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1 Introduction

Computer based tools play an important role in
most scientific work of today. The modern high
performing desk top computers have made it pos-
sible to analyze and simulate large scale systems
which ten years ago only could be handled by su-
percomputing facilities. Not only the hardware has
improved dramatically. The software of today is
keeping up the pace and is providing more and
more functionality. Computer based tools for sym-
bolic mathematics is one area which during the last
15 years have developed from basic research into
commercial packages such as Maple and Mathemat-
ica. These tools have made it possible to manip-
ulate and visualize complex mathematical expres-
sions and relieving the scientist or engineer from
simple but error prune tasks such as differentiation
and integration. The tools of today handles with
ease scalar mathematical objects. Functions from
basic symbolic linear algebra is also supported in
a limited way. Each element of a symbolic matrix
needs to be specified. Hence, the existing software
packages do not recognize a matrix as an object.

Matrix expression manipulations plays a key role
in the development of systems and control theory.
Therefore it is natural to ask if it is possible to
develop computer based tools which would facili-
tate such manipulations. It is easy to see uses both
for educational purposes as well as in the devel-

opment of new theory. We can here point to two
practical applications. Firstly simple bookkeeping.
When manually manipulating matrix expressions it
is highly likely that one make mistakes. A com-
puter based matrix expression yellow pad could
make life much easier. Also for documentational
reasons it is important to be able to automatically
export the expressions to some documentation sys-
tem, e.g. LATEX. A second application to mention
is the task of verifying that certain calculations are
correct, e.g. to check if two matrix expressions are
equal.

In this paper we describe a small matrix alge-
bra prototype which is implemented in Mathemat-
ica [2].

2 Approach

Algorithms for manipulating algebraic expressions,
such as expression of linear algebra, need the func-
tionality provided by a computer algebra system.
For this project Mathematica has been chosen for
the following reasons.

2.1 Programming Environment

Mathematica provide three different types of pro-
gramming for the developer: procedural, functional
and rule based programming.



By procedural programming we refer to the most
common programming style which includes lan-
guages like Pascal and C. Common languages key-
words here are, e.g., For, Do, If, Then, Else etc.

The functional programming style can be com-
pared with the language Lisp. Examples of func-
tional programming in Mathematica are the key-
words Map and Apply which apply functions to ex-
pressions or parts of expressions.

The rule based programming style in Mathemat-
ica can be compared with a functional language like
ML, and is the main reason why Mathematica is a
powerful programming environment for mathemat-
ical manipulations. Mathematical derivation rules
can be formulated in close correspondence with for-
mulations in mathematical textbooks. The follow-
ing Mathematica code contains a few rules for how
to compute transpose of matrix expressions. The
rule

Transpose[m_?MatrixSymbolQ] /;
SymmetricQ[m] := m

specifies that Transpose of a symbol m represent-
ing a matrix is will be equal m if m is symmetric.
The corresponding rule for the antisymmetric case
is:

Transpose[m_?MatrixSymbolQ] /;
AntisymmetricQ[m] := -m

The rule for transpose of a block matrix can be
written as

Transpose[m_?BlockMatrixQ] :=
Thread[Map[Transpose,m,{2}]]

where the functional operators Map and Thread
are used to perform a transpose of the matrix ele-
ments inside the block matrix and on the top level
respectively.

2.2 Mathematical Layout

Mathematica has mathematical layout of expres-
sions, which make it possible to have similar layout
standards as in text books for both input and out-
put expressions. One major advantage of the layout
system is the flexibility and the possibility to design
new layout constructions, by using similar markup
language facilities as in LATEX and HTML. The

ready made tools for exporting exporting mathe-
matical expression and typeset documents to LATEX
and HTML is also important.

2.3 User Interface

Mathematica provide a base technology for pro-
grammable documents called notebooks. This tech-
nique is used to produce, e.g., palettes and forms
that will make it possible to simplify and enhance
the tool form the user perspective.

3 Simplification

In mathematical manipulation algorithms, simpli-
fication is one key issue. For instance we can show
that

A(I + BA)−1 − (I + AB)−1A = 0 (1)

where A and B are matrices of compatible sizes. In
this case it is obvious that the zero in the right-hand
side is simpler than the left-hand expression. An in-
troduction to simplification algorithms for matrices
is given in [1].

When performing matrix manipulations by hand
we usually apply a number of known rules or pat-
terns, such as the one above, sometimes referred to
as the push-through rule and the matrix inversion
lemma:

(A + BCD)−1 =

A−1 − A−1B(C−1 + DA−1B)−1DA−1 (2)

The problem of deciding if two expressions are
equal or, equivalently, if an expression is equal to
zero, is referred to as the decidability problem. For
rational expressions involving scalars this can be
decided by putting the terms together with a com-
mon denominator. When matrices are involved, the
problem becomes much more difficult due to the
fact that matrices in a product do no commute.
For instance finding the greates common divisor be-
comes non-trivial.

A more general approach to the simplification
problem is to find a canonical form, which is a
unique, representation for each expression. The
canonical form should be as “simple” as possible.
For instance the expression in (1) should have 0 as
its canonical form.

2



It is not known to the authors if there exists a
canonical form for each expression, neither if a ma-
trix expression is decidable.

As one step towards mathematical derivation, an
expression metrics could be used. With this we
mean a measure of the “complexity” of an expres-
sion. The derivation could be be directed in order
to reduce the complexity.

As an alternative to mathematical derivation, we
may instead use pattern matching. With this we
mean that certain patterns are recognized, such as
the matrix inversion lemma (2). In order to direct
the simplification it may be beneficial to involve
some user interaction.

4 Implementation Issues

4.1 Definitions

Mathematica supports manipulations of matrices
instantiated matrices, i.e., the matrix must be cre-
ated with elements of numbers or scalar symbolic
expressions. We have to add mechanisms for mak-
ing symbols like A and B to act like matrices. If
we evaluate

Inverse
[( A B

C D

)]
(3)

we get the result(
D

−(B C)+A D − B
−(B C)+A D

− C
−(B C)+A D

A
−(B C)+A D

)
(4)

since the symbols A, B, C, and D are treated as
scalars.

The solution we have chosen is to have a decla-
ration of the matrix symbols. By

DefineMatrix[A, B] (5)

the symbols A and B are set to matrices. This will
make, e.g., the behavior of Transpose different

Transpose
[( A B

C D

)]
(6)

which returns (
AT C
BT D

)
(7)

since C and D are still treated as scalars. By this
the matrix multiplication

B.D.C.A (8)

will return

CD B.A (9)

where scalars in the matrix product are com-
muted to the left. The Mathematica functions Dot,
Transpose, and Inverse have been redefined to
make them test if the input expression is a block
matrix. If so the these functions stays unevaluated.

In addition to being able to declare matrix sym-
bols, it must be possible to set matrix properties
to these symbols. SetMatrixProperty is used for
this, e.g.,

SetMatrixProperty[A, {Symmetric}] (10)

means that A will be always treated as a symmet-
ric matrix symbol. Other properties supported are:
antisymmetric, diagonal, upper triangular, lower
triangular, hermitian, etc.

The matrix symbol declarations and the assign-
ment of matrix properties are implemented us-
ing predicates or test functions. For matrix sym-
bol declaration, the predicate MatrixSymbolQ[s] re-
turns true if and only if the symbol s is a de-
clared matrix symbol. The predicate SymmetricQ
is used to test the symmetric property in the same
way. The predicates are an important mechanism
in Mathematica to be able to write simple deriva-
tion rules for the mathematical manipulations.

4.2 Notation

Standard Mathematica commands are usually
named to complete words that describe the com-
mand. In the same way we have the matrix func-
tions like Transpose, Inverse etc. for which there
is a standard mathematical notation. Notations
can be designed in Mathematica such that we write

AT A−1 A.B (11)

instead of using Transpose, Inverse, and Dot. At
the same time as the notation can be designed to
give nice layouts of computational results, it is im-
portant that the notation can be parsed correctly
as inputs without any ambiguities. This means,
e.g., that the dot (“.”) notation of matrix product
should be kept for both outputs and inputs.
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4.3 Computations

The concept of rules is used in all Mathematica
computations. As stated earlier the there are sim-
ple rules for the computation of, e.g., transpose of
expressions, as well as rules for more complex ma-
trix simplifications. Typically the user would ex-
pect simple rules to be evaluated directly, i.e., the
transpose should evaluated on expression without
using any extra commands that explicitely starts
to compute the transpose. This will also make
it possible to introduce a standard for the form
of a matrix manipulation result due to the auto-
matic derivations that are always performed. On
the other hand, rules for finding and rewriting ex-
pressions that fit to the matrix inversion lemma (2)
should not be done automatically since that would
slow done all computations drastically and the user
would not have control over when these rules are
used or not.

For certain rules, it is hard to decide if the rule
should be automatically computed or if it should be
manually applied by the user. This indicates that
it might useful to change the computational mode
of a rule and that the user can decide interactively
if the rule should computed automatically or not.

5 Simple Example

A simple session of using the package follows. The
symbols ii and I are used as short forms of the
identity matrix.

In[1]:= Needs[MatrixAlgebra‘]

In[2]:= DefineMatrix[A, B]

In[3]:= SetMatrixProperty[B, {Antisymmetric }]

In[4]:= U = (ii −B) . (ii +B) −1

Out[4]= ( −B + I).((B + I)
−1

)

In[5]:= UnitaryQ[U]

Out[5]= True

In[6]:= MatrixSimplify[U T − U−1]

Out[6]= 0
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