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WWW: http://www.control.isy.liu.se

Email: fredrikt@isy.liu.se

December 19, 2001

REGLERTEKNIK

AUTOMATIC CONTROL

LINKÖPING

Report no.: LiTH-ISY-R-2406

Technical reports from the Automatic Control group in Linköping are available
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Abstract

In this paper, we propose a mixed approach to identification of linear
dynamical systems corrupted by additive, amplitude bounded noise. To
come up with an estimate of the system, we mix the information from a
prediction error estimate and a set membership estimate. The estimate
shows very good performance on a number of simulation examples, which
are performed using a wide range of noise sources.
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1 Introduction

System identification is usually addressed in a probabilistic framework [4]. The
available data are considered as realizations of stochastic processes and statisti-
cal properties of the identified model are inferred from those of the disturbances
affecting the data. For example, Prediction Error Methods (PEM) select a para-
metric model within a specified model class by minimizing a suitable norm of the
prediction error sequence. It is well-known that, under rather mild assumptions,
the least-squares estimates of the parameter vector is asymptotically normally
distributed. A different approach to system identification is based on the as-
sumption that the mismatch between the system generating the data and the
model can be represented by error signals for which the only assumption is that
they are unknown-but-bounded (UBB). This naturally leads to the definition
of an entire set of feasible models, which are compatible with the available in-
formation (namely, the data plus the error bound). This is the so-called Set
Membership (SM) approach [5].

Clearly, several interesting relationships can be established between PEM
and SM estimates. A thorough review of stochastic and deterministic ap-
proaches to system identification can be found in [6]. The presence of two
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different error sources, a stochastic disturbance and a UBB noise, has been con-
sidered in [2]. Recently, the case of amplitude bounded stochastic disturbances
has been considered in [3], where the norm that minimizes the worst-case asymp-
totic covariance matrix of the parameter estimate has been characterized.

In this paper, a mixed approach to parameter estimation is proposed, whose
aim is to exploit both asymptotic normality of PEM estimates and feasibility
induced by the UBB assumption. The main idea is to restrict the asymptotic
Gaussian distribution within the feasible parameter set provided by SM identi-
fication and use the restricted pdf to compute the new “mixed” estimate.

The paper is organized as follows. Section 2 presents the PEM and SM
approaches to parameter identification. The new “mixed” estimate is introduced
in Section 3, and connections with existing estimation techniques are discussed
in Section 4. Numerical simulations illustrating some interesting properties
of the new estimate are reported in Section 5, and Section 6 contains some
concluding remarks.

2 Parameter identification

In this section we give a brief summary of the traditional prediction error, and
the set membership approach to identification. For a more thorough treatment
of the two topics we refer to [4] and [5], respectively.

We assume that data is generated by

A(q)y(t) = B(q)u(t) + e(t), (1)

where u(t) is the input signal and e(t) is a noise sequence. A total of N input-
output data are collected. The reason for studying ARX models is to keep
things simple. Most of the treatment in this paper holds for general linear
time-invariant systems.

To the data (1) we fit an ARX model

A(q, θ)y(t) = B(q, θ)u(t) + e(t), (2)

where

A(q, θ) = 1 + a1q
−1 + . . .+ anaq

−na ,

B(q, θ) = b1q
−nk + . . .+ bnbq

−nk−nb+1,

θ =
(
a1 . . . ana b1 . . . bnb

)T
.

Here the dimension of the parameter vector θ is d = na + nb. We also assume
that for some θ0 it holds that A(q) = A(q, θ0), B(q) = B(q, θ0). Rewriting (2)
yields

y(t) = ϕT (t)θ + e(t), (3)

where

ϕ(t) =
(
−y(t− 1) . . . −y(t− na) u(t− nk) . . . u(t− nk − nb + 1)

)T
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2.1 Prediction error methods (PEM)

In the statistical framework, the noise sequence e(t) is assumed to be white
noise, zero mean, with variance λ, while the input u(t) is a quasi-stationary
signal [4, Chapter 2]. The model parameters, θ, are estimated by minimizing
some norm, l(·), of the prediction errors. The typical choice is the least squares
norm l(·) = (·)2, thus leading to the cost

VN (θ) =
1

N

N∑

t=1

ε2(t, θ) (4)

ε(t, θ) = y(t)− ŷ(t|θ) = y(t)− ϕT (t)θ. (5)

The PEM estimate θ̂PEM is given by

θ̂PEM = arg min
θ
VN (θ) (6)

=

[
1

N

N∑

t=1

ϕ(t)ϕT (t)

]−1

1

N

N∑

t=1

ϕ(t)y(t)

= θ0 +

[
1

N

N∑

t=1

ϕ(t)ϕT (t)

]−1

1

N

N∑

t=1

ϕ(t)e(t) (7)

(if the indicate inverse exists). Under the above given assumptions on e (or
assuming that e is independent of u) we have [4, Chapter 7]

θ̂PEM → θ0 as N →∞. (8)

One can also show that the random variable θ̂PEM is asymptotically normally
distributed with a covariance matrix given by

Cov θ̂PEM ≈
λ

N

[
Ēϕ(t)ϕT (t)

]−1
, (9)

where Ēf(t) = limN→∞ 1
N

∑N
t=1 E f(t). Denote R̄ = Ēϕ(t)ϕT (t) and its esti-

mate by

R̂(N) =
1

N

N∑

t=1

ϕ(t)ϕT (t). (10)

The asymptotic characterization of θ̂PEM allows the construction of confidence
ellipsoids of the form

θ̃T R̄θ̃ ≤ λ

N
χ2
α(d) (11)

where θ̃ = θ0 − θ̂PEM and χ2
α(d) is the upper limit a χ2(d) distributed variable

would take with probability α. Note though that in a practical situation, R̄ is
replaced by R̂(N) and λ by λ̂ = 1

N

∑N
t=1 ε

2(t, θ̂N ).

2.2 Set membership identification (SMI)

A different approach to parameter estimation of system (1) has been proposed
for the case in which the noise sequence e(t) is UBB, i.e., the only a priori
information is that it satisfies

|e(t)| ≤ δ, ∀t (12)
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for a given δ > 0. In this context, it is natural to define the feasible parameter
set as the set of all vectors θ that are compatible with the model structure (5)
and the bound (12), i.e.,

Θ = {θ ∈ Rd : |y(t)− ϕT (t)θ| ≤ δ, t = 1, . . . , N}. (13)

The set Θ is a polytope in Rd, whose complexity grows with the number of data
N .

In the set membership framework, the selection of a nominal estimate is
usually performed according to a worst-case criterion related to the feasible set
Θ. If the worst-case `p error of an estimate θ̂ is defined asE[θ̂] = supθ∈Θ ‖θ−θ̂‖p,
then the central optimal estimate is given by

θ̂C = arg min
θ̂
E[θ̂]. (14)

A suboptimal choice, usually addressed as projection estimate in the set mem-
bership literature [5] or Chebishev estimate in a statistical context [1], is ob-
tained by minimizing the worst-case prediction error

θ̂PJ = arg min
θ

sup
t=1,...,N

|ε(t, θ)|. (15)

Notice that this corresponds to a prediction error method in the `∞ norm or,
equivalently, to finding the minimum δ for which the resulting feasible set Θ is
nonempty. It is worth remarking that in the scalar case θ ∈ R, the central esti-
mate (for any `p norm) and the projection estimate coincide. On the contrary,
in the case θ ∈ Rd, d ≥ 1, the projection estimate enjoys the useful property of
being always feasible (i.e., θ̂PJ ∈ Θ), while this cannot be guaranteed in general
for the central estimate. In the SM literature, an estimation algorithm which
provides feasible estimates is called interpolatory.

3 A mixed approach

Now, let us assume that e is a white, zero mean noise sequence with bounded
amplitude as in (12). The prediction error estimate (6) is asymptotically nor-
mally distributed. Clearly, for a finite number of data one can approximate
the asymptotic distribution with the Gaussian distribution fN(x), defined for

x ∈ Rd, with mean θ̂PEM and covariance (λ/N)R̂(N), where R̂(N) is given by
(10). On the other hand, any feasible SM estimate is known to belong to set
(13). Given the information from both of these estimates, we merge them to
come up with a better estimate. A possible way is to state that for finite N ,
the estimate is approximately normally distributed with density function fN(x),
and that this approximation is valid only for x ∈ Θ. Therefore we introduce a
new “mixed” estimate, θ̂M , whose density function g(x) is defined as

g(x) =

{
c · fN (x) if x ∈ Θ
0 otherwise

, (16)

where

c =
1∫

x∈Θ
fN(x)dx

. (17)
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The estimate θ̂M is defined as

θ̂M =

∫

x∈Rd
xg(x)dx = c

∫

x∈Θ

xfN (x)dx. (18)

The covariance of θ̂M is given by

Cov θ̂M =

∫

x∈Rd
(x− θ̂M )(x− θ̂M )T g(x)dx. (19)

This estimate θ̂M is expected to inherit some useful properties of both PEM
and SM estimates. Some connections between the proposed solution and the
existing techniques is discussed in the following section.

4 Connection with previous work

4.1 PEM estimates with bounded e

The main problem with the PEM estimate in the case when e is UBB, is that
it may be unfeasible, i.e., θ̂PEM 6∈ Θ. Clearly, all interpolatory SM estimates
and the new estimate θ̂M in (18) do not suffer this drawback. Nevertheless,
guaranteed bounds can be computed also for the PEM estimation error θ̃ =
θ0 − θ̂PEM . For example, in [7] it has been shown that the minimizer of (4)
must fulfill

1

N

N∑

t=1

(θ̃Tϕ(t))2 = θ̃T R̂(N)θ̃ ≤ 4δ2 (20)

Notice that (20) provides an outer ellipsoid where the true value of θ is guar-
anteed to lie. It can be observed that the bound in (20) is not tight for re-
gression models like (3). In fact, if we introduce the regression matrix Φ =
[ϕ(1) . . . ϕ(N)]T and the noise vector e = [e(1) . . . e(N)]T , one has

1

N

N∑

t=1

(θ̃Tϕ(t))2 =
1

N
θ̃TΦTΦθ̃

=
1

N
eTΦ(ΦTΦ)−1ΦT e ≤ 1

N
eT e ≤ δ2 (21)

where the expression (7) has been exploited. It is easy to see that the above
bound is tight, as it is achieved for example by Φ = (1/N)1 and e = δ1, where
1 = [1 . . . 1]T . Comparing the ellipsoid obtained from (21), i.e., θ̃T R̂(N)θ̃ ≤ δ2,
with the approximated version of (11), we find that both ellipsoids have the same

shape, defined by R̂(N), and a size that is defined either by δ2 or by χ2
α(d)λ̂/N .

So if e is amplitude bounded by δ and is independent and identically distributed
with zero mean, one can construct confidence ellipsoids with a confidence degree
reaching from 0 to 100%.

On the other hand, it must be remarked that the estimation error given by
(21) corresponds to the worst-case realization of the noise e(t), and it is generally

much higher than the corresponding error of feasible estimates like θ̂PJ or θ̂M .
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4.2 Asymptotic variance of the estimates

In [1], it has been shown that in the scalar case θ ∈ R, if the pdf of the noise
e(t) has finite support and does not vanish at the boundary, then the variance

of the projection estimate θ̂PJ in (15) decreases as 1/N 2 (i.e.,, much faster than

the variance of θ̂PEM , which decreases as 1/N). One may expect that a similar

property hold also for the new estimate θ̂M . Although a rigorous proof seems
difficult to give, the numerical simulations performed so far seem to confirm this
conjecture (see Section 5). On the other hand, if the pdf of e(t) vanishes at the
boundary, the variance decrease can be extremly slow for estimates based only
on Θ, such as θ̂PJ or θ̂C . In this case, the new estimate θ̂M should benefit from
the (restricted) Gaussian distribution and show a much faster convergence (see
again Section 5).

4.3 Optimal choice of norm for PEM

In the elegant paper by [3], the problem of finding the norm that minimizes the
covariance of the parameter estimates in the case that the noise e is white and
amplitude bounded by δ is studied. The minimization is done with respect to
the worst case distribution of the noise. The optimal choice of norm is then
shown to be l(x) = − log cos(πx2δ ). This norm can be seen as a mixture of the
2-norm, typically used in PEM, and the dead zone norm, typically used in SM.
For small x the norm is locally quadratic, and it tends to infinity as |x| tends
to δ. If one sets l(x) = +∞ for |x| > δ, this corresponds to enforcing that
the obtained estimate belongs to the set Θ, thus ensuring feasibility. These
properties give the estimates some interesting features: the estimate is averaged
according to an approximate 2-norm and moreover one gets absolute bounds
on the associated uncertainty. This suggests a strong relationship between this
estimate and θ̂M introduced in Section 3. However, from a computational point
of view, this estimate has some drawbacks as it involves non-linear optimization
methods and requires the computation of a feasible element as a starting point
(which means that an interpolatory SM estimate must be found in order to
initialize the minimization procedure).

5 Numerical simulations

To show how the mixed estimator (18) works in practice we report some sim-
ulation examples. The first one is deliberately chosen extremely simple to be
able to do a more thorough simulation study. The data is generated according
to

y(t) = u(t) + e(t), (22)

where u is a pseudo-random binary signal with |u| = 1 and e is the measurement
noise satisfying (12) with δ = 1. We consider five different types of measurement
noise.

1. Uniformly distributed noise between (−1, 1).

2. Gaussian noise with zero mean and standard deviation 0.25 (truncated if
it falls outside the interval [−1, 1]).
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3. Nonsymmetrically distributed noise. Essentially exponentially distributed
noise, with pdf fe(x) = βex for x ∈ [−1, α] and zero elsewhere. The
parameter α has been computed so that e(t) is zero mean, while β is used
to properly scale the pdf.

4. Non-zero mean noise: the first third of the sequence is uniformly dis-
tributed between 0 and 1 and the last two thirds are uniformly distributed
between -1 and 0. This gives a mean value of −1/6.

5. Noise generated from the pdf in [1, equation (16) with a = 1].

For each test case we use 100 realizations to evaluate the bias and the variance of
the parameter estimates. The data length is varied from N = 20 to N = 500 in
steps of 20. In Figures 1(a), 2(a), and 3(a) we show the variance of the estimates
for noises (1), (2) and (3), respectively. In Figures 1(b), 2(b), and 3(b) we show
the bias of the estimates for the same noises. In all simulations the following
estimates are considered: PEM estimate (solid thin line), central SM estimate

θ̂C (dashed thin line), mixed estimate θ̂M (solid thick line) and Hjalmarsson’s
optimal norm estimate discussed in Section 4.3 (dashed thick line). It can be
seen that the new mixed estimate outperforms the PEM estimate in the case of
uniform noise, and the SM estimate in the case of Gaussian noise. Moreover,
when the nonsymmetric noise distribution is used, the variance decrease rate
of both PEM and SM estimate is much slower than that of the mixed one.
Notice that in all cases the mixed estimate and the optimal-norm estimate show
very similar performances, which suggests the existence of a strong relationship
between them.

Figures 4 and 5 report the variance of the estimates for noises (4) and (5),
respectively. As expected, for noise (4) the SM estimate outperforms the PEM
one, but it is interesting to see that the mixed estimate does the same. Con-
versely, when using Akcay’s noise it is known that the variance of the SM es-
timate converges very slowly (not faster than (logN)−3). Anyway, the mixed
estimated still behaves very similarly to the optimum-norm estimate proposed
by Hjalmarsson.

To see how the mixed probability density function g(x) in (16) is constructed,
we also show a simulation example using N = 40 data points (we are using very
few data to leave a non-negligible uncertainty in the estimates). Figure 6 shows
the result from one simulation, for the case of uniform noise. The density
function fN (x) is represented by a thin solid line and the density function g(x)
by a thick solid line. The other lines represent: PEM estimate (thin solid), SM
estimate (dashed), mixed estimate (dash-dotted), while the thick solid line in
x = 1 represents the true value.

To show how the mixed approach works in higher dimensions we consider
data generated from the following system

y(t) + 0.5y(t− 1) = u(t) + e(t). (23)

Once again we have used pseudo-random binary signal with |u| = 1 as input
and e is the measurement noise, uniformly distributed between −1 and +1. The
number of data points used is N = 40. Figure 7 shows the probability density
function g(x), together with the estimates: PEM (×), SM `∞-central (∗) and
mixed (�). The true value (0.5, 1) is represented by a circle. The contour
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Figure 1: Variancec and bias as a function of data for uniformly distributed
noise between -1 and +1.
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Figure 2: Variance and bias as a function of data for Gaussian noise.
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Figure 3: Variance and bias as a function of data for a non-symmetrically dis-
tributed noise with amplitude less than 1.
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Figure 4: Variance as a function of data for non-zero mean bounded noise.
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Figure 5: Variance as a function of data for Akcay’s noise.
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Figure 6: Probability density functions fN (x) and g(x) together with the three
different estimates using uniformly distributed noise.

plot of fN (x) in the θ-plane is depicted in Figure 8, together with the feasible
parameter set Θ (thick line). From Figure 8 we once again see that the mixed
estimate is a compromize between the SM estimate and the PEM estimate.
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Figure 7: Probability density function g(x) together with the three different
estimates and the true point using uniformly distributed noise between +1 and
−1.

6 Conclusions

In this paper a mixed approach to estimating models in case the measurements
are corrupted by amplitude bounded stochastic noise is suggested. This ap-
proach utilizes the feasible set information from the set membership estimate
together with the asymptotic normality from the prediction error estimate. The
result is an estimate with a Gaussian pdf restricted on the feasible set. The esti-
mator shows very good performance on a number of different simulation exam-
ples, in which it matches the best results from different well known estimators.
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Figure 8: Contour plot of fN (x) and feasible parameter set, for uniformly dis-
tributed noise between +1 and −1.
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