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Abstract

Many successful tools have been proposed by several researchers for
safety analysis, stability analysis, and control/scheduling synthesis for hy-
brid systems. However, one important area which has not received much
attention in the hybrid systems community is the identi�cation of piece-
wise aÆne systems. As a step in that direction, we present an algorithm
for identifying piecewise aÆne Wiener models from input-output data.
Two notable properties of the algorithm are that the globally optimal so-
lution is found, and that the complexity is polynomial with respect to the
number of data. The basic ideas of this algorithm can also be directly
transfered to a larger class of piecewise aÆne systems.

Keywords: Wiener models, piecewise aÆne systems, system iden-

ti�cation, mixed-integer programming



Identification of Piecewise Affine Wiener Models via Mixed-Integer
Programming

Jacob Roll
Division of Automatic Control,
Dept. of Electrical Engineering,
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Abstract

Many successful tools have been proposed by sev-
eral researchers for safety analysis, stability analysis, and
control/scheduling synthesis for hybrid systems. However,
one important area which has not received much atten-
tion in the hybrid systems community is the identification
of piecewise affine systems. As a step in that direction, we
present an algorithm for identifying piecewise affine Wiener
models from input-output data. Two notable properties of
the algorithm are that the globally optimal solution is found,
and that the complexity is polynomial with respect to the
number of data. The basic ideas of this algorithm can also
be directly transfered to a larger class of piecewise affine
systems.

1 Introduction

Hybrid models describe systems composed by both con-
tinuous and discrete components. A special class of hybrid
systems are the piecewise affine (PWA) systems. These sys-
tems consist of several affine subsystems, between which
switchings occur at different occasions. A very simple ex-
ample of a piecewise affine system could be a linear system,
controlled by linear feedback, but where the control signal
is bounded.

Most of the literature of hybrid systems has dealt with
the issues of modeling [15, 23, 9], and tools have been pro-
posed for stability analysis [17, 8], control [9, 27, 6], verifi-
cation [1, 12, 22, 7, 14, 30, 31], and fault detection [26, 5].
Such tools rely on a model of the hybrid system, which
sometimes is either not available because some parameters
are unknown, or too complex to be handled. Getting a sim-
ple hybrid model from data or from a more complex model
is an identification problem, which does not seem to have
received enough attention in the hybrid systems community.

On the other hand, other communities dedicated exten-

sive research to develop tools for identification of general
nonlinear black-box models (see e.g., [33], where the au-
thors surveyed several nonlinear identification techniques).
Although most of these techniques are not immediately ap-
plicable in a hybrid context because the resulting model is
highly nonlinear, a few techniques lead to piecewise linear
(or piecewise affine) models of nonlinear dynamical sys-
tems, such as neural networks with piecewise affine percep-
trons [24], self-exciting threshold autoregressive (SETAR)
models for time-series analysis [28], and hinging hyper-
planes models [10, 29].

In parallel, the circuit and systems community developed
piecewise linear techniques for the representation and the
analysis of nonlinear electronic circuits, mostly based on
Chua’s canonical piecewise linear representation [11, 21,
19, 18, 20].

Because of the equivalence between piecewise affine
systems and several classes of hybrid systems [34, 3, 15],
such tools for PWA identification can be used to obtain hy-
brid models, or at least for translating nonlinear/unknown
parts of the system into a hybrid form, for which the tools
mentioned above can be applied.

In this paper, we discuss the problem of identifying
piecewise affine systems from input-output data, and note
that the the problem is simple if theguardlines(i.e., the
polyhedral partition of the PWA mapping) are known (this
is the case for instance of the canonical piecewise linear rep-
resentation [18]), while it is much more complex if also the
guardlines have to be determined. We then give an algo-
rithm for the special case of piecewise affine Wiener mod-
els. The reason for restricting ourselves to this class is that
the one-dimensionality of the nonlinearity in the Wiener
model can be utilized to make the identification algorithm
more efficient. However, the basic ideas can be used for
identifying arbitrary piecewise linear systems. For exam-
ple, another subclass of piecewise linear systems is treated
in [2].

The algorithm, using mixed-integer quadratic program-
ming, guarantees a global minimal identification error. This
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is done in polynomial time.

2 PWARX Models

To begin with, let us consider systems on the form

y(t) = g(φ(t)) + e(t) (1)

whereφ(t) ∈ Rn is our regression vector,e(t) is white
noise, andg is a piecewise affine function of the form

g(φ) = dTj φ+ cj if Hjφ ≤ Dj (2)

wheredj ∈ Rn, cj ∈ R, and the setsCj , {φ : Hjφ ≤
Dj}, j = 1, . . . , s are a polyhedral partition of theφ-space.
The regression vector could for example consist of old in-
puts and outputs, i.e.,

φ(t) =



−y(t− 1)
...

−y(t− na)
u(t− 1)

...
u(t− nb)


We do not assume thatg is necessarily continuous over the
boundaries, also referred to asguardlinesin the hybrid sys-
tems literature. Without the hypothesis of continuity over
the boundaries, definition (2) is not well posed in general,
as the function can be twice (or more times) defined over
common boundaries of the setsCj . Although one can avoid
this issue by replacing some of the “≤” inequalities into
“<” in the definition of the regionsCj , this issue is not of
practical interest from a numerical point of view.

We call the systems defined above PWARX (PieceWise
affine AutoRegressive eXogenous) systems. There are sev-
eral reasons for focusing on PWARX systems for hybrid
systems identification. From a theoretical point of view,
piecewise affine systems are equivalent to several classes
of linear hybrid systems, as shown in [34] and [3, 15],
where constructive proofs are provided. From a compu-
tational point of view, the advantage in using PWA mod-
els is twofold. First, PWA mappings are suitable for effi-
cient identification algorithms. Although this is certainly
true also for sigmoidal neural networks and other nonlinear
mappings, the second computational advantage comes on
the use of the identified models for control, stability analy-
sis, and safety analysis purposes: most of such hybrid tools
are only available for PWA or linear hybrid models.

To allow for a more compact notation, we letϕ(t) =(
1
φ(t)

)
andθj =

( cj
dj

)
. In this way (2) can be written as

g(φ) = ϕT θj if Hjφ ≤ Dj (3)

2.1 Identification of PWARX Models

Now suppose that we are giveny(t) and ϕ(t), t =
1, . . . , N , and want to find the PWARX model that best
matches the given data. This can be carried out by solving
the optimization problem

min
θj,Hj ,Dj

1
2N

N∑
t=1

 s∑
j=1

‖y(t)− ϕT (t)θj‖χj(ϕ(t))


(4a)

subj. toχj(ϕk) =

{
1 if Hjϕk ≤ Dj

0 otherwise
(4b)

+ linear bounds forθj ,Hj ,Dj (4c)

whereθj , Hj , Dj j = 1, . . . , s are the unknowns. In (4),
we will focus on the squared Euclidean norm (‖ · ‖22 ), as it
allows to express (4) as a mixed-integer quadratic program
(MIQP), for which efficient solvers exist [13, 32, 4]. It can
be also mentioned that if the 1-norm or the infinity norm is
used in (4), this can be cast as a mixed-integer linear pro-
gram (MILP) [16]. Note that every norm in (4a) provides a
consistent minimum with respect to a probability distribu-
tion associated to the noisee(t), and in particular 1-norm
is optimal with respect to exponentially distributed noise
(ρ(x) = ρe−x), 2-norm is optimal with respect to Gaussian
noise.

We distinguish below among two main cases:

• Case A:Hj ,Dj are known,θj has to be estimated;

• Case B:Hj and/orDj are unknown,θj is unknown.

2.2 Known Guardlines

In case A, onlyθj have to be determined. This is for
instance the case of canonical piecewise linear functions,
where the partition of theϕ-space is assigned, and only
the linear gainsθj in each polyhedral cell have to be deter-
mined. If using squared Euclidean norm in (4), we can see
that this is an ordinary least-squares problem (or a quadratic
program, QP, if there are linear bounds overθj), and hence
can be solved efficiently.

2.3 Unknown Guardlines

Case B is a much harder problem, since it is nonconvex
and the objective function generally contains several local
minima. However, the optimization problem (4) can be re-
cast as a mixed-integer linear program (MILP) (1-norm or
infinity norm) or mixed-integer quadratic program (MIQP)
(Euclidean norm).
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In general, the complexity of the mixed-integer program
needed to solve (4) is related to the number of samples
T and regionss, and the number of parametersHj , Dj ,
θj that are unknown. Note that in general, the guardlines
Hi
jϕ ≤ Di

j , (where, given a matrixM , M i denotes thei-
th row ofM ) cannot be determined exactly from the given
estimation data set, as the pairsyk, ϕk are a discrete set of
points which, in principle, can be divided by a continuum of
possible guardlines. Since an algorithm using only straight-
forward MILP or MIQP without exploiting any other struc-
tures of the problem would be very slow, we will not go
into detail describing what the MILP/MIQP formulation of
an arbitrary PWARX system could look like. Instead we
will focus on a subclass of the PWARX systems, where per-
formance improvements can be done, namely Wiener pro-
cesses with PWA static output mapping.

x yu b1z
¡1 + : : : + bmz

¡m

1 + a1z
¡1 + : : : + anz

¡n

Figure 1. Wiener process with piecewise af-
fine static output mapping

3 Piecewise Affine Wiener Models

We consider the class of models shown in Fig. 1, de-
scribed by the relations

A(z)x(t) = B(z)u(t)
y(t) = f(x(t)) (5a)

whereA(z) = 1 +
∑na
l=1 alz

−l, B(z) =
∑nb

l=1 blz
−l, and

z−1 is the delay operator,z−1x(t) = x(t − 1). We as-
sume thatf(x) is a piecewise affine, invertible, continu-
ous function (without restrictions we can assume thatf is
strictly increasing). Then its inverse will also be a piecewise
affine, strictly increasing continuous function, and hence
such function can be parameterized as

x(t) = y(t)− α0 +
M∑
i=1

±max{βiy(t)− αi, 0} . (5b)

Both signs+ and− are allowed in order to be able to
represent nonconvex functions. Asmax(−z, 0) = −z +
max(z, 0) for all z ∈ R, without loss of generality we can
also assumeβi ≥ 0.

4 Identification of Wiener PWARX Models

As seen from Fig. 1, a Wiener model consists of a lin-
ear dynamic system followed by an output nonlinearity. In

some cases, the two can be identified separately: first the
inverse nonlinearity is estimated by supplying a quasi-static
input, and then a linear dynamic model is identified by us-
ing standard linear techniques [25]. On the other hand, in
some other cases the input signal cannot be designed ar-
bitrarily, as input/output estimation data are simply sup-
plied by other sources. In such cases, the identification can-
not be split, and one algorithm which estimates the whole
Wiener process is desirable. Here below, we describe an al-
gorithm based on mixed-integer programming, which iden-
tifies Wiener PWARX models of the form (5). Such PWA
form is particularly useful when the identified system mod-
els an unknown part of a larger hybrid model.

Given an estimation data set[y(t), u(t)], t = 0, . . . , N−
1, the identification task is to find the set of parametersbi,
ai, αi, βi which best fits such data. The main idea be-
hind the algorithm is to express the unknown signalx(t)
both through the relationA(z)x(t) = B(z)u(t) andx(t) =
f−1(y(t)) and then eliminatex(t). However, by a straight-
forward elimination we have nonlinear relations including
max functions and products of parameters. By introducing
auxiliary variables, we can get rid of these problems, at the
expense of a higher dimensionality.

Defineah = a+
h − a

−
h , a+

h , a
−
h ≥ γ, whereγ > 0 is any

positive scalar. Here we letγ = 1. Then

ah max{βiy(t− h)− αi, 0} =
= (a+

h − a
−
h ) max{βiy(t− h)− αi, 0} =

= max{a+
h βiy(t− h)− a+

h αi, 0} −
−max{a−h βiy(t− h)− a−h αi, 0} =

= max{c+ihy(t− h)− d+
ih, 0} −

−max{c−ihy(t− h)− d−ih, 0}

where

c±ih , a±h βi, i ∈ [1,M ], h ∈ [1, na]

d±ih , a±h αi, i ∈ [1,M ], h ∈ [1, na]

Let also

ci0 = c+i0 = c−i0 , βi, i ∈ [1,M ]

di0 = d+
i0 = d−i0 , αi, i ∈ [1,M ]

d0h , ahα0, h ∈ [1, na]

d00 , α0,

and

d̄0 ,
na∑
h=0

d0h =

(
1 +

na∑
h=1

ah

)
α0 .

For each−max and+ max function in (5b), and for each
time instantt, we introduce the integer variablesδit ∈
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{0, 1}

[δit = 1]↔ [βiy(t)− αi ≥ 0] ,
i ∈ [1,M ], t ∈ [0, N − 1]. (6)

Let I+, I− be the sets of indicesi ∈ [1,M ] correspond-
ing to positive max functions and negative max functions,
respectively. Without loss of generality, we can assume that
the breakpointsi ∈ I+ in the PWA output nonlinearity are
ordered, and similarly fori ∈ I−. Clearly, the logic con-
straint

[δit = 1] → [δjt = 1] (7)

should hold for alli, j ∈ I+ such thatj < i, and for all
i, j ∈ I− such thatj < i. Each constraint (7) is translated
into

δit − δjt ≤ 0, (8)

and a minimal set of inequalities is obtained by collect-
ing (8) only for pairs of indicesi, j consecutive inI+, and
i, j consecutive inI−. Moreover, since the output datay(t)
can be easily ordered, we can also get additional relations
on δit by using (6). In fact, ifδit0 = 1 andy(t1) > y(t0),
it must follow thatδit1 = 1. Like above, we can translate
these relations into

δit0 − δit1 ≤ 0, ∀t1 6= t0 : y(t1) ≥ y(t0), t0 ∈ [1, N ] .
(9)

As a+
h , a

−
h > 0, from (6) it also follows

[δit = 1]↔
[
a±h βiy(t)− a±h αi ≥ 0

]
,

i ∈ [1,M ], h ∈ [0, na], t ∈ [0, N − 1] (10)

and hence

[δit = 1]↔
[
c±ihy(t)− d±ih ≥ 0

]
,

i ∈ [1,M ], h ∈ [0, na], t ∈ [0, N − 1]. (11)

The above conditions can be translated as linear inequali-
ties [6]

c±ihy(t)− d±ih ≥ M̄+
ith(δit − 1)

c±ihy(t)− d±ih ≤ −ε+ (ε− m̄ith)δit
(12)

whereM̄ith, m̄ith are upper- and lower-bounds onc±ihy(t)−
d±ih, respectively, which can be computed from the output
data and a priori bounds onαi, βi, ah, andε is a small
positive number (e.g., the machine precision). Introduce the
auxiliary continuous variables

z±ith , (c±ihy(t− h)− d±ih)δi(t−h),

i ∈ [1,M ], h ∈ [0, na], t ∈ [max{na, nb}, N − 1] (13)

with z+
it0 = z−it0 = zit0 where (13) can be transformed into

linear inequalities of the form [6]

z±ith ≤ M̄i(t−h)hδit
−z±ith ≤ −m̄i(t−h)hδit
z±ith ≤ c±ihy(t− h)− d±ih − m̄i(t−h)h(1 − δit)
−z±ith ≤ −c±ihy(t− h) + d±ih + M̄i(t−h)h(1− δit) .

(14)

Now,

x(t) = y(t)− d00 +
M∑
i=1

±zit0 (15)

a1x(t− 1) = a1y(t− 1)− d01 +
M∑
i=1

±(z+
it1 − z−it1)

...
...

anax(t− na) = anay(t− na)− d0na +

+
M∑
i=1

±(z+
itna
− z−itna) .

By (5) and (15),

x(t) = y(t)− d00 +
M∑
i=1

±zit0

= −
na∑
h=1

(
ahy(t− h)− d0h +

+
M∑
i=1

±(z+
ith − z

−
ith)
)

+
nb∑
k=1

bku(t− k)

which provides the relation

y(t) = −
na∑
h=1

ahy(t− h) +
nb∑
k=1

bku(t− k) + d̄0

−
M∑
i=1

(
±zit0 +

na∑
h=1

±(z+
ith − z

−
ith)

)
.

(16)

In order to fit the estimation data to model (16), we solve
the mixed-integer quadratic program (MIQP)

min
1
N

N−1∑
t=max{na,nb}

∣∣∣∣y(t) +
na∑
h=1

ahy(t− h)−

−
nb∑
k=1

bku(t− k)− d̄0 + (17a)

+
M∑
i=1

(
±zit0 +

na∑
h=1

±(z+
ith − z

−
ith)

) ∣∣∣∣2
subj. to constraints (8), (12), (14) (17b)
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with respect to the continuous variables{ah, bk, ci0, di0, d̄0,
c±ih, d±ih, z±ith} and the binary variables{δit}, h ∈ [1, na],
i ∈ [0,M ], k ∈ [1, nb], t ∈ [0, N − 1]. The solution to (17)
provides the optimal parametersa∗h, b∗h, and

α∗0 , d̄∗0
1 +

∑na
h=1 a

∗
h

α∗i , d∗i0
β∗i , c∗i0 .

Finally, since the nonlinearityf(x) is invertible, we can ob-
tain the estimationf∗(x) by using the result of the follow-
ing Lemma:

Lemma 1. Consider the function1

f(x) = x− α0 +
M∑
i=1

si max{βix− αi, 0} ,

βi > 0,
α1

β1
<
α2

β2
< · · · < αM

βM
,

(18)

wheresi ∈ {−1, 1}, and assume thatf is strictly increas-
ing, i.e.,

0 <
k∑

m=0

smβm <∞ ∀k = 1, . . . ,M . (19)

Then the inverse off(x) is

f−1(y) = y + α0 −
M∑
k=1

sk max{β̃iy − α̃i, 0}

β̃i =
βk∑k−1

m=0 smβm
∑k
m=0 smβm

α̃i =
∑k−1

m=0 sm(βmαk − βkαm)∑k−1
m=0 smβm

∑k
m=0 smβm

.

(20)

Proof. See Appendix A.

4.1 An Example

A Wiener model constituted by a first-order linear sys-
tem cascaded by a nonlinearity with two breakpoints is
identified, usingN = 20 estimation data points. The sys-
tem is first identified using noiseless data, and then using
noisy measurements̃y(t) = y(t) + e(t), wheree(t) are
independent random variables, uniformly distributed on a
symmetric interval around 0. The MIQP problem (17) is
solved by running BARON [32] on a Sun Ultra 10. The
resulting estimated parameters are shown in Table 1.

The estimated parameters are overall very close to the
true values, the closer the lower the intensity of the output
noise, as it should be expected.

1For the sake of a more compact notation, we lets0 = β0 = 1.

Table 1. Estimation results
Param. True Noiseless |e(t)| < 0.01 |e(t)| < 0.1

a1 -0.5 -0.5000 -0.4990 -0.5360
b1 2 2.0000 2.0024 2.0003
α0 -2 -2.0000 -2.0001 -1.7748
α1 0.5 0.5000 0.5095 0.5509
α2 -1.5 -1.5000 -1.4924 -1.4999
β1 0.5 0.5000 0.5016 0.5028
β2 0.5 0.5000 0.4988 0.4876

CPU - 45.44 s 51.33 s 90.34 s

The estimated model was also tested on a set of valida-
tion data, and we report in Fig. 2 the resulting one-step-
ahead predicted output and output error. Note that such a
good performance cannot be achieved by using standard lin-
ear identification techniques.

4.2 Complexity Analysis

The complexity of the problem is tightly connected to the
number of integer variables, which equalsMN . However,
by imposing the constraints expressed by (8) and (9), the de-
grees of freedom for the integer variables are reduced con-
siderably. If we would only have positive (or only negative)
max functions, instead of having to test2MN different cases
in the worst case, only

(
M+N
M

)
combinations would have

to be tested. If we haveM+ positive andM− = M −M+

negative max functions, this number must be multiplied by
a factor

(
M
M+

)
to account for the fact that the positive and

negative max functions could be ordered in different ways.
For example, forN = 20 andM = 2 this means that the
number of possible combinations of integer variables de-
creases from approximately1012 to 231 (in the case of only
positive max functions) or462 (for one positive and one
negative max function). In general, for a fixedM the worst-
case complexity grows asNM . Note that this simplification
is possible since the nonlinearity is one-dimensional, which
allows an ordering of the breakpoints and of the output data.

5 Conclusions

We have presented an algorithm for identifying piece-
wise affine Wiener models from input-output data. Two no-
table properties of the algorithm are that the globally opti-
mal solution is found, and that for a given the number of
breakpoints in the nonlinearity the complexity is polyno-
mial (instead of exponential) with respect to the number of
data. The basic techniques can also be applied to general
piecewise affine systems. Future research will be devoted
to how these ideas can be used to create efficient identifica-
tion algorithms for piecewise affine systems.
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Figure 2. Validation results.
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A Proof of Lemma 1

Proof. We prove the statement by induction overM . ForM = 0,
we havef(x) = x − α0, sof−1(y) = y + α0. Now suppose
that the statement holds for a certainM − 1 ≥ 0, and consider
a functionf with M breakpoints. Forx < αM/βM , f has only
M−1 breakpoints, so in this regionf−1 can be written as in (20).
Forx ≥ αM/βM , we get

f(x) =

(
M∑
m=0

smβm

)
x−

M∑
m=0

smαm , (21)
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so

f−1(y) =
y +

∑M
m=0 smαm∑M

m=0 smβm
. (22)

Sincex = f−1(y), we can rewrite the conditionx ≥ αM/βM as

y +
∑M
m=0 smαm∑M

m=0 smβm
≥ αM
βM

⇔

⇔ 1∑M
m=0 smβm

·

·
(
y − 1

βM

M−1∑
m=0

sm(βmαM − βMαm)

)
≥ 0

⇔ y ≥ α̃M

β̃M
. (23)

Now, for y ≥ α̃M/β̃M , by using simple but tedious calculations
we can rewrite (22) as

f−1(y) =
y +

∑M
m=0 smαm∑M

m=0 smβm
+

+
−sMβM∑k−1

m=0 smβm
∑k
m=0 smβm

·

·
(
y − 1

βM

M−1∑
m=1

sm(βmαM − βMαm)

)
=

= f−1
M−1(y)− sM (β̃My − α̃M ) ,

(24)

wheref−1
M−1(y) is the inverse of the given function without the

M th max function. Since this function equalsf(x) for x <
αM/βM , we getf−1

M−1(y) = f−1(y) for y < α̃M/β̃M . Further-
more, by using a max function and by the induction assumption
we now can write

f−1(y) = f−1
M−1(y)− sM max{β̃My − α̃M , 0} =

= y + α0 −
M−1∑
k=1

sk max{β̃iy − α̃i, 0} −

− sM max{β̃My − α̃M , 0} =

= y + α0 −
M−1∑
k=1

sk max{β̃iy − α̃i, 0} ,

(25)

which is just what we wanted to prove.
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