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Abstract

Structure detection is a procedure for selecting the subset of can-

didate terms, from a full model description, that best describe the
observed output. This is a necessary procedure to compute an ef-

�cient system description which may a�ord greater insight into the

functionality of the system or a simpler controller design. Structure

computation is an unresolved issue in system identi�cation. In this pa-

per we propose a suboptimal bootstrap structure detection (SOBSD)

algorithm for such models.

Performance of this SOBSD algorithm was evaluated by using it

to estimate the structure of (i) a simple NARMAX model and (ii) a

moderately over-parameterized NARMAX model. The results demon-

strate that the SOBSD method is simple to use and is robust in the

presence of noise.

1 Introduction

The dynamic behavior of many nonlinear systems can be represented as
a discrete polynomial which expands the present output value in terms of
present and past values of the input signal and past values of the output signal
[29, 30, 23]. A full expansion of this representation gives a large number of
possible terms which may be required to represent the dynamic process [5].
Many of these candidate terms are usually insigni�cant and can therefore
be removed. Hence, the structure detection problem is that of selecting a
subset of candidate terms that best predicts the output while maintaining
an e�cient system description.

The relevance of structure computation is, for example, controller design
and study of biological processes. For control, a parsimonious system descrip-
tion is essential for many control strategies [19]. In biological modeling the
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objective is often to gain insight into the function of the underlying system
[27].

There are two fundamental approaches to the structure detection prob-
lem: (1) exhaustive search, where every possible subset of the full model is
considered (see e.g., [16, 37]), or (2) parameter variance, where the covariance
matrix , P�, based on input-output data and estimated residuals are used to
assess parameter relevance (see e.g., [36]). Both have problems. Exhaustive
search requires a large number of computations and parameter variance es-
timates are often inaccurate when the number of candidate terms is large
[25, 28].

Recently, Kukreja et al. [26] demonstrated that bootstrap is a useful tool
for structure detection of nonlinear models. The bootstrap is a numerical
procedure for estimating parameter statistics that requires few assumptions
[12]. The conditions needed to apply bootstrap to regression analysis are
quite mild; namely, that the errors be independent, identically distributed,
and have zero-mean. This contrasts with regression analysis that requires an
accurate estimate of the noise process which is di�cult to obtain unless the
model structure is correct [7, 18, 32].

In this paper, we show that our suboptimal bootstrap method yields good
results for structure detection in the presence of additive output noise with 0
dB signal-to-noise ratio (SNR). Furthermore, suboptimal bootstrap structure
detection (SOBSD) outperformed the t-test.

The organization of this paper is as follows. Section 2 describes the class of
nonlinear model considered in this study. Section 3 reviews some commonly
used techniques for assessing parameter signi�cance while the instrumental
variables estimator is summarized in x4. Bootstrap sampling theory and its
application to structure detection is discussed in x5. Our bootstrap structure
detection algorithm is presented in x6 while x7 illustrates the results of our
algorithm on several simulated systems. Section 8 provides a discussion of
our �ndings and x9 summarizes the conclusions of our study.

2 System Description

The NARMAX (Nonlinear AutoRegressive, Moving Average eXogenous) struc-
ture is a general parametric form for modeling nonlinear systems [29]. This
structure describes both the stochastic and deterministic components of SISO
and MIMO systems, however, for notational simplicity only SISO systems
are considered here. Many nonlinear systems are a special case of the gen-
eral NARMAX structure [4, 8]. In this paper, we focus on a special class of
NARMAXmodels; nonlinear polynomial models. The polynomial NARMAX
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structure models the input-output relationship as a nonlinear di�erence equa-
tion of the form

z(n) = f l[z(n� 1); � � � ; z(n� ny); u(n); � � � ; u(n� nu); (1)

e(n� 1); � � � ; e(n� ne)] + e(n):

f l denotes a nonlinear mapping, u is the controlled or exogenous input, z
is the measured output, and e is the uncontrolled input or innovation. This
nonlinear mapping may include a variety of nonlinear terms, such as terms
raised to an integer power, products of present and past inputs, past outputs,
or cross-terms. This system description encompasses many forms of nonlinear
di�erence equations that are linear-in-the-parameters. For example, consider
the following NARMAX model

z(n) = �1z(n� 4) + �2u
2(n� 4) + �3u

2(n� 1)z(n� 1) + �4u(n)u(n� 3)(2)

+ �5e(n� 4) + �6u
2(n� 1)e(n� 1) + e(n):

This model contains a variety of nonlinear terms (regressors) but is linear-
in-the-parameters and, therefore, linear regression techniques can be used for
parameter estimation [1, 6, 17, 37]. Thus, we do not have problems with
local minima.

The order of a NARMAX model may be de�ned as

O = [nu ny ne l] (3)

where nu is the maximum input lag, ny the maximum output lag, ne the
maximum error lag and l the maximum nonlinearity order [24]. The max-
imum number of terms in a NARMAX model with ny, nu and ne dynamic
terms and lth order nonlinearity is [6]:

p =
lX

i=1

pi + 1; (4)

pi =
pi�1(ny + nu + ne + i)

i
; p0 = 1:

For nonlinear systems, output additive noise can produce multiplicative
terms between input, output and itself. To compute unbiased parameter
estimates a noise model needs to be estimated. As a result, the number
of candidate terms can become large for even moderately complex models
making structure detection di�cult. For example, consider model (2), which
is of order: O = [4 4 4 2]. A model of this order has p = 105 candidate terms.
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To limit the number of terms to be considered an output error (OE) for-
mulation can be used, where it may not be necessary not postulate a noise
model [32]. The instrumental variable (IV) estimator can be used to compute
an unbiased parameter set for an OE model structure without modeling the
noise. However, the IV estimator can only be applied to nonlinear systems if
certain properties of the system noise are satis�ed (see x4). The IV method
provides unbiased results when the noise terms are represented within the
NARMAX model as a linear expansion [6]. This excludes many nonlinear
structures contained in the full model structure when the output terms are
allowed to be nonlinear but, as a result, require a noise model to be postu-
lated. This special case of the general NARMAX model (1) can be written
as

z(n) = f l[u(n); � � � ; u(n� nu)] + [z(n� 1); � � � ; z(n� ny); (5)

e(n� 1); � � � ; e(n� ne)] + e(n):

The class of models that give linear output and error terms include blocked
structured N-L models (static nonlinearity followed by a causal, linear, time-
invariant, dynamic system) such as Hammerstein models, bilinear models,
etc.

IV estimators provide an unbiased parameter set for this class of models
without having to compute a noise model [6]. Therefore, we rede�ne the
model order, for this model set, as

O = [nu ny l]: (6)

The maximum number of candidate terms in a model (5) with ny and nu
dynamic terms and lth order nonlinearity is

p = ny +
lX

i=1

pi + 1; (7)

pi =
pi�1(nu + i)

i
; p0 = 1:

In practical identi�cation experiments there is often some a priori knowl-
edge regarding the type of structures that may be realistic to consider. There-
fore, in this paper, we assume the (i) system order, O, is known and (ii)
process to be identi�ed lies within the model class.

3 Structure Detection

NARMAX representations of many nonlinear systems require only a few
terms. However, as the order of the system increases the number of candidate
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terms becomes very large (7). The structure detection problem is that of
selecting a subset of candidate terms that best describes the output. Several
methods for NARMAX structure detection have been proposed including
hypothesis testing of di�erences between means via the t-test (see e.g.,[36]),
Korenberg's fast orthogonal search (FOS) [21, 22], stepwise regression [14],
exhaustive search (see e.g., [16, 37]), and analysis of variance (ANOVA) (see
e.g., [34, 35]).

3.1 Hypothesis Testing

The t-test in combination with regression analysis is sometimes referred to
as a form of hypothesis testing by computing the di�erences between means
[36]. This procedure assumes that accurate estimates of parameter variances
is available. Our results indicate that this assumption is violated for over-
parameterized models and, therefore, may lead to inaccurate estimates of
system structure [25, 28].

3.2 Fast Orthogonal Search

Korenberg [21, 22] developed a fast orthogonal search (FOS) speci�cally for
nonlinear systems. This method relies on orthogonalizing the regressor ma-
trix and using the orthogonal relationships to compute how much each term
would reduce the total mean-squared error. This algorithm selects a desired
tolerance level to determine which terms to accept or reject. Ideally, the
tolerance level should be set as the ratio of the expected value of the squared
noise process over the expected value of the true system output [9]. This
requires a priori knowledge about the true errors and system output, which
is seldom available. Therefore, in practice the tolerance level is set by trial
and error [9].

3.3 Stepwise Regression

The widely used stepwise regression algorithm is due to the original work
of Efroymson [14]. Stepwise regression relies on the incremental change in
the residual sums of squares (RSS) resulting from adding or removing a
parameter. However, this method is sensitive to the order in which the
regressors are introduced and often gives models with incorrect structure
[10, 20, 33, 38].
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3.4 Exhaustive Search

Exhaustive search for signi�cant regressors has been used in the statistical
community for many years [16, 37]. This approach searches over every pos-
sible subset of the full model. The best model is deemed as the one that
minimizes some criterion such as AIC or root mean-square error [32]. An ex-
haustive search is an ine�cient technique for structure computation because
it typically requires more computations than bootstrapping and it has been
shown to fail even with few candidate terms and small amplitude noise due
to local minima [31].

3.5 ANOVA

Recently, analysis of variance (ANOVA) has been applied to structure de-
tection of nonlinear dynamic models [31]. ANOVA computes structure via
hypothesis tests of the residual sum of squares and F -distribution [34, 35].
This technique is sensitive to grouping data into various levels [31].

4 Parameter Estimation

Structure detection starts by computing an estimate of the unknown system
parameters, �0. These estimates can be obtained using well known identi�-
cation techniques, such as instrumental variables [32]. Next, it is essential
to compute accurate parameter statistics to make a probability statement
with respect to unknown true values of the parameters. These statistics will
be obtained using bootstrap since standard identi�cation methods may pro-
vide inaccurate parameter statistics for over-parameterized models (see x7.3)
[25, 28] .

NARMAX models provide a concise system representation; however, any
noise on the output enters the model as product terms with the system input
and output [26]. Consider the system shown in �g. 1. The system output,
y(n) = F (q)f l[y(n� 1)] +B(q)f l[u(n)], is assumed to be a function of both
current and past inputs and past outputs. The noise term e(n) is assumed
to be a stationary, zero-mean, random process, uncorrelated with itself and
the input.

For example, let system y(n) = F (q)f l[y(n� 1)] +B(q)f l[u(n)] be repre-
sented by the following NARMAX model

y(n) = �1y(n� d1) + �2y
2(n� d2) + �3u

2(n� d3)y(n� d4) (8)

+ �4u(n� d5)
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Figure 1: Output error (OE) system con�guration. u(n) is the input, y(n)
is the true system output, e(n) is a Gaussian, zero-mean, noise and z(n) is
the measured output.

where di (i = 1; � � � ; 5) represent delays and �j the coe�cients (j = 1; � � � ; 4).
The measured output is related to the noise and true system output as

z(n) = y(n) + e(n) or (9)

y(n) = z(n)� e(n):

Substituting (9) into (8) gives

z(n)� e(n) = �1[z(n� d1)� e(n� d1)] + �2[z(n� d2)� e(n� d2)]
2(10)

+ �3u
2(n� d3)[z(n� d4)� e(n� d4)] + �4u(n� d5):

The model is linear-in-the-parameters and the noise is output additive, nev-
ertheless the noise enters the model as multiplicative terms with the input
and measured output.

The ordinary least-squares formulation for this system (10) is

Z = 	zu�0 + " where (11)

" = ��1e(n� d1)� 2�2z(n� d2)e(n� d2) + �2e
2(n� d2)

��3u
2(n� d3)e(n� d4) + e(n)

where Z is a N � 1 vector of measured outputs, 	zu is a N � p matrix of
regressors with full column rank, based on input-output only, �0 is a p � 1
vector of unknown parameters, and " is a N�1 vector of modeling errors and
noise. The ordinary least-squares formulation assumes that 	zu is determin-
istic. However, since 	zu is a function of the system inputs and measured
outputs 	zu is not deterministic.

The ordinary least-squares estimate, �̂OLS, based on this is

�̂OLS = (	T
zu	zu)

�1	T
zuZ (12)
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and will give biased parameter estimates since " (11) is not zero-mean [37].
This makes identi�cation of NARMAXmodels complicated since a NARMAX

system description gives a model in which the noise can be correlated with
true system output, input and itself. However, least-squares assumes no cor-
relation between the true system output, the system input and noise. Con-
sequently, least-squares parameter estimation algorithms for linear systems
cannot be applied directly [40].

To obtain unbiased parameters other estimation techniques based on
least-squares must be used. One such method, used for NARMAX mod-
els, is instrumental variables (IV). IV addresses the bias problem by using
an instrument matrix that is correlated with the regressors but uncorrelated
with the noise.

The IV method is based on selecting an instrument matrix V which sat-
is�es the conditions

lim
N!1

1

N
V T	zu = R; where R is nonsingular (13)

lim
N!1

1

N
V T (Z �	zu�0) = 0:

The conditions of (13) require (i) the matrix product, R = V T	zu, have full
rank, and (ii) the errors have zero-mean and be uncorrelated with V . This
ensures that the estimate

�̂ = (V T	zu)
�1V TZ (14)

is unbiased since the instrument matrix is not correlated with the errors
[40, 39].

The most popular way to satisfy (13) is to de�ne V T to have the same
structure as 	T

zu but with the measured outputs replaced by predicted out-
puts [39, 32]. The columns of V T associated with input are unchanged since
it is assumed that the input is measured with negligible error. In IV, the
NARMAX formulation of (5) is rede�ned into a OE model by replacing z
with ŷ; making it a deterministic least-squares problem. (However, it is dif-
�cult to form an uncorrelated instrument matrix, V , and consistency cannot
always be guaranteed [41, 32]. For this reason, we consider the IV method a
suboptimal estimator.)

Instrumental variables can only be applied to nonlinear systems if certain
properties of the system noise are satis�ed. Let the prediction errors be
de�ned as

�̂ = Z � Ẑ (15)
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where Ẑ is the predicted output and the error sequence of model (10) be
rede�ned as

� = 	zu�̂�zu�̂ +	�̂��̂ + �̂ (16)

where 	zu�̂ represents all the cross products involving �̂, and 	�̂ is a polyno-
mial function of the prediction errors only. This results in the least-squares
description

Z = 	zu�zu + �: (17)

This model formulation leads to biased parameter estimates whenever the
system under test is nonlinear because [6]

lim
N!1

1

N
V T (Z �	zu�zu) = lim

N!1

1

N
V T (	zu�̂�zu�̂ +	�̂��̂ + �̂) 6= 0: (18)

A typical term in (18) takes the form [6]

lim
N!1

1

N
V T [ziuj �̂k] for some i; j; k (19)

and will not be zero even when �̂(n) is a white, zero-mean noise sequence
(see example in [6] on pp. 608-9). In general, the instrumental variable
algorithm will yield biased estimates for nonlinear systems. However, the IV
method gives unbiased results when the noise terms are represented within
the NARMAX model as a linear expansion and, therefore, it always satis�es
the conditions of (13). In this paper, we assume that the system(s) under
test is/are represented by a linear expansion of outputs (and hence its errors)
making IV an appropriate choice of estimator.

5 The Bootstrap

In system identi�cation it is necessary to form an estimate of unknown pa-
rameters of a random process, using a set of sample values. These can be
computed using the IV estimator. Parameter statistics are also needed to
make a probability statement with respect to unknown true parameter val-
ues. One probability statement is, to assign two limits to a parameter, and
assert that, with some speci�ed probability, the true value of the param-
eter will be situated between these limits, which constitute the con�dence
interval.

The bootstrap is a powerful numerical technique for computing parameter
statistics in situations where conventional techniques will likely fail. The
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bootstrap achieves with a computer what the user would do in practice if
it were possible: Monte-Carlo analysis. With bootstrap, observations are
randomly reassigned, and estimates recomputed. These assignments and
recomputations are done a \large" number of times and treated as repeated
experiments. In the context of structure detection, we use the bootstrap
method to detect spurious parameters of the over-parameterized model; those
parameters whose estimated values cannot be distinguished from zero.

5.1 Bootstrap Sampling Theory

The bootstrap method assumes that observed data arise from an unknown
distribution, F , which has given, say, the observed data x = (x1; x2; � � � ; xN )
[13]. The individual data points xi can themselves be quite complex, i.e.
numbers, vectors, maps, images, etc. From the observed data a statistic of
interest, �̂ = s(x), is computed where \s" represents some estimator of the
statistic [13]. With bootstrap, the empirical distribution F̂ gives bootstrap
samples x� = (x�

1
; x�

2
; � � � ; x�n) by random sampling, from which bootstrap

replications of the statistic of interest, �̂� = s(x�) are calculated. The star no-
tation indicates that x� is not the actual data set, x, but rather a resampled
version of x. The empirical distribution function F̂ is de�ned to be the dis-
crete distribution that puts probability 1=N on each value xi; i = 1; 2; � � � ; N .
Bootstrap replications of the statistic, �̂� = s(x�) are calculated from this
bootstrap data. The advantage of the bootstrap is, as many replications of
�̂� can be computed as desired, or as many as can be a�orded.

5.2 The Bootstrap Operation

Given z1; : : : ; zN , let �̂
�

1
; : : : ; �̂�N be conditionally independent, with common

distribution F̂N . Let

Ẑ� = 	��̂ + �̂�: (20)

Informally, �̂� is obtained by resampling the residuals, �̂, and Ẑ� is generated
from the data, using the regression model with �̂ as the vector of parameters
and F̂N as the distribution of the residuals.

Next, consider giving the \starred" data (	�; Ẑ�) to another experimenter
and asking him or her to estimate �̂. The instrumental variable estimate is
simply

�̂� = (V T�	�)�1V �Ẑ�: (21)

The bootstrap principle is that the distribution of (�̂� � �̂), which can be
computed directly from the data approximates the distribution of (�̂ � �).
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Similarly, for the full p-dimensional distributions. This allows one to then
remove spurious parameters.

Bickel and Freedman [2, 3, 15] studied the linear regression model where
the number of data points N and parameters p were both large. For the
full p-dimensional distribution of the least-squares estimates the bootstrap
distribution will converge to the true unknown distribution as [3]

 =
p2

N
! 0: (22)

Initially, p cannot change, consequently the accuracy of the bootstrap es-
timate is determined by the data length, N , available for estimation. In
structure computation the objective is often simultaneous inference testing.
For structure detection, to obtain consistent results the relevant criterion for
bootstrap convergence is given by (22).

Computing a good estimate of parameter statistics is the central issue
for all structure detection algorithms and, hence, a poor estimate of these
statistics may lead to models with incorrect structure. The work by Bickel
and Freedman is relevant for nonlinear system identi�cation because the
bootstrap provides a good estimate of the unknown noise distribution. This
implies that bootstrap should lead to accurate parameter statistics, if su�-
cient data is available. When the condition in (22) is applied to standard
techniques for computing parameter statistics, it may give a good estimate of
parameter statistics for a particular input-output realization but, in general,
will not be consistent. Although (22) provides a guideline for computing
accurate estimates of parameter statistics, it only implies that they will on
average equal the statistic they are supposed to estimate; it does not imply
that any of these values must necessarily be close. In addition, the parameter
estimator will strongly inuence the rate of correct structure selection with
bootstrap.

6 Application to Structure Detection

Application of bootstrap to structure detection involves two steps: (i) com-
puting a series of parameter replications, in which bootstrap data is generated
to compute new bootstrap parameter estimates, and (ii) forming percentile
intervals for hypothesis testing, where the signi�cance of the parameters is
determined. Bootstrap data is formed by �rst estimating the residuals of
the identi�ed model; these residuals are then resampled with replacement,
centered and then added to the predicted output to generate bootstrap repli-
cations of the output [12, 13]. B bootstrap data sets are generated to estimate
B bootstrap parameter replications.

11



Signi�cance of the parameters is determined by forming percentile inter-
vals. The estimates from B parameter replications are ranked in increasing
order and the B � �th and B � (1 � �)th values in the ordered list of the B
replications are used as an upper and lower bound for the parameter devia-
tion with an �th and (1 � �)th level of signi�cance, respectively [13]. The
signi�cance of each parameter is determined by checking if 0 lies in its inter-
val: if so, the parameter is rejected. This leads to the following algorithm to
detect structure of linear-in-the-parameter models.

6.1 SOBSD Algorithm

1. Compute an initial estimate of the unknown parameter vector as: �̂ =
(V T	zu)

�1V TZ (14).

2. Estimate the residuals as: �̂ = Z � Ẑ (15).

3. Generate B bootstrap data sets as Ẑ� = 	��̂ + �̂� (20).

4. Compute B bootstrap parameter replications as: �̂� = (V T�	�)�1V �Ẑ�

(21).

5. Form percentile intervals for each parameter by ranking estimates from
the B parameter replications in increasing order.

6. Estimate the upper and lower bounds of each parameter's con�dence
interval for a desired � level of signi�cance.

7. Determine if zero lies in the interval of each parameter in the vector.

8. If zero lies in the interval for any parameter remove it from the regres-
sion.

9. Compute a new estimate of the parameter vector and residuals as in 1
& 2.

10. Go to 3 until convergence.

7 Simulations

The e�cacy of the SOBSD algorithm was assessed using Monte-Carlo simu-
lations of three nonlinear systems. For each system, inputs were uniformly
distributed, white, zero-mean, random sequences with unit variance. Two
hundred Monte-Carlo simulations were generated in which each input-output
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realization was unique, and had a unique Gaussian, white, zero-mean, noise
sequence added to the output, with 0 dB SNR. The IV estimator was used
to compute system parameters and the instrument matrix, V , was formed
with measured outputs replaced by predicted outputs.

7.1 Convergence Analysis of Bootstrap

In this study we assessed how small  = p2=N must be to achieve a high
probability of true model structure selection using the IV estimator. In ad-
dition, we evaluated whether increasing the number of bootstrap replications
could compensate for insu�cient data length.

For identi�cation, the data length was determined as

N =

�
p2



�
: (23)

 was decreased in increments 0:01 in the interval  = [0:2; 0:01]. An initial
estimate of the system parameters was computed and B bootstrap replica-
tions were generated to assess the distribution of each parameter. For each
 (or N) the identi�cation was restarted for increasing B in the interval
B = [50; 300] in increments of 50. For every  and B, each parameter was
tested for signi�cance at the 95% con�dence level. The SOBSD routine's
performance was compared with the t-test, at the same con�dence level.

For each input-output realization, we classi�ed the structure detection
result into one of three categories:

1. Exact Model: A model which contains only true system terms,

2. Over-modeled: A model with all its true system terms plus spurious
parameters and

3. Under-modeled: A model without all its true system terms. An under-
modeled system may contain spurious terms as well.

7.2 Second-Order NARMAX Model

We �rst studied the second-order system:

y(n) = 0:4[u(n� 1) + u2(n� 1)] + 0:8y(n� 1) (24)

which is of order O = [1; 1; 2] and has 7 candidate terms (7). The true
system is described by only three parameters, two lagged inputs and one

13



50 100 150 200 250 300

00.050.10.150.2

0

25

50

75

100

Bγ

%

Exact
Over
Under

00.050.10.150.2

0

25

50

75

100

%
γ

Exact
Over
Under

Figure 2: Predicted structure of a second-order NARMAX model. Left panel:
Selection rate of SOBSD algorithm for decreasing  and increasing B. X-
axis: B. Y-axis: . Z-axis: Percent selection. Right Panel: Selection rate of
the t-test for decreasing . X-axis: . Y-axis: Percent selection.

lagged output. This system was studied because it has a small number of
candidate terms.

Fig. 2 shows the results for this model. The left panel shows the rate
a which our SOBSD algorithm selected the exact model, over-modeled and
under-modeled for decreasing  (increasing N) and increasing B. The right
panel shows the rate a which the t-test selected the exact model, over-
modeled and under-modeled for decreasing .

The SOBSD method had a 2-0.5% rate of under-modeling for  = 0:2�0:1
and 8 B levels. The rate of under-modeling was constant at 0% 8 B and
 < 0:1. The rate of over-modeling was approximately constant 8 and B,
with a maximum of 27% at  = 0:2 and a minimum of 25% at  = 0:01.
The rate of selecting the exact model was approximately constant for all B
but increased with smaller , with a minimum of 70% at  = 0:2 and a
maximum of 75% at  = 0:01. The t-test had a 0.5% rate of under-modeling
for  = 0:2� 0:1 and 0% for  < 0:1. The rate of over-modeling was 42-35%
for  = 0:2� 0:01 and the rate of selecting the exact model was 56-65% for
 = 0:2� 0:01.

For the second-order NARMAX model, the t-test and SOBSD, had a
low rate of selecting an under-modeled model. However, performance of the
two techniques diverged for the rate of selecting an over-modeled model and
exact model. The SOBSD method selected an over-modeled model with a
maximum rate of 27% while the t-test selected an over-modeled model with
a maximum rate of 42%. The rate of selecting the exact model peaked at
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75% for SOBSD and only 65% for the t-test. Clearly, for this second-order
NARMAX model SOBSD outperformed the t-test.

7.3 Parameter Statistics

To assess why the accuracy of our SOBSD technique is better than the t-
test a Monte-Carlo analysis was performed. Statistics of each parameter was
computed for the second-order NARMAX model (24).

The asymptotic means and variance were estimated using Monte-Carlo
simulations consisting of 1,000 runs. For the t-test, estimates were computed
from a single realization using standard regression techniques [11, 32]. For
the SOBSD method, estimates were also computed from a single realization
and B = 100 bootstrap realizations. Parameter means and variance were
�rst calculated for the full model. The simulation paradigm was the same as
described previously.

Assuming a nonlinear model with a linear expansion of output terms,
model (24) is fully described as

y(n) = �0 + �1u(n) + �2u(n� 1) + �3u
2(n) + �4u(n)u(n� 1) (25)

+ �5u
2(n� 1) + �6y(n� 1)

where the true system parameters and regressors are shown in bold.
Fig. 3 shows the Monte-Carlo, regression and bootstrap mean and vari-

ance estimates for each parameter. In each panel, the square (�) represents
the Monte-Carlo estimate, the triangle (4) represents regression estimate
and the circle () represents the bootstrap estimate. The horizontal dashed
line in each panel is the true parameter value.

The plots show the standard deviation about the mean for each parame-
ter. These are initial estimates for the full model, before spurious parameters
were removed from the regression to obtain an improved estimate. The statis-
tics calculated using bootstrap were closer to the Monte-Carlo estimate, while
those associated with the regression method were not as close to the Monte-
Carlo estimate. This result was not surprising since prior to the removal of
any parameters the model was over-parameterized; giving an inaccurate es-
timate of the residuals and, therefore, yielding biased estimates of parameter
statistics.

Estimates of parameter statistics were recomputed after removing spuri-
ous terms. Parameter statistics calculated for the exact or true model are
plotted in �g. 4. The results show that the standard deviation computed
using bootstrap were closer to the Monte-Carlo estimate than those based
on regression techniques. It is surprising to see that the regression estimates
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Figure 3: Standard deviation about the mean of spurious and true terms
for a second-order NARMAX model (24) when the full model is postulated.
Abscissa: Estimation Technique. Ordinate: Mean parameter value. Dashed
Line: True parameter value.
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order NARMAX model (24) when the exact model is postulated. Abscissa:
Estimation Technique. Ordinate: Mean parameter value. Dashed Line: True
parameter value.

were di�erent from the Monte-Carlo even when the exact structure was used.
This deviation may be because the regression estimates were based on a single
realization. For a di�erent realization it may be possible to compute more
accurate estimates based on regression techniques. This result gives some
insight as to why regression methods alone perform poorly when applied
to structure detection; since they may provide poor estimates of parameter
statistics.

7.4 Second-Order NARMAX Model Revisited

The previous study demonstrated that bootstrap estimates of parameter vari-
ances were closer to Monte-Carlo estimates. As a result, we studied the
e�ects of reducing the input parameter values by a factor of forty. A sys-
tem which contains both large and small coe�cients should render structure
detection more di�cult because any over estimation of parameter variances
should make the smaller parameters indistinguishable from zero. To assess
this hypothesis we studied the second-order system:

y(n) = 0:01[u(n� 1) + u2(n� 1)] + 0:8y(n� 1): (26)

Fig. 5 shows the results for this model. The SOBSD method had a 4-0.5%
rate of under-modeling for  = 0:2� 0:12 and 8B levels. The rate of under-
modeling was constant at 0% 8 B and  < 0:12. The rate of over-modeling
was constant 8 B, but decreased for smaller  with a maximum of 30% at
 = 0:2 and a minimum of 25% at  = 0:01. The rate of selecting the exact
model was also approximately constant for all B but increased for smaller
, with a minimum of 66% at  = 0:2 and a maximum of 75% at  = 0:01.
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Figure 5: Predicted structure of a second-order NARMAX model. Left panel:
Selection rate of SOBSD algorithm for decreasing  and increasing B. X-
axis: B. Y-axis: . Z-axis: Percent selection. Right Panel: Selection rate of
the t-test for decreasing . X-axis: . Y-axis: Percent selection.

The t-test had a 2-0.5% rate of under-modeling for  = 0:2 � 0:18 and 0%
for  < 0:18. The rate of over-modeling was 48-36% for  = 0:2� 0:01 and
the rate of selecting the exact model was 50-64% for  = 0:2� 0:01.

Both methods, the t-test and SOBSD, had a low rate of selecting an
under-modeled model. The performance of the two techniques diverged for
the rate of selecting an over-modeled model and exact model. The SOBSD
method selected an over-modeled model with a maximum rate of 30% while
the t-test selected an over-modeled model with a maximum rate of 48%. The
rate of selecting the exact model peaked at 75% for SOBSD and only 64%
for the t-test. For this second-order NARMAX model with a signi�cantly
smaller nonlinear term, SOBSD outperformed the t-test.

7.5 Third-Order NARMAX Model

Lastly, we examined the performance of the SOBSD technique for the fol-
lowing system:

y(n) = 0:4[u(n� 1) + u2(n� 1) + u3(n� 1)] + 0:8y(n� 1): (27)

This system is described by 3 lagged inputs, 1 lagged output and third-
order nonlinearity (O = [1; 1; 3]). A system of this order has 11 candidate
terms, but the true model has only 4 terms. With 7 spurious parameters this
NARMAX model is mildly over-parameterized. The identi�cation paradigm
was the same as described in x7 & 7.1.
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Fig. 6 shows the results of this study. For this third-order model, the rate
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Figure 6: Predicted structure of a third-order NARMAX model. Left panel:
Selection rate of SOBSD algorithm for decreasing  and increasing B. X-
axis: B. Y-axis: . Z-axis: Percent selection. Right Panel: Selection rate of
the t-test for decreasing . X-axis: . Y-axis: Percent selection.

of under-modeling was 31-1% for  = 0:2� 0:07 and 8 B. For  < 0:07 the
rate of under-modeling was 0% 8 B. The rate of over-modeling was 35-17%
for  = 0:2 and  = 0:01, respectively, and approximately constant 8 B.
The rate of selecting the exact model was between 45% for  = 0:2, 71% for
 = 0:01 and approximately constant 8 B. The t-test had a 30-1% rate of
under-modeling for  = 0:2 � 0:07 and 0% for  < 0:07. The rate of over-
modeling was 33-46% and the rate of selecting the exact model was 38-54%
for  = 0:2� 0:01.

For this third-order NARMAX model, both the t-test and SOBSD had a
similar rate of selecting an under-modeled model. Again, the performance of
the two techniques diverged for the rate of selecting an over-modeled model
and exact model. The SOBSD method selected an over-modeled model with
a maximum rate of 35% while the t-test selected an over-modeled model with
a maximum rate of 46%. The rate of selecting the exact model peaked at 71%
for SOBSD and only 54% for the t-test. Our bootstrap structure detection
technique performed superior to the t-test.
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8 Discussion

8.1 Second and Third-Order Models

For all three models studied, results demonstrated that the t-test and SOBSD
had a low rate of selecting an under-modeled model and performance di-
verged for the rate of selecting an over-modeled model and exact model. In
addition, the bootstrap based method was invariant to rate of correct model
selection when system parameters were signi�cantly reduced (compare �gs.
2 & 5). Note in �gs. 2, 5 & 6 the plots are not \smooth". This non-smooth
appearance is because we only used 200 Monte-Carlo simulations for these
studies. If the number of Monte-Carlo simulations are increased the plots
should become smooth.

8.2 Decreasing  Versus Increasing B

Convergence analysis of  ! 0:01 and B ! 300 empirically demonstrated
that as data length is increased the rate of exact model selection will likely
increase asymptotically to 100%; as  ! 0 [2, 3, 15, 32]. However, results
also demonstrated that increasing B did not compensate for insu�cient data
length and, therefore, it is computationally ine�cient to select large B, B &
100.

A �nal check of any identi�ed model is model validation [32]. Hence,
if the identi�ed structure provides poor prediction to a validation set, it
may indicate incorrect structure, likely indicating that the system is under-
modeled. In this event the user has no choice but to increase the data length
and start anew. If there is some evidence to demonstrate that the computed
structure is over-modeled it may be possible to increase N and continue to
compute a new structure from the current model.

This study suggests that as  ! 0 (N !1) our SOBSD algorithm will,
at worst, provide a model that is slightly over-parameterized. We consider an
over-parameterized model better than an under-modeled model since it is not
possible, with our backwards elimination approach, to re-enter a parameter
into the model once it has been removed. An over-parameterized model
which still contains its true parameters is clearly more useful than one which
has dropped a true parameter. Moreover, our results are given for poor SNR
conditions (i.e., 0 dB SNR) therefore they should be widely applicable under
most experimental conditions.
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8.3 Applicability to More Complex Structures

SOBSD may not perform well even when the nonlinearity order is low but
the lag order is large. For example, a second order NARMAX model with
a maximum input-output lag of 40 and assuming noise free measurements
will have 943 candidate terms. Even with noise free data, parameter esti-
mates for the full model could be entirely inaccurate and numerically di�cult.
Consequently, the SOBSD algorithm may fail when the system to be iden-
ti�ed requires large input or output lags. These di�culties are partly due
to over-parameterization of the full model. Over-parameterization results in
the residuals being under-dispersed and, hence, they will no longer contain
useful information about the underlying system.

However, in many practical identi�cation problems there is often some a
priori information available about the system such as the presence of large
input or output lags. If this knowledge is available to the user it may be pos-
sible to eliminate many of the candidate terms before starting the structure
detection procedure, thereby reducing the problem to one that is of practical
dimension and can be solved using our SOBSD algorithm. For these reasons
we expect the results presented in this paper to be a good representation for
comparable structures and, therefore, we expect good behavior of SOBSD
when applied to various linear or nonlinear systems, that are linear-in-the-
parameters.

9 Conclusions

The results demonstrate that the SOBSD algorithm is a robust method for
detecting the structure of Hammerstein structure models and is resistant to
noise. Using bootstrap, it is possible to compute good estimates of parameter
statistics resulting in accurate estimates of model structure. Therefore, the
SOBSD algorithm is useful for structure detection.
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