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Abstract

Although many of today’s nonlinear control methods assume the
control input to enter the system dynamics linearly, this often does not
hold in practice. A remedy for this is to instead design a control law in
terms of some other entity that satisfies the structural assumptions of
the design method. In this contribution we discuss how to realize such
a virtual control law in terms of the actual control variable. Given a
nominal, static, invertible model of the mapping between the two, the
true mapping is assumed to differ from the model by a constant bias.
Two ways of how to estimate this bias on-line and use it for feedback
are proposed. One of them corresponds to adaptive backstepping, the
other one is an observer based approach. In both cases we investigate
how to guarantee closed loop stability when the estimate is used for
feedback.

Keywords: Control of systems with input nonlinearities; Lyapunov
design; Stabilization of nonlinear systems; Adaptive control; Nonlinear
observers

1 Introduction

Many of today’s constructive nonlinear control design methods assume the
control input to enter the system dynamics linearly, i.e., for the model to be
of the form

ẋ = f(x) + g(x)u

In many practical cases this is not true. A common solution, see, e.g.,
[2, 3, 6], is to find some other entity, a virtual control input v, that does
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enter the model linearly, and that depends statically on the true control
input u. Using, e.g., backstepping [5] or feedback linearization [9] a globally
stabilizing control law v = k(x) can then be derived. These virtual control
inputs are often physical entities like forces, torques, or flows, while the true
input might be the deflection of a control surface in a flight control case or
the throttle setting in an engine control case.

The remaining problem, how to find which actual control input u to
apply, is often very briefly discussed, typically assuming that the mapping
from u to v is completely known and invertible. In this paper we investigate
the case where the mapping is only partially known. It might be that the true
mapping is too complex to identify, or that other sources than u contribute to
v. Friction might for example reduce the net torque in a robot control case.
The discrepancy between the model and the true mapping is pragmatically
modeled as a constant bias. Two different ways of estimating the bias are
proposed. For each case, the issue of closed loop stability when the estimate
is used for feedback is discussed.

The remainder of the paper is organized as follows. In Section 2, we give
a mathematical formulation of the problem. In Sections 3 and 4, the two
adaptive approaches are presented, and in Section 5 we evaluate these using
a water tank example.

2 Problem formulation

We will consider single input systems of the form

ẋ = f(x) +Bv

v = g(x, u)
(1)

x is an n-dimensional measurable state vector and u is the true control input.
We will assume the knowledge of a model ĝ(x, u) of g(x, u), the possibly state
dependent mapping from u to v, the virtual control input considered in the

control design. B =
(

0 . . . 0 1
)T

is such that only the last state, xn, is
directly affected by the control through ẋn = fn(x) + g(x, u).

The model error, θ = g(x, u) − ĝ(x, u), will be modeled as a constant.
This pragmatic assumption may be more or less realistic but allows us to
correct for biases and reach the correct equilibrium at steady state. Thus
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we can rewrite (1) as

ẋ = f(x) +B(w + θ) (2)

w = ĝ(x, u) (3)

From a preceding control design, a control law

v = k(x) (4)

is assumed to be known such that

ẋ = f(x) +Bk(x)

is globally stable. A Lyapunov function V (x) for the closed loop system,
such that

V̇ (x) =
∂V

∂x
[f(x) +Bk(x)] = −W (x)

where W (x) is positive definite, is also assumed to be known.

Given θ, this control law could be realized by solving ĝ(x, u) = k(x)− θ
for u. Since θ is not available, we replace it by an estimate θ̂ and use the
certainty-equivalence of the desired control law:

w = ĝ(x, u) = k(x)− θ̂ (5)

The strategy is intuitively appealing but leads to two important questions.

• How do we estimate θ?

• Can we retain global stability using θ̂ for feedback?

Two approaches to the problem will be pursued. In Section 3, we will
use adaptive backstepping to find an estimator that will guarantee closed
loop stability without having to adjust the control law (5). In Section 4, the
starting point is that a converging estimator is given. The question then is
how to adjust the control law to retain stability.

3 Adaptive backstepping

Adaptive backstepping [5] deals with the unknown parameter θ by extending
the Lyapunov function V (x) with a term penalizing the estimation error
θ̃ = θ − θ̂:

Va(x, θ̃) = V (x) +
1

2γ
θ̃2
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By cleverly selecting the update rule

˙̂
θ = τ(x, θ̂)

closed loop stability can be guaranteed. To see this we investigate V̇a when
(5) is used as feedback.

V̇a =
∂V

∂x
[f(x) +B(k(x)− θ̂ + θ)]− 1

γ
θ̃ τ(x, θ̂)

= −W (x) + (
∂V

∂xn
− 1
γ
τ(x, θ̂))θ̃

(6)

The second term contains θ̃ and is therefore indefinite. The best we can do
is to cancel it by selecting

τ(x, θ̂) = τ(x) = γ
∂V

∂xn
(7)

The resulting closed loop system becomes

ẋ = f(x) +B(k(x) + θ̃) (8)

˙̃
θ = −γ ∂V

∂xn

From (6), the LaSalle-Yoshizawa theorem [5] gives us that limt→∞W (x(t)) =
0, which implies limt→∞ x(t) = 0 since W is positive definite according to
the assumptions in Section 2. Inspecting (8), we also have convergence in θ̂
since θ̃ = 0 must hold at the equilibrium. Thus, global stability still holds.

If V is quadratic in xn, the control law (5) becomes

w = k(x)− γ̃
∫ t

0
xn(s)ds

Thus, estimating θ and using the estimate for feedback in this case corre-
sponds to adding integral action from xn.

4 Observer based adaption

In adaptive backstepping, the estimator was a consequence of assigning a
negative Lyapunov time derivative. In this section, we first design an esti-
mator and then investigate how to adjust the control law (5).
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4.1 The general case

Let us regard θ as an unknown but constant state variable, with the dynam-
ics

θ̇ = 0

Following [4], we can design a nonlinear observer for θ using xn as a measure
of the goodness of the estimate.

d

dt

(
x̂n
θ̂

)
=

(
fn(x) + w + θ̂

0

)
+

(
k1

k2

)
(xn − x̂n) (9)

The dynamics of the estimation error ε =
(
xn − x̂n θ − θ̂

)T
become linear.

ε̇ =

(
−k1 1
−k2 0

)
ε = Aεε (10)

For any asymptotically stabilizing observer gains k1 and k2, we can find a
positive definite matrix P such that

d

dt
εTPε = −εTQε ≤ −qθ̃2

by solving the Riccati equation ATε P +PAε = −Q where Q = qI, q > 0 [7].

To investigate the closed loop stability, we combine the original Lya-
punov function V (x) with εTPε and form

Vo(x, ε) = V (x) + εTPε

We also augment the control law (5) with an extra term to be decided to
compensate for using θ̂ for feedback.

w = k(x) + l(x, θ̂)− θ̂ (11)

yields

V̇o =
∂V

∂x
[f(x) +B(k(x) + l(x, θ̂)− θ̂ + θ)]− εTQε

≤ −W (x) +
∂V

∂xn
(l(x, θ̂) + θ̃)− qθ̃2

By choosing

l(x, θ̂) = l(x) = −λ ∂V
∂xn

, λ > 0 (12)
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we can complete the squares.

V̇o ≤ −W (x)− λ(
∂V

∂xn
− 1

2λ
θ̃)2 − (q − 1

4λ
)θ̃2

For global stability, we must satisfy q − 1
4λ > 0, which can always be done

once λ in the extra feedback term (12) has been selected.

An interesting feature is displayed by computing an explicit expression
of the estimate produced. Using (10) we have that

θ̂(t) = θ − θ̃ = θ −
(

0 1
)
eAεtε(0)

This means that θ̂ evolves independently of the control input u(t) and the
state trajectory x(t). A practical consequence of this is that tuning can be
performed without knowledge of the closed loop system behavior, since it
simply corresponds to assigning some suitable error dynamics.

4.2 The optimal control case

Let us consider the case where the original, unattainable control law (4)
solves an optimal control problem of the form

min
u

∫ ∞
0

q(x) + rv2dt (13)

with V (x) as the optimal value function. Then it holds that [8]

k(x) = − 1
2r

∂V

∂xn

A fundamental property of control laws minimizing a criterion like (13)
is that they have an amplitude margin of [1

2 ,∞], see [1]. This inherent
robustness means that we do not need to modify the certainty-equivalence
control law (5) to retain stability, since l(x) in Equation (12) is proportional
to k(x). To show this we make the split

k(x) = − 1
2r

∂V

∂xn
+ λ

∂V

∂xn︸ ︷︷ ︸
k̃(x)

−λ ∂V
∂xn︸ ︷︷ ︸
l(x)

where v = k̃(x) is guaranteed to stabilize (1) for

1
2r
− λ ≥ 1

2
1
2r
⇐⇒ λ ≤ 1

4r
An intuitive interpretation of this result is that some of the optimal control
effort can be sacrificed in order to compensate for using the estimate θ̂ for
feedback.
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5 A water tank example

u

v−θ

x1

x2

√
x1

√
x2

Figure 1: Two tanks connected in series.

Let us apply the two strategies to a practical example to investigate
their pros and cons. Consider the two tanks in Figure 1. The control goal
is to achieve a certain water level r in the bottom tank. Using Bernoulli’s
equation and setting all constants to unity, the system dynamics become

ẋ1 = −√x1 +
√
x2

ẋ2 = −√x2 + v

where x1 = water level of the lower tank, x2 = water level of the upper tank,
and v = incoming water flow. v is produced by changing the aperture of the
valve of the input pipe.

We assume the dynamics of the valve to very fast compared to the dy-
namics of the tanks so that the relationship between the commanded aper-
ture radius, u, and the water flow, v, can be regarded as static. Assuming
some external water supply to keep a constant pressure, v will be propor-
tional to the aperture opening area, which in turn depends on u2. Again
setting all constants to unity we would have v = u2. In order to be able to
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account for a possible model error in this static relationship and for other
sources contributing to the net inflow, e.g., leakage, we assign the model

v = u2 + θ

in accordance with (2).

The first step is to find a globally stabilizing control law v = k(x). We
do this using an ad hoc Lyapunov approach. At the desired steady state,
x1 = x2 = r. Therefore consider the control Lyapunov function

V (x) =
a

2
(x1 − r)2 +

1
2

(x2 − r)2, a > 0

Compute its time derivative:

V̇ (x) = a(x1 − r)(−
√
x1 +

√
x2) + (x2 − r)(−

√
x2 + k(x))

By collecting the beneficial terms and cancelling the indefinite ones, one
finds that

k(x) =
√
r +

a√
x2 +

√
r

(r − x1) + b(r − x2), a > 0, b ≥ 0 (14)

yields V̇ (x) = −W (x) where

W (x) = a(x1 − r)(
√
x1 −

√
r) + (x2 − r)(

√
x2 −

√
r) + b(x2 − r)2

is positive definite.

Let us now evaluate the expressions involved with the two approaches
for adapting to the leakage. The adaptive backstepping update rule (7) for
estimating θ becomes

˙̂
θ = γ

∂V

∂x2
= γ(x2 − r), γ > 0 (15)

With this, the implicit control law (5) becomes

w = u2 = k(x) + γ

∫ t

0
(r − x2(s))ds

Using the observer based approach, the estimator can be designed ac-
cording to (9). For the actual implementation, we can rewrite this as

d

dt

(
x̂n
θ̂

)
=

(
−k1 1
−k2 0

)(
x̂n
θ̂

)
+

(
1
0

)
(−√x2 + w)
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which can be implemented using, e.g., Simulink. The implicit control law
(11) becomes

w = u2 = k(x) + λ(r − x2)− θ̂, λ > 0

If b > 0 was selected in the control law (14), we do not have to add the
term λ(r−x2) for the sake of stability, since it can be seen as a part of k(x)
already. As in the optimal case treated in Section 4.2, closed loop is then
guaranteed using the original certainty-equivalence control law (5) without
any modification.

In the simulations, the following parameter values are used for the two
adaptive controllers:

Adaptive Observer
k(x) backstepping based adaption
a = 1 γ = 0.3 k1 = 1
b = 0.5 k2 = 0.5

λ = 0

The initial water level, which is also fed to the observer, is 1 in both
tanks. The control goal is to for x1 to reach the reference level r = 4 and
maintain this despite the leakage θ = −3 starting at t = 25 s. Figure 2
shows the actual control input and the water level of the lower tank when
no adaption is used. Figures 3 and 4 show the results of applying adaptive
backstepping and observer based adaption, respectively.

There is a striking difference between the initial behaviors of the two
leakage estimates. As pointed out in Section 4.1, the observer θ̂ estimate
evolves independently of u and x. Since ε(0) = 0, the estimation error
remains zero until the leakage starts. The adaptive backstepping estimate
on the other hand depends on the integral of r − x2 over time, causing an
oscillatory behavior due to the initial error of the upper tank water level.

Also, in the presence of actuator saturation, adaptive backstepping will
suffer from the windup problems that generally occur when using integral
action in the feedback loop. This is avoided with the observer based ap-
proach if the observer is fed with the true, saturated value of the control
input.
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Figure 2: No adaption, pure state feedback.
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Figure 3: Adaptive backstepping.
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Figure 4: Observer based adaption.
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6 Conclusions

In this paper we have proposed an adaptive approach to the problem of input
nonlinearities and uncertainties. The mapping from the true control input
to some virtual control input entering the system dynamics linearly was
modeled as a known, static, invertible mapping plus an unknown bias. The
intuitively attractive idea of estimating the bias and compensating for it in
the feedback law proved to work also in theory. Two paths were investigated.
First, adaptive backstepping was applied, and was found to correspond to
adding integral action in a common special case. Then, an observer based
approach was taken, resulting in a slight change of the original feedback
law to account for using the estimated bias for feedback. However, if the
original feedback law is optimal, closed loop stability is guaranteed without
changing the feedback, due to its inherent amplitude margin.
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Engineering, Linköpings universitet, SE-581 83 Linköping, Sweden, Oc-
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