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Abstract

Guidelines are presented for specifying the design pa-
rameters of multi-level pseudo-random sequences in a
manner useful for “plant-friendly” nonlinear system
identification. These multi-level signals are introduced
into a Rapid Thermal Processing wafer reactor simu-
lation and compared against a well-designed pseudo-
random binary sequence (PRBS). The resulting data
serves as a database for a “Model on Demand” (MoD)
predictor. MoD estimation is attractive because it re-
quires less engineering effort to model a nonlinear plant,
compared to global nonlinear models such as neural
networks. The improved fit of multi-level signals over
the PRBS signal, as well as the usefulness of the MoD
estimator, is demonstrated on validation data.

1 Introduction

Pseudo-random binary sequences (PRBS) are widely
used in the identification of linear systems. The advan-
tages of the PRBS input include ease of implementation
and an autocorrelation function similar to white noise.
Since the PRBS is periodic and deterministic, it can
be designed to possess excitation in a control-relevant
frequency range over a single data cycle. Because the
PRBS can be applied to a process multiple times, it
provides the user with a convenient means for discard-
ing corrupted segments of data and retaining the most
informative data for model estimation and validation.
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The PRBS input, however, is not always well suited for
nonlinear problems. Since the PRBS consists of only
two levels, the resulting data may not provide suffi-
cient information to identify nonlinear behavior (e.g.
y(k) = u2(k)). Additionally, a PRBS signal of too
large a magnitude may bias the estimation of the linear
kernel. Multi-level pseudo-random sequences (m-level
PRS), in contrast, allow the user to highlight nonlin-
ear system behavior while manipulating the harmonic
content of the signal to enable unbiased estimation of
the linear dynamics in the presence of nonlinearities [5].
In this paper the theoretical framework developed by
Barker and Zhuang [1] is extended to include the use of
a priori knowledge of the physical system and the goals
of the control problem. “Plant-friendly” design of these
multi-level PRS inputs is accomplished by incorporat-
ing a priori knowledge available to the engineer (such
as the estimated dominant time constant and closed-
loop control requirements) into values for the design
parameters of the input signal. The results are philo-
sophically similar to the work performed by Gaikwad
and Rivera [4] for PRBS and Schroeder-phased multi-
sinusoidal input design.

Various realizations of m-level PRS signals designed
according to these guidelines are used to generate a
database for a “Model on Demand” (MoD) predictor.
“Model on Demand” or “Just-In-Time” (JIT) estima-
tion is a novel paradigm first proposed by Cybenko [3].
The philosophy of MoD modeling is that a model is
not estimated until it is really needed. All observa-
tions of the process are stored in a database, which is
accessed to estimate a local model at the current oper-
ating point. The variance/bias tradeoff is optimized lo-
cally by adapting the number of data and their relative



weighting. The MoD approach enhances local model-
ing and provides a reasonable alternative to nonlinear
black-box techniques that optimize model predictions
globally (such as neural networks). The MoD model-
ing formulation pursued in this paper follows from the
approach of Stenman and co-workers ([7, 8]). The pre-
dictive ability of the MoD estimator is demonstrated
on a Rapid Thermal Processing (RTP) reactor model
developed by Honeywell Technology Center. The MoD
results are evaluated for both m-level PRS inputs and
a well designed PRBS signal.

2 Generation of m-level PRS Signals

The theory behind the generation and application of
m-level PRS inputs in system identification is well de-
veloped [5]. m-level PRS signals are generated in a
similar manner to the PRBS using shift registers and
modulo addition. As with the PRBS, m-level PRS in-
puts are periodic, deterministic signals and have an
autocorrelation function similar to white noise.

Recent work by Barker and coworkers develops theo-
retical methods for generation and design of m-level
PRS signals with suppressed harmonics of multiples 2,
3 and 5. [1]. The basis for generation of these m-level
PRS signals lies in finite field theory. A Galois field
(GF), defined by q elements, guides the creation of a
pseudo-random sequence, (x1 . . . xi), from a shift regis-
ter. Note that q may be a prime number or the power
of a prime number (q = pk). The coefficients ci for the
outputs of the stages of the shift register are derived
from a primitive polynomial f(x) in GF (q). Figure 1
shows the shift register configuration for m-level PRS
generation. Once the sequence is generated it is then
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Figure 1: m-level PRS generation algorithm

scaled or “mapped” to the relative levels of the input,
based on the Galois field chosen, the multiple of har-
monics to be suppressed, and the number of terms in
the candidate model [1]. Peak factor and uniformity
of the power spectrum are also considerations when
choosing mappings. Once the signal is mapped, it is

then scaled with an acceptable amplitude and each ele-
ment in the sequence is introduced into the plant after
a predetermined switching time Tsw has passed.

3 m-level PRS Design Guidelines

The user of m-level PRS signals is faced with the task
of judiciously selecting the design parameters needed
to generate the signal. This section describes how to
use the following prior information

• Desired closed-loop speed of response.

• Estimated range of dominant time constant.

• Order of nonlinearity of plant and order of model
to be fit.

• Acceptable signal length and amplitude.

to systematically arrive at values for the design vari-
ables. Figure 2 summarizes the design procedure. In
some cases, the user may be required to ease constraints
on signal amplitude or signal length in order to meet
identification objectives.
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Figure 2: Flowchart for multi-level PRS signal design

A priori knowledge of the dominant time constant
range (τHdom to τLdom) makes it possible to place the



power of the input signal in the frequency range impor-
tant for control. The frequency range of interest (cor-
responding to that between the first harmonic and the
bandwidth of the power spectrum) should fall within
the range specified in Equation 1:

ω∗ =
1

βτHdom
≤ ω ≤ α

τLdom
= ω∗ (1)

The parameters α and β define the desired range for
high and low frequency excitation. β (normally equal
to 3, 4, or 5) specifies low frequency information corre-
sponding to the 95% settling time, 98% settling time,
and 99% settling time, respectively of the open-loop
plant. α determines the high frequency content in the
signal and is defined on the basis of how much faster
the intended closed-loop speed of response will be rel-
ative to open-loop. Typical values chosen for α and β
are 2, and 3, respectively. However, as the plant of in-
terest or operating region becomes more nonlinear, the
frequency range of the input signal is not as important
as the shape of the input signal, as noted by Pearson
and Ogunnaike [6]. α and the number of levels may be
used to adjust the shape of the signal.

The number of levels m should be at least one greater
than the nonlinearity order in the candidate model.
The length of the Galois field q must support the re-
quired suppression of harmonics. Harmonics can be
suppressed in multiples of 2 (q ≥ 3), 2 and 3 (q ≥ 7),
and 2, 3, and 5 (q ≥ 31). q must always be greater or
equal to the required number of levels (q ≥ m). Esti-
mates of the switching time, Tsw, and number of shift
registers, nr, can be made from Equation 2.

Tsw ≤
2.78
ω∗

, ω∗ ≥
2π

Tsw(qnr − 1)
(2)

The number of nonsuppressed harmonics present
within the frequency range of interest can be calculated
via Equation 3:

# of harm. =
2.78
2π

(qnr − 1)γ (3)

γ is defined on the basis of the suppressed harmonics.
For harmonics of multiple of 2 suppressed, γ = 1/2. For
harmonics of multiples of 2 and 3 suppressed, γ = 1/3.
For harmonics of multiples of 2, 3 and 5 suppressed,
γ = 4/15. Note that for simultaneously low values of
nr (e.g. 2) and q (e.g. 3), this equation provides only
a rough estimate. To increase the number of nonsup-
pressed frequencies in the signal (to allow for persis-
tent excitation of the linear dynamics of the candidate
model), the user can increase the values of α and β in
Equation 1 or equivalently decrease switching time or
increase the number of shift registers.

Equation 4 determines the number of elements in one
cycle of the input signal

Ncyc = (qnr − 1) (4)

Tcyc = Ncyc ∗ Tsw specifies the signal duration for one
cycle. If signal duration represents a significant con-
straint in the input design problem, then the multiples
of harmonics to be suppressed and the frequency range
of the signal may have to be compromised in order to
reduce the length of the signal.

Finally, it is important to choose a “plant-friendly” am-
plitude for the signal. Since an m-level PRS signals
can switch from minimum to maximum values in one
switching time, the acceptable amplitude span must be
selected to avoid actuator restrictions, product quality
constraints, move size restrictions, and so forth.

4 Model-on-Demand Prediction

Consider a SISO process with nonlinear ARX struc-
ture, i.e.,

y(k) = m(ϕ(k)) + e(k), k = 1, ...,M, (5)

where m(·) is an unknown nonlinear mapping and e(k)
is an error term modeled as i.i.d. random variables
with zero mean and variance σ2

k. The MoD predictor
attempts to estimate a value ŷ based on a local neigh-
borhood of the regressor space ϕ(t) (Stenman [7]). The
regressor vector is of the form

ϕ(t) = [y(t− 1) . . . y(t− na)
u(t− nk) . . . u(t− nb − nk)]T

(6)

where na, nb, and nk denote the number of previous
outputs, inputs, and delays in the model.

A local estimate ŷ can be obtained from the solution
of the weighted regression problem

β̂ = arg min
β

N∑
k=1

`(y(k)−m(ϕ(k), β)) (7)

·W
(‖ϕ(k)− ϕ(t)‖M

h

)
,

where `(·) is a scalar-valued and positive norm func-

tion, ‖u‖M
4
=
√
uTMu is a scaled distance function

on the regressor space, and h is a bandwidth parameter
controlling the size of the local neighborhood, and W (·)
is a window function (usually referred to as the kernel)
assigning weights to each remote data point according
to its distance from ϕ(t). The window is typically a
bell-shaped function with bounded support.

In principle, it is possible to use any nonlinear model
structure as a local model in Equation 7. However, if
a quadratic norm, `(ε) = ε2 is used and the model is
linear in the unknown parameters, the estimate can
be easily computed using simple and powerful least



squares methods. We thus assume a local linear model
structure,

m(ϕ(k), β) = β0 + βT1 (ϕ(k)− ϕ(t)) (8)

as the default choice in the rest of the paper. If β̂0 and
β̂1 denote the minimizers of (7) using the model from
(8), a one-step ahead prediction of y(t) is given by

ŷ(t) = m(ϕ(t), β̂) = β̂0. (9)

Each local regression problem produces a single predic-
tion ŷ(t) corresponding to the current regression vector
ϕ(t). To obtain predictions at other locations in the re-
gressor space, the weights change and new optimization
problems have to be solved. This is in contrast to the
global modeling approach where the model is fitted to
data only once. However, in a neighborhood around
ϕ(t), the local linear model per Equation 8 provides an
input-output linearization of the form

A(z−1)y(k) = B(z−1)u(k − nk) + α. (10)

where A(z−1) and B(z−1) are polynomials in the back-
ward time-shift operator z−1 obtained from the com-
ponents of β̂1, and α = β̂0 − β̂1ϕ(t) is an offset term.

The bandwidth h controls the neighborhood size and
has a critical impact on the resulting estimate since
it governs a trade-off between the bias and variance
errors of the estimate. Traditional bandwidth selectors
produce a single global bandwidth; in MoD estimation,
bandwidth is computed adaptively at each prediction.
While various measures are available for this purpose
[8], the method used in this paper is the Akaike’s Final
Prediction Error (FPE).

5 Case Study

Honeywell Technology Center has developed a simpli-
fied model of a RTP wafer reactor [2]. Figure 3 shows
a sketch of the configuration. The five inputs to the
system are the percent power to each lamp, ranging
from 0 to 100%. The five outputs of the system are
the temperatures [K] of the wafer directly above the
lamps. A simplified model examined by Honeywell is
shown in Equation 11. This model displays an RMS
error of 1.2 K in comparison to the true plant. Gaus-
sian noise with a variance of 4.2% and a sampling time
of 0.2 seconds was added to the percent power input
signal of our true plant. Our approach is to use the
simulation model of Equation 11, with the parameters
provided by Honeywell, as our plant model. We are
focused on SISO identification of lamp #2.

yk = P1 · yk−1 + P2 · (
yk−1
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)4 + P3 · (
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)3 (11)
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Figure 3: Sketch of RTP reactor

The design of multi-level PRS signals begins by esti-
mating the range of τdom. Through a series of short
negative and positive step tests distributed throughout
the input signal range, τHdom was estimated to be 33 sec-
onds and τLdom was estimated to be 7 seconds. α = 2
and β = 6 were chosen to insure the low frequency
content of the signal. The switching time for both the
PRBS and the multi-level PRS signals was calculated
to be less than 9.73 seconds. A Tsw of 9 seconds was
selected which meets the high frequency bound. For
the PRBS, 7 shift registers are needed to meet the low
frequency requirements, translating into a PRBS sig-
nal of 1143 seconds, per the guidelines in Gaikwad and
Rivera [4].

For the multi-level signals, a variety of combinations
are possible which meet the guidelines; some of these
are summarized in Table 1. In all cases presented
q = 13 and nr = 2 which satisfied the low frequency
limit while keeping signal length at a minimum (1512
seconds). Figures 4 and 5 show the time and frequency
domain representations, respectively, for a 13-level sig-
nal with harmonics of multiple 2 suppressed. We eval-
uated 2 other variations of the signal, one with har-
monics of 2 and 3 suppressed and one using only 5
levels. We chose to excite the plant between 5% and
99% of the lamp power, allowing an approximate out-
put range between 730 K and 1425 K. The validation
data (Figure 6) was independently designed, based on
temperature ramp rates and processing times normally
experienced with this reactor [2]. The validation data
exhibits ramp rates from 27.8 K/sec to 71.7 K/sec and
processing times from 20 sec to 120 sec.

The estimation was performed on only one period of
each of the signals and simulation performed on the val-
idation data set. The regressor space [na nb nk] which
provided the lowest RMS fit was used for comparison
of the signals. The fits for the PRBS and the candi-
date m-level PRS signals are summarized in Table 1.
The regressor space for the PRBS data could not be
adjusted for a reasonable fit. The resulting fits for the
best and worst-fit case m-level PRS signals considered
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are presented in Figure 6.

Table 1: RMS Fits on RTP Validation Data

Galois Level: Harmonics RMS ARX
Field q: m Sup’d (h): Fit (K): nanbnk:

2 (PRBS) 2 - 53909.1 1 24 1
13 13 2 16.6 1 7 1
13 13 2 & 3 16.7 1 17 1
13 5 2 54.0 1 34 1

6 Conclusions

Guidelines for the systematic design of multi-level PRS
signals have been developed for control-relevant, plant-
friendly identification of nonlinear plants. The guide-
lines utilize a priori knowledge to specify the design
parameters for this signal. The resulting database is
rich enough to support a MoD based predictor; its ef-
fectiveness is illustrated in an RTP reactor simulation
example.
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