
General Structure of Adaptive Algorithms:
Adaptation and Tracking

Lennart Ljung

Department of Electrical Engineering

Link�oping University, S-581 83 Link�oping, Sweden

WWW: http://www.control.isy.liu.se

Email: ljung@isy.liu.se

1991-12-01

REGLERTEKNIK

AUTOMATIC CONTROL

LINKÖPING

Report no.: LiTH-ISY-R-1294

For N. Kalouptsidis and S. Theodoridis Adaptive System

Identi�cation and Signal Processing Algorithms, Prentice Hall,

1993

Technical reports from the Automatic Control group in Link�oping are available

by anonymous ftp at the address ftp.control.isy.liu.se. This report is

contained in the pdf �le 1294.pdf.



General Structure of Adaptive Algorithms:

Adaptation and Tracking

Lennart Ljung

Department of Electrical Engineering

Link�oping University

S-581 83 Link�oping, Sweden

October 2, 2000

Abstract

Mechanisms for adapting models, �lters, decisions, regulators and so on

to changing properties of a system or a signal are of fundamental importance

in many modern signal processing and control algorithms. In this chapter we

give an overview of some basic set-ups and algorithms that are used for this.

We pay special attention to the rationale behind the di�erent algorithms,

thus distinguishing between "optimal" algorithms and "ad hoc" algorithms.

We also give an outline of the basic approaches to performance analysis of

adaptive algorithms.

1 Introduction

Adaptation and adaptability are desired features in most systems' behaviour (in-

cluding human relations!). In technical systems dealing with signal processing - in

a broad sense - adaptive properties are manifested in such concepts as "adaptive

control", "adaptive �ltering", "adaptive prediction", and so on.

The main feature in any adaptation mechanisms as a tracking facility, which,

explicitly or implicitly, tracks the time varying properties of the signal or system,

to which we want to adapt.

Tracking a system's properties is always a question of critically evaluating the

observation obtained from the process in question: Do they contain information
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about changes in the process or are they just dominated by random inuations.

Thus even in a non-mathematical setting, adaptation and tracking is always char-

acterised by a trade-o� between tracking ability (dare to believe signs of process

changes in the measurements!) and noise sensitivity (don't get confused by ran-

dom uctuations!). We shall see this fundamental trade-o� show up in various

formalized ways in the course of this contribution.

One focus of our discussion will be how to translate certain assumptions about

the system's behaviour and criteria for good tracking to optimal algorithms. We

shall then also see that many common ad hoc algorithms can be interpreted as

corresponding to certain assumptions about the system's behaviour.

Another focus of our discussion is to outline basic procedures for analytic perfor-

mance evaluations of the various algorithms.

We shall mostly con�ne ourselves to the case where the underlying system or signal

model can be formulated as a linear regression. See also the survey [22].

The organization of the chapter is the following:

1. Structure of adaptation algorithms: We describe the basic set-up how

to derive adaptation algorithms under varying assumptions. This is covered

in Section 2-5.

2. Asymptotic behaviour of algorithms under decreasing gain: The sit-

uation where the true system to be identi�ed is constant leads to algorithms

with gains that tend to zero. Some general results about the asymptotic

properties of the thus obtained estimates are quoted in Section 6.

3. Analysing the tracking ability of the algorithms under non-decreasing

gain: The real use of adaptation algorithms is to track time-varying prop-

erties. In Sections 7-9 we outline the basic results and tools for analysis of

the algorithms' tracking properties.

2 Optimal Algorithms for Tracking Drifting Pa-

rameters

2.1 A Basic Signal Model

We shall use the following linear regression signal model:

y(t) = 'T (t)� + e(t) (1)
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where fy(t)g and f'(t)g are observed signals. The vector � contains the unknown

parameters, which are to be estimated by the tracker.

The most common application of (1) in control and signal processing is when the

regression vector '(t) consists of lagged outputs and inputs

'T (t) = (�y(t� 1); : : : ; u(t�m)): (2)

In this case (1) and (2) correspond to a linear di�erence relationship between

the input and the output. In case there is no "input" signal fu(t)g we have the

well-known AR model for the signal fy(t)g.

We now assume that there is a true - and time varying - value �0(t) for the pa-

rameters and that these develop over time as a random walk. This means that the

"true" description of the signals fy(t)g and f'(t)g becomes

�0(t) = �0(t� 1) + w(t) (3)

y(t) = �T0 (t)'(t) + e(t): (4)

We here assume fe(t)g to be white Gaussian noise with variance R2(t), while

fw(t)g is white Gaussian noise with covariance matrix R1(t). It is then well known,

see, e.g. Section 2.3 in [24] that the estimate �̂(t) that minimizes the conditional

expectation, given past observations

�(t) = E(�̂(t)� �0(t))(�̂(t)� �0(t))
T (5)

(even in a matrix sense) is given by the Kalman �lter:

�̂(t) = �̂(t� 1) + L(t)"(t) (6)

"(t) = y(t)� 'T (t)�̂(t� 1) (7)

where the gain vector L(t) is given by

L(t) =
P (t� 1)'(t)

R̂2(t) + 'T (t)P (t� 1)'(t)
(8)

and the matrix P (t) is updated according to

P (t) = P (t� 1)�
P (t� 1)'(t)'T (t)P (t� 1)

R̂2(t) + 'T (t)P (t� 1)'(t)
+ R̂1(t);

P (0) = P0; (9)

We have here used the notations R̂1(t) and R̂2(t) to indicate that the values used

in the algorithm may very well di�er from the true values R1(t) and R2(t). In the

case R̂2(t) � R(t) and R̂2(t) � R2(t), however, �̂(t) is the conditional expectation
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of �0(t), given the observations fu(k); y(k)g, k � t, and P (t) is the conditional

covariance matrix of the parameter estimation error.

Note also that if R1(t) is known then (6)-(9) is the optimal algorithm also for

abrupt changes in �0. (Take R1(t) = 0 except when a jump occurs, say for t 2 T1
take then R1(t) = R1.) However, this requires the time instants for the jumps to

be known, not too realistic an assumption.

Remark. In fact, the problem of recursive parameter estimation can be seen as a

special case of non-linear �ltering. The parameters are then interpreted as states.

There are consequently several important links to the wide literature on non-linear

�ltering. The reader may consult [24], Section 2.3 of [17], and [1] for some aspects

of this. In the current context, though, the dynamics in (3) is linear, and, under

Gaussian noise sources, the non-linear �ltering problem specializes to a linear one.

In the algorithm (9) it follows that, after a transient, the size of P (t) will be like

the square root of R̂1. For slowly changing systems, P will thus be small. To

explicitly show this it is useful to scale P , so as to rewrite (6) as

�̂(t) = �̂(t� 1) + �PtL('(t))(y(t)� 'T (t)�̂(t� 1)) (10)

We have here allowed a possible non-linear transformation L (such as normaliza-

tion) of '(t).

2.2 A signal model with global and local trends

In some cases we may know that the parameter changes typically show trends, so

that they continue for a while in a certain direction. To capture this we may model

them as

�0(t) = �0(t� 1) + v(t) + Æ(t) (11)

where fv(t)g is a correlated stochastic process and Æ(t) is a deterministic or slowly

varying stochastic vector. The term Æ(t) models the global trends while fv(t)g

describes the local trends with the amount of correlation in fv(t)g determining the

duration of the local trends.

When Æ(t) can be described as a random walk (possibly with zero increments) and

v(t) can be modelled as �ltered white noise equation (11) can be rewritten as

X(t) = A(t)X(t� 1) + w(t) (12)

�0(t) = CX(t) (13)

Ew(t)wT (s) =

(
R1(t); t = s

0; t 6= s
(14)
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where

X(t) =

 
�0(t)

x(t)

!
: (15)

Furthermore

A(t) =

 
I D(t)

0 a(t)

!
; R1(t) =

 
0 0

0 �R1(t)

!
(16)

where the matrix elements D(t), a(t) and �R1(t) come from the description of v(t).

Clearly (3) is a special case of (11)-(13). Combining this description with (4) gives

X(t) = A(t)X(t� 1) + w(t) (17)

y(t) = ['T (t) 0]X(t) + e(t): (18)

This is still an estimation problem for which the Kalman �lter gives the optimal

solution (provided w and e are Gaussian with known covriances). One can imme-

diately write down the �lter and read the �̂(t)-update formula from the upper part

of the X̂(t) expression. This approach has been termed multistep algorithms by

[18], and [32] and [33]. See also [4].

3 Some ad hoc Algorithms for Tracking Drifting

Parameters

The basic formulation (3) and (4) with the optimal algorithm (6)-(9) is quite pow-

erful. It can deal with both slowly drifting parameters and with sudden changes,

by assigning proper values to the covariance matrix R̂1(t) and the variance R̂2(t).

The main shortcoming is then that these values will rarely be known to the user.

One approach to deal with this problem is to choose some ad hoc values for R̂1(t).

We will discuss two such ad hoc choices below.

3.1 The RLS Algorithm

A popular approach to deal with time-varying linear regressions is to minimize a

weighted criterion

Vt(�) =
tX

k=1

�(t; k)(y(k)� �T'(k))2 (19)

where

�(t; k) =
tY

j=k+1

�(j) (20)

and where j �(j) j� 1 is denoted the forgetting factor.
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From, e.g. [24] we have that this is accomplished by the recursive least squares

(RSL) algorithm, which is given by (6)-(8) with L(t) chosen as

L(t) =
P (t� 1)'(t)

�(t) + 'T (t)P (t� 1)'(t)
(21)

and

P (t) =
1

�(t)

"
P (t� 1)�

P (t� 1)'(t)'T (t)P (t� 1)

�(t) + 'T (t)P (t� 1)'(t)

#
: (22)

We note that this is a special case of (6)-(9), corresponding to the choices

R̂1(t) =

 
1

�(t)
� 1

!

�

"
P (t� 1)�

P (t� 1)'(t)'T (t)P (t� 1)

�(t) + 'T (t)P (t� 1)'(t)

#
�

 
1

�(t)
� 1

!
P (t� 1) (23)

R̂2(t) = �(t):

For future use we also note that

P (t) =

2
4 tX
k+1

�(t; k)'(k)'T (k)

3
5
�1

: (24)

The connection to the archetypical algorithm (10) is given by

�(t) =

"
tX

k=1

�(t; k)

#�1
(25)

and we shall later also use the expression

R(t) = �(t)P�1(t): (26)

3.2 The LMS Algorithm

Widrow's least mean squares algorithm (see, e.g. [37]), is a commonly used tool

for adaptation. It is given by

L(t) = �'(t) (27)

The LMS algorithm can also be formulated in a normalized variant

L(t) =
�'(t)

1 + � j '(t) j2
: (28)
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Again, we may verify that (6) and (28) is a special case of the basic algorithm

(6)-(9) corresponding to

R̂1(t) = �2
'(t)'T (t)

1 + � j '(t) j2
(29)

R̂2(t) = 1 (30)

P (0) = � � I: (31)

3.3 Estimating the Unknown Covariances

A more systematic approach to deal with the problem of unknown R1(t) and R2(t)

values is of course to estimate them. We shall here discuss a few possibilities of

this kind.

Let us consider the case where the parameters are slowly drifting and the values of

R1(t) � R1 and R2(t) � R2 are nearly constant over extended periods of time. It

is then feasible to devise eÆcient methods for estimating R1 and R2. Techniques

for this go back to the literature on adaptive �ltering. See, for example, [27], [30],

[31] and [3]. [15] and [16] have developed this approach further and also tested the

feasibility of such methods. The idea can be described as a least squares method

applied to a linear regression model for the covariances. A variant is given in [34].

[16] also contains a survey of other approaches to estimate R1 and R2. See also

[35] and [28] and [29].

Another common approach is to use the RLS algorithm (21) and (22) and adjust

the size of the forgetting factor �(t). Several ways to do this can be conceived. [6]

have devised one method that is based on monitoring the residual variance "2(t),

("(t) de�ned in (7)). When this increases, �(t) is decreased. From (23) we see that

methods to adjust �(t) can be seen as ways to estimate the "size" of R1(t), while

direction information is neglected.

A third family of approaches that can be seen as adjustments or selections of R1(t)

can be summarized under the name "directional forgetting". The prime idea is

then to select R̂1(t) in (9) not based on estimates of R1(t) but as a means to keep

P (t) well conditioned. One interpretation is that we forget information only in the

"direction" where the new one is obtained. Examples of such strategies are given

in [20], [12], [19] and [25].
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4 Algorithms for Tracking Abruptly Changing

Parameters

4.1 Formulation

A typical situation may be that the dynamics remains constant for a while, and

then suddenly goes through a change at a random time instant. To capture this

we may describe �0(t) as

�0(t) = �0(t� 1) + w(t) (32)

w(t) =

(
0 with probability 1� 2

v with probability 2
(33)

where v is a random variable with some distribution. Furthermore, w(t) and w(s)

are assumed to be independent for t 6= s. If v is zero mean with covariance matrix

R1, w(t) will have the covariance matrix 2R1. This type of behaviour occurs for

example in signal segmentation problems.

4.2 Detection algorithms

One possibility to deal with systems subject to abrupt changes is to use the for-

mulation (6)-(9). The fundamental problem then is that we do not know the time

instants T1 when the jumps occur. Estimating R1(t) thus becomes a problem of

estimating T1, which really is a detection problem. Detecting the time instants

when the system parameters jump has been discussed extensively by [2]. [13] has

used carefully designed change detection algorithms to supply (9) with as correct

R̂1(t) matrices as possible, and [14] discuss how to estimate R1 at the jumps.

4.3 ML-type Algorithms

Let us now turn to another way of dealing with abrupt system changes, that is

not based on direct estimation of R1(t) (or T1) in (9). Consider the formulation

(32) for sudden changes in the parameters. If v is described as a Gaussian random

variable with zero mean and covariance R1, we can describe w(t) as a sequence

of Gaussian random variables with covariances R1(t), where R1(t) is either 0 or

R1, but we do not know when. We do know, however that, for N data points, the

true sequence R1(t) is one of 2
N possible combinations of 0 and R1. In principle,

we could run all the 2N possible versions of (6)-(9), and we would know that the

optimal �̂(t)'s would be one of the obtained 2N variants. How would we know which
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one? It is reasonable to assume that it would be the one that produced the smallest

sum of squared prediction errors, "(t) = y(t) � 'T (t)�̂(t � 1); t � 1; : : : ; N . That

would at least be the maximum likelihood estimate among this �nite collection of

possibilities.

Let us introduce a slight reformulation of the problem (32) to the case where

�0(t) =

(
�0(t� 1) w:p: 1� 2

v w:p: 2
(34)

This way of describing the abrupt change will be a quite acceptable alternative to

(32) in most cases. [11] has shown that under (34) the ML estimate of the jump

instants can be computed by examining only N (rather than 2N) of the possible

values. Further reductions to a constant number of branches can be obtained at

the price of a certain risk of missing the global ML-estimate. However, a test is

always possible to perform, that can tell that the obtained estimate indeed is the

global ML one.

5 Algorithms for General Non-linear Regressions

Most models for dynamical systems can be cast into the form

y(t) = ŷ(t j �) + e(t) (35)

where ŷ(t j �) is a general function of input-output data and of the parameter vector

�. The notation ŷ emphasizes the interpretation of this quantity as a predictor.

See also Section 2.2 of the previous chapter. [21] contains many examples for

how di�erent model descriptions �t into the format (35). We note in passing that

also multi-layered perceptions (neural networks) are special cases of (35) (� then

corresponds to the weights in the interconnections).

Based on the general model (35) we can form a weighted prediction error criterion

Vt(�) =
tX

k=1

�(t; k)`("(k; �); k) (36)

"(t; �) = y(t)� ŷ(t j �)

(See also equation (11) in Chapter 2)

Here `(�) is a scalar valued function that - in some sense - measures the "size" of

the prediction error ".

In the o�-line case (36) is typically minimized by iterative search, e.g. of the

Gauss-Newton type. A basic approach to adaptation is to perform one iteration
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for the minimization of (36) at the same time as one more observation (t increased

one unit) is obtained. This approach is detailed in [21], Chapter 11.

If

�(t; k) =
tY

j=k+1

�(j) (37)

the resulting algorithm is of the form

�̂(t) = �̂(t� 1) +R�1(t) (t)`0"("(t); t) (38)

R(t) = �(t)R(t� 1) +  (t)`00""("(t); t) 
T (t) (39)

(See (11.52) of [21]). Here  (t) is an approximation of the gradient

 (t; �̂(t� 1)) =
d

d�
ŷ(t j �)

�����
�=�̂(t�1)

(40)

and "(t) in an approximation of

"(t; �̂(t� 1)) = y(t)� ŷ(t j �̂(t� 1)) (41)

Moreover `0" and `
00

"" are the derivatives of ` with respect to ". In the special case,

where ŷ(t j �) is a linear regression

ŷ(t j �) = 'T (t)�

and the norm ` is quadratic

`(") = "2

we recognize in (38) - (39) the RLS algorithm

To put the general model (35) more in line with the linear regression case, treated

in Sections 2-4, we can make an approximate derivation of a general algorithm as

follows.

Consider the general structure (35) together with a random walk model for the

variation of the "true parameter vector"

�0(t) = �0(t� 1) + w(t)

(42)

y(t) = ŷ(t j �0(t)) + e(t):

Suppose that we have en approximation ��(t) of �0(t) available. We can then write,

using the mean value theorem

ŷ(t j �0(t)) = ŷ(t j ��(t)) + (�0(t)� ��(t))
T (t; �(t)) (43)
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where �(t) is a value "between" ��(t) and �0(t). Here  (t; �) is the gradient of

ŷ(t j �), as de�ned in (8). Normally,  (t; �(t)) would not be known, but we may

assume that an approximation

 (t) �  (t; �(t)) (44)

is available. Introduce the known variable

z(t) = y(t)� ŷ(t j ��(t)) + �T
�
(t) (t): (45)

Subject to the approximation (44) we can then rewrite (42) as

�0(t) = �0(t� 1) + w(t)

(46)

z(t) = �T0 (t) (t) + e(t)

and we are back to the situation of Section 2.1. A natural choice ��(t) of a good

approximation of �0(t) would be the previous estimate ��(t) = �̂(t � 1). We then

obtain algorithms of the recursive prediction error type since

z(t)� �̂T (t� 1) (t) = y(t)� ŷ(t j �̂(t� 1)): (47)

As �̂(t � 1) comes closer to ��(t), the approximation involved in going from (42)

to (46) will become arbitrarily good. This shows that an asymptotic theory of

tracking parameters in arbitrary model structures can be developed from the linear

regression case.

It should also be noted that in the non-linear regression case (35), it may be ben-

e�cial to let the gain matrix P in (9) be a�ected also be cross terms that reect

the uncertainty of the estimates of internal "states". If the prediction/parameter

estimation problem inherent in (42) is described by an extended state vector (con-

taining both the system's states and the vector �) we obtain a description like 
x(t + 1)

�(t+ 1)

!
=

 
A(�(t))x(t)

�(t)

!
+

 
B(�(t))u(t)

0

! 
v(t)

w(t+ t)

!
(48)

y(t) = C(�(t))x(t) + e(t) (49)

The estimation of the extended state

X(t) =

 
x(t)

�(t)

!
(50)

can now be approached by non-linear �ltering techniques, such as the extended

Kalman �lter. A careful analysis shows that the resulting algorithm for updating

�̂(t) is of the recursive prediction error family (38) - (39), (provided the dependence

of the "Kalman gain" on � is properly accounted for). See [24] for such a discussion.

However, the �ltering approach gives a more complicated expression for R�1(t) =

P (t) in (39) in that the cross covariance matrix for x̂ and �̂ also enters. While

these terms have no asymptotic e�ect as the gain tends to zero, they may very

well have positive transient e�ects. This still has to be carefully analysed.
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6 Asymptotic Properties on the Decreasing Gain

Case

The actual use of the adaptive algorithms is to track time-varying properties of a

system or a signal. Still, a natural �rst question is to ask how well the algorithms

are capable to handle a time invariant system. This corresponds to the special

case R1(t) = R̂1(t) = 0 in (9), (4) or �(j) � 1 in (20) or (37).

A substantial part of [24] is devoted to such analysis, and we shall here only quote

the bottom lines:

1. A recursive prediction error algorithm (38) will, as t tends to in�nity, and

as the gain tends to zero converge to a local minimum of the expected loss

function
�V (�) = E`("(t; �); t) (51)

i.e.

�̂(t)! argmin �V (�) w.p 1 as t!1 (52)

2. If, in addition, the Gauss-Newton search direction (39) is used, and asymp-

totically equal weighting is used (�(j) � 1) then the asymptotic accuracy

�P = lim
t!1

tE(�̂(t)� �0)(�̂(t)� �0)
T

will be the same as for the corresponding o�-line estimation method.

These asymptotic properties are thus the best one could ask for. It remains though

to study how the algorihtms actually can cope with time varying systems. This is

the question we turn to next.

7 Tracking Ability of the Algorithms

In the analysis of the tracking ability we will only study algorithms for linear

regressions. We �rst develop an exact expression for the parameter error.

Let us consider the description (3)-(4) for the behaviour of the true system together

with the generic parameter estimation algorithm (6) and (8)

�0(t+ 1) = �0(t) + w(t) (53)

y(t) = 'T (t)�0(t) + e(t) (54)
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�̂(t) = �̂(t� 1) + L(t)"(t) (55)

"(t) = y(t)� 'T (t)�̂(t� 1): (56)

Introduce the parameter error

��(t) = �̂(t)� �0(t+ 1): (57)

Remark. The variable  is used to easily treat scaling of the parameter changes.

The time indexing here may seem somewhat peculiar, but it will simplify the

expressions to follow. From an expression for the covariance of ~�(t) we can exactly

derive, e.g. the covariance of �̂(t)� �0(t). 2

Then
~�(t) = (I � L(t)'T (t))~�(t� 1) + L(t)e(t)� w(t): (58)

The parameter error thus obeys a linear, time-varying di�erence equation. Notice

that the L(t) is always of the form

L(t) = �P (t)'(t) (59)

for some matrix �P (t). Solving (58) gives

~�(t) = �(t; 0)~�(0) +
tX

k=1

�(t; k)[ �P (k)'(k)e(k)� w(k)] (60)

where

�(t; k) =
tY

j=k

(I � �P (j)'(j)'T (j)): (61)

Expressions (58) and (60) form the basis for all analysis of the performance of

the algorithm, and they hold for any sequences f'(t)g, fe(t)g and fw(t)g. The

diÆculty in the analysis lies in the complicated expression for �(t; k). Its prop-

erties depend entirely on the sequence f'(t)g, but they are inherited in a fairly

complicated way. We shall be interested in the properties of ~�(t) as the gain L(t)

becomes small. We therefore write

L(t) = �Pt'(t) (62)

where � is a positive scaling parameter (see (10)), and obtain

~�(t) = (I � �Pt'(t)'
T (t))~�(t� 1) + �Pt'(t)e(t)� w(t): (63)

The quantity that we are interested in is the size of the error ~�(t) as measured by

the covariance matrix

�(t) = E~�(t)~�T (t): (64)

Here expectation "E" is over fe(t)g, fw(t)g as well as over any random components

of f'(t)g. The exact expression for �(t) follows a somewhat complex equation.

Our goal is to show that �(t) is well approximated by �̂(t), de�ned by

�̂(t) = (I � � �PtQ(t))�̂(t� 1)(I � � �PtQ(t))
T
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+�2 �PtQ(t) �Pt �R2(t) + 2R1(t) (65)

�̂(t0) = �(to): (66)

Here
�Pt = EPt (67)

Q(t) = E'(t)'T (t) (68)

R1(t) = Ew(t)wT (t) (69)

R2(t) = Ee2(t): (70)

In essence, (65) is obtained from (63) by squaring it and applying expectation

neglecting certain dependencies between random variables.

There are several possibilities to establish that � and �̂ are close, and we shall in

the next four sections show one fairly straightforward way to do so.

Before that, let us however briey discuss the implications of the expression (65).

There is a substantial amount of papers that discuss such implications, e.g. [36],

[5], [26], and [8]. We shall only comment on the case of RLS with forgetting factor

� = 1� �. This gives with
�Pt = �P = Q�1

Q(t) = Q

�̂(t) = �̂(t� 1)� 2��̂(t� 1) + �2�̂(t� 1) + �2Q�1 �R2 + 2R1 (71)

As t!1 we �nd that

�̂(t)! �̂

where

�̂ =
1

2
(�Q�1R2 +

2

�
R1) (72)

(neglecting the term �2�̂)

This expression shows clearly the trade-o� in the choice of step size (adaptation

gain) � (or forgetting factor � = 1��). A small � gives a small inuence from the

noise fe(t)g in the term �Q�1R2 and a large tracking error from the term 2=�R1

and vice versa for a large �.

Other speci�c algorithms, such as LMS show similar trade-o�s. We may note, in

the general case, as t tends to in�nity, that �̂(t) will converge to the solution �̂ of

�PQ�̂ + �̂Q �P = � �PQ �PR0
2 +

2

�
R0
1 (73)

(where we assume �P , Q, R1 and R2 to be time-invariant). If Pt = � �Pt obeys

(9) and R̂1(t) = �2R̂1 is small and constant (or averages around such a value)

14



similar argument will show that �Pt will converge to �P which, for small � will

approximately, be given by
�PQ �P = R̂1 (74)

(assuming R̂2 = 1) We refer to the references mentioned above for further dis-

cussion. In Section 11 we shall develop expressions like (72) for the error in the

estimated frequency functions of linear systems. These are more transparent in

the general case.

8 A Useful Lemma

We �rst give a technical lemma that is useful for the analysis of the tracking

capabilities of the algorithms we have studied.

Lemma 8.1 Let �(t) be de�ned by

�(t) = A��(t� 1)AT� + �x+ �(t); �(0) = �0 (75)

where A� is a stable matrix:

jj At� jj� CA(1� ��)t=2 (76)

and

j �(t) j� � � �(�)(j x j +C� max
t���k�t

j �(k) j) (77)

for some decreasing function �(�). Let �̂(t) be de�ned as in (75) but without the

term �(t). Then, for � � �0 where �(�0) �
1
2
C2
AC�=�

j �(t)� �̂(t) j� C��(�) j x j +C��(�)(�(�) + �t(1� ��)t��) j �0 j (78)

where

C� =
C2
A

�
(1 + 4C�

C2
A

�
) (79)

C� = C4
AC�(1 + 2(CA=�)

2
� C�) (80)

Remarks. Note that the "size" of �̂(t) is

j �̂(t) j�j x j +(1� ��)t j �0 j (81)

so (78) tells us that the relative approximation of �(t) by �̂(t) improves with the

factor �(�) as � decreases.
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Proof. Let
~�(t) = �(t)� �̂(t) (82)

�s(t) = �(t)� At��0(A
T
� )

t (83)

�̂s(t) = �̂(t)� At��0(A
T
� )

t (84)

Also de�ne

m(t) = max
t���k�t

j �(t) j (85)

~m(t) = max
k�t

j �s(k) j (86)

Then

m(t) � ~m(t) + C2
A(1� ��)t�� j �0 j (87)

~�(t) = �s(t)� �̂s(t) (88)

Thus

~m(t) � max
k�t

j �̂s(k) j +max
k�t

j ~�(k) j (89)

Now,

j ~�(t) j=j
tX

k=1

At�k� �(k)(AT� )
t�k

j�

�

tX
k=1

C2
A(1� ��)t�k�(�)(�� j x j +C� � � � ~m(k)+

+C�� � C
2
A(1� ��)k�� j �0 j) (90)

using (77) and (87). Thus

j ~�(t) j�
C2
A

�
�(�)(j x j +

+C� � ~m(t)) + �(�)�C�C
4
At(1� ��)t�� j �0 j (91)

Moreover

j �̂s(t) j=j
tX

k=1

At�k� �x(AT� )
t�k

j�
C2
A

�
� j x j (92)

We also have that

max
k�t

k(1� ��)k�� �
1

��
� (1� 2�)

1

��
��
�

1

��

(assuming � < 1=��). Inserting (91) and (92) into (89) gives

~m(t) �
C2
A

�
j x j (1 + �(�)) +

C2
A

�
� C��(�) � ~m(t)+

1

�
�(�)C�C

4
A j �0 j (93)
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Let �0 be de�ned by

�(�0) =
1

2

C2
A

�
� C� (94)

Then, for � � �0

~m(t) � 2
C2
A

�
j x j (1 + �(�)) + 2�(�)C�C

4
A j �0 j =� (95)

Inserting this into (91) now gives the desired result. 2

9 The Tracking Error for M-dependent Regres-

sor Sequences

To outline the tools for performance analysis we shall study the archetypical algo-

rithm (10)

�̂(t) = �̂(t� 1) + �PtL('(t))(y(t)� 'T (t)�̂(t� 1)) (96)

The true system is assumed to satisfy (3) - - (4):

y(t) = 'T (t)�0(t� 1) + e(t) (97)

�0(t+ 1) = �0(t) + w(t) (98)

We also assume the following

(i) fe(t)g and fw(t)g are independent sequences of independent random vectors

are zero mean:

Ee2(t) = R2(t); Ew(t)w
T (t) = R1(t) (99)

j R1(t) j + j R2(t) j� CR

(ii) Pt is a bounded, deterministic sequence of matrices

(100)

(iii)

j PtL('(t))'
T (t) j� C' (101)

For this section we also introduce the following assumption

(iv)

'(t) and '(s) are independent for j t� s j> M:

They are also independent of fe(t)g and fw(t)g
(102)
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Let us now consider the expression for the tracking error ~�(t) = �̂(t)� �0(t):

~�(t) = (I � �PtL('(t))'
T (t))~�(t� 1) + �PtL('(t))e(t)� w(t) (103)

Squaring both sides and taking expectations gives

�(t) = �(t� 1)� �EPtL('(t))'
T (t)~�(t� 1)~�T (t� 1)�

��E~�(t� 1)~�T (t� 1)'(t)L('(t))TPt+

+�2EPtL('(t))'
T (t)~�(t� 1)~�T (t� 1)'(t)L('(t))TPt+

+E�2PtL('(t))L('(t))
TPtR2(t) + 2R1(t) (104)

Using that

j PtL('(t))'
T (t) j< C'

gives immediately

j �(t)� �(t� 1) j� (�C' + �2C2
') j �(t� 1) j +�2C'CR + 2CR (105)

Introduce

Q = EPtL('(t))'
T (t) (106)

~Q = EPtL('(t))L('(t))
TPt (107)

Then we can write (104) as

�(t) = (I � �Q)�(t� 1)(I � �Q)T + �2 ~Q �R2 + 2R1+

+��(t) + ��T (t) + �2�(t) (108)

where

�(t) = EPtL('(t))'
T (t)~�(t� 1)~�T (t� 1)�Q�(t� 1) (109)

�(t) = EPtL('(t))'
T (t)~�(t� 1)~�T (t� 1)'(t)�

L('(t))TPt �Q�(t� 1)Q (110)

Clearly

j �(t) j� C2
' j �(t� 1) j (111)

Now consider �(t). We write

~�(t� 1) =  (t� 1; t�M)~�(t�M)+

+
t�1X

k=t�M

 (t� 1; k)(�PkL('(k))e(k)� w(k)) T (t� 1; k) (112)

where

 (t; k) =
tY

j=k

(I � �PjL('(j))'
T (j)) (113)
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We note that for t�M � k � t� 1

j  (t� 1; k) j� (1 + �C')
t�k

� (1 + �C')
M �
= C (M) (114)

We now insert (112) into (109) for both expressions of ~�(t � 1). When taking

expectation all cross terms arising from (112) disappear since e(k) and w(k) are

independent of all the other variables involved there, including ~�(t�M). We thus

have

�(t) = ~�(t) + EPtL('(t))'
T (t)~�(t�M)~�T (t�M)�

Q�(t� 1) + EPtL('(t))'
T (t)( (t� 1; t�M)� I)�

~�(t�M)~�T (t�M) T (t� 1; t�M) (115)

with

j ~�(t) j=j
t�1X

k=t�M

E (t� 1; k)(�2PkL('(k))e
2(k)

L('(k))TPk + 2w2(k)) T (t� 1; k) j

� C2
 (M) � C�(�

2 + 2) �M (116)

where C� = C' � CR. Let us now consider  (t � 1; t � M) � I. By expanding

the product in (113), subtracting the identity matrix and then reassembling the

product it follows that

j  (t� 1; t�M)� I j� (1 + �C')
M
� 1 � e�MC' � 1 � 2C' � �M (117)

where the last inequality follows for

� � 1=C'M (118)

For the last term of (115) we have that it is bounded by

C' j  (t� 1; t�M)� I j � j  (t� 1; t�M) j � j �(t�M) j�

� 2C2
'� �M � C (M)� j �(t�M) j (119)

using (117) and (114). Collecting all this gives for (115)

j �(t) j� Q j �(t�M)� �(t� 1) j +

� � (2M � C2
' � C (�)) j �(t�M) j +

+(�2 + 2)C2
 (M) � C� �M j �(t�M) j

� � �C1(M) j �(t�M) j +(�2 + 2) � C2(M): (120)

The last step follows using (105) M times. We have also introduced the constants

C1 and C2 which depend on M as follows

C1(M) = C�1 �M � (1 + �C')
M (121)
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C2(M) = C�2 �M � (1 + �C')
2M (122)

Returning to (108) we see that all the last three terms are bounded by

�2(C1(M) sup
0<j�M

j �(t� j) j +C2(M)
�2 + 2

�
) (123)

We can thus apply Lemma 5.1 with �(�) = � to conclude the following theorem:

Theorem 9.1 Let �̂(t) be de�ned by

�̂(t) = (I � �Q)�̂(t� 1)(I � �Q)T + �2 ~QR2 + 2R1 (124)

�̂(0) = �0

with Q and ~Q de�ned by (107). Let �(t) = E~�(t)~�T (t) with expectation over

f'(t)g, fe(t)g, fw(t)g and �0(0). Here ~�(t) is the tracking error (103). Assume

that Q > �I and that (99) - (102) hold. Then there is a �0 > 0 such that for

� < �0

j �(t)� �̂(t) j� C3�(�) � (�+
2

�
)+C4�(�)f�(�)+� � (1���)t�M tg j �0 j (125)

where C3 and C4 depend on M (in assumption (102)) in the same way as (121)

and �(�) = �. The constants �0, C3 and C4 can be explicitly calculated from the

bounds in the assumptions. 2

Note that

j �̂(t) j� C(�+
2

�
) + (1� ��)t j �0 j (126)

so the relative degree in the approximation of �(t) by �̂(t) improves like �.

The equation (124) is easy to analyse, as we saw in Section 7so the trade-o�

between noise sensitivity and tracking ability can be easily analysed in terms of

this equation. Many studies of this character have been published. See, among

many references, [36], [5], [26], [7] and [8].

10 The tracking error for mixing regressor se-

quences

Suppose now that we relax assumption (102) to the following way.
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iv
The sequence of vectorsf'(t)g is �-mixing

with a decaying dependence �(M):

f'(t)g is also independent of fe(t)gand fw(t)g:

(127)

Let's go through the calculations in the previous section under this relaxed as-

sumption. The only change is in (120) where we obtain a remainder term

j EPtL('(t))'(t)~�(t�M)~�T (t�M)�Q�(t�M) j� C'�(M)

using the fact that ~�(t�M) depends only on '(k) k � t�M .

Equation (123) will thus continue to hold if we take

Ci(M) = C�1(1 + �(1 + �C')
M(� �M + �(M))=� (128)

Now let

��(�) = min
M

(� �M + �(M)) (129)

We can thus still apply Lemma 5.1, with �(�) = ��(�) and conclude that (125)

still holds, now with �(�) = ��(�) as de�ned above.

If the dependence between the regressors decreases exponentially, i.e. �(m) = �m,

� < 1, we �nd that ��(�) decays with � like

��(�) � �= log�

which is almost as good as in the M -dependent case.

See [23] for more details around this result.

11 Evaluation of the Error in the Frequency Do-

main

The expression for the mean square error that we derived in the previous section

are somewhat implicit. In [9] and [10] explicit expressions for the mean square

error of a corresponding transfer function estimate were derived. The results can

be summarized as follows. Consider an FIR model, where '(t) contains only lagged

inputs

y(t) = 'T (t)� =
dX

k=1

gku(t� k): (130)
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The corresponding transfer function then is

G(ei!) =
dX

k=1

gke
ik! =W �

d (!)� (131)

where

Wd(!) = [ei! � � � edi!]T (132)

and where "*" denotes transpose and complex conjugate.

The mean square error of the transfer function estimate at frequency ! then is

�d(!) = W �

d (!)�̂Wd(!) (133)

where �̂ is the mean square error matrix for the parameters, as derived in Section

7-10. The key properties to be used are as follows:

Let A and B be d�d Toeplitz-like matrices, that satisfy some regularity conditions,

see [10]. We can then de�ne the scalar functions a(!) and b(!) by

1

d
W �

d (!)BWd(!)! a(!) as d!1 (134)

and
1

d
W �

d (!)BWd(!)! b(!) as d!1: (135)

Furthermore, it can be shown that

1

d
W �

d (!)ABWd(!)! a(!)b(!) as d!1 (136)

and
1

d
W �

d (!)A
�1Wd(!)!

1

a(!)
as d! : (137)

When applying this operation to the covariance matrix

Q = E'(t)'T (t)

with

'T (t) = (u(t� 1); : : : u(t� d))

(cf (68)) we get
1

d
W �

d (!)QWd(!)! �u(!) as d!1 (138)

where �u(!) is the spectrum of the input fu(t)g.

We are now going to apply these results to the general expression (73) by evaluating

��(!) = lim
d!1

1

d
�d(!) = lim

d!1

1

d
W �

d (!)�̂Wd(!) (139)
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as the order, d, of the FIR model (130) tends to in�nity. For large order models

we will thus have that the mean square error of the transfer function estimate at

frequency ! is given by

�d(!) � d � ��(!): (140)

Introduce

p(!) = lim
d!1

1

d
W �

d (!)PWd(!)

r̂1(!) = lim
d!1

1

d
W �

d (!)R̂1Wd(!) (141)

r01(!) = lim
d!1

1

d
W �d (!)R

0
1Wd(!):

(Recall that the normalization is such that actual parameter change covariance

matrix is 2R0
1 and that the corresponding assumed covariance in (9) is �2R̂1).

From (74) we then �nd, by applying the limiting procedure to both members

p2(!)�u(!) = r̂1(!) (142)

or

p(!) =

vuut r̂1(!)
�u(!)

!
: (143)

Similarly (73) gives

2p(!)�u(!)��(!) = �R0
2r̂1(!) +

2

�
r01(!) (144)

or

��(!) =
1

2

vuut r̂1(!)
�u(!)

!"
� �R0

2 +
2

�

r01(!)

r̂1(!)

#
: (145)

Expressions (140) and (145) give an explicit and useful description of how the

accuracy of the estimate varies with frequency and with the design variables r̂1(!)

and �.

It is easy to explicitly minimize (145) with respect to these variables, and this

gives, as it should (if R0
2 = 1)

r̂(!) = r01(!); � = : (146)

We also obtain for the LMS algorithm from (145) with p(!) � 1

��(!) =
1

2

"
� �R0

2 +
2

�

r01(!)

�u(!)

#
(147)

and for the RLS algorithm

��(!) =
1

2

 
�

R0
2

�u(!)
+
2

�
� r01(!)

!
: (148)
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The results (145)-(148) thus describe how the basic recursive identi�cation algo-

rithm performs under small gain and under steady parameter drift. [10] contains

a further discussion of these aspects.

12 Conclusions

We have outlined how to approach the problem of deriving or constructing adapta-

tion algorithms for tracking time-varying systems. We have, among other things,

stressed how the Kalman �lter provides a natural starting point for the deriva-

tions. We have also stressed how common ad hoc approaches can be interpreted

as special cases corresponding to speci�c assumptions about the behaviour of the

true parameters.

The analysis of the tracking ability of adaptation algorithms is of foremost in-

terest. We have shown the archetypical result where the true covariance matrix

for the parameter error can be approximated by an expression that is simpler to

study. This study brings out the basic trace-o� between tracking ability and noise

sensitivity. We have shown how this trade-o� becomes especially explicit when

evaluated in the frequency domain for linear systems and models.
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