are referred to as the working set and is in it-
eration k denoted Wk. The word active set is used to denote the set of indices to the
constraints that hold with equality in a point and is denoted A(x) for the point x. Basi-
cally, an active set method tries to find the optimal active set by solving several problems
with different choices of working sets. Once the optimal working set has been found, the
KKT conditions for the original problem are satisfied by the solution to the subproblem,
and the algorithm terminates.

A consequence of the simple constraint structure in the dual QP problem is that the
origin is always a feasible solution (the trivial solution will always satisfy the constraints,
cf., the trivial solution always satisfies a homogeneous linear system of equations). Also
note that this is true independently of the working set chosen, i.e., the working set can-
not be chosen in a way such that a QP subproblem becomes infeasible (using the same
argument).

The aim in this work is to derive an algorithm that can solve the subproblems of QP
type in a branch and bound algorithm efficiently. These subproblems are in the form given
in (1) with nb = pb = mb = 0, i.e., Remark 1 applies, and where some of the inequality
constraints may have been changed into similar equality constraints (the constraint func-
tion is unchanged, the only difference is that “≤” has been replaced by “=”) during the
branch and bound process. From the previous discussion in this section, it can be con-
cluded that because of its good warm start abilities, a dual active set QP solver would
probably be the best choice for solving the node problems. However, ordinary active set
solvers are rather inefficient since they often need many iterations to find the optimal ac-
tive set. Therefore, the solver presented in this work combines ideas from dual active set
methods with ideas from gradient projections methods.

3.2 Solving the Relaxations Using a Dual QP Method

It will now be described how the QP relaxations in a branch and bound algorithm for
MIQP can be solved using a dual active set QP solver. In the discussion that follows,
the notation introduced in Section 2.1 is used. Consider a branching procedure for an
arbitrary node Nk. When the node is branched on variable j, two new nodes Nk0 and
Nk1 are created with feasible sets

Sk0 = Sk ∩ Bk0, Sk1 = Sk ∩ Bk1 (15)

where
Bk0 = {x|xj = 0} , Bk1 = {x|xj = 1} (16)

In the branch and bound method used in this work, the lower bounds computed by the QP
relaxations in the nodes are found by relaxing some of the binary constraints to interval
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constraints. Let
¯
xk∗ denote the optimizer to the relaxed problem PR

k . Variables already
branched in ancestor nodes are fixed to either 0 or 1 and these constraints are therefore
not relaxed. That is, Bk0 and Bk1 are not relaxed. To understand what happens when
the equality constraints after a branch are introduced, three different relaxed problems are
considered.

¯
xk∗ = argmin

x∈SR
k

f0(x)

¯
xk0∗ = argmin

x∈SR
k0

f0(x),
¯
xk1∗ = argmin

x∈SR
k1

f0(x)
(17)

Since the constraint differing SR
k0 from SR

k1 is not relaxed, SR
k0 ∩ SR

k1 = ∅. Therefore,
a solution

¯
xk∗ to PR

k is at most a feasible solution to one of the problems PR
k0 or PR

k1.
Since xj is relaxed in PR

k , it is very likely that
¯
xk∗

j ∈]0, 1[. Only an integer solution,
i.e.,

¯
xk∗

j ∈ {0, 1}, would be feasible in one of the child nodes. The conclusion from this
discussion is that it is very likely that

¯
xk∗ cannot be used as a feasible starting point in

either PR
k0 or PR

k1. Therefore, it would be an advantage if a feasible starting point always
could be easily found.

By using a dual solver for the subproblems, a straightforward reuse of an old working
set is enabled and the problem of choosing a feasible initial point is solved. This is
now motivated by considering the primal problem in (11) and the dual one in (74). The
subproblems to be solved in the nodes of the branch and bound tree will be of the type
in (74) (or the equivalent one in (76)). Note that, when a new constraint is added to the
primal problem, the dimension of the dual problem increases. A feasible solution to the
new problem is readily available by keeping the old solution and, for example, choosing
the new dual variable equal to zero. If the added constraint is an inequality constraint, the
new dual variable has to be chosen non-negative.

When a variable xj is branched in a branch and bound method, an equality constraint
xj = 0 or xj = 1 is added to the problem. However, since there already exist inequality
constraints xj ≥ 0 and xj ≤ 1 in the parent problem due to the relaxation, an alternative
interpretation is that, e.g., the inequality constraint xj ≥ 0 is converted into an equality
constraint xj = 0. This results in a dual problem similar to the previous problem, with
the difference that the non-negativity constraint on the corresponding dual variable has
been removed. Hence, if the primal problem is constrained, the dual problem is relaxed.
It should be stressed, that in most implementations, the locked variable is eliminated from
the problem, which implies that the problems will become smaller and smaller further
down in the tree since one more variable is locked for each level down in the tree. When
the locked variable is removed from the problem, the corresponding constraint can also
be removed, and hence, the dimension of the dual problem is decreased.

To summarize, using a dual solver for the relaxed problems in the nodes will make
warm starts more easy. Given the old optimal working set, hopefully only a few QP
iterations have to be performed until the optimal working set of the new problem is found.
However, this is problem dependent and the dual algorithm presented in this report will
not change this fact.
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3.3 Gradient Projection for QP

In this section, the gradient projection algorithm used in this work is presented. It is pre-
sented for a general problem, and the efficient computations that utilizes problem structure
will be presented later in the report.

Introduction

A drawback with a classical active set method is that the working set is changing very
slowly. For each change in the working set, a system of equations for a Newton step has
to be solved. If the initial working set is far from the optimal active set, it will take a lot of
effort to reach this set. The idea in a gradient projection method is to allow a more rapid
change of the working set, which in turn implies that often less Newton systems have to
be solved before the optimal active set is found. However, when this method is applied
to a QP problem with general inequality constraints, the projection operation performed
in each iteration can become very computationally expensive. An important exception is
when the inequality constraints only consist of upper and lower bounds on variables. An
important problem that have constraints of this type is the dual QP problem, [31].

The fundamental ideas behind the gradient projection algorithm presented in this re-
port was first presented, independently, in [20] and in [26]. Gradient projection methods
have properties that make them suitable for problems with many active constraints in the
optimum. This property is especially important in optimal control applications where
often many control inputs are at their boundaries at the optimum, [7]. Furthermore, the
Newton step in [7] is computed by solving a Riccati equation. The first gradient projection
ideas are refined in [28], where the step length is found by a line search instead of using
a fixed length. In [7], the gradient projection method is combined with a Newton method
in order to improve the convergence rate. It is also proposed that the Newton direction
can be projected in a similar way as the steepest descent direction. However, as discussed
in [8], some care must be taken when using such a direction. A combination of a standard
active set method and gradient projection method is presented in [30]. In [29], the gra-
dient projection method is combined with a conjugated gradient method. The presented
algorithm is similar to the one presented in this, except for that the conjugated gradient
part of the algorithm are replaced by a Newton step found using a Riccati recursion. Con-
vergence properties of gradient projection methods are discussed in, e.g., [11], [12], and
in [18].

In principle, a gradient projection method can be applied to a general nonlinear opti-
mization problem (that satisfies certain conditions). In this work, the discussion is limited
to the QP case with simple lower bound constraints on some of the variables. To minimize
the notational complexity, a generic QP problem in the form

minimize
x

Q(x) =
1
2
xT Hx + fT x

subject to x ≥ 0
(18)

is considered, where H ∈ S
n
+ and f ∈ R

n. In the algorithm presented in this work,
analogous ideas are applied to a problem in the form in (12). Note that, linear equality
constraints can always be eliminated and an equivalent unconstrained optimization prob-
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lem can be formulated. For more details, see [31]. In the QP case, this equivalent problem
is another QP. The Hessian of this new QP is called the reduced Hessian.

Each iteration of the method used in this work can be considered to consist of two
steps. The procedure is outlined in Figure 2, when it is applied to a problem in the form
in (18). The description here is based on the one in [31] and has been adopted to the dual
QP problem.

The method described in [31] is a variant of the one presented in [12], which is a
method built on trust region ideas. However, when it is used to solve a convex QP prob-
lem, the trust-region part of the algorithm is not used since the “model” is exact. It also
performs, in contrary to many gradient projection algorithms, an exact line search in the
quadratic model during the gradient projection step. In the first step (“Main step 1” in
Figure 2), the gradient is computed at the current point. After the gradient has been com-
puted, a line search optimization along the negative gradient (i.e., steepest descent) direc-
tion is performed. If an inequality constraint is encountered before a minimizer is found
along the line, the search direction is bent-off such that the constraint remains satisfied.
Hence, the search line is projected onto the constraints and the search is continued until
a local optimal solution is found along the piecewise linear path, the search is stopped by
constraints in sufficiently many directions to make it impossible to continue anymore in
any of the initial directions, or the step size tends to infinity without any constraints in its
way. In the latter case, an eigenvector corresponding to a zero eigenvalue has been found
and the problem is unbounded. In the second step (“Main step 2” in Figure 2), a smaller
optimization problem is defined from the original problem but where all constraints that
were activated during the gradient projection step are locked. The smaller optimization
problem can be solved in various ways. As will be discussed later, the point found in the
first step is good enough to obtain global convergence, [31], and the purpose with “Main
step 2” is to improve the convergence rate. A common choice is to run a conjugated gra-
dient method on the subspace, [29, 31], and either stop the search when a constraint is
hit, or to temporarily ignore the constraints and project the iterates back onto the feasible
set, [31]. In this work, an alternative approach has been used. During the second step, the
Newton step is computed for the subproblem and the resulting direction is projected onto
the constraints. Hence, this step in the algorithm can be interpreted as a projected Newton
step, which previously has been discussed in, e.g., [7]. “Main step 2” will be thoroughly
described later in this section.

If the gradient projection algorithm is applied to a problem for which strict comple-
mentarity holds, i.e., the Lagrangian multipliers associated with all active constraints in
optimum are non-zero, the algorithm will eventually produce active sets A(xc) that are
equal to the optimal active set for all iterations k that are sufficiently large, [31]. This
means that constraint indices will not enter and leave the working set repeatedly on suc-
cessive iterations. However, to prevent this from happening, different solutions have been
proposed, [31].

Projected Line Search

An important part of the gradient projection algorithm presented in this report is the pro-
jected line search operation. During this operation, the objective function is minimized
along a piecewise linear path, which is the result of a search started in a certain point in
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Initialization:
Find a feasible starting point x0 to (18), e.g., the origin.

Optimality check:
if xk satisfies the KKT conditions for (18) then
x∗ ← xk

STOP

Main step 1: Gradient projection
Perform a projected gradient step from xk, denote the result
xc and let Wc

k = {i : xi = 0}.

Main step 2: Improvement
Find a solution xs that is feasible w.r.t. the constraints
in (18) plus the extra equality constraintsa xi = 0,∀i ∈ Wc

k,
such that Q(xs) ≤ Q(xc).

aAs in [32]. Is removed (relaxed) in the later edition of the same book
in [31].

Update
Set xk+1 ← xs and k ← k + 1.

Figure 2: An overview of a gradient projection algorithm. The figure is inspired by
the algorithm presented in [31, 32].
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xk

[xk + αp]+

Figure 3: The figure illustrates how the points along the line starting in the point
xk in the direction p are projected back onto the positive orthant during the oper-
ation [xk + αp]+. Another interpretation is that the search direction (cf., gradient
projection) is projected onto the positive orthant. The resulting path is piecewise
linear.

a given search direction, and where the search direction is bent-off during the search in
order to maintain feasibility. This procedure is illustrated in Figure 3. In the algorithm
presented in this report, the operation is used for different kinds of search directions, i.e.,
the steepest descent direction, a Newton direction, and a projection of the steepest descent
direction onto the nullspace of the Hessian. Note that, when the search line is bent-off,
the optimization problem to find the minimizer along this piecewise linear path is, in
general, no longer a convex optimization problem, [8]. However, in gradient projection
methods, the global minimizer along this piecewise linear path is not used. Instead, either
a step size given by a modified version of the Armijo condition (see [31]), or the first
local minimizer found using exact line search, is used. In this work, the latter is chosen in
accordance with [31]. The point found during the line search is called the Cauchy point,
and its purpose here is analogous to the one in unconstrained optimization, where it is
the minimizer of the objective function along the steepest descent direction subject to a
trust-region constraint, [31]. Basically, an algorithm that produces steps at least as good
as the one to the Cauchy point will be globally convergent. For further details, see [31].

The search along the piecewise linear path to find the Cauchy point is now described
in more detail. This part of the algorithm is standard, and hence, the presentation here
is basically a summary of the one in [31]. See the cited reference for details. For an
optimization problem with positivity constraints on the variables, like the one in (18), the
piecewise linear path from the point x0 in the direction p is defined by

x(s) = [x0 + sp]+ (19)

where the ith component in the function [x]+ is defined as

[x]+i =

{
xi, xi ≥ 0
0, xi < 0

(20)

i.e., [·]+ denotes projection onto the positive orthant, and where s ≥ 0 is the scalar that
parameterizes the path.
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In order to find the Cauchy point, the aim is now to find the first local minimizer s∗ of
Q([x(s)]+) for s ≥ 0. Since Q([x(s)]+) is piecewise quadratic in s, it is not necessarily
continuously differentiable in the breakpoints between the different quadratic sections.
Therefore, it is hard to give an expression for xc in closed form. In order to find the
first local minimizer, the breakpoints are computed, and then each quadratic section is
considered separately until a minimizer is found either at a breakpoint or in the interior of
a quadratic section. The breakpoints can be found explicitly from the expression, [31],

s̄i =

{
xi

pi
, pi < 0

∞, otherwise
(21)

Hence, the components of the parameterized path can be expressed as

xi(s) =

{
xi + spi, s ≤ s̄i

0, otherwise
(22)

Once the breakpoints have been computed, they have to be sorted, and zero values and
duplicates have to be removed. The latter occur if more than one constraint is reached for
the same value of s. Hence, the unsorted set of original breakpoints {s̄1, . . . , s̄n} have
been sorted and reduced into a new set consisting of l sorted breakpoints {s1, . . . , sl},
where 0 < s1 < s2 < . . . < sl. On each interval [0, s1], [s1, s2], [s2, s3],. . .,[sl−1, sl], the
objective function is quadratic and can be optimized analytically if the upper and lower
bounds on s are temporarily disregarded. After such an unconstrained minimizer has been
found to one of these quadratic subproblems, it has to belong to the current interval in s to
be a valid local minimizer. Otherwise, the minimizer of the piecewise quadratic function
is found either at one of the boundaries of the interval or in another segment. On each
interval, x(s) can be written as

x(s) = x(sj−1) + Δsp̂j−1 (23)

where 0 ≤ Δs ≤ sj − sj−1 and

p̂j−1
i =

{
pi, sj−1 < s̄i

0, otherwise
(24)

On each interval, (23) can be inserted into the objective function, and the result is a new
one-dimensional QP problem in the variable s which can be solved analytically. In Sec-
tion 5.1, a tailored version of this operation is presented. The general case is thoroughly
considered in, e.g., [31].

Main Step 2 in Detail

In “Main step 1”, a standard gradient projection step is performed as described in [31].
Even though several computations in that part of the algorithm have been tailored in this
work, the main idea is standard. Hence, the focus will now be on “Main step 2”, which
will be studied in detail. In “Main step 2”, several iterations where a Newton direction is
projected onto the feasible set is performed. For what follows, these iterations are called
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inner iterations. The procedure to perform one loop in Figure 2 is here referred to as an
outer iteration.

In this section, the problem in (18) is used to represent the problem in (12). The
problems are not identical, but the presented ideas can be applied in an analogous way to
the problem in (12).

The motivation for the existence of “Main step 2” is that an algorithm that always
takes a step to the next Cauchy point basically implements a steepest descent algorithm,
which unfortunately converges very slowly. However, once the Cauchy point has been
found, it is possible to improve the convergence rate by employing a method with better
convergence properties, and this is what is performed in “Main step 2”. During this part
of the algorithm, subproblems in the form

minimize
x

Qs(x) =
1
2
xT Hx + fT x

subject to xi = xc
i , i ∈ A(xc)

xi ≥ 0, i /∈ A(xc)

(25)

are solved approximately, where A(xc) denotes the active set in the last Cauchy point.
Even though it is in principle possible to solve it exactly since the subproblems also are
QPs, it is not desirable because it might be almost as difficult to solve as the original
problem in (18). To obtain global convergence of the algorithm outlined in Figure 2, it
is only necessary that the approximate solution is feasible with respect to the constraints
of the original problem in (18) and that the objective function value of the approximate
solution x+ is not worse than the already found Cauchy point xc, [31]. However, the
algorithm presented in this work, satisfies the slightly harder constraint, taken from the
first edition [32] of the book [31], that x+ should be feasible in the problem in (25) instead
of in the problem in (18). The approach used in this report is a variant of the one that uses
the conjugated gradient method in “Main step 2” as proposed in [31]. In the approach
chosen here, the search direction is taken as the vector from the current point toward the
minimizer of a problem in the form

minimize
x

Qs(x) =
1
2
xT Hx + fT x

subject to xi = xc
i , i ∈ A(xc)

(26)

In this problem, the inequality constraints in (25) have been disregarded. The motivation
to this choice is that, if there were no inequality constraints in the problem, this search
direction would be the Newton step on the subspace defined by the equality constraints.
Therefore, this step is sometimes called the projected Newton step in this report. Here,
this problem is solved directly using Riccati recursions. This is explained in detail in Sec-
tion 5.3. A special case is when the objective function is unbounded. That case is handled
in a different way, which is described in detail in Section 3.3. In both cases, the resulting
search direction is used in a projected line search. Since the optimization problem in (26)
is a QP problem (the equality constraints can in principle be eliminated and the resulting
problem is unconstrained), a single Newton step is enough to find the minimizer. Further-
more, this Newton step, without projection, is used as the search direction in an ordinary
active set solver. When an ordinary active set solver searches in this direction and en-
counters a constraint, the constraint is added to the working set and a new problem in the
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xk

− (xk + H−1f
)

x∗
p

x∗
u

x∗

x2

x1

x∗
l

Figure 4: The figure illustrates that it might not be straightforward to utilize the re-
sult from a projection of the unconstrained minimizer of a quadratic objective func-
tion onto the feasible set in order to solve a constrained version of the problem. The
dotted ellipses illustrate the level curves of the objective function 1

2xT Hx + fT x,
and the feasible set is the positive orthant. The unconstrained minimizer is denoted
x∗

u. The projection of the unconstrained minimizer onto the feasible set is denoted
x∗

p. If a line search is performed along the projection of the unconstrained search
direction, that is, the piecewise linear path from xk to x∗

l to x∗
p, the minimizer x∗

l is
found. The true minimizer to the constrained problem is denoted x∗.

form in (26) is solved. The enhancement made to this strategy in this report, is that an
attempt is made to make further progress by bending the search direction along the con-
straint boundary and continue along that path until a local minimizer is found. The idea
is to use the information in the search direction as much as possible. However, note that,
it is not in general true that the projection of the Newton step from (26) onto the feasible
set of the problem in (25) will lead to the true minimizer of (25) in one iteration. This is
illustrated in Figure 4. Furthermore, if several steps of this type are performed, without
taking this property into account, the algorithm might get stuck in a suboptimal point.
This undesirable behavior is also shown in Figure 4, where an algorithm using projected
Newton steps would get stuck in the point x∗

l . This potential problem is discussed in [8],
where also a remedy is presented. In this report, this property of the projected Newton
search direction is handled in several ways. First, a line search is performed along the
path and the final step chosen is to the first local minimizer along this path. Hence, the
objective function value cannot be made worse during this part of the algorithm and the
feasibility is ensured by the projection. This makes it possible to gain from the strategy
in situations as the one in Figure 5a, and still have a reasonable behavior in situations as
the one in Figure 4. Second, as described above, iterations where this step is used are al-
ternated with gradient projection iterations (projection of the steepest descent direction).
The steepest descent direction does not suffer from this problem and ensures convergence
(under certain assumptions) as described in [31]. Basically, when the optimal active set
has been identified, the solution to the original QP problem is found by solving one prob-
lem in the form in (26). This case is illustrated in Figure 5b. If only gradient projection
steps were used, in general, many iterations had been necessary even though it is only
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x0

− (x0 + H−1f
)

x∗
p

x∗
u

x2

x

x∗

−(Hx0 + f)

(a) An example of a successful Newton step
projection. The true minimizer is found after
only one Newton step computation.

x0

− (x0 + H−1f
)

x∗

x2

x1

−(Hx0 + f)

(b) Another example of a successful New-
ton step projection. This is an extra impor-
tant case since this is basically the case when
the optimal working set has been identified.
Also in this case, the true minimizer is found
after only one Newton step computation.

Figure 5: Two examples that motivate the use of the projection of the direction
toward the unconstrained minimizer of the quadratic objective function. The notation
used is the same as the one in Figure 4. Note that the gradient projection method
would have converged rather slowly in these cases because the eigenvalues of the
Hessian of the quadratic objective function are not equal (the level curves are not
circles) and a zigzagging behavior would have occurred, [31].
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a QP with inequality constraints. Note that, the convergence properties of the algorithm
presented in this report follow from the properties of the gradient projection iteration as
described in [8]. Hence, for the convergence of the algorithm, there is actually no need to
find the true minimizer during the projected Newton step iterations. The projected New-
ton steps are mainly used for performance reasons. Third, an active set strategy is used if
several projected Newton steps are performed without any gradient projection step in be-
tween. More specifically, in the beginning of “Main step 2”, the working set is initialized
to Wc

k, and every constraint encountered during consecutive inner iteration are accumu-
lated to this set. That is, no constraints will be dropped from the working set during inner
iterations. The inner iterations are aborted when either the maximum number of inner it-
erations is reached, or when no new constraints were encountered during the last iteration.
Constraints are dropped after “Main step 2” has terminated and before “Main step 1” has
started, since “Main step 1” starts with an empty working set. The difference compared
to an ordinary active set method is that the update of the working set is performed first
when a suboptimal solution along the piecewise linear path has been found, instead of as
soon as the first constraint has been encountered. Hence, in contrast to an ordinary active
set method, several constraints can be added after one Newton step computation. Illus-
trated to the problem in Figure 4 this means that after a full projected Newton step from
xk, the point x∗

p would have been found. However, since a line search is used along the
piecewise linear path, the minimizer x∗

l is found. Note that, if a new projected Newton
step is performed directly, without an update of the working set, no progress from this
point will be made. To be able to make progress, the working set is updated and, in this
example, the constraint x2 = 0 is added to the working set, and a new projected Newton
step subject to the new working set is performed. In the example in Figure 4, the second
projected Newton step iteration will be in the negative direction of the x1-axis. Hence,
the true minimizer x∗ is found in the second iteration.

Gradient Projected onto the Nullspace of the Hessian

In this section, the case when the problem in (26) is unbounded is discussed. The case is
illustrated in a two-dimensional example in Figure 6. When this occurs, there does not
exist any point where the KKT conditions are satisfied (there is no stationary point). For
simplicity, the equality constraints in (26) are now eliminated and an equivalent problem
in the form

minimize
x

Q̃s(x) = 1
2xT H̃x + f̃T x (27)

will be considered. The KKT system for this reduced problem is

H̃x + f̃ = 0 (28)

If f̃ 
∈ range H̃ there is no solution to the system of equations in (28). In such a case,
an alternative search direction has to be chosen. One possibility is to choose the steepest
descent direction, but then the convergence rate will be rather slow. This is illustrated in
Figure 6b, where the steepest descent direction −g would lead to rather short steps since
it points in a direction where the objective function is bounded. In this work, the search
direction is chosen as the projection of the steepest descent direction onto the nullspace
of the Hessian H̃ . This choice is motivated in Appendix A.6 and the result can be written
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as

−ĝ(x0) = −
P
(
H̃x0 + f

)
∥∥∥P (H̃x0 + f

)∥∥∥ (29)

where P = Z
(
ZT Z

)−1
ZT and the columns in Z form a basis for the nullspace of

H̃ . The interpretation of this situation is that the quadratic objective function has one
or more unbounded rays along which the curvature is zero. Such unbounded directions
are found in the nullspace of the Hessian of the quadratic objective function. Since the
inequality constraints in the original problem in (18) are disregarded in (26), every descent
direction in this nullspace results in an unbounded objective function value. After the
search direction has been computed, it is used during the projection process and the search
direction is, as usually, bent if any constraint is encountered along the search path.

3.4 Convergence and an Algorithm Description

In this section, the presentation of the algorithm will be concluded with a formal descrip-
tion of the algorithm. Furthermore, the convergence properties of the algorithm will be
discussed. The formal algorithm is presented as Algorithm 1. Note that, a “projected
step” includes a projected line search as previously described.

Now, finite termination of the algorithm will be discussed. Assume that strict comple-
mentarity holds and that “Main step 2” satisfies the conditions shown in Figure 2. Then,
according to [31], the optimal active set will be identified in a finite number of iterations.
It is straightforward to show that the conditions for “Main step 2” are satisfied. First, fea-
sibility with respect to the inequality constraints in (18) are guaranteed by the projected
line search used in “Main step 2”. Second, feasibility with respect to the working set Wc

k

computed in “Main step 1” follows from that none of those constraints can be dropped
during “Main step 2”. Third, since the projected line search operation is used, the objec-
tive function value cannot be made worse during “Main step 2”. Hence, the conditions
for “Main step 2” in Figure 2 are satisfied. Consequently, if strict complementarity holds,
the entire algorithm (“Main step 1” and “Main step 2”) will terminate in a finite number
of iterations, if “Main step 2” terminates in a finite number of iterations. This will now
be shown. First, assume that mmax = ∞ (see Algorithm 1). Finite termination of “Main
step 2” follows basically by standard active set arguments. There is a limited number of
constraints in the problem. By construction, either at least one constraint is added dur-
ing each iteration of “Main step 2”, or an optimal point has been found subject to the
constraints indexed by the current working set. Furthermore, no constraints are dropped
during “Main step 2”, since they are accumulated between iterations. Note that, such a
point will be found after a maximum of r iterations, where r is the number of constraints
in the problem, and when that occurs WN

m = WN
m+1 (no constraints added during the last

iteration). Hence, “Main step 2” will terminate after a maximum of r iterations. Now,
consider the case when mmax < ∞. In this case, finite termination of “Main step 2”
follows trivially. There is however, one important difference compared to the previous
case. If “Main step 2” terminates because the maximum number of iterations has been
reached, a point which is optimal subject to the current working has not necessarily been
found. However, since the conditions for “Main step 2” in Figure 2 still are satisfied, the
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(a) The figure illustrates a quadratic function in two di-
mensions where the Hessian has a nullspace of dimen-
sion one. In this case the function is unbounded from
below in the positive x2-direction.

−g(x0)

−ĝ(x0)

(b) The figure illustrates that the steepest descent di-
rection −g(x0) does in general not point in a direc-
tion where the quadratic objective function is unbounded.
The vector −ĝ(x0) is the steepest descent direction pro-
jected onto the nullspace of the Hessian. If the gradient
is not orthogonal to this nullspace, it will point in a di-
rection where the objective function is unbounded from
below.

Figure 6: The figure shows an example of the situation when the Hessian of a
quadratic function has a zero eigenvalue. This means that the quadratic function
behaves as a linear one in one or more directions.
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composed algorithm (“Main step 1” and “Main step 2”) will find the optimal active set
in a finite number of iterations, and when that occurs, “Main step 2” will terminate in
one iteration with an optimal solution to the original inequality constrained problem (the
situation is the one shown in Figure 5b).

4 The Dual MPC Problem

The gradient projection algorithm previously presented in this work is used to solve the
QP relaxations in the branch and bound tree. These are linear MPC problems almost
in the form in (1) with nb = pb = mb = 0, i.e., with only real-valued variables. The
difference compared to the problem in (1) is that some of the inequality constraints are
converted into similar equality constraints. The dual of the MPC problem is presented
in Section 4.1 and the relation to the primal variables is presented in Section 4.2. How
branching affects the problem is discussed in Section 4.3.

4.1 Derivation of the Dual Problem

In order to design a solver working on the dual problem to a problem in the form in (1)
with nb = pb = mb = 0, the dual optimization problem is derived. Note that, it is the
dual of a relaxation of the problem in (1) that is sought for, not the dual problem of the
original non-convex optimization problem for which strong duality does not hold. This is
the reason why the case when nb = pb = mb = 0 is studied. The optimization problem
in (1) is in the form in (11). Hence, the dual optimization problem is in the form in (12).
After a suitable selection of dual variables, the dual problem to the problem in (1) can be
written in the form

minimize
x̃,ũ

JD(x̃, ũ) =
1
2
ũT (−1)Q̃ũ(−1)ũ(−1) + q̃T

ũ (−1)ũ(−1)

+
1
2

N−1∑
τ=0

(
x̃T (τ)Q̃x̃(τ)x̃(τ) + ũT (τ)Q̃ũ(τ)ũ(τ)

+ 2x̃T (τ)Q̃x̃ũ(τ)ũ(τ) + 2q̃T
ũ (τ)ũ(τ)

)
+ q̃T

x̃ (N)x̃(N)

subject to x̃(0) = B̃(−1)ũ(−1)

x̃(τ + 1) = Ã(τ)x̃(τ) + B̃(τ)ũ(τ), τ = 0, . . . , N − 1[
0 −Ic(N−τ−1)

]
ũ(τ) ≤ 0, τ = −1, . . . , N − 1

(30)
where

x̃ =
[
x̃T (0), . . . , x̃T (N)

]T
, ũ =

[
ũT (−1), . . . , ũT (N − 1)

]T
(31)
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Algorithm 1 Gradient Projection for QP Dual

1: Compute a feasible starting point (λ0, ν0) (trivial).
2: Define the maximum number of iterations as kmax.
3: Define the maximum number of Newton iterations per gradient projection as mmax ≥

1.
4: W0 ← ∅
5: k ← 0
6: while k < kmax do
7: Perform a projected gradient step from (λk, νk), denote the result (λc

k, νc
k) and Wc

k.

8:
(
λN

0 , νN
0

)← (λc
k, νc

k) and WN
0 ← Wc

k.
9: if Unbounded step length then

10: // Dual unbounded ⇒ Primal infeasible
11: STOP
12: end if
13: m ← 0
14: while m < mmax do
15: if Newton system inconsistent then
16: Perform a projected step from

(
λN

m, νN
m

)
in the direction of the steepest de-

scent direction projected onto the nullspace of the Newton system.
17: else
18: Perform a projected Newton step from

(
λN

m, νN
m

)
subject to the constraints in-

dexed by WN
m , denote the result

(
λN

m+1, ν
N
m+1

)
and WN

m+1 (where WN
m+1 ⊇

WN
m ).

19: end if
20: if Unbounded step length then
21: // Dual unbounded ⇒ Primal infeasible
22: STOP
23: end if
24: if WN

m = WN
m+1 then

25: // Optimizer on a subspace found
26: Compute dual variables
27: if Dual feasible then
28: // KKT conditions satisfied
29: STOP
30: end if
31: Exit while
32: end if
33: m ← m + 1
34: end while
35: (λk, νk) ← (

λN
m+1, ν

N
m+1

)
36: k ← k + 1
37: end while
38: No solution was found in kmax iterations.
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and where x̃(τ) ∈ R
ñ and ũ(τ) ∈ R

m̃(τ). For a detailed derivation of the dual problem
in (30), see [1]. The relations to the primal quantities are given by

Q̃ũ(−1) = diag(Q−1
e (N), 0)

q̃ũ(−1) =
[
0 −hT (N)

]T
Q̃x̃(τ) = B(N − τ − 1)Q−1

u (N − τ − 1)BT (N − τ − 1)

Q̃ũ(τ) = diag(Q−1
e (N − τ − 1),Hu(N − τ − 1)Q−1

u (N − τ − 1)HT
u (N − τ − 1))

Q̃x̃ũ(τ) =
[
0 B(N − τ − 1)Q−1

u (N − τ − 1)HT
u (N − τ − 1)

]
q̃ũ(τ) =

[
0 −hT (N − τ − 1)

]T
Ã(τ) = AT (N − τ − 1)

B̃(τ) =
[
MT (N − τ − 1) HT

x (N − τ − 1)
]
, τ = −1, . . . , N − 2

q̃x̃(N) = −x0

B̃(N − 1) =
[
MT (0) 0

]
(32)

where the relations hold for τ = 0, . . . , N − 1 unless stated differently. The dual state
dimension and the dual control signal dimension are related to the dimensions of the
primal variables by the equations ñ = n and m̃(τ) = p + c(N − τ − 1). More on duality
for optimal control problems related to the one in (1), and the interpretation, can be found
in [34] and [21].

Note that, by Assumption 1, Assumption 2, and the equations in (32), the following
inequality holds [

Q̃x̃(τ) Q̃x̃ũ(τ)
Q̃T

x̃ũ(τ) Q̃ũ(τ)

]
 0, τ = −1, . . . , N − 1 (33)

A slight abuse of notation is used when (30) is referred to as the dual problem of (1),
while the correct relation is that the latter problem is equivalent to the dual problem of
the former.

Remark 2. In the derivation of the algorithm, a reference signal has been omitted. If
desired, a reference signal r(t) can readily be included by setting e(t) = M(t)x(t)− r(t)
and making the definition q̃ũ(τ) =

[
rT (N − τ − 1) −hT (N − τ − 1)

]T
.

4.2 Connection Between Primal and Dual Variables

As previously mentioned, the idea is to compute the solution to the primal problem from
the solution to the dual problem. In the primal problem, the primal variables are x, e and
u. In the dual problem, the primal variables are x̃ and ũ, and the dual variables are λ and
μ.

Start with an optimal solution to the dual problem consisting of x̃, ũ, λ, and μ. Then,
from the equations corresponding to (68), the following expression for u is obtained

u(t) = −Q−1
u (t)

(
BT (t)x̃(N − t − 1) + HT

u (t)
[
0 Ic(t)

]
ũ(N − t − 1)

)
(34)
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Furthermore, it can be shown that

x(t) = −λ(N − t) (35)

For a detailed derivation of this equation, see [1]. Note that, the definitions of w(τ) and
v(τ) have been slightly changed in this report compared to [1].

4.3 The Consequence of Branching

As previously discussed in Section 3.2, during a branch in branch and bound, a sub-
problem is split into two new subproblems where one of the previously relaxed binary
variables are locked to either 0 or to 1. This means that in one of the new subproblems, an
inequality constraint in the form u(t) ≥ 0 has been converted into an equality constraint
in the form u(t) = 0, and in the other new subproblem, an inequality constraint in the
form u(t) ≤ 1 has been converted into an equality constraint in the form u(t) = 1. Now,
the observation from Section 3 is useful; converting a primal inequality constraint into a
similar equality constraint changes the dual problem only in the way that a dual inequality
constrained is removed. The interpretation in the dual MPC problem in (30) is that a lower
bound constraint on one of the dual control signals is dropped and the dual control signal
becomes unconstrained. Hence, all problems in the branch and bound tree will be in the
form in (30), the difference is only the ratio between the number of inequality constrained
and unconstrained dual control signals.

5 Efficient Computation of Search Directions

In this section, the most computationally demanding parts of the algorithm presented
in Section 3.3 are tailored for the specific application MPC. In Section 5.1, an efficient
algorithm for the projected line search operation is presented. In this work, three different
search directions are used as inputs to this algorithm. First, the steepest descent direction
is always used in “Main step 1”. How these computations can be tailored is described
in Section 5.2. Second, if the KKT system is non-singular, the Newton step is used in
“Main step 2”. A tailored algorithm is presented in Section 5.3. Third, if it is singular,
an alternative search direction is used in “Main step 2”. The singularity means that either
there exist several optimal solutions to the subproblem or that there does not exist any
stationary point. Usually, the reason for singularity is that the dual problem does not have
any stationary points, i.e., it is unbounded. In this case it is interesting to take a step in
an unbounded direction in order to find out if there are any inequality constraints that can
stop the unbounded ray. In this work, this direction is chosen as the projection of the
steepest descent direction at the current point onto the nullspace of the KKT system. An
efficient algorithm for computation of this search direction is presented in Section 5.4.

5.1 Tailored Projected Line Search

The projected line search has been previously described in Section 3.3. The projected line
search operation is performed by first finding breakpoints where the search direction is
bent and second performing one-dimensional optimizations along some of the segments
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between some of the breakpoints. The one-dimensional objective function on each of
those segments is a convex quadratic function, which makes it easy to find the exact
optimizer for a segment. The procedure to find breakpoints is not tailored in this work, i.e.,
it is performed as previously presented in Section 3.3. However, the one-dimensional line
search procedure given a certain segment is tailored, and those ideas are now described in
detail.

The algorithm is derived for a search in the dual control signal space in an arbitrary
search direction Δũ parameterized by the parameter s, i.e., ũ = ũ0 + Δũs. The corre-
sponding step in the state x̃ is written as x̃ = x̃0 + K1s, where

x̃0 =
[
x̃0T (0) . . . x̃0T (N)

]T
, x̃0(τ) =

τ−1∑
k=0

Ã(τ − 1) · . . . · Ã(0)B̃(k)ũ0(k)

K1 =
[
KT

1 (1) . . . KT
1 (N + 1)

]T
, K1(τ) =

τ−1∑
k=0

Ã(τ − 1) · . . . · Ã(0)B̃(k)Δũ(k)

(36)

The constants x̃0 and ũ0 represent the starting point from which the line search is ini-
tialized and Δx̃ and Δũ are components of the line search direction pj−1 used in the
presentation in Section 3.3. The new objective function in the single variable s can be
written as

JD(x̃0 + K1s, ũ
0 + Δũs) =

1
2
(
x̃0 + K1s

)T
Q̃x̃

(
x̃0 + K1s

)
+

1
2
(
ũ0 + Δũs

)T
Q̃ũ

(
ũ0 + Δũs

)
+
(
x̃0 + K1s

)T
Q̃x̃ũ

(
ũ0 + Δũs

)
+ q̃T

x̃

(
x̃0 + K1s

)
+ q̃T

ũ

(
ũ0 + Δũs

)
(37)

This a new QP in one variable. Since the objective function of the original QP is a convex
function, and it is well-known that a convex function is still convex when it is restricted to
any line that intersects its domain, [10], it is clear that the function in (37) is convex and,
hence, the optimization problem of minimizing the function in (37) with respect to s is a
convex optimization problem. From the first order necessary and sufficient conditions of
optimality, the optimal s is found as

s∗ = −KT
1 Q̃x̃x̃

0 + ΔũT Q̃ũũ
0 + x̃0T Q̃x̃ũΔũ + KT

1 Q̃x̃ũũ0 + q̃x̃K1 + q̃ũΔũ

KT
1 Q̃x̃K1 + ΔũT Q̃ũΔũ + 2KT

1 Q̃x̃ũΔũ
(38)

By studying the structure of the equation in (38), s∗ can be found by a recursive algorithm
with computational complexity O(N). One such algorithm is presented in Algorithm 2.
An important special case that has to be monitored is if K7 = 0 (K7 is basically the
Hessian in the scalar QP problem). If simultaneously K6 
= 0, the objective function
is unbounded in the direction Δũ, and if K6 = 0, there are multiple solutions and any
choice of s∗ (in the interval in s under consideration) will be optimal.

The efficiency of Algorithm 2 can be even further improved by utilizing that the search
direction is only slightly changed between the different intervals, i.e., previous computa-
tions can be reused during coming line optimizations.
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Algorithm 2 Line search tailored for MPC

K1(0) = B̃(−1)Δũ(−1)
K3(−1) = ΔũT (−1)Q̃ũ(−1)
K5(−1) = q̃T

ũ (−1)
for τ = 0, . . . , N − 1 do

K1(τ + 1) = Ã(τ)K1(τ) + B̃(τ)Δũ(τ)
K2(τ) = KT

1 (τ)Q̃x̃(τ)
K3(τ) = ΔũT (τ)Q̃ũ(τ)
K4(τ) = KT

1 (τ)Q̃x̃ũ(τ)
K5(τ) = x̃0T (τ)Q̃x̃ũ(τ) + q̃T

ũ (τ)
end for
K6 = K3(−1)ũ0(−1) + K5(−1)Δũ(−1)
K7 = K3(−1)Δũ(−1)
for τ = 0, . . . , N − 1 do

K6 = K6 + K2(τ)x̃0(τ) +
(
K3(τ) + K4(τ)

)
ũ0(τ) + K5(τ)Δũ(τ)

K7 = K7 + K2(τ)K1(τ) +
(
K3(τ) + 2K4(τ)

)
Δũ(τ)

end for
K7 = K7 + q̃T

x̃ (N)K1(N)
s∗ = −K6

K7

5.2 Computation of Steepest Descent Direction

The steepest descent direction is the direction of the negative gradient. In this section, it
will be shown how the gradient of the objective function with respect to ũ can be computed
efficiently for this dual MPC problem. The inequality constraints are not considered in
this computation, since they are handled by the projection operation in the line search
operation. Note that, because of the dynamics, also x̃ depends on ũ. Consider a quadratic
objective function in the form in (30). If the objective function is differentiated with
respect to ũ(τ), and the fact that x̃(τ) is a function of ũ(s), s < τ is utilized, the result is

∂JD(x̃(ũ), ũ)
∂ũ(τ)

=
N∑

k=τ+1

∂JD(x̃, ũ)
∂x̃(k)

∂x̃(k)
∂ũ(τ)

+
∂JD(x̃, ũ)

∂ũ(τ)
(39)

for τ = −1, . . . , N − 1, where

∂JD(x̃, ũ)
∂x̃(k)

=

{
Q̃x̃(k)x̃(k) + Q̃x̃ũ(k)ũ(k), 0 ≤ k ≤ N − 1
q̃x̃(N), k = N

(40)

and

∂x̃(k)
∂ũ(τ)

=

⎧⎪⎪⎨
⎪⎪⎩

0, k ≤ τ

B̃(τ), k = τ + 1(∏k−1
j=τ+1 Ã(j)

)
B̃(τ), k > τ + 1

(41)

and
∂JD(x̃, ũ)

∂ũ(τ)
= Q̃T

x̃ũ(τ)x̃(τ) + Q̃ũ(τ)ũ(τ) + q̃ũ(τ) (42)
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Algorithm 3 Steepest descent direction computation tailored for (dual) MPC

K = q̃x̃(N)
Δũd(N − 1) = −

(
B̃T (N − 1)K + Q̃T

x̃ũ(N − 1)x̃(N) + Q̃ũ(N − 1)ũ(N − 1)

+q̃ũ(N − 1)
)

for i = N − 1, . . . , 1 do
K = ÃT (i)K + Q̃x̃(i)x̃(i) + Q̃x̃ũ(i)ũ(i)
Δũd(i − 1) = −

(
B̃T (i − 1)K + Q̃T

x̃ũ(i − 1)x̃(i − 1) + Q̃ũ(i − 1)ũ(i − 1)

+q̃ũ(i − 1)
)

end for
K = ÃT (0)K + Q̃x̃(0)x̃(0) + Q̃x̃ũ(0)ũ(0)
Δũd(−1) = −

(
B̃T (0)K + Q̃ũ(−1)ũ(−1) + q̃ũ(−1)

)

An efficient algorithm for computation of the steepest descent direction is presented in
Algorithm 3, where Δũd(τ), τ = −1, . . . , N −1 represents the steepest descent direction
at the point x̃(τ), τ = 0, . . . , N and ũ(τ), τ = −1, . . . , N − 1. Since it works blockwise,
its computational complexity is O(N).

It should be noted that in most cases, the gradient does not have to be explicitly com-
puted. In Appendix A.2 it is shown that the gradient can be found from the Newton step
computation as the the dual variables associated with some of the equality constraints.
Hence, the steepest descent direction is found by flipping the sign of these variables.

5.3 Newton Step Computation

The Newton step computation is one of the most important parts of the algorithm pre-
sented in this report. In each iteration in “Main step 2”, the solution to an equality con-
strained QP in the form in (26) has to be computed. This means that for a subset of
the inequality constrained components in ũ(τ), the inequality constraints are restricted
to equality constraints and for other components the inequality constraints are relaxed by
ignoring them.

In order to get a problem in the form in (26), rewrite the optimization problem in a
form such that ũ(τ) are split into two parts, where the first part, which is denoted w(τ),
is not subject to any inequality constraints and the second part, which is denoted v(τ), is
constrained to be equal to zero. Then the equality constrained problem can be written in
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the form in (43).

minimize
x̃,w,v

J̄D(x̃, w, v)

subject to x̃(0) =
[
B̃w(−1) B̃v(−1)

] [w(−1)
v(−1)

]
x̃(τ + 1) = Ã(τ)x̃(τ) +

[
B̃w(τ) B̃v(τ)

] [w(τ)
v(τ)

]
, τ = 0, . . . , N − 1

v(τ) = 0, τ = −1, . . . , N − 1
(43)

where

J̄D(x̃, w, v) =
1
2
[
wT (−1) vT (−1)

] [ Q̃w(−1) Q̃wv(−1)
Q̃T

wv(−1) Q̃v(−1)

] [
w(−1)
v(−1)

]

+
[
q̃T
w(−1) q̃T

v (−1)
] [w(−1)

v(−1)

]
+

1
2

N−1∑
τ=0

(
x̃T (τ)Q̃x̃(τ)x̃(τ)

+
[
wT (τ) vT (τ)

] [ Q̃w(τ) Q̃wv(τ)
Q̃T

wv(τ) Q̃v(τ)

] [
w(τ)
v(τ)

]
+ 2x̃T (τ)

[
Q̃x̃w(τ) Q̃x̃v(τ)

] [w(τ)
v(τ)

]

+ 2
[
q̃T
w(τ) q̃T

v (τ)
] [w(τ)

v(τ)

])
+ q̃T

x̃ (N)x̃(N)

(44)

and w =
[
wT (−1), . . . , wT (N − 1)

]T
, v =

[
vT (−1), . . . , vT (N − 1)

]T
. Furthermore,

w(τ) ∈ R
m̃w(τ) and v(τ) ∈ R

m̃v(τ), where m̃w(τ) = m(τ)−na(τ) and m̃v(τ) = na(τ).
The constants na(τ) denote the number of inequality constraints that are converted to
equality constraints at time instant τ . The Newton step at a point (x̃, w, v) is found as the
vector from (x̃, w, v) to the optimal solution to the problem in (43).

Efficient Factorization of the KKT System Coefficient Matrix

After a straightforward elimination of the variable v, the optimality condition for the
optimization problem in (43) is⎡

⎣ 0 Ã B̃w

ÃT Q̃x̃ Q̃x̃w

B̃T
w Q̃T

x̃w Q̃w

⎤
⎦
⎡
⎣λ

x̃
w

⎤
⎦ =

⎡
⎣ 0
−q̃x̃

−q̃w

⎤
⎦ (45)

where λ =
[
λT (0), . . . , λT (N)

]T
, and where Ã, B̃w, Q̃x̃, Q̃x̃w, Q̃w, q̃x̃ and q̃w are defined

in Appendix A.3. This system of equations is in this text referred to as the KKT system.
In order to solve this system of equations efficiently, the coefficient matrix is factorized.
If there exist matrices P̃ ∈ S

(N+1)ñ, G̃ ∈ S

PN−1
τ=−1 m̃w(τ) and K̃ ∈ R

PN−1
τ=−1 m̃w(τ)×(N+1)ñ

such that

Q̃x̃ = −ÃT P̃Ã − P̃Ã − ÃT P̃ + K̃T G̃K̃

Q̃x̃w = −ÃT P̃B̃w − P̃B̃w − K̃T G̃

Q̃w = −B̃T
wP̃B̃w + G̃

(46)
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then the following factorization holds

⎡
⎣ Q̃x̃ ÃT Q̃x̃w

Ã 0 B̃w

Q̃T
x̃w B̃T

w Q̃w

⎤
⎦

=

⎡
⎣
(
Ã + B̃wK̃

)T −P̃ −K̃T

0 I 0
0 0 I

⎤
⎦
⎡
⎣ I 0 0

0 I 0
B̃T

w 0 I

⎤
⎦
⎡
⎣−P̃ I 0

I 0 0
0 0 G̃

⎤
⎦ ·

⎡
⎣I 0 B̃w

0 I 0
0 0 I

⎤
⎦
⎡
⎣Ã + B̃wK̃ 0 0

−P̃ I 0
−K̃ 0 I

⎤
⎦ (47)

The existence and uniqueness of such matrices has already been considered in [38] under
the assumption that Q̃w � 0 and it was shown that P̃  0 and G̃ � 0. In this work, that
result is generalized to the singular case, i.e., when Q̃w  0 is singular.

Note that the outer four matrices in (47) are non-singular, and specifically that Ã +
B̃wK̃ is invertible for any choice of Ã, B̃w and K̃, since it is always a lower triangular ma-
trix with diagonal elements equal to −1. For further details, see Appendix A.4. This im-
plies that the KKT system is non-singular if and only if the center matrix is non-singular.

The upper left block
[−P̃ I

I 0

]
is non-singular since it can easily be transformed into an

upper triangular matrix with elements equal to 1 in the diagonal by changing places of the
two block columns. Hence, the KKT system is non-singular if and only G̃ is non-singular.
Furthermore, if the KKT coefficient matrix is singular, the nullspace of the entire matrix
stems from the nullspace of G̃.

Notice that the equation in (46) can be equivalently written in the form

P̃ = Q̃x̃ +
(
I + A

)T
P̃
(
I + A

)− K̃T G̃K̃

G̃K̃ = −(Q̃T
x̃w + B̃T

wP̃
(
I + Ã

))
G̃ = Q̃w + B̃T

wP̃B̃w

(48)

Note that, it follows directly from the equation in (48) that G̃ is uniquely determined by
P̃, and that G̃  0 if P̃  0 since Q̃w  0. It will now be shown that there exist matrices
P̃  0 and K̃ such that the equations in (48) hold. These equations can be expressed in
the block matrices of which the involved matrices consist. The result is

P̃ (N) = 0

G̃(0) = Q̃w(−1) + B̃T
w(−1)P̃ (0)B̃w(−1)

F̃ (τ + 1) = Q̃x̃(τ) + ÃT (τ)P̃ (τ + 1)Ã(τ)

G̃(τ + 1) = Q̃w(τ) + B̃T
w(τ)P̃ (τ + 1)B̃w(τ)

H̃(τ + 1) = Q̃x̃w(τ) + ÃT (τ)P̃ (τ + 1)B̃w(τ)

G̃(τ + 1)K̃(τ + 1) = −H̃T (τ + 1)

P̃ (τ) = F̃ (τ + 1) − K̃T (τ + 1)G̃(τ + 1)K̃(τ + 1)

(49)
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where all equations hold for τ = 0, . . . , N − 1 unless anything else is stated.
It will now be shown that there exist matrices P̃ (τ)  0, and K̃(τ + 1) such that

G̃(τ + 1)K̃(τ + 1) = −H̃T (τ + 1). Furthermore, it will be shown that P̃ (τ) is unique,
also in the case when the KKT system is singular. It follows directly from (49) that
P̃ (N)  0. Now, assume that P̃ (τ + 1)  0 for an arbitrary τ ∈ {0, . . . , N − 1}. Then,
it follows from the equations in (49) and in (33) that F̃ (τ + 1)  0. Furthermore,[

F̃ (τ + 1) H̃(τ + 1)
H̃T (τ + 1) G̃(τ + 1)

]

=
[

Q̃x̃(τ) Q̃x̃w(τ)
Q̃T

x̃w(τ) Q̃w(τ)

]
+
[
ÃT (τ)
B̃T

w(τ)

]
P̃ (τ + 1)

[
Ã(τ) B̃w(τ)

]  0
(50)

by the equation in (33), the assumption that P̃ (τ + 1)  0, and the fact that the last term
in the expression is quadratic. By the Schur complement formula for positive semidefinite
matrices the following holds[

F̃ (τ + 1) H̃(τ + 1)
H̃T (τ + 1) G̃(τ + 1)

]
 0 ⇔

G̃(τ + 1)  0,
(
I − G̃(τ + 1)G̃†(τ + 1)

)
H̃T (τ + 1) = 0,

F̃ (τ + 1) − H̃(τ + 1)G̃†(τ + 1)H̃T (τ + 1)  0

(51)

where † denotes the pseudoinverse. Furthermore, notice that

P̃ (τ) = F̃ (τ+1)−K̃T (τ+1)G̃(τ+1)K̃(τ+1) = F̃ (τ+1)−H̃(τ+1)G̃†(τ+1)H̃T (τ+1)
(52)

where the second equality follows from a basic property of the pseudoinverse (i.e., G̃ =
G̃G̃†G̃), the symmetry of G̃(τ + 1), and the definitions of K̃(τ + 1) in (49). By combin-
ing (51) and (52), it directly follows that P̃ (τ)  0, and by induction it follows that this is
true for all τ = N, . . . , 0. Furthermore, since there exists a solution K̃(τ +1) to a system
of equations in the form G̃(τ + 1)K̃(τ + 1) = −H̃T (τ + 1) if(

I − G̃(τ + 1)G̃†(τ + 1)
)

H̃T (τ + 1) = 0 (53)

(i.e., the columns in H̃T (τ + 1) are orthogonal to the nullspace of G̃T (τ + 1) which is
equivalent to that the columns in H̃T (τ +1) are in the range of G̃(τ +1)), it is possible to
conclude that there exist matrices K̃(τ +1) for all τ = N −1, . . . , 0. Note, however, that
K̃(τ +1) is not unique in the case when the KKT system is singular since G̃(τ) is singular
for at least one τ in that case. Finally, it follows from (52) that P̃ (τ) is independent of the
choice of K̃(τ + 1), and is hence unique.

Summarizing, the Riccati factorization exists also in the case when the KKT system is
singular. However, the factorization is not unique in that case because there is a freedom
in the choice of K̃(τ + 1). Despite this, P̃ (τ) and G̃(τ) are unique.

The factorization can be performed very efficiently as a Riccati recursion. This is
described in Algorithm 4, which can be shown to have a computational complexity of
approximately N

(
m̃3

w

3 + 3ñ3 + 5ñ2m̃w + 4ñm̃2
w

)
flops if ÃT (τ)P̃ (τ + 1) on line 5 is
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Algorithm 4 Factorization (Riccati recursion)

1: P̃ (N) = 0
2: G̃(0) = Q̃w(−1) + B̃T

w(−1)P̃ (0)B̃w(−1)
3: Compute and store a factorization of G̃(0).
4: for τ = N − 1, . . . , 0 do
5: F̃ (τ + 1) = Q̃x̃(τ) + ÃT (τ)P̃ (τ + 1)Ã(τ)
6: G̃(τ + 1) = Q̃w(τ) + B̃T

w(τ)P̃ (τ + 1)B̃w(τ)
7: H̃(τ + 1) = Q̃x̃w(τ) + ÃT (τ)P̃ (τ + 1)B̃w(τ)
8: Compute and store a factorization of G̃(τ + 1).
9: Compute one solution K̃(τ + 1) to G̃(τ + 1)K̃(τ + 1) = −H̃T (τ + 1).

10: P̃ (τ) = F̃ (τ + 1) − K̃T (τ + 1)G̃(τ + 1)K̃(τ + 1)
11: end for

reused on line 7 and a factorization of Cholesky type is used on line 8. The algorithm is
basically a repetition of the equations in (49).

If the KKT system is singular, this will be found during the factorization on line 8 in
Algorithm 4. Generally, a factorization as, e.g., the QR factorization or the SVD can be
chosen. They work both in the non-singular case as well as the singular case, and they
can be used to compute the nullspace of G̃(τ + 1), which is needed in the computation of
the nullspace of the entire KKT system. This will be considered in detail in Section 5.4.
Another alternative (which is used during the complexity calculations earlier) is to use the
Cholesky factorization as in [38] and monitor if it breaks down. As long as G̃(τ + 1) �
0, the Cholesky factorization can be computed. If it fails, an alternative factorization
can be used to compute the nullspace required in the alternative procedure described in
Section 5.4.

Solving the KKT System Using a Riccati Recursion

In this section, it will be shown how the KKT system in (45) can be solved efficiently. The
solution process is begun by factorizing the coefficient matrix in the KKT system using
Algorithm 4. The Newton step computation discussed in this section is only performed
if the factorization step terminates without any detection of singularity. If singularity is
detected, the search direction presented in the next section is used.

The factorization of G̃(τ+1) performed in Algorithm 4 is reused in Algorithm 5 and 6.
The factorization of the KKT system coefficient matrix is followed by a backward recur-
sion as described in Algorithm 5. This recursion has a computational complexity of about
2N (ñ + m̃w)2 flops. Thereafter, the forward recursion in Algorithm 6 is performed. It
has a computational complexity of about 4N

(
ñ2 + ñm̃w

)
. Finally, the dual variables

associated with the equality constraints v(τ) = 0 in the optimization problem in (43) are
found via the forward recursion in Algorithm 7, which has a computational complexity
of about 2N (2ñ + m̃w) m̃v flops. Summarizing, the computational for solving the KKT
system, including the factorization, grows linearly in N and m̃v , and cubically in ñ and
m̃w.

Hence, expressed in primal constants, the computational complexity grows cubically
in n, p and c(N − τ − 1) − na(τ).
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Algorithm 5 Backward recursion

1: Ψ̃(N) = −q̃x̃(N)
2: for τ = N − 1, . . . , 0 do
3: u0(τ + 1) = G̃−1(τ + 1)

(
B̃T

w(τ)Ψ̃(τ + 1) − q̃w(τ)
)

4: Ψ̃(τ) = ÃT (τ)Ψ̃(τ + 1) − H̃(τ + 1)u0(τ + 1)
5: end for
6: u0(0) = G̃−1(0)

(
B̃T

w(−1)Ψ̃(0) − q̃w(−1)
)

Algorithm 6 Forward recursion

1: w(−1) = u0(0)
2: x̃(0) = B̃w(−1)w(−1)
3: for τ = 0, . . . , N − 1 do
4: w(τ) = u0(τ + 1) + K̃(τ + 1)x̃(τ)
5: x̃(τ + 1) = Ã(τ)x̃(τ) + B̃w(τ)w(τ)
6: λ(τ) = P̃ (τ)x̃(τ) − Ψ̃(τ)
7: end for
8: λ(N) = q̃1(N)

Algorithm 7 Forward recursion (Dual variables)

1: μ(−1) = Q̃wv(−1)w(−1) + B̃T
v (−1)λ(0) + q̃v(−1)

2: for τ = 0, . . . , N − 1 do
3: μ(τ) = Q̃T

x̃v(τ)x̃(τ) + B̃T
v (τ)λ(τ + 1) + Q̃wv(τ)w(τ) + q̃v(τ)

4: end for



34

5.4 Projecting the Gradient Onto the Nullspace of the Hessian

If the KKT system is inconsistent, an alternative search direction has to be found as dis-
cussed in Section 3.3. In this section, it is described how such a direction can be computed
efficiently.

Nullspace Computation

Consider the KKT system coefficient matrix in (47) and multiply out the two outer matri-
ces on each side of the center one. The result is⎡
⎣ Q̃x̃ ÃT Q̃x̃w

Ã 0 B̃w

Q̃T
x̃w B̃T

w Q̃w

⎤
⎦ =

⎡
⎣ÃT −P̃T −K̃T

0 I 0
B̃T

w 0 I

⎤
⎦
⎡
⎣−P̃ I 0

I 0 0
0 0 G̃

⎤
⎦
⎡
⎣ Ã 0 B̃w

−P̃ I 0
−K̃ 0 I

⎤
⎦ � ΠT ΣΠ

(54)

Note that
ξ ∈ null(ΠT ΣΠ) ⇔ ΠT ΣΠξ = 0 ⇔ ΣΠξ = 0 (55)

since Π is non-singular. Furthermore,

ΣΠξ = 0 ⇔ Ση = 0 and ξ = Π−1η (56)

Let the columns of the matrix NΣ be a basis for the nullspace of Σ, and the columns of
NΣΠ a basis for the nullspace of ΠT ΣΠ . It is straightforward to generalize the ideas
in (55) and in (56) in order to compute a basis for the nullspace of ΠT ΣΠ using a basis
of the nullspace of Σ. That is, NΣΠ can be computed as

NΣΠ = Π−1NΣ (57)

Note that, Π is non-singular independently of which solution K(τ + 1) that is used.
Furthermore, note that since Π depends on K(τ + 1), Π is non-unique. However, for
every choice of K(τ + 1), the columns of NΣΠ forms one basis for the nullspace of
ΠT ΣΠ since Π is always non-singular. The computations necessary to perform the
calculation in (57) can be performed very efficiently thanks to the structure of NΣ and
Π . This computation can be expressed as a recursion similar to the one presented in

Algorithm 6. Because the upper left block
[−P̃ I

I 0

]
in Σ is non-singular, NΣ has the

structure
[

0
NG̃

]
where the columns of NG̃ forms a basis for the nullspace of G̃. Note that,

since G̃ is block diagonal, it is possible to choose a basis for the nullspace such that NG̃ is
also block diagonal.

Projection of the Gradient Onto the Nullspace of the KKT System Coefficient
Matrix

In this section, it will be shown how the search direction discussed in Section 3.3 can be
computed efficiently for the dual QP problem in the MPC application. The desired search
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direction is the projection of the gradient in the current point onto the nullspace of the
reduced Hessian of the dual problem in (43). Since Ã is non-singular, λ and x̃ can be
eliminated from the KKT system in (45). The resulting equation for w is(

Q̃w − B̃T
w Ã−T Q̃x̃w − Q̃T

x̃wÃ−1B̃w + B̃T
w Ã−T Q̃x̃Ã

−1B̃w

)
w = 0 (58)

Furthermore, if the dual states are eliminated in the problem in (43), and if v = 0 is
inserted, it can be seen that the resulting Hessian in the new QP problem will be exactly the
matrix in front of w in (58). Hence, the equation for the nullspace of the reduced Hessian
(the states are eliminated) in problem (43) is identical to the equation in (58). Therefore,
the nullspace of the reduced Hessian can be computed by computing the nullspace of the
KKT system coefficient matrix in (45). How this can be computed efficiently has already
been shown in the previous section.

Mathematically, the projection of the gradient onto the nullspace spanned by the
columns in NΣΠ can be found as

ĝ = NΣΠ

(
NT

ΣΠNΣΠ

)−1
NT

ΣΠg (59)

where g is the gradient, and where NT
ΣΠNΣΠ is non-singular since the columns of NΣΠ

are linearly independent because they are basis vectors. Note that,

−gT NΣΠ

(
NT

ΣΠNΣΠ

)−1
NT

ΣΠg ≤ 0 (60)

in general, but also that

−gT NΣΠ

(
NT

ΣΠNΣΠ

)−1
NT

ΣΠg < 0 (61)

when NT
ΣΠg 
= 0, i.e., ĝ is a descent direction if the gradient is not orthogonal to the

nullspace. In that case, there are infinitely many optimal solutions to the problem. Due
to the structure in NΣΠ , the matrix NT

ΣΠNΣΠ is often sparse and computations in (59)
can in those cases be performed very efficiently. A truly tailored version of this projection
operation is left as future work.

5.5 Increasing Performance

In active set algorithms, similar KKT systems are solved in subsequent iterations. Usually,
block elimination is used to take advantage of the fact that some parts of the equation
system remain the same during all iterations. Unfortunately, this has not been found
as straightforward in the dual case as in the primal case, since the reduced Hessian for
the QP subproblems is not in general positive definite. Furthermore, the usefulness of
factorization updates decreases in a gradient projection method, since the change in the
working set in many iterations is rather large compared to a classical active set method.
Hence, an update would often be rather complex. For the method described in this report,
there are other ways to reuse computations from previous iterations. Even though the
problem is changed in several time instants (seen from an MPC perspective) if several
constraints are changed in a single iteration, the Riccati factorization is still unchanged in
all time instants after the last modification of the working set. For example, if constraints
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are added or removed in time instants τ = 2 and τ = 5, P (τ) is unchanged for τ >
5. Because the Riccati recursion runs backward in time, only time instants before the
time step when the last constraint is added or removed have to be recomputed. That is,
the backward recursions can reuse old computations. Since, the forward recursions use
information from the last step in the backward recursions, the forward recursions always
have to be completely recomputed.

6 Using the Algorithm in Branch and Bound

The QP algorithm presented in this work is now incorporated as a part of a branch and
bound algorithm, where it is used to solve the relaxed integer problems in the nodes of
the search tree. Branch and bound has been generally described in Section 2, and in this
section some details and possible future work is discussed.

Ideas similar to those presented in Section 5.5 regarding how to reuse previous com-
putations have also been used in the MIQP solver. Since the child problems are only
changed in a single time step compared to the parent problem, the backward recursions
need only to be recomputed for the time step the constraint is added and backward. A
disadvantage of using this idea at the branch and bound level is that if a branch can be
“suspended” before it is pruned, it might occur that several non-pruned subtrees exist and
therefore a considerable amount of data might have to be stored for the recomputations.
If the storage space is small, a compromise between storing data in all suspended nodes
and storing no data at all is needed.

As in [16], in the current implementation of the algorithm, the inequality in (71) is
used to prematurely abort the solution of a relaxation as soon as the dual objective function
value becomes higher than the currently best known upper bound in the tree.

There are also some possible future enhancements that could increase the perfor-
mance. Probably, the most effective step would be to design some kind of preprocessing
algorithm similar to the one presented in [2]. No matter how efficiently the node problems
can be solved, the number of nodes to explore seems to explode as the time horizon grows.
It is therefore very important to cut away uninteresting sequences of binary variables at
an early stage.

7 Numerical Experiments

In this section, the algorithm presented in this report is applied to linear MPC problems
and MIPC problems. In all results where random examples are used (i.e., not the satellite
example), 10 random problems are solved for each prediction horizon length, and the
average result from these problems are presented in the figures.

7.1 Linear MPC

In this section, the algorithm presented in this work is applied to random linear MPC
problems in the form in (1) with nc = 10, nb = 0, pc = 10, pb = 0, mc = 5, mb = 0 and
c(t) = 10, t = 0, . . . , N − 1 for different values of N in the range 50 to 450. The random
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Figure 7: This plot shows the computational times for different QP solvers. The
QP algorithm described in this section is drgpqp. The performance of this solver
is compared with those of CPLEX’s primal and dual solvers. The result is that the
dual solver presented in this report has better computational complexity compared
to CPLEX’s dual solvers. Especially, the computational complexity grows signifi-
cantly slower compared to the dense dual solver in CPLEX.

systems are found using the MATLAB function drss. The constraints are bound con-
straints on the control signals and are chosen such that both feasible as well as infeasible
problems are present among the test problems. Out of the 150 problems, 114 are feasible.
The reference signal is chosen as a vector of sinus signals with random phases; one for
each output of the system. Furthermore, the cost matrices in the objective function have
also been chosen randomly, but in a way that they are symmetric and positive definite.

In the examples, dense and sparse formulations of the MPC problem have been solved.
The sparse formulation is a formulation in the form in (1). The objective function’s Hes-
sian and the equality constraints in this problem are sparse. After eliminating x and e, the
result is a new equivalent QP problem without equality constraints. The objective func-
tion Hessian of this problem is dense, but of smaller size since the only free variables are
the control signals in u.

The problem has been solved for different lengths N of the prediction horizon and
the computational time has been evaluated. The result from these tests are shown in
Figure 7. In all plots in this section, the following notation is used to identify the different
solvers. The algorithm presented in this report is implemented in the function drgpqp.
“CPLEX sparse” denotes CPLEX given a sparse representation of the MPC problem,
and the default settings in CPLEX are used. This means the a primal IP solver will
be used to solve the problem. “CPLEX dual sparse” is the sparse problem solved by a
dual active set solver in CPLEX. “CPLEX dual dense” is the dense version of the MPC
problem solved by a dual solver in CPLEX. As can be seen in Figure 7, drgpqp
has lower computational complexity compared to CPLEX’s dual solvers for large values
of N . Since CPLEX uses its dual solver as the default solver for the node problems
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Figure 8: This plot shows how the number of QP iterations grows as the prediction
horizon length grows. Depending on algorithm and implementation, there might be
several possible definitions of a “QP iteration”. In this experiment it is assumed that
the number of reported “simplex iterations” by CPLEX is at least proportional to
the number of Newton systems solved.

in branch and cut, the comparisons between drgpqp and CPLEX’s dual solvers are the
most important ones. The primal solver is only shown as a reference. Note that drgpqp is
implemented entirely in m-code, while CPLEX is running in compiled code. Hence, the
trends are most interesting in this experiment, and the absolute times are of minor interest.
According to the result in this experiment, the m-coded solver built on the ideas in this
work has lower absolute computational time compared to the dual solver in CPLEX.
It is apparently so that CPLEX utilizes the fact that it is a sparse problem, since the
computational complexity grows significantly slower for this formulation. However, for
some reason, the absolute performance is rather bad for this configuration. Even though
the solution returned is correct, it cannot be excluded that some error occurs, or some
significant overhead is added, e.g., in CPLEXINT during the call to CPLEX. Another,
possible explanation is that CPLEX does not solve this problem formulation efficiently.
The solution of the dense problem formulation can be performed much more efficiently
for the prediction horizon lengths investigated. The computational complexities in this
experiment grow approximately as O(N1.5) for drgpqp, O(N1.2) for “CPLEX sparse”,
O(N1.9) for “CPLEX dual sparse”, and O(N2.9) for “CPLEX dual dense”.

In Figure 8, the number of QP iterations are compared. Since CPLEX is not open
source software, it is hard to make a fare comparison. The reported number is the num-
ber denoted “simplex iterations”, which is assumed to be proportional to the number of
Newton steps computed. Note however, that even though CPLEX reports a larger num-
ber of such iterations, each of them is most likely less computationally demanding since
CPLEX is probably not making projected line searches after each Newton step computed.
Furthermore, CPLEX also most certainly makes updates of factorizations between New-
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ton steps, which also makes the iterations cheaper. If the computational time spent in
different parts of the code of drgpqp is studied, it can be seen that a significant part
of the computational time is spent in the line search code. An idea for future research
is, hence, to make this code more efficient. One possible solution could be to use inex-
act line searches. This is commonly used in gradient projection algorithms. However,
it seemed reasonable in this case to utilize the simple structure of the QP problem, as
suggested in [31], in order to perform exact line searches. An idea worth to test in the
future is if inexact line searches would do well enough to keep the number of Newton step
computations low, while the cost for the line searches is significantly reduced.

During experiments, different types of problems have been investigated. The pre-
sented result is for control signal-constrained problems. Also state-constrained problems
have been investigated. The performance seems to be similar. However, for the problem
sizes that are investigated here, the solver ran into numerical problems (for N = 250),
e.g., the Hessian was reported negative during a line search. In problems with constraints
on the control signals, only 11 of the 36 infeasible problems were reported feasible. This
problem seems to be a result of numerical problems affecting the computed value of the
dual variables. When these are tested for positivity, it can occur that numerical errors
perturb the value enough to make the solver to make a wrong decision whether an optimal
point has been found or not. This in turn could lead to cycling. To avoid that, a threshold
has been introduced to make sure that numerical error does not make the algorithm cycle.
Unfortunately, this could in turn make it possible that a non-optimal point is taken as the
optimum. A better solution would probably to introduce some kind of anti-cycle mecha-
nism which can found in the literature. That is, incorporating such a mechanism is a good
suggestion for future research. It would also be necessary to investigate the numerical
properties further.

7.2 Mixed Integer Predictive Control

In this section, the algorithm is applied to the MPC problem to control the attitude of a
satellite. The system is assumed to be controlled by a reaction wheel, represented by the
real-valued control signal uc, and two binary controlled thrusters, represented by the con-
trol signals ub,1 and ub,2 respectively. A continuous-time state space description for the
system with satellite attitude x1, satellite angular velocity x2 and internal wheel velocity
x3 is

ẋ =

⎡
⎣0 1 0

0 0 0
0 0 0

⎤
⎦x +

⎡
⎣ 0 0 0

2.5 1 −1
−10 0 0

⎤
⎦
⎡
⎣ uc

ub,1

ub,2

⎤
⎦ , y = I · x

To obtain a discrete-time system in the form in (1), zero order hold sampling with sam-
pling time 0.1 s is used. The magnitude of the real-valued control signal is limited to be
less than or equal to 1. The cost function used in this example is of the type in (1), with

Qe = diag
(
0.5 · 104, 1.0 · 10−2, 1.0 · 10−1

)
,

Qu = diag(Quc , Qub
), Quc = 10, Qub

= 10 · I2

(62)

The initial state is
x1(0) = 0, x2(0) = 0, x3(0) = 0 (63)
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Figure 9: This plot shows the computational times for six different MIQP solvers.
The result is that the algorithm presented in this report is the m-code implementation
with the best performance for large values of N . Even though the implementation of
the algorithm in this report is far behind CPLEX when absolute computational times
are compared, its computational time grows similar compared to the one of CPLEX,
also when sparsity is utilized by the latter. It is also obvious that the implementation
of CPLEX is very good.

The reference signal is chosen as a step in the satellite attitude of magnitude 0.5 radians
given after one fourth of the prediction horizon. The problem has been solved for several
different prediction horizons in the range N = 10 to N = 200 and the corresponding
computational times are presented in Figure 9. In all plots in this section, the following
notation is used to identify the different solvers. The MIQP algorithm presented in this
report is referred to as drmigpqp. Furthermore, miqp is the freely available solver
described in [5] solving a dense (states and control error eliminated) formulation of the
problem (fastest choice for this solver since quadprog called by miqp to solve the
relaxations in the nodes cannot utilize sparsity), drmiqp is an implementation of the al-
gorithm presented in [3], “CPLEX dense NPP” is CPLEX when given a dense version
of the problem and preprocessing has been turned off, “CPLEX sparse” is CPLEX when
given a sparse version (states kept) of the problem and default settings are used (i.e., ba-
sically all features in CPLEX are enabled), and finally, “CPLEX sparse NPP” is CPLEX
when given a sparse version of the problem and preprocessing has been turned off.

In this example, for prediction horizons longer than 20 time steps, the computational
complexity for the algorithm presented in this report grows approximately as O(N1.5),
while for the generic solver miqp, using the QP solver quadprog, it grows approxi-
mately as O(N3.6). The computational complexity for CPLEX grows in the default con-
figuration approximately as O(N0.9). Since the branch and bound (branch and cut to be
precise) part of CPLEX is much more advanced, i.e., highly developed preprocessing and
heuristics, etc., than the one in drmigpqp, drmiqp and miqp, CPLEX has been “de-
tuned” in order to make the comparison more fare. This is indicated by the letters “NPP”
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Figure 10: This plot shows the number of cumulated QP iterations summed from all
explored nodes in the branch and bound tree. The purpose is to give an indication
of how many Newton steps that have to be computed during the solution process of
an entire MIQP problem. Note that, however, exactly what is meant by the word
“iteration” might be dependent of the algorithm, and the implementation of it. How-
ever, it gives an indication of that the algorithm presented in this algorithm is rather
efficient.

(No PreProcessing) in the plots, and the parameters modified are listed in Appendix A.5.
After this detuning, CPLEX computational time grows approximately as O(N1.8) using
the sparse formulation and O(N3.6) using the dense formulation. The implementation of
the branch and bound algorithm used in this work is the one originally implemented in
miqp, which has been modified in order to be able to use the dual gradient projection
algorithm previously presented and to enable the use of warm starts. A similar procedure
is also used in drmiqp. Hence, it is exactly the same branch and bound code used in
the results for drmigpqp, drmiqp and miqp, and therefore, the branch and bound tree
has been explored in exactly (except for N = 10 where miqp explores 529 instead 533
nodes as the other two solvers) the same way. In the result for miqp, the MIPC problem
has been formulated as an MIQP problem using a dense QP formulation.

The algorithm has also been applied to random problems similar to those used in Sec-
tion 7.1, but with integer variables included in the problem. The results from the tests
with random problems are presented in Figure 12, Figure 13 and Figure 14. In this ex-
periment, the computational times grows roughly as O(N4.9) for drmigpqp, O(N1.3)
for “CPLEX dense”, O(N2.4) for “CPLEX sparse”, O(N2.6) for “CPLEX sparse NPP”,
and O(N5.2) for miqp. This means that the performance is not as good as in the satellite
example. A reasonable explanation is that when more advanced problems are solved, the
number of explored nodes explodes and the depth of the tree is expected to grow. This
is confirmed by comparing Figure 11 with Figure 14. Hence, a large amount of small
relaxations have to be solved. The strategy used in the current implementation is to add
equality constraints to lock variables as the the branch and bound search dives down in
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Figure 11: This plot shows the number of nodes that are explored in branch and
bound by the different solvers. The first three solvers explore the same amount of
nodes (except in the first problem, when miqp explores 529 instead 533 nodes. The
reason is probably numerical problems, but the solutions returned coincide) since
they are all based on the branch and bound part implemented in the solver described
in [5]. CPLEX explores a significantly smaller amount of nodes, even though it has
been “detuned” in order to be more comparable with the basic branch and bound
method implemented in [5].
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Figure 12: This plot shows the average computational times required to solve the
random MIPC problem. The result for drmigpqp is not as good as the one in
Figure 9.

the tree. Often, also in miqp, the locked variables are eliminated from the problem, and
the number of free variables are reduced by one for each level down in the tree. In the
implementation of the algorithm in this work, the problem size is kept constant in the
branch and bound tree. The reason for this was mainly to decrease the programming
effort, which mainly has been concentrated on the implementation of drgpqp. Hence,
this part of the algorithm, and the corresponding part of the implementation, is an inter-
esting target for future research. Note however, that the increased computational effort
for drmigpqp compared to CPLEX can largely be explained by the difference in the
number of nodes that are explored in the branch and bound tree. Hence, the comparison
is not all fair, because independently of how efficiently the QP solver for the relaxation is,
it cannot compensate for the difference in the number of problems necessary to solve.

7.3 Discussion

The result presented in this report should be interpreted more like a “proof of concept”,
rather than as the QP solver for MIPC. To be useful in practice, there are some features
that remain to be added. For example, an efficient preprocessing algorithm has to be
used in and before branch and bound. Another example is that the concept of updating
factorizations should be further investigated. It is partly performed in the solver presented
in this work, but it might be possible to improve. Furthermore, variables that are locked
during the branch and bound process should be removed from the problem, such that the
dimensions of the relaxations are reduced when it is possible. Methods that detects and
prevents cycling should be incorporated. It would also be interesting to investigate the
numerical properties further, and see if it is possible to incorporate ideas from [19], where
a dual QP solver with good numerical properties is presented. Finally, the algorithm
should be efficiently coded in C-code in order to be able to evaluate its true performance.
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Figure 13: This plot shows the average number of cumulated QP iterations summed
from all explored nodes in the branch and bound tree in the case when random MIPC
problems are investigated.
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Figure 14: This plot shows average number of explored nodes in the branch and
bound tree in the case when random MIPC problems are investigated. This plot
shows one possible explanation to why the performance of drmigpqp is not as
good as in the satellite example case. If this plot is compared with the one in Fig-
ure 11, it can be seen that the number of nodes grows much faster with the prediction
horizon in the random problem case. Hence, a rather large amount of smaller nodes
down in the tree has to be solved, which is unfortunately disadvantageously for the
current implementation of the branch and bound algorithm in drmigpqp, where
the sizes of the QP relaxations are not explicitly reduced as the algorithm proceeds
down in the branch and bound tree.
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Despite that there are several improvements that could be made, the goal has in large
been reached. The algorithm is tailored for MPC, where most computations can be per-
formed with linear complexity in the length of the prediction horizon. The fundamental
limitation of classical active set methods, i.e., to require a potentially large number of
iterations before the active set in optimum has been found, seems to be overcome by
incorporating ideas from gradient projection. The algorithm can easily gain from knowl-
edge of a solution to a previously solved similar problem.

It is of course not realistic to expect that an experimental m-code implementation of
a solver, mostly implemented to show “proof of concept”, performs better than a com-
mercial state-of-the-art solver. However, the result shown in this section indicates that the
ideas presented in this report are promising and that they potentially could be useful in a
high-performance implementation of an MIQP solver for MIPC. It is also interesting to
see that the number of QP iterations is reduced by an order of magnitude compared to the
solver presented in [3], which was also tailored for this specific application. Basically, the
difference between the algorithm in that reference compared to the algorithm presented
in this report is that the active set strategy has been “updated” from a classical active set
strategy to a strategy based on ideas from gradient projection. Furthermore, the algorithm
in this report also handles the case when there does not exist any solution to the Newton
step equations in a better way. In [3], the Newton step is in these situations computed by
perturbing the Hessian slightly such that it becomes positive definite, while the algorithm
presented here explicitly computes a step in the nullspace to the Hessian without any reg-
ularizations. In the cases when the Newton steps are defined, they are computed using a
similar Riccati solver in both algorithms. Hence, the ideas presented in this report tends
to identify the optimal active set using a smaller amount of Newton step computations.
However, it should be stressed that each iteration is in general more expensive in the new
algorithm since a large number of line searches are performed.

8 Conclusions

The main result in this work is that several important concepts have been combined into
an algorithm that has the potential of being a strong alternative when solving MIPC prob-
lems. The algorithm works in the dual space to facilitate fast warm starts. Furthermore,
it has warm start properties similar to a classical active set method. All computations
of major complexity, except for a projection operation, have been tailored for the MPC
problem. This operation is not frequently used, but it would be interesting in the future to
fill in this last gap to an all tailored algorithm.

In numerical experiments, the performance is good; for QP problems the computa-
tional complexity grows similar to, or slower than, the one of CPLEX’s dual solvers as
the length of the prediction horizon grows. Furthermore, the results indicate that the al-
gorithm solves the problem using fewer QP iterations than CPLEX. It is also clear that
the gradient projection ideas incorporated help to cut down the number of QP iterations,
compared to a previously presented tailored dual QP solver. However, the iterations in the
algorithm presented in this report are, most likely, more expensive than those in CPLEX.
One possible remedy to this problem might be to replace the exact line search used in the
current version with an inexact line search. It is future research to see how the allover
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performance is changed after such a change in the algorithm. When the algorithm is ap-
plied to MIPC problems, the performance is still good on simple problems, but it seems
like the way in which the branch process changes the subproblems has to be changed in
order to maintain high performance also in more difficult problems.

Finally, it should be mentioned that the algorithm is not only interesting for MIPC.
Its properties are also useful in ordinary linear MPC where it is useful to be able to warm
start given the optimal solution from the previous sample. It might also be useful in non-
linear MPC where it can form a part of an SQP solver. Also in that case, good warm start
properties are necessary.

Examples of future work are to test inexact line search methods, to test if more ad-
vanced factorization updates are necessary and how they can be efficiently implemented,
and finally, to change the size of the relaxations as the algorithm gets deeper down in the
branch and bound tree.

A Appendix

A.1 Optimality and Strong Duality

The following theorem is given without proof and is based on the discussion in [10, p.
226].

Theorem 1 (Slater’s theorem for QP)
For a QP problem in the form in (11), strong duality holds if the problem is feasible.

In some cases, the so-called Karush-Kuhn-Tucker (KKT) conditions provide neces-
sary and sufficient conditions for optimality. In Theorem 2, which is based on the discus-
sion in [10, pp. 243–244], the conditions are presented for the special case of a convex
QP problem.

Theorem 2 (KKT for convex QP)
Consider a convex QP problem in the form

minimize
x

1
2
xT Hx + fT x

subject to AEx = bE
AIx ≤ bI

(64)

where x ∈ R
n, H ∈ S

n
+, f ∈ R

n, AE ∈ R
p×n, AI ∈ R

m×n, bE ∈ R
p and bI ∈ R

m.
Then the following so-called Karush-Kuhn-Tucker (KKT) conditions are necessary and
sufficient conditions for x∗ and (λ∗, ν∗) to be primal and dual optimal points, respectively

AIx ≤ bI (65a)
AEx = bE (65b)

λ∗ ≥ 0 (65c)

λ∗T (AIx∗ − bI) = 0 (65d)

Hx∗ + f + AT
I λ∗ + AT

E ν∗ = 0 (65e)
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Proof: See [10, p. 244], insert the objective function and constraint functions for the QP
problem into the KKT conditions and use that strong duality holds for this problem by
Theorem 1.

A.2 Quadratic Programming

Deriving the QP Dual

The Lagrangian L for the problem in (11) is

L(x1, x2, λ, ν) =
1
2
xT

1 H̃x1 + f̃T x1 + λT A1Ix1

− λT bI + νT A1Ex1 − νT bE +
(
λT A2I + νT A2E

)
x2

(66)

The Lagrange dual function g is found by minimizing the Lagrangian with respect to the
primal variables

g(λ, ν) = inf
x1,x2

L(x1, x2, λ, ν)

=

⎧⎪⎪⎨
⎪⎪⎩

inf
x1∈Rn1

1
2xT

1 H̃x1 +
(
f̃T + λT A1I + νT A1E

)
x1 − λT bI − νT bE ,

when λT A2I + νT A2E = 0
−∞, otherwise

(67)

According to (67), if g is to be bounded from below, the following condition has to be
satisfied

λT A2I + νT A2E = 0 (68)

If (68) is inserted into (66), the Lagrangian becomes a strictly convex function of x1 for
fixed λ and ν and can easily be minimized using the first order necessary and sufficient
conditions for optimality with respect to x1, which give

x1 = −H̃−1
(
f̃ + A1

T
I λ + A1

T
E ν
)

(69)

The Lagrange dual problem is defined as

maximize
λ,ν

g(λ, ν)

subject to λ ≥ 0
(70)

Denote the optimal dual objective function value d∗. An important property of the La-
grange dual function is that for any λ ≥ 0, the following inequality holds

g(λ, ν) ≤ p∗ (71)

where p∗ is the optimal primal objective function value. The inequality in (71) holds
specifically for the dual optimal pair (λ∗, ν∗) and thus

d∗ ≤ p∗ (72)
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This inequality is called weak duality. Weak duality holds even if the primal problem is
non-convex and it still holds if d∗ or p∗ are infinite. For some problems the inequality
in (72) holds with equality, i.e.,

d∗ = p∗ (73)

This important property is called strong duality. Conditions guaranteeing strong duality
are called constraint qualifications. One well-known constraint qualification is Slater’s
condition which can be found in Theorem 1.

When formulating the dual problem, the implicit constraint in (68) is made explicit
by adding it to the list of constraints. After inserting (69) into (67), the dual problem is
concluded to be

maximize
λ,ν

−1
2
QD(λ, ν) − CD

subject to A2
T
I λ + A2

T
E ν = 0, λ ≥ 0

(74)

where ν ∈ R
p and λ ∈ R

m and where

QD(λ, ν) =
[
λT νT

] [A1I
A1E

]
H̃−1

[
A1

T
I A1

T
E
] [λ

ν

]
+

+ 2
(
f̃T H̃−1

[
A1

T
I A1

T
E
]
+
[
bT
I bT

E
] ) [λ

ν

]
CD =

1
2
f̃T H̃−1f̃

(75)

By changing the sign of the objective and removing the constant term CD, a problem
equivalent to the dual problem is

minimize
λ,ν

1
2
QD(λ, ν)

subject to A2
T
I λ + A2

T
E ν = 0, λ ≥ 0

(76)

For the sake of simplicity, in this report also (76) is denoted the dual problem to (11),
even though it is only equivalent to the dual problem.

Remark 3. If the objective function of the primal problem in (11) is purely quadratic
(f̃ = 0), there will be no constant term CD in the dual objective. Then, the magnitude of
the optimal objective function value in (74) and in (76) coincide.

Strong Duality for Convex Quadratic Programming

Early work on duality for QPs can be found in [14], [15] and [13]. It follows from Theo-
rem 1 in the appendix that if the primal problem is feasible, strong duality holds. Some-
times the primal optimal solution can be derived from the dual optimal solution. In those
cases, it can sometimes be advantageous to solve the dual problem instead of the primal
problem. When the dual optimal solution has been found, it can be used to easily com-
pute the primal optimal solution. If this approach is used, it is important to know what
will happen in the dual problem if the primal problem does not have any solution. In this
section, the primal problem in (11) and the dual problem in (74) are considered. Note that
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the primal problem in (11) has an objective function that is bounded from below since
H̃ ∈ S

n1
++. It will now be shown that the dual problem has a solution if and only if the

primal problem has a solution.
First, a strong alternative result from [10] is needed.

Lemma 1
Given A ∈ R

p×n and b ∈ R
p. The following two systems of inequalities are strong

alternatives

1. ∃x ∈ R
n : Ax ≤ b

2. ∃λ ∈ R
p : λ ≥ 0, AT λ = 0, bT λ < 0

that is, exactly one of the alternatives holds.

Proof: See [36].

In order to reach the final result, the following intermediate result is needed.

Lemma 2
If the primal problem in (11) is infeasible, then the dual problem in (74) is unbounded
from above.

Proof: Consider a QP problem of the type in (11) with only inequality constraints and
define JD(λ) to be the dual objective function. The dual problem is always feasible since
the origin is always a feasible point. Then ∃ λ̄ : A2

T
I λ̄ = 0, λ̄ ≥ 0. Further, assume the

primal infeasible. Then, from Lemma 1, it follows that ∃λ′ : λ′ ≥ 0, AT
I λ′ = 0, bT

I λ′ <
0. Note that

AT
I λ′ =

[
A1I A2I

]T
λ′ = 0 (77)

Since A2
T
I
(
λ̄ + αλ′) = 0, the sum λ̄ + αλ′ is dual feasible for every α ≥ 0. Using that

A1
T
I λ′ = 0, it holds that

JD(λ̄ + αλ′) = −1
2
λ̄T A1IH̃−1A1

T
I λ̄ −

(
f̃T H̃−1A1

T
I + bT

I
)

λ̄ − 1
2
f̃T H̃−1f̃ − αbT

I λ′

= JD(λ̄) − αbT
I λ′ → +∞, α → +∞

(78)

since bT
I λ′ < 0. The general case, where equality constraints are included, follows di-

rectly from the proof above by expressing an equality constraint as two inequality con-
straints.

It is now possible to state the main result in this section.

Theorem 3
If the primal problem is feasible, then the primal and dual objective function values co-
incide. Furthermore, the dual problem in (74) has a bounded solution if and only if the
primal problem in (11) is feasible.



50

Proof: The first statement follows directly from strong duality for QP, i.e., Theorem 1 in
the appendix.

Furthermore, strong duality shows that the dual problem has a bounded solution if the
primal problem is feasible, since in that case the primal and dual objective function values
coincide and the primal objective function value is bounded from below since H̃ ∈ S

n1
++.

From Lemma 2 it follows that an infeasible primal implies an unbounded dual, which
is equivalent to that a bounded dual implies a feasible primal.

Computing the Gradient From the Dual Variables

Consider the subproblem in (14). If mmax in Algorithm 1 is set high enough (or to
infinity), then the inner loop breaks only if an optimal point

(
λN

m+1, ν
N
m+1

)
in a working

set WN
m+1 has been found, or if an unbounded direction has been found. The latter case

is not of interest here, since then the algorithm is terminated. After possibly a reordering
of the variables such that λN

1;m+1 contains variables in the current working set and such
that λN

2;m+1 does not, the KKT conditions are in the form

⎡
⎣H11 H12 −I

HT
12 H22 0

−I 0 0

⎤
⎦
⎡
⎣λN

1;m+1

λN
2;m+1

νN
m+1

⎤
⎦ =

⎡
⎣−f1

−f2

0

⎤
⎦ (79)

which can be equivalently rewritten in the form

H12λ
N
2;m+1 − νN

m+1 = −f1 ⇔ νN
m+1 = H12λ

N
2;m+1 + f1

H22λ
N
2;m+1 = −f2

(80)

Now, differentiate the objective function with respect to λN
m+1 in a point where the KKT

conditions in (80) are satisfied.

∂Q

∂λN
m+1

∣∣∣∣ λN
1;m+1=0,

H22λN
2;m+1=−f2

=
[
H11λ

N
1;m+1 + H12λ

N
2;m+1 + f1

HT
12λ

N
1;m+1 + H22λ

N
2;m+1 + f2

] ∣∣∣∣ λN
1;m+1=0,

H22λN
2;m+1=−f2

=
[
νN

m+1

0

]
(81)

As a consequence, if the dual variables νN
m+1 are computed from the equation in (79), the

gradient in that point is also already known. This is the case in the algorithm outlined in
Figure 2, where the dual variables always are computed in the end of “Main step 2” (if
mmax = ∞) in order to be able to check dual feasibility . It is therefore straightforward to
reuse these computations in the next coming “Main step 1” where a projected line search
is performed in the steepest descent direction. However, there are situations where the
dual variables are not up-to-date and it is necessary to compute the gradient explicitly.
For example, the first iteration is one such situation.
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A.3 Definitions of Stacked Matrices

Q̃x̃ = diag
(
Q̃x̃(0), . . . , Q̃x̃(N − 1)

)
, Q̃w = diag

(
Q̃w(−1), . . . , Q̃w(N − 1)

)
Q̃x̃w̃ = diag

(
Q̃x̃w(0), . . . , Q̃x̃w(N − 1)

)
q̃x̃ =

[
0, . . . , q̃T

x̃ (N)
]T

, q̃w =
[
q̃T
w(−1), . . . , q̃T

w(N − 1)
]T

Ã =

⎡
⎢⎢⎢⎢⎢⎣

−I 0 ... 0 0

Ã(0) −I ... 0 0

0 Ã(1)
. . . 0 0

...
...

. . . . . .
...

0 0 ... Ã(N−1) −I

⎤
⎥⎥⎥⎥⎥⎦ , B̃w =

⎡
⎢⎢⎣

B̃(−1) 0 ... 0

0 B̃(0) ... 0

...
...

. . .
...

0 0 ... B̃(N−1)

⎤
⎥⎥⎦ ,

K̃ =

⎡
⎢⎢⎢⎢⎢⎣

0 0 ... 0 0
K̃(1) 0 ... 0 0

0 K̃(2)
. . . 0 0

...
...

. . . . . .
...

0 0 ... K̃(N) 0

⎤
⎥⎥⎥⎥⎥⎦ , G̃ =

⎡
⎢⎢⎣

G̃(0) 0 ... 0

0 G̃(1) ... 0

...
...

. . .
...

0 0 ... G̃(N)

⎤
⎥⎥⎦ ,

P̃ =

⎡
⎢⎢⎣

P̃ (0) 0 ... 0

0 P̃ (1) ... 0

...
...

. . .
...

0 0 ... P̃ (N)

⎤
⎥⎥⎦

(82)

A.4 Invertibility of Ã + B̃wK̃

The matrix

Ã + B̃wK̃ =

⎡
⎢⎢⎢⎢⎢⎣

−I 0 ... 0 0

Ã(0)+B̃(0)K̃(1) −I ... 0 0

0 Ã(1)+B̃(1)K̃(2)
. . . 0 0

...
...

. . . . . .
...

0 0 ... Ã(N−1)+B̃(N−1)K̃(N) −I

⎤
⎥⎥⎥⎥⎥⎦ (83)

is non-singular. This follows from the fact that it is lower triangular with all diagonal
elements nonzero, [23], and it holds for any choice of Ã(τ), B̃(τ) and K̃(τ).

A.5 Detuning of CPLEX

The following integer parameters were modified during the attempt to detune CPLEX in
order to get it to work more similar to the basic branch and bound algorithm used for the
implementation of the algorithm presented in this report. For further description, see the
CPLEX manual.
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Table 1: Integer parameters

CPLEX Integer parameter Value
1030 0
2037 −1
2064 0
4010 0
2018 0
2028 1
2034 0
2029 0
2042 −1

A.6 Motivation for the Choice of Search Direction in the
Inconsistent Case

In this appendix, the case when the Hessian in the quadratic objective function is singular
is studied. The purpose with the analysis is to find a search direction that is useful in that
case. The optimization problem considered is in the form in (27), which is here repeated
for convenience,

minimize
x

Q̃s(x) = 1
2xT H̃x + f̃T x

where H̃ ∈ S
n
+. According to [31], the minimum of the problem in (27) is attained

if and only if H̃  0 and f̃ ∈ range H̃ . Since H̃  0 by assumption, the situation
when f̃ 
∈ range H̃ is the interesting one and that is the situation that will be studied
in this appendix. In this situation, there is no solution to the KKT conditions and the
objective function is unbounded from below. The objective with this analysis is to find
the direction p along which the objective function decreases most rapidly for stepsizes
tending to infinity.

Partition p as p = pZ + pZ⊥ , where pZ = Pp and pZ⊥ = (I − P) p, and where
P = Z

(
ZT Z

)−1
ZT . Z is a matrix which columns form a basis for the nullspace of H̃ .

Now, consider a step αp starting from the point x0. The objective function can be written
as

Q̃s(x(α)) =
1
2

(x0 + αp)T
H̃ (x0 + αp) + f̃T (x0 + αp)

=
1
2
α2pT

Z⊥H̃pZ⊥ + αfT pZ + αxT
0 HpZ⊥ + αfT pZ⊥ + K1

(84)

along the ray {x|x = x0 + αp, α ≥ 0}. K1 is a constant. Note that, if pT
Z⊥H̃pZ⊥ > 0

then Q̃s(x(α)) → +∞, α → +∞ for any choice of f and K1. Furthermore, it holds that
pT

Z⊥H̃pZ⊥  0 since H̃  0. Hence, since the objective with this appendix is to find a
search direction such that Q̃s(x(α)) → −∞, α → +∞, the case when pT

Z⊥H̃pZ⊥ > 0
is not of further interest. Note that pT

Z⊥H̃pZ⊥ = 0 ⇔ pZ⊥ = 0, since pZ⊥ ∈ null (H)⊥.
Hence, for what follows, p = pZ . The choice of pZ that gives the best descent direction
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in the nullspace of the Hessian can be found using a trust region approach by solving the
problem

minimize
pZ

Q̃Z(pZ) =
1
2

(x0 + pZ)T
H̃ (x0 + pZ) + fT (x0 + pZ)

subject to ‖pZ‖ ≤ Δ

pZ ∈ null H̃

(85)

Note that, since H̃P = 0, and P = P2, it holds that QZ(pZ) = (P (Hx0 + f) )T
pZ +

K2. For what follows, it is assumed that P
(
H̃x0 + f

)

= 0, otherwise the objective

function is “flat” on the nullspace of H̃ and there will not be possible to find any directions
where the original problem is unbounded. Under this assumption, the optimal solution
will be on the boundary of the feasible set in (85) (it is an LP). If the constraint pZ ∈
null H̃ is temporarily disregarded, then the optimal solution with norm Δ can be found to
be

p̄Z = −
P
(
H̃x0 + f

)
Δ∥∥∥P (H̃x0 + f
)∥∥∥ (86)

by inspection. From (86), it is also clear that p̄Z satisfies the last constraint pZ ∈ null H̃
in (85), since P = Z

(
ZT Z

)−1
ZT and the columns in Z form a basis for the nullspace

of H̃ . Hence, the optimal solution p∗Z to the problem in (85) is given by (86). When
Δ → ∞, the solutions to the problem in (85) approaches the desirable steps of infinite
length for the problem in (27), and hence, it follows that the search direction

p = −
P
(
H̃x0 + f

)
∥∥∥P (H̃x0 + f

)∥∥∥ (87)

is the one that provides the fastest descent on the nullspace of the Hessian in the problem
in (84).

The search direction presented in (87) can be simplified to

p̄Z = − Pf

‖Pf‖ (88)

since PH = 0. In this report, the algorithm computes the search direction according to
the equation in (87). It would, however, be possible to simplify the computations slightly
by instead implementing it as in (88).
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