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Abstract

Recently a novel approach to nonlinear function approx�
imation using hinging hyperplanes� was reported by L�
Breiman ���� In this contribution we have combined
smooth hinging hyperplanes and the e�cient initializa�
tion procedure existing for hinging hyperplanes in ����
with a Gauss�Newton procedure� see �	�� to perform the

nal adjustment of the smooth hinging hyperplanes� This
combination uses the property of the hinge functions that
makes them e�ective� namely that there is a simple and
computationally e�cient method for locating hinges� The
result of the hinge 
nding procedure is then used as an
initial value to the Gauss�Newton procedure applied on
the smoothed hinges� The smooth hinging hyperplanes
and neural networks are related� but the signi
cant prob�
lem of choosing initial parameters of neural networks� in
this case� is circumvented�

Further� the in�uence of the choice of initial value of
the smoothness parameter� on the 
nal approximating
function estimate� is investigated� A recommendation on
how to choose an initial value is given�

� Introduction

Neural net models are one of many models in the family
of non�linear black box models� Recently the attention
has been drawn towards non�linear black box models that
are constructed as sums of basis functions� i�e�� models
of the form

�g��� �

MX
k��

�kf��k��

In neural nets the basis function is the sigmoid� and
other approaches such as projection pursuit ��� and
wavelet basis expansions ��� di�er by the chosen basis
function�

The wavelet approach uses radial wavelets as basis
functions� For any wavelet function � � Rd � R� the
wavelet network is written as follows

�g��� �

nX
k��

�k��k�x� �
X
i�j�k

�
�l�
jk�

�l�
jk �x��

The functions � and � are functions with local support�
that are scaled and translated� The wavelet functions
are well localized in all dimensions� When using wavelets
in system identi
cation and modeling one is faced with
the following di�culty� The number of wavelet functions
that have to be used grows exponentially with the dimen�
sion d� To obtain a satisfying result a certain number of
data points are needed for estimation of parameters in
every wavelet function� This results in that the method
is impractical for d � � and a moderate number of data
points� For a exhaustive treatment of wavelet networks
we refer to ��� ����
The more well known example of non�linear black box

models is the popular single hidden layer neural network

�g��� �

MX
k��

�k��x
T�k�

where ��x� is given by

��x� �
�

� � e�x

and the parameter vector �k is given by

� � ��k �k� 	 k � �	 � � � 	M	

and � �
�
�T� � � � �TM

�T
� The vector x consists of at each

time instant known quantities� e�g� constants� measured
signals � old input and output signals� An additional
quantity may be added at this moment� namely possible
non�measured variables v that in�uence y� In this paper
we will not deal with consequences of such non�measured
inputs�
Some good features of the neural net approach is that

the neural net expansion is a basis� and the neural net



structure is global in certain directions and is localized
along other directions� It can thus handle large regres�
sion vectors if the data pattern is clustered along sub�
spaces� This shows to be a very useful property� since
it� in some extent� enables to avoid the curse of dimen�
sionality that fully localized bases� such as wavelet basis
mentioned above� have inherent� A fundamental prob�
lem� however� is the choice of initial values of the param�
eters in the neural net� The initial values are needed to
initialize the search routine� and with a large number of
parameters it is di�cult to 
nd a wise way of choosing
the initial values� This di�culty often results in getting
stuck in bad� local minima� a large number of starts
with di�erent initial parameter vectors and a large num�
ber of iterations needed to reach the minimum of the loss
function The issue of 
nding good initial guesses of the
parameter vector is addressed in ����� where regulariza�
tion is used to avoid bad starting points� For a more
exhaustive overview of the types and properties of neural
nets see �����

� Hinging Hyperplanes

We will in this section give a short introduction to hinging
hyperplanes� In ��� the full story can be found� A hinge
function y � h�x� in the d�dimensional space �x�	 � � � 	 xd��
consists of two hyperplanes joined at the intersection�
Formally it can be expressed as follows� Let x denote
the vector

x �
�
� x� � � � xd

�T
� ���

The two hyperplanes are given by

h� � xT � ��

h� � xT � ��	

where �� and �� are the coe�cients of the two hyper�
planes� and � denotes the inner product of two vectors�
The hyperplanes are joined at fxjxT ��� � ��� � �g�
which hence is the equation of the edge where two planes
are joined� The hinge of the function is de
ned as
� � ��� ��� Finally� the equation of the hinge function
is

h � max�xT ��	xT ��� or h � min�xT ��	xT ���� ���

Examples of hinge functions in one and two dimensions
are depicted in Figure ��
In this paper we will not go into details concerning the

hinge functions and the hinge 
nding algorithm� The 
rst
step when using hinge functions is to apply the hinge 
nd�
ing algorithm� i�e�� the algorithm that locates the hinge
at a speci
c place in the d�dimensional space� For sim�
plicity assume that an one dimensional data set is given
fyi	 �� xi�g� where i � �	 � � � 	 N � Initially the data set is
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Figure �� Left� One�dimensional hinge function� Right�
Two�dimensional hinge function�

split arbitrarily� or in other words� a hinge �� is placed
out arbitrarily� and ��� is estimated using the set fy�	x�g
where xT��

� � �� The parameters of the other hyper�
plane xT ��� is estimated using the set fy

�

	x
�

g� The
new hinge is given by �� � ��� � ��� � It turns out that
iterating this procedure is an e�ective way to locate the
hinge� The estimation method used in each step of the
hinge 
nding algorithm is the familiar least squares al�
gorithm� Nothing changes if the dimension is larger� the
essence of the hinge 
nding algorithm is the same�
The hinge 
nding algorithm described above is a proce�

dure for location of one hinge� How are additional hinges
introduced� Assume an approximation function is built
up with K � � hinge functions� i�e�� �g �

PK��
k�� hk�x��

where hk are hinge functions� then the K�th hinge func�
tion is introduced in the following way� The above de�
scribed hinge 
nding algorithm is applied on


�x� � y�x��

K��X
k��

hk�x�	 ���

obtaining hK � Then h� is updated by applying the hinge

nding algorithm on the di�erence y�x��

PK

k�� hk�x�� At
every step of the reiteration the hinge 
nding algorithm is
initialized with the parameter values obtained by the last
updating of that particular hinge function� The updating
is continued by using the updated h� and the not yet
updated h�	 � � � 	 hK to form a di�erence analog to ����
and updating h� by applying the hinge 
nding algorithm
on y�x�� h� �

PK
k�� hk�x� etc� After hK is updated the

cycle is repeated until there is no further improvement�
In ��� it is shown� using methods developed in ���� that

for any su�ciently smooth function f�x� there is a con�
stant C�g	 P � such that for any K� there are hinge func�
tions h�	 � � � 	 hK with approximation error

ky�x��

KX
k��

hk�x�k
� �

C

K
�

� Smooth Hinge Functions

In neural nets one of the di�culties is to 
nd good ini�
tial values of the parameters� An alternative to neural
nets is to use hinging hyperplanes and the algorithm de�
scribed in Section � to 
nd �g�x�� The advantage of using



the hinging hyperplanes in the 
rst step is the existing
fast procedure for hinge 
nding� Step number two is to
smooth �g and apply the Gauss�Newton algorithm to ob�
tain the 
nal function approximation� This results in
using about the same number of parameters as in a cor�
responding neural net structure� and the smooth hinging
hyperplane structure is in its nature very neural net like�
An important di�erence� however� is that the search for
good initial values is avoided� Instead the initial values
are served by the 
rst step of the algorithm�
If �g consists of K hinge functions� the smooth version

of �g is the following

�gsm �

MX
j��

�xT ��j � ��� ��xT ��j 	 �	�

where � is de
ned as

� �
�

� � e�kx
T �������

� ���

Note that now the superscripts on x have disappeared�
i�e�� the sigmoid is taking care of when respectively hyper�
plane is active�� The parameter k in the sigmoid func�
tion is an additional parameter� if compared to the non�
smoothed hinge function� that determines the smooth�
ness of the hinge� When k �� the original hinge func�
tion is obtained� In Figure � a smooth one�dimensional
hinge is depicted for two values of k�
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Figure �� Original hinge �solid� and two smooth one�
dimensional hinges for two values of k� k � � �dashed�
and k � � �dash�dotted��

Equation �	� can be rewritten in an equivalent way if
everything multiplied by the factor � is lumped together�
The result is

�gsm �

MX
j��

��x	 ��j 	 �
�

j 	 kj�x
T ���j � ��j � � xT

MX
j��

��j �

Since the sigmoid and the parameters in the 
rst of the

two sums above is a function of the di�erence of the pa�
rameters it can be rewritten as

�gsm �
MX
j��

��x	 �j 	 kj�x
T �j � xT ��	

where �j � ��j � ��j and �� �
PM

j�� �
�

j � The parameter�

ization issues are studied in detail in � ���
The initial parameter vector to the Gauss�Newton pro�

cedure is hence

�init �
�
�� k� �� � � � kM �M

�T
	 � �

where each ��element in �init is of dimension d � �� As
mentioned above� the values of the ��s are given by the
hinge 
nding algorithm� and left to be chosen are the
values of the k�s�

��� Choice of Initial k

What remains to be done after the hinge 
nding algo�
rithm is to select initial values of the k�s and to run a
minimization routine� In this subsection the 
rst issue is
discussed�
It turns out that it is di�cult to predict which initial

value of k will result in the fastest convergence towards
a local minimum� Even harder is to predict which initial
k will give the best� local minimum� One thing that
can be said for sure� is that too large initial values of k
will have the consequence of the parameter estimate get�
ting stuck at a local minimum that may not be desirable�
namely the hinge function itself� The result is formally
presented in the following theorem�

Theorem � Assume a hinge function is estimated by the
hinge �nding algorithm from input�output data fyi	xig

N
� �

i�e�� the optimal split of data is obtained and the least
squares estimates of ��init and ��init based on that ac�
tual split is calculated� Then� one local minimum of the
smooth hinge function is the following

�
� k

��

��

�
� �

�
� �
��init
��init

�
� �

Proof� Let us denote the error by

ri�x� � ��xi��
�xi � ��� ��xi���

�xi � yi	 ���

and the loss function to be minimized is

V ��� �
�

�
RT ���R���	

where R��� � �r����	 � � � 	 rN ����� The gradient of the loss
function is given by the following expression

rV ��� �

NX
i��

ri���rri����



This can be rewritten as rV ��� � JT ���R���� where

J��� �

�
B	

�r�
�k

�r�
���

�r�
���

���
���

���
�rN
�k

�rN
���

�rN
���



CA �

The Hessian is approximated with JT ���J���� Finally
the complete updating equation of the parameter vector
� can be written as

�j�� � �j � �JT ��j�J��j��
��JT ���R���	

and a local minimum is present at each point where
JT ���R��� � ��
Inserting the hinge functions into R���� according to

Equation ���� and calculating the partial derivatives in
J��� gives the following form of the quantity JT ���R���
when k initially is put to ��

JT ���R��� ��
� � � � � �

��x��x� � � � ��xN �xN
��� ��x���x� � � � ��� ��xN ��xN

�
� �

�
��

��x����
� � ���x� � ��x� � y�

���
��xN ���� � ���xN � ��xN � yN

�
��

�

�
� �PN

i�� �ixi��i���
� � ���xi � ��xi � yi�PN

i����� �i��xi��i���
� � ���xi � ��xi � yi�

�
�

�

�
� �P

S� xi��
�xi � yi�P

S� xi��
�xi � yi�

�
� 	

where the third equality is obtained by inserting that the
sigmoid function behaves as indicator function as k ���
i�e��

��xi� �


� ��� � ���xi � �
� ��� � ���xi � �

�

Finally using the fact that �� and �� are the least square
estimates� e�g� �� �

P
S��xix

T
i �
��
P

s��xiyi�� it follows
that JT ���R��� � ��

�

In practice the consequence of the local minimum is
that if kinit is chosen too large� it is pulled towards �
while the rest of the parameters ��init and ��init are left
unchanged�
To force the minimization algorithm to move away from

the hinge function minimum a su�ciently low initial value
of k has to be chosen� A rule of thumb for the choice of
kinit can be derived if a closer look is taken on the reasons
behind the speci
c local minimum discussed above� For
a large value of k the data is in fact still split in the same
regions as it was delivered by the hinge 
nding algorithm�
The optimum value of the parameters in each region is
already reached� and no interference between the regions

exists �k does not have to be �� it is enough that the
sigmoid behaves as an indicator function due to the com�
puter round�o� errors�� Again� if k is chosen too low� the
smooth hinge function deviates so much from the original
hinge that it is questionable if there is a point in using the
hinge function as an help for 
nding initial values� So�
the objective is to give a criterion that will help to choose
as large k as possible� but not so large so the routine gets
stuck in the hinge minimum� What seems important is
that data from one area have to in�uence the parameter
estimate of the hinge of the other area� One possible rule
of thumb is the following

T �

P
S� ��xi�P

S���� ��xi��
� ��

In words T is a measure of the level of mixing that the
given sigmoid provides� Note that the sigmoid in the ex�
pression above is a function of both k� �� and ��� Assume
we look at the data set S�� The nominator represents the
level of in�uence by data in S� on the parameter estimate
in S�� The denominator represents the level of in�uence
of data in S� on the parameter estimate in S�� Experi�
ence shows that a value of T between ���� to ��� results
in a movement from the hinge local minimum�
If the approximating function consists of several hinges�

a test for each hinge function� i�e�� for each kj has to be
performed�
It is not always the case that a smooth hinging hyper�

plane model performs better than the non�smooth� As
will be shown in Section 	 there are a possibility that the
best model is the non�smooth hinge� This� of course� de�
pends on the true� function that is to be approximated�
and nothing general can be said�

� Examples

We would like to stress that it is in the case when the
dimension of the input d is high� the advantage of using
smooth hinge hyperplanes is largest� For the sake of vi�
sualization a two dimensional example will be presented
here� The second example involves higher dimensional
inputs�

��� DC�Motor

Data in the example are from a DC�motor� The input
is the voltage at the input of the motor� and the output
is the angular velocity of the motor� The smooth hinge
hyperplanes will in this example be used to identify a
non�linearity in the investigated system� Firstly� param�
eters in a linear model are estimated and the 
t to the
validation data is presented in Figure ��
The result is obtained by a 
rst order ARX model with

one time delay� This would be most satisfying in most
cases� We will� however� go a step further here and apply
the hinge 
nding algorithm� and then smooth the ob�
tained result� When depicting the result the x and y axis
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Figure �� One step ahead predicted output �angular ve�
locity� of the DC motor�

will be the regressors� yt�� and ut�� respectively� The z
axis is the output yt� The result can be found in Figure 	�
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Figure 	� Left� Resulting model using smooth hinging hy�
perplanes� The model seems to be a linear model� Right�
Result if the linear model is subtracted� from the ob�
tained result� There is a remaining nonlinearity between
the input and output

Finally� the resulting one step ahead prediction with
the new smooth hinge hyperplane model is shown in Fig�
ure ��

��� Hydraulic Actuator

In the second example the objective is to model the dy�
namics of a hydraulically controlled robot arm� The po�
sition of the robot arm is controlled by the oil pressure
in the cylinder which can be controlled by the size of the
valve through which the oil streams� The data is taken
from �!�� and so are some starting points in the modeling�
e�g� best linear model� regressors etc�
The available data sets are shown in Figure  � The

best linear model obtained is an ARX model using three
delayed inputs� and eight delayed outputs� i�e�� the re�
gression vector is of the following form

��t �
�
�yt�� �yt�� � � � �yt�	 ut�� ut�� ut��

�
�

Using the input above� a linear model with �� param�
eters is obtained� The obtained model is then validated
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Figure �� One step ahead prediction using the hinging
hyperplane model�
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Figure  � Left� Data set used for estimation of hydraulic
actuator model� Right� Data set used for testing the per�
formance of di�erent models� Note that this data set has
not been used in the estimation procedure�

using fresh validation data� The result is shown in Fig�
ure �� The normed �by the number of data� squared error
is Vlin � ��� ���

The next step is to model the hydraulic actuator by
using the technique described in this paper� A regression
vector of lower dimension is tried 
rst� There is no other
alibi for this than the motto try simple things 
rst��
Anyhow� the regressor used is the following

��t �
�
�yt�� � � � �yt�
 ut�� ut��

�
�

The dimension of the hyperplanes 
tted to the data set is
thus seven� After the hinge 
nding algorithm was applied
the following two hyperplanes were obtained

y�t �
�
���� ����� ���� ����� ��� � ���! �����

�
�t

y�t �
�
��	� ���� ����� ���� ��� � ���� ���	

�
�t

�yt � min�y�t 	 y
�

t �

The simulation using the above model is shown in Fig�
ure !� The normed square error is Vhin � ���	�� If
smoothing of the hinges with Gauss�Newton minimiza�
tion is applied� the result is not improved� The total
number of parameters used is �	�
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Figure �� Simulation of the hydraulic actuator using a
linear model� The dotted line is the true output� and the
solid line is the output of the model�
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Figure !� Simulation of the hydraulic actuator using a
hinging hyperplane model� The dotted line is the true
output� and the solid line is the output of the model�

� Summary

In this contribution we have used hinging hyperplanes�
and the existing fast algorithms for hinge 
nding and es�
timation� to circumvent an often occurring problem of

nding good initial values when using neural nets� Using
smooth hinging hyperplanes the initial values are deliv�
ered by the hinge 
nding algorithm and the initial value
for the additional parameter k �smoothness parameter�
remains to be chosen� A rule of thumb is proposed which
in most cases is su�cient to support the choice of ini�
tial k� Finally� examples using data from a DC�motor
and a hydraulic crane� is presented� The smooth hinging
hyperplanes are used to model a non�linearity in the mo�
tor� When the input voltage is small there is a non�linear
behavior that is modeled by the non�linear part of the
smooth hinging hyperplane model� For larger inputs the
system is linear which is modeled by the two hyperplanes
in the smooth hinging hyperplane model�
When modeling the hydraulic crane it turns out that

nothing is gained by smoothing the hinging hyperplanes
and the original hinging hyperplane model is kept as the

nal model�

References

��� A�R� Barron� Universal Approximation Bounds
for Superpositions of a Sigmoidal Function�� IEEE
Trans� on Information Theory� ��������	�� May
�����

��� A� Benveniste� A� Juditsky� B� Delyon� Q� Zhang�
and P�Y� Glorennec� Wavelets in identi
cation� In
Mogens Blanke and Torsten S"oderstr"om� editors�
Preprint SYSID ��� 	 
�th IFAC Symposium on Sys�
tem Identi�cation� volume �� pages ���	!� July ���	�

��� L� Breiman� Hinging Hyperplanes for Regression�
Classi
cation� and Function Approximation�� IEEE
Trans� on Information Theory� ������ May �����

�	� J�E� Dennis and R�B� Schnabel� Numerical Meth�
ods for Unconstrained Optimization and Nonlinear
Equations� Prentice�Hall� Englewood Cli�s� New
Jersey� ��!��

��� J�H� Friedman and W� Stuetzle� Projection pur�
suit regression�� Journal of the American Statistics
Association� ���!���!��� ��!��

� � P� Pucar and J� Sj"oberg� On the parameterization
of hinging hyperplane models� Lith�isy�r������ De�
partment of Electrical Engineering� Link"oping Uni�
versity� Sweden� �����

��� J� Sj"oberg� Regularization as a substitute for pre�
processing of data in neural network training� In
Preprint IFAC�IFIP�IMAC Symposium on Arti��
cial Intelligence in Real�Time Control� pages ��� ��
�����

�!� J� Sj"oberg� Regularization issues in neural network
models of dynamical systems� Link"oping studies
in science and technology� thesis no��  � liu�tek�lic�
������!� isbn ����!��������� Department of Elec�
trical Engineering� Link"oping University� Sweden�
�����

��� J� Sj"oberg� H� Hjalmarsson� and L� Ljung� Neural
networks in system identi
cation� In Mogens Blanke
and Torsten S"oderstr"om� editors� Preprint SYSID
��� 	 
�th IFAC Symposium on System Identi�ca�
tion� volume �� pages 	����� July ���	�

���� Q� Zhang and A� Benveniste� Wavelet net�
works�� IEEE Trans� on Neural Networks� ��!!��
!�!� November �����


