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Abstract

The identi�cation task consists of making a model of a system from measured input

and output signals� Wiener models consist of a linear dynamic system� followed by a

static nonlinearity� We derive an algorithm to calculate the maximum likelihood esti�

mate of the model for this class of systems� We describe an implementation in some

detail and show simulation results where a test system is successfully identi�ed from

data�

Keywords� Identi�cation� Wiener models� nonlinear systems� maximum likelihood

estimate

� Introduction

The identi�cation task is to determine a mathematical model of a system from measured
data� Using the parametric method� the model is chosen from a set of models� where the
di�erent models are described by a number of parameters� The identi�cation consists of
determining the parameters that �best	 describe the data� A maximum likelihood estimate
of the model is obtained if we select the model that minimizes the prediction error� i�e�� the
di�erence between the measured output and the output predicted by the model�

A Wiener model consists of a linear system followed by a static nonlinearity� See �gure 
�
The input u and the output y is measured� �We will consider only single input � single
output systems for simplicity�� Note that the intermediate signal x cannot be measured� An
example of a Wiener system can be a DC�engine� followed by a saturation�

G��� f���

u x y

Figure 
 A Wiener model� The linear system G is parameterized by a parameter vector ��
and the static nonlinearity f by a parameter vector ��

To identify the Wiener system� we want to determine G and f � or the composite function
f�G� There are several approaches to the identi�cation of Wiener systems� See e�g� Kalafatis
et al� �
� or Wigren ���� who also has other references� One method might be to use a nonlinear
structure which includes the Wiener model as a special case� and identify the global model�



for example with some kind of neural network� Another method is to identify the linear and
the nonlinear block separately� If the nonlinearity is known� we can in principle invert it to
calculate the intermediate signal x and then identify the linear block� If we know the linear
block we can also calculate x� and then identify the nonlinearity�

This paper describes how to �nd the maximum likelihood estimate of G and f when the
blocks are parameterized separately� Section � derives the maximum likelihood estimate�
The structures of the blocks are not �xed� we will only assume that the linear system G
is parameterized by a parameter vector �� and the nonlinearity f by a parameter vector
�� Section � describes details of a particular implementation� Some simulation results are
shown in section �� Section � concludes with a discussion of open questions for further
research�

� The Maximum Likelihood Estimate

The maximum likelihood �ML� estimate of the parameters can be found by minimizing a
prediction error criterion� We will write the �unmeasurable� intermediate signal x as x�t� ��
since it depends on both the time t and the parameters � from the linear block� If the
nonlinearity f is parameterized by �� we can use this to predict y

�y�t� � f�x�t� ��� �� �
�

As a measure of the quality of the model we will use a prediction error criterion
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The maximum likelihood estimate of the parameters � and � are the minimizing arguments
of the prediction error criterion�

��� �� � argmin
���

V ��� �� ���

Normally the equation ��� cannot be minimized analytically� We will have to use numer�
ical methods in the search for a minimum� An iterative solution is�
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g�i� is the search direction� and ��i� the step length� chosen to guarantee that the criterion is
decreased in each step� A quasi�Newton algorithm bases the search direction on the gradient
of the criterion� modi�ed with an approximation of the Hessian

We now compute the gradient of ��� in two steps� The �rst part of the gradient is with
respect to �
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where � is the derivative of f with respect to �� or more explicitly
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The derivative with respect to � is
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We can now choose either to use the total gradient in each step� or we can iterate between
minimizing with respect to � and �� We will choose the latter� to easier be able to analyze
the behavior� Thus� we will �x � and minimize for �� then �x � and minimize with respect
to �� These two steps will be iterated until no further improvement can be distinguished�
The solution that uses the total gradient is brie�y discussed in section �� and is subject to
further research�

Looking at equation ���� we see that the ��parameters only comes in through x�t� ��� For
a �x �� we can calculate x�t� �� and minimize the criterion with x as input� This is very
useful� since it enables us to use established methods for identi�cation of nonlinearities� e�g�
neural networks� We can even use non�parametric methods� as long as they minimize some
prediction error criterion�

If we turn to equation ���� we get the corresponding equation for the linear case �without
the nonlinearity� if we let f � identity� This will give us
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We see two main di�erences f�x�t� ��� �� instead of x�t� �� in the nonlinear case� This is
natural since we want to minimize the total prediction error� not some intermediate one�
The other di�erence is the factor f �x�x�t� ��� ��� This corresponds to a weighting of the data�
as can be illustrated by the following example�

Suppose the nonlinearity is a saturation

f�x� �

���
��

 if x � 


x if � 
 � x � 


�
 if x � �


���

Then it is sensible not to use the saturated data in the estimation of the linear system� since
we don�t know their �real	 value� In equation ��� this is accomplished since f �x is zero in
these regions�

So the gradient from equation ��� will put more weight on data that are ampli�ed by
the nonlinearity �f �x large�� and less weight on data that are saturated �f �x small��

It is possible to use only the gradient as search direction� but to get better convergence�
the Newton method uses

g�i� � ��V �����i�����V ����i�� �
��

where V �� is the Hessian� We get the Hessian by di�erentiating equation ���
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where ��t� �� �� � y�t�� f�x�t� ��� �� is the prediction error� The second term is close to zero
and can be discarded if the minimum gives independent prediction errors� This will make
the Hessian easier to calculate� and also guarantee that it is positive semide�nite �see Ljung
�����

� Implementation

We have implemented the method for the case where the linear block G is described by an
output�error model� and the nonlinearity by a hinging hyperplanes� OE�models are described
in Ljung ��� and hinging hyperplanes in Sj�oberg et al� ����
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Figure � An output�error model

��� The Output�Error Block

An output�error �OE� model is shown in �gure �� We have the following equations for the
relations between input and output

w�t� � f�w�t � 
� � � � �� fnfw�t� nf � � b�u�t� 
� � � � �� bnbu�t� nb�

y�t� � w�t� � e�t�

If we put B�q� � b�q
�� � � � �� bnbq

�nb and F �q� � 
� f�q
�� � � � �� fnf q

�nf � where q�� is
the backwards time shift operator� we can also write the model as

y�t� �
B�q�

F �q�
u�t� � e�t� �
��

The parameter vector � will consist of the bis and fis� For a given �� we can calculate an
estimate of x as

�x�t� �� �
B�q�

F �q�
u�t� �
��

To implement the minimization ��� we will use the gradient ��� and the approximation
of the Hessian �

�� Both these uses �� the derivative of f with respect to ��

��t� �� �� � f �x�x�t� ��� ��x
�

��t� �� �
��

For a �xed parameter �� we can write an expression of f and di�erentiate it� Often it is
more convenient to di�erentiate it numerically� This has the advantage that we don�t have
to know anything about the structure of f when optimizing G� In fact� f doesn�t even have
to be parameterized� as long as we can get f�x� for a given x� we can approximate f ��x�
with a di�erential quotient

f ��x� �
f�x� h�� f�x�

h
�
��

for some su�ciently small h� This is a possible solution also to the case when f is not
di�erentiable everywhere�

When we have decided on the structure of the linear block �in our case OE�� we can also
calculate x��� With

�x�t� �� �
B�q�

F �q�
u�t� �
��

we get
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This means we can obtain the gradient by �ltering the input u and the estimate �x� and
selecting the proper time shifted elements�

Remember that we want to choose the search direction g as

g � ��V ��������V ���� �
��
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This is the solution to the equation
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which in turn yields the least�squares solution to the overdetermined system of equations
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E�cient methods exist to solve this in Matlab� by use of the backslash operator

g � psi�epsilon

��� The Hinging Hyperplanes Block

As mentioned above� the iterative method puts very few restrictions on the representation
of the static nonlinearity� We have implemented the method for hinging hyperplanes�

Hinging hyperplanes �HH� is a way of describing piecewise linear functions� It can be
regarded as a function expansion of the same family as neural nets and Taylor expansions�
The basis function is called a hinge function� and can be described as being a hyperplane
on half the input space and zero on the other� The parameter vector � modi�es the slope
and the location of the hinge�

In the case of a Wiener model� the nonlinearity has only one input and one output� A
one�dimensional hinge function has the equation

h�x� �� �


�� � ��x if x � �

��
��

� otherwise
����

An example is shown in �gure ��
A hinging hyperplanes model consists of a sum of hinge functions with di�erent slopes

and locations� plus a linear �or a�ne� part�

y �

MX
i��

��i� � �i�x�ISi � ��� � ���x ����

We use the indicator function ISi which is 
 if x � ��i�
�i� and zero otherwise� to express
the hinging hyperplanes� If the input signal to the hinges has a larger dimension than one�
we get the same expression� but x and �ij will be vectors�

To �nd the HH parameters� a prediction error criterion of the type ��� is minimized�
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Figure � A hinge function� �� � �
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where

�y�t� �

MX
i��

��i� � �i�x�t�� ISi � ��� � ���x�t� ����

Our parameter vector is � �
�
��� ��� � � � �M� �M�

�
� The derivative of the criterion

with respect to � �cf eq ���� is
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 x �
 x�IS� � � � �
 x�ISM

�T
����

The hinge function is not smooth with respect to x� but even so� it is di�erentiable with
respect to �� Note that the value of the ISi depends on x� and on �� This can still be fairly
easily calculated in Matlab by constructing an index matrix for each x� where the index
matrix tells us which hinges are active�

From equation 
� we know that we need also the derivative of f with respect to x� This
might cause some trouble as f is only piecewise continuous in x and thus not di�erentiable
everywhere� One solution to this is to de�ne the derivative at a hinge as the right �or left�
derivative� Using the numerical derivative 
� will give reasonable values also to �the few�
points that this applies to� which is the solution we have adopted�

��� Comments on the Implementation

The fact that we are working with nonlinear systems implies that the criterion ��� might
have several local minima� The algorithm will converge �see Ljung ����� but it might converge
to a local minimum that is not the global minimum� This may or may not be a problem�
It is always useful to evaluate the obtained model by simulation� to see if it is good enough
for its purpose� If so� the local minimum is not a problem� if the model is not good enough
a new try with another initialization will often work better� Also the simulations� described

�



in section �� suggest that for simple systems� it is possible get a plot of the nonlinear block
and easily judge if the optimal solution is found�

When using hinging hyperplanes� the modeled nonlinearity will always be piecewise lin�
ear� This is not a severe restriction� By using small enough pieces� any continuous function
can be described to a given accuracy as piecewise linear� Also� a lot of physical systems are
naturally described as a Wiener model with piecewise linear nonlinearity� for example when
the linear system is followed by a saturation or a dead�zone� By describing the nonlinearity
as piecewise linear� the whole system will in fact be piecewise linear�

We can note that by using OE and HH models� the system will in fact be over�parameter�
ized� A constant gain can be moved from the OE model to the HH model while the total
system stays the same� To avoid numerical problems due to this� the parameter b� is kept
�xed after the �rst iteration� This is implemented by setting the corresponding component
in the search direction to zero�

Another implementation question is how many iterations to use in the optimization of
the linear block ��� before changing to the � optimization� If we iterate between the linear
and nonlinear block� and the criterion is decreased in each iteration� we will eventually end
up in a �possibly local� minimum� but the optimization time might depend on the number of
iterations in each step� The simulations in section � have shed some light on this� Another
implementation that might have better convergence rate is suggested in section ��

� Simulations

We have tested the method� implemented as described in section � with OE and HH models�
G is a �rst order system� and f is a saturation�like function� They are described by the
following equations

G �
���q��


� ���q��
����

f�x� �

���
��
��
x� ��� if x � �


x if � 
 � x � 


��
x� ��� if x � �


����

As input� we have used a uniformly distributed random signal in the interval ��� �� from
Matlab�s random number generator function� No noise is added to the data�

In general� the identi�cation works �ne� We have tried di�erent numbers of data �from
��� to ���� data points� and di�erent numbers of parameters both in the linear and the
nonlinear block� The nonlinear parameters are initialized randomly� Depending on this
initialization� the minimization might get stuck in a local minimum� but trying another
identi�cation with di�erent initial values almost always �nds a better solution if this is the
case� Two typical cases is shown in �gure �� with a successful identi�cation to the left� and
a case of local minimum to the right�

We can also plot the estimated values of x versus the estimated values of y and �y� This
is done in �gure �� To the right� the optimization is stuck in a local minimum� The dashed
line shows the estimated nonlinearity� which has only one hinge� and at a slightly skewed
position� We can also see that the OE model is not completely correct� we have a clutter
of output values �ys� for the same estimated x� In spite of this failure� it is easy to see
the shape of the saturation� One could either try to make a model �by hand	 from these
data� or retry the identi�cation process since this picture clearly shows that we are in a local
minimum�

Some other impressions from the simulations

� How many steps should be taken in the optimization of the linear model before switch�
ing to the nonlinear The impression is that the criterion is reduced the most in the
�rst iterations� More than �ve iterations give only small improvements�

�
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Figure � Simulations of two estimated models� The true output is drawn with a solid line�
the simulated with a dashed line� To the left the identi�cation is successful� we cannot
distinguish between the true and the estimated output� To the right we have stopped in a
local minimum�
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Figure � The identi�ed nonlinearity� Left Successful identi�cation� Right Convergence to
a local minimum

� The method works well also if we take only one step in each iteration� This of course
requires more steps in the outer loop �changing between the optimization of the linear
and the nonlinear model��

� It is useful to iterate between the linear and nonlinear part� An optimization that
seems to be stuck in a local minima might obtain a lower criterion value in the next
iteration� after having updated the other parameters� This is true also when only one
step is taken in each iteration�

When identifying a Wiener model� we need to select the number of parameters� i�e�� the
order and time delay of the linear system� and the number of basis functions �hinges� of the
nonlinear block� This is a nontrivial issue in itself� but a good start could be a fourth order
system� and ��� hinges� If this behaves well� an easier model could be tried� if not a plot of
the estimated nonlinearity might give a hint on how many hinges to use�

Although our simulations suggest that a plot of the nonlinearity can tell us if we are
stuck in a local minimum� this might be harder for a more complex system� It is therefore
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of interest to get a good initialization� This is further discussed in section ��

� Discussion

We have demonstrated a method for identifying Wiener models by a maximum likelihood es�
timate� and shown simulations results from an implementation using OE�models and hinging
hyperplanes� Several interesting questions arises�

� We have implemented the method using separate optimization steps for the linear
and nonlinear parameters� The alternative is to use the whole gradient and update
both � and � in each step� The separate optimization has the advantage that it is
easy to change the code if we want to use another parameterization� A drawback
however might be that the convergence is slower� If we only use the gradient in the
search� this will make no di�erence� But with the modi�ed search direction� we have
restricted ourselves� and don�t use any information from the nonlinear gradient in the
linear optimization and vice versa� By optimizing � and � simultaneously we might
get better convergence properties� This will be implemented and studied�

� An alternative to the separate parameterization of the linear and nonlinear system� we
could parameterize the whole system in one� We would then discard the knowledge
about the structure of the system� but instead get a more �exible model� that might
be useful�

� We have seen that the optimization may stop in a local minimum� not �nding the
best parameter estimate� In Ljung ��� there is a discussion on the initialization of the
OE model� The implemented initialization for the hinging hyperplanes uses random
initial values� This way� we can hope for a better initialization next time if one fails�
In further research� di�erent ways to initialize this structure will be studied� We want
the initial values to be easy to calculate� and close enough to the global minimum to
guarantee convergence� Kalafatis et al� �
� have interesting ideas about this�

� A lot of di�erent nonlinear structures are possible to use when identifying Wiener
models� The Maximum Likelihood estimate is applicable to most of them� Are some
structures better to use in this context than others And which structures makes the
most use of this approach A study of this is soon to be performed�
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