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Abstract

In this report background material for some papers are stored. It concerns mod-
elling of laser radar systems for hard targeting. The (returned) laser radar data
is used for parameters estimation, where error-in-variables is assumed. The im-
pulse response for some common (target) shapes are derived. The coordinate
systems in output data is discussed. The system performance is analyzed us-
ing the Cramer-Rao lower bound. The models are developed for a scanning,
monostatic system, but some are general enough for other type of systems.

Keywords: Laser radar, measurement error regression, Cramer-Rao, sys-
tem model
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1 Introduction

In this report we study the properties of data from a generic scanning laser radar
system. Data from the system is modelled with an error-in-variables model (also
called measurement error model). The performance of a least squares fitting
method, the total least squares (TLS) method, is also evaluated. Data from
these type of systems generate detailed 3D maps of the terrain and can be used
for rapid terrain mapping, scene reconstruction and target recognition. This
report contains background data to a few papers:

[5] Christina Gronwall, Thomas Carlsson, and Fredrik Gustafsson, “A Cramer-
Rao lower bound expression for a scanning laser radar system”, Proc.
Reglermotet 2002, Linkopings Universitet, Linkoping, Sweden, May 29-
30, 2002.

[6] Christina Gronwall, Tomas Carlsson, and Fredrik Gustafsson, “Performance
analysis of measurement error regression in direct-detection laser radar
imaging”, Proc. ICASSP, vol. VI, pp. 545-548, Hong Kong, China, 6-10
April 2003.

[7] Christina Gronwall, Ove Steinvall, Fredrik Gustafsson, and Tomas Cheva-
lier, “Influence of Laser Radar Sensor Parameters on Range Measurements
and Shape Fitting Uncertainties”, Submitted to Optical Engineering, Sep-
tember, 2006.

When measuring hard targets with a laser radar, the shape of the returning
pulse depends on the target’s geometric properties. The impulse responses for
some simple geometric shapes are derived in Section 2 and reported in [7].
The returning pulse is used for estimation of time-of-flight, which gives the
target range estimate. The output from the measurement system and the post-
processing, including fusion with GPS data, is discussed in Section 3. This is
background data to [6]. In Section 4, the measurement model for estimation
of tilted 1D surface is derived and in Section 5 the Cramer-Rao Lower Bound
(CRLB) for line estimation is derived. These results are reported in [5,6]. The
CRLB results are expressed as functions of system parameters in Section 6, this
is reported in [5].

The results in Section 3 is applicable for systems scanning in a zigzag pat-
tern. The other results can be applied to generic scanning systems and can be
applicable also for staring systems without too much effort.

2 Impulse responses for some common geomet-
ric shapes

2.1 Impulse response for a flat surface, 1D

This subsection contains calculations earlier performed in [2,13]. They will be
repeated here because the angle « is defined differently and some errors in [2,13]



Figure 1: Geometry for the impulse response in 1D, flat surface.

will be corrected. In this case we assume that the spread of the laser beam is
much smaller in the n dimension compared to the £ dimension, i.e. 7 can be
neglected, see Figure 1.

The distance between the sender/receiver and the target is

)= VB2 (&) + (6 — &) (1)
Using the assumptions that

(£ — &) < R (%)

and
sina = §o/R (§o) -

we can simplify (1) to

R(&) = sijo/
We set {
k= sin o (2)
and get
R (&) = kS.

The pulse response is given in [13], eq. (45), in as

// exp< o= 50) )6(752]%0(5))6156177, (3)



where w is the laser beam’s radius on the target (the footprint), ¢ the speed of
light, ¢ (¢) the Dirac function and ¢ time. The radius of the laser beam at the
target, w, at distance R is given by

w = woy/ Q% + Q2

where
_n
wo = 7'('¢,
R
Qo=1-
0 Rfocus ’
a2
W

where wy is the beam radius at the laser source (the sender), A is the wavelength
of the laser source, ¢ is the beam divergence and Ry, .y is the focusing range of
the laser source (a very large number for a collimated beam). For a collimated
beam we have Qg ~

A Dirac function has the following properties:

5 (—t)=4(t)
(5(at):25(t), a>0
/ f@)(t—a)dt = f(a), a >0 and f(t) is continuous

Inserting these properties in (3) we get

h(t) = ooexp —2"—22 ooexp —2@ 51— 2kE dédn,

i . f(€)
where the second integral is
T k T k
/f(&) (t—“)d&—/f 3 (25 t)ac =
/f 32 t)ae= [ 505 (2 (c157) ) =

(oo}

C/f (6t ) de = S fl ).



The first integral is a symmetric function (symmetric around n = 0) that can
be solved by

7exp (—2;7;) dny = 27exp <—(w/";)2> dny=24/7 (w/\/i>2 — V2rw.

Finally, the impulse response can be expressed as

_ mew t= — & 2
—\/gkexp‘<f§/¢§ )
T cw t— 1\ 2

ht) \/Mexp—( - ) | (1a)

2k&o 280

or

t = = —, (4b)
c csina
2kw  V2kw V2w
To = = = (4c)
c\/§ c csin «
In [2,13] we have
t/ — 250
csina’
\@w
T0 = — .
sin «v

After a discussion with the authors of [2,13], we agreed that both ¢’ and 7o must
have ¢ in the denominator, to get correct units. Further, simulation shows that
using ¢’ and 7y as in [2,13] does not get correct models of the pulse responses,
while the expressions given in (4) do.

2.2 Impulse response for a flat surface, 2D

The description of the pulse response in the previous section is quite straight-
forward but it is sometimes a too simple description. Usually, both £ and 7
dimensions must be considered. The distance between the sender/receiver and
position (£,7) on the target is

R (&) = \ B2 (€0,m0) + (€ — ) + (0 — mo)*. (5)
Applying the assumptions

(£ —&o) < R (60,m0)
(n—mn0) < R(0,m0) s
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Figure 2: Geometry of the impulse respones in 2D, flat surface.

and

R (EOv 770) = Z\/l + tan? Qsean + tan? Qpitch

where
&o 70

- - 9
tan agean tan Qpitch

we can simplify (5) to

R (§7 7’) = 5 \/1 + taHQ Oscan 1 tan2 Qpitch -
tan scan
We define or
1 2 2
k= 7\/1 + tan® agean + tan Qpitch
tan tscan
and, again, we have
R(&m) = kE.

The time and range dependent impulse response can now be written

h(&,m,t) = exp (—2(6 — &) +2(77 — 770)2) d (t - %) .

w Cc



The time-only dependent impulse response is retrieved from

// eXp( L€~ &) wQ(nno)2>5(t mf,m)dgdn,
// eXp( NS Uo))exp<_2(§w§o)2>5<t m)dgdn
= [ o (20525 [ o (2505 (12

— 0o —oo

The second integral has solution (see previous section)

it o2 N2
/exp<—2(§w§0)>5<t 2§)d§d %exp (tmt>,

—o0
t/ — 2k€0
C b
V2kw
T0 — c .

The first integral is formulated as a standard integral (see some mathematics

handbook):
Ooex _(77—770)2 dn — ooex (_772—277077—773>d
4 p( <w/ﬂ>2> ! Zo U )’
oo [0 ooex Zon —n*\ L _
p((w/ﬂf)é p(mmﬁ) !
ex 77782 T ex 2/1) = /mex 0732-1- 3)
p((wﬂ) )ﬁ Plm/1)=r p((w/ﬂ) !
o (L) o (5222

o) = o ep (187 e () (7a)
¢ =2, (7h)
T ‘/i“’k (7c)
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Figure 3: Geometry for the impulse response in 2D, flat and tilted surface.

To validate the expression, if we set apiten = 0, and the results is equal to

(4):
1 2
k= vV 1+ tan” agean

tan agean
1
= ———+/1/cos? ascan

tan ascan

1

tan agean COS Qscan

1

SH (scan

For apiten = 0 we have 79 = 0, and thus, exp <7](2) 2+w2> =1

w2

2.3 Impulse response for a tilted, flat surface, 2D

We now allow the target’s plane to tilt in 2D. We have measurement angles
(Qtscan , Qpiten ) and the tilt of the plane is denoted (ag, @)). The angles (ascan, g)
are parallel with the 5 axis and (apiten, @) are parallel with the 1 axis, see Figure
3. The distance between the sender/receiver and position (£,7) on the target is

R(&,m) = /B (€0,m0) + (€ — &) + (n — m0)* (8)
We apply the assumptions

(£ —&o) < R (60,m0)
(n —mn0) < R (§0,m0) s



and

2 2
tan Qscan tan Qpitch

1 — tan gean tanae 1 — tan apigen tan ay,’

R (&,m0) = Z\/l +

where
& 70

tan ascan tan Qpitch

We can now define

1 t 2 scan t 2 itch
k= \/1 + an” Qigeq + an” Qpitcl (9)

T tan sean 1 —tan ogean tanae 1 — tan apiien tan oy
and, again, we can simplify (8) to
R(&m) = k¢.

The pulse response is expressed as

h(t) = //_O; exp (—2(5 &)+ (0= ”0)2> 5 (t _ 2R (f’”)> dédn

w2

and has solution (see previous section)

NG L2+ w? t—t"\?
h(t) = W €Xp | o w2 €xXp — ) (10)

To
2k
t' = 11
=, (1)
ro = Y2UE (12
Cc

To validate the expression, we set ag = a; = 0 and the result is equal to

(6):

2 2
_ 1 1+ tan” ascan tan Qpitch
tan agean 1 —tan ogean tanae 1 — tan apipen tan oy
1

2 2
= 7\/1 + tan® agean + tan Qpitch -
tan tscan

2.4 Impulse response for a cone

If we assume that the laser beam axis and the z axis coincide, i.e., o = 0
compare to above, and that we have rotation-symmetric objects we can use
polar coordinates (r,w). The impulse response can now be written

r2

h(r,w,t) = 4wexp (—W> pp(0)d (t — 22z (r,w) /c),

0<r<w=ryeam, 0=Zw<2m,

10



Figure 4: Geometry for calculation of the cone’s impulse response.

For a cone with half-angle «, where & = 7/2 — 0, we have z (r,a) =r/tan«
or, equivalently, z (r,0) = r/tan (w/2 — ), see Figure 4. By setting a@ = 7/2
we get the laser radar cross section for a flat plate. If we describe the impulse

response as a function of « instead of 6, we have
2

T 2r
Beone (7 1) = 4 9 92— t— .
o 1:0) = amexp (223 ) /2 = ) (1 2

An impulse response that only is time-dependent is given by

heone (1) = A7y (/2 — )/w EPYA DY P
cone = AT Pp(T « €xp w? ctana

—w

Using the properties of Dirac functions, we get

s 2
/ exp 2 Vs (t- 2r dr =
w2 ctan o

—w

7 r2 2 ctan o
_27 _— =
/exp< wz) ] (ctana ( > t ’I“>> dr

ctan o r r2 ctan o
5 /exp <_2u12> § (r i t) dr =

—w

2
ctan o cttan o
5 &XP (2( 22 ) > =

w

ctan < (ct tan oz)2>
exp | ——— | .

2 (V2w)’

11



Figure 5: Geometry for calculation of the sphere’s impulse response.

The time-dependent impulse response is

(cttana)?
heone (t) = 2mpy(7/2 — @)ctanaexp | ————— |,

(V2w)’

where the tan-function implies that 0 < a < /2.

2.5 Impulse response for a sphere

For a sphere we have w = 6. We define rp as the sphere’s radius. Using the
geometry in Figure 5, we have

z(2rp —2) =12
22 —2rpz+12=0

1 1
2= (=2rp) £ 5 (2r7)? — 4r2

zer—\/r%—ﬂ:rT(1—\/1—7"2/7‘%), Ir] <rp

We approximate the surface to a Lambertian surface, i.e.,

pp(0) = Bcos® = B\/1 —sin? 0,

where sin = r/rp. The time and radius dependent impulse response can now
be written

r? 2r
hsphere (7, t) = 47 exp (—211)2) By/1—12/r2é <t - (1 —4/1- 7“2/7“%>) )

12



We define

z=4/1—7r2/r2

r=rrv1—x2

dr 1 -2 —rTT
7:’,‘T— =

dx 2V1—22  V1-—22
r=0=>x=1

and derive

r=rp=x=0.

We now have
hsphere (337 t) = 4w Bx exp (—2

The time dependent impulse response is

1 2
_ 2 V1 — 2
hsphere () = 747rB/ \/% exp <2(TTwa)> 0 <t _ 2 (1- 3:)) dx.
0

c

To get the time dependent expression we apply some properties of the Dirac
function,
2rp 2rp ct
olt—— (11— =6 —(—-(1-
(=" 0-n) s (F (5 -0-9))

We rewrite the impulse response

1
c ct
sphere =4rB_— (1=
hsphere (t) T QTTTT/f(m)(S (x ( 27”T>> dx
0

e f 008 (s (1 2)) o

T e <_(7"T Vi-a) )
vi-a? (w/v2)°

Using the properties of Dirac functions, we get

f(z) =

ct
hsphcrc (t) = 2’/TBCf (1’ =1- 2,,,T) .

13



Let us study the quadratic term:

and

2 2
ct ct ct ct ct
1l—2?2=1-(1-—) ==2—-(—) == (1-—").
x ( 27‘T> T (QTT> ’I"T< 47’T>

This gives

= e -2
(27’T)4 et (1 - <t Xp w?
rT 4T‘T
_ (2rp — ct)? exp (_ ct (4rp 2— ct))

- ] 2w
\/167«%7; (1-4%)
_ (2rp — ct)? exp (_ ct (4rp — ct))
4rz.ct (4rp — ct)
(2rp — ct)? ( ct (4rp — ct))
= exp| —————— .
QTT\/Cit\/ZlTT —ct P 2’(1}2

Insert this in the impulse response

(2rp — ct)? ct (4rp — ct)

N N ( 2u? )
B [c(2ry — ct)? ct (4rp — ct)

= 5rm P o exp <_2w2 ) :

This formula puts some demands on the simulations. First, 4/c/t implies that
t > 0. Second, 1/+v/4rp — ct implies that 4rr — ¢t > 0, the maximum number of
t for various values on rp are shown in Table 1. In the table we define k = rp/w.

hsphcrc (t) = 271 Bc

14



w = 0.05 w = 0.5 w=1

k tmax tmax tmax
0.1]6.73107'1 | 6.731071° | 1.33107°
1 6.7310"1° | 6.73107° 1.331078
5 3.34107° 3.341078% | 6.671078
10 | 6.73107° 6.7310°8 1.3310~ 7

Table 1: Limiting values for the sphere expression.

Figure 6: Geometry for calculation of the elliptic parabola’s impulse response.
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2.6 Impulse response for a paraboloid

For an elliptic paraboloid with coefficient k& we have z (r) = kr?. For a Lam-
bertian surface we have p,(0) = B cosf, where

tanf = z/r = kr
cos = 1/v/1+tan260 = 1/y/1 + (kr)°.

The time and radius dependent impulse response is

1 2 2%k 2
hparaboloid (r, t) =478 —— exp <_27"2) 1) (t — " )
1+ (kr)? w c

or
2kr?
hparaboloid (7”’, t) = 47TBf (7’) olt— c
1 2
f(r)= ————exp <2r2>
1+ (kr)® w
We define
x =72
and derive
r=+T
ﬂ 1
dr 2z
r=0=x2=0
r=w=12=Juw.

The Dirac function is now written

2kr? 2kx c ct c ct

The time-dependent impulse response function is formulated

hparaboloid (t) =4 B / f (7“) 5 (t o kr ) dr.

c
v t
c c
f47rBﬂ / f(:r)5<x2k> dz,
—Vw



The properties of the Dirac function gives

c ct
s ; =4 — = —
h‘pdldbolold (t) B Qkf (.’E 2]{3) R

where
ct 1 1 ct
() g i (s
2k ct C 2]€U)2
2\/ sk \J1+ k2
1 1 . p< ct )
- = exp| -
25 (14 k) fw?

ot
2k

1 1 ( ct )
= exp|-——5 .
2 /. ) kw?
5+ (%)

The time-dependent impulse response function is now formulated

c1 1 ct
hparaboloid (t) = 4WB%2W exp <_k-u}2>
2 2
1 t
=b 2 2 P <_k€l}1}2)
(s (3))
_ B 1 exp (_ kct2>
2
(#+®))

The inverse root implies that ¢ > 0.

3 The laser radar system’s output

Scanning laser radar systems were originally point scanning, where a laser
pointer was swept in 2D. The TopEye!, the Riegl®> and the ILRIS® systems
are examples of point scanning systems. There are also line scanning systems,
like the LOCAAS* and the Tomahawk® systems. The TopEye system scans
the object in a zigzag pattern, while the other systems scan in a regular grid
(with some uncertainty). Some subjects in this section are only valid for zigzag
scanning and usually not a problem for systems using regular grid.

www.topeye.com
www.riegl.com
www.optech.ca
www.missilesandfirecontrol.com/our products/strikeweapons/LOCAAS/product-
locaas.html
Swww.designation-systems.net/dusrm /m-109.html

1
2
3
4
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Figure 7: Example of (raw) data from a helicopter-carried scanning laser radar
system. The arrow marks a vehicle placed in an opening of the forest. This
data set comes from the TopEye system.

From the estimation of the range to the target, R (&,m), the height value z is
calculated using information from the inertia navigation system (INS), mainly

z~ f (R (&,m) , Wscans Apitch, < INS parameters >) .

Usually, a GPS system is used during the data collection and the laser samples
are fused with the GPS coordinates. Each data point contains (z,y, z, I), where
(z,y) is the position in north-south and east-west, respectively, z is the alti-
tude, and I is the intensity in the returning pulse. This means that the set of
data/image points corresponds to a 3D mapping of the terrain. An data exam-
ple is shown in Figure 7. The scanning is usually performed in another direction
than (z,y). Let us call the direction of the scanning £ and the perpendicular
direction for 7 (for TopEye 7 is the helicopter’s flight direction). Thus, the data
collection is performed in the coordinate system (£,7), see Figure 8.

3.1 The relation between ¢ and 7

Let us evaluate for which conditions that £ can be considered perpendicular to
n. In Figure 9, two consecutive samples in a scan are shown, for down-looking
sampling. The difference in scan angle between two samples, A¢, is a function
of the pulse repetition frequency (PRF), fprr, of the laser and the change of
angle per second of the scanner mirror, dseqn. & is a function of A¢ and the
flight height, h, of the helicopter. 7 is a function of the speed of the helicopter,
v, and the PRF. The difference in scan angle between two samples is

Ad — Qscan
fPRF

18



Figure 8: A view of the dimensions of data. (z,y) is the position in north-south
and east-west, respectively, and z is the altitude. The direction of the scanning
gives us a second coordinate system, (£, 7).

and from that we get the change in § between two samples as (see Figure 9 and
assuming that £ is small)

_ A¢ ~ Qscan
A& = 2hcos (8) tan (2) ~~ 2h tan (”PRF) .

The change in 1 between two samples is

An Y

 frrr

In a typical setting of the TopEye system we have dsean, = 700°/s, fprr =
TkHz,h = 60m and v = 10m/s. From this setting we get A& =~ 0,105m, An ~
1,43 -103m and 8 ~ 0, 78°. For this case it is reasonable to approximate £ to
be perpendicular to 7.

Let us also identify the maximum angle for the perpendicular approximation,
say that a reasonable limit is An/A& = 0,1 (equals § ~ 5,7°). An/A¢ =0,1
corresponds to a helicopter speed of v = 73m/s. Thus, for moderate speeds
& can be considered perpendicular to 1. This approximation is valid also for
forward-looking measurements.

4 The measurement error model

In Figure 10 some typical results from scans over objects are shown. The first
case (slope) may be a scan of a piece of terrain or a part of a man-made object
(vehicle, building etc.). The second case (step) and the third case (combination
of slope and step) are typical results of scans over man-made objects.

19



Helicopter

X141

Figure 9: The distance between two consecutive samples.

Let us derive a model for a scan over a slope (case I in Figure 10). In each
sample m we retrieve

ﬁm:€0+6§
2m220+6z,

where (&, zm) is the measured coordinate, (50720) is the unobservable, true
coordinate and (e¢, e,) is the noise in (&, z), respectively. e¢ and e, are assumed
to be independently and identically distributed (i.i.d.) with zero mean and

variance o7, and o7 _, respectively. Note that we have error in both coordinates

and thus, we have a measurement error (ME) regression problem. For the
estimation of a slope we have the following system

S +ne’ +¢=0 (13a)
n?+n3=1 (13b)
and the model for instant i is
M :ng (Emi+eei) +n2 (Zmi+e.i)+c=0. (14)
The (total) estimation error for instant ¢ can now be defined as
€ = NM1€e; + N2tz = M1€m,i + N2Zm,i + C. (15)
Including the constraint (13b), the parameters that will be estimated are
0= (nq, C)T

The goal is to estimate the parameters with as small uncertainty as possible.
The estimated parameters are denoted 0 = (71, é)T and the true parameters of

the system are denoted 6° = (n{, cO)T. Using model (14), the equations for the
shapes in Figure 10 can be written as in Tables 2-4.

20



Case | Caselll Case lll

m
/ | Mmﬂ mzm
m
m 1
1 X X X X X,
X1 XN Xl Xa Xb XN 1 a b c N

Figure 10: Three typical scans over some arbitrary objects. Case I: slope, Case
II: step, case III: combination of step and slope.

Slope
Linear error ny (Em — ee) +nozm +c=0
model (e, = 0) & <E<&n
Measurement ni (§m —eg) +n2 (2m —e:) +¢c=0
error model & <€ <&n

Table 2: Linear regression and measurement error models for a slope.

5 The CRLB for measurement error regression

In this section we derive the Cramer-Rao lower bound (CRLB) of the used
ME regression method, for a scan over a slope, see Figure 10 and Table 2.
The CRLB gives us a quality measure of the method. The Cramér-Rao Lower
Bound describes the lower limit achievable for an optimal estimator from a
measurement vector = (x1, za, ...,y ). The optimality is valid if the estimator
is defined as minimum variance and unbiased [11,12]. The derivation follows [3].
Numerical illustrations are shown in Section 5.2 and validations in Section 5.3.

5.1 The CRLB expression

Consider the measurement error model (14). The total error for instant ¢ is
defined in (15) as

€ =M€ +Noe,; =& +noz +c

21



Step

n2zm +c1 =0 & <&m—ee <&
n22:777,+C2:0 faggm*efgfb

Nozm +c3=0 & <& —ee <&€n

n2 (Zm - ez) +c = 0 51 S f’m, — €¢ S ga
n2(szez)+62:0 §a§§7n*e§§§b
nQ(Zm_ez)+C3:O gbggm._efSEN

Linear error

model (e, = 0)

Measurement
error model

Table 3: Linear regression and measurement error models for a step.

Combination

nozm +c¢1 =0 glggm_eﬁgga

Linear error NoZm +¢co =0 §aXém—e <&

model (e, = 0) N1&m +NoZm +c=0 & <&y —ee <&

NoZm + €1 = 0 §c S E’m — €¢ S fN
nZ(Zm_ez)+61:0 glgfm_efgga
Measurement N2 (2m —€z) +c2=0 §aZ&m—e <&
error model Ny (§m—ee) +n2(zm—e)+c=0 & <&, —ee <&
n2 (ZTYL—@Z)+01:O gcggm_eﬁng

Table 4: Linear regression and measurement error model for a combination of
a slope and a step.

where €;,7 = 1, ...N, is normal distributed with zero mean and variance
2 _ .2 2 2 2
O = njoe, +nyo;, .

Including the constraint n? +n2 = 1 we get

g€ =mnieg; +1/1— n%ezﬂ- =n1& +4/1— n%zZ + ¢,

ag = n%azg + (1 — n%) o

and
2

e,

The joint conditional density for e= (g1, ...,en) is [11,12]

oo 1 1 =,
fel )—WGXP —7‘?251'

i=1

and the logarithm is

N
- N 1 9
f(s|9):logf(s|9):—510g(27r)—N10g05—@ 5151'7

1=
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or explicitly,

_ N
fEe|8)=logf(c]0)= —?log(27r) — Nlog \/n% (crgE —ng) + 02,

N

_2(2< 1 Z<n1§i+ﬂzi+c>2.

2 _ 52 2 .
ni | og, Uez)‘*‘%z) i=1

The Fisher matrix is defined as

T
J—E(ﬁef(mm g ) (16)

which is a rather messy expression, see Appendix A.2. The CRLB is given by

E ((9—5) (9—§)T) >J

where
2 2 N 2
2(065_052) 1 o 1\ __m
- 2
g N
: & Dict (fi— f_ln2zz> 1
1

The inverse of such a matrix is

—1
J—1:<“b> :(al’;f _%bb)
b 1 T a—b2 a—b2?

The variance of 6 will then be

Var (n? — ﬁl) =
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N _ N —
For large N we can approximate % &= E(E) and % W& ~F (52). Fur-
i=1 i=1

K2

ther, Var(§) = E (§%) — B (§). We now have

Var (n(l) — ﬁl) =

2
2 2 2
o2 1 ( e Uez) - ni
Var (® —¢) = =& 2n? El¢—
ar (c c) N det () ny 2 + I3 T
(19)
2
(R -
2 eg¢ [ n1

det (J) =2nj——5—"—+Var [ { - ——== (20)

o¢ 1—n?
o2 = n?ass +(1-n3)o?. (21)

5.2 Numerical illustrations

The evaluations are performed in Matlab. Default values of the parameters
are N = 100,n; = 0.5, ng = /1 —n? ~ 0.87 and ¢ = 0, respectively, and
&= —-5:1/(N —1):5. From this, z is calculated. Random errors, normal

distributed with zero mean and variance o2 .= O’Sz are added to the coordinates

¢ and z, respectively. Default values of the variances are 035 =02 = 0.0
Note the the constraint n? + n3 = 1 must be fulfilled to get a unique and
unambiguous model. During a evaluation, the parameters were tested one at a
time and afterwards they were changed back to their default value®.

The resulting CRLB function when N — oo is shown in Figure 11. The
larger number of sample, the lower CRLB values. The resulting CRLB functions
when o7, — 1 and 02 — 1 are shown in Figure 12 and 13, respectively. The
larger noise variance, the larger CRLB value. The graphs for Var (cO — é) are

quite similar when 02 — 1 compared to when o2, — 1.

e, e
In Figure 14 CRLB as a function of n; Wherél 02 = kagg is shown. It is
quite interesting that the CRLB function depends on the values of o2 . and ol
When k is large, 02 .18 small and we have the linear regression case. When £ is
large and n; = +1, we have a noise free system, which gives the "dips” in the

CRLB graph.

5.3 Validation

The performance of the estimation method will be investigated in some Monte
Carlo simulations. The performance will be evaluated in terms of correctness in
estimates of § = (ny,c)” .

6File: ~stina/crb/crb_simulation.m

24



10" T

200

300

400

500 600
N

700

800

900

1000

10°

VAR(c-c ")

0 100

Figure 11: CRLB as a function of the number
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Figure 13: CRLB as a function of o._, ME regression model.
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Figure 14: CRLB as a function of n; when 0., = ko.,, ME regression model.
Plus: k=0.001, circles: k=0.01, dots: k=0.1, solid: k=1, dashed: k=10, dash-
dotted: k=100.

26



We start with an exact (error free) description of a straight line, see (13a).
True values of ny,ne are ny = 0.5 and ny = /1 —n} ~ 0.87, respectively,

and £ = =5 : 1/(N — 1) : 5. From this, z is calculated. Random errors,
normal distributed with zero mean and variance o7, = o7, are added to the

coordinates ¢ and z, respectively. The noise is generated separately for the
& and z coordinates. Then the parameters are estimated using TLS [4,9] on
the perturbed data set. The simulations are repeated for increasing number
of samples IN. Further, the simulations are repeated for 0'35 = o2 = 0.01,
035 = 022 =1 and for both cases with ¢ = 0 and ¢ = 100.

The statistical properties of the estimates are studied by the mean square
error (MSE), defined as (see [9], page 244)

MSE (9) -E { (é - HO)T (é - 90)} (22)

and estimated by

Ma

A ~ T /.
MSE (0) = (0-00) (0-05)-
The MSE is averaged over 100 sets (i.e., J = 100). The CRLB (theoretical

limit) is plotted together with the MSE for each case. The test was performed
in Matlab’.

1
7

Jj=1

5.3.1 What can we expect in the validation?

Let us study (18)-(19) under the circumstances that we have in the validation.

First, when ags = 02 we have

Var (n? — ﬁl) = J—‘? L (23)
N det (J)
2
o2 1 = ni
7 U E R R— 24
(LT(C C) Ndet(J) (f 1_n%Z ( )
n
det (J)=Var | { — —= (25)
V1—n?
o =02, (26)
Let us study this expression a bit further. Inserting
ny C
y= e =
Uup) o

in the expression of the determinant gives

2
det (J) = Var (5 <1 + Zz) + Z;) = <1 + Z%) Var(§) = %Var(s),

2 2

"File: ~stina/crb/crb_ validation.m



where £ is a variable and c is a constant. Inserting z = —Z—;f—n% inE ({ — I“ ~
2
we get
n n 2
Elé———2 Var<§12>+(E<§1>)
1—n? n2 n2
. ni 2
= %Var(f) +{E() - TTQE(Z)
- Ve (Be+ "iE(g) + ¢ 2
= n2 2
1 1 ny
— V@ + (5 F O+ )
Inserting that E (&) = 0 in this validation, we now have
o2 A
Var (n§ — i) = ;7 ViQ (27)
o2
1% o) = Ze: 28
ar (" —¢) N (28)
1
det (J) —4V (29)
Ny

From this we get that Var (n —n1) ~ +,Var (n{ —ny) ~ o2 and that
Var (n(l) — ﬁl) does not depend on the value of ¢. Further, Var (n(f — ﬁl) ~

—#( g SO we will have a smaller estimation error in n; when Var(§) is large.

Concerning 0 , Var (n(lJ — nl) will have a 100 times higher value when 0' =1
than when 02 = 0.01.
We also see that Var (co - c) ~ %, Var (CU - c) ~ agz and Var (cU - é) ~

c2. We see that Var (c — c) too W111 have a 100 times higher value when

0.2

2 =1 than when 02, = 0.01. Concerning dependencies on Var({) and c,
when ¢ = 0 or Var(§) < (ni¢)’, Var (c® — ¢) will have a 10* times higher value
when ¢ = 100 than when ¢ = 1. When ¢ = 0 or Var(¢) > (nic)® Var (I —e¢)

will be independent on Var(§).

5.3.2 Results

The figures describing the test cases are listed in Table 5. Let us first study case
I (Figure 15). We can see that the CRLB and MSE graphs follow each other,
this means that the method performs as good as possible for this test case. If
we compare case I (Figure 15) and case II (Figure 16), we see that the graphs
in case II is 100 times higher. This comes from the fact that agg and O’SZ are
100 times larger than in case I.
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c=0 ¢ =100
=o0., = 0.1 | Case I: Figure 15 | Case III: Figure 17
=0, =1 Case II: Figure 16 | Case IV: Figure 18

11

VAR(n, -n ")
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N

VAR(c-c 3

0 100 200 300 400 500 600 700 800 900 1000
N

Figure 15: Case I: ME regression, 0., = 0., = 0.1,¢ = 0. Solid line: CRLB,
dashed: MSE from Monte Carlo validation.

If we compare case I and case III (Figure 17), we see that Var (n? - le) is

not effected by that ¢ = 100. This is is in order, as Var (n(l) — ﬁl) is independent
of ¢, see (27). We also see that the graph of Var (cO — é) is about 10* times
higher than in case I, this is because ¢ = 10*. For both Var (n(f — ﬁl) and
Var (co — é) the CRLB and MSE graphs follow each other, this means that the
method performs as good as possible for this test case.

Comparing case I and case IV (Figure 18), we see that the graph of Var (n? — ﬁl)
is about 10? times higher than in case I, this is because ags and o7 is 100 times
larger than in case I. The graph of Var (co — é) is about 10® times higher than
in case I, this is because agz c? is 10° times larger than in case L.

For all cases the MSE values from the Monte Carlo simulations follow the
theoretical CRLB expressions. This means that this estimation method has the

possibility, under good circumstances, to return the best estimates possible.
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Figure 16: Case II: ME regression, o., = o,

= 1,c¢ = 0. Solid line: CRLB,
dashed: MSE from Monte Carlo validation.
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Figure 17: Case III: ME regression, 0., = 0, = 0.1,¢ = 100. Solid line: CRLB,
dashed: MSE from Monte Carlo validation.
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Figure 18: Case IV: ME regression, o, = 0., = 1,¢ = 100. Solid line: CRLB,
dashed: MSE from Monte Carlo validation.

6 CRLB as a function of system parameters

Let us repeat the CRLB expression:

Var(no—ﬁ)—g—g ! (30)
LY TN det ()
2
2
2 1 (036 - 032) n
1% 0 _ ~ — & 2 _ 1
ar (c c) N det (J) 2n7 pe +E|¢ 7mz
(31)
2
det (J) = 2n2M +Var | £ - S (32)
= 2n] = T n%z
o n%a?f +(1-n3)o?. (33)
6.1 1D case

For the 1D case the expressions of ¢ and z are (see Section 2.1):
€ = Rsin (),

z = Rcos (a),
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where R is the slant range (from laser to center of laser beam on target) esti-
mated by the detector. Inserting these expressions in the CRLB equations we
get

Var(no—ﬁ ) :U—? L
LY 7 N det (J)'
2
2 2 2
R 0’2 1 €¢ - 0’62 — ~ . nq
Var (® —¢é) = Ngdet " ni ( = ) +E | R? (Sln () T cos (@) ,
2
9 (03{ o Uzz) — )~ . ny
det (J) = 2ny~——5—"—+Var{ R | sin(a) - ——=cos(a) | ¢,
Lo 1—n?

2 2

ol = nlogE + (1 - n%) o?

[P

Using GUM [10],expressions of UEE and o2 can be found by

§:f,5(f27a>, z:fZ(R,a)

or explicitly,

2 ~

€r eq

02 =cos’(a)o

€z

where aga is the variance of the error in «, agﬁis the variance in the error in R,
R = R° + er. Thus, we have the total error variance
o2 =n? (sin2 (@) UzR + R? cos? (a) aga) +(1-n3) (cos2 (o) O'SR + R?sin? () afﬂ)

= (nisin® (a) + (1 = nf) cos® (@) 02+ (nfcos® (@) + (1 — n?) sin® (@) Rzaza.
R

6.2 2D case

For a flat 2D surface the expressions for £ and z are (see Section 2.2):

tan (scan)

) \/1 + tan? (scan) + tan? (apiten)
1

) \/1 + tan2 (ascan) + tan2 (apitch)’

EZR(EO,%

ZZR(foﬂ?o
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where R({omo) is the slant range estimated by the detector. The variance of
the errors in (£, z) measurements, (aeg,aez) can be expressed as functions of

R(fo, M0)  Qscan and Qpizen, using GUM [10]. More detailed calculations of the
measurement uncertainties in the TopEye system are performed in [1].
Let us study the variance expression in det (.J):

Var - N R (607 770) . L
Var (5 T n% z) =Var (\/1 ¥ tan? (Qacan) + tan2 (ctpiren) (tan (tscan) () n%)) .

Using GUM [10],expressions of 055 and o2 can be found by

§ ff ( Ascans apztch) z = fz (R7 Qscan apitch) s
R ? 2 8 R ? 2
Ok f Qscany Upitch Jeé + 80686(”]’ fE y Oscany Opitch O acan

2
0 2
9 R7 Qscans Apitch Uea A ’
apztch pitch

< 0 fz R, Oéscan,apztch))QOER + <afz (R, ascan,amtch))zaz

6 aascan Cascan

2
0 . 2
+ aOl fz Ra Qscan apitch Ueap} W
pitch e

Calculations give

+

2 _ 2
Oce —aeé—i—

2
1+ tan2 (ascan) tan2 (ascan) (1 + tanz (ascan)) 2
1+ tan? (asean) + tan? (apiten) (1 + tan? (atsean) + tan? (apitch))?’/z

2
n {_ tan (Olscan) tan (apitCh) (1 + ta‘nz (apitCh)) } 2
3 2 wtch

(1 + tan? (Olscan) + tan? (aPitCh)) / e

and

Cascan

) 2
) ) tan (Qscan) (1 + tan? (sean)) )
Oep T4 3/2

(1 + tan? (ascan) + tan? (apiten))

(
(
tan (piten) (1 + tan? ap’ttch)) }2 2
_|_ —
{ ( ))3/2

Copiteh
1+ tan2 (ascan) + tan apztch !
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A Calculation of CRLB

A.1 Various calculations

Some calculations that have been checked in Maple:

d
an (—Nlog \/n% (o§E — 0§z> + 0§z>
: _Nn1n2
1

2 _ 252 2
aeg 71,1(Tez+0'ez

2 2
aeg —oc,

2

: nl 252 2 2 2
(nlaeg —njoc, +aez)

d 2
. <nl§7 +14/1—n2z +c>
=& (*n%+1)+zin1

\/(—nf—i-l)
d 2
= <n1§i +14/1—n2z +c)
D 2m1& + 2/ (—nf 4+ 1)z + 2¢

d
an <n1£i+\/1—n%zi+c>

;=2 (n1§L +/(—n? + 1)z + c)

LG (*nf+1)+zm1

\/(—n%-&-l)

d
% (mfz'Jr /1 n%zi+c>

A.2 Calculation of the Fisher information matrix (J)

The Fisher information matrix is (see (16))

T
J:E@ﬂum g )
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where

- N
f]0) 210g(27r)N10g\/n% (02é — 0?2 ) + 02,

1 2
_ a1 — 2 4 ,
Q(Z(Uz_az)w)z(m@ 12z )
eg¢ e, e,

ny i=1

0= (nl,c)T

Differentiation (on 6) gives

2 2 2 2
0 - o,. — O
_ € €z e¢ ez
3 (e]0)=—-Nn1—5— " 202 1o +n
"1 niog, —nijo; +og,

N

2
n? (0'25 o2 ) + 02 =1

o - 1 N
10 e e

eg € i=1

which can be rewritten as

0 . R A
- )= —N 3 z £ z 2 _
ongq FEl9) " o2 tm ot ;61
8 1 &

de Flel0)= ?g

The matrix multiplication in J can be expressed as

2reio)arcio] <[ HED 14

36

(n% o —mn

2 2
02 +02)

7 ]-_ 7
Z(n1£i+ /1n%zi+c> —&i/ n1+zn1

N 2
22(711&—1—\/1—71%21-—1—0)

i=1

2
1—ng



where

2
2 2 2 2 N N
0% - Oc, —0c, Oce — 0, 5 1 ny
Wf(ﬂ@): —Nn, 2 + n I E Ei—jg €; gi_ﬁzi
1 e 9% = 9: = 1—n
2 2 2 2
2 2 2 2 N N
Oce — O, Oce — O, ) 1 ny
= Nn172 +{m—— E £; +— E gi\&— —F—=u
o o ; ot \ 4 1—n?
€ € i=1 € \i=1 1
2
2 2 N 2 2 N
Oce — O, 1 ) Oce — O, ny
— 2N nm——5— —22 Ei+2N7’L174§ € fi—ﬁzi
Te 7 i3 Te i=1 1 —ng
2 N N
g n
e e 1
- 277/1 . 6 . E 612 § €i (fz 2ZL) )
S | l=mn
2 N 2 N 2
0* - 1 1
—2f(5|0)— ——25 gl =— g & |,
o
€ =1 € i=1
and
2 2 2 2 N N
2ot (B B e L (o))
a_ - - 1 1 5 7 7 7
2 4 i 2 2
n, Oc o
On 9 e =1 € =1 1 —ng
N
< 1 )
—-— €
5D
o
€ =1
z . g N Ug _ o2 N N
_ 2 € e 2
=Nm 1 E €; — N1 5 E 5i§ €;
€ =1 € =1 i=1
1 nq
+7§ 5i§ & 51 Zi
ol 1—n?2
€ =1 =1 1

Using the calculations of moments and variances (see Section A.3) we can
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calculate the elements in the Fisher information matrix J:

2 2 2
. o? —oZ, oL — oL, -

i=1
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Thus, the Fisher matrix is

J 5 N i=1i
g 1 N
5, (6- o) |
Note that ﬁ = dn1 (nlfl + —n3z + c) & — mzl

A.3 Calculation of moments for ¢

Let us study the statistical properties of e= (g1, ...,ex). The moments will be
calculated using the characteristic function. The characteristic function px ()
for the normal distributed stochastic variable X is (see for example [8])

1
X eN(no%), ox(x)=exp (Jw: - 202x2> ,

where j is indicating complex numbers. From the characteristic function the
moments can be generated by differentiation:

o (2) = j*E (X*).

We will also use some properties of expectation values and variances:

E(X?) = Var (X) + (E (X))*,
Cov(X,X)=Var(X),

E(X,Y)=Cov(X,Y)+ E(X)E(Y),
Var (X +Y) =Var(X)+Var(Y)+2Cov (X +Y).

In our case we have the stochastic variable A € N (0, a?) ,e € A and thus, the
characteristic function is ¢ 4 (¢) = exp (—302¢?). Differentiation of 4 (¢) gives

d 2 159
d—eapA(a)— Uesexp( 5055 ,

d? 1 1

de2 ¥4 (e) Zexp < 50¢ 2) +oe?exp (—20352> ,

a3 1 1

Gavale) = = 30z exp ( 50¢ 82> — o9 exp (—20552> ,
’ 1 2.2 6 1 2 9

d 7PA (¢) = 3o exp —5056 — 6o.e” exp —50'86 ,
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Setting € = 0 we get the moments:

flz
E (A2) = _@QPA( ) Oc)
dS
E(4%) = *j@@A (0) =0,
d4

and from the moments we get the variances by Var (X*) = E (X*) — (E (X))*:
Var (A) = E (A%) — (E (4))* = o2,
Var (A2) =F (A4) -(E (AQ))2 =302 — o =202,

To calculate the expectation values in J we assume that ¢;,¢; are indepen-
dent for j # i and further that &; can be considered constant in the calculations
below. The expectations of the different parts of J can now be calculated:

N N
E <Z 51) =Y E(s)=NE (&) =0,

<
2

YOUER

=
m

N
I
-

e
S
[EE
m o

s
Il
—

= Var (is) + <E (ie))z = NoZ,

&=
A/~
=
o
(=
o

&
Il
-
-
Il
—

|
=

~ O~ O~ "
Il
<
S
3
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=N
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I
2
<
o
3
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I
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=
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smw
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and
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Finally,

N N N N
E & gi| =&+ m%)) :E< 8f> E< £; <_§i+ _m

2
1

)

N N
+ Cov s?, g &-Jrnlzi))
(g (o v

N n
= 7;:ZICVOU <€?,5i <_§1 + 1%,”%21>>
N
— 3 g4 — L
_ZE<< 6+ Tn%%))

-y ) ( <_§. . ﬁ))

B Calculation of (15) in [3]
In [3] we have the model

M :q, = (p+0p) K + dq,
where p is a 1 x 3 vector, 6p € N (0, 021) is the perturbation, dqg € N/ (0, 02) is
the observation error and A (-) denoted normal distribution. K € R3*! is the
parameters that will be estimated. The total error for the ith observation is

€i = ¢z — pK = 0pK + dq,

where €; € N'(0,Bo?) ,B =1+ K'K =1+ K{ + K3 + K3.The general term
in the Fisher information matrix is given in [3], eq. (15), as

olnf(c|K) dlnf(c|K) 1 (2K, K, 1 &
E< =) ¢ JIRJ e ):< N02+B;pmpn>.

0K, 0K, o? B2

This results will be derived below.
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E (f’)’lnf(E | K) 9lnf(e] K))
0K, oK,

N
(5t (5 i)
N
(e {i e} (o s )
N

=1 E
_ KKy o 4 KnK, No? 2 KK, No
~ B20% PNt~ B2¢4 B E(Zsl T T B254 KnE an5i
Ky Ky, No* 2\, KnK, 1 2N 2
- ot B E(Df)*wm’f (ZZ
K

L KnK, 1 E(

B2¢* BK,

K. K, 1 al N K, K, 1
t 7 B2g4 BK,, ——F (mei‘:zz{‘:%) + WmE <me€izpn5i
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where

N
=" 2B%* + (N?Bo?)?
i=1
= 2NB%s* + N*B*c*,
N

N
E <Z g2 anz’:‘i> = 0 (see calculations above),
i=1

i=1

N N N N N N
E (mesi an5i> = Cov (mesi anez) +F (ZPmQ‘) E (an€i>
i=1 =1 =1 =1 =1 =1

= Cov ((pm51 + DPme2 + ... +pm5N) (anI + P2 + ... +pn<€N))

N N
=Cov (meslpn5z> = ZPmPnCOU (Ei . 51')

=1 =1
N N
=Var (Ei) mepn = Bo® mepn~
=1 i=1

The variance Var (63) is calculated using the characteristic function; A €
N (0, BO’Q) ,€ € A and thus, the characteristic function is ¢ 4 () = exp (—%BO’2€2).
Differentiation of ¢4 (¢) gives

d _ 2 Lo 2o
%SDA(E)— Bo 5exp< 5305 ,

& 2 1, 29 2 4.2 L 2o
@cpA (¢) = —Bo“exp (—QBO' e’ | + B°c e exp —§BU e,
d—3<p,4 (e) = 3B%c%cexp —1B0252 — B30%c3 exp —130252
de3 2 5 )
d—4g0A (e) = 3B%5*4 exp —130252 — 6B30%¢2 exp —130252
de* 2 2

1
+ BtoBet exp <—230252> ,
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From this we can calculate the moments:

B(4) =2 0a0) =0,

2
E(A?) = 7%% (0) = Bo?,
d3
E(A%) = —j@sﬁA (0) =0,
d4

E(AY) = ziva(0) = 3B%0,

and from the moments we get the variances by using Var (X ’“) =F (X k) —
k
(E (X))

Var (A) = E (A%) — (E (A))* = Bo?,
Var (A%) = E (4Y) — (E (4%))” = 3B%" — B%* = 2B%".
Thus, we have

E(alnf(a|K) ' 61nf(5|K)>

0K, oK,
KnKn 5 4 KnK,No , KnK, No?
—BQJ4NJ—B24—B NBJ—BQ4KH-0
K, K, No2 ) KmK 20h N2 ) o Kk 1
K, K, No2 K, K, 1 K, K,
T Bt K, VT Bt Br, VT Bt K, K Bo* mep”
KrnK’n 2 K’mKn 2
= Vo
KoK, .o KpK, KoKy, .o Kpyp
- SEFEN  SESRAN o SRS ¢ 0
K, 1
+ Bogr O gz 2P
2NK K, 1

= Bo? Z PmPn

N
1 (2K, K,
= 0_2 < B2 “No + B mepn> .

=1

This expression can also be written

Olnf(e|K) olnf(e|K)\ _ N
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For a linear regression we have

Onf(e|K) olnf(e|K)\ N (1 &
E( oK, 0K, )30—2(1\7;1””7’")'

C CRLB for linear regression

C.1 CRLB when 0., =0
When 02 = 0, equations the Fisher matrix (17) will be simplified to

2
N 203S + F (({ — fin% z) ) E (f — 71";1? z)
= B (37)
e¢ E (5 _ irh _ Z) 1
iz

ol = nfags. (38)

The variances of 6§ will then be
2 2

~ ni0¢ 1
Var (=) = =5~ G () (39
2 2 2
0 s M% 1 2 B ni
—¢) = 2 E - 4
Var (¢ =) = = qaiy I SR Gl = (40)
det (J) = 202 +Var (f - nlz) (41)
©e V1—n? .

C.2 Validation

In this section we will investigate the Cramer-Rao lower bound (CRLB) for
linear regression, i.e., when e, = 0. The calculations will follow [3]. Consider
the measurement error model (14). The total error for instant ¢ is defined as &;:

nq (fz — 65@) +noz; + ¢ =0,
€ = niee; = & + oz + ¢,
2 2
ni +ny; =1
The total error €;,7 = 1,...N, is normal distributed with zero mean and variance
oz =njog,.

The joint conditional density for e= (e1,...,en) is

fel8)=—  exp (- i
T e ey TP\ T2
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and the logarithm is

N
_ N 1 2
F(10)=log f (| ) = = log (27) = Nlogo. — 5= >

=1

or explicitly,

N 2
- N 1
fe|0)=logf(c]|0) = -5 log (2m)—N log (nlaeg)—m Z (nlgi +1/1—n?z + c) .
e =1
Applying the following differentiations:
N
— Nl e = T
o og (n10oe, ) o
o 1 __1
oni 2nio?, n‘f’agg ’

0 iV (=n?+ 1)+ zin
I <”1§i+mzi+c> =-2 (mfz \/(—n?+1) zz+c> L L
8n1 ( n1 + 1)
we get

0 -
Tmf(e | 9) = - n:f = &+ \/l—nlzz—l—c
Tee i=1
1 & n
- mé& + 1—n221+0> i — ————zi | ,
Z< i ST
o . 1 O
%f(8 10) = _71%72 (n1§i+\/1—n%2i+0)7
e =1
or
N N
0 - N 1 1 n1
elld)=——+ - =N gl —m——m=z],
o €197 3= e (6 )

. 1 &
%f(ﬂ@):—;gzﬁzw
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where

2
9 N 1 &, 1 & m
anzf(é‘|9)—<—nl+nla_§;€i_azzgi gi_m&‘

1 € j=1 1

() () (£2) 5 (B (o )

N N
N 1 N 1 n
—2— B 5124_772 E € 5;‘—7;%
n1N10Z ny o (_n1 +1)

i=1 € =1

=1 i=1 i=1
1 Y n N
1
- gi| & — —F——== €;-
2> ( )%
Using the calculations of expectation values in Appendix A.2, but setting 02 =
n%ogg,we get
2 N\? 1\, ., a1 LE n ’
— 0)=|— N 2N — P 2z
5l €10= () + () (ot +awod) + Seot Yo 6= s
N 1
—2— No?
n1 ’I’LlUg e
N 2
N 1 n1
=25+ > & :
ni n%aaZl( (-n?+1) )
2
9> N (&
fel0)= &l
o o (&

48



and

o 0, 1 n |
2 (o el €19) ‘n%ozg;@‘ m)

The CRLB is given by

(0= f-)") =

where

This equation equals (37).
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