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Abstract

The mathematical modelling of the reaction and diffusion mechanism of lipophilic
toxic compounds in the mammalian cell is a challenging task because of its consider-
able complexity and variation in the architecture of the cell. The heterogeneity of the
cell regarding the enzyme distribution participating in the bio-transformation, makes
the modelling even more difficult. In order to reduce the complexity of the model, and
to make it less computationally expensive and numerically treatable, Homogenization
techniques have been used. The resulting complex system of Partial Differential Equa-
tions (PDEs), generated from the model in 2-dimensional axi-symmetric setting is
implemented in Comsol Multiphysics. The numerical results obtained from the model
show a nice agreement with the in vitro cell experimental results. The model can
be extended to more complex reaction systems and also to 3-dimensional space. For
the reduction of complexity and computational cost, we have implemented a model
of mixed PDEs and Ordinary Differential Equations (ODEs). We call this model as
Non-Standard Compartment Model. Then the model is further reduced to a system
of ODEs only, which is a Standard Compartment Model. The numerical results of the
PDE Model have been qualitatively verified by using the Compartment Modeling ap-
proach. The quantitative analysis of the results of the Compartment Model shows that
it cannot fully capture the features of metabolic system considered in general. Hence
we need a more sophisticated model using PDEs for our homogenized cell model.





Preface

This thesis consists of two parts. In the first part, I have presented the introductory chapters
in order to understand the background for the second part. The second part contains two
papers. A very short description of these papers are appended below:

Paper 1

Simulation of Transport of Lipophilic Compounds in Complex Cell Geometry,
Qasim Ali Chaudhry, Michael Hanke and Ralf Morgenstern.
Proceedings of the COMSOL Conference, Milan, 2009.

The author of this thesis contributed to the ideas, performed the numerical computations
and wrote the paper except the biological and chemical processes in the model description.
The author has presented the paper in Comsol Conference, 2009.

Paper 2

On the Numerical Approximation of Drug Diffusion in Complex Cell Geometry,
Qasim Ali Chaudhry, Michael Hanke and Ralf Morgenstern.
To Appear in ACM digital library, ISBN 978-1-60558-642-7.

The author of this thesis contributed to the ideas, performed the numerical computations
and wrote the paper. The author has presented the paper in International Conference on
Frontiers of Information Technology, Abbotabad, 2009.
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Introductory Chapters
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Chapter 1

Introduction and Background Study

Although, the mathematicians have done great progress in the field of genetics, even then,
the mathematical theory of Cancer is still like a figment of the imagination. The reasons
for this problem are the diversity of this disease and the complexity of the cell model.

“When Renee Fister (a mathematician at Murray State University in Kentucky), was
three years old, she lost her younger brother, then 18 months old, to cancer. Growing up, she
hoped to go to medical school so that she could fight the disease that claimed her brother.
But along the way, she discovered that she didn’t have the stomach for medicine—and that
she liked mathematics a lot. She changed her plans, but reluctantly”. “I thought I wouldn’t
be able to work on cancer any more,” she says. [1].

Computational approaches are distinctly increasing in order to analyze the complex bio-
logical and physio-chemical systems such as cellular metabolism and signaling pathways. A
series of theoretical and computational techniques have been implemented to represent the
correct phenomena of the physio and bio-chemical processes such as diffusion, binding in-
teractions, membrane transportation and compartmentalization in order to get the reliable
results. The diversity and heterogeneity of the mammalian cells make the models highly
complex and multiscale with respect to space and time. The applicability of the different
methods together with the mathematical tools to the different examples from protein engi-
neering and assembly, enzyme catalysis and the description of the lipid bi-layers at different
scales have been presented in [2].

A report released by the U.S. National Academy of Sciences gives an imagination of
a Not So Distant future by stating that, almost all the routine toxicity testing would be
conducted in human cells or the cell lines in vitro by evaluating cellular responses in a suite
of toxicity pathway [3]. In order to make this new idea of the future of toxicity testing a
reality, a very broad scientific study is needed.

The mathematical formulation of the reaction and diffusion systems, the complexity and
the robustness of the cellular systems, multiscale modelling techniques in systems biology
and the techniques for the numerical simulations for the biochemical kinetics can be found
in [4].

The present investigations are motivated by collaboration between the Numerical Anal-
ysis group at Royal Institute of Technology (KTH) and a research group at the Institute
of Environmental Medicine, Karolinska Institute (KI). The lack of related literature, the
cellular modelling tools for lipophilic compounds and the cellular models that can be tested
and verified against experiment, not only creates lot of difficulties in order to understand
the mechanisms of toxicity and geno-toxicity, but motivates us at the same time also for
our research.

3



4 CHAPTER 1. INTRODUCTION AND BACKGROUND STUDY

“When one admits that nothing is certain one must, I think, also admit that

some things are much more nearly certain than others.”

Bertrand Russell

In the first chapter, we will give some fundamental concepts including some basic definitions
so that the reader may understand the remaining chapters easily. Here we will also give
a short overview of the mathematical model of the system. In Chapter 2, we will discuss
the Homogenization approach. In the 3rd chapter, we have discussed the Compartment
Modelling approach for our cell model. In chapter 4, we will talk about the numerical
simulations and results, and in the last chapter we conclude the thesis and discuss future
directions.

1.1 Diffusion

Diffusion is the phenomenon of transportation of molecules from a region of higher concen-
tration to a region of lower concentration. This process results in mixing of the material.
We will denote the diffusion coefficient by D in this thesis.

Suppose, the concentration of the diffusing species in any domain Ω is [C], then the rate
of change of [C] will be represented by using the concept of Fickian diffusion as:

∂

∂t
[C] = ∇ · (D∇[C]) (1.1)

1.2 Chemical Reaction

A chemical reaction is a process that leads to the transformation of one set of chemical
substances to another [5]. Suppose, there is a chemical reaction,

A
k

−→ B

where k is the reaction rate constant. Then for the concentrations, it holds,

∂

∂t
[A] = −k[A]

∂

∂t
[B] = k[A]

where [A] and [B] denote the concentrations of the species A and B respectively. The above
equations are a simple case of the Law of Mass Action.

1.3 Mathematical Model

The model describes the uptake of different chemicals into the mammalian V79 cells. Poly-
cyclic Aromatic Hydrocarbons (PAH) are ubiquitous environmental pollutants formed from
incomplete combustion. PAH can be metabolized to reactive intermediates that react with
protein and DNA and thereby cause toxicity and cancer. Different PAH form a large variety
of reactive intermediates of which some are more or less carcinogenic. These experimen-
tal investigations have been done by a research group at the Institute of Environmental
Medicine, Karolinska Institute (KI).
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In order to understand the major principles that govern the cellular fate of reactive
intermediates formed from PAH, and why some are carcinogens and others not, we have
developed a computational tool to model the diffusion and reactions taking place. Our com-
putational domain consists of extracellular medium, cellular membrane, cytoplasm, nuclear
membrane and the nucleus. The complete phenomenon of reaction and diffusion within and
outside the cell is sketched in Figure 1.1.

Figure 1.1: Diagram of Quarter Part of an axi-symmetric cell (not to scale) displaying
reactions and diffusion in and around a cell.

In our system, no reactions take place in the membranes/lipids but are available in the
aquas/watery part. PAH Diol Epoxides (PAH DEs) which are referred to C in our model,
react with water (hydrolysis) to produce PAH tetrols which are referred as U. This process
is available in the watery part of the cell and the extracellular medium. In the cytoplasm,
PAH DEs also undergo conjugation, which gives rise to Glutathione conjugate which is
referred as B in the model. The reactions in the cytoplasm result in the degradation of the
harmful PAH DEs. The PAH DEs react with DNA in the nucleus to produce DNA adducts
which have been denoted by A in the model. These DNA adducts can cause cancer. Since
we assume that the concentration of water, GSH and DNA are constant in their respective
sub-domains, hence, we get a linear system of equations for the reactions.

The above model was considered in [7] and the system was considered in 1-Dimensional
space, but in this thesis, we have taken our model as 2-Dimensional axi-symmetric. The
main advantage of 2-D model is that, we have considered a cell geometry in [Paper 1] which
is rather close to the real cell geometry in nature, whereas the 1-D model can only capture
the spherical geometry that is far from the real geometry of the cell, and we have observed
in [Paper 2] that the cellular geometry plays an important role in the approximation of
reaction and diffusion systems in the cell. Some modelling assumption [8], used by us are
summarized here:

• On the microscopic view, we observe that the structure of the cytoplasm is very
complex. It contains many thin membranes as shown in Figure 1.2. We assume these
membranes as layered structures.

• On the large scale, we assume that the volume of the cytoplasm contains an unordered
set of small-scale substructures, which are uniformly distributed over the volume.
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• The physical and chemical properties of the cytoplasm and the membranes are uni-
form. The diffusion coefficients will be constant in their respective sub-domains as
the consequence of this assumption.

• We adopt the continuum hypothesis meaning that; the distribution of the substances
will be described using the concentrations.

• The jump condition in the concentration between the two sub-domains can be conve-
niently described by the partition coefficients.

Figure 1.2: The detail of an Epithelial rat cell showing the Golgi-apparatus. Copyright Dr.
H. Jastrow

Quantitative Model

The reaction and diffusion system in the cell is very complex due to the complexity of the
cell structure. The model in Figure 1.1 is considered to capture the essential details.

In order to distinguish among the concentrations within the different sub-domains, we
add an index. For example, we denote C in nucleus by C5. Similarly the diffusion coefficient
will also denoted by Dindexof domain.

The following simplified diagram shows the complete reaction and diffusion system along
with the five sub-domains of the cell.
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Figure 1.3: Simplified form of the quarter part of an axi-symmetric cell (not to scale)

The above system gives rise to the following set of partial differential equations for each
sub-domain.

• Sub-domain 1 (extracellular medium)

In this sub-domain, we have the following chemical reaction,

C
kU−−→ U

where C and U also diffuse through the sub-domain. Hence we get the following PDEs:

∂

∂t
[C1] = ∇ · (D1∇[C1]) − kU [C1] (1.2)

∂

∂t
[U1] = ∇ · (D1∇[U1]) + kU [C1] (1.3)

where [C1] denotes the concentration of C1 and the subscripts are used to denote the sub-
domain number.

• Sub-domain 2 (cell membrane)

There is only diffusion process in this domain, but no chemical reaction is taking place,

∂

∂t
[C2] = ∇ · (D2∇[C2]) (1.4)

∂

∂t
[U2] = ∇ · (D2∇[U2]) (1.5)

• Sub-domain 3 (cytoplasm)

In this sub-domain, we have the following reactions,

C
kU−−→ U,

C
kB−−→ B.

Only C and U are subject to diffusion. Let us denote the domain of cytoplasm by G. Since
the cytoplasm contains lot of cell organelles, hence, we divide the cytoplasm into two parts:
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• Aqueous (water) part, Gw

• Lipid part, Gl

i.e, G = Gw ∪ Gl

The lipid part consists of thin membranes. There is no chemical reaction in the membrane
part. So the reactions are only active in the aqueous part. Hence, we get the following
PDEs,

∂

∂t
[C3,w] = ∇ · (D3,w∇[C3,w ]) − (kU + kB)[C3,w] (1.6)

∂

∂t
[U3,w] = ∇ · (D3,w∇[U3,w]) + kU [C3,w] (1.7)

∂

∂t
[B3,w] = kB [C3,w] (1.8)

∂

∂t
[C3,l] = ∇ · (D3,l∇[C3,l]) (1.9)

∂

∂t
[U3,l] = ∇ · (D3,l∇[U3,l]) (1.10)

Even though B undergoes diffusion in the cell, yet, we neglect the diffusion of B in the
cytoplasm because we are interested in the complete amount of B produced by the cell.

• Sub-domain 4 (nuclear membrane)

Similar to sub-domain 2, we have following PDEs,

∂

∂t
[C4] = ∇ · (D4∇[C4]) (1.11)

∂

∂t
[U4] = ∇ · (D4∇[U4]) (1.12)

• Sub-domain 5 (nucleus)

In this sub-domain, we have the following reaction system,

C
kU−−→ U,

C
kA−−→ A.

Hence the PDEs take the form:

∂

∂t
[C5] = ∇ · (D5∇[C5]) − (kU + kA)[C5] (1.13)

∂

∂t
[U5] = ∇ · (D5∇[C5]) + kU [C5] (1.14)

∂

∂t
[A5] = kA[C5] (1.15)
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Interface Conditions

Since the species C and U must dissolve into and out of the lipid (membrane) phase for the
sake of transportation, at the interface between the different sub-domains, hence, we need
interface conditions. The conservation of mass leads to the continuity of flux between the
different phases. The interface conditions for the concentration between the aqueous and
membrane phases, are described by the dimensionless partition coefficient KP,S (Partition
coefficient is defined as the ratio of the concentrations of a chemical compound at two
different phases [6]). Hence the interface conditions at the interfaces between sub-domain
1 and 2, and sub-domain 4 and 5 take the form,

[S1] = KP,S[S2] , D1
∂

∂n1
[S1] + D2

∂

∂n2
[S2] = 0 (1.16)

[S5] = KP,S[S4] , D4
∂

∂n4
[S4] + D5

∂

∂n5
[S5] = 0 (1.17)

where S denotes any of the substances C or U , and ni denotes the outward normal vector
of the ith sub-domain. Also,

n1 = −n2 , n4 = −n5

It is due to the presence of both aqueous and lipid part that we have the following interface
conditions in sub-domain 3,

[S3,w] = KP,S[S3,l] , D3,w
∂

∂nw
[S3,w] + D3,l

∂

∂nl

[S3,l] = 0 (1.18)

where nw = −nl. The interface conditions between sub-domain 2 and 3, and sub-domain 3
and 4 have been presented in the next chapter.

Boundary Conditions

We assume our system to be closed. So the domain consisting of extracellular part of cell
is bounded. Hence, at the outer boundary, Neumann Boundary Conditions are needed. i.e.

∂

∂n1
[S1] = 0

Substances B and A are only restricted to the domains 3 and 5 respectively, so again
we have the Neumann Boundary Conditions:

∂

∂n3
[B3] = 0

and

∂

∂n5
[A5] = 0
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Initial Conditions

We assume that, at initial time, only the concentration of C1 is non-zero and having the
value

[C1]|t=0 = [C0]

where all other species have zero concentration at t = 0.



Chapter 2

Homogenization

Homogenization is a general methodology for replacing complex multiscale systems by a
simple one that consists of so-called effective equations. Assuming a certain regular structure
of the system on the micro-scale, the effective equations arise as the limiting system obtained
if the scale ratio of micro and macro scales is tending to zero. Classical applications include
the flow in porous media [13]. There are other applications, for example see [14, 16].

Homogenization has been used in biological applications. These applications include the
study of trabecular bone mechanics [10] and thin-shell formulation [11] etc. The periodic
homogenization has earlier been successfully applied in the context of modelling diffusion
of second messengers in visual transduction [12]. In our model, we will use an iterative
homogenization procedure including periodic and stochastic homogenization approaches
which is new application in the area of cell modelling.

The cell has a very complex geometry and specially the cytoplasm, which is the part of
the cell enclosed by the cell membrane and the nucleus. The cytoplasm contains many
cell organelles such as mitochondria, golgi apparatus, endoplasmic reticulum etc. The
microscopic view of the cytoplasm reveals that it contains very thin membranes. These thin
membranes are so dense geometric structures that if we discretize (1.6)-(1.10) immediately,
we need very small grid cells in order to resolve their geometrical structures, which is
computationally very expensive and practically impossible. Therefore we will derive effective
equations for the cytoplasm. We write (1.6)-(1.10) again as ready reference,

∂

∂t
[C3,w] = ∇ · (D3,w∇[C3,w ]) − (kU + kB)[C3,w] (2.1)

∂

∂t
[U3,w] = ∇ · (D3,w∇[U3,w]) + kU [C3,w] (2.2)

∂

∂t
[B3,w] = kB [C3,w] (2.3)

∂

∂t
[C3,l] = ∇ · (D3,l∇[C3,l]) (2.4)

∂

∂t
[U3,l] = ∇ · (D3,l∇[U3,l]) (2.5)

For deriving the effective equations, we have used Homogenization Techniques. Due to
this process, we will avoid the resolution of the fine structures. This technique has earlier
been introduced in detail in [7]. Now we summarize it here:

The homogenization will be done by using the following steps [7] which will lead us to
derive the effective equations.

11
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• Find an effective diffusion coefficient, D3,S,eff for the homogenized cytoplasm .

• Modify the reaction terms and time constant in such a way that only partial (homog-
enized) concentrations are taken into account.

• Find the coupling conditions of the homogenized cytoplasm to the surrounding mem-
branes.

2.1 Simplified Form of Reaction and Diffusion System and
Interface Conditions

The cytoplasm has two parts i.e Gw and Gl, i.e G = Gw ∪ Gl as mentioned in the previous
chapter. The interface conditions between the aqueous part Gw and lipid part Gl take the
form

[S3,w] = KP,S[S3,l] (2.6)

D3,w
∂

∂nw
[S3,w] + D3,l

∂

∂nl

[S3,l] = 0 (2.7)

where S = C,U . Now we write (2.1)-(2.5) into the simplified form. Using the partition
coefficient KP,S, we define

ˆ[S3(x)] =

{

[S3,w], x ∈ Gw

KP,S[S3,l], x ∈ Gl

, where Ŝ3(x) ∈ C0(G) (2.8)

Using the above relation, (2.6)-(2.7) take the form as

ˆ[S3(x)]|x∈Gw = ˆ[S3(x)]|x∈Gl
(2.9)

and

D3,w
∂

∂nw
[Ŝ3(x)]|x∈Gw + D3,l

1

KP,S

∂

∂nl

[Ŝ3(x)]|x∈Gl
= 0 (2.10)

where KP,S is a constant. Now we define,

δS =

{

1, x ∈ Gw

1
KP,S

, x ∈ Gl
(2.11)

D̂3,S =

{

D3,w, x ∈ Gw
D3,l

KP,S
, x ∈ Gl

(2.12)

Also,

k̂S =











−(kU + kB), x ∈ Gw, S = C

kU, x ∈ Gw, S = U

0, x ∈ Gl

(2.13)

ˆ[B3] =

{

[B3,w], x ∈ Gw

0, x ∈ Gl

(2.14)
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and

k̂B =

{

kB , x ∈ Gw

0, x ∈ Gl

(2.15)

Eqs. (2.1)-(2.2) become,

∂

∂t
[Ŝ3] = ∇ · (D̂3,S∇ ˆ[S3])+ k̂S[Ĉ3], x ∈ Gw (2.16)

and (2.3) becomes,

∂

∂t
[B̂3] = k̂B [Ĉ3] (2.17)

where (2.4)-(2.5) take the form as,

1

KP,S

∂

∂t
[Ŝ3] = ∇ · (D̂3,S∇[Ŝ3]), x ∈ Gl (2.18)

Combining (2.16) and (2.18), we get

δS
∂

∂t
[Ŝ3] = ∇ · (D̂3,s∇[Ŝ3]) + k̂S[Ĉ3], x ∈ G (2.19)

Eq. (2.19) together with (2.17) are equivalent to the set of (2.1)-(2.5).

Let V be the total volume of the cytoplasm, Vw be the volume of the aqueous part of
the cytoplasm and Vl be the volume of the lipid part of the cytoplasm, then the volume
fraction of the aqueous part and the lipid part can be defined respectively as

pw =
Vw

V
(2.20)

pl = 1 − pw =
Vl

V
(2.21)

2.2 Finding Effective Diffusion Coefficient

Now we find the effective diffusion coefficient D3,S,eff on the smaller and large scale.

Homogenization on the Smaller Scale

Our first modelling assumption is that, on a smaller scale in space, the volume between the
outer cellular membrane and the nuclear membrane consists of layered structures/membranes
as shown in Figure 2.1.

A standard result from the homogenization theory yields that homogenized (effective)
equations exist for the reaction and diffusion system (2.17), (2.19) (see, e.g., [13, p. 13],
[14]). We consider the local coordinates to be (x,y,z). Assuming that, the thin membrane
layers are parallel to the xy − plane. Then it holds for the effective concentrations S̄,

δS,eff
∂

∂t
[S̄3] = ∇ · (D3,S,eff∇[S̄3]) + kS,eff [C̄3] (2.22)
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where δS,eff and kS,eff are the mean values of δS and kS respectively, and can be defined as

δS,eff = pwδS |x∈Gw + plδS|x∈Gl
= pw +

pl

KP,S
(2.23)

and

kS,eff = pwk̂S|x∈Gw + plk̂S |x∈Gl

= pw

{

−(kU + kB), S = C

kU , S = U

Let

∗

kS =

{

−(kU + kB), S = C

kU , S = U

then

kS,eff = pw

∗

kS (2.24)

The term D3,S,eff in (2.22) is the effective diffusion coefficient, and it becomes direction-
ally dependent, i.e, anisotropic. In the local coordinate system, it holds [7, 14, 15],

(D3,S,eff)ij =















0, i 6= j

pwD3,w + pl
1

KP,S
D3,l,t, i = j = 1,2

( pw

D3,w
+

plKP,S

D3,l
)−1, i = j = 3

(2.25)

where D3,l,n and D3,l,t are the diffusion constants normal and tangential to the membrane
respectively.

Figure 2.1: Layered structure model

If the orientation of these thin membranes with respect to (x,y,z) is different from the
above direction, we can use another coordinate system, say (x′,y′,z′). Then, there exists
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an orthogonal matrix T , such that





x′

y′

z′



 = T





x
y
z





Hence, we can change (2.22) accordingly as,

δS,eff
∂

∂t
[S̄3] = ∇(x′,y′,z′) · (T D3,S,effT t∇(x′,y′,z′) [̄S3]) + kS,effC̄3

where T t denotes the transpose of the orthogonal matrix T.

Homogenization on the Large Scale

We assume that the cytoplasm contains an unordered set of the small sub-structures, which
are uniformly distributed over the volume. The size of these sub-structures is very small
as compared to the size of the cytoplasm. We represent these sub-structures as cubes for
the simplicity (see Figure 2.2). The key assumption here is that all the orientation of these
cubic structures are equally probable, since on the smaller scale, we had assumed that these
cubic structures contain small layered structures. We assume that the orientation of these
layered structures is also random and uniformly distributed. We will assume that the effec-
tive diffusion coefficient exists. The conditions for its existence are given in [16, Ch.7],[17]
but the analytic expressions are not known, therefore we use Monte Carlo techniques for
the estimation of effective diffusion coefficient [7].

Figure 2.2: Model domain for random homogenization for N=2. The orientation of the
layered structures are chosen randomly.
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Let the domain of each cube be,

Ω = (0,L)3

where L is the length of each cube. Now, we divide each cube into N3 sub-cubes, where N
is a positive integer. Thus we will have,

Ωijk = (xi−1,xi) × (yj−1,yj) × (zk−1,zk)

with

xi = yi = zi = ih, and h =
L

N

Using the analysis of homogenization on smaller scale, we know that each sub-cube will
have an effective diffusion coefficient. Since we have assumed that the layered structures
have no specific direction, thus using the transformation matrix Tijk, we have

DN
3,S,eff |Ωijk

= TijkD3,S,effT t
ijk

In order to describe the orientation, we use the Euler Angles. Any rotation may be
described by three angles. These three angles giving three rotation matrices are called Euler
Angles. There are several conventions for Euler angles. Here we will use the convention,
to rotate first by an angle α about the z − axis using the rotation matrix R3, then about
the new x− axis by an angle β using the rotation matrix R2, and finally rotate about the
new z − axis by an angle γ using the rotation matrix R1. Then a general rotation T can
be described as

T = R1(γ)R2(β)R3(α), α,γ ∈ (0,2π), β ∈ (0,π).

where

R1(γ) =





cosγ sinγ 0
−sinγ cosγ 0

0 0 1



 , R2(β) =





1 0 0
0 cosβ sinβ
0 −sinβ cosβ





and

R3(α) =





cosα sinα 0
−sinα cosα 0

0 0 1



 .

Note that the angles α, β and γ are drawn randomly. Now we take the mean value of
DN

3,S,eff |Ωijk
, which is denoted by D̄N

3,S,eff . The procedure to compute this mean value has

been explained in [7]. Then it will hold

D̄N
3,S,eff −→ D3,S,eff , for N −→ ∞

This algorithm was tested in [8] and the conclusions that can also be found in [8] are
appended below :
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• The main parameter for the accuracy of the estimation of the effective diffusivity is
N .

• For a given N , the sample size has only a minor influence on the accuracy. Once
a certain number of trials has been reached the accuracy does not become better.
Hence, the optimal sample size seems to be independent of N .

• The standard deviation for sufficiently large sample sizes roughly halves while doubling
N . This indicates a linear rate of convergence.

• If the sample size is too small, the standard deviation is misleadingly small.

• In order to obtain an accuracy of 5% the experiments suggest to use a value of N = 20
and a sample size of at least 15 trials.

2.3 Coupling of Homogenized Cytoplasm to the Surrounding
Medium

Since we have applied the Homogenization approach to the cytoplasm only, the remaining
domains are treated in the detailed description. Now we have to couple the effective equa-
tions of cytoplasm to the cell and nuclear membranes. Let us denote the domain of cell
membrane and nuclear membrane to be G2 and G4 respectively.

We again recall that, at the interfaces between the cytoplasm and cell membrane, and
between cytoplasm and nuclear membrane, there exist the following conditions:

• Continuity of flux

• Jump condition in the concentration

Now we consider the interface between G3 and G2. Since in the cytoplasm, there are two
parts i.e., Gw and Gl. Thus,

KP,S[S2] = [S3,w], attheinterfacebetweenG2 andGw

[S2] = [S3,l], attheinterfacebetweenG2 andGl

The above two conditions can be combined as

[S2] =

{

K−1
P,S[S3,w], at the interface between G2 and Gw

[S3,l], at the interface between G2 and Gl

(2.26)

Using the above relation and (2.8), we can write,

[S2] = K−1
P,S[Ŝ3] (2.27)

The above equation can effectively be written as

[S2] = K−1
P,S[S̄3] (2.28)

The flux continuity condition gives rise to the following equations (using (2.10))
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D3,w
∂

∂nw

ˆ[S3(x)]|xǫGw + D2
∂

∂n2
[S2(x)] = 0 (2.29)

D3,l

∂

∂nl

ˆ[S3(x)]|xǫGl
+ D2

∂

∂n2
[S2(x)] = 0 (2.30)

Using (2.8) and (2.12), and taking the homogenized limits, (2.29) and (2.30) take the form

D3,S,eff
∂

∂n3
[S̄3] + D2

∂

∂n2
[S2] = 0 (2.31)

where n2 = −n3.
Similar derivations can be made at the interface between the cytoplasm and the nuclear

membrane.



Chapter 3

Compartment Modelling

Compartment Modeling is a very standard technique used in literature, especially it is often
used to describe transport of material in biological systems [19, 20, 21]. A compartment is
a distinct, well stirred, and kinetically homogeneous amount of material. A compartmental
system is made up of a finite number of compartments. These compartments interact by
material flowing from one compartment to another. The flow is said to be inflow if it is
into one or more compartments from outside, whereas it will be outflow, if it is from one or
more compartments to the surroundings. If there is no inflow or outflow, then the system
is called, a closed system.

Here arises an important question as why we are using the Compartment Modelling
approach. The main reasons for it are:

• To understand the correct phenomena of permeability constant m1, which has already
been used in the PDE model [Paper 1, Paper 2].

• This is a standard modelling technique used in literature.

• To decrease the complexity of the system of equations.

• To decrease the computational cost.

In Compartment Modelling, we have assumed that the diffusion is very fast in the system,
so we neglect the diffusion process and that the concentration is constant throughout the
compartment. With this assumption, our compartmental system can easily be explained
by the simple balance equation, i.e.

inflow
−−−−→ Compartment

outflow
−−−−−→

Mathematically, the balance equation inside a compartment can be represented as

V
d

dt
[C] = inflow − outflow+ sources − sinks

where V is the volume of the compartment and [C] represents the concentration of species
in the compartment. Hence, we come across an ODE Model which is much easier to analyze
as compared to a PDE Model. Furthermore, it is less computationally expensive.

1The permeability constant has been denoted by M in [Paper 1, Paper 2], but in this thesis, we have
denoted by m (in order to differentiate from the mass matrix M). This constant has been frequently used
in the next sections.

19
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3.1 First Order Linear Compartmental System

The equations for the first order linear compartmental system can be developed in terms of
the concentration or the amount of different species in the compartments. These quantities
are the state variables. We denote these variables by Ci, i = 1,2, ...,n. Then the differential
equation governing the state of rate of change of these variables may be written as

d

dt
Ci = fi(C1,C2, ...,Cn)

The order of the right hand side function determines the order of the system. For
example, if we consider the following reaction in a compartment,

A
k

−→ B

then

V
d

dt
[A] = −kV [A] and V

d

dt
[B] = kV [A]

where [A] and [B] denote the concentration of the species A and B respectively. Since the
right hand side of the above equations has order 1, so the compartmental system is first
order linear.

3.2 Non-standard Compartment Model

In this section, we have implemented a model of mixed PDEs and Ordinary Differential
Equations (ODEs), we call this model as Non-Standard Compartment Model. This will not
only help us to decrease the complexity of the system of equations and computational cost
but also to find the correct size of the permeability constant m which has already been used
in the PDE Model. We have the following compartmental system to understand the overall
dynamics of the system.

Figure 3.1: Complete reaction and diffusion system in and outside the cell



3.2. NON-STANDARD COMPARTMENT MODEL 21

In the Figure 3.1, we can see the complete reaction and diffusion mechanisms in and
outside the cell by using the symbolic representation of compartments. All the notations
and chemical constants have been taken from the PDE model.

For simplicity, in the beginning, we consider the first three compartments. The model
is both spatially distributed and compartmental as well. So this model will be a mixture
of PDEs and ODEs. For that, we consider a model in Figure 3.2, which consists of two
compartments I and III as well as spatially extended model for the membrane (compartment
II).

Figure 3.2: Mixed (compartmental and spatially distributed) system

Hence, from our “Non-Standard Compartment Model”, we get the following system of
equations,

V1
d

dt
[C1] = mA(KP [f(0)] − [C1]) (3.1)

∂

∂t
[f ] = D

∂2

∂x2
[f ] (3.2)

V3
d

dt
[C3] = mA(KP [f(δ)] − [C3]) (3.3)

where [f ] is the concentration in the membrane (compartment II), m is a physical constant
which gives rise to the driving force for the flux and this determines how easy it is for a
molecule to penetrate into the membrane. Eqs. (3.1) and (3.3) are self explanatory but
(3.2) needs to be addressed in detail. The diffusion eq. (3.2) for f will be approximated by
linear finite elements with two degrees of freedom f1 and f2. The equation describing the
concentration inside the compartment II will be coupled by the boundary conditions to the
compartments I and III, which are:

D
∂

∂x
[f(0)] = D

∂

∂x
[f1] = mA(KP [f1] − [C1]) (3.4)

and
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D
∂

∂x
[f(δ)] = D

∂

∂x
[f2] = −mA(KP [f2] − [C3]). (3.5)

Multiplying (3.2) by a test function v(x) and integrating over the domain,we get

δ
∫

0

v
∂

∂t
[f ]dx = D

δ
∫

0

v
∂2

∂x2
[f ]dx. (3.6)

Integrating by parts

d

dt

δ
∫

0

v[f ]dx = D[v(δ)
∂

∂x
[f2] − v(0)

∂

∂x
[f1] −

δ
∫

0

∂v

∂x

∂[f ]

∂x
dx]

Using the boundary conditions (3.4) and (3.5), we get

d

dt

δ
∫

0

v[f ]dx = −v(δ)mA(KP [f2] − [C3]) − v(0)mA(KP [f1] − [C1]) − D

δ
∫

0

vx[fx]dx. (3.7)

Let c ∈ Vh, Vhis a complete space of (3.2), such that (3.7) becomes

d

dt

δ
∫

0

vcdx = −v(d)mA(KP [f2] − [C3]) − v(0)mA(KP [f1] − [C1]) − D

δ
∫

0

vxcxdx (3.8)

where

c(x) = [f1]φ1 + [f2]φ2 =

2
∑

j=1

[fj(t)]φj (3.9)

which is described in terms of the nodal basis function known as hat function as described
in Figure 3.2, and can be expressed as

φ1(x) =
δ − x

δ
and φ2(x) =

x

δ
. (3.10)

Substituting the value of c(x) in (3.8), and considering the test function as nodal basis
function, we get,

d

dt

2
∑

j=1

[fj ]

δ
∫

0

φiφjdx = φi(δ)mA(KP [f2] − [C3]) − φi(0)mA(KP [f1] − [C1])

−D
d

dx

2
∑

j=1

[fj ]

δ
∫

0

φ
′

iφ
′

jdx, i = 1,2 (3.11)

Now after doing the simple calculations, we get
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δ

3
[ḟ1] +

δ

6
[ḟ2] = −mA(KP [f1] − C1) −

D

δ
([f1] − [f2]) (3.12)

where

d

dt
[fi] = [ḟi]

and

δ

6
[ḟ1] +

d

3
[ḟ2] = −mA(KP [f2] − [C3]) −

D

δ
(−[f1] + [f2]) (3.13)

Eqs. (3.12) and (3.13) can be written together as

M

[

[ḟ1]

[ḟ2]

]

= B

[

[f1]
[f2]

]

−

[

mA(KP [f1] − [C1])
mA(KP [f2] − [C3])

]

(3.14)

where M = δ
6

[

2 1
1 2

]

is the Mass Matrix, and B = D
δ

[

−1 1
1 −1

]

is the Stiffness Matrix.

We write (3.14) in the general form as:

d

dt
x = f(x,t) (3.15)

For the existence of non-negative solution of the above equation, the function fi(t,xi), i =
1, ...,n should satisfy the following condition [22, p. 270-272]:

fi(t,xi) > 0, (xj > 0 for j 6= i, xi = 0) (3.16)

Since this condition is violated for (3.14), hence, we may get some negative concen-
trations in (3.14) . Infact, numerical calculations show that the negative concentrations
will occur. In order to avoid the negative concentrations, we modify the mass matrix to a
diagonal lumped matrix M̃ . This can be done very easily by,

m̃ij =

{

∑2
k=1 mik, i = j

0, i 6= j

where i and j denote the row and column respectively. Hence, we get the Lumped Matrix
as,

M̃ =
δ

6

[

3 0
0 3

]

So, (3.10) becomes,

M̃

[

[ḟ1]

[ḟ2]

]

= B

[

[f1]
[f2]

]

−

[

mA(KP [f1] − [C1])
mA(KP [f2] − [C3])

]

(3.17)
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For the modified system, the condition (3.16) is satisfied. The Eqs. (3.1) and (3.3)
together with (3.17) give the complete description of all the concentrations of the system
given in Figure 3.2. Now, we extend our results to Figure 3.3.

Figure 3.3: Mixed (compartmental and spatially distributed) system with five compartments

Since,

d

dt
[C3] = inflow− outflow

Hence,

d

dt
[C3] =

mA

V3
(KP [f2] − [C3]) −

mA

V3
([C3] − KP [f3])

d

dt
[C3] =

mA

V3
(KP [f2] − 2[C3] + KP [f3])

where the diffusion equation for f∗ (for nuclear membrane = compartment IV) will be
approximated by linear finite elements with two degrees of freedom f3 and f4.

The other equations can be found on similar grounds. Also, the similar equations for
the diffusion process of U ′s can be found easily. From Figure 3.1, we can see that there are
some chemical reactions as well. So we include the expressions for these reactions in our
system of equations. For example in the compartment I, we have

d

dt
[C1] =

mA

V1
(KP [f ] − [C1]) − kU [C1] (3.18)

d

dt
[U1] =

mA

V1
(KP [g] − [C1]) + kU [C1] (3.19)

where [g] is the concentration in the membrane (compartment II) for species U, and kU is
the reaction rate. Similarly, we can write all the equations for diffusion and reaction. The
numerical simulations and results can be found in the next chapter.

3.3 Trans-membrane Diffusion

Now we consider a thin membrane between two compartments as shown in Figure 3.4.
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Figure 3.4: Diffusion across the membrane

If there is jump in the concentration between the membrane and compartments, then
using the partition coefficient Kp, we can write the concentration in the membrane at the
two boundaries as,

[C1] = KP [C21] and [C3] = KP [C23] (3.20)

where [C21] is the concentration at the joint boundary between compartment I and the
membrane, where as [C23] is the concentration at the joint boundary between the membrane
and compartment II. If δ is the thickness of the membrane then the concentration gradient
in the membrane will be ([C23] − [C21])/δ. Then using the Fick’s Law of diffusion, which
states that the rate at which the material diffuses through any surface is proportional to
the product of the area of that surface and the concentration gradient between the two
compartments [18, p. 10], we can write the following equation,

d

dt
C1 =

DA

δ
([C23] − [C21])

or

d

dt
C1 =

DA

KP δ
([C3] − [C1]) (3.21)

Let V1 and V2 be the constant volumes of the compartment I and II respectively, then

Ci = [Ci]Vi, i = 1,3.

and (3.21) becomes

V1
d

dt
[C1] =

DA

KP δ
([C3] − [C1]) (3.22)

3.4 A Standard Compartment Model

For the further simplification of the model, we use the Standard Compartment modelling
approach as described in Section 3.3. Again, for simplicity, we will consider a very simple
model of diffusion as shown in Figure 3.5.
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Figure 3.5: Two Compartment System

As we know that at the joint boundaries between two compartments, the condition of
jump in concentration exists. So, from (3.22), we can write

V1
d

dt
[C1] =

DA

KP δ
([C3] − [C1]) (3.23)

V3
d

dt
[C3] =

DA

KP δ
([C1] − [C3]) (3.24)

where [Ci], i = 1,3 is the concentration, Vi is the volume of the compartment I and III
respectively, A is the area, D is the diffusion constant and δ is the thickness of the membrane.
Similarly the model can be extended to more compartments. Also, the similar equations for
the diffusion process of U ′s can be found easily. The expressions for the reactions can be
included in the similar way which has been adopted in (3.18-3.19). Finally, we come across
a system of ODEs.



Chapter 4

Numerical Simulations and Results

In this chapter, we will discuss the numerical simulations and results of all the techniques,
which were adopted for the numerical approximation of reaction and diffusion system in
the cell. The whole work was done in the following order:

• System of PDEs

• Qualitative Verification of the results of PDE Model using the Compartment Mod-
elling approach

• Non-Standard Compartment Model

• Compartment Model (Standard)

• Convergence of Non-Standard Compartment Model to the Standard Compartment
Model

The short description of the numerical results of all the above techniques will be given in
the remaining chapter.

4.1 PDE Model

For the numerical approximation of reaction and diffusion in the cell, a two-dimensional
axi-symmetric model was considered, as shown in Figure 1.2. This gave rise to a system of
PDEs, which was numerically treated in [Paper 1]. The cell model in 1-Dimensional space
has already been considered in [7]. In [Paper 1], homogenization technique was adopted
in cytoplasm in order to reduce the complexity. The simulations were performed for the
spherical and non-spherical cell models. The model has been implemented in Comsol Mul-
tiphysics 3.5 [23] and Reaction Engineering Lab 1.5 [24]. This software uses the finite
element method for the discretization with respect to the spatial independent variable. The
simulations were performed for a time span of 600 sec.

In the case of non-spherical cell model, the cell was considered to be like a flying saucer.
After several experiments, the shape in Figure 2 of [Paper 1] was selected for the simulations,
which resembles the shape of cell in vitro. The geometric and chemical constants were
collected from the literature and can be found in Table 1 and 2 of [Paper 1] respectively.
For the purpose of the validation of the simulation results, the data was collected from in
vitro experiments [9]. The complete analysis of the results and the comparisons with the
in vitro experimental results can be found in section 5 of [Paper 1].

27
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4.2 Qualitative Verification of the Results of PDE Model Using
the Compartment Modelling Approach

For the reduction of complexity of the model, the Compartment Modeling approach was
used to convert the PDE model to ODE model. The details of this work can be found in
[Paper 2] .

In [Paper 2], different experiments were performed with different shapes of the cell.
Reader can find the details of these experiments in Section 3 of that paper. The geometric
constants, geometric constant variation in experiments and the chemical constants can be
found in Table 1, 2 and 4 of [Paper 2] respectively. For the qualitative verification of the
simulation results of PDE Model, the Compartment Modeling approach was used. The
details can be found in Section 4 and 6 [Paper 2]. From the results, it can be concluded
that the cellular architecture has an important role in the diffusion of drug into the cell
because the variation in the shape of the cellular architecture causes certain variation in the
concentration of different species in different sub-domains of the cell. This feature could
only be studied using the 2 or 3-dimensional cell model.

4.3 Non-standard Compartment Model

After the qualitative verification of the results of PDE Model using the Compartment
Modelling approach and the nice agreement of the results of PDE Model with the in vitro
cell experimental results, the Non-Standard Compartment Model was developed for the
quantitative analysis. Complete details of this model can be found in Section 3.3.

The complete system of equations was implemented in Matlab [25].

Figure 4.1: Amount of C in Cell membrane (Compartment II)
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Figure 4.2: Concentration of C in Cytoplasm (Compartment III)

From the Figure 4.1, we can see that the amount of C in the cell membrane increases
with the increase in the value of permeability constant m. The increase in the amount
of C in the membrane results in the increase of concentration of C in the cytoplasm as
shown in the Figure 4.2. Figure 4.1 shows that the membrane is working as a reservoir.
Similar results can be found for the nuclear membrane and nucleus as well. Hence, it is
quite clear that to reach at right results, we need to know the correct size of m. Since the
Figures (4.1-4.2) have been plotted with the diffusion process in the cell and no reaction
has been taken into account in the system. Hence, it can be said that our Non-Standard
Compartment Model is not reaction dominated but it is diffusion dominated.

From Figures (4.1-4.2), it is concluded that our non-standard compartment model de-
pends on the permeability constant m, and to find the reasonable value of m is still an
important question to be solved.

4.4 Compartment Model (Standard)

For the further simplification of the non-standard compartment model, the technique of
standard compartment modelling was adopted. In this way, we got a system of ODEs, thus
reducing the complexity and computational cost. The details of this model can be found in
the Section 3.4.

Again the model has been implemented in Matlab [25]. The simulations were run for a
time span of 600 sec. The numerical results have been validated against the results of PDE
model in 1-dimensional space taken from [7]. These results show a nice agreement with each
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other as shown in the Figures (4.3). These plots have been obtained using the parameters
found in Table 4.1. The other parameters have been used from [7], [Paper 1, Table 2].

Symbol Constants
Values used for

Figure 4.4
Values used for

Figure 4.5

Kp Partition Coefficient 4.9e-3
KP,1=1.05e-2
KP,2=1.00e-4

G Concentration of GST [M] 8.8e-5 1.02e-5

kU Solvolytic Reactivity forming U [s−1] 7.7e-3 7.88e-4

kB Catalytic efficiency [M−1s−1] 0.3256 0.4506

kA DNA adduct formation rate [s−1] 6.2e-3 6.2e-3

Table 4.1: Chemical Constants used in Figure 4.3 and 4.4

Figure 4.3: Comparison of concentrations of different species of Compartment Model (ODE)
and PDE Model (2D)

Then the model was tested with some other different parameters (see Table 4.1) to test
the responsiveness and sensitivity of the Compartment Model. For an example, the model
was tested with different values of the Partition Coefficient KP , but the results are totally
different from the expectations. In Figure 4.4, we can see that with the different values of
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KP , the results of Compartment Model are not only different from the PDE Model, but
the curve also is same for all the different value of KP in the Compartment Model.

Figure 4.4: Comparison of concentrations of different species of Compartment Model (ODE)
and PDE Model (2D)

Now we discuss the phenomenon of time scale of diffusion for the compartments using
some analytic expressions. Since we know that, the following equation holds

V1[C1] + V3[C3] = constant = C′

[C3] =
1

V3
(C′ − V1[C1])

From (3.22),

V1
d

dt
[C1] =

DA

KP δ
([C3] − [C1]) =

DA

KP δ
(

1

V3
(C′ − V1[C1]) − [C1])

=
DA

KP δ
(
C′

V3
−

V1[C1]

V3
− [C1]) (4.1)
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From the above equation, we can define the time scale of diffusion for the compartments,
i.e.

τ ≈
KP δ

DA

1

( 1
V1

+ 1
V3

)
(4.2)

τ ≈

{

1.38e − 4 when KP,1 = 1.05e − 2

1.31e − 6 when KP,2 = 1.00e − 4
(4.3)

As we know that the concentration in the membrane is much higher than outside of it
(1.16-1.17), from (4.3), it is quite clear that the time scale for the Compartment Model will
extremely be small, it means that the membrane is very effective at transporting the stuff
to the compartments. Therefore, apparently they have no role. However, from the in vitro
experiments, it is an established fact that membranes act as reservoirs. Hence, it can be
concluded that we cannot use the Compartment Modelling approach in this context.

4.5 Convergence of Non-standard Compartment Model to
Standard Compartment Model

In this section, we will show the convergence of Non-Compartment Model to the Standard
Compartment Model when m → ∞ in the Non-Standard Compartment Model. In Figure
4.5 and 4.6, we can see that with the increase in the value of m, the curves of Non-Standard
Compartment Model are approaching to the Standard Compartment Model. Even at the
value of m = 1e + 1, the Non-Standard Compartment Model and Standard Compartment
Model are almost identical.
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Figure 4.5: Concentration of C in Cytoplasm in Standard and Non-Standard Compartment
Model

Figure 4.6: Concentration of C in Nucleus in standard and non-standard compartment
model





Chapter 5

Conclusion and Future Directions

In this thesis, we attempted to approximate the reaction and diffusion system in complex
cell geometry. For this, we presented a mathematical model describing the reaction and
diffusion inside as well as outside the cell. This research work is in connection with the
development of biochemical and mathematical model of the carcinogenic compounds in
mammalian cells. The present investigations are motivated by collaboration between the
Numerical Analysis group at Royal Institute of Technology (KTH) and a research group at
the Institute of Environmental Medicine, Karolinska Institute (KI).

For the numerical treatment of the cell model without changing the essential features of
metabolism, the technique of homogenization was used which certainly reduced the complex-
ity and computational cost. This reduction of complexity provided us with the opportunity
to treat the resulting equations using the standard tools of numerical analysis for solving
the system of partial differential equations. The numerical results of our cell model has
been validated against the in vitro cell experimental results which were found in [9].

In order to reduce the complexity of the cell model, the Compartment Modelling ap-
proach was adopted thus reducing our PDE Model to an ODE Model. The results of PDE
Model were qualitatively verified by using the Compartment Modelling.

For the quantitative analysis of the results of PDE Model using Compartment Modelling,
we used a Non-Standard Compartment Modelling technique. This technique reduced the
complexity of the model by converting the system of PDEs to a mixed model of PDEs and
ODEs. The results of this new model demand to find the reasonable value of permeability
constant m, which is still a valid question to be solved. Then the new model was further
reduced to a system of pure ODEs using the standard technique of Compartment Modelling.
This model gives the nice agreement of the results with the results of PDE Model in 1-D by
using some particular data but in general the Compartment Model cannot fulfill the need
of diffusion model for the cellular and nuclear membranes. In the end, the convergence of
Non-Standard Compartment Model to the Standard Compartment Model was shown.

We can conclude from the whole work that the quality of approximation of reaction and
diffusion system in complex cell geometry in the four models can be stated in the following
order (high to low):

1. 2-D PDE Model

2. 1-D PDE Model

3. Standard Compartment Model

4. Non-Standard Compartment Model
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5.1 Future Work

The future directions may hopefully lead us to start with a new cellular geometry which
will be more close to real cellular architecture i.e., a fried egg sunny side up. We want to
extend our model by including the models for different cell organelles such as mitochondria
etc. We also want to include more chemical process in the model, and intend to include the
stochastic effects to get more accurate results.
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