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A BSTRACT
Jointed rock masses are formed of intact rock and joints. Therefore, proper characterization of rock mass behavior has to consider the combined behavior of the intact rock blocks and that of the
joints.
This thesis presents the theoretical background of the Synthetic
Rock Mass (SRM) modeling technique along with example applications. The SRM technique is a new approach for simulating the
mechanical behavior of jointed rock masses. The technique uses
the Bonded Particle Model (BPM) for rock to represent intact material and the Smooth-Joint Contact Model (SJM) to represent the
in situ joint network. In this manner, the macroscopic behaviour
of an SRM sample depends on both the creation of new fractures
through intact material, and slip/opening of pre-existing joints.
SRM samples containing thousands of non-persistent joints can be
submitted to standard laboratory tests (UCS, triaxial loading, and
direct tension tests) or tested under a non-trivial stress path representative of the stresses induced during the engineering activity
under study.
Output from the SRM methodology includes pre-peak properties
(modulus, damage threshold, peak strength) and post-peak properties (brittleness, dilation angle, residual strength, fragmentation).
Of particular interest is the ability to obtain predictions of rock
mass scale effects, anisotropy and brittleness; properties that cannot be obtained using empirical methods of property estimation.
Additionally, the nature of yielding and fracturing can be studied as
the rock mass fails. This information can improve our understanding of rock mass failure mechanisms.
Key words: Bonded particle model; Smooth-joint contact model;
Discrete fracture network; Synthetic rock mass; Jointed rock mass.

iii

Diego Mas Ivars

TRITA LWR PHD 1058

iv

Bonded Particle Model for Jointed Rock Mass

P REFACE
This Doctoral Thesis consists of an overview of the research
work on the development and application of the Synthetic Rock
Mass approach. This work has been mainly published in the nine
papers listed below:
Paper I. Mas Ivars D, Pierce M, Potyondy DO, Cundall PA. 2007.
A new modelling approach for the study of deformation, yield
and failure of jointed rock masses. In: Proceedings Bergmekanikdag 2007. Stockholm: SveBeFo.
Paper II. Pierce M, Mas Ivars D, Cundall P, Potyondy D. 2007. A
synthetic rock mass model for jointed rock. In: Proc 1st Can-US
Rock Mech Symp, Vancouver, Eberhardt E et al, eds., London:
Taylor & Francis, pp 341-349.
Paper III. Mas Ivars D, Deisman N, Pierce M, Fairhurst C. 2007.
The synthetic rock mass approach – a step forward in the characterization of jointed rock masses. In: Proc 11th Cong Int Soc Rock
Mech, Lisbon, Ribeiro e Sousa, Olalla, Grossmann, eds. London:
Taylor & Francis, vol 1, pp 485-490.
Paper IV. Mas Ivars D, Pierce M, DeGagné D, Darcel C. 2008.
Anisotropy and scale dependency in jointed rock-mass strength
— A synthetic rock mass study. In: Proc 1st Int FLAC/DEM
Symp Numer Modelling, Hart R, Detournay C, Cundall P, eds.
Minneapolis: Itasca Consulting Group, Paper 06-01, pp 231-239.
Paper V. Mas Ivars D, Potyondy DO, Pierce M, Cundall PA.
2008. The smooth-joint contact model. In: Proc 8th World Cong
Comp Mech / 5th Eur Cong Comp Meth Appl Sci & Eng, Venice,
paper a2735.
Paper VI: Deisman N, Mas Ivars D, Pierce M. 2008. PFC2D
smooth joint contact model numerical experiments. In: Proc
GeoEdmonton ’08, Edmonton, Canada, Paper 83.
Paper VII: Cundall PA, Pierce M, Mas Ivars D. 2008. Quantifying
the size effect of rock mass strength. In: Proc 1st South Hemisphere Int Rock Mech Symp (SHIRMS), Perth, Australia, Y Potvin, J Carter, A Dyskin, R Jeffrey, eds, vol 1, pp 3-15.
Paper VIII. Mas Ivars D, Pierce M, Darcel C, Reyes-Montes J,
Potyondy DO, Young RP, Cundall PA. 2010. The synthetic rock
mass approach for jointed rock mass modelling. Submitted to the
International Journal of Rock Mechanics and Mining Sciences.
Paper IX. Potyondy DO, Pierce M, Mas Ivars D, Deisman N and
Cundall PA. 2010. Adding joints to a bonded-particle model for
rock. (In preparation).
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USA, special paper.
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1. I NTRODUCTION
1.1. Background
The caving mining method attempts to achieve rock mass disintegration without blasting by relying instead on the induced stress
redistribution around the unsupported opening. Predicting cave
evolution is a challenging task. Successful use of the caving mining
method requires an understanding of what is required to carry a
rock mass from peak to residual strength (i.e. post-peak behavior).
Many of the factors that control post-peak behavior are a challenge to measure or estimate. The primary factors that describe
caving mechanics are sketched in Figure 1 and include brittleness,
modulus softening, dilation angle and bulking limit.
To be able to predict caving, one has to be able to understand and
predict the evolution of the four distinct zones formed during the
process (Figure 1, left):
•

Elastic zone: rock mass behavior and properties are those
of an “undisturbed” rock mass. Induced stresses in this
region may be high enough to affect infrastructure.

•

Seismogenic zone: microseismic (and sometimes seismic) activity will be concentrated in this region primarily
due to discontinuity damage (discontinuities going from
peak to residual strength) and the initiation of new fractures.

•

Yielded zone: the rock mass in this region surrounding
the cave is fractured and has lost some or all of its cohesive strength and provides minimal support to the overlying rock mass. Rock mass within the yielded zone will be
In Situ Stress

Elastic
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Damage Threshold
Joint Slip
Crack Growth
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Failure
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Peak Strength
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50
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Figure 1. Mechanics of caving.
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subject to significant damage i.e., open holes will be cutoff, TDRs (Time-Domain Reflectometer) will break, and
cracking will be observable in infrastructure.
•

Mobilized zone: this zone gives an estimate of the portion of the orebody that has moved and may be recoverable with continued draw.
The results of a scoping study performed at the beginning of the
Mass Mining Technology project (MMT) (Cundall et al. 2005)
concluded that current caving prediction methodologies, mostly
empirical and continuum in nature, would benefit from an improved consideration of the in-situ joint fabric (i.e., joint orientation, joint density and joint persistence) and a better understanding of the nature of fracturing as the rock mass deforms, fails and
disintegrates. Discontinuum modelling approaches are well suited
to this problem, allowing for the explicit consideration of the heterogeneous blocky structure of rock masses and to predict and
track the fragmentation of these blocks.
The Synthetic Rock Mass (SRM) approach (Pierce et al. 2007; Mas
Ivars et al. 2007; Mas Ivars et al. 2008a) was therefore developed
within the Mass Mining Technology project (Mas Ivars et al.
2008c). This project aimed at improving our understanding of the
main factors influencing the successful operation of cave mines
(cavability, fragmentation, gravity flow, draw control, and undercut and extraction level design).
The scheme in Figure 2 presents the whole caving prediction methodology. It would be ideal to be able to produce a large scale threedimensional SRM model of several km side length encompassing
the whole mine. Present computational limitations prevent this
possibility. Therefore the SRM approach is used as a virtual laboratory for jointed rock mass behavior characterization. The behaviors observed in the SRM tests, including brittleness, anisotropy
and scale effect, are used to calibrate the constitutive behavior of
the rock units encompassing the three-dimensional mine scale
continuum model used for caving prediction (Sainsbury et al.
2008a; Sainsbury et al. 2008b). As such, the SRM methodology is
only part of the whole SRM-UJRM (Synthetic Rock MassUbiquitous Jointed Rock Mass) caving prediction methodology.
1.2. Objective of the thesis
The objective of this thesis is the development and testing of a
robust methodology, based on particle mechanics, for jointed rock
mass characterization. The methodology should be able to consider explicitly the effect of the in situ joint fabric. Special emphasis
has to be placed on the prediction of not only the rock mass prepeak behavior but also the post-peak behavior, one of the key factors in cave mining.
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Figure 2. SRM-UJRM Caving prediction methodology.

1.3. Disposition of the thesis
In order to get an overview of this thesis a brief description of its
contents follows.
The first part of the thesis is a brief background to introduce the
motivation behind this thesis and its main objective.
The thesis continues in chapter two with a literature review of the
techniques available for the characterization of jointed rock mass
behavior. The aim is to identify what, in the opinion of the author,
is missing in current practice, and to justify the development of a
new methodology that can be used to incorporate those missing
factors in the future practice.
Chapter three concerns the constituent components of a SRM
sample; intact rock represented via the Bonded Particle Model for
rock (Potyondy and Cundall, 2004) and in situ joint fabric generated via Discrete Fracture Network modelling and embedded into
the SRM samples with the smooth-joint contact model (Mas Ivars
et al. 2008b).
Chapter four presents the SRM testing environments, clearly stating their capabilities.
Chapter five presents application examples highlighting the type
of output that can be generated during the application of the SRM
approach. The aim of this chapter is to show how the SRM approach can be used to gain insight into different rock mechanics
problems.

3

Diego Mas Ivars

TRITA LWR PHD 1058

A discussion about the current limitations of the SRM approach is
presented in chapter six.
Conclusions are presented in chapter seven, and chapter eight
contains a few suggestions for future work.
1.4. Extent and limitations of the thesis
This thesis focuses on the Synthetic Rock Mass (SRM) approach.
This approach has been used in combination with the Ubiquitous
Jointed Rock Mass (UJRM) approach for prediction of caving.
The UJRM approach is used to represent, in continuum terms, the
behaviors observed from the application of the SRM method. The
material dealing with the UJRM method and the combined SRMUJRM methodology is out of the scope of this thesis and it is
therefore presented elsewhere (Sainsbury et al. 2008a; Sainsbury et
al. 2008b).
Even though Discrete Fracture Network simulation is one of the
main components of a SRM sample, the methodology followed
for the generation of a Discrete Fracture Network representative
of a site specific in situ joint fabric will not be discussed in detail,
as this is an established technique that can be found elsewhere.

4
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2. L ITERATURE REVI EW
Rock masses are large volumes of rock that contain discontinuities. The behavior of a rock mass depends on the ensemble behavior of the constituents, namely, intact material and discontinuities. The term “discontinuity” generally includes fractures, fissures,
joints, faults and bedding planes; however, in this paper we will
use the term joint to designate pre-existing discontinuities and the
term fracture for newly formed discontinuities. Typical joints are
softer and have lower strength than the surrounding material; as a
consequence, their presence produces regions that are softer and
weaker than the intact rock in which they are embedded (Figure
3). Typical joints also form systematic patterns that produce regions with anisotropic response. These joint attributes also induce
a “scale effect”, whereby the stiffness and strength of a region decrease with increasing region size up to the point at which a representative volume is reached.
Estimating rock mass behavior is one of the most challenging
tasks in designing engineering structures in moderately to heavily
jointed rock. The characterization of jointed rock mass behavior
in the laboratory would require testing numerous large volumes of
rock of different sizes having a number of different known joint
configurations at significant stress levels under different stress
paths. Undertaking such an experimental program would be prohibitive because of the required size of the laboratory testing
equipment and the costs involved. Direct measurements by in situ
experiments with samples of large sizes, although technically possible, are costly, frequently not large enough, and often involve uncertainties related to control of the boundary conditions and interpretation of results (Bieniawski, 1978).
Due to the inherent difficulty in direct full-scale testing of a rock
mass, progress in estimating the behavior of rock masses has been

σ

?
ε
Figure 3. Stress-strain curve of intact rock vs. rock mass.
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slow, and reliance has been placed on empirical classification rules
and systems derived from practical observations (Bieniawski,
1978; Barton et al. 1974; Barton, 2002; Hoek and Brown, 1997;
Palmstrom, 1996a; Palmstrom, 1996b; Ramamurthy, 1993). Rock
Mass Classification (RMC) systems were developed for use in civil
and mining engineering in response to the need for ways to ‘rank’
a specific rock mass, based in large part upon the joints and their
weakening and softening effect on the rock. By compiling histories of rock mass ranking relative to performance, it has been
possible to develop relations for quantitative prediction of rock
mass strength and modulus. RMC systems continue to evolve, and
recently Cai et al. (2004; 2007) proposed a new system (based on
the Geologic Strength Index (Hoek, 1994; Hoek et al. 1995)) that
accounts for the impacts of joint structure and joint surface conditions in a more quantitative manner and allows for the determination of residual strength parameters of jointed rock masses. The
method relies on block size as a metric for interlock. In addition
to estimating the peak strength of a rock mass, it is also necessary
to estimate the rate of its post-peak degradation and whether or
not residual state is reached. Despite the fact that RMC systems
and relations are in widespread use in engineering design, their
ability to consider strength anisotropy (resulting from a preferred
joint fabric orientation), scale effect (resulting mainly from the
combined effect of joint density and joint persistence), and strain
softening/weakening remains limited. Furthermore, their ability to
consider the effects of stress on rock mass deformability has only
recently been incorporated and is not well established (Deisman
and Chalaturnyk, 2008).
Numerous efforts have been made to find analytical solutions for
estimating the macroscopic properties of jointed rock masses.
These approaches consider the rock as the combination of two
components: intact rock and joints. In this manner, the global behavior of the jointed rock mass can be derived assuming that its
response is the summation of each component behavior (intact
rock and joints). The analytical solutions include cases with simple
joint system geometry such as stratified rock (Salomon, 1968),
staggered joint sets (Singh, 1973), orthogonally jointed rock
masses (Amadei and Goodman, 1981), stratified orthorhombic
layers (Gerrard, 1982) and randomly jointed rock masses (Fossum,
1985). These closed-form solutions are available only for regular,
and often persistent and orthogonal joint systems. The exception
is the crack tensor theory that has been applied to find anisotropic
elastic properties with irregular joint systems of different sizes,
orientations and mechanical properties (Oda, 1986). However, it
does not consider the stress redistribution due to the existence of
discontinuities (i.e., without discontinuities the stress distribution
is just uniform whereas the presence of discontinuities generates
areas of stress concentration/relaxation), which may have a significant impact on the mechanical behavior of the rock mass, because the joint intersections are often the locations with largest
stress and deformation gradients, damage and failure. Further6
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more, analytical methods do not provide information about the
post-peak behavior of jointed rock masses.
On the larger scale, the processes of discontinuous slip on joints
and fracture formation in intact rock regions between the joints
are complex (Fairhurst et al. 2007) and difficult to represent in
continuum terms. Results from laboratory model studies have
shown the many different failure modes in jointed rock masses as
well as the complex internal stress distribution of even rather simple joint configurations Brown, 1970a; Brown, 1970b; Einstein
and Hirschfeld, 1973; Chappel, 1974; Kulatilake et al. 1997; Singh
et al. 2002; Tiwari and Rao, 2006). Enhancing our understanding
of such behaviors requires the use of discontinuum modelling so
as to capture the essential nature of the fracturing and disintegration behavior. The relatively recent development of numerical
models based on particle mechanics, as well as the remarkable advances in computer power, allow detailed examination of such
phenomena. Numerical experiments can be conducted to simulate
jointed rock masses, and to obtain considerable insight into their
constitutive behavior.
In recent years, discontinuum approaches based on the discrete
element method (DEM) using UDEC (Itasca, 2009) and 3DEC
(Itasca, 2008c) have been used for the characterization of rock
mass behavior (Kulatilake et al. 1993; Min and Jing, 2003; Min,
2004). The embedment of non-persistent joints in UDEC and
3DEC is an elaborate process that can be tedious and difficult if
the joint network is densely populated. If the expected rock mass
failure mechanism involves block breakage (which would be particularly relevant at small scales), the presence and propagation of
incomplete joints inside of large blocks (and, hence, the block
strength) could have a significant contribution to rock mass behavior and should not be eliminated. Currently block breakage
through fracture growth can be simulated using UDEC, but not
3DEC.
Recently, a state of the art hybrid continuum–discontinuum technique based on the hybrid finite-discrete element method (FEMDEM) (Munjiza et al. 1995) and fracture mechanics has been applied on a two dimensional analysis of surface subsidence associated with cave mining (Vyazmensky et al. 2007; Vyazmensky et
al. 2008). The analysis was performed using ELFEN (Rockfield
Software Ltd.), an advanced numerical code originally developed
for the dynamic modeling of impact loading on brittle materials
such as ceramics, but being increasingly used in rock mechanics.
ELFEN is capable of simulating jointed media behavior with explicit representation of in-situ jointing and rock block breakage.
The finite element-based analysis of continua is merged with discrete element-based transient dynamics, contact detection and
contact interaction dynamics (Munjiza, 2004). Failure bands can
develop between or within single elements, and when the load carrying capacity across such bands decreases to zero, a fracture
propagates within the continuum finite element mesh. The mesh
is consequently updated and this results in the formation of a dis7
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crete element rock fragment. By using a combination of MohrCoulomb yield function with a tension cut-off, Crook et al. (2003)
could model brittle, tensile axial splitting fractures and more ductile shear fractures in ELFEN. At present the approach has been
mainly applied to two-dimensional problems and its computational efficiency is limited by the number of initial joints it can incorporate due to the necessarily fine mesh discretization.
PFC2D (Itasca, 2008a) and PFC3D (Itasca, 2008b) had previously
shown the ability to reproduce the essential, and more subtle, features of the initiation and propagation of fracturing in rocks and
jointed rock masses (Potyondy and Cundall, 2004). Kulatilake et
al. (2001) demonstrated the use of PFC3D in modelling jointed
rock block behavior under uniaxial loading. Their model geometry
was relatively simple, involving a few persistent through-going
joints in a lab-scale sample. Park et al. (2004) created more densely
jointed two-dimensional rock mass models in PFC2D by incorporating up to 100 impersistent joints from a Discrete Fracture Network into a 30 m × 30 m block. The results from these simulations were encouraging, allowing direct measurement of rock mass
strength and brittleness. They also demonstrated that the number
of joints has a significant impact on the strain-softening behavior,
changing from brittle to ductile with an increase in the number of
joints. Plots of damage patterns in the models suggest that the degree of fracturing internal to the rock blocks versus coalescence of
existing joints plays a critical role in determining the brittleness. It
is also expected that the direction of loading relative to the joint fabric will have a significant impact on brittleness. The advantage of
PFC is that it allows for consideration of block breakage, including
the impact of incomplete (non-block-defining) joints on block
strength and deformability (Figure 4). It was decided, consequently, that PFC3D would provide a perfect vehicle to permit more rigorous study of the impact of joint persistence and orientation,
nature of fracturing, and rock mass brittleness on caving behavior.
This thesis presents the Synthetic Rock Mass (SRM) approach
(Pierce et al. 2007; Mas Ivars et al. 2007; Mas Ivars et al. 2008a).
The SRM approach is based on distinct-element modelling as implemented in PFC3D (Itasca, 2008b) and can be used to characterize the mechanical behavior of jointed rock masses. This novel
methodology brings together two well-established techniques: the
Bonded Particle Model (BPM) for rock for the simulation of intact rock behavior (Potyondy and Cundall, 2004), and Discrete
Fracture Network (DFN) modelling. This new technique can be
used as a virtual laboratory to conduct numerical experiments to
obtain qualitative and quantitative insight into the constitutive behavior (both pre- and post-peak) of rock masses. The SRM approach has been developed to apply to rock masses at the scale of
10-100 m. Consequently, factors that affect the rock mass behavior at the grain-scale (e.g., grain size, mineralogical composition,
metal content, porosity, pore structure, intergranular and grain
cleavage, etc.) are not addressed explicitly.
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Figure 4. Three increasingly detailed views of a two –dimensional Synthetic Rock
Mass sample. The colors denote intact rock blocks bounded by joints. Notice the internal non through-going jointing in the “intact” rock blocks.
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3. S YNTHETIC R OCK M ASS COMPONENTS
The SRM method is based on the generation and testing of threedimensional numerical (synthetic) rock mass samples. This new
method brings together two well-established techniques: the
Bonded Particle Model for rock, developed by Potyondy and
Cundall (2004) for the simulation of intact rock deformation and
brittle fracture, and Discrete Fracture Network modelling for the
representation of the rock mass in situ joint fabric (Figure 5). Each
individual joint is represented explicitly within the SRM sample,
making use of the recently developed Smooth-Joint contact Model
(SJM) (Mas Ivars et al. 2008b; Potyondy et al. 2010). This new
technique of joint representation in PFC3D has made it possible to
extend the approach of Park et al. (2004) to volumes of rock at
the scale of 10 to 100 m, containing thousands of non-persistent
joints. Each SRM component is discussed separately in more detail below.

Figure 5. (a) Three dimensional DFN, (b) corresponding three-dimensional Synthetic Rock Mass sample, and (c) Synthetic Rock Mass basic components. The colors in
(b) and (c) denote intact rock blocks bounded by joints. Notice the internal non
through-going jointing in the “intact” rock blocks.
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3.1. Intact rock representation

Bonded –particle model

Intact rock is represented in the SRM samples by the Bonded Particle Model for rock (Potyondy and Cundall, 2004). The BPM
represents the rock as rigid circular (2D) or spherical (3D) particles (grains) bonded together at their contacts by parallel bonds
(cement) (Figure 6). At each of the contacts there are two sets of
linear springs representing normal and shear stiffness. The first set
of springs exists between the contacting surfaces of the particles
and is always there, along with a slider in the shear direction,
whenever two surfaces come into contact. The second set of
springs belongs to the parallel bonds. In addition to the normal
and shear springs, the parallel bonds have a certain normal and
shear strength. When the tensile normal force or the shear force
surpasses its respective parallel bond strength, the bond is broken
and the parallel bond springs are removed. When that happens
only the surface-surface springs and the slider in the shear direction remain. The slider can generate shear resistance in response
to normal stress. A more detailed explanation of the BPM for
rock can be found in Potyondy and Cundall (2004).
As noted in Potyondy and Cundall (2004), the BPM does not impose theoretical assumptions and limitations on macroscopic material behavior, as do continuum models. In a BPM, microcracks
are able to form, interact and coalesce into macroscopic fractures

Figure 6. Force displacement behavior of grain-cement system (Potyondy and Cundall, 2004).
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according to local conditions. In this manner, macroscopic material behaviors not encompassed by current continuum theories
can be investigated with the BPM. The BPM has a demonstrated
ability to reproduce many features of rock behavior, including
elasticity, fracturing, acoustic emission, damage accumulation producing material anisotropy, hysteresis, dilation, post-peak softening and strength increase with confinement (Potyondy and Cundall, 2004; Hazzard and Young, 2000; Hazzard and Young, 2002;
Hazzard and Young, 2004; Holt et al. 2005; Cho et al. 2007).
The microproperties of the intact rock in SRM samples are chosen
via a calibration process based on matching laboratory test results
(intact rock UCS, Young’s modulus and Poisson’s ratio) following
the procedures outlined by Potyondy and Cundall (2004). This can
be a laborious task, and efforts have been made recently to automate the calibration process by means of design of experiment
and optimization methods (Yoon et al. 2004) and artificial neural
networks (Tawadrous et al. 2009). In the calibration process the
average Young’s modulus, Poisson’s ratio and peak UCS laboratory values are fitted. BPMs usually exhibit a brittle post-peak behavior, which is typical for hard rock. Therefore, by default, no postpeak fitting is performed. A less brittle intact rock response could
be achieved by randomly removing the initial bonds at a number
of contacts (Schöpfer et al. 2009).

Scale effects

Laboratory samples are usually small when compared with the intact rock blocks in a rock mass. Numerous in situ and laboratory
studies on relatively small blocks of rock that do not contain systematic jointing have shown the effect of sample size on intact
rock strength (Bieniawski, 1968a; Bieniawski, 1968b; Bieniawski
and Van Heerden, 1975; Pratt et al. 1972; Heuze, 1980). For this
reason, the microproperties of the intact rock in a SRM sample are
chosen to match a strength that reflects the scale of a typical rock
block, not of a core sample. Selection of appropriate baseline rock
block strength must consider the potential impacts of flaws such
as veins, healed joints, microfractures and pores/vugs on strength.
These are often inadequately accounted for in assessments of intact strength via core testing. Making use of the relation proposed
by Hoek and Brown (Hoek and Brown, 1980) for homogeneous
rock (Figure 7) or those proposed by Yoshinaka et al. (2008) for
weathered and/or microflawed rock, the laboratory unconfined
peak strength can be scaled to account for the size and character
of the average in situ intact rock block.
Hoek & Brown (1980) developed an empirical scale effect relation
for intact strength on the basis of laboratory testing conducted by
a number of different researchers on homogenous hard rock samples (i.e. samples lacking significant microfracturing or alteration).
Their relation, which is still widely used in the mining industry, is
shown in Figure 7, and takes the form:
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Figure 7. Scale effect on uniaxial compressive strength of intact rock (after H oek
and Brown, 1980). Vertical axis is strength ratio normalized by strength of 50-mmdiameter specimen.

σ c = σ c.50 ( d / 50 )

−0.18

(1)

where σc.50 is the uniaxial compressive strength of a cylindrical specimen with diameter d = 50 mm, and σc is the uniaxial compressive
strength of a specimen with an arbitrary diameter, d (10–200 mm).
Yoshinaka et al. (2008) note a similarity in the form of Hoek &
Brown’s function to the relation between strength and volume of
a solid that may be derived from Weibull’s statistical theory:
−1

σ c = σ c 0 (V / V0 ) m

(2)

where V is the volume of a specimen, m is a material constant
called the Weibull modulus, and V0 is the volume of a standardsize specimen. In order to compare test results on samples of
shapes and sizes that differ from the standard 2:1 cylindrical core
sample, Yoshinaka et al. suggest a scale effect equation that employs equivalent length, de = V1/3 , and an exponent, k = 3/m, as
follows:

σ c / σ c ⋅0 = ( d e / d e 0 )
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Using the above equation, Yoshinaka et al. (2008) were able to
compare the results of testing conducted in both the laboratory
and in situ on a wide range of rock types, strengths, sample shapes
and sample sizes. The results of their analyses show that the value
of the exponent k is strongly influenced by the presence of microflaws (i.e. pores, open cracks, veins, etc.). They report that k
ranges from about 0.1 to 0.3 for homogeneous hard rock, and
from about 0.3 to 0.9 for weathered and/or extensively microflawed rock. These relations are plotted in Figure 8 along with
Hoek & Brown’s relation. The comparison suggests that Hoek &
Brown’s relation should only be used to estimate the strength of
relatively homogenous hard rock blocks; use of the relation for extensively microflawed rock is likely to result in a significant overprediction of rock block strength.
When a dense open joint network is embedded within the assembly of bonded particles using the smooth-joint contact logic, it
must be ensured that the particle size is sufficiently small to resolve slip on the joints and breakage of the intervening blocks of
rock. The limiting factor (joint resolution or block resolution) depends on the character of the joint network being embedded. In
most rock masses, joint size will be large relative to joint spacing
and so block resolution becomes the limiting factor. For practical
purposes, the average block dimension can be estimated by the
inverse of the scanline or borehole joint frequency. In cases where
the jointed rock mass is of continuous nature (i.e. relatively short
internal joints not able to form isolated blocks) the concept of

Figure 8. Scale effect relations for intact rock UCS proposed by Yoshinaka et al.
(2008). The relation of Hoek & Brown (1980) is also shown for comparison (after
Pierce et al. 2009).
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equivalent spacing as defined by Cai et al. (Cai et al. 2004) can be
used to estimate the average equivalent rock block dimension. A short
coming of the suggested methodology for accounting for scale effect in the calibration of intact rock block strength is that the
strength of blocks that are smaller or larger than the average size
may not be correctly modeled.

Resolution effects

The behavior of a PFC2D assembly is relatively independent of the
particle resolution (number of particles across the shortest sample
dimension) in terms of UCS, Young’s modulus and Poisson’s ratio
(minor increase with increasing resolution), apart from the fact
that as resolution increases their variability decreases (Potyondy
and Cundall, 2004; Koyama and Jing, 2007). However, tensile
strength decreases with increasing resolution (Potyondy and Cundall, 2004). In contrast, the UCS and Young’s modulus of a PFC3D
sample clearly increase with increasing particle resolution, and tensile strength decreases with increasing particle resolution. Again,
the Poisson’s ratio seems to be not heavily dependent on particle
resolution (Potyondy and Cundall, 2004). In order to minimize
particle resolution effects, the particle size in the calibration samples is the same as that in the SRM samples. If five particles are
desired across the average block dimension, then a million-particle
cubical model will be approximately 20 blocks wide. As discussed
in (Cundall et al. 2008), this is likely to be near or above the Representative Elemental Volume (REV) for the rock mass. While
smaller scales are often of interest, analysis of million-particle
models at or near the REV requires approximately 3.5 GB of
RAM in PFC3D, which is generally not available on 32-bit systems.
This limitation is overcome in Version 4.0 of PFC, which supports 64-bit architecture.

3.2. Joint representation

Smooth-joint Contact Model (SJM)

Interfaces in numerical models consisting of assemblies of bonded
particles have been traditionally represented by debonding contacts along a line or plane, and assigning low strength and stiffness
microproperties to them (Kulatilake et al. 2001; Park et al. 2004).
This way of representing interfaces is problematic because of the
inherent roughness of the interface surfaces (Figure 9). Even the
assignment of very low friction to the contacts on the interface
generally will not lead to realistic sliding, due to the roughness or
bumpiness induced by the particles. Small particles may be used to
represent the interface as a softer and weaker band, with several
particles across the band to minimize the roughness; however, this
is not feasible when the model requires a large number of interfaces. To overcome this problem, Cundall proposed the concept
of the smooth-joint contact model (Mas Ivars et al. 2008b; Potyondy et
al. 2010). The smooth-joint contact model simulates the behavior
of a smooth interface, regardless of the local particle contact
orientations along the interface (Figure 10). The behavior of a frictional or bonded joint can be modeled by employing the smooth15
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joint model at all contacts between particles that lie upon opposite
sides of the joint. The joint contact is described as smooth because
particle pairs joined by a smooth-joint contact may overlap and
“slide” past each other, instead of being forced to move around
one another (Figure 11). The effective joint geometry of a single
smooth joint consists of two initially coincident planar surfaces.
The two contacting particles are permanently associated with the
two surfaces, one per side. During each time step, the relative
translational displacement increment between the two particle surfaces is decomposed into components that are normal and tangential to the joint surfaces. These components are multiplied by the
smooth-joint normal and shear stiffnesses to produce increments
of joint force. The force-displacement law operates in the joint
coordinate system and provides either Coulomb sliding with dilation, or bonded behavior (i.e. joint cohesion and tensile strength).

Figure 9. Traditional way of representing interfaces in particle
based models (“bumpy joint” in green).

Figure 10. (a) Effective joint geometry, and (b) 3D specimen with frictionless
through-going joint loaded by gravity (the bottom red layer of particles is fixed)—
large shearing motion results in the creation of new smooth-joint contacts along the
joint plane.
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(a)

(b)

(c)

(d)

Figure 11. (a) Standard contact model (relative normal and tangential displacements with respect to the contact orientation), (b)
motion of upper particle with a standard contact when subjected
to a lateral force, (c) smooth-joint contact model (relative normal
and tangential displacements with respect to the joint orientation)
and (d) motion of upper particle with a smooth-joint contact
when subjected to a lateral force.

A detailed description of the smooth-joint contact model formulation, its capabilities and its limitations, as well as validation studies,
can be found in Potyondy et al. (2010).
The smooth-joint model overcomes some of the limitations of
PFC in modelling jointed rock mass behavior present in earlier
work. By bounding angular blocks of bonded particles with
smooth rather than bumpy boundaries, it is possible to more accurately model the role of block angularity and interlocking on
rock mass strength and brittleness. To date, smooth-joints have
been used only for representing existing joints, but new fractures
that form in the SRM sample as a result of subsequent deformation could also be assigned the smooth-joint model.

Discrete Fracture Network (DFN) Simulation

Jointed rock mass behavior is dependent on the in situ joint network. The weakening and softening effect produced by rock joints
depends on joint orientation, density, size, strength and stiffness.
Rock mass brittleness and primary fragmentation also depend on
the character of the in situ jointing. The geometric characteristics
and mechanical properties of the in situ joint fabric will dictate if
the rock mass behaves anisotropically and will be the primary
cause of the size effect at the 10–100 meter scale.
Since its appearance a few decades ago, Discrete Fracture Network (DFN) simulation (Dershowitz, 1984; Dershowitz and Einstein, 1988) is considered the most logical choice to explicitly
represent the structure of the in situ joint fabric. Discrete Fracture
17

Diego Mas Ivars

TRITA LWR PHD 1058

Networks can be generated by external software (Itasca, 2006a;
Dershowitz et al. 1995) from the measured in situ joint data coming from sources like borehole logging, tunnel and outcrop scanline or window mapping, and then imported into the SRM samples to represent the joint network. In this manner, the rock block
structure can be represented explicitly in the SRM samples. In cases where two or more joints intersect at a single contact, the properties and the orientation of only one of the joints (the first joint
to be inserted) are assigned to the single smooth-joint contact
model, effectively introducing a large asperity on the remaining
joint, or joints, that is controlled by the particle size. Asperities at
joint intersections have an infinite strength and a size that is a
function of particle size. The shear strength behavior of joints
with asperities needs further research and development.
Joint termination, joint intersection and joint hierarchy must also
be considered when constructing a DFN and embedding it within
an SRM sample. Joints are created by specific stress mechanisms
associated with geological events. These geological events generate
sets of joints in different directions at different times. In nature,
pre-existing nearby joints can modify the sizes and orientations of
later joints. Structural geologists study the cross-cutting relations
between different joint sets in order to determine their relative
age. A variety of rules have been established to help determine the
relative age of joints. Early joints tend to be long, relatively continuous and infilled with vein material, whereas later joints are barren, abut against earlier ones and are consequently shorter
(Hudson and Cosgrove, 1997) (Figure 12). In cases where a joint
hierarchy is evident, this can be accounted for in the order of insertion of joints in the SRM sample. The first joint (or joint set)
inserted will always be “continuous” in its entirety becoming dominant, while subsequent joints (or joint sets) intersecting the first
one will have large asperities in the shared contacts at the intersections and thus be “discontinuous”. In some sense, this is equivalent to Figure 12a and Figure 12c in which the secondary joint set
is “discontinuous”. However, in the SRM sample the behavior in
the intersection will be controlled by the size of the asperity (i.e.
the particle size). Joints terminating in other joints will also have a
large asperity of infinite strength in the shared contact which size
will depend on the model particle size. If no data on joint hierarchy is available, or if there is no evidence of joint hierarchy,
then the choice is made randomly, effectively mimicking a random
joint hierarchy.
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(a)

(b)
(from Harries, 2001)

(from Harries, 2001)

(c)

(d)

(from Harries, 2001)

(from Hudson and Cosgrove, 1997)

Figure 12. Joint interaction age determination rules (H arries, 2001): (a) where shear
fractures cut and displace another discontinuity set, the discontinuity set that has
been displaced is obviously the older fracture set; and (b) where discontinuities terminate on other discontinuities, the discontinuity set that terminates is the younger
set and the discontinuity set that stops the other discontinuity from propagating is
the older discontinuity set. (c) Fracture network of the H olderbank quarry, and (d)
fracture patterns in a limestone pavement at Lilstock, North Somerset, SW England.
The older fracture sets are the most continuous and, as the sets become progressively younger, they become less continuous and less well oriented.
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4. SRM SAMPLE GENERATION AND T ESTING
This section presents the procedures followed for the generation
and testing of SRM samples. There are two SRM testing environments: spherical and prismatic. The spherical SRM environment
allows for the SRM to be subjected to any stress path and loaded
through to complete disintegration, so that pre-peak properties
(modulus, damage threshold, peak strength) and post-peak properties (brittleness, dilation angle, residual strength, fragmentation)
can be measured. The potential power of the method is that it allows for site-specific consideration of loading conditions, material
property variations and in situ joint fabric and its evolution as the rock
mass deforms, fails and disintegrates. By using the prismatic SRM
testing environment (also called the Standard Test Suite), SRM
samples of different sizes can be submitted to standard laboratory
tests (UCS, triaxial loading, and direct tension tests) in different
axial directions allowing for systematic and full rock-mass behavior characterization, thereby capturing the effect of scale and anisotropy in a quantifiable manner.
4.1

Sample generation
Once the microproperties of the BPM have been calibrated, intact
rock samples of the desired size and shape are generated using the
procedures outlined by Potyondy and Cundall (2004) for the creation and testing of a parallel-bonded material. If the sample contains a large number of particles, it can be generated using the
AC/DC logic (Billaux et al. 2004). The approach is based on the
use of a small unit of particles (called a “pbrick”) that can be generated and brought to equilibrium quickly. The pbrick is generated
in a periodic cell and thus is special in that the geometrical arrangement of particles on one side is a negative image of that on
its opposite side. Pbricks can be assembled to generate large intact
SRM samples rapidly. Using this approach, SRM models containing approximately one million particles can be created in a few
hours. After the large intact rock sample is generated, the insertion
of the smooth joints from the appropriate DFN breaks the periodic nature of the system (see Figure 13).

4.2

Subjecting spherical SRM sample to non-trivial stress path
The behavior of a jointed rock mass is a function of the stress
path to which it is subjected (Martin et al. 1999a; Kaiser et al.
2001; Cai, 2008). Consequently, for a given rock mass, excavation
induced failure and evolution of damage depends on the stress
path. The potential strain and stress path applied in standard laboratory tests (such as uniaxial or triaxial compression) attempt to
emulate relatively simple loading conditions that may not
represent the in situ conditions surrounding a cave (Figure 14).
To be able to study the effect of non-trivial stress paths in jointed
rock mass response making use of the SRM approach, a spherical
SRM environment has been developed (Pierce et al. 2007; Mas
Ivars et al. 2007). The spherical SRM environment allows a spherical SRM sample to be submitted to complex stress paths that in20
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(a)

(b)

(c)

Figure 13. Pbrick sample generation logic: (a) small pbrick generated rapidly; (b)
small pbricks combined to form intact periodic assembly; and (c) DFN inserted.

volve changes in both magnitude and orientation. This is useful
for characterizing strength, brittleness and fragmentation of the
rock mass when the in situ stress path is well known (or can be estimated with some confidence) and differs from those typically
employed in laboratory studies. This environment has proven particularly relevant to the study of cave mining, during which rock
masses are typically subject to increasing major principal stress
and decreasing minor principal stress. Much of the rock is also
subject to a rotation in principal stresses in both the pre- and
post-peak range. The success of the cave is strongly dependent on
the brittleness and fragmentation of the rock mass (Pierce et al.
2007) and these properties are best measured under site-specific
stress paths. The spherical SRM testing environment also provides
information on the deformability and the peak and residual
strength envelopes, and can gauge sensitivity to quality/volume of
data.
In order to force a spherical SRM sample to undergo a realistic
stress path corresponding to a desired engineering activity use is
made of the “strain probe” concept (Potyondy and Hazzard, 2004;
Potyondy and Hazzard, 2008). The strain-probe logic permits control of the velocities of particles on the boundary of a PFC3D
spherical sample so that the boundary motion conforms to a specified strain tensor that does not vary with position. Strain, rather
than stress, is chosen as the controlling parameter to ensure stable
behavior in the post-peak range. Strain boundary conditions also
more closely reproduce conditions in a large assembly than do
stress boundary conditions (Cundall et al. 1982). A spherical sample is used to eliminate the shape effects that would otherwise result during rotation of the principal strains, and to reduce the
number of particles required to achieve a given material resolution. The strain-probe logic is described in Appendix I.
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Laboratory condition

In-situ condition

(a)

(b)

Figure 14. Stress state evolution in: (a) standard laboratory testing, and (b) in-situ
during caving (Conventional laboratory stress or strain paths may not emulate what
is experienced in situ).

Because the strain probe uses strain boundary conditions, a methodology has been developed to derive a strain path based on an
input stress path. The methodology allows for the compliance matrix and plastic strain, at desired locations along the stress path, to
be recorded, so that the developing anisotropy, inelastic behavior
and irrecoverable damage can be monitored.
The spherical SRM testing methodology encompasses the following steps.
Step 1: Deriving the compliance matrix of the SRM sample. The compliance matrix within the spherical sample is derived by applying a
series of strain perturbations and measuring the induced stress
perturbations making use of the stress measurement procedure
presented by Potyondy and Cundall (2004) (the formal procedure
to derive the compliance matrix is presented in Appendix II). To
decrease the simulation times during spherical SRM testing, we
use the full strain-application mode (or full-strain mode) of the
PFC3D strain probe (see Appendix I), whereby the velocities of all
particles are controlled to conform to a specified uniform strain
tensor. An equilibration stage occurs after each strain perturbation
is applied. During the equilibration stage, the boundary particles
are fixed and the interior particles are freed and allowed to rearrange themselves to accommodate the imposed strain field.
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Two different types of compliance matrices can be obtained, depending on whether or not elastic conditions are enforced during
the strain excursions. If the particle friction coefficients and the
bond strengths, as well as the smooth-joint contact friction coefficients and smooth-joint bond strengths, are set to infinity, then
the elastic compliance matrix can be obtained, which will be independent of strain magnitude. If the bond strengths and friction
coefficients on particles and smooth-joint contacts are low enough
to fail, then the inelastic compliance matrix can be obtained,
where the components can be dependent on the strain magnitudes, such that if the system is on the “yield surface”, then, in
general, a loading increment will produce a smaller component
than an unloading increment. The inelastic compliance matrix will
be used to impose the desired stress path to failure to the SRM
sample. The elastic compliance matrix will be used to track the
plastic strain increments during softening (see section 4.4).
Step 2: Installing in situ stress. The initial inelastic compliance tensor
(calculated at point r in Figure 15) can be used to derive the first
four or five strain tensor increments that need to be applied in order to reach in situ stress (step n in Figure 15) as these increments
should not significantly change the compliance tensor because
they do not cause any bond breakage or joint yield. This is
achieved in the following manner:
r
σ klr +1 − ε ijr
dε ijr +1 = S ijkl

(4)

r
where S ijkl
is the inelastic compliance tensor at initial state r, σ klr +1

is the desired stress state at stage r+1, ε ijr is the measured strain
tensor at stage r, and dε ijr +1 is the incremental strain tensor that
needs to be applied to the SRM sample in order to induce the
stress state r+1.
Step 3: Going from stress state n to stress state n+1 along the desired stress
path to failure. Once in situ stress state is reached (i.e. step n in Figure 15), the SRM can then be advanced along the stress path that
would be encountered during the desired engineering activity. The
same procedure followed for achieving in situ stress is then applied
in order to advance from one stress state to another along the
stress path. Consequently, the necessary incremental strain tensors
are determined in the following manner:
n
dε ijn +1 = S ijkl
σ kln +1 − ε ijn

(5)

n
where S ijkl
is the inelastic compliance tensor at state n, σ kln +1 is the

desired stress state at stage n+1, ε ijn is the measured strain tensor
at stage n, and dε ijn +1 is the incremental strain tensor that needs to
23

Diego Mas Ivars

TRITA LWR PHD 1058

Strength
Envelope
t

σ1

t+1

Empirical Damage
Threshold (Diederichs, 1999)

n+1

σ 1 − σ 3 = [0.3 to 0.4]∗UCSlab

n
2
1
r

σ3

Figure 15. Stress path to failure and disintegration followed by
spherical SRM sample.

be applied to the SRM sample in order to induce the desired stress
state n+1.
Step 4: Stress control. Rock masses exhibit damage and seismicity
well before peak strength is reached. Diederichs (1999) discusses
this in great detail, and provides evidence of a damage threshold
( σ1 − σ 3 = [0.3 to 0.4] ×UCSlab ). Even in the pre-damage threshold region, the compliance of the SRM will change continuously
with applied strain due to small particle rearrangement and joint
displacement. Therefore, at each step n along the desired stress
path, the inelastic compliance tensor is measured and used to predict the incremental strain tensor that needs to be applied in order
to reach the next desired stress state (Figure 15).
Along the stress path, pre-existing joints will slip, and new internal
cracks will form and propagate. These internal cracks will interact
with each other and with the pre-existing joints, changing the
stiffness response of the SRM and weakening it. As a consequence, the imposed (measured) stress field will not exactly match
the target stress field.
To ensure that the stress field achieved is within a reasonable tolerance at each intended stress step of the desired stress path, the
′

actual stress response σ ij(n +1) of the SRM sample is measured once
the necessary incremental strain field has been applied. Then the
′

measured stress state σ ij(n +1) is compared with the intended σ ijn +1
to determine if the difference lies within an acceptable tolerance.
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′

A proposed method to check if σ ij(n +1) is within an acceptable tolerance of σ ijn +1 is through comparison of each individual stress
component. This can be achieved through the criterion
)′
σ ijn+1 − σ (n+1
ij

σ ijn+1

< tol ,

(6)

where each stress component is evaluated individually and compared to a tolerance, tol.
An alternative tolerance measure can be employed through the
calculation of the third stress invariant:

σ xx σ xy σ xz
I 3 = σ yx σ yy σ yz
σ zx σ zy σ zz

(7)

The measure of tolerance could then be calculated through
I3 − I3′
< tol ,
I3

(8)

)′
where I 3 = σ ijn +1 and I3′ = σ (n+1
.
ij

If the measured stress state complies with the tolerance criterion,
the next stress increment along the intended stress path can be
imposed on the system. Otherwise, the strain increment taken is
too large and has significantly damaged the SRM sample. Subsequently, the present compliance tensor no longer is able to acceptably define the stress-strain behavior of the SRM sample over
such a large strain increment. In this case, the present desired
stress field increment will be reduced in the following manner:

∆σ ijn+1/ 2 = (σ ijn+1 − σ ijn )

1
2

(9)

σ ijn+1/ 2 = (∆σ ijn+1 2 + σ ijn )

(10)

At this point, the stress path discretization should be reset
through σ ijn +1 = σ ijn +1 / 2 , and the necessary strain field increment to
achieve this new stress field recalculated. The system will be restored to the state before the too-large strain field was applied and
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Octahedral Shear Stress, (toct, J2)
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Actual Stress State

Figure 16. Example of intended stress path vs. actual stress path followed
by a spherical SRM sample in terms of mean stress vs. octahedral shear
stress (units are in Pascal).

the new and smaller strain field increment is applied. Figure 16
shows an example of intended and actual stress path followed by a
spherical SRM sample.
Step 5: Straining to residual strength. Moving towards the failure
envelope (step t in Figure 15), once the stress state has surpassed
the damage threshold proposed by Diederichs (1999), significant
damage will begin to occur and accumulate in the SRM sample
(i.e. significant joint slip, cracking and dilation begin). At this
t
point, Sijkl
will begin to change noticeably with damage (plastic
strain accumulation) and the “stress control” proposed procedure
will be needed to ensure arrival at the desired stress state through
the chosen stress path. Once the peak strength is reached, the
SRM samples must be driven through a softening or hardening
path in a trial an error fashion through direct control of the input
incremental strain tensor and its response at each step.
4.3

Subjecting a prismatic SRM sample to standard laboratory stress
path
Numerous laboratory studies performed using physical models
have shown that preferred rock mass joint fabric orientation can
induce marked anisotropy (Singh et al. 2002; Tiwari and Rao,
2006). Rock mass behavior can exhibit a significant scale effect
because larger volumes contain more blocks, which provide greater freedom to develop failure mechanisms. In a similar way, small26
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er volumes of rock must involve intact rock failure, thus increasing the overall strength, whereas larger volumes are more likely to
contain through-going pathways comprised of existing joints,
which supply a weakening and softening effect. Overall failure of
rock masses involves failure of intact material and failure on discontinuities; rock bridges must break. Consequently, stability predictions of engineered rock structures must be based on the ensemble strength.
Rock mass scale effect and anisotropy are site dependent. The degree of strength reduction and the softening effect with size are
governed by such factors as joint frequency and joint length, intact
rock and joint mechanical properties. Rock mass anisotropy is
controlled by the joint geometrical configuration, intact rock and
joint mechanical properties. To obtain conclusive results for
jointed rock mass mechanical characterization, many large volumes of rock, with different known joint configurations and
properties should be tested at significant stress levels under different stress paths. Such an experimental program is impractical to
carry out because it would be difficult, time consuming, and very
expensive. Numerical simulation offers an attractive alternative.
With this in mind, a second SRM testing environment, termed the
SRM Standard Test Suite, has been developed (Mas Ivars et al.
2008a).
Three industry-standard tests, a direct tensile test, a uniaxial compressive strength test, and a triaxial test, have been selected to
provide measures of rock-mass tensile strength, unconfined compressive strength, and compressive strength at several confinement levels. This ensures that the material constitutive properties
derived from this technique are not specific to one particular
stress path, and may be applied to a number of different largescale mining/geological processes. This set of standard tests can
be performed on parallelepiped SRM samples of different sizes,
and in different axial directions. In this manner, the SRM Standard
Test Suite for PFC3D allows for systematic and full rock-mass behavior characterization, capturing the effect of scale and anisotropy
in a quantifiable manner (Mas Ivars et al. 2008a).
The SRM Standard Test Suite uses parallelepiped SRM samples.
As their spherical counterpart, these samples are formed of intact
rock (represented via the BPM for rock (Potyondy and Cundall,
2004)) and a DFN formed of individual joints represented via the
smooth-joint contact model (Mas Ivars et al. 2008b; Potyondy et
al. 2010).
Once SRM parallelepiped specimens are ready, they are submitted
to numerical simulations of direct tension, unconfined compression (UCS) and triaxial compression at different confinement levels. In order to make test simulation times reasonable, instead of
using the standard platen velocity-based testing procedure (Itasca,
2008a; Itasca, 2008b), the novel, more rapid-loading methodology
termed full-strain (full strain-application mode), previously introduced, has been used. In this case this approach assigns linearly
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varying (face to center) axial velocities to all specimen particles
such that they achieve a very small, defined degree of axial strain
over a specified number of model calculation steps (e.g. one step).
In this way, particle strains occur more rapidly, because fewer calculation steps are required. In this case, small subsets of particles
at the top and bottom regions of the specimen form the “grips”.
After each induced strain stage, the “grip” particles are not allowed to displace, whereas the “non-grip” (internal) particles are
freed (with zeroed velocities) and the system is cycled until static
equilibrium is re-established, permitting the model to respond naturally. This process is repeated until the residual state is reached.
The inherent rough nature of the walls of the periodically generated SRM does not allow the use of boundary walls to apply confinement to the sample. The constant confinement in the triaxial
tests is achieved by applying the necessary force to the particles
located within a “skin-sleeve” region surrounding the specimen.
The skin sleeve is elastic and softer than the rock mass sample,
similar to the rubber membranes used in the laboratory, allowing
for large deformations to occur. Using the full-strain approach, it
has been demonstrated that model run-times can be decreased by
up to a factor of ten. A schematic of the full-strain concept, together with a comparison between a UCS test conducted on an intact
rock sample using the standard boundary-based strain testing procedure and the new full-strain method, is shown in Figure 17. The
curve obtained with the full-strain method can be further refined by
increasing the number of steps over which the velocity is applied
to the particles (e.g. ten steps rather than one). It is important to
note that this is only valid when applying very small strain increments (e.g. 5×10-5). The magnitude of the maximum applicable
strain increment will depend on the strength and stiffness of the
SRM specimen being tested. Parallelepiped samples with an aspect
ratio of 2:1 are used to minimize the frictional effects caused by
boundary “grip” particles.
WALL SERVO

FULL STRAIN
180
160

Y-Axial Stress (MPa)

140
120
100
80
60
40

Wall Servo
Fulll Strain

20
0
0.0000

0.0005

0.0010

0.0015

0.0020

0.0025

0.0030

0.0035

0.0040

Y-Axial Strain

(a)

(b)

(c)

Figure 17. (a) Wall servo (boundary-strain-based) UCS testing with particle velocity
vectors being applied under load; (b) full-strain UCS testing with particle velocity
vectors being applied under load (The red particles form the “grips”.); and (c)
stress-strain curve during a UCS test using the standard PFC 3D boundary-based
strain application (blue) and the corresponding one using the new full-strain method
(red).
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4.4

Tracking plastic strains
Incremental and total plastic strains can be tracked within an SRM
sample during testing. To obtain a measure of the plastic strain increment that has occurred from ε ijt to ε ijt +1 (Figure 15), the particle
friction coefficient and the bond strengths (normal and shear), as
well as the joint friction coefficient and joint bond strengths of the
SRM sample at stage t are set to infinity to make the sample behave fully elastically. The strain perturbation procedure (Appendix
II) is then applied to obtain the fully elastic compliance tensor at
tE
stage t, Sijkl
, using the following expression:
tE
∆ε ij = Sijkl
∆σ kl

(11)

The fully elastic compliance tensor is then used to determine the
fully elastic strain increment required to achieve σ ijt +1 :
tE
dε ij(t +1)E = S ijkl
dσ ij(t +1)E

(12)

dσ ij(t +1)E = σ ij(t +1)E − σ ij(t )

(13)

where

The classical theory of plasticity states that the total strain is a
summation of the plastic and elastic strain. The elastic strain increment and the total strain increment from step t to step t+1 are
known. Therefore, we can determine the plastic strain increment
going from t to t+1 using the following expressions:

dε ij = dε ijE + dε ijP

(14)

dε ij(t +1)P = dε ij(t +1) − dε ij(t +1)E

(15)

where dε ij(t +1)P provides the increment of plastic strain and dε ij(t +1)
is the total strain increment between t and t+1.
Accumulated plastic shear strain (more specifically, the second invariant of the deviatoric plastic strain tensor, γp) is a common metric for irreversible shear strains in geomaterials (see section on
Brittleness in section 5.2). In a more general sense it can be consi-

29

Diego Mas Ivars

TRITA LWR PHD 1058

dered as a measure of damage. Accumulated plastic shear strain
can be obtained through Eq. 16:
12
1  p
p
p 2
p 2
p 2
p 2  (16)
p
p 2
p 2
− ε xx
) + (ε xy
) + (ε yz
) + (ε xz
) 
) + (ε yy
− ε zz
) + (ε zz
γ p =   (ε xx
− ε yy

6 

Note that all the strain components are plastic strain components.
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5. U SE OF SRM TO C H A RA C TE R IZ E R O C K M A S S P RO P E R T IE S
A N D B E HA V IO R
The unique capabilities of the SRM approach make it a valid candidate to study a number of challenging rock mechanics problems.
This section presents illustrative application cases showing how
the SRM approach has been applied in a qualitative and quantitative manner to improve our understanding of rock mass behavior,
and particularly of caving mechanics.
5.1

Damage threshold, peak strength and modulus
The spherical SRM testing methodology, presented in section 4.2,
has been used to characterize the caving behavior of different
rock domains at Rio Tinto’s Northparkes E26 mine in Australia
(Pierce et al. 2007). Lift 2 of the E26 orebody is being mined
through block caving. In block caving, a horizontally oriented tabular slot (or undercut) is blasted to produce fracturing and disintegration in the overlying rock mass induced by shear yield (from
high horizontal stresses) or tensile yield (from gravity). As the
fractured rock is drawn from the undercut, the cave grows upward
and will continue to do so as long as shear and/or tensile yield in
the cave back is sufficient to prevent the formation of a stable
arch. The undercut level at Northparkes Lift 2 is located at a
depth of 830 m and is approximately 200 m in diameter. As
shown in Table 1, the rock mass domains for characterization
were defined according to lithology and location relative to the
advancing cave (which controls the stress path).
The intact rock properties for the four lithologies in Lift 2 were
obtained from standard uniaxial compression tests on 5 cm diameter core samples and then scaled to account for the average in
situ rock block size. An approximate measure of the average rock
block size in Lift 2 was obtained from the mean joint spacing,
which is approximately 20 cm. According to the empirical relation
developed by Hoek and Brown (1980), a 20 cm diameter specimen should have a UCS that is approximately 80% that of a 5 cm
diameter specimen. Based on these guidelines, the laboratorymeasured intact rock strengths were multiplied by 80% to obtain a
target rock block strength for the SRM samples. These target values, along with the target moduli and Poisson’s Ratios are listed in
Table 2.
Table 1. Geomechanical domains at Northparkes E26 Lift 2.
Domain
ID

Lithology

1

Volcanics

2

BQM

3

QMP

Location

Elevation
above Lift 2
Undercut

Mining stage

Back

50m

Early undercutting

SE Haunch

100m

Late undercutting

Back

100m

Late undercutting

4

QMP

Back

200m

Early draw

5

Diorite

NW Haunch

200m

Early draw
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Table 2. Target (Lab) and calibrated (Cal.) intact rock block properties for
the four lithologies (Northparkes Lift 2).
Mean Measured UCS (MPa)

Volcanic
Lab*
Cal

QMP
Lab*
Cal

BQM
Lab*
Cal

99

115

144

Diorite
Lab*
Cal
81

Estimated Rock-Block
Strength* (MPa)

79.2

80

92

93

115

116

64.8

64

Young’s Modulus, E (GPa)

64.2

64

62

63

61

61

59

59

Poisson’s Ratio, v

0.26

0.26

0.24

0.25

0.26

0.26

0.37

0.36

*Scaled Lab. UCS (80%) to account for the average in situ block size.

Using the procedures outlined by Potyondy & Cundall (2004) for
creation and testing of parallel-bonded material, a series of uniaxial compression tests were conducted on 1m diameter × 2 m long
cylinders of PFC3D material to obtain a match to the target properties. In order to minimize particle size effects, the particle size
used in the simulated tests was the same as that used in the SRM
samples. The UCS, modulus and Poisson’s ratio values obtained
for the PFC3D material are listed in Table 2.
Using the calibrated microproperties listed in Table 3, a 12 m diameter spherical assembly, containing roughly 255,000 bonded
particles with a uniform distribution in diameter from 12.4 to 20.6
cm, representing solid intact rock, was constructed for each of the
four lithologies. This sample size was considered large enough to
be representative of the rock mass under consideration but small
enough to ensure rapid solution times.
Discrete Fracture Networks (DFNs) were developed for the
Northparkes lithologies from both borehole and tunnel scanline
mapping information using 3FLO (Itasca, 2006a). The jointing is
statistically similar among the domains and so a single DFN was
produced as base case for use in the SRM samples.

Table 3. Microproperties used in PFC 3D for the four lithologies (Northparkes
Lift 2).
Volcanics

QMP

BQM

Diorite

4109

4109

4109

4109

72

64

68

98

Ratio of particle normal to shear stiffness (kn/ks)

2.85

2.5

2.61

6.67

Particle friction coefficient

2.5

2.5

2.5

2.5

Parallel-bond radius multiplier

1.0

1.0

1.0

1.0

Parallel bond modulus (GPa)

72

64

68

98

2.85

2.5

2.61

6.67

79

80

110

69

15.8

16

22

13.8

79

80

110

69

15.8

16

22

13.8

Density(kg/m3)

Parallel bond
properties

Partice
prope-

Particle contact modulus (GPa)

Ratio of parallel-bond normal to shear stiffness
Mean value of bond normal strength (MPa)
Standard deviation of bond normal strength (MPa)
Mean value of bond shear strength (MPa)
Standard deviation of bond shear strength (MPa)
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The DFN volume of study, whose center corresponds to that of
the SRM sphere, was made large enough (cube of 15 m side
length) to allow transfer of joint geometries to the SRM sample
without introducing boundary truncation effects. The joint orientation distribution used in the DFN production process is shown
in Figure 18a. Subvertical jointing is clearly predominant, with a
preferred orientation striking roughly East-West.

(a)

(b)
Figure 18. (a) Stereonet of poles to joint planes from borehole logging and mapping within Lift 2. (These orientations are used as input to the DFN generation process and are considered representative of all domains). (b) Two-dimensional (E-W) vertical section (15
m × 15 m) through the DFN used in the Northparkes Lift2 SRM
samples.
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The goodness of fit of the DFN, both in terms of joint density
and persistence is controlled by performing scanline “mapping”
on the simulated DFN traces in the same manner as in the in situ
mapping campaign. As shown in Figure 19, the match between
joint frequencies between the mapped and simulated joint traces is
excellent.
The in situ jointing at Northparkes Lift 2 is characterized by a
predominance of joints of short length (i.e. joints larger than 3 m
diameter count for approximately 5% of the total 20.225 joints
within the DFN volume of study (15 m), and their mean diameter
is 7.6 m). Because of the relatively low number of large joints and
in order to avoid the scenario in which a single large persistent
joint dominates sample behavior, all joints with a diameter larger
than 3 m were excluded from the SRM sample. These larger joints
were accounted for within the larger mine-scale model employing
SRM-based properties.
The properties assigned to the smooth-joints (see Table 4) were
based on assessment of the roughness and planarity of the joints
in Lift 2. No information on joint hierarchy was available, so the
joint insertion order was random, effectively mimicking a random
joint hierarchy.
Once the jointed synthetic rock mass samples were generated,
they were subjected, making use of the full-strain approach (see
Appendix I), to stress paths that are representative of the changes
in stress orientation and magnitude that accompanied caving at
Northparkes. The expected induced stress changes at various locations relative to the cave were obtained from a mine-scale conti

Figure 19. Comparison between joint frequencies measured in situ
at Lift 2 and in the simulated DFN (average of 40 simulations).
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Table 4. Estimated joint properties in SRM samples (Northparkes
Lift 2).
Friction angle (degrees)

30

Cohesion (MPa)

0

Normal stiffness (GPa/m)

150

Shear stiffness (GPa/m)

30

nuum model in FLAC3D (Itasca, 2006b) in which cave advance is
simulated through an imposed draw at the undercut level. The farfield stresses in Lift 2 are outlined in Table 5. The induced stress
field is governed by the location relative to the cave and the
size/shape of the undercut/cave at the stage of interest. An example of the stress-change estimates obtained from the continuum numerical model is shown in Figure 20.
Although the samples from each domain experience the same basic stress path (simultaneous increase in Sigma1/Sigma2 and decrease in Sigma3), there are distinct differences in the stress
changes at each location. The first difference relates to the actual
orientation of the principal stresses, which is governed by the
shape of cave back in that particular domain. Sigma1 must remain
parallel to the cave back; thus, in the haunches of the cave (as in
Domains 2 and 5), Sigma 1 rotates upward and azimuthally toward the centre of the cave from its initial horizontal orientation.
This is indicated in Figure 20 by the significant changes in shear
stress at these locations. In contrast, Domains 1, 3 and 4 experience very little rotation in principal stresses, as they lie above relatively flat portions of the undercut and cave (see Figure 21).
The second main difference is seen in the ratio of Sigma 1 to Sigma 2. Domain 1 experiences a high ratio, as, in early undercutting,
the long narrow profile of the undercut (oriented N-S) promotes a
larger increase in E-W stresses (Sigma 1) than N-S stresses (Sigma
2). As the undercut is advanced, however, the aspect ratio approaches 1, and increases in Sigma 1 and Sigma 2 are more equal.
As a result, Domains 3 and 4 (positioned further to the east) experience much lower ratios of Sigma 1/Sigma 2. This is illustrated in
Figure 22. Because most of the structure in Lift 2 is vertically
oriented, this ratio plays a critical role in governing which structures experience slip and shear under the increasing stresses above
the undercut and cave back, as will be demonstrated later.
Table 5. Far-Field Stresses at Northparkes Lift 2.
Stress

Trend (°)

Plunge (°)

Magnitude

σ1

290

0

0.065 MPa/m (2.40 * σ3)

σ2

200

0

0.04 MPa/m (1.49 * σ3)

σ3

0

90

0.027 MPa/m
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Stress Magnitude (MPa)

Stress Magnitude (MPa)

Stress Magnitude (MPa)

Stress Magnitude (MPa)

Stress Magnitude (MPa)

Diego Mas Ivars

sxx
syy
szz
sxy
sxz
syz

Figure 20. Estimates of undercut/cave-induced stress changes at sample locations
within each domain (from Northparkes Lift 2 continuum large scale model).

A total of nineteen domain-specific Synthetic Rock Mass (SRM)
samples were created and tested in PFC3D. This includes five basecase samples (one for each domain) and fourteen samples for sensitivity analysis. Each test, involving application of a complete
stress path on a single SRM sample, took approximately fortyeight hours to complete on a single-processor 3-GHz PC. Results
from the base-case tests as well as some results form the sensitivity analyses are discussed in the following paragraphs.
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PFC samples of interest
in each stage

Figure 21. SRM sample locations relative to the main stages of mining defined
(Northparkes Lift 2 study case).

Figure 22. Sigma1/Sigma2 ratio in the back of as a function of mining stage. (This
ratio is higher in early undercutting (at Location 1 in Volcanics — location and
trend in green) than late undercutting and early draw (at Locations 3 and 4 in
QMP — location and trends in blue and orange, respectively)) (Northparkes Lift 2
study case).
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The onset of damage in all SRM samples occurred well before
peak strength was reached, and was indicated by joint slip and the
breakage of inter-particle bonds, also referred to as cracks. After
approximately 1000 cracks (< 1 % of the total number of cracks
that ultimately develop within the sample), the samples began to
dilate and deviate from the desired stress path (due to changes in
compliance). As shown in Figure 23 and Figure 24 , there is good
correspondence between this point and the lower limit of the empirical damage threshold criterion discussed by Diederichs (1999):

σ1 = σ3 + [0.3 to 0.4]UCSlab

(17)

Figure 23 also shows how a second stress path was used to intersect the peak strength envelope for the SRM material and to soften it to its residual state. More SRM tests could be conducted to
better define the shape of the envelope, particularly at low stress
values, so that the tensile strength can be better defined.
Following the procedure outlined in Figure 23 the peak and residual strength envelopes of all the rock domains were obtained (see
Figure 24). Empirical approaches generally only estimate an isotropic modulus or a ‘directional modulus’ and do not directly account for non-linear behavior from the effects of stress, damage

Figure 23. Stress paths, fitted peak-strength envelope and damage threshold observed in SRM sample of Domain 5 at Northparkes Lift2.
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(a)

(b)

Figure 24. Stress paths, fitted peak-strength envelope and onset of damage
(1000 cracks) observed in SRM sample tests from: (a) Domain 2 (BQM in SE
haunch of late undercut) and (b) Domain 3 (QMP in back of late undercut).
(The empirical damage threshold also is plotted for comparison to predicted
onset of damage).

or joint closure. Making use of the spherical SRM testing methodology the full elastic/inelastic compliance matrix can be easily derived at any stage along the stress path giving account of modulus
softening, developing anisotropy and non-linearity.
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Nature of damage and fracturing

General deformation, yield, failure and disintegration of SRM samples

Jointed rock masses consist of joints and intact rock. Therefore,
being able to monitor slip on joints and fracture of intact rock induced by the stress path can help to improve our understanding
of rock mass failure mechanisms. Using the SRM approach, shear
slip in the pre-existing joints, propagation, interaction and coalescence, as new cracks are developed in the sample can be monitored at any stage during the stress path to failure, and used to understand the behavior of the rock mass as it deforms, yields, fails
and disintegrates.
The basic behavior observed during testing of the base case SRM
samples from each of the five domains can be outlined as follows:
1.
elastic deformation (initial stress changes are accommodated elastically, with no joint slip or fracture formation);
2.
joint slip (eventually, the stresses reach a level that permits
slip on a small subset of joints within the sample);
3.
initial fracture development (tensile stresses develop at the
tips of slipping joints, allowing wing cracks to form. These wing
cracks are initially short in length and isolated from one another.
The formation of a wing crack from a pre-existing flaw or fracture is illustrated in Figure 25. The tendency is for wing cracks to
start on the side of the crack tip in tension, and then to propagate
in the direction of σ1. This is a very robust mechanism that can
be demonstrated clearly in a simple PFC2D model of rock (with

Figure 25. Wing crack growth mechanism and orientation relative
to principal stresses.
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embedded fracture) subject to unconfined compression (Figure
26));
4.
fracture coalescence (with continued straining, the wing
cracks coalesce to form large-scale macro-cracks.); and
5.
sample disintegration. (the macro cracks ultimately divide
the sample into a number of large blocks that slip relative to one
another and subdivide further as the sample is strained.

Slip on joints

The previous section outlined the common behavior observed
during testing of the base case SRM samples from each of the five
domains in Table 1. The following paragraphs describe the differences between them.
Slip on in situ joints was monitored during the Northparkes SRM
spherical tests described in the previous section. A small subset of
joints was found to be slipping at the point of intersection with
the failure envelope (peak strength). By plotting the poles to these
slipping joints on a stereonet, it is possible to see the impact of
differing stress magnitudes and orientations relative to the joint
fabric (Figure 27). The differences observed are attributed to the
evolving shape of the undercut.
•

In early undercutting (Domain 1), joints of both intermediate and sub-vertical dip are slipping (peaks at
dip/dd=46/350 and dip/dd = 74/252 respectively). Slip
on the intermediate dipping joints is encouraged by their
orientation relative to σ1 (horizontal) and σ3 (vertical). Slip
on the sub-vertical joints is encouraged by the increased
ratio of σ1/σ2 in the horizontal plane that results from the
high aspect ratio of the undercut (see Figure 22).

Figure 26. Wing crack development in simulated UCS test on
PFC 2D material (σ1 vertical). Smooth-joint in black and wing
cracks in red.
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•

In the haunch during late undercut, Domain 2 exhibits slip
primarily on vertically oriented joints (peaks at
dip/dd=87/354 and dip/dd = 76/146. This is encouraged
by the rotation of σ1 relative to the dipping cave back in
this domain.

•

In later undercutting and early draw (Domains 3 and 4), it
is primarily joints of intermediate dip that are slipping

Domain 1 (Volcanics above
early undercut back)

Domain 2 (BQM in SE
haunch of late undercut)

Domain 4 (QMP in
back of early cave)

Domain 3 (QMP in back
of late undercut)

Domain 5 (Diorite in NW
haunch of early cave)

Figure 27. Stereonet plots of poles to joints slipping in the SRM
samples after the onset of damage (Northparkes Lift 2 study case).
The legend is the same for all the pole plots.

42

Bonded Particle Model for Jointed Rock Mass

(peaks at dip/dd=49/348 and dip/dd = 50/347 respectively). In this case, slip on the sub-vertical joints (which
was observed in early undercutting) is inhibited by the low
aspect ratio of the undercut, which keeps the ratio of Sigma 1/Sigma 2 at lower levels (see Figure 22).
•

In early cave, Domain 5 exhibits slip on both horizontal
and vertical structures. This is attributed to the stress rotation within the NW haunch that promotes slip on a wider
range of joints.

Fracture analysis

New fracture development within the SRM samples is indicated
by the breakage of inter-particle bonds, also referred to as cracks.
By the end of each of the Lift 2 SRM tests, samples exhibited over
100,000 cracks. Because of the large number of cracks and the
presence of a significant number of isolated (non-interacting)
cracks, it is very difficult to track the evolution and orientation of
fracture coalescence within the sample through 3D computer visualization and analysis with the unaided eye.
Microseismic monitoring was used in Lift 2 to track the progression of the seismogenic zone that marks the leading edge of the
upward advancing cave (see Figure 1). Slip on pre-existing joints
and the new fracture growth patterns developed within the SRM
samples during testing can be correlated with observations on slip
on joints, fracture geometry and growth evolution derived from
high resolution microseismic data (Pierce et al. 2007; ReyesMontes et al. 2007). This technique involves the fitting of threepoint planes to the clouds of cracks produced in the SRM tests
and to the microseismic events monitored during caving. In this
manner, it allows for validation of the SRM approach through
comparison of the fracture orientations derived from recorded
microseismicity during undercutting and cave propagation with
fracture orientations derived from the cloud of cracks (i.e. bond
breakages) developed during SRM testing. Overall, the dominant
fracture orientations within the SRM samples are in very good
agreement with the dominant structure inferred from microseismic data analysis in five separate domains studied within the Lift 2
block (Figure 28). The mode of failure was examined in detail and
was shown to consist of three main stages: (1) slip on a small subset of pre-existing joints; (2) formation of new tensile fractures as
wing cracks from these slipping joints and finally (3) coalescence
into large macro-fractures.
The joints that are able to slip within the sample control the first
sets of cracks that form within the SRM material. The alignment
of wing cracks with 1 exerts a strong control on the ultimate
orientation of new fractures that form in the rock mass. As shown
in the PFC2D (Itasca, 2008a) example in Figure 29, joints at intermediate dip will be inclined to slip under stress conditions typical
of an advancing cave (increasing horizontal σ1, vertical σ3) and
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Figure 28. Stereographs showing the relative density of poles to the planes fitting the
microseismic events induced at different stages of cave development at Northparkes
Mine. The time period and corresponding mining operation is shown in the histogram of daily seismic activity rate shown in the top-right corner. In each pane, the
upper stereograph represents the density plot calculated for in-situ induced microseismicity while the lower stereograph is calculated for the synthetic model constructed for the corresponding geomechanical domain. The results show a good correspondence between in-situ and synthetic seismicity. The diagrams show the
interpreted dominant planar structures. After Reyes-Montes et al. (2008).

form wing cracks that propagate and coalesce horizontally. This is
advantageous in an orebody such as Lift 2, where there is a paucity of pre-existing horizontal joints to encourage caving. Based on
the seismic data analysis this appears to have happened in the late
stages of undercutting and early stages of draw within the QMP
(Domains 3 and 4) and Diorite (Domain 5) (Figure 28). It can be
demonstrated that the stress conditions particular to late undercutting (low ratio of σ1 to σ2 in the horizontal plane, see Figure
22) promote clamping of vertical joints in the QMP (Domains 3
and 4) when compared to early undercutting in the Volcanics
(Domain 1).
In early undercutting there is a strong shear component to seismicity that suggests significant joint slip and this is supported by
the observations of slip on both vertical and sub-horizontal joints
in the SRM sample (Figure 27). The stress conditions at this early
stage (high ratio of Sigma 1 to Sigma 2, see Figure 22) also may
promote growth of new vertical fractures. This appears to have
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Figure 29. Wing crack development and coalescence (in red) from
pre-existing joints (in blue) in a PFC 2D material (Sigma 1 horizontal).

happened in the early stages of undercutting within the Volcanics,
as the seismic data analysis indicates strong vertical and horizontal
structure.

Fragmentation

Caving results in primary fragmentation, which defines the size of
the blocks that form in the failure zone of the advancing cave.
Secondary fragmentation is the reduction in size of the primary
rock blocks during the drawdown of the cave (in the draw column). For this comminution to occur, the stresses in the cave
zone/draw column must exceed the strength of the weakest portions of the primary rock block.
The main controlling factors in the primary fragmentation are the
orientation and relative strength of the joints with respect to the
induced stresses in the cave back.
A second technique that can be used to assist in understanding the
macroscopic fracturing (coalescence of existing joints and new
fractures) that accompanies softening from peak strength to residual state involves examination of contiguous blocks or clusters
within the SRM material — i.e. isolated blocks of intact rock within the sample whose component grains can all be reached via one
another through bonded contacts (Figure 30). Clusters are not
necessarily intact rock; they can still have internal joints (non
through-going).
With this technique, it is possible to see how the initially intact
rock mass disintegrates and to visualize the fractures (in the form
of block defining features) that lead to this disintegration (Figure
31). The evolving fragment size distribution that accompanies
fracturing was estimated for the Notrthparkes SRM samples by
converting the volume of each cluster to an equivalent spherical
diameter. As shown in Figure 31, the size distribution at the residual state (zero cohesion) compares well with visual observations
of fragmentation made in the drawpoints at Northparkes Lift 2.
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Figure 30. Two-dimensional Synthetic Rock Mass. The colors denote intact rock blocks (clusters) bounded by joints. Notice the internal non through-going jointing in the “intact” rock blocks.

Brittleness

A jointed rock mass may exhibit strain softening, strain hardening
or elastic perfectly plastic behavior, depending upon the joint configuration and the confining stress level causing failure (Tiwari and
Rao, 2006) (Figure 32). Even when the maximum load bearing capacity (i.e. peak strength) of a rock mass surrounding an excavation has been surpassed, the excavation as a structure may remain
stable. The rock mass may be able to accommodate further straining before reaching its residual state (total rupture or final disintegration).
Brittleness is not a material property, as it depends on the stress
path the rock mass follows before and after failure. Confining
stress is an important consideration, since it affects brittle fracture
strength by suppressing the growth of dilatant microcracks, a
process which is generally enhanced by deviatoric stress and suppressed by mean stress. Consequently, increase in confinement
stress increases the peak strength and makes the rock mass postpeak response more ductile.
Due to lack of large-scale test data, representing the strainsoftening behavior of jointed rock masses is an extremely challenging and difficult task. Brittleness is generally accounted for
within continuum analyses of rock mass behavior by considering
rock as a strain-softening material in which the cohesion of the
rock mass degrades with accumulated plastic shear strain, which is
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Figure 31. (top) Evolution of fracturing in Domain 1 sample on a vertical crosssection through the centre (top). Solid colours denote contiguous blocks of bonded
material (i.e. isolated rock blocks). (bottom) Comparison of fragmentation in SRM
test to that measured in the drawpoints at Northparkes Lift 2. Note that Q1Q2 2005
is primary fragmentation comparable to that produced in the SRM test; Q3Q4 2005
and Q1Q2 2006 are secondary fragmentations.

a common metric for irreversible shear strains in geomaterials and,
in a more general sense, can be considered as a measure of damage. In these models, the determination of the size of the plastic
zones and the associated rock mass deformation depends on the
residual strength and the rate of post-peak strength (i.e. cohesive
strength) degradation of the rock mass. Martin et al. (1999b) demonstrated that it is reasonable to assume perfectly brittle behavior
(i.e. instantaneous cohesion loss) in cases where the failure process
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Hardening

Figure 32. Possible failure mechanisms of rock masses (modified
from Crowder and Bawden, 2004).

is dominated by new stress-induced fracturing (e.g. in massive or
moderately jointed rock at the tunnel-scale). The assumption of
perfectly brittle behavior may not be valid in cases where the preexisting joint fabric exerts a stronger control on the failure
process, such as in large-scale slopes or caves. In these cases, rock
masses tend to exhibit a less brittle response and the strains required for complete cohesion loss become more important in the
prediction of rock mass behavior. For example, Hajiabdolmajid &
Kaiser (2002) demonstrated that slope stability in jointed rock is
sensitive to rock mass brittleness. Their work also suggested that
the extent of the failed zone within a slope is proportional to brittleness, with more brittle rock masses displaying a more deepseated failure surface. Unfortunately, we know very little about the
relations between cohesion loss and plastic shear strain that control rock mass failure in such cases. To date, engineers have relied
mainly on back-analysis of well-documented case histories as a
means to constrain these relations. Even though nowadays there
are some guidelines given from researchers for estimation of brittleness, there is no standard manner to quantify it.
The SRM spherical testing environment provides a new and powerful tool to estimate jointed rock mass brittleness.
As damage accumulates plastic shear strain increases. Critical plastic strain is defined as the total plastic shear strain required to drop
the cohesion of a rock to zero (i.e. complete disintegration and
caving) and is analogous to brittleness; the smaller the critical plastic strain, the more brittle a rock mass is, as it takes less strain for
the rock mass to disintegrate. The brittleness of the SRM samples
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is measured by tracking the plastic shear strains as the samples
drop from their peak strength to residual strength and complete
disintegration (e.g. from step t to step t+1 in Figure 15).
Once complete disintegration has been achieved, the softening
stress path from peak strength to complete disintegration is divided into regular intervals (e.g. peak strength to 66% peak
strength, 66% to 33% peak strength, and 33% peak strength to residual strength) in order to quantify the accumulated plastic shear
strain. Then the incremental plastic strain tensor is determined at
each of those intervals following the steps presented in section
4.4. After that, making use of Eq. 16, the accumulated plastic
shear strain is calculated from the obtained incremental plastic
strain tensors at each of the chosen intervals.
The obtained cohesion versus accumulated plastic shear strain relation (here we assume cohesion is being lost as the sample disintegrates) can then be used as input into a strain-softening constitutive relation in a large-scale model (Pierce et al. 2007).
This technique was applied in the Northparkes Lift 2 study case.
The cohesion versus plastic shear strain curves obtained in this
manner are normalized to cohesion for comparative purposes in
Figure 33. There is a significant variation in brittleness between
the various domains; Domains 1 and 5 exhibit the most brittle response and Domain 2 the least brittle. The lower brittleness of
Domain 2 is attributed to both the higher intact strength within
the BQM lithology and the rotation of stresses towards vertical in

Figure 33. Estimates of brittleness obtained from SRM testing of base case samples
from the five domains at Northparkes Lift 2. (Steep lines indicate high brittleness —
i.e. less plastic strain required to lose cohesion).
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this location as the cave advances. Since the joint fabric is predominantly sub-vertical, one would expect the rock mass to be
stronger under application of a sub-vertical major principal stress.
Because the SRM model samples would only represent small and
selected portions of the entire orebody volume in a cave mine, the
results of the SRM tests and the insight gained from them ultimately must feed into tools that can be used to predict the behavior (in terms of caveability) of an entire orebody. In the continuum (finite difference) numerical approach used in this case
study,the rock mass modulus, peak strength, damage threshold,
and brittleness derived from the small-scale sample tests (SRM
tests) were represented directly on a zone-by-zone basis within an
orebody-scale model of Lift 2. The larger joints not accounted for
within the SRM tests (i.e. joints larger than 3 m in diameter) were
considered in the larger mine-scale model employing SRM-based
properties. Other features such as major structures, adjacent caved
areas, true undercut direction, size and shape, and surface topography were also included in the continuum model. The minescale model successfully simulated the observed progress of the
seismogenic, yield and cave zones in Lift 2 as inferred from in situ
monitoring via geophones, TDRs and open holes (Pierce et al.
2006; Cundall, 2008). This indicates that a large-scale model employing SRM-derived properties is capable of properly capturing
the mechanism, rate and extent of rock-mass softening and disintegration.
5.3

Anisotropy and scale effect
The SRM Standard Test Suite (previously introduced in section 4.3)
has been applied to a back-analysis study of caving behavior at Rio
Tinto’s Palabora mine in South Africa (Figure 34). The Palabora
mine began operations as an open cut copper mine in 1964. Today it is the world’s deepest open cut mine, approximately 450 m
deep and nearly two km in diameter. A change in mining method
to block caving was implemented in 2000. Soon after the breakthrough of the block cave to the base of the open pit, a significant pit slope failure occurred on the north wall, as illustrated
in Figure 34. The open pit failure has jeopardized the integrity of
critical infrastructure and leads to potential sterilization and dilu

Figure 34. The Palabora pit slope failure mechanism reproduced by the SRM–UJRM
approach for representing jointed rock masses (Sainsbury et al. 2008b).
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tion of the ore reserve. Based upon initial back-analyses of the
failure, the failure mechanism has been attributed to a persistent
joint set that intersects the cave volume at depth (Brummer et al.
2006).
This case study presented a new challenge for the SRM technology. Due to the particular characteristics of the in-situ joint fabric
(very low joint frequency combined with very large joint persistence), significant scale effects and anisotropy were expected in
rock mass behavior. Therefore the SRM Standard Test Suite methodology was employed.
As in the previous study case the DFN was generated using 3FLO
(Itasca, 2006a) and the input data were derived from analysis of
open joint data collected from pit wall mapping, underground
mapping and core logging. The study case domains in this case
were chosen according to the main rock types in the mine. The
pole plots in Figure 35 show that the joints at Palabora are predominantly subvertical in orientation and exhibit two dominant
strike directions (WNW and NNE). The joint spacing varies considerably. Table 6 and Table 7 indicate the data ranges for all the
lithologies. It was difficult to estimate the joint size distribution at
Palabora because, in most cases, the joint traces cut completely
across the faces being mapped. In the absence of further information to constrain joint size (e.g. through measurement of trace
lengths and terminations over multiple benches), it was necessary
to make a significant assumption about the joint size distribution;
a power-law model with a length exponent equal to -4 ultimately
was employed. Due to the large joint sizes present in such a DFN,
a large generation volume equal to a cube of edge-length 100 m
was employed for the Carbonatite, and Micaceous Pyroxenite. A
smaller cube of edge-length 50 m was used for the Dolerite, which
had greater joint frequency and shorter mean joint diameter.
The target intact rock properties (UCS, Young’s modulus and
Poisson’s ratio) were established by scaling the properties obtained from standard uniaxial-compression tests on core samples
to what might be expected for an average-sized rock block within
each lithology, estimated from the mean joint spacing. The relation proposed by Hoek and Brown (1980) was used to justify scal-

Carbonatite

Dolerite

Micaceous Pyroxenite

Figure 35. Stereonet of poles to joint planes within different lithologies in Palabora.
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Table 6. Measured joint frequencies from underground mapping at Palabora.
Lithology

Approximate traverse orientation

Mean joint frequency (min-max)

Carbonatite

West

0.83 m-1 (0.16-3.33)

Carbonatite

South

0.53 m-1 (0.04-3.64)

Dolerite

West

1.88 m-1 (0.02-4.80)

Dolerite

South

2.54 m-1 (0.16-10.00)

Micaceous Pyroxenite

West

0.39 m-1 (0.04-0.94)

Micaceous Pyroxenite

South

-

Table 7. Measured joint frequencies from open pit mapping and
assumed joint sizes at Palabora.
Lithology

Mean joint frequency (min-max)

Mean joint diameter (min-max)

Carbonatite

0.77 m-1 (0.21-3.33)

15 m (10-354.7)

Dolerite

2.26 m-1 (0.35-16.00)

7.5 m (5-658)

Mic. Pyrox.

-1

0.37 m (0.12-0.73)

15 m (10-246)

ing laboratory UCS by 80% to obtain rock-block strength. Theparticle assemblies followed a uniform particle size distribution
with diameters ranging from 6.81×10-1 m to 11.31×10-1 m for Carbonatite and Micaceous Pyroxenite and 1.70×10-1 m to 2.82×10-1
m for Dolerite. The target and calibrated values for UCS, Young’s
modulus and Poisson’s ratio for the four rock types (Carbonatite,
Dolerite, and Micaceous Pyroxenite) are listed in Table 8.
After the microproperties for the bonded particle assembly were
established (see Table 9), cubic specimens of 80-m (Carbonatite
and Micaceous Pyroxenite) or 20-m (Dolerite) side length were
produced. These SRM samples are among the largest PFC3D models ever generated in terms of number of particles (~ 1 million
particles). Using the particle assemblage-generation method of the
AC/DC logic previously introduced (Billaux et al. 2004), these
models were created in a few hours. Joint properties in this case
study were estimated from the roughness and hardness of joints
measured during mapping, and are listed in Table 10. Joint dilation
in all cases was assumed to be zero.
The next step involved carving three 80 m × 40 m × 40 m parallelepiped samples from the centre of the generic 80 m cube in the
three axial directions (a quarter of this size for the Dolerite samples). After that, each of these three large samples was divided into eight medium-sized samples. Finally, one of the medium-sized
Table 8. Target (Lab.) and calibrated (Cal.) intact rock block properties
for the three main rock types at Palabora.
Carbonatite
Lab*
Mean Measured UCS (MPa)
Estimated Rock-Block Strength*
(MPa)
Young’s Modulus, E (GPa)
Poisson’s Ratio, v

Cal

139

Dolerite
Lab*

Cal

320

111.2

112.7

58
0.33

90

256

257.5

58.4

90

92.5

72

72.5

0.33

0.30

0.30

0.35

0.35

*Scaled Lab. UCS (80%) to account for the average in situ block size.
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Table 9. Microproperties used in PFC 3D for the three lithologies (Palabora).

Parallel bond properties

Partice
properies

Carbonatite

Dolerite

Micaceous
Pyroxenite

Density(kg/m3)

4109

4109

4109

Particle contact modulus (GPa)

74.5

140

96.8

Ratio of particle normal to shear
stiffness (kn/ks)

2.4

3.8

2.74

Particle friction coefficient

2.5

2.5

2.5

Parallel-bond radius multiplier

1.0

1.0

1.0

Parallel bond modulus (GPa)

74.5

140

96.8

Ratio of parallel-bond normal to
shear stiffness

2.4

3.8

2.74

Mean value of bond normal
strength (MPa)

170

429

100

Standard deviation of bond normal
strength (MPa)

34

85.8

20

Mean value of bond shear strength
(MPa)

170

429

100

Standard deviation of bond shear
strength (MPa)

34

85.8

20

Table 10. Estimated joint properties in SRM samples (Palabora).
Carbonatite

Dolerite

Micaceous
Pyroxenite

Normal stiffness (GPa/m)

150

250

150

Shear stiffness (GPa/m)

20

30

20

Friction angle (degrees)

30

26

34

Cohesion (MPa)

0

0

0

samples in each of the axial directions was subdivided into eight
small parallelepiped samples. In this manner, a total of fifty-one
specimens of 2:1 aspect ratio were generated for each lithology:
twenty-four small-sized specimens (eight in each axial direction);
twenty-four medium-sized specimens (eight in each axial direction); and three large-sized samples (one in each axial direction).
The process of progressively subdividing specimens is illustrated
in Figure 36. The distinct colours correspond to contiguous
blocks, within which any particles may be reached from any other
via one or more intact bonds. Between such blocks, there are contacts associated with smooth-joint segments. Although a block is
identified with a uniform color, it may contain many “dead-end”
joints that may extend during loading (see Figure 36a).
Once the SRM parallelepiped specimens of different sizes and in
different axial directions were generated, they were submitted to
numerical simulations of direct tension, unconfined compression
(UCS) and triaxial compression (1 MPa and 5 MPa confinement)
following the procedure outlined in section 4.3. This allowed for
the estimation of the spatial variability induced by the DFN on the
strength, brittleness and elastic properties of the rock mass at different scales and in different directions.
Figure 37 shows the stress-strain response of the eight small-sized
specimens in the y-direction (N-S) when subjected to UCS testing.
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Figure 36. 3D cluster plots for: (a) three concentric 80m × 40m × 40m parallelepiped
samples in the three axial directions (Different colors denote clusters of particles
bonded together (intact rock blocks). Note the internal jointing inside the intact rock
blocks; (b) the 80m × 40m × 40m parallelepiped sample in the y-direction (N-S); (c)
the 80m × 40m × 40m parallelepiped sample in the y-direction subdivided into eight
parallelepiped samples of 40m × 20m × 20m; and (d) the 40m × 20m × 20m parallelepiped sample named U2, subdivided into eight smaller 20m × 10m × 10m subsamples
(Palabora study case).
UCS carbonatite (10m x 10m x 20m) Y-direction (N-S)
80

L1

Axial Stress (MPa)

70

L2

60

L3

50

L4
U1

40

U2

30

U3

20

U4

10
0
0.000

0.001

0.002

0.003

0.004

0.005

0.006

0.007

0.008

0.009

0.010

Axial Strain

Figure 37. Stress-strain response of the eight small-sized carbonatite specimens (10m
× 10m × 20m) oriented in the y-direction (N-S) when subjected to UCS testing (Palabora study case).

The large variation in the results is attributed to the small number
of joints present. The scarcity of joints in the small-scale samples
can cause failure along a possible number of preferential planes of
weakness. If an unfavorable orientation is present this can result
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in much lower strength and/or more ductile behavior. Figure 38
illustrates the stress-strain response from UCS tests on large SRM
samples of Carbonatite. Due to a dominant vertically oriented
joint set within the rock mass, strength anisotropy can be observed when the sample is loaded in different orthogonal directions. It is also noticeable in Figure 38 the more ductile nature of
the stress-strain curves as compared with the ones in Figure 37.
Figure 39 shows the unconfined compressive strength measured
for synthetic samples of Carbonatite, Dolerite and Micaceous Pyroxenite samples, respectively, versus sample widths. Table 11 lists
mean unconfined peak strengths and standard deviations for two
sample sizes for each of the three rock types. The variation decreases with increasing size, in each direction.
The variation in unconfined strength is illustrated graphically in
Figure 40a, in which each group of bars corresponds to a single
sample (10m × 10m × 20m) of a single rock type (Carbonatite). In
each group, the anisotropy is reflected by the relative heights of
the three bars corresponding to the X- (E-W), Y- (N-S) and Zdirections (vertical) of testing. Similar results for Young’s modulus
are shown in Figure 40b. There is a strong correlation between
UCS and Young’s modulus.
A strong size effect is evident for the three synthetic rock masses,
although each rock type exhibits its own particular shape of
strength-size curve (e.g. contrast Figure 39c with Figure 39a
andFigure 39b); clearly, the Micaceous Pyroxenite results have not
yet become asymptotic). The main cause for the size effect seems
to be that considerable intact rock (rock bridge) failure is necesUCS carbonatite (40m x 40m x 80m)
X (E-W)

35

Y (N-S)

Z (Vertical)

30

Axial stress (MPa)

25
20
15
10
5
0
0.000

0.001

0.002

0.003

0.004

0.005

0.006

Axial strain

Figure 38. Stress-strain response of the three large-sized carbonatite specimens (40m
x 40m x 80m) in three orthogonal directions when subjected to UCS testing (Palabora study case).
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(a)

(b)

(c)

Figure 39. Numerically obtained average values of unconfined
compressive strength of (a) carbonatite, (b) dolerite and (c)
micaceous pyroxenite, versus sample thickness for three orientations of the applied axial stress [The left-most point corresponds
to intact rock; the next point represents the estimated strength of
the mean block size (see Table 8)] (Palabora study case).
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Table 11. Measured mean peak strength and standard deviations in UCS tests for all
sub-samples (Palabora).
Lithology

SRM sample size
10m x 10m x 20m
(eight samples in each
axial direction)

Carbonatite
(Mean Peak Str, MPa)
Carbonatite
(Std Dev, MPa)
Mic. Pyrox.
(Mean Peak Str, MPa)
Mic. Pyrox.
(Std Dev, MPa)

Dolerite
(Std Dev, MPa)

40m x 40m x 80 m
(one sample in each axial
direction)

X

Y

Z

X

Y

Z

X

Y

Z

31.0

33.0

25.9

12.7

24.8

12.6

13.1

32.7

15.8

19.20

21.71

15.25

4.83

12.86

3.27

60.9

69.2

45.7

41.7

60.0

37.8

14.7

22.8

17.7

18.95

19.04

10.40

9.67

14.65

4.27

2.5 x 5 m
(eight samples in each
axial direction)
Dolerite
(Mean Peak Str, MPa)

20m x 20m x 40 m
(eight samples in each
axial direction)

5 x 10 m
(eight samples in each axial
direction)

54.5

55.5

79.5

40.9

38.1

33.9

45.46

45.87

48.05

27.72

22.79

28.17

10 x 20 m
(one sample in each axial
direction)
36.8

35.6

31.0

sary for rock mass failure to occur in small volumes of the material, while slip and opening can accommodate failure in larger samples because of the increased availability of suitable joint planes. A
visual inspection of the Mycacious Pyroxenite larger SRM sample
and the Carbonatite (Figure 41) shows that most of the Mycaceous Pyroxenite is pseudo-continuous (one large rock block or
cluster in clear blue with internal jointing) whereas the Carbonatite
is discontinuous or blocky (divided in a large amount of smaller
rock blocks or clusters). The respective initial fragment size (cluster size) distributions from 40 m × 40 m × 80 m parallelepiped
samples in different axial directions (Figure 42) show that the
Carbonatite (BCB) is much more discontinuous (blocky, formed
by smaller rock blocks or clusters) than the Mycaceous Pyroxenite
(MPY).
There is also a strong size effect in the magnitude of strength fluctuations, whereby a collection of small samples exhibits a wide variability in strength, compared to a collection containing a similar
number of large samples. The strength fluctuations correspond
closely to modulus fluctuations (see Figure 40 and Figure 43).
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Figure 40. UCS (a) and Young’s modulus (b) values for each of eight 10 m × 10 m ×
20 m carbonatite samples (dark blue, yellow and light blue correspond to X (E-W), Y
(N-S) and Z (vertical) axial directions) [The bars at far right correspond to the
“parent” sample of 20 m × 20 m × 40 m] (Palabora study case).

The following observations can be concluded from the remaining
set of results from the compressive tests. First, it is noted that
brittleness (post-peak softening rate) decreases in general with increasing size of sample, as more failure is accommodated by sliding on existing joint planes. Second, brittleness decreases with increase in confinement level. Third, the size effect noted for UCS
tests is also observed in triaxial tests.
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(a)

(b)

Figure 41. Visualization of: (a) Carbonatite SRM sample and, (b)
Mycaceous Pyroxenite SRM sample. Both are cubes of 80 m side
length. (Palabora study case).

In a rock mass, there are a multitude of joints of different sizes
and different orientations. Sometimes, especially if the sample is
not large enough, there can be a dominant weak joint or plane. If
the dip direction of that joint is perpendicular to one of the con59
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(a)

(b)

Figure 42. Initial fragment (cluster) size distribution for 40 m × 40 m
× 80 m parallelepiped samples in three axial directions (X (E-W), Y
(N-S) and Z (vertical)) representing: (a) Carbonatite (BCB) and (b)
Mycaceous Pyroxenite (MPY). (Palabora study case).

finement stress orientations in a triaxial test, depending on the dip
angle and the friction angle of the joint, a slight increase in confinement level might not be enough to increase the shear strength
on the joint plane such that it translates into a significant increase
in the sample peak strength. However, a larger increase in confinement will strengthen the joint shear response and cause the
rock mass peak strength to increase as well. This is possibly the
case of the Micaceous Pyroxenite SRM sample response in the
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(a)

(b)
Figure 43. UCS values for: (a) each of eight 2.5 m × 2.5 m × 5 m dolerite samples, and
(b) each of eight 5m x 5m x 10m dolerite samples (dark blue, yellow and light blue
correspond to X (E-W), Y (N-S) and Z (vertical) axial directions) [The bars at far
right correspond to the “parent” sample of 5 m × 5 m × 10 m and 10 m × 10 m × 20 m
respectively] (Palabora study case).

x-direction (Figure 44a), in which 1MPa increase in confinement
is not enough to significantly increase the peak strength of the
rock mass at this scale. However, triaxial tests with increasing confinement level in y- and z-directions show the expected increasing
trend for both confinement levels. The strength of the Carbonatite SRM sample increases with increasing confinement level at
both confinement levels in all three axial directions (Figure 44b).
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(a)

(b)

Figure 44. Peak strength vs. confinement level of three large-sized (40 m × 40 m × 80
m) Micaceous Pyroxenite (a) and Carbonatite (b) specimens in three orthogonal directions. (Palabora study case).

The results from the direct tension test simulations showed that
the tensile behavior of rock masses is more complex than usually
assumed in continuum models. It is well known that the ratio between the UCS and tensile strength of an intact hard rock is in the
order of 10-25. Most of the joints in hard rock are partly or entirely open and have therefore negligible tensile strength. For this rea62
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son, the UCS/tensile strength ratio in hard rock masses is usually
much larger than that of intact rock.
Table 12 and Table 13 show the results of the direct tension simulations on the Carbonatite and Dolerite samples. These results are
characterized by a marked anisotropy. In the case of the Carbonatite, in the y-direction (N-S), due to the predominantly sub-vertical
jointing of very large persistence, there is no tensile strength except for the medium-sized sample L3. Tests in the x-direction (EW) show similar results, with only the middle-sized samples L4
and U3 exhibiting any tensile strength. However, in the z-direction
(vertical), there are only four small-sized samples with no tensile
strength. In the z-direction, the samples exhibit tensile strengths
that vary with scale (tensile strength decreases with increasing
sample size). These anisotropic results are in agreement with the
dominant sub-vertical in-situ jointing. Similar conclusions can be
drawn from the results of direct tension tests on the Dolerite
samples.
The smaller SRM samples generally exhibit brittle behavior when
extended in the vertical direction (z-direction), whereas larger
samples exhibit more ductile behavior. This is due to the fact that,
in large rock mass volumes, interlocking contributes to tensile
strength, and more strain is required to achieve sufficient block
breakage and/or rotation for complete loss of strength. Even if
the ultimate failure has a brittle character, the stress-strain curve of
a direct tension test on a SRM sample can exhibit two or more
secondary peaks (Figure 45). This is due, in this particular case, to
Table 12. Measured tensile peak strength from direct tensile testing on Carbonatite
SRM samples (Palabora).
10m x 10m x 20m
(eight samples in
each axial direction)

20m x 20m x 40m
(eight samples in each axial
direction)

40m x 40m x 80m
(one sample in each axial
direction)

X

Y

Z

X

Y

Z

X

Y

Z

0

0

1.1

0.03

0.003

0.15

0

0

0.17

Min-Max (MPa)

0-0

0-0

0-6

0-0.17

0-0.025

0.025-0.32

0-0

0-0

0.17-0.17

Nr. of samples with
no tensile str./nr. of
samples tested

8/8

8/8

4/8

6/8

7/8

0/8

1/1

1/1

0/1

Mean Tensile Peak
Strength (MPa)*

* Mean Peak Tensile Strength calculated considering the 0 values.

Table 13. Measured tensile peak strength from direct tensile testing on Dolerite SRM
samples (Palabora).
2.5m x 2.5m x 5m
(eight samples in each
axial direction)

5m x 5m x 10m
(eight samples in each
axial direction)

10m x 10m x 20m
(one sample in each axial
direction)

X

Y

Z

X

Y

Z

X

Y

Z

0

0.003

3.51

0.05

0.006

0.13

0.1

0

0.55

Min-Max (MPa)

0-0

0-0.025

0-16.5

0-0.23

0-0.05

0-0.48

0.1-0.1

0-0

0.55-0.55

Nr. of samples with
no tensile str./nr. of
samples tested

8/8

7/8

4/8

5/8

7/8

4/8

0/1

1/1

0/1

Mean Tensile Peak
Strength (MPa)*

* Mean Peak Tensile Strength calculated considering the 0 values.
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Direct Tension carbonatite (10m x 10m x 20m) Z-direction
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(a)
Direct Tension dolerite (2.5m x 2.5m x 5m) Z-direction
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Figure 45. Stress-strain response of the small-sized carbonatite (a) and dolerite (b)
specimens oriented in the z-direction (vertical) that showed non-negligible tensile
strength when subjected to direct tension testing (Palabora study case).
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the tabular nature of the SRM samples caused by the dominant
sub-vertical jointing, by means of which, different parts of the
rock mass will fail at different strains during the test.
Parallel to the development of the SRM test suite (see section 4.3), a
new technique to account for anisotropy and scale effects (as
quantified through SRM testing) within large-scale continuum
models in the form of a FLAC3D testing environment [Ubiquitous
Joint Rock Mass (UJRM) technique] has been developed by Sainsbury et al. (2008a). The new SRM and UJRM methodologies have
been applied successfully to the Palabora study case and have provided good insight into the rock mass behavior at different scales.
The cave-scale model using the SRM-UJRM approach has been
successful in reproducing the slope failure mechanism at Palabora
Mine in South Africa (Figure 34), and the predicted seismogenic
zone has shown good correlation with the monitored seismicity
(Sainsbury et al. 2008b). Furthermore, the application of this technique to the cave-scale analysis has shown that significant effects
on cave shape and rate of progression can be obtained by variations in the rock mass joint orientation and persistence.
In addition to the study reported in this paper, the SRM suite of
tests has been applied to the geomechanical characterization of
coalseam reservoirs (Deisman et al. 2008b; Deisman et al. 2009),
the study of the effect of sample size on rock mass strength
(Esmaieli et al. 2009) and the study of the influence of veining in
intact rock strength (Pierce et al. 2009). A similar approach, making use of the SRM concept, has been recently used by Hadjigeorgiou et al. (2009) for the stability analysis of vertical excavations in
hard rock.
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6. D ISCUSSION
The previous chapters have shown the current capabilities of the
SRM approach that overcome some of the limitations of other
methods for rock mass behavior characterization. These can be
summarized as follows:
•

SRM samples represent rock mass volumes at the scale of
10-100m. The joint fabric is explicitly included in the SRM
samples, thus capturing its influence in rock mass behavior.

•

SRM samples can be tested under laboratory conditions
(UCS, triaxial, direct tension) or submitted to more specific stress paths representative of the engineering activity
under study.

•

Output from SRM tests includes peak and residual
strength, modulus, Poisson’s ratio, brittleness, fragmentation and nature of rock mass failure (e.g. slip on joints and
new fracture growth).

•

Anisotropy and scale effect in rock mass properties due to
in situ joint fabric can be quantitatively characterized.
Being an emergent methodology, the SRM approach has, at
present, a number of limitations. These have been classified into
different categories. The following paragraphs discuss each one of
them.
6.1

Input data
Predictions of rock mass behavior using the SRM approach are
only as good as the input data available. Usually there is a relative
abundance of intact rock data compared to data on joint geometry
and joint behavior. Scarcity or low quality in joint geometrical data
can lead to large uncertainty on the DFNs generated to represent
the in situ joint fabric. This uncertainty will propagate all the way
through from the SRM testing to the large-scale continuum model
with material properties fitting the observed SRM behavior. Uncertainty exists as well in joint behavior, as most often the only information available in this sense is qualitative. The SRM method
can be used to study the sensitivity of the rock mass behavior to
joint network geometry and joint properties. As an example, Figure 46 shows the derived UCS value for SRM samples with different joint geometry and joint strength. This figure highlights the
importance of parameters like joint length and joint friction angle.
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Figure 46. Comparison of UCS values from sensitivity studies on SRM samples
(Northparkes Lift 2 study case).

6.2

Methodology

Intact rock calibration

The intact rock response in a SRM sample is calibrated, at the
moment, to that estimated for the average intact rock block size
(see section 3.1). By doing this we might not be correctly capturing the change in strength for intact rock blocks clearly smaller
and larger than the average.

Primary fragmentation

At present the cluster (rock fragment) size distribution is derived
based only on the total volume of the clusters (see section 5.2).
This does not give any information on the shape of the fragments
from the primary fragmentation, which is of paramount importance when trying to predict secondary fragmentation.

6.3

Numerical aspects

Joint intersection and joint hierarchy

The concept of joint intersection asperity, as explained in the SRM
components section (see section 3.2), can be seen as a limitation
but, far from that, it opens a whole range of possibilities for further research to improve our understating on the influence of
joint hierarchy on jointed rock mass behavior. At the moment, in
the SRM approach, asperities at joint intersections have infinite
strength and an arbitrary size that is a function of particle size. It
could certainly be an option in the future to allow the particles at
joint intersections to yield according to some strength threshold
criteria, both in compression and in tension, and to disintegrate
into smaller particles.
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The SRM approach has been used to explore the effect of joint
hierarchy in rock mass behavior in a study performed for Bingham Canyon mine. In this case study, the rock mass exhibited a
sub-horizontal bedded structure combined with a couple of subvertical joint sets (see Figure 47).
There was no information on the hierarchical order of the two
sub-vertical joint sets so it was decided to build and test two SRM
samples (hybrid B and hybrid B2) each of them with a different
sub-vertical joint hierarchy (Figure 48). In both cases, in order to
make the sub-horizontal bedding planes fully persistent they were
inserted first. In the hybrid B model joint set 1 was inserted in
second place (the next more continuous joint set) and joint set 2
was last to be inserted (the least continuous). In the hybrid B2
model the second most continuous was joint set 2 (inserted in
second place) and the least continuous was joint set 1 (inserted in
last place).
Both joint sets had the same mechanical properties. The results of
a simulated UCS test on a hybrid B SRM sample and a hybrid B2
SRM sample are shown in Figure 49.

Figure 47. Scheme showing the sub-horizontal bedding structure
and the two sub-vertical joint sets of the Quartzite unit at Bingham Canyon (Bingham Canyon study case).

Hybrid B
Joint set 1

Hybrid B2
Joint set 2

Joint set 1

Bedding plane

Joint set 2
Bedding plane

Bedding plane

Bedding plane

Conceptual scheme, not actual DFN

Figure 48. Scheme showing the two hierarchical conceptual models of the joint network of the quartzite unit at Bingham Canyon mine.
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Figure 49. Simulated axial stress vs. axial strain response during a UCS test performed on SRM samples representing Quartizite from Bingham Canyon mine with
hybrid B joint network and hybrid B2 joint network (Bingham Canyon study case).

The SRM model with hybrid B2 joint hierarchy (joint set 2 relatively more continuous than joint set 1) is stiffer, stronger and
more brittle than the one with hybrid B joint hierarchy. Joint set 1
is much more numerous than joint set 2 in the DFN. Joint set 1
being broken in small joint segments with asperities (hybrid B2
joint hierarchy) can cause increase in strength, brittleness, and
stiffness.

Intact rock friction angle and tensile strength vs UCS ratio

When representing intact rock via the BPM for rock, there are
several limitations that have to be considered. The macroscopic
friction angle is typically lower than that of actual hard rock, irrespective of the particle friction coefficient. In addition, the
UCS/tensile strength ratio is generally lower (ca. 3-4) than that of
rock (>10). This has been attributed to the particle shapes employed; the BPM represents rock as an assembly of circular or
spherical particles and, in this manner, lacks the effect of the
complex-shaped and highly interlocked grain structure of hard
rock. Previous attempts to solve these problems have made use of
clumped material (Potyondy and Cundall, 2004, Cho et al. 2007)
or elliptical particles (Ting et al. 1993). More recently, Potyondy
and co-workers (Potyondy, 2009; Potyondy et al. 2009) have successfully overcome these limitations in 2D by simulating the actual
grain shape of the rock making use of the smooth-joint contact
model to represent the grain boundaries. Their 2D grain-based
models mimic deformable, polygonal grains cemented at their interfaces, and models with unbreakable grains match the macroscopic response of hard rock and most of the mechanisms that occur during direct tension and compression tests. Also, Schöpfer et
al. (2009) have shown that it is possible to match both the friction
and the UCS/tensile strength ratios observed in rock by decreas69
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ing the porosity and the proportion of initial bonded contacts in
the assembly.
At present, clumped particles have not been explored in combination with smooth-joint contacts. Besides, the approach based on
porosity reduction and proportion of initial bonded contacts is
not feasible for SRM samples at the moment, because it drastically
increases the number of particles and running times would become unreasonable. The consequence of this depends on the rock
mass type under study. If the rock mass has a discontinuous nature (i.e. rock is divided in blocks by in situ jointing) the tensile
strength and “internal” friction of the intact rock may not play
such a crucial role in the overall rock mass behavior. The behavior
in this case will be mainly controlled by rotation and interlocking
of existing rock blocks and not much additional fracturing will be
needed for the rock to fail (the dependence on the intact rock behavior will increase as confinement increases though). On the
other hand, if the rock mass has a continuous nature (i.e. in situ
joint fabric consisting of relatively short joints not able to form
isolated blocks) failing to match the UCS/tensile strength ratio of
α (°)

Lab

PFC

0

30

45

60

75

Figure 50. Results from SJM simulations on a single internal flaw
compared with similar simulations conducted on laboratory
specimens reported in Wong and Einstein (2006) (‘X’ indicates no
match). The red lines indicate the SJ model, tensile bond failure is
shown in black and shear failure is shown in blue. α is the angle in
degrees measured from the horizontal axis.
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the intact rock may lead to an overestimation of the rock mass
strength. In this sense, Deisman et al. (2008a) have shown that
PFC2D samples with embedded flaws represented via the smoothjoint contact model can reproduce observed laboratory internal
flaw behaviors including crack initiation, propagation and coalescence (Figure 50 to Figure 52). However, the average strength of
the simulated specimens was found to be 1.26 times greater than
the measured laboratory specimens, due to the fact that the tensile
strength and fracture toughness were unrealistically represented.

Fracture toughness

The concept of fracture toughness implies an internal length scale.
This internal length scale in a BPM is the particle size. At present,
in order to keep simulation times reasonable, the particle size of
any BPM model is much larger than the internal length scale
(grain size) of the rock. In general, the particle size is always chosen such that it is much smaller than any characteristic length of
the analyzed problem, but large enough to allow acceptable model
size and calculation times.
The value of fracture toughness can be estimated by simulating a
direct tension test on a sample with an initial crack (red color in
Figure 53) (Damjanac et al. 2009). The fracture toughness can
then be calculated using the following analytical expression
(Anderson, 1991) between the stress intensity factor, KI, and the
applied stress, σ:

Test
ID

2-2

2-4

2-5

2-7

2-9

2-10

PFC

0.7

Lab

PFC

0.6

Lab

μ

Figure 51. Laboratory (Wong et al. 2001) and associated numerical simulation results
on samples containing two internal flaws with friction coefficients of 0.6 and 0.7.
Specimens with an ‘X’ did not match the observed laboratory results (SJM in red,
tensile bond failure in black and shear bond failure in blue).
71

Diego Mas Ivars
Test
ID

3-2

3-3

3-4

3-6

3-7

3-8

PFC

0.7

Lab

PFC

0.6

Lab

μ

TRITA LWR PHD 1058

Figure 52. Laboratory (Wong et al. 2001) and associated numerical simulation results
on samples containing three internal flaws with friction coefficients of 0.6 and 0.7.
Specimens with an ‘X’ did not match the observed laboratory results (SJM in red,
tensile bond failure in black and shear bond failure in blue).

KI = C( φ )σ πa

(18)

where
1/ 2

C( φ ) = [sec(πφ / 2)]

(1− 0.025φ 2 + 0.06φ 4 )

(19)

a

is the fracture length, and
is the ratio of crack length to sample width, taken to be 1/3
φ
in this set of simulations.
If the stress is at incipient failure (crack extension), then the calculated stress-intensity factor is the fracture toughness. During this
simulation exercise it was found that, for the calibrated bond
strength and the range of particle radii that allow a reasonable
model size, the representation of intact rock in PFC2D had a fracture toughness (see Table 14) much greater that the expected target value (most rocks have a fracture toughness on the order of
1MPa · m1/2).
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Figure 53. Direct tension tests on a PFC 2D sample with an internal crack to obtain
the fracture toughness (Damjanac et al. 2009).
Table 14. Relation between particle radius and fracture toughness
(Damjanac et al. 2009).
Particle Radius
(m)

Fracture toughness
(MPa m1/2)

0.02

13.18

0.045

21.39

0.09

25.59

The fracture toughness, KIC, is a function of both, particle size, R,
and PFC particle contact tensile strength, σ t' , as described by the
following equation (Potyondy and Cundall, 2004):

K IC = βσ t' παR

(20)

and where α and β are two dimensionless parameters whose magnitudes are close to 1. The parameter α ≥ 1 increases with packing irregularity and strength heterogeneity. The parameter β < 1
accounts for the weakening effect of the bending moment (and
the subsequent increase in maximum tensile stress at the bond periphery) that develops at the crack tip when using parallel bonded
material.
Consequently, in order to calibrate a BPM to match both UCS
and fracture toughness, it is necessary to adjust both PFC bond
strength and particle size. If the bond strength is chosen when calibrating the UCS, as it is usually done, then the required fracture
toughness determines the particle radius.

73

Diego Mas Ivars

TRITA LWR PHD 1058

Figure 54 shows the effect of changes in particle size on the value
of fracture toughness calculated from the PFC model (blue dots)
based on data from Table 14. On the x-axis is R . According to
Eq. (20), there should be a linear relation between fracture toughness, KIC, and the square root of the minimum particle radius, R .
The results in Figure 54 roughly confirm such relation. The BPM
exhibits some randomness in its response, which is a consequence
of the variability in particle size and of the irregular particle packing. Similar variability is observed in the mechanical behavior of
actual rocks. A good fit is obtained for β α = 0.83 (shown as
the red line in Figure 54).
In this particular case, an estimate of the particle radius of the
PFC material that would result in a fracture toughness of 1MPa·
m1/2 is 0.1mm (the estimate was obtained using bond strength calibrated to UCS results and β α = 0.83 ).
This discussion shows that particle size cannot be chosen arbitrarily if the problem requires matching the fracture toughness. At
present, this range of internal length scale (grain size) would impose severe restrictions in the length scales and the simulation
times when using the SRM approach if such a particle size is used.
Although the qualitative mechanisms of rock behavior will still be
the same, this aspect must be taken into account when making
quantitative conclusions from SRM tests, as the simulated fracture
toughness is usually higher than in actual rocks.

Figure 54. Model fracture toughness as a function of particle size.
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7. C ONCLUSIONS
Estimation of rock mass behavior is a challenging problem. For
each given project, ideally we would like to be able to characterize
and test numerous large rock mass samples in the laboratory under different stress paths. However, the costs involved would be
prohibitive, and most often the size of the samples required would
be too large to be tested in standard laboratory machines. Large
scale field tests are costly, frequently not large enough, and have
difficulties associated with the control of the boundary conditions
and interpretation of results. Empirical methods, although widespread in the engineering practice, are limited in their ability to
consider strength anisotropy (resulting from a preferred joint fabric
orientation), scale effect (resulting mainly from the combined effect of joint density and joint persistence), and strain softening/weakening. Furthermore, they are only adequately suited for
rock masses and in situ conditions similar to those from which
they were derived. Analytical solutions, although useful and quick
to apply, are, in general, only suited for idealized (regular, often
persistent and orthogonal) joint configurations, and they do not
consider the stress redistribution due to the presence of discontinuities.
Continuum models, although powerful and flexible, cannot capture the many different failure modes in jointed rock masses, as
well as the complex internal stress distribution of even rather simple joint configurations. Discontinuum modeling can capture the
essential nature of fracturing and disintegration and, in this manner, improve our understanding of these processes.
The newly developed SRM approach is a discontinuum numerical
technique based on particle mechanics for the estimation of rock
mass behavior in three dimensions. It combines two wellestablished techniques, the Bonded Particle Model (BPM) for
representing intact rock (Potyondy and Cundall, 2004) and Discrete Fracture Network (DFN) modeling for representing the in
situ joints, each of which is explicitly included in the model via the
smooth- joint contact model (Mas Ivars et al. 2008b). The SRM
technique allows for rapid construction and testing of threedimensional 10–100m-scale samples of moderately to heavily
jointed rock containing thousands of non-persistent joints. The
discrete fracture network is generated from the available joint data
and embedded into the intact specimen to form an SRM sample.
By these means, the in-situ joint fabric (and the scale effect and
anisotropy induced by it) is accounted for explicitly in three dimensions, including consideration of joint stiffness, strength (both
cohesive and frictional) and dilation.
The SRM technique is essentially used as a “virtual laboratory” to
obtain estimates of rock mass strength, modulus and brittleness
for use in predictive continuum large scale models. Unlike previous approaches, the SRM methodology allows for consideration
of a complex non-persistent joint network as well as block brea75
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kage that includes the impact of incomplete joints (non-blockdefining) on block strength and deformability. Rock mass properties are not given directly, instead, the rock mass response arises
from the combined behavior of intact material and joints (which
includes fracturing, joint shearing and opening, and joint propagation and coalescence).
SRM samples can be subject to non-trivial, site-specific stress
paths and carried through to complete disintegration (i.e., residual
strength) so that both pre-peak properties (modulus, damage threshold and peak strength) and post-peak properties (brittleness, dilation angle, residual strength and fragmentation) can be estimated. The power of the method is that it allows for site-specific
consideration of joint fabric, loading conditions and material property variations; three key factors in problems that are sensitive to post-peak
properties. The method has been validated through comparison of
microseismicity, fragmentation and yielding in SRM samples with
rock mass response observed in a cave mining operation (Pierce et
al. 2007).
Of particular interest is the ability to obtain quantitative predictions of rock mass scale effects, anisotropy and brittleness parameters that cannot be obtained using empirical methods of property estimation. Furthermore, the SRM approach provides a
possible means of developing a strength envelope that does not a
priori rely on criteria such as Mohr-Coulomb or Hoek-Brown.
To date, the method has been used to derive rock mass properties
for use in large-scale continuum models of cave mining (Pierce et
al. 2007; Mas Ivars et al. 2007; Sainsbury et al. 2008a; Sainsbury et
al. 2008b), to estimate fragment size distribution, to quantify the
impacts of scale on rock mass strength (Mas Ivars et al. 2008a;
Esmaieli et al. 2009), to investigate failure mechanisms in largescale open pit slopes (Cundall 2008), to characterize the geomechanical behavior of coalseam reservoirs (Deisman et al. 2008b;
Deisman et al. 2009), to study the influence of veining in intact
rock strength (Pierce et al. 2009) and for stability analysis of vertical excavations in hard rock (Hadjigeorgiou et al. 2009).
The Synthetic Rock Mass approach is a young technology. Therefore, there are at present a number of unresolved issues that have
been highlighted in the discussion section. Some ways forward on
these areas are outlined in the next section on recommendations
for future work.
A large volume of data potentially useful for engineering prediction (e. g. slip on pre-existing joints, orientation and nature of
fracturing, rock mass stiffness, strength, brittleness and fragmentation) can be obtained from SRM virtual experiments. Overall, the
SRM approach provides a basis for development of a rational
framework for estimation of rock mass deformation, strength and
brittleness and should be used routinely to supplement empirical
estimates.
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8. R ECOMMENDATIONS FOR FUTURE WORK
The SRM technique is a young technology and as such several
areas need further research and development. This section highlights the concepts and ideas that have come up during the course
of the PhD studies that could help overcome the current limitations of the methodology.
•

The BPM for rock, used to represent intact rock behavior
in the SRM method, is, at the moment, incapable of reproducing the UCS/tensile strength ratios observed in
hard rocks. Further research is required in this area.

•

The intersection between joint planes in the SRM method
follows a hierarchical model. An example of the effect of
different joint hierarchy has been presented in the discussion section. The SRM could be used in the future to better understand the impact of joint hierarchy on rock mass
behavior in a systematic way.

•

Currently the intact rock is calibrated to the estimated average rock block strength. In this manner the existence of
scale effect on intact rock blocks of different sizes is neglected. Further research and development is required so
that the microproperties, and subsequently the macroproperties, of intact rock blocks of different sizes are automatically scaled to fit any pre-defined scaling law.

•

The effect of increasing confinement on the peak strength
of a jointed rock mass needs further investigation. Figure
44a has shown that a slight increase in confinement level
does not always lead to a significant increase in rock mass
peak strength. A possible explanation is the existence of a
dominant weak face dipping perpendicular to one of the
confinement orientations. A similar type of phenomena
can occur during a true triaxial test in which an increase in
σ 2 (keeping the same level of σ 3 ) can sometimes lead to
shear failure along a joint that strikes parallel to σ 2 , and,
therefore, a decrease in rock mass peak strength instead of
the expected increase with increase in confinement. This
type of phenomenon needs further investigation.

•

At present the primary fragmentation predictions only
take into account the fragment volume. The shape of the
fragments is of critical importance to be able to make predictions of secondary fragmentation. A very elongated
fragment will exhibit a very different behavior from a
fragment that is close to spherical in shape. The primary
fragmentation prediction procedure should be enhanced
to account for fragment shape as well as fragment volume.
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•

Although rock mass dilatancy is a natural outcome of a
SRM test it has not been analyzed in any of the cases reported. It is suggested to study the dilatancy produced
during testing of a SRM sample in future study cases.

•

The explicit representation of the in situ joint network via
DFN simulation is one of the key components of the
SRM method. The predictions of rock mass behavior obtained using the SRM approach are only as good as the representation of the in situ joint network by the DFN. The
SRM approach could be used to learn how the uncertainty
in DFN simulation due to scarce and/or low quality joint
data propagates and impacts rock mass behavior predictions.

•

The current approach for comparison of in situ microseismicity induced by caving and SRM microcracking during testing does only take into account the orientation of
the new fractures being formed. If the SRM models are
run in dynamic mode (currently they are run in quasi-static
mode) they could accurately represent the release of energy associated with microfractures and slip on existing
joints. The methodology could then be enhanced to be
able to compare the magnitudes and failure mode of the
microseismic events monitored in situ with the energy released and the mode of failure observed as the rock mass
yields and fails during SRM testing.

•

Time-dependant mechanisms can lead to rock mass yield
and failure. The impact of stress corrosion in intact rock
and joints (Potyondy, 2007) and groundwater redistribution due to change of loading could be included in the future within the SRM method to gain insight into this type
of behavior.

•

Further study cases will help to build up confidence in the
methodology, and will allow for improvement of its efficiency, robustness and usability.
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A PENDIX I
(David O. Potyondy, Itasca Consulting Group, Inc)
All vector and tensor quantities are expressed using indicial notation with respect to a fixed right-handed rectangular Cartesian
coordinate system. The Einstein summation convention is employed; thus, the repetition of a lower-case index in a term denotes
a summation with respect to that index over its range. A dot over a
variable indicates a derivative with respect to time.
A.1. Strain-application procedure (Strain probe)
The strain-application procedure, termed strain probe, applies a
strain path to a spherical particle ensemble that has been extracted
from a discrete-element model. The strain path is described by a
list of m strain tensors

ε ijp ; p = 1, 2, , m.

(21)

The ε ijp are uniform over the spherical region — i.e., they do not
vary with position. The strain is applied in m stages such that the
total applied strain at the end of stage m is given by
m
p
ij
=
p 1=
p 1

ε ijm =

m

∑ ∆ε = ∑ (ε

p
ij

− ε ijp −1 ) , ε ij0 = 0.

(22)

There are two modes of strain application that correspond with
moving either all particles (the full mode) or a set of particles that
lie on the ensemble boundary (the boundary mode). In the following
sections, we describe the procedures by which the strain is measured and applied, summarize the entire strain-application procedure, and show that an exact match between applied and measured
strain cannot, in general, be achieved while also maintaining force
equilibrium for each interior particle in the system.
A.2. Measuring the strain
Strain is measured within the spherical region using the velocitygradient tensor measurement procedure of Potyondy and Cundall
(2004). The velocity-gradient measurement procedure computes
the velocity-gradient tensor ( α ij ) that provides a best-fit to the
translational velocities of all particles with centroids in the region.
The displacement-gradient tensor ( α ij ) that describes movement
occurring over a time interval t * is found by approximating the
time integral of the velocity-gradient tensor as a summation over
the timesteps of size ∆t comprising the interval
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t*

*
α ij =
∑ ∆t.
∫ αij dt ≅ ∑ αij ∆t , where t =

(23)

0

The strain tensor ( ε ij ) that describes movement occurring over a
time interval t * is the symmetric portion of the displacementgradient tensor
=
ε ij

1
(αij + α ji ) .
2

(24)

A.3. Applying the strain
Denote the strain increment to be applied during stage p by

∆ε ijp = ε ijp − ε ijp −1 , ε ij0 = 0.

(25)

The strain is applied in a proportional fashion such that the total
applied strain during the stage is given by

ε ij ( λ=
) ε ijp −1 + λ∆ε ijp , 0 ≤ λ ≤ 1.

(26)

By enforcing the condition that λ increases linearly with time, we
can write

λ (t ) =

t
t*

(27)

where t is the elapsed time since the start of the stage, and t * is
the total time of strain application. It is convenient to choose t *
to satisfy
*
t=
N *∆t 0

(28)

where N * is the approximate number of timesteps during the
stage, and ∆t 0 is the size of the timestep at the start of the stage.
The rate of strain application is controlled by N * . The total applied strain during the stage is expressed as a function of time by
substituting (27) into (26) to obtain

t
ε ij ( t=
) ε ijp −1 +  *  ∆ε ijp , 0 ≤ t ≤ t *.
t 
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The strain rate corresponding with this strain field is constant and
equal to

=
εij

∂
1
=
ε ij )  *  ∆ε ijp .
(
∂t
t 

(30)

The velocity field corresponding with this strain field varies with
position ( x j ) and is equal to

1
vi =+
vi  *  ∆ε ijp ( x j − x j )
t 

(31)

where x j and vi are the position and velocity of the sphere center.
This velocity field is derived as follows.
The velocity-gradient tensor relates the velocities vi = ui at two
neighboring points. Let the points be located instantaneously at xi
and xi + dxi . The difference in velocity between these two points
is

dv
=
i

∂vi
αij dx=j
dx
=
vi , j dx
=
j
j
∂x j

(ε

ij

− ω ij ) dx j

(32)

where α ij has been decomposed into the strain-rate (symmetric: εij = ε ji ) and spin (antisymmetric: ω ij = −ω ji ) tensors. The
velocity at an arbitrary point ( x j ) is found by substituting
1
=
εij  *  ∆ε ijp
t 
ω ij = 0 (no rigid-body rotation)

(33)

into (32) and integrating to obtain
xj

vi

1 p
1 p
∫v dv=i vi − v=i  t *  ∆ε ij x∫ dx =j  t *  ∆ε ij ( x j − x j ) (34)
i
j
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where we make use of the fact that ∆ε ijp does not vary with position.
A.3. Procedure summary
The strain-application procedure is implemented as a probe that
operates upon a spherical particle ensemble. The procedure consists of probe initialization followed by strain-path application.
The probe is initialized as follows. (a) The probe center and diameter are specified. All particles outside of the probe region are deleted, and a set of boundary particles is identified. A measurement
sphere encompassing the interior particles is placed at the probe
center. The measurement sphere is used to compute average strain
as described above. (b) The strain path is specified. (c) The approximate number of steps over which to apply the strain increment during each stage ( N * ) is specified. (d) The strain-application
mode is specified as either full ( S A = 1 ) or boundary ( S A = 0 ). The
set of controlled particles to be used when applying the strain are
defined as either all particles (when S A = 1 ) or only the boundary
particles (when S A = 0 ). (e) The rotational velocities of all particles
are freed, and the translational velocities of all boundary particles
are fixed. These fixity conditions remain constant throughout the
probe event. (f) The translational velocities of the interior particles
are freed, the translational velocities of all particles are set to zero,
and the system is cycled until a state of static equilibrium is obtained. This step eliminates any rigid-body motion from the particle ensemble and justifies setting vi = 0 in (31).
The strain is applied in m stages. During each stage: (a) compute
*
t=
N *∆t 0 ; (b) fix the translational velocity of the controlled particles to satisfy (31); (c) cycle the system until the elapsed time
reaches t * ; (d) free the translational velocity of each interior particle, set the translational velocity of all particles to zero, and cycle
the system until a state of static equilibrium is obtained.
A.4. Procedure behavior
Denote the total strain applied to the controlled particles and the
total strain measured within the particle ensemble by ε ijA and ε ijM ,
respectively, and assume that N * is chosen large enough to ensure
quasi-static response. Consider the system behavior during each
stage while cycling to reach t * . During this period, the motion of
the controlled particles is imposed. When S A = 1 , then ε ijM = ε ijA
as expected; but when S A = 0 , then ε ijM tracks with ε ijA but does
not match it exactly. This is caused by the inability of the particle
ensemble to accommodate an imposed strain field while maintaining force equilibrium for each particle; the interior particles adjust
to the imposed strain field in order to maintain static equilibrium.
These adjustments perturb the internal strain field. Similar adjust89
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ments occur when t > t * while cycling to reach static equilibrium.
Therefore, for both strain-application modes, we find that
ε ijM ≅ ε ijA — i.e., the measured strain approximately matches the
imposed strain; an exact match cannot be achieved while also
maintaining force equilibrium for each interior particle in the system.
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A PENDIX II
B.1. Compliance-measurement procedure (Strain perturbation method)
The compliance-measurement procedure measures the compliance
tensor of a spherical particle ensemble that has been extracted
from a discrete-element model. The methodology is termed “strain
perturbation method” because it is based on the application of six
separate strain perturbations to the SRM sample. To do this, and
to decrease the simulation times, we use the full strain-application
mode of the PFC3D strain probe (see Appendix I), whereby the velocities of all particles are controlled to conform to a specified uniform strain tensor. An equilibration stage occurs after each strain
perturbation is applied. During the equilibration stage, the boundary particles are fixed and the interior particles are freed and allowed to rearrange themselves to accommodate the imposed strain
field. Each time that a strain perturbation is applied, the induced
stress perturbation is measured within a spherical region centered
within the SRM sample using the stress and velocity-gradient tensor measurement procedures described in (Potyondy and Cundall,
2004).
B.2. Measuring the stress
The stress-measurement procedure of Potyondy and Cundall
(2004) computes the average stress, σ ij , within the region based
on the contact forces, contact orientations and region porosity.
The expression used to compute the average stress is derived by
assuming that (a) body forces are absent, (b) each particle is in full
force equilibrium, and (c) parallel-bond moments do not contribute to the average stress. Violation of assumption (b) manifests
itself in a non-symmetry of the stress tensor, and parallel-bond
moments can also produce a nonsymmetric stress tensor. The
stresses used by the probe are made symmetric by setting
1
σ ij ← (σ ij + σ ji ) . The effect of neglecting the parallel-bond
2
moment is not known.
B.3. Measuring the compliance
The procedure for measuring the compliance matrix is based on
the generalized stress strain relationship

ε ij = Sijklσ kl

(35)

where strain and stress are 2nd order tensors and the compliance
tensor is of 4th order. Because of the symmetry of strain and stress
(they both have only six independent components) there are actually only 36 compliance coefficients in the most general form of
Hooke’s law, from which only 21 coefficients are independent
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(Jaeger et al. 2007) Therefore, for convenience, the same relation
can be expressed in the following matrix form.
 ε xx 
   S11
 ε yy   S
   21
 ε zz   S 31
 =
 γ xy   S 41
 γ   S 51
 xz  
 γ yz   S 61
 

S12
S 22

S13
S 23

S14
S 24

S15
S 25

S 32
S 42

S 33
S 43

S 34
S 44

S 35
S 45

S 52
S 62

S 53
S 63

S 54
S 64

S 55
S 65

σ 
S16  xx 


S 26  σ yy 
S 36  σ zz 


S 46  σ xy 

S 56  σ 
 xz 
S 66  σ 
 yz 

(36)

When six sets of strain perturbations are imposed and the stress
responses are measured, the above expression can be generalized
in the following matrix form:
 ε 1xx
 1
 ε yy
ε1
 zz
 γ 1xy
 1
 γ xz
 γ 1yz


ε xx2
ε yy2
ε zz2
γ xy2
γ xz2
γ yz2

ε xx3
ε yy3
ε zz3
γ xy3
γ xz3
γ yz3

ε xx4
ε yy4
ε zz4
γ xy4
γ xz4
γ yz4

ε xx5
ε yy5
ε zz5
γ xy5
γ xz5
γ yz5

ε xx6   S11
 
ε yy6   S 21
ε zz6   S 31
=
γ xy6   S 41
 
γ xz6   S 51
γ yz6   S 61

S12
S 22
S 32
S 42
S 52
S 62

S13
S 23
S 33
S 43
S 53
S 63

S14
S 24
S 34
S 44
S 54
S 64

S15
S 25
S 35
S 45
S 55
S 65

1
S16  σ xx
 1
S 26  σ yy
 1
S 36  σ zz
1
S 46  σ xy
 1
S 56  σ xz
1
S 66  σ yz

σ xx2
σ yy2
σ zz2
σ xy2
σ xz2
σ yz2

σ xx3
σ yy3
σ zz3
σ xy3
σ xz3
σ yz3

σ xx4
σ yy4
σ zz4
σ xy4
σ xz4
σ yz4

σ xx5
σ yy5
σ zz5
σ xy5
σ xz5
σ yz5

σ xx6 

σ yy6 
σ zz6  (37)
σ xy6 

σ xz6 
σ yz6 

where each one of the six applied strain perturbations and their
corresponding measured stress responses are denoted with a different superscript. Each strain component is the imposed incremental strain component applied and each stress component is the
incremental stress component measured (the stress state before the
strain perturbation is applied has been previously measured in order to obtain the incremental stress response to each strain perturbation) In other words,

[ε ] = [ S ][σ ]

(38)

Hence, the compliance matrix can be obtained as follows:

[S ] = [ε ][σ ]−1

(39)

The six small strain perturbations must be chosen so that they are
orthogonal to one another – i.e. they must not be linear combinations of one another. Therefore the six small strain perturbations
applied encompass three compressive strain increments in each
axial direction and three shear-strain increments. In each one of
the six strain perturbations only one strain component is given a
non-null magnitude, while the rest of the components are null.
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1 0 0
Strain perturbation 1 = ∆ε 0 0 0
0 0 0

(40)

0 0 0 
Strain perturbation 2 = ∆ε 0 1 0
0 0 0

(41)

0 0 0 
Strain Perturbation 3 = ∆ε 0 0 0
0 0 1

(42)

1

0
2 
0 0
0 0


(43)

0 0

Strain perturbation 5: = ∆ε  0 0
1
0
 2

1 
2
0
0


(44)

0

Strain perturbation 6 = ∆ε 0

0


0

1 
2
0


(45)

0

Strain perturbation 4: = ∆ε  1
 02


0
0
1
2

where ∆ε defines the magnitude of the strain perturbations.
If we are trying to obtain the initial compliance matrix (i.e. when
the SRM sample has been just generated and brought to initial
equilibrium), then the magnitude of the non-null components of
the strain perturbation tensors, ∆ε , is some small number in the
order of -1e-4 (negative sign denotes compression). In this case,
the chosen value will depend on the stiffness and strength of the
SRM sample. The magnitude of the non-null components of the
six strain excursions used to derive the compliance matrix at any
state n other than the initial will vary depending on the strength
and stiffness of the rock mass as well as the level of damage caused
in the previous steps. The strain magnitude has to be large enough
to induce enough deformation.
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As explained in Appendix I, the total measured average strain
tracks with the total applied strain but will, in general, not match it
exactly. For this reason, to be more accurate in the derivation of
the compliance tensor, the applied strain increments are used in
equation (37) instead of the measured strain response of the assembly.
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