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Abstract

Piecewise linear systems - systems that switch between different lin-
ear subsystems at different occasions - occur in many applications. Due
to their nonlinearity, they may often be difficult to analyse. Therefore,
different approximating methods have been developed for analysis, veri-
fication and control design. This report considers one such method, and
gives some algorithms for investigating how sensitive it is to changes in
the underlying subsystems. These algorithms can be used either for ro-
bustness analysis or for control design.

Keywords: Piecewise linear systems, approximating automata, robust-
ness.

1 Introduction

A special class of hybrid systems are the piecewise linear systems. These systems
consist of several linear subsystems, between which switchings occur at different
occasions. In this report, the different linear subsystems are active in different
regions of the state space, i.e., the dynamics of a trajectory x(t) just depends
on x, not on t or on any external input.

Piecewise linear systems occur naturally in many applications. For example,
bounds on the magnitude of a control signal in an otherwise linear system may
give rise to a piecewise linear system. Since the systems are highly nonlinear -
the dynamics might even be discontinuous at the borders of the regions - they
are often difficult to analyse. For that reason, approximating methods have
been developed for analysis, verification and control design. One such method,
described in [2], considers which transitions between different regions are in-
evitable, which transitions are possible and which are not. This is done by
looking at the vector fields ẋ(t) at the borders of each region, and determining
whether they are pointing out of or into the region (or both). (Similar meth-
ods have also been used by others, e.g., by [3].) From this information finite
automata are built, showing all guaranteed or possible transitions. These finite
automata can be used for different kinds of verification. For example, we can
guarantee that certain states in the original system are not reachable from some
other initial states, by proving that there is no sequence of possible transitions
in the finite automata, taking the system state from the region of the initial
states to the region of the final states.
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It would be desirable to be able to determine how sensitive these approxi-
mating automata are to changes in the underlying linear subsystems. That is
the topic of this report.

2 Notation and problem formulation

The systems considered in this report are piecewise linear systems on the form

ẋ = (Ai −BiLi)x+ bi , x ∈ X i , i = 1, . . . , N (1)

where Ai ∈ Rn×n, Bi ∈ Rn×k, bi ∈ Rn and X i ⊂ Rn are given, while Li ∈ Rk×n
are matrices of our choice. In the following we will also use the notation Ãi =
Ai −BiLi, so that

ẋ = Ãix+ bi , x ∈ X i , i = 1, . . . , N. (2)

Furthermore, the regions X i are assumed to be polytopes, i.e., they are bounded
regions defined by

X i = {x ∈ Rn
∣∣ Cix ≤ di},

where Ci ∈ Rm×n, m > n, and ≤ denotes componentwise inequality.
We will use the notation Cil for the lth row of Ci, and for example dil for the

lth element of a vector di. We will also introduce the notation

X i
l = {x ∈ Rn

∣∣ Cix ≤ di, Cilx = dil},

i.e., X i
l is the side of the polytope corresponding to equality in the lth constraint.

Now consider one of the polytopes, X0, and how the trajectories x(t) behave
inside it. At a given side of the polytope, say X0

m, and for a given L0, there
are three different options for the qualitative behaviour of the trajectories (see
Figure 1):

(i) They are all exiting the polytope.

(ii) They are all entering the polytope.

(iii) Some of the trajectories are parallel to the boundary. In this latter case
we may have some trajectories exiting the polytope and others entering it
through the same side.

Since the system is linear inside the polytope, the trajectories are smooth, and
therefore these three cases are the only possible options. The three different
cases will lead to different approximating automata. An interesting question is:
How much could we change L0, without changing the qualitative behaviour at
each side of the polytope, i.e., without affecting the approximating automata?
In other words, for what values of L0 do the different cases occur?

We can easily see that the three cases correspond to the three problems

(i) C0
mẋ > 0 for all x ∈ X0

m,

(ii) C0
mẋ < 0 for all x ∈ X0

m,
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Figure 1: Three options for the behaviour of the trajectories in the vicinity of
a polytope side.

(iii) C0
mẋ = 0 for some x ∈ X0

m,

so our task is to find the sets of solutions (in L0) to all these problems. By using
Eq. (2) we can for example rewrite the first problem as

(i) C0
mÃ

0x+ C0
mb

0 > 0 for all x ∈ X0
m.

and the other two similarly.
In the following section the three problems are solved, and an example is

given in Section 4. In Section 5, the computational complexity is considered,
and we also give a robustness interpretation.

It can also be interesting to consider how changes in bi will affect the be-
haviour of the trajectories. This subject is treated in Section 6.

3 Solutions to the problems

First we make some observations. If C0
mB

0 = 0, then

C0
mÃ

0 = C0
m(A0 −B0L0) = C0

mA
0,

so the problem is independent of L0 and therefore trivial. In reality, this means
that our feedback can only affect ẋ in directions parallel to the side X0

m of the
polytope. In the following, we will assume that C0

mB
0 6= 0. In this case, the

row vector C0
mÃ

0 may take any value (when B0 ∈ Rn, all we do is just adding
a constant times L0 to C0

mA
0, and L0 can be chosen arbitrarily). By letting

pT = C0
mÃ

0, q = −C0
mb

0,

we thus get the following general problems: Given q ∈ R, X0
m as before, for

which p ∈ Rn is

(i) pTx > q for all x ∈ X0
m?

(ii) pTx < q for all x ∈ X0
m?

(iii) pTx = q, x ∈ X0
m solvable?

From the solutions to these problems, the corresponding solution sets in L0 can
easily be found through the affine relation between p and L0.
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3.1 Solution to problems (i) and (ii)

We first try to find all p that satisfy pTx < q for all x ∈ X0
m. One way to do

this is to first find a direct representation of X0
m:

X0
m = {

r∑
i=1

λivi
∣∣ λi ∈ R, λi ≥ 0,

r∑
i=1

λi = 1} (3)

Here vi ∈ Rn, i = 1, . . . r are the corners of X0
m. Now the solutions are

p ∈ {p′ ∈ Rn
∣∣ p′T vi < q, i = 1, . . . , r}, (4)

which is trivial - since the inequality is satisfied for the corners of the polytope,
it is satisfied for convex combinations of the corners, and thus for the entire
polytope. We note that the solution set is a polyhedron.

The case pTx > q is treated in the same way.

3.2 Solution to problem (iii).

Here the problem is to find the values of p for which pTx = q for some x ∈
X0
m. The set of solutions can of course be easily found by solving the two

other problems first, but it may also be interesting to look at it from another
perspective.

We start by finding all p for which one solution is x′ ∈ X0
m:

p′
T
x′ = q ⇔ x′

T
p′ − q = 0

⇔ x′
T
(
p′ − q x′

|x′|2

)
= 0

i.e., the solution set is the hyperplane going through q x′

|x′|2 (which for q > 0 is
the reflection of x′ in the sphere of radius

√
q, centred around the origin), and

with x′ as a normal vector.
Now the solution set to problem (iii) is the union of all such hyperplanes

corresponding to the points in X0
m.

4 A simple example

Let us demonstrate the properties of this kind of problems by looking at a simple
example:

ẋ = (A−BL)x+ b , x ∈ X

where

A =

1 0 0
0 1 0
0 0 0

 B =

0
0
1

 b =

1
0
1



X = {x ∈ R3
∣∣ x1 ∈ [2, 3], x2 ∈ [1, 2], x3 ∈ [0, 1]}
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From the definition of X we can get C and d:

C =


1 0 0
−1 0 0
0 1 0
0 −1 0
0 0 1
0 0 −1

 d =


3
−2
2
−1
1
0


Suppose that we are interested in the behaviour of the trajectories at x3 = 0,
i.e., at X6. In other words, we would like to find out for what values of L that
C6ẋ = 0 has a solution in X6, and for what values C6ẋ is positive or negative
on X6. We have

C6ẋ = C6((A−BL)x+ b) =

=
(
0 0 −1

)1 0 0
0 1 0
0 0 0

−
0

0
1

 · L
x+

1
0
1

 =

= Lx− 1

so we should solve

(i) Lx > 1 for all x ∈ X6.

(ii) Lx < 1 for all x ∈ X6.

(iii) Lx = 1 for some x ∈ X6.

Let us solve the problems (i) and (ii). A direct representation of X6 is

X6 = {
4∑
i=1

λivi
∣∣ λi ∈ R, λi ≥ 0,

4∑
i=1

λi = 1} (5)

where

v1 =
(
2 1 0

)T
,

v2 =
(
2 2 0

)T
,

v3 =
(
3 1 0

)T
,

v4 =
(
3 2 0

)T
,

Hence, the solution set for problem (i) is

{L ∈ R3
∣∣ Lvi > 1, i = 1, . . . , 4}, (6)

and the solutions for problem (ii) are

{L ∈ R3
∣∣ Lvi < 1, i = 1, . . . , 4}, (7)

The regions are shown in Figure 2 (note that the third component of L, L3, can
take any value).

The reflection of X6 in the unit sphere (as defined in Section 3.2) is also
drawn into the figure. The solutions of problem (iii) are the points lying on
hyperplanes going through any L belonging to this set, and with the same L as
a normal vector.
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Figure 2: Solution sets for the different problems. The lower left region is the
set {L ∈ R3

∣∣ Lvi < 1, i = 1, . . . , 4}, while the upper right region is the set
{L ∈ R3

∣∣ Lvi > 1, i = 1, . . . , 4}. The small “deformed rectangle” in the middle
is the reflection of X6 in the unit sphere.

5 Complexity and interpretations

From Section 3.1 we know that once we know a direct representation of X i
m, it

is trivial to divide the Li space into the three solution sets for the tree different
problems. On the other hand, if we want the solutions to be written as inter-
sections of halfspaces (as in Eq. (4)), we need to know the direct representation
of X i

m. Therefore the computational complexity for this problem is essentially
identical to that of finding the direct representation. Unfortunately, the number
of vectors needed in such a representation grows very quickly with the size of
the problem. An upper bound for the number of corners in a polytope can be
calculated in the following way: In a corner, n linearly independent sides meet
(where n is still the dimension of the state space). Since the polytope has m

sides, the maximal number of corners cannot be larger than
(
m
n

)
.

However, if we restrict ourselves to the case where the polytopes are formed
by the state space being divided by hyperplanes, it is fairly easy (but still quite
time-consuming) to calculate the direct representation of all the polytopes once

and for all. The total number of corners is then bounded above by
(
M
n

)
, where

M is the number of separating hyperplanes.

There is another way to solve problems (i) and (ii), which will just be men-
tioned here. By using a version of Farkas’ lemma, one can show that e.g.
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problem (ii) is equivalent to
pT = τTC0

τT d0 < q

τi ≥ 0 i = 1, . . .m− 1
(8)

In a real situation, one would probably want to compute the values of Li,
for which constraints on several of the polytope sides are satisfied. These Lis
are of course easily obtained by taking the intersection of the solution sets for
each constraint.

5.1 Some interpretations

The most obvious use for these results is of course if we want to use state
feedback in each region X i, but still want some (or all) of the guaranteed or
possible transitions between regions to stay as they are. Another interpretation
is a measure of the robustness of the guaranteed or possible transitions; i.e.,
how much uncertainty in the matrix Ãi can we allow, before the behaviour of
the trajectories at the sides of the polytope changes? By letting Bi = I, we get
an exact answer to that question: We can compute all the matrices Ãi that give
the same behaviour at the borders. If we choose Bi = Cim instead, and assume
that ‖Cim‖ = 1, we get

CimÃ
i = Cim(Ai − CiLi) = CimA

i − Li,

which is some kind of “worst case”. By considering this case, we can compute
the smallest-norm matrix that leads to a qualitative change in the behaviour at
X i
m.

6 Invariance with respect to bi

When considering robustness, one might also want to look at what will happen
if bi varies. By doing the same manipulations as in Section 3, we arrive at the
problems: Given p ∈ Rn, X0

m as before, for what q ∈ R is

(i) pTx > q for all x ∈ X0
m?

(ii) pTx < q for all x ∈ X0
m?

(iii) pTx = q, x ∈ X0
m solvable?

These problems are solved immediately by solving the LP problems

minimize pTx (9)
subject to x ∈ X0

m

and

maximize pTx (10)
subject to x ∈ X0

m

as they provide the upper and lower bound on q for problem (iii) to be solvable.
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7 Discussion and extensions

The theory in this report is immediately extendable to general switched sys-
tems as described in [2]. The important thing is that the switch sets are fixed
hyperplanes in the state space.

An interesting but probably more complicated extension would be to con-
sider the robustness of the finite automata under variations of Ci and di.

Section 3 provided the sets of state feedback vectors Li that satisfy certain
demands on the behaviour of the system. It would be natural to combine these
demands with other constraints, and also to find the Lis that are optimal in a
certain respect. Since the solution sets of problem (i) and (ii) in Section 3.1 are
convex, we can form all sorts of convex optimisation problems, which can be
solved very efficiently once we know the direct representations of the polytopes
(see for example [1]).
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