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Abstract

A robust controller is designed for a system consisting of two carts coupled by a spring. Special
attention is given to the input saturations. This problem was posed within a benchmark collection for
robust control techniques and treated for example at the 1992 ACC. µ analysis and simulation studies
illustrate our design.
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1 Introduction and Motivation

Most practical control problems are dominated by hard bounds. Valves can only be operated between fully
open and fully closed, pumps and compressors have a finite throughput capacity and tanks can only hold a
certain volume. These input- or actuator-bounds convert the linear model into a nonlinear one. Exceeding
these prescribed bounds causes unexpected behavior of the system – large overshoots, low performance or
(in the worst case) instability. Solving control problems subject to hard bounds, we need to restrict the
amplitudes of the external signals (i.e. the reference signals) as well. In this approach, we regard reference
signals, bounded in amplitude and speed (i.e. the first derivative has to be bounded in its amplitude). This
appears in many systems, for example in a tank, not only the liquid-level is bounded (by the tanks height),
additionally the liquid cannot change its level arbitrarily fast.

Design of controllers for systems with hard constraints is a quite vivid area of research, see for example
the recent textbook [10] or the overview paper [1] and the references therein. A rather general and unified
description of Anti Windup schemes is given in [5].

Furthermore, process models are always inaccurate. Even when having an extremely detailed model, the
real plant may contain unknown or slowly changing physical parameters. Thus, the controller has to manage
the difference between the model (used for design) and the real plant, to which the controller is applied in
practice. Bridging the gap between model and real plant is the field of robust controller design.

Quite a huge amount of literature is available on robust control. We therefore only refer to the survey
paper [3] and standard textbooks on H∞ control techniques [4, 6, 13] which we will be using in this work.

In order to study different methods for designing robust controllers, a benchmark collection has been set
up [12]. The task is to control a SISO system, consisting of two masses coupled by a spring, under certain
circumstances. One of these problems reflects the practical situation of having a bounded control signal. This
problem has also been studies for example in [2, 11] using K-D iteration and ν-gap techniques respectively.
We apply the H∞ Loop Shaping Design Procedure (LSDP) to this problem, indeed an extension of this
procedure in order to meet the prescribed hard bound for the control signal. We review this procedure in
sec. 2. One main point is the systematic adjustment of the design weights during the loop shaping procedure
in the case that the bounds are not met. We derive an explicit relation between maximum control variable
and the singular values of the corresponding transfer function, visible during the loop shaping procedure.
This design philosophy has already been outlined in [8]. One theoretical contribution of this work is the
extension of the result on weight adaption to arbitrary systems (the restriction to strictly proper systems,
as made in [8], is no longer necessary). This is discussed in sec. 3.

1

wolle@isy.liu.se
http://www.control.isy.liu.se/~wolle/


K

y

r
controller

plant

G

umax ≤ udes
max

Figure 1: Control loop with constraint control variable u.

The two mass spring system serves as an example for this design procedure. The problem itself is
described in sec. 4. We suggest two designs in sec. 5 and study them using µ analysis. Simulation studies in
sec. 6 illustrate these designs. We summarize the work in sec. 7, where future research is indicated as well.

2 H∞ Loop Shaping for Systems with Constraints

We study control systems with reference signals, bounded in amplitude and speed. Aim of the controller
design is to handle hard bounds of the control signal. The signals are depicted in the standard control loop
in fig. 1. We start with the following definitions, given in [7]. An extension to the multivariable case is
possible [8], but not needed to solve the benchmark example.

2.1 Definition (Admissible Reference Signal) Let R, Ṙ > 0. Then a reference signal r is called (R, Ṙ)-
admissible, when |r(t)| ≤ R and |ṙ(t)| ≤ Ṙ hold for all t > 0. The set of all (R, Ṙ)-admissible reference
signals is denoted by A(R, Ṙ).

2.2 Definition (Maximum Control Signal) Given the internally stable standard control loop as in fig. 1.
Then the Maximum Control Signal is defined by

umax := sup{||u||∞; ∀r ∈ A(R, Ṙ)}. (1)

The definition of the admissible reference signal is quite straightforward from the motivation. We state the
following result given by Reichel [7]:

2.3 Theorem and Algorithm (Calculation of the Maximum Control Signal) Given a linear and time
invariant multivariable control system with reference signal r(t) and control signal u(t). Let the reference
signal be (R, Ṙ)-admissible. Then:
(a) There exists an algorithm that determines the maximum control signal umax according to Definition 2.2
of this system for all admissible reference signals.
(b) An (R, Ṙ)-admissible input exists, so that umax is achieved.

The algorithm outlined in the original work [7] constructs a worst case input r. An alternative numerical
solution of the problem, based on nonlinear optimization, has been shown in [9]. Independent of the numerical
solution, Theorem 2.3 can be used to determine the maximum control signal umax, when the reference signal
r(t) is (R, Ṙ)-admissible.

The result presented above enables us to calculate the maximum control signal of a control system, when
the external signal, i.e. the reference signal fulfills these constraints. We will exploit this to extend the H∞
Loop Shaping Design Procedure by McFarlane & Glover [6] to the case of constraint control signals:

Given plant G, restrictions R, Ṙ > 0 for the reference signal and a desired maximum control signal
udes

max � 0 we will perform the Loop Shaping Design Procedure (LSDP) in the following way:

1. Choose a performance factor f and weight W to shape the plant.

2. Controller-design for the shaped plant and calculation of the stability margin ε.

3. Calculation of the final controller (including the weight).

4. Decide whether the design-objectives are fulfilled or not:
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• Is the stability margin ε large enough?

• Are the performance-objectives fulfilled?

• Does umax ≤ udes
max hold?

If not, choose other weight W (and/or another performance factor f) and go back to the first
step.

Theorem 2.3 enables us to determine the maximum control signal umax within the control loop, which
allows the check maximum control signal in step 4. This additional check is the only difference to the classical
LSDP. We refer to this procedure as Extended Loop Shaping Design Procedure (ELSDP).

3 Adjustment of the Design Weights

We discuss a question neglected in the last section: after a first choice of weights, our design objectives
are usually not fulfilled – the weights have to be adjusted. In the case of a too small stability margin ε
the strategy is clear from the classical LSDP: because there is no explicit relation known between achieved
stability margin and weights, we have to examine the singular values of the shaped plant and the achieved
open loop. In the frequency range with a significant difference, our weights are incompatible with the plant
and have to be adjusted.In the following we discuss the remaining open question: Is there a strategy for
correct and systematic adjustment of the weights, when the control signal is still too large after a loop
shaping step?

Within loop shaping, we work on the singular values of different interesting transfer functions. Thus we
are searching for a relation between the singular values of the transfer function and the maximum control
signal umax. The relation between reference signal and control signal is given by u(s) = H(s) · r(s) =
K(s)(1 − G(s)K(s))−1 · r(s) and u(t) = h(t) ? r(t) respectively, where ”?” denotes convolution and a state
space representation is given by H = (A,B,C,D). In [8], we showed the following useful relation for the
case of a stable and strictly proper transfer function H : ||u||∞ ≤ 2n · ||H ||∞ · ||r||∞, where n denotes the
McMillan degree of H . We extend this to the case of proper transfer functions:

3.1 Theorem In the case of a stable and proper transfer function H with input r and output u,

||u||∞ ≤ (2||H ||∞ + 3d) · n · ||r||∞ (2)

holds with D = [d1, ..., dn]T and d := maxi |di|.
Proof. Let H̃ := H − D = (A,B,C, 0). Then h(t) = h̃(t) + Dδ(t), δ(t) the δ-impulse. Then ||h||1 =∑n

i=1

∫∞
0 |hi(t)|dt =

∑n
i=1

∫∞
0 |hi(t) − diδ(t) + diδ(t)|dt ≤

∑n
i=1

( ∫∞
0 |hi(t) − diδ(t)|dt +

∫∞
0 |diδ(t)|dt

)
≤∑n

i=1

∫∞
0 |h̃(t)|dt + nmaxi |di| = ||h̃(t)||1 + nd and therefore ||u||∞ ≤ ||h||1||r||∞ ≤ [||h̃||1 + nd]||r||∞ ≤

[2n||H̃||∞ + nd]||r||∞ = [2n||H −D||∞ + nd]||r||∞ ≤ 2n||H ||∞||r||∞ + 3nd||r||∞. 2

We now turn back to our final aim: the relation between the singular values of H and ||u||∞. As the
control loop is internally stable, the transfer function H is stable. Following equation (2), we see that
decreasing the ∞-norm of H(s) decreases an upper bound for the maximum control signal.

Suppose, the maximum control signal is too high after a loop shaping step. We then have to decrease
the maximum singular value of H in the frequency range where the ∞-norm appears. In the case of a too
low maximum control signal, we have to increase the maximum singular value in that frequency range. We
point out, that this affects only an upper bound for the maximum control signal. In general, there is much
space between the both sides of eqn.(2). We only use it as a guideline for the adjustment of the weights in
the ”correct direction” and in the correct frequency range. The practical value of this guideline is shown in
the example. However, the initial choice of the weights should attack the general shape of the open loop
and is discussed in context with original Loop Shaping Design Procedure by McFarlane & Glover [6] and
textbooks on robust control [4, 13].
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Figure 2: Two mass spring system with uncertain parameters.

4 Benchmark Problem

We consider the two mass spring system shown in figure 2. It is assumed that for the nominal system
m1 = m2 = 1 and k = 1 hold. The control force u acts on body 1, while the position of body 2 is measured.
The system can be represented in the state-space form:

ẋ1

ẋ2

ẋ3

ẋ4

 =


0 0 1 0
0 0 0 1

−k/m1 k/m1 0 0
k/m2 −k/m2 0 0



x1

x2

x3

x4



+


0
0

1/m1

0

 (u+w1) +


0
0
0

1/m2

w2

y = x2 + v

z = x2 (controlled output)

or as transfer-function:

G(s) =
k

m1m2s4 + k(m1 +m2)s2
=
z(s)
u(s)

The aim of the benchmark collection, is to design a linear feedback-controller with constant gain. We focus
on the following task:
Benchmark Problem #4 [12]. Unit step output command tracking for the controlled output z(t) with
the following properties:
1. control input is limited to |u| ≤ 1
2. performance: settling time and overshoot are both to be minimized
3. robustness: performance and stability with respect to all uncertain parameters are both to be maximized
4. consider conflicts between the last two properties

This benchmark problem is a robust control problem with real uncertainties. Speaking in terms of H∞-
control theory, it is a problem with structured uncertainties. We want to examine our controller designs,
done in the next section, for robust stability. I.e. for which variations of the three uncertain parameters
remains the closed system stable? An appropriate tool for analyzing this is the µ-test, see [13]. Therefore,
we formulate this problem in terms of µ-analysis.

Fig. 3 shows the plant with respect to its uncertain parameters k,m1,m2. To carry out the µ-analysis,
the constant gains k, 1

m1
, 1
m2

are replaced by the blocks shown in figure 4, using the following Lower Linear
Fractional Transformations (LLFTs) for the perturbed parameters:

1
mi,pert

= FL
(

1
mi,nominal

[
1 −γi
1 −γi

]
, δi

)
=: FL(Mi, δi) =

1
mi,nominal + γiδi

, |δi| ≤ 1

kpert = FL
([

knominal γk
1 0

]
, δk

)
=: FL(K, δk) = knominal + γkδk, |δk| ≤ 1.
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1/m2

K

k

−

1/s2
u

1/m1

x1ẍ1
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Figure 3: Detailed view onto the uncertain parameters within the benchmark system.

Mi

δi δk

K

Figure 4: Replacing the uncertain parameters by appropriate LFTs.

Now, the uncertain parameters are represented by weighted additive errors to the nominal values

mi,pert = mi,nominal + γiδi, |δi| ≤ 1, i = 1, 2 (3)
kpert = knominal + γkδk, |δk| ≤ 1. (4)

and the problem is formulated for µ-analysis.

5 Controller Design

5.1 Parameters for Design and Analysis

One test for robustness demands stability for all 0.5 ≤ k ≤ 2.0, so we will change the nominal value of the
spring constant to the middle of this interval, 1.25. Thus, the nominal values are:

m1,nominal = m2,nominal = 1, knominal = 1.25 (5)

What about the admissible reference signals? The amplitude is given by the prescribed step-input. As
admissible speed, we calculate the highest possible speed up to reaching the amplitude’s bound 1 while
stimulating the system with a step, which leads to :

R = 1, Ṙ = 1.46 (6)

The desired bound for the control variable is also mentioned in benchmark problem as

udes
max = 1 (7)

Design of a suboptimal controller (using a performance factor of f = 1.1 is performed using the extended
H∞ loop-shaping design procedure.

5.2 Choice of the weights

We compare two different controllers, based on the constant weight w1 = 0.27 resp. the non-constant weight
w2(s) = 0.31s3+1.42s2+7.21s+5.66

s3+72.11s2+44.80s+19.70 .
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Figure 6: Design #1 (left) and Design #2 (right).

The choice of the constant weight w1 is a simple and straightforward binary-search: choose w1, so that
the desired bound for the control signal is met. This binary search is possible because we are able to calculate
the maximum control signal exactly .

The idea for the non-constant weight is using w1 = 0.27 as a basic value and decrease it in the frequency
range 100 . . . 101, where the undamped eigenvalues of the plant appear, in order to damp them. Here, eqn.(2)
is used to give a guideline for the weight adjustment: suppose, an initial weight w∗ is chosen to damp the
system poles. The magnitude is shown in figure 5. It produces a control system with a maximum control
signal of u∗max = 0.78. But we can effort more! Consequently following the advice given in section 3, we
increase the weight in the frequency region 10−1 . . . 100, as the ∞-norm of the transfer function H from r to
u appears in this range. This leads, after some iterations, to the weight w2, which is also given in figure 5. It
leads to a control system with u∗max = 0.96. Fig. 6 shows the magnitudes of the important transfer functions.

5.3 µ-analysis

In table 1, results of a µ-analysis are shown. For the presented tests, the parameter γ = (γ1, γ2, γk) (cf.
eqns (3,4)) for the relative change is varied until the upper bound for µ, called µhi, fulfills µhi ≈ 1 and
µhi < 1. Obviously, Design # 2 allows a larger variation of the parameters. We pay for this feature with a
higher controller order, as a result from the higher weight order.
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Figure 7: Simulation for nominal parameter set m1 = m2 = 1, k = 1.25.

weight umax ε µ-test: maximal parameters
γ1, γ2, γk with µ↗ 1

w1 = 1.00 0.36 vary all mi fixed
0.27 0.1, 0.1, 0.27 0, 0, 0.45

0.2, 0.2, 0.32
0.5, 0.5, 0.03
k fixed m2, k fixed

0.60, 0.60, 0 0.90, 0, 0
w2 0.96 0.27 vary all mi fixed

0.1, 0.1, 0.77 0, 0, 1.20
0.2, 0.2, 0.82
0.5, 0.5, 0.60
k fixed m2, k fixed

0.65, 0.65, 0 0.80, 0, 0
Table 1: Overview of the two designs.

6 Selected Simulation Studies

We simulate the step response (the recommended test for this benchmark problem) for selected parameter
variations. We examine all relevant signals of the control loop. Notable, that in all simulation studies the
bound for the control variable holds. As we are not stimulating the system with the worst case input, we
are beyond the desired bound. We examine stability of the control loop when changing the parameters in
their allowed ranges (see table 1) or even leaving these ranges slightly:
Experiment 1 – nominal plant: we simulate the two control systems using the nominal plant, see fig. 7.
We observe, that system #2 has slightly larger overshoot, due to a lower control signal. On the other hand,
it is more robust with respect to parameter changes as shown in table 1.
Experiment 2 – variation of m1: In the second study, shown in fig. 8, we only change the first mass
m1. A change of 80% is possible for all designs, which is clear from the table and shown in fig. 8 (left). But
for design #2, 80 percent are already the limit. We test this raising m1 to 1.85 (i.e. a change of 85%, and
indeed, system #2 is already unstable. The other way round, this means that the upper bound for µ, as
calculated in the µ-test, is quite exact.

7 Conclusions and Future Works

We studied the control of control systems with hard bounded control signals, especially the two-mass-spring
benchmark problem. One main point within the extension of the H∞ Loops Shaping was the calculation
of the maximum control signal for the set of admissible reference signals. The other main point was the
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Figure 8: Simulation for parameter sets m1 = 1.8,m2 = 1, k = 1.25 (left) and m1 = 1.85,m2 = 1, k = 1.25
(right).

systematic adaption on the weights with respect to the control signals bound by deriving an explicit relation
between design weight and maximum control signal..

Still an open question is how to guarantee the control signal within the suggested bounds for the set of
uncertain plant - until now, this is only guaranteed for the nominal plant. We answered this question by an
a-posteriori analysis. However, the simulation studies in this work showed sufficient behavior of the control
signal even in the case of a parameter variation.

The extension of this work to the multivariable case is due to a future paper. Other future research will
study hard constraints for other signals than the control signal, speed constraints for the control signal and
applications with mixed hard and soft bounds.
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