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In aircraft navigation the demands on reliability and safety are very high. The
importance of accurate position and velocity information becomes crucial when
ying an aircraft at low altitudes, and especially during the landing phase. Not
only should the navigation system have a consistent description of the position
of the aircraft, but also a description of the surrounding terrain, buildings and
other objects that are close to the aircraft. Terrain navigation is a navigation
scheme that utilizes variations in the terrain height along the aircraft ight path.
Integrated with an Inertial Navigation System (INS), it yields high performance
position estimates in an autonomous manner, i.e., without any support informa-
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tion sent to the aircraft. In order to obtain these position estimates, a nonlinear
recursive estimation problem must be solved on-line. Traditionally, this ltering
problem has been solved by local linearization of the terrain at one or several
assumed aircraft positions. Due to changing terrain characteristics, these linearizations will in some cases result in diverging position estimates. In this
work, we show how the Bayesian approach gives a comprehensive framework
for solving the recursive estimation problem in terrain navigation. Instead of
approximating the model of the estimation problem, the analytical solution is
approximately implemented. The proposed navigation lter computes a probability mass distribution of the aircraft position and updates this description
recursively with each new measurement. The navigation lter is evaluated over
a commercial terrain database, yielding accurate position estimates over several
types of terrain characteristics. Moreover, in a Monte Carlo analysis, it shows
optimal performance as it reaches the Cramer-Rao lower bound.
1

Aircraft Navigation

Navigation is the concept of determination of the kinematic state of a moving
vehicle. In aircraft navigation this usually consists of nding the position and
velocity of the aircraft. Accurate knowledge of this state is critical for ight
safety. Therefore, an aircraft navigation system should not only provide a reliable and accurate estimate of the current kinematic state of the aircraft, but
also a consistent description of the accuracy of this estimate.
Aircraft navigation is typically performed using a combination of deadreckoning and x position updates. In dead-reckoning systems, the state vector
is calculated from a continuous series of measurements of the aircraft movement relative to an initial position. Due to error accumulation, dead-reckoning
systems must be re-initialized periodically. Fix point, or positioning, systems
measure the state vector more or less without regard to the previous movement
of the aircraft. They are therefore suitable for re-initialization of dead-reckoning
systems.
The most common dead-reckoning systems are the Inertial Navigation Systems (INS) in which accelerometers are used to sense the magnitude of the
2

aircraft acceleration. A set of gyroscopes either maintains the accelerometers
in a known orientation with respect to a xed, non-rotating coordinate system,
commonly referred to as inertial space, or measures the angular rate of the accelerometers relative to inertial space. The inertial navigation computer uses
these sensed accelerations and angular rates to compute the aircraft velocity, position, attitude, attitude rate, heading, altitude, and possibly range and bearing
to destination. An INS generates near instantaneous continuous position and
velocity, it is self-contained, functions at all latitudes, and in all weather conditions. It operates independently of aircraft manoeuvres and without the need for
ground station support. Complete and comprehensive presentations of inertial
navigation can be found in [14, 16].
Positioning systems that have attracted a lot of attention lately are the global
satellite navigation systems which promise a very high accuracy and global coverage. There are two global satellite systems for navigation in use today: GPS,
developed by the U.S., and the Russian system GLONASS. Position estimates
are obtained by comparing distances from the aircraft to four or more satellites.
The systems have been developed for military purposes and several coding techniques are used to keep the accuracy for civilian or unauthorized users at a level
far from the actual performance of the systems. However, using ground stations as reference, the coding errors can be removed eÆciently. Vendors have
o -the-shelf receivers for di erential GPS (DGPS) with a position accuracy below the one meter level. A comprehensive summary of the concept of satellite
navigation can be found in [14, Chapter 5].
The radio navigation systems have the disadvantage of relying on information broadcasted to the aircraft. This information could be deliberately jammed
in a hostile situation, or the transmitters could be destroyed, leaving the aircraft
without navigation support. Hence, even if the satellite systems give high accuracy position information they need to be combined with alternative backup
systems using other navigation principles. The concept of terrain navigation
is an alternative positioning technique that autonomously generates updates to
the INS, although in general not with the same accuracy as the satellite systems.
The main idea in terrain navigation is to measure the variations in the terrain
height underneath the aircraft ight path and compare these measurements
3

with a reference map. The principle of terrain navigation is depicted in Fig-
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Figure 1: The principle of terrain navigation.
ure 1. The aircraft altitude over mean sea-level is measured with a barometric
altimeter and the ground clearance is measured with a radar altimeter, pointing downward. The terrain elevation beneath the aircraft is found by taking
the di erence between the altitude and ground clearance measurements. The
navigation computer holds a digital reference map with values of the terrain
elevation as a function of longitude and latitude. The measured terrain elevation is compared with this reference map and matching positions in the map are
determined. Terrain repetitiveness and atness make this matching nontrivial
and the quality of the outcome dependent on the amount of terrain variation.
Many areas inside the reference map will in general have a terrain elevation
comparable to the measured one. In order to distinguish the true position from
false ones, several measurements along the aircraft ight path need to be considered. Hence, the measurements must be matched with the map on-line and
in a recursive manner. For comprehensive discussions about the applications of
terrain navigation techniques, see [10, 11].
The performance of the matching of terrain elevation measurements with the
map depends highly on the type of terrain in the area. Flat terrain gives little or
no information about the aircraft position. Rough, but repetitive, terrain can
4

give several well matched positions in an area, making it hard to distinguish
between several, well matching tracks. The information content inside a generic
area of the map can be shown to be proportional to the average size of the
terrain gradient,
v
u
u
t

N
1 X

N

i=1

krh(xi )k

2

(1)

where xi are positions uniformly distributed in the area of interest. This scalar
measure of the terrain information can be connected to an associated CramerRao bound for the underlying estimation problem [3]. The right part of Figure 2
shows (1) evaluated in square blocks of 400 meter side where bright color indicates a large value. The terrain map used in this work is a real commercial map

Figure 2: The left part shows the terrain height and the right part the information content in the map over a central part of Sweden.
of a 100 by 100 km area of central Sweden. The pure terrain elevation samples
are given in a uniform mesh of 50 by 50 meter resolution and shown to the left
in the gure. Using interpolation from surrounding map values, the terrain map
can be regarded as a known look-up table of terrain elevations as a function of
position. Everything that in the real world cannot be found by interpolation
from the database values must be regarded as noise. The right part of Figure 2
very clearly shows the lakes, and the coastline of the Baltic sea to the right in
5

the map. The north-west part of the map is at agricultural land with very little
navigation information, while the southern part consists of very rough terrain
with varying hills of some hundred meters height and narrow valleys that give
a high information content. Maps such as the right part of Figure 2 could be
used for mission planning purposes, e.g., nding the most informative path to
the nal destination.
There are several commercial algorithms that solve the terrain navigation
problem. Since the development has been driven by military interests, most
of these are not very well documented in the literature. The most frequently
referred algorithms for terrain navigation are TERCOM (terrain contour matching) and SITAN (Sandia inertial terrain-aided navigation). TERCOM is batch
oriented and correlates gathered terrain elevation pro les with the map periodically [2, 9, 16]. The aircraft is not allowed to maneuver during data acquisition
in TERCOM and therefore it has mainly been used for autonomous crafts, like
cruise missiles. SITAN is recursive and uses a modi ed version of an extended
Kalman lter (EKF) in its original formulation [13]. When ying over fairly at
or over very rough terrain, or when the aircraft is highly maneuverable, this algorithm does not in general perform well. In order to overcome these divergence
problems parallel EKFs have been used in [6, 12]. Another widespread system is
the TERPROM system, developed by British Aerospace, can be found in several
NATO aircraft. It is a hybrid solution, in which an acquisition-mode correlates
measurements in batch to nd an initial position and in track-mode processes
measurements recursively using Kalman lter techniques. However, due to commercial interests and because of its use as a classi ed military system, it is not
as well documented in the literature as the previous two. One more recent and
di erent approach that tries to deal with the nonlinear problems is VATAN [8].
In VATAN the Viterbi algorithm is applied to the terrain navigation problem,
yielding a maximum a posteriori position estimate.
In this work, we take a completely statistical view on the problem and solve
the matching with the map as a recursive nonlinear estimation problem. The
conceptual solution is described in the following section and an approximate
implementation in Section 3. Simulation results with this implementation are
presented Section 4.
6

2

The Bayesian Approach to Terrain Navigation

As shown in Figure 1 the di erence between the altitude estimate and the measured ground clearance yields a measurement of the terrain elevation. Assuming
additive measurement noise the terrain elevation yt relates to the current aircraft
position xt according to

yt = h(xt ) + et

(2)

where the function h() : R2 7! R is the terrain elevation map. The measurement
noise et is a white process with some known distribution pet (). This measurement error models both the errors in the radar altimeter measurements, the
current altitude estimate and errors originating from the interpolation in the
terrain map not perfectly resembling the real world. Let ut denote the estimate
of the relative movement of the aircraft between two measurements obtained
from the INS. Modeling the dead-reckoning drift of the INS with a white additive process vt , the absolute movement of the aircraft obeys a simple linear
relation

xt+1 = xt + ut + vt

(3)

where vt is distributed according to some assumed known probability density
function pvt (). Summarizing equations (2) and (3) yields the nonlinear model

xt+1 = xt + ut + vt
yt = h(xt ) + et

t = 0; 1 : : :

(4)

where vt and et are mutually independent white processes, both of them uncorrelated with the initial state x0 which is distributed according to p(x0 ). One
may argue that the INS estimate ut should be regarded as a sensor measurement
instead of as a known parameter in the state transition equation,

ut = xt+1

xt + eINS
t :

This would require the introduction of a new state vector incorporating both xt
and xt+1 in order to retain the Markovian property of the state space model.
Instead, we choose to include the error eINS
in the process noise vt in (4).
t
7

This limits the state dimension and drastically reduces the computational power
required to recursively compute an approximation of the conditional density of
the states.
The objective of the terrain navigation algorithm is to estimate the current
aircraft position xt using the observations collected until present time

Yt = fyi gti=0 :
With a Bayesian approach to recursive ltering, everything worth knowing about
the state at time t is condensed in the conditional density p(xt j Yt ). With some
abuse of notation, the distribution of a generic random variable z conditioned
on another related random variable w is

p(z j w) =

p(z ; w) p(w j z ) p(z )
=
p(w)
p(w)

(5)

Assume that p(xt j Yt 1 ) is known and apply (5) to the last member in the set
Yt,

p(yt j xt ; Yt 1) p(xt j Yt 1 )
:
p(yt j Yt 1)

p(xt j Yt) =

Inserting the model (4) and noting that the denominator is a scalar normalization constant yield,

p(xt j Yt) =
t

=

Z

t

1

pet (yt h(xt )) p(xt j Yt 1)

pet (yt h(xt ))p(xt j Yt 1) dxt

which describes the in uence of the measurement. Using (5) the joint density
of the states at two measurement instants is

p(xt+1 ; xt ) = p(xt+1 j xt ) p(xt ):
The density update between two measurements is found by marginalizing this
expression on the state xt and inserting (4),

p(xt+1 j Yt) =

Z

pvt (xt+1 xt ut )p(xt j Yt ) dxt :

This completes one iteration of the recursive solution. Summarizing the derivation, the Bayesian formula for updating the conditional density is initiated by
8

p(x0 j Y 1) = p(x0 ) and calculated as
p(xt j Yt) =
p(xt+1 j Yt) =

Z

t

1

pet (yt

pvt (xt+1

h(xt )) p(xt j Yt 1)
xt ut )p(xt j Yt) dxt

(6)

where
t=

Z

pet (yt

h(xt ))p(xt j Yt 1) dxt :

The Bayesian solution is a density function describing the distribution of the
states given the collected measurements. From the conditional density, a point
estimate such as the minimum mean square error estimate can be formed

x^t =

Z

xt p(xt j Yt) dxt :

(7)

Assuming that this estimate is unbiased, the covariance
Z

x^t )T p(xt j Yt) dxt

Ct = (xt x^t )(xt

(8)

quantizes the accuracy of the estimate. Equation (8) is convenient when comparing (7) with estimates from other navigation systems.
The recursive update of the conditional density (6) describes how the measurement yt and the relative movement ut a ect the knowledge about the aircraft
position. With each new terrain elevation measurement, the prior distribution
p(xt j Yt 1) is multiplicatively ampli ed by the likelihood of the measurement
yt . This means that the conditional probability will decrease in unlikely areas
and increase in areas where it is likely that the measurement was obtained. Between two measurements, the density function p(xt j Yt ) is translated according
to the relative movement of the aircraft obtained from the INS and convolved
with the density function of the error of this estimate. Thus the support and
shape of the conditional density will adapt to areas which t the measurements
well and follow the movement obtained from the INS. It is worth noting that (6)
is the Bayesian solution to (4) for all possible nonlinear functions h() and for
any noise distributions pvt () and pet (). In the special case of linear measurement equation and Gaussian distributed noises the equations above coincide
with the Kalman lter [1].
9

Computationally, each iteration of the Bayesian solution (6) consists of solving several integrals. Due to the unstructured nonlinearity h(), these integrations are in general impossible to solve in closed form and therefore there
exists no solution that updates the conditional density analytically. The implementation must therefore inevitably be approximate. A straightforward way to
implement the solution is to simply evaluate the recursion in several positions
inside the area where the aircraft is assumed to be and update these values
further through the recursion. With such a quantization of the state space, the
integrals in (6) turn into sums over the chosen point values. The earliest reference of such a numerical approach to solving the nonlinear ltering problem
is [7]. More recent references involve the p-vector approach in [17] and a slightly
di erent approach, presented in [15], using a piecewise constant approximation
to the density function. In the terrain navigation problem the state dimension
is two and the quantization can in general be viewed as a bed-of-nails where the
length of each nail corresponds to a certain elementary mass in that position.
The implementation described in this paper is therefore labeled the point-mass
lter (PMF).
3

The Point-Mass Filter

Assume that N grid points in R2 have been chosen for the approximation of
p (xt j Yt). Introduce the notation

xt (k)

k = 1; 2; : : : ; N

for these N vectors in R2 . Each of these N grid points has a corresponding
probability mass

p (xt (k) j Yt)

k = 1; 2; : : : ; N:

In order to obtain a simple and eÆcient algorithm, the grid points are chosen
from a uniform rectangular mesh with resolution of Æ meters between each grid
point. Each integral operation in (6) is approximated by a nite sum over the
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grid points with nonzero weight
Z

R2

f (xt ) dxt 

N
X
k=1

f (xt (k)) Æ2 :

Applying this approximation to (6) yields the Bayesian point-mass recursion:

p (xt (k) j Yt) =

t

1

pet (yt h(xt (k))) p (xt (k) j Yt 1)

xt+1 (k) = xt (k) + ut k = 1; 2; : : : ; N
p (xt+1 (k) j Yt) =

N
X
n=1

(9)

pvt (xt+1 (k) xt (n)) p (xt (n) j Yt) Æ2

where
t

=

N
X
k=1

pet (yt h(xt (k))) p (xt (k) j Yt 1) Æ2 :

(10)

The time update has been split into two parts. First the grid points are translated with the INS relative movement estimate ut and then the probability mass
density is convolved with the density pvt (). The point estimate (7) is computed
at each iteration as the center of mass of the point-mass density,

x^t =

N
X
k=1

xt (k)p (xt (k) j Yt) Æ2 :

Hence, the estimate does not necessarily fall on a grid point.
In order to follow the aircraft movements the grid must be adapted to the
support of the conditional density. After each measurement update, every grid
point with a weight less than " > 0 times the average mass value
N
1 X

N

k=1

p (xt (k) j Yt) =

1

NÆ2

:

is removed from the grid. The new set of grid points is de ned by


xt (k) : p (xt (k) j Yt ) > "=NÆ2 :

The weights need to be re-normalized after this truncation operation. The truncation will make the algorithm focus on areas with high probability and remove
grid points in areas where the conditional density is small. The basic grid resolution Æ will however not be a ected by the truncation. When the algorithm
11

is initialized, the uncertainty about the aircraft position is usually rather high.
The prior will then have a large support, and naturally it is not interesting
to have a high grid resolution. Instead we start with a sparse grid and run
the algorithm and remove weights using the truncation operation above until
the number of remaining grid points falls below some threshold N0 . Then the
mesh resolution can be increased and the algorithm continued to process new
measurements, updating the conditional density in the new dense grid. The
up-sampling is performed by placing one grid point between every neighboring
grid point in the mesh using linear interpolation to determine its weight. This
will yield a doubling of the mesh resolution. The convolution in (9) will introduce some extra grid points along the border of the point-mass approximation,
increasing the support of the mesh. If the measurements have low information
content there will be a net-increase of grid points even though some are removed
by the truncation operation. Therefore, if the number of grid points increases
above some threshold N1 , the mesh is decimated by removing every second grid
point from the mesh, halving the mesh resolution.
Hence, the number of grid points N , the point-mass support and the mesh
resolution Æ is automatically adjusted through each iteration of the algorithm
using the design parameters ", N0 and N1 . An illustration is given in Figure 6.
In summary the PMF algorithm consists of (9) and the appropriate resampling
of the grid described above. Details about the implementation and the grid
re nement procedure can be found in [3].
The re nement of the grid support and resolution in the PMF described
above is of course ad hoc, and one may wonder if this actually works. The
Cramer-Rao lower bound is a fundamental limit on the achievable algorithm
performance which can be used to evaluate the average performance of the
PMF and verify that the lter solves the nonlinear ltering problem with near
optimal performance. The results are presented here without proofs or derivations, see [3{5] for details. Let N(m; P ) denote the n-dimensional Gaussian
distribution with mean vector  and covariance matrix P
N(; P ) =

p

1

(2 )n

jP j exp

1
2
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(x



)T P 1 (x ) :

Inserting Gaussian distributions in (4),

pet () = N(0; Rt )

pvt () = N(0; Qt )

p(x0 ) = N(^x0 ; P0 );

the Cramer-Rao lower bound for the one step ahead prediction of the states
satis es the matrix (Riccati) recursion,

Pt+1 = Pt

Pt Ht (HtT Pt Ht + Rt ) 1 HtT Pt + Qt

initiated with P0 . Above Ht is the gradient of h() evaluated at the true state
value at time t,

Ht = rh(xt ):
Thus, the Cramer-Rao bound is a function of the noise levels and the gradient
of the terrain along the true state sequence.
The Cramer-Rao bound sets a lower limit on the estimation error covariance
which depends on the statistical properties of the model (4) and on the algorithm
used. A Monte Carlo simulation study is performed to determine the average
performance of the algorithm for comparison with the Cramer-Rao bound. The
Root Mean Square (RMS) Monte Carlo error for each xed time instant is lower
bounded by the Cramer-Rao bound,
v
u
u
t

M
1 X

M

i=1

kxt x^it k &
2

p

tr Pt

where x^it is the one step ahead prediction of the states at time t in Monte Carlo
run i.
Figure 3 shows a 300 samples long track over a part of the terrain map from
Figure 2. The aircraft travels from right to left. The Cramer-Rao bound and
the obtained RMS error from 1000 Monte Carlo simulations with the PMF is
shown in Figure 4. The PMF is initiated with a prior with large support using
a low resolution of the grid, this yields far from optimal performance during the
rst half of the simulations. However, as the grid resolution increases the RMS
error decreases and when the PMF resolution reaches a steady state level, the
lter performance reaches the optimal bound. Note also that both the bound
and the performance depend on the terrain variations along the true track. The
13
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Figure 3: The simulation area and the true track, axes are labeled in meters.
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Figure 4: Monte Carlo root mean square error compared with the Cramer-Rao
bound.
Monte Carlo evaluation above shows that the grid re nement method used in
the PMF works very well and that the lter achieves the optimal performance
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when the grid is chosen dense enough.
4

Simulation Evaluation

The terrain map used in these simulations is the same terrain database over a
part of Sweden as is shown in Figure 2. A contour plot over this terrain map and
the true simulated aircraft ight path is shown in Figure 5. The aircraft starts
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Figure 5: The simulation track over the terrain database.
heading south, after a few turns over the rough part of the map it ies over a
part of the Baltic sea and then turns back and completes the counter-clockwise
lap. The simulated aircraft track, the INS measurements and the radar altimeter
measurements have all been generated in an advanced realistic simulator used
by the navigation systems development department at Saab Dynamics. The
track has a duration of 25 minutes and is sampled at a rate of 10 Hz. The
aircraft has an average speed of Mach 0:55, and the manoeuvres are simulated
as coordinated turns.
The INS position estimate x^0 is initiated with an error of 1000 m in both
15

the north and the east direction. The prior density is chosen as a Gaussian
distribution centered at the erroneous INS estimate

p(x0 ) = N(^x0 ; 10002I2 ):

(11)

The initial grid resolution used in the PMF to sample this function is Æ = 200 m.
The dead-reckoning drift in the INS is simulated as a constant bias of 1 m/s
in each channel. The distribution used in the algorithm to model this drift is
Gaussian pvt () = N(0; 4I2 ). The choice of Gaussian distributions has proven
successful in the simulations but any other suitable distribution that better
models the position drift and the initial uncertainty may be used. There is no
restriction in the PMF to Gaussian noises: the only assumption is that the noise
can be regarded as white.
Di erent sensor models are used when generating the simulated measurements. Depending on the terrain category beneath the aircraft at the measuring
instant, both the bias and the variance of the radar altimeter are adjusted. For
example, ying over dense forest the radar altimeter has a bias of 19 m with a
large variance. Additional noise is added to the measurement to simulate that
the radar altimeter measurement performance degrades with increasing ground
clearance distance. The density used to capture these e ects in the PMF algorithm is a mixture of two Gaussian distributions,

pet () = 0:8 N(0; 2) + 0:2 N(15; 9):
This choice can be interpreted as on the average every fth measurement being
biased due to re ection in trees or buildings. The truncation and resampling
parameters used in the PMF are,

" = 10 3;

N0 = 1000;

N1 = 5000:

The simulation result from the rst three recursions is depicted in Figure 6.
Starting with the Gaussian prior (11), the rst measurement ampli es the probability in several regions and removes samples of low probability. After the second recursion, the grid resolution is increased to 100 m and the third recursion
removes even more samples and a single peak of the density shows the most
probable aircraft position while the uncertainty still is rather large. The bounding box indicating the support of the prior is shown as a comparison with the
16
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Recursion 2

Recursion 3

Figure 6: The rst three recursions of the algorithm
support of each of the lter densities. The irregular shapes of these densities
shows how the unstructured nonlinear terrain gives a lter density which is hard
to approximate with smooth functions or local linearizations. Figure 7 shows
the estimation error along the simulation track. Here it is obvious that the
performance depends on the covered terrain. The error converges rapidly from
the initial error of more than 1 km down to an error less than 30 m. When
the aircraft reaches the Baltic sea the measurements have little information and
the error increases with the drift of the INS. Once back over land, the estimate
accuracy increases and a trend towards worse performance is visible when the
aircraft covers the low informative areas of the map during the nal part of the
lap. The resolution of the grid is automatically adjusted and varies between
200 m and 0.78 m along the simulation track. A common navigation performance parameter is the circular error probable (CEP) which is the median of
the position error. The simulation yields a median error of 12.2 m CEP. As a
17
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Figure 7: Estimation error along the simulation track, in logarithmic scale.
comparison, in [12] an error of 50 m CEP is reported and in [6] a value of 75 m
is obtained. It should be remarked that both these values are found during eld
tests and not simulations.
5

Conclusion

The performance of terrain navigation depends on the size of the terrain gradient
in the area. The point-mass lter described in this work yields an approximate
Bayesian solution that is well suited for the unstructured nonlinear estimation
problem in terrain navigation. It recursively propagates a density function of
the aircraft position. The shape of the point-mass density re ects the estimate
quality, this information is crucial in navigation applications where estimates
from di erent sources often are fused in a central lter. The Monte Carlo
simulations show that the approximation can reach the optimal performance
and the realistic simulations in Section 4 show that the navigation performance
is very high compared with other algorithms and that the point-mass lter solves
the recursive estimation problem for all the types of terrain covered in the test.
The main advantages of the PMF is that it works for many kinds of nonlinearities and many kinds of noise and prior distributions. The mesh support and
18

resolution are automatically adjusted and controlled using a few intuitive design
parameters. The main disadvantage is that it cannot solve estimation problems
of very high dimension since the computational complexity of the algorithm
increases drastically with the dimension of the state space. The implementation used in this work shows real-time performance for two dimensional and in
some cases three dimensional models, but higher state dimensions are usually
intractable.
6
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