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Abstract

The paper deals with the application of identi�ability criteria to mean-

value models of turbocharged IC engines. A way of reducing such models

to linear regressions using di�erential algebra is presented. The conditions

of global identi�ability and persistent excitation are formulated in explicit

form for a given set of sensors. It is accompanied with a technique for

reducing the set of sensors required for the engine identi�cation. The

software tools required are outlined and their complexity is discussed.

Keywords: Identi�ability, di�erential algebra, internal combustion

engine
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1 Abstract

The paper deals with the application of the identi�-
ability criteria to mean-value models of turbocharged
IC engines. A way of reducing such models to linear
regressions using di�erential algebra is presented. The
conditions of the global identi�ability and the persistent
excitation are formulated in explicit form for a given set
of sensors. It is accompanied with the technique how to
reduce the set of sensors required for the engine identi-
�cation. The software tools required are outlined and
their complexity is discussed.

2 Parameterization of nonlinear models

The models based on theoretical fundamentals such
as physical, chemical, conservation and transport laws
etc. are bene�cial to improve the accuracy in descrip-
tion of phenomena. One the other hand, such models
can be very complicated and control purposes require a
semi-physical approach substituting some model parts
by simpli�ed heuristic relationships justi�ed experimen-
tally.

While conservation laws of dynamics are normally rep-
resented by bilinear di�erential-algebraic equations in
its most general form, the statical physical and chemi-
cal relationships usually contain products of variables.

The relationships justi�ed physically have a natural
number of parameters which can be additionally re-
duced by mathematical methods using the engineering
knowledge. The unknown static relationships are usu-
ally sought as formal mathematical expressions. As far
as the set of parameters is speci�ed the question of its
identi�ability [1] arises.

3 Structural identi�ability and choice of
sensors

The theoretical aspects of structural identi�ability for
di�erential-algebraic models are given in [1]. Structural
identi�ability depends on the sets of sensors, parame-
ters and inputs.

The common problem faced by industries is how to re-
duce the number of sensors in a serial production unit
without signi�cant decrease in quality of the control
system. Since most modern control systems are model-
based, the question of identi�ability of model parame-
ters is the question of our relying upon the given model
structure and, hence, upon the control system in prin-
ciple, foregoing identi�cation itself.

In theory, if we are unlimited in the choice of sensors,
most model structures will be identi�able. In practice,
the set of measurements is very limited, especially on
serial production units. Typically, various parts of the
model are used as open loop estimation algorithms in
the control strategy. During the control strategy cali-
bration phase, the calibrator is, indeed, limited by the
choice of sensors used in production comparing to the
set used in the lab. Hence, the problem what minimal
set of sensors should be used to identify a given model
structure is an important one.

Thus, if one is faced by the problem of getting rid of
the sensor measuring a variable x(t) needed to estimate
an important parameter a, one has to �nd a source of
additional information. It can be obtained from the
other measurements and model equations linking these
measurements and their derivatives. An additional in-
formation source, common for all applications, is the
prior knowledge. It often happens that one can know
the range for a given parameter or its sign in advance.

Based on these sources the test can be performed
whether the parameter a is identi�able. If the answer
is negative then one has to add one sensor, if positive
then one can try to get rid of one of them and run
the test again. In such an iterative way we will end
up with the minimal set of sensors needed for a given
model parameterization.

It turns out that this test can be carried out by dif-
ferential algebra tools. It was shown in [1] that for
the models described by di�erential-algebraic equations
(DAE) there exists an explicit algorithm to test whether
model free parameters can be uniquely recovered from
the data. The algorithm does not use numeric data
at all and, loosely speaking, reduces the identi�abil-
ity problem to the following: whether the given model
structure can be rearranged as a linear regression with
respect to each parameter. The extensions of the algo-
rithm have been developed in [2] taking into account
the prior knowledge about the system, which can be
written in the form of inequalities. Thus, the theoret-
ical problem has been solved in an algorithmic form.
The question left is the computational complexity of
Ritt's algorithm which is the base of the technique [9].

In the paper given, the practical aspects of application
of this algorithm to engine mean-value models are in-
vestigated.



4 Di�erential-algebraic representation of
nonlinear models

It was shown in [4] that any system with elementary
functions can be rewritten in DAE form, i.e. consisting
of polynomial equations in variables and their deriva-
tives.

On the other hand, the �rst principles, used for the
engine modeling, are originally of DAE type: the con-
servation of energy and mass, the gas dynamic rela-
tionships. Thus, the non-algebraic constructions are
apparently introduced by model developers trying to
rearrange equations in a simpler form eliminating the
variables. In terms of identi�cation such simpli�cation
is not desirable and DAE form of the model is prefer-
able.

Di�erential algebra deals with systems described by
polynomial equations f(x; y; u) = 0 in which deriva-
tives of variables are also admitted [9].

The di�erential algebra allows to determine for each
system of DAE a characteristic set of equations which
inherits the main properties of the original system and
in most cases contains input-output relationship. There
exists an algorithm, named Ritt's algorithm, construct-
ing such characteristic set and obtaining an input-
output relationship. Its computer implementation in [9]
is the main tool used in this paper.

Let us consider an input-output relation A(u; y) involv-
ing inputs u and outputs y. Let the parameters be in-
cluded in the coeÆcients hk;j . A can be written in the
form

A(u; y) = I(u; y)
�
y
(�k)
k

�fk
+

nkX
j=1

hk;j�k;j(u; y) (1)

where I(u; y) is the leader of Ak [1] and fk is the highest

power of the term y
(�k)
k .The terms �k;j(u; y) are expres-

sions of the form:

�k;j(u; y) = y
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�
u
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m

��k;�k;m
, i.e. power products of the ui, yi and their derivatives.

De�nition 4.1 A canonical parameterization of the
input-output relationship is one where the new param-
eters �i are chosen as the coeÆcients hk;j in (1).

Proposition 4.1 A canonical parameterization is glob-
ally identi�able for generic solutions u, y. Generic
means \suÆciently general".

Proposition 4.2 The determinants

Dk =

���������

�k;1 : : : �k;nk
�0k;1 : : : �0k;nk
...

...

�
(nk�1)
k;1 : : : �

(nk�1)
k;nk

���������
(2)

are nonsingular, evaluated for a generic solution. Par-
ticular solutions satis�ed to such conditions are called
persistently excited. See proofs in [10].

5 Engine model parameterization

In the paper given, a basically con�gurated tur-
bocharged engine is considered. For simplicity the sub-
models of fuel dynamics, combustion, intercooler and
EGR system are not considered. The main modeling
sources used are [6, 7]. In this section the list of mod-
eling equations is given. The more detailed description
of the model is in [12].

5.1 Turbocharger
The dynamics of the turbocharger shaft is described by
the energy conservation law:

@

@t
Ntc(t)Ntc(t) = �mPt(t)� Pc(t) (3)

where �m is the turbine mechanical eÆciency and Ntc

is the shaft speed. The power Pt(t) generated by tur-
bine and the power Pc(t) consumed by compressor can
derived from the steady form of energy conservation:

@

@t
Ec(t) = 0 = Pc(t) + (Tamb � Tc(t))wcCp (4)

@

@t
Et(t) = 0 = �Pt(t) + (Tem(t)� Tamb)wtCp(5)

The outlet temperature and the pressure in the tur-
bocharger are assumed equal to the ambient constants
Tamb; pamb; Tem; pem stand for the exhaust manifold
temperature and pressure; Tc; pc are the compressor
outlet temperature and pressure; wc; wt are the mass
ow rates through the compressor and the turbine, re-
spectively. The compressor and turbine isentropic ef-
�ciencies �c; �t are usually introduced by the relation-
ships:

�c(t)(
Tc(t)

Tamb

� 1) = (
pc(t)

pamb

)
�1
 � 1 (6)

(
Tamb

Tem(t)
� 1) = �t

 �
pamb

pem(t)

� �1


� 1

!
(7)

The turbine eÆciency is assumed constant and the com-
pressor eÆciency is assumed the polynomial:

�c = a4 + a5Ntc + a6N
2
tc+ a7wc + a8w

2
c + a9wcNtc

(8)

There are many other functional forms studied in the
literature. It is taken here as a demonstration example.
Denote by a�c the parameter set of this polynomial.

The turbine mass air ow can be modeled with use of
the ori�ce equation in quazi-isentropic conditions [12]:

wt

p
RTem

pem
=
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pem

s
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�
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p
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pem
)
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)
�
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�
(pamb
pem
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) � 1
� (9)



where At is the turbine ori�ce e�ective area which is
assumed constant. No ow chocked or reversal is ad-
mitted during the experiments. The general set of pa-
rameters which is subject to identi�cation for the tur-
bocharger is given as follows:

Ptc = fJtc; �t; �m; Atg [ fa�cg

5.2 Air Throttle
The air throttle mass ow rate is usually modeled as
the isentropic ow through the ori�ce (� = 1).

wc

p
RTc

pc
= Aat

s
2

 � 1

�
(
pim

pc
)
2
 � (

pim

pc
)
+1


�
(10)

where pim; Tim are the pressure and temperature in the
intake manifold. Again it is assumed that reversal and
chocked ows are not admitted.

The e�ective ow area Aat(t) can be modeled by the
following equation [6, 5]:

Aat(t) = a0 (1� cos(a1�(t) + a2)) + a3 (11)

The parameters ai has technical meaning and, hence,
the prior knowledge can be formulated as a set of in-
equalities: Iat = f a0 � 0; a1 � 0; a3 � 0 g The set of
throttle parameters is summarized as:

Pat = fa0; a1; a2; a3g:

5.3 Manifolds
One of the simplest ways to model the manifolds dy-
namics is to apply the mass conservation principle in
conjunction with the ideal gas law [7] :

@

@t
mim(t) = wc(t)� wbe(t) (12)

pim(t) =
mim(t)

Vim
RTim(t) (13)

@

@t
mem(t) = wbe(t) + wf (t)� wt(t) (14)

pem(t) =
mem(t)

Vem
RTem(t) (15)

The mass air ow wbe to the combustion chamber is
modeled by the following equation:

wbe(t)RTim(t) =
�vol(t)Nbe(t)pim(t)Vbe

120
(16)

where the function �vol(t) is called the volumetric ef-
�ciency, Vbe is the cylinder displacement volume. The
volumetric eÆciency assumed to be a polynomial [6]
with the parameter set a�vol :

�vol = a27 + a28Nbe + a29N
2
be + a30Nbepim:

Here Pim \ Pem = fVim; a�volg:

5.4 Basic Engine
The dynamics of the engine shaft can be described using
the energy conservation law:

@

@t
Nbe(t)Nbe(t) = Pbe(t)� Ploss(t)� Tload(t)Nbe(t)

(17)

where Nbe(t) is the engine shaft speed. Here Pbe(t) is
the power generated by the shaft, Ploss(t) is the total
loss power and Tload(t) is the load torque scaled with
30
�
.

The model of Pbe(t) is taken for the spark-ignited en-
gine [7] assuming � = 1 and ignoring the term for the
spark advance:

Pbe = wfPPim(a19 � a20e
�Nbea21): (18)

PPim = (a16 + a17pim + a18p
2
im) (19)

where PPim is the part dependent on the intake pres-
sure. The set of parameters in this relationship is de-
noted by aPbe and aPPim , respectively.

The total loss power, referring to the same source [7], is
modeled by a quadratic polynomial in the engine speed
Nbe and the intake pressure pim with the coeÆcients
aPloss :

Ploss = a22Nbe + a23N
2
be

+ a24N
3
be + a25pimNbe + a26pimN

2
be (20)

Pbe = fJbe; aPbe ; aPloss ; aPPim g
The equation system described in this section will be
denoted shortly E in the rest of the paper.

6 Nonlinear engine model as a cascade of
linear regressions

De�nition 6.1 Let M be the set of measurements, P
be the set of parameters. The system of equations E
is called a linear regression in P with respect to M if
it appears as a system of polynomial equations of the
�rst order in arguments from P with the coeÆcients
being known functions in the elements of M and their
derivatives. These coeÆcients are called regressors.

If a model is rearranged as a linear regression in param-
eters then the identi�cation of these parameters can be
performed by well-developed and reliable least-squares
techniques [3]. It will allow to bypass the local minima
problem usually arising in the non-convex optimization.

Assume the ideal situation when we have a full set of
measurements:

Mid = fNtc(t); Nbe(t); Tload(t); pim(t); pem(t); pc(t);
Tim(t); Tem(t); Tc; wf (t); �(t)g

The general set of parameters is summarized as:

P = Ptc [ Pat [ Pim [ Pem [ Pbe



Proposition 6.1 There exists a transformation F to
the new parameter set � = F (P) such that the com-
plete engine model E can be rearranged as a linear re-
gression in � with respect to Mid

Generally, the proof of this proposition follows from the
results of section 4. The proof given below consists of
four assertions . It is of constructive nature and its
main steps consist of sequential conversion of engine
subsystems to DAE form where it is necessary and ap-
plication of Ritt's algorithm to generate input-output
relationships.

Proposition 6.2 The air throttle model (10)-(11) can
be rearranged to the following linear regression in the
set of parameters

�at = f�at1 ; �at2 ; �at3 ; �at4 g
with respect to Mid:

yat1 (t) = �at1 �at1 (t) + �at1 �at2 (t) + �at2 �at3 (t)

yat2 (t) = �at4 �at4 (t) (21)

where �atj ; y
at
i are the regressors with respect to Mid,

�atj are new parameters and i = 1 � � � 2; j = 1 � � � 4:
�at1 = a0

2a1
2 � a0

2a3
2a1

2

�at2 = a0a3a1
2

�at3 = a1
2 (22)

�at4 = a2

The explicit form of the regressors here and below is
given in [12].

Remark 6.1 The regressor yat2 depends on the param-
eters from the �rst regression equation, i.e. the regres-
sions form a cascade and the dependent regressors be-
come known by consequent computations. Thus, it does
not contradict to the de�nition of linear regression given
in this section.

Remark 6.2 The practical implementation of the re-
gressors generated can be done by sampling the deriva-
tives involved. Notice, that the regressors contain only
�rst derivatives of the measurement signals from Mid.

Remark 6.3 Most of the mathematical manipulations
needed in this derivation are automatized [1, 2] with
computer algebra systems. Below, we give an only man-
ual proof to elucidate some steps showing how it works.

Proof of Proposition 6.2 By introducing new
variables z1(t) = cos(a1�(t) + a2) and z1(t) =
sin(a1�(t) + a2), di�erentiating it and taking into ac-
count properties of trigonometric functions we obtain
that the e�ective area equation (11) is equivalent to
the following di�erential-algebraic system:

Aat (t)� a0z1(t)� a0a3 = 0

d

dt
z1(t) + z2(t)a1

d

dt
�(t) = 0 (23)

(z1(t))
2 + (z2(t))

2 � 1 = 0

plus the equation

arccos(
Aat(t)� a3

a0
) = a1�(t) + a2 (24)

Eliminating the variables z1; z2 by di�erentiation we
obtain the equation:

�
d

dt
Aat(t)

�2

= a0
2a1

2

�
d

dt
�(t)

�2

�a12
�
d

dt
�(t)

�2

(Aat (t))
2
+2 a0Aat (t)a1

2

�
d

dt
�(t)

�2

a3

� a0
2a3

2a1
2

�
d

dt
�(t)

�2

Taking into account the notations used we immedi-
ately obtain the �rst equation (21). The parameters
�at0 ; �at1 ; �at3 can then be determined by any relevant es-
timation procedure [3] if the excitation input �(t) is
correctly chosen. The analysis of the algebraic system
(22) shows that this system is uniquely resolvable with
respect to the parameters aat if we utilize the prior
knowledge formalized in the inequality set Iat. Substi-
tuting the parameters obtained in (24) we realize that
this equation is also a linear regression in a2. The as-
sertion follows.

Proposition 6.3 The turbocharger model (3)-(9) can
be rearranged as the following linear regression in the
set of parameters:

�tc = f�tc1 ; �tc2 ; �tc3 ; �tc4 ; ��c ; �pc g
with respect to Mid:

ytc1 (t) = �tc1 �
tc
1 (t) + �tc2 �

tc
2 (t)

ytc2 (t) = �tc3 �
tc
3 (t) (25)

ytc�c(t) = �tc�c
T
�tc�c(t)

where �tc1 = Jtc; �
tc
2 = �mAt; �

tc
3 = �t; �

tc
�c

= a�c .

The regressor vector �tc�c(t) is composed from the re-
gressors of the compressor map. Since the turbocharger
speed is known, no conversion to DAE form is required.
The results follow directly rewriting the system (3)-(9).
The parameters are to be computed recursively.

To represent the basic engine subsystem in compact re-
gression form we make the additional assumptions that
the loss power Ploss(t) and the intake pressure depen-
dent term denoted by Ppim(t) in the expression (18) are
estimated in advance and, hence, are known functions.
Since they depend on the variables from Mid one can
attach them to this set as additional measurements.

~Pbe = fa19; a20; a21; Jbeg

Proposition 6.4 The basic engine model (17)-(20)
can be rearranged as the following linear regression in
parameters

�be = f�be1 ; �be2 ; �be3 ; �be4 ; �be4 g



with respect to ~Mid =Mid [ fPloss(t); Ppim(t) g:

ybe1 (t) = �be1 �be1 (t) + �be1 �be2 (t) + �be3 �be3 (t) + �be4 �be4 (t)

ybe2 (t) = �be5 �be5 (t) (26)

where �be1 = Jbe; �
be
2 = a21; �

be
3 = a19a21; �

be
4 =

Jbea21; �
be
5 = a20:

Proof of Proposition 6.4 Convert the system (17)-
(20) to DAE form. A new variable z(t) and di�erential
equation will appear. Apply Ritt's algorithm to this
DAE system specifying the next inputs for elimination:
z(t); Ebe(t); Pbe(t). The resulting relationship does not
contain the parameter a20. That means that this pa-
rameter is not identi�able in this DAE form. How-
ever, it can be recovered from the original non-algebraic
equation. Again, similar to air throttle model, we have
the cascade construction of linear regressions.

Proposition 6.5 The manifold models (12, , 16) can
be rearranged to the following linear regression in pa-
rameters �im = f�im1 ; �im2 ; �im3 ; �im4 ; �im5 g and �em =
f�em1 ; �em2 g with respect to Mid:

yim(t) = �im1 �im1 (t) + �im2 �im2 (t) + �im3 �im3 (t) +

�im4 �im4 (t) + �im5 �im5 (t) (27)

yem(t) = �em1 �em1 (t) + �em2 �em2 (t)

where �im1 = Vim; �
im
2 = a27; �

im
3 = a28; �

im
4 =

a29; �
im
5 = a30; �

em
1 = Vem; �

em
2 = At.

7 Identi�ability criteria

This section deals with the criteria of identi�ability for
the model parameterization (3)-(20). It is shown that
this model is globally identi�able with respect to the
measurement set ~Mid. The condition of global identi-
�ability, when the sensor of turbocharger speed is elim-
inated, is given. It is discussed how to choose the per-
sistently exciting model inputs to perform engine iden-
ti�cation.

The de�nition of global identi�ability is given according
to [1] in a modi�ed form as follows:

De�nition 7.1 A model structure of equation, mea-
surement and parameter set E ;M = fz(t)g;P = f�g
with prior knowledge formalized in the form of inequal-
ities I is globally identi�able if for any feasible �? the
following implication holds:

z(t; �) = z(t; �?) ) � = �?:

If it holds in an open neighborhood of �? then the model
structure is called locally identi�able in �? .

Proposition 7.1 The engine model (3)-(20) with prior
knowledge I = Iat is globally identi�able with respect
to the parameter set P and measurement set ~Mid.

Proof of Proposition 7.1 The linear regressions de-
rived in the propositions 6.2-6.5 are canonically param-
eterized by construction. According to the results from
section 4 they are globally identi�able. Hence, the iden-
ti�ability is reduced to the question whether the sys-
tems of algebraic equations de�ned in the assertions
of the section 6 and called here as identi�ability ta-
bles are uniquely resolvable with respect to the original
physical parameters. The identi�ability table for the
manifolds is trivially uniquely resolvable with respect
to Pim[Pem [fAtg. As a bonus we obtain the param-
eter At usually referred to the turbocharger subsystem.
With such a knowledge the identi�ability table for tur-
bocharger will be uniquely resolvable with respect to
Ptc. The identi�ability table for the air throttle. is
generally not resolvable uniquely with respect to Pat

but with the additional knowledge Itc it is. The basic
engine subsystem has also a unique solution. The result
follows.

Let us consider situation when a sensor of turbocharger
speed is not available. Assume that we have some prior
knowledge about the compressor map (8) and it is as
limited as: Itc = fa8 = a?8; a9 = 0g. The rest of the
coeÆcients of the compressor map are not �xed.

Proposition 7.2 The engine model (3)-(20) with the
prior knowledge Itc [ Iat is globally identi�able for the
parameter set P and the measurement set ~Mid n fNtcg
if the sign of parameter a5 in (8) is known.

Proof of Proposition 7.3 Find the regressors depen-
dent on turbocharger speed: �tc�c(t); �

tc
pc(t); �

tc
1 (t). We

obtain then four equations involving Ntc and parame-
ters:

ytc1 (t)�c(t) = Cpwc(t)y
tc
�c
(t)

ytc1 (t) = �tc1 �
tc
1 (t) + �tc2 �

tc
2 (t)

�c(t) = a4 + a5Ntc(t) + a6Ntc(t)
2

+ a7wc(t) + a8wc(t)
2

�tc1 (t) = �Ntc(t)
@

@t
Ntc(t)

Denote z1(t) = Cpwc(t)y
tc
�c
(t) and z2(t) =

a8wc(t)
2: Form the command to Ritt's algorithm

to generate input-output relationship eliminating
�c(t); �

tc
1 (t); Ntc(t): The resulting relationship, being a

di�erential polynomial, contains many additive terms.
Introducing canonical re-parameterization we get a sys-
tem of algebraic equations. The number of new canon-
ical parameters is much bigger then original ones:
�1; �2; a4:a5; a6; a7. Using Grobner bases tools, the sub-
system of equations was found

a6�1a7 = b1

a6�1 = b2

a6�1�2 = b3

a6a
2
7 = b4

�a25a6 + 4a26 = b5

which is uniquely resolvable with respect to the original
parameters if we know the sign of a5 and there is no



other equation in the full system resolvable with respect
to a5 without this knowledge. Referring to the section
4 the result follows.

In the text above the identi�ability was treated in the
structural sense without regarding the data trajectories.
The formulation of persistent excitation conditions is
straightforward according to the Section 4. We present
these conditions in explicit form for the air throttle
model.

Proposition 7.3 The persistent excitation condition
for the air throttle model (10)- (11) are as follows:

@

@t
�(t)(

@

@t
Aat(t))

3 6= 0

for given input trajectories �(t); Tload(t); wf (t).

It is clear that these conditions are always satis�ed if
the throttle angle changes monotonically.

8 Software issues and computational
complexity

In the work presented three programming packages for
Maple computer algebra system were used. The ba-
sic program package is Ritt's algorithm implementation
by [9] and its modi�cation [4].

The main program rittio works in the following way:

> rittio([E]; [Y ]; [X ])

where E is the list of modeling equations, Y is the list of
ordered desirable variables, usually inputs, outputs and
parameters, X is the list of undesirable variables which
are subject to elimination. If one speci�es parameters
as functions of time then the algorithm produces the
complete characteristic set of a given DAE system. It
requires many computations and at this time its com-
putational limit is up to 10 time-dependent variables. If
one speci�es parameters as time-independent variables
then the algorithm produces just input-output relation-
ships. The computational limit increases signi�cantly.
In this way it was applied to the engine model given.

The second package is the convertor [4] from ODE to
DAE systems. Its main program has two inputs:

> ode2ade(L; t)

the list of arbitrary ODE equations L and independent
variable t. It produces its di�erential-algebraic equiva-
lent of minimal degree, automatically augmenting new
variables if necessary. No computational problems have
been noticed with this program.

The third package is the library of symbolic objects
for modeling of internal combustion engines. This li-
brary, presented in [8], stores the basic structures usu-
ally used in modeling of internal combustion engines as

black boxes. For example, the throttle symbolic model
can be obtain by one line:

> orifice(inputs; outputs; parameters)

with the speci�cation of variables and/or subscripts in-
volved. These procedures are generated by the other
procedures, containing the derivation of this model
from the �rst principles. The �rst principles are also
considered as black boxes in this library. Thus, some
changes in the underlying physical assumptions auto-
matically result in the modi�ed model of a subsystem.

Additionally, we used the Grobner bases package in-
cluded in the standard Maple set up.

The combination of these programs allows one to cre-
atively automatize the engine modeling process.
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