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A developing study about algebra in upper secondary school
Constanta Olteanu, graduate student in pedagogical work, Kristianstad University

Abstract

During the Spring 2002 a pilot study was carried out in order to test a preliminary design for the empirical
data collection in a coming main study. In this article, I use the results from the pilot study to identify the
relationship between the enacted object of learning and the students’ learning outcomes in algebra in upper
secondary school. I want to present the design of the main study and how this has developed from the pilot
study.

Background

Alarming data from Swedish universities of technologies about an increasingly worsening situation
concerning the students’ mathematical skills were reported in articles in the years 1997 and 1999
(Högskoleverket, 1999; Johansson, 1998). There are certainly various reasons for students’ problems with
mathematics, but one that is not insignificant seems to be their difficulties with algebra. Also a recent report
from the Swedish National Agency for Higher Education (Högskoleverket, 2002) points out that students’
algebraic skills are not satisfactory.

In Sweden, new curricula were introduced in 1994. At the upper secondary school level (school years 10-12),
five consecutive courses in mathematics are specified. Most students take the first two of these (Mathematics
A and B), and algebra is an important part of them. Among goals to achieve for these two courses it is
specified that the student should be able to:

- interpret and treat algebraic expressions, formulae, and functions,

- interpret, simplify, and transform expressions of second degree, solve equations of
  second degree and apply these skills in problem solving,

- work with the linear equation in different forms, and solve linear inequalities and equation systems
with graphic and algebraic methods. (Skolverket, 2000)

Many researchers have been concerned with the move of the students from arithmetic to algebra and in
particular the cognitive gap that exists between the two (e.g. Bednarz, Radford, Janvier & Lepage, 1992).
Researchers have understandably focused on particular aspects of algebra such as the models used when
solving word problems (e.g MacGregor & Stacey, 1993, 1998), the understanding of the equal sign (e.g.
Kieran, 1981), the translation from tabular form to symbolic form (e.g. Ryan & Williams, 1998), the solution
of linear equations (e.g. Linchevski & Herscovics, 1994; MacGregor & Stacey, 1995), functions and graphs
(e.g. Herscovics, 1989). In Sweden, there are few studies available about students’ algebraic thinking and
reasoning in upper secondary school (e.g. Ekenstam & Greger, 1987; Persson & Wennström, 1999, 2000,
2001; Olteanu, 2000, 2001; Olteanu, Grevholm & Ottosson, 2003). There is a need for scientific reports of
students’ knowledge in algebra related to the intended curriculum. In my research project I focus on finding
out ways in which learning can be improved, on how better learning outcomes can be achieved in algebra in
upper secondary school in Sweden (related to the intended curriculum) and on helping teachers to develop
relevant teaching practices.

Theoretical background

Marton and Booth (1997) describe learning as a way of experiencing or coming to experience the world in a
certain way, and different ways of experiencing will lead to different learning outcomes. In other words,
investigations of learning involve studying how students experience the object of learning, and investigations
of classroom learning involve analyses of opportunities that are afforded to students to experience the object
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of learning. Sfard (2002) define learning mathematics as an initiation to a certain type of discourse. The word
discourse is used to denote any specific act of communication, whether verbal or not, whether with others or
with oneself, whether synchronic or asynchronous.

The teachers’ understanding of the teaching of algebra, as well as their understanding of algebra as a content
for teaching, both influence their ways of teaching algebra and the students’ ways of coping with it. Although
the teachers follow the same curriculum, the way they shape the contents is based on their own understanding
of the subject as a whole. In algebra we operate with a range of mathematical sign systems such as graphs,
algebra code and tables on a variety of mathematical objects (Filloy & Sutherland, 1996). Students use the
sign systems, which are derived from the mathematics culture, for a communicative and hence social function
within the mathematics classroom. The transition from arithmetic to algebra is not a simple one. Algebra is
not just an extension of the numerical domain and is not just a question of symbolism. Many of the concepts
of arithmetic appear to be the same in algebra but actually assume different meanings. The teachers are
shaping algebra as an “object of teaching” (Carlgren & Marton, 2000), and the object thus formed is what the
students direct their awareness against. The shaping of the object of teaching may vary between different
teachers, which results in variation in what the students are afforded in terms of learning opportunities.

Pong & Morris (2002) argue that proximal variables, especially those directly related to instruction, are more
powerful in improving pupil learning than distal variables. They point to the “object of learning” as amongst
the most neglected proximal factors which affect achievement. They also introduce the concept of the
“enacted object of learning” i.e., the object of learning that students can possibly experience in the classroom.
Runesson (1999) looks at how the object of learning (computation of fractional numbers and percent) is
handled by five teachers in secondary school. The study shows that what varies and what is invariant is of
fundamental importance for what can be learned.

Hattie (1999) identified “feedback” as “the most powerful single moderator that enhances achievement”.
Hattie defined “feedback” as the activity of “providing information on how and why the child understands
and misunderstands, and what directions the student must take to improve”. Bennett et al (1984) pointed out
that there is a strong need for teachers to take a diagnostic stance towards teaching, and to fulfil such a need
they need to achieve the knowledge of how a wide range of students typically respond to a certain content,
their cannon errors and misconceptions. I see a distinction between an error, i.e. erroneous response to a
question, and a misconception (systematic mistakes), which may be part of a faulty cognitive structure that
causes, lies behind, explains or justifies the error. Some errors may be symptomatic of a misconception, a
prototypical way of thinking or an intuition. But misconceptions may sometimes be more than simply a
justification for an error.

Brekke et al, (2000) used the notion of a diagnostic way of teaching. Diagnostic teaching is based on the fact
that it is possible in practice to identify the students’ previous knowledge before the new units, and the
misunderstandings and obstacles the students usually face when developing different conceptions in
mathematics. The following phases can schematically (Brekke et al, 2000) be identified in the diagnostic
teaching: identify the students’ misunderstandings and partially developed conceptions, forming the teaching
so that possible misunderstandings or partially developed conceptions are put in evidence (cognitive conflict),
solving the cognitive conflict through discussions and reflections in the teaching, using the widened (or new)
concept in various situations.

Aims

The general aim of the present research project has two different foci, but those are united in the overarching
question of the shaping of an object for teaching and learning:

1. To study how students’ algebraic thinking develops, how they move from one way of understanding to
another, and how their knowledge, skills, and ways of relating to the content change.
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2.    How teachers think about their teaching of algebra, to what extent and in which ways they are aware of
       students’ possible problems in understanding the content, and how the teachers give explanations and
       clarify students’ problems in understanding.

Method

The pilot study was performed in two upper secondary schools in the south-eastern part of Sweden during the
spring term 2002. Students and teachers were selected from three different upper secondary school programs.
A total of 111 students took a diagnostic test (Step 1). The test was given after the students had studied the
algebra part of Mathematics B. On the basis of the test results, 10 students were selected (in co-operation with
the teachers) for an individual session, a post-test, and an interview (Steps 2-4), whereas 10 other students
constituted a control group, taking the post-test. Four teachers took part. The design included four steps:

Step 1: Pre-Test    

The students took a diagnostic test with five tasks. The tasks that were chosen for the test covered the core
parts of the algebra contents of course B in mathematics for upper secondary school, according to the
curriculum. As some tasks were possible to solve both with graphic and algebraic methods, the students were
allowed to use a calculator. Maximum time allowed was 60 minutes.

Step 2:  The teachers’ analysis of the diagnostic test

In collaboration with the teachers, I chose, based on the test results, 10 students to investigate more closely.
The teachers (who taught in the classes respectively) explored the solutions of the selected students, analysed
and described carefully what they thought the students needed to improve in their knowledge and planned the
instruction that was needed to assist the students to develop their knowledge. The teachers themselves could
choose what aids and artefacts they wanted to use to help the students with their problems.

Step 3: Individual instruction

Ten students (two from each class) who were achieving at average level (according to the teacherś
judgement) and whose solutions in the test had most variations were selected for individual instruction that
was video-taped. Nine individual sessions of instruction took place and each video sequence took about 25
minutes (one student from the group did not participate in the individual instruction). The recording focused
on the discussions between teacher and student. In the individual instructions the teachers only used paper and
pencil. No other aids were used. Some examples of teacher intervention are referring to the areas of
difficulties related to notation and convention (task 1), or interpretation of letters (task 2, 3), etc.

Step 4: Post-diagnostic test

After the individual instruction (three weeks after all individual sessions were completed) I chose two more
students from each class, who together with the other nine students again carried through the test, now as a
post-test. The choice was made from their variation in solutions of the pre-test and according to the judgement
of the teachers of them as average-level during the year.

Step 4: Interviews

I carried through individual interviews with the nine students (shortly after the post-test) in order to be able to
study the development of the conceptions of each student and their thoughts and opinions after the individual
instruction.  I used the clinical interview structure (Piaget, 1973, s2-10). The interviews were tape-recorded.
Here follow some examples of the questions the students were asked: How did you think?, What does the
answer mean? What is the question asking you to do? What does…….mean?, etc.
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Video sections and interviews were transcribed and analysed. The results of the pilot study were presented at
the CERME 3 conference (Olteanu, Grevholm & Ottosson, 2003). I here briefly present the exercises of the
pre and post-tests and some results.

Results of the pilot study’s and discussion

The first task consisted of two tables, where students were supposed to mark the correct alternative/s. In the
first and second table of the first task, the results are presented in the following way: in the first column, all the
students are represented, in the second and third columns, the control group is presented before and after the
individual instruction and in the fourth and fifth columns, the investigated group is presented before and after
the individual instruction.

Table 1

Nr Task Alternative  A Alternative  B Alternative  C

1. - 2x + 3x = - 5x 2 1 -6x2 1 1 x 108 10 10 8 8

2. 7 3x x⋅ = 10x 21x2 109 10 10 9 9 7 3 x⋅ ⋅ 2

3. 2x2 + 3x = 5x3 11 1 1 2 can not be
simplified

87 8 8 7 8 5(x2 + x) 12 1 1 1

4. 2 ⋅ (3 ⋅ x) = (2 ⋅ 3) ⋅ (2 ⋅ x 24 4 4 4 1 (2 ⋅ 3)+(2 ⋅ x) 24 4 3 2 3 6x 63 1 3 3 7

5. - 6 ⋅ (x - 7) = - 6x + 42 99 10 8 9 8 - (6x + 42 ) 6 1 - (6x - 42) 39 2 4 1 5

6. 2x - 3 = 3 - 2x 19 2 2 3 4 - ( 3 - 2x ) 36 1 4 3 3 - (- 2x + 3) 39 8 7 3 7

The results confirm that students have not overcome some epistemological obstacles, such as the different
roles and meaning of the minus sign and the use of parenthesis. The distributive law causes trouble for some
students.  There are students who still see an algebraic expression as an operation and not an object (Sfard,
1995). That less than half of the students know that alternative B and C are correct in task 6 in table 1 is
serious. Almost 20 % of the students believe that it is possible to commute the numbers in a subtraction
(alternative A).

Table 2

1 2(x + 1)(x -3) = (2x + 2)(x - 3 ) 57 6 7 4 7 (x +1 )(2x - 6) 22 2 4 2 2 (2x+2)(2x- 6) 47 3 2 4 4

2 ( - 3x - 2 )2 = - (3x + 2)2 22 4 2 3 1 - 9x2 -12x - 4 0 1 0 2 3 9x2 + 12x + 4 86 5 10 4 6

3 (4x – 5)(5+ 4x ) = 16x2 - 25 86 8 9 9 9 4x2 - 25 3 1 0 0 0 25 - 16x2 14 0 0 0 0

4 36x2 + 60x + 25 = (6x - 5 )2 9 2 1 0 0 (6x + 5 )2 85 7 9 7 9 (6x-5)(6x+ 5) 11 0 0 1 1

5 - 49x2 + 16 = - (7x + 4 )(-7x - 4 ) 11 3 2 1 1 - (7x + 4 )(7x - 4 ) 52 7 4 4 4 (4-7x)(4+7x) 60 4 6 5 7

In table 2 the tasks are more complicated and the obstacles that students meet are still more obvious. It is
notable that every fifth student chooses alternative A in task 2 in table 2. If the student works through tasks
with the manipulation of different rules instead of trying to understand the meaning of the whole expression it
might cause confusion in later stages. If arithmetic students do not interiorise (Sfard, 1994) calculations this
causes problems when a combination of quadratic rules, the conjugate rule, the minus sign, and parenthesis
are used. The problems are also a consequence of the fact that students have difficulties making comparisons
and generalisations. The following episode is a good example of the insecurity shown by students concerning
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the mathematical symbols and terminology. In the table one, exercise 5, one student (E3) only chose
alternative A.

Video recording (L1, E3)

T: There (the teacher points at respective exercise on the test) you have done the first, but there is one more
solution, but it’s very hard to see it because you’re not used to factorise here (what is said is
incomprehensible), what has been done here, is that only 6 has been multiplied, then the token is left and 6
times x, that it is –6x, and 6 times 7 is 42.
P: Hm…..

After the individual instruction, the student chose alternative B.

Interview E3

I: You write that –6(x-7) is the same as –(6x+42). How did you think?
S: I thought that I want to multiply by 6 and then minus, minus becomes plus and then 6 times 7 is 42…
Actually I don’t know… it is difficult when there are so many alternatives…then I get confused…

Task 2: The difference of two numbers is 11. If you multiply the smaller of the numbers by 2 and the bigger by
3 and add the numbers the sum is 13. Which are the numbers?

Many students found the interpretation to mathematical language difficult. Also, students who could interpret
the text, could not solve the problem or gave solutions that did not match the mathematical situation. Students
interpret the word difference as linked to addition or multiplication. Students who interpret the first part
correctly have difficulties interpreting the second part depending on problems with the interpretation of which
number is the biggest and which is the smallest. Students who make a correct interpretation and formulate the
equation system have problems solving it. They use different solving methods (numerical, algebraic) but no
student makes a graphical solution. The following episode shows how the student understands the teacher's
explanation concerning the solution of the equations system.

A student (E1) gives the following solution to the exercise two.

                            

Video recording (L2, E1)

T: There you kind of have to make an assumption (the teacher points at respective exercise on the test). If you
interpret this correctly, it is here written that the difference between two numbers is .
S: Yes…(drawling voice)
T: If you assume that this is x (the teacher writes down the exercise on a paper), then the other can be x + 11
(the teacher writes down the exercise on a paper) or, if you want x – 11, but you can take x + 11, and then this
is (the teacher points at respective exercise on the test) bigger (the teacher wants to continue with the
explanations)…



6

S: Yes…
T: …and then you get an equation here, and what are you going to do with it (the teacher poses a question to
himself), yes, if you multiply the lesser number with 2 (the student looks at what the teacher is writing) you get
2x (the teacher wants to continue with the explanations)…
S: Ok…
T: …the bigger with 3 (very short pause, less than 1s), yes, the bigger is x + 11, and then there is (the teacher
reads respective exercise) add the number, and the sum is (the teacher points at respective exercise on the
test) that (the teacher wants to continue with the explanations)…
S: Nods in agreement.
T: …and there you have that equation and you have to solve the other.
S: Yes, yes…

After the individual instruction the student gives the following solution:

                           

Interview (E1)
I: In task number 2 you show that you have not understood how to solve an equation system. How did you
think here?
S: I did not think with an x as my teacher did… I think that from two numbers I will get one number and then I
multiply x by 2 and then x by 3 and it will be 13…
I: You use x for two different numbers…
S: Yes, that’s it… it must be something with minus… (the pupil writes on paper)
2⋅ -1=-2
          +     =13  I do not know…
3⋅ 5=15

The third task should reveal if the students can interpret algebraic information to normal language and if they
could solve a task with given algebraic information.

Task 3: Åsa and Torbjörn work at a summer camp. The children at the camp are served middle milk (1.5 %
fat). One day they get a delivery that contains only light milk (0.5 % fat) and standard milk (3 % fat). They
decide to mix the two kinds of milk. Åsa writes on a note a litres of light milk and b litres of standard milk:

a + b = 10   (1)
0.005a + 0.03b = 0.015⋅10    (2)

a) Explain what equation 1 means.
b) Explain what equation 2 means.
c) How much milk of each kind should they mix?

Seven students did not answer a), 11 not b) and 64 not c). After the instruction several students in the
investigated group changed their interpretation about the first equation through a good translation from the
mathematical language to the common language, but in the second equation, the translation creates more
difficulties. The students in the control group do not change their opinion about how to translate this equation,
comparing with the investigated group where the number of students that translate the equation correctly
increases from 7 to 9 students. After instruction there were still 4 students from the investigated group unable
to solve the system, while the control group showed improvements.
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Task number 4 uses an idea from Ekenstam and Nilsson (1979). Each task is created from the next one
adding one difficulty at a time, which can make it possible to find out which step in the solution process that
causes most obstacles and where in the sequence the students can not come further. The chosen problems in
task 4 were: Solve the following equations:

a)    4x –1 = 0                                         b)  2x + 1 = x + 3
c)      x – 3 = 4x – 1                        d) ( x + 2) + ( x + 1) = 0
e)     ( x – 3) – ( 4x – 1) = 0          f)  x2 – 6x – 7 = 0

   g)     – 2x2 + 12x + 14 = 0              h)    x2 –  ( 4x2 – 12x + 9 ) = 0
i)   (x – 3)2 – ( 4x – 1)( x – 3 ) = 0

The results show some difficulties in solving equations: the student solves a second degree equation instead of

first degree equation; operations are mixed up e.g. x = -1 - 4; x2 = 6x +7 which gives
2 6 7x x= + , which

gives x = 2,44x + 2,6; students divide the whole equation with –2x2 and get  –6x – 7 = 0; solve x2 =0 and 4x2

–12x +9=0 separately; x2 – 4x2 = 3x2; many students have not understood how to use the formulae for second
degree equations.

The videos show that the students have problems not only with understanding what the teacher means when
he explains what kind of mistake the students made but also explaining what they mean themselves when
they explain their thoughts to the interviewer. The reason for this might be that the earlier communication in
algebra took place without a consequent use of the algebraic language. The confusion of the students in the
individual sessions indicates this. The students became doubtful and thought only of using procedural rules.

After the individual session it is obvious that the more the difficulties of the problems increased the more
insecure the students became concerning numerical calculations and algebraic simplifications. The video
sequences from the teachers’ explanations indicate that the teachers do not take the students’ problems with
the solving of equations seriously. One teacher says: “In equation b) and c) you made some minor lapses…
but I am sure you can solve them…”. Still, the student made the same mistake in the post-test. Concerning
equation h) and i) another teachers says:”… they are difficult for you and you do not need to be able to solve
such equations…”..

The following episode shows that the students’ confusion about solving equations of second degree has not
disappeared after the individual session. These depend on a serious misunderstanding from the student. The
student (E6) solves the equation in the following way:

                              
Video recording (L3, E6)

T: That (the teacher points at the student’s solution) I don’t know why you didn’t do it, did you forget how to
solve equations of the second degree (the teacher looks at the student and the student questioningly look at the
test paper)?
S: How does it look?
T: What? It’s only if you have (the teacher writes down what he himself is saying on the paper, x2 – 6x – 7 =
0), x equals half of it (the teacher points at –6), and that is plus (very short pause, less than 1s, the teacher
wants to continue with the explanations), you shall change token too, plus, minus, this (the teacher points at
what he himself wrote), is this formula, you know (the teacher wants to continue with the explanations)…
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S: Yes, that’s right that weird one (the student looks at what the teacher is writing during this time)!
T: x2 + px + q, and then 9 plus 7 (the teacher continues to write a solution for the chosen equation on the
paper). Normally, you are supposed to know it!

 After the individual instruction, the student gives the following solution:

Interview (E6)

I: You had the equation x2 – 6x – 7 = 0. How do you solve it?
S: I move the 7 to this place (students writes x2 – 6x = 7) and then… (thinks)… I move this also (student writes
x2 = 6x + 7) … and then I take the square root and it becomes… (thinks)… square root of 6x plus… I do not
know, my brain is soft…

I:  In the test you write 
2 6 7x x= + . How did you think?

S: I have x2 and then I thought that I will take square root of both sides to get out x…

The communication between student and teacher is in six cases of nine developing into a monologue, where
the teacher explains, writes on paper and students listen. The feedback from the teacher does not meet the
needs of the student (Hattie, 1999). The enacted object of learning (Pong & Morris, 2002) is what appears in
the classroom. It is constituted jointly by the teacher and the students and mediated by discourse (Sfard, 2002).
To understand what was the nature of the discourse in the classroom and how this discourse influenced the
enacted object of learning I have developed my pilot study.

From the pilot study to the main study

The object of learning (Pong & Morris, 2002) is constituted by both the students and the teacher in the
classroom. Since I could not get any conclusions about how algebra in mathematics course B was constituted,
from my pilot study, the design has now been developed and is the base for a new collection of data (with
new teachers and students). The new design consists of the following steps:

1. Students carry out a diagnostic test of course A in mathematics for upper secondary school.
2. I will follow the lessons of the class in course B in mathematics and video-tape them.
3. The students carry out a diagnostic test of course B in mathematics. From the results of the students on

the test and the judgement of the teacher, I will make a closer investigation of three students in each class
(average-level students).

4. The teachers that take part in the study will:
-   investigate the solutions of three students

  -   analyse and carefully describe what each student can improve in his knowledge and/or
       reasons for the unsatisfactory conceptions of the student
-   construct and describe a lesson plan for the instruction that is needed to help the student
-   choose the aids and artefacts needed to assist the student

5. The teachers prepare the individual instruction (students will be taught one at a time) in the way they think
will be the best to improve the understanding of the student. They can choose any material they want to
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use for this. The individual instruction will be video-taped. They themselves plan when they want to
make the lesson.

6. The students will take a second test that contains of tasks that deal with the concept the student needs to
develop further.

7. To get a clearer picture of the results of the students in the two tests, I will carry out interviews with the
students and the teachers and I will look at the video together with them and analyse and discuss it.

Concluding discussion

Hattie’s notion of feedback draws my attention to the need for teachers to discover the sources of students’
errors, direct the students’ attention to them, and to become sensitive to the different ways students make
sense of what they are supposed to learn (Pong & Morris, 2002). The post-test reveals that the teachers’
instructions are not giving much result in the change of students’ thinking. The feedback (Hattie, 1999) was
neglected by teachers, and the teachers were not able to intervene in more varied (Runesson, 1999) and
productive ways, they do not use complementary material in the instructions, e.g. pictures, figures,
representations, and concrete materials.

The teachers and students have worked together with algebra for a substantial period of time and should know
each other’s ways of thinking well. Still the results indicate that teachers and students are not used to
communicate deeply about the students’ actions in problem solving and ways of reasoning. The videotaping
that the main part of the individual session revolved around some stereotyped appellations and symbols
instead of solving the cognitive conflict through discussions and reflections, and helping the students to
overcome their errors and misconceptions (Benett and al, 1984).

The results of the pilot study show that there were important differences between the intended object of
learning and the enacted object of learning. Since the teaching act has an important effect on how students
experience the object of learning (Marton & Booth, 1997), it is important that teachers become aware of the
fact that there often is a gap between what they teach, and the resulting “enacted” object of learning (Pong &
Morris, 2002) as experienced by students. Therefore, teachers should listen carefully to how students express
their understanding of what has been learned. Is it possible that the teachers with the help of   diagnostic
teaching (Brekke et al, 2000) find out the students’ level of knowledge, adjust their explanations to that and in
that way influence common practice?

References

Bednarz, N., Radford, L., Janvier, B. & Lepage, A. (1992). Arithmetic and algebraic thinking in problem-
solving. In W. Geeslin & Graham (Eds.), Proceedings of the 16th conference of the International Group for
the Psychology of Mathematics Education (Vol. 1, pp. 65-72). Durham, New Hampshire: program
Committee.
Bennett, N., Desforges, C., Cockburn, A. & Wilkinson, B. (1984). The quality of pupil learning experiences.
NJ: Lawrence Erlbaum Associates.
Brekke, G. & Grønmo, L. S. & Rosén, B. (2000). Veiledning til algebra. Nasjonalt læremiddelsenter. Oslo
Universitet.
Carlgren, I. & Marton, F. (2000). Lärare av i morgon. Stockholm: Lärarförbundets förlag.
Ekenstam, A. & Nilsson, M. (1979). A new approach to the assessment of children’s mathematical
competence. Educational Studies in Mathematics 10, 41-66
Ekenstam, A. & Greger, K. (1987). On children’s understanding of elementary algebra. Journal of structural
Learning 9, 303-315.
Filloy, E. & Sutherland, R (1996). Designing Curricula for Teaching and Learning Algebra. In A. J. Bishop,
K. Clements, C. Keitel, J. Kilpatrick & C. Laborde (eds.) International Handbook of Mathematics Education,
Vol 4, Part 1. (pp. 139 – 160), Dordrecht, The Netherlands: Kluwer.



10

Hattie, J. (1999). Influences on student learning. Inaugural lecture: Professor of Education, University of
Auckland. August 2. http://www.arts.auckland.ac.nz/edu/staff/jhattie/Inaugural.html
Herscovics, N. (1989). Cognitive obstacles encountered in the learning of algebra. In S. Wagner & C. Kieran
(Eds.), Research issues in the learning and teaching of algebra (pp. 60-86). Reston, Virginia: National
Council of Teachers of Mathematics.
Johansson, B. (1998). Förkunskapsproblem i matematik?. Rapport inst. f. ämnesdidaktik, Göteborgs
Universitet
Högskoleverket (1999). Räcker kunskaperna i matematik?
http://www.hsv.se/sv/CollectionServlet/42/50/64/823.html
Högskoleverket. (2002). Utvärdering av matematikutbildningarna vid svenska universitet och högskolor.
Stockholm: HSV.
Kieran, C. (1981). Concepts associated with the equality symbol. Educational Studies in Mathematics, 12,
317-326.
Linchevski, L. & Herscovics, N. (1994). Cognitive obstacles in pre- algebra. In J.P da Ponte & J. F. Matos
(Eds.). Proceedings of the 18th conference of the International Group for the Psychology of Mathematics
Education (vol. 3, pp. 176-183). Lisabon, Portugal: Program Committee.
MacGregor, M. & Stacey, K. (1993). Cognitive models underlying students’ formulation of simple linear
equations. Journal for Research in Mathematics Education, 24 (3) 217- 232.
MacGregor, M. & Stacey, K. (1995). Backtracking, brackets, BOMDAS and BODMAS. Australian
Mathematics Teacher, 51 (3) 28 – 31.
MacGregor, M. & Stacey, K. (1998). Cognitive models underlying algebraic and non- algebraic solutions to
unequal partition problems. Mathematics Education Research Journal, 10 (2) 46 – 60.
Marton, F. & Booth, S. (1997). Learning and Awareness. New York: Lawrence Erlbaum.
Olteanu, C. (2000). Varför är skolalgebra svårt?, Rapport Högskolan Kristianstad.
Olteanu, C.(2001).Vilka är elevernas svårigheter i algebra?, Rapport Högskolan Kristianstad.
Olteanu, C., Grevholm, B., & Ottosson, T. (2003). Algebra in upper secondary school a study of teachers'
teaching and student learning, Third Conference of the European Society for Research in Mathematics
Education. http://www.dm.unipi.it/~didattica/CERME3/WG6/TG6-list.html
Persson, P. & Wennström, T. (2000). Algebraisk förmåga och förståelse. Nämnaren 27(2), 55-61.
Persson, P. & Wennström, T. (1999, 2000, 2001). Gymnasieelevers algebraiska förmåga och förståelse,
Rapport I, II, III, IV, V, VI, Högskolan Kristianstad.
Piaget, J. (1973). The Child’s Conception of the World. Frogmore St Albans: Paladin.
Pong,  W. Y. & Morris, P. (2002). Accounting for Differences in Achievement. In Marton, F. & Morris, P.
(eds.). What Matters?. Göteborg: Acta Universitatis Gothoburgensis. s.9 – 16
Robitaille, D. F. et al (1993). Curriculum Framworks for Mathematics and Science. TIMSS Monograph No 1.
Vancouver: Pacific Educational Press.
Runesson, U. (1999). Variationens pedagogik. Göteberg: Acta Universitatis Gothoburgensis.
Skolverket (2000). Skolverkets föreskrifter om kursplaner och betygskriterier för kurser i ämnet matematik i
gymnasieskolan. Stockholm: SKOLFS 2000:5
Ryan, J. & Williams, J. (1998). The search for pattern: Student understanding of the table of values
representation for function. In C. Kanes, M. Goos, & E. Warren (Eds.), Teaching Mathematics in New Times.
Proceedings of the 18th annual conference of the Mathematics Education Research Group of Australasia
(vol. 2, pp. 492-499). Brisbane: Mathematics Education Research Group of Australasia.
Sfard, A. (1994). Reification as the birth of metaphor. For the learning of mathematics, 14(1), 44-55.
Sfard, A. (1995). The development of algebra: Confronting historical and psychological perspectives. Journal
of Mathematical Behavior, 14, 15-39.
Sfard, A. (2002). The Interplay of Intimations and Implementations: Generating New Discourse with New
Symbolic Tools. The Journal of Learning Sciences, 11(2,3), 319-357.
http://www.talkbank.org/data/class/JLS-PDF/


