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Abstract

In this thesis we give an exposition of the notion ofcategoryand theBaire category theoremas
a set theoretical method for proving existence. The category method was introduced by René
Baire to describe the functions that can be represented by a limit of a sequence of continuous
real functions. Baire used the termfunctions of the first classto denote these functions.

The usage of the Baire category theorem and the category method will be illustrated by
some of its numerous applications in real and functional analysis. Since the usefulness, and
generality, of the category method becomes fully apparent in Banach spaces, the applications
provided have been restricted to these spaces.

To some extent, basic concepts of metric topology will be revised, as the Baire category
theorem is formulated and proved by these concepts. In addition to the Baire category theorem,
we will give proof of equivalence between different versions of the theorem.

Explicit examples, of first class functions will be presented, and we shall state a theorem,
due to Baire, providing a necessary condition on the set of points of continuity for any function
of the first class.
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Chapter 1

Introduction

The notion of countability as a method of comparing sets withthe set of natural numbers, is
often introduced at an early stage in undergraduate studiesof real analysis. We know that the
set of integers, the set of odd integers and the set of rationals, are all examples of countable sets.
Sets that are not countable, fall under the definition of uncountable sets, as for example the set
of all irrationals. A set is either countable or uncountable, depending on whether there exists a
one-to-one relation between the set and the natural numbers.

The notion ofcategory, as presented in the doctoral thesis of René Baire in 1899, is based on
that of countability. The subsets of metric spaces are divided into two categories:first category
andsecond category. The former subsets can be seen as small and the latter subsets can be seen
as large, since in most cases, any first category set is a subset of some second category set, but
the reversed inclusion never holds.

A metric space is by definition a set with a distance function.Since there are no other
requirements on the set, the notion of category can be applied to many different metric spaces,
as for example Euclidean spaces, function spaces and sequence spaces.

Thus, theorems developed from the notion of categories are in this sense general, and have
been proved a useful tool in real analysis and functional analysis. At the heart of these theorems,
we often find theBaire category theoremas a method for proving existence.

The intention of this thesis is to give an exposition of topics in analysis that relate to the
notion of category. This includes both proof of different theorems originating from the definition
of categories as well as applications of the category methodin analysis.

We begin chapter 2 by stating some well known set theoreticalconcepts and theorems,
and then proceed by presenting the Baire category theorem. The Cantor set will be used as
an example in a comparison of the notion of category and that of countability. Although first
category sets are in some sense defined in terms of countability, a set of the first category is
not necessarily countable. We shall introduce the Borel sets, Fσ-sets andGδ-sets, since these
classes of sets relate to the category method. At the end of chapter 2, the Uniform boundedness
theorem is presented as an application of the Baire categorytheorem.

We devote chapter 3 to the topics of real valued functions andsequences of real valued
functions, and in this context we introducefunctions of the first class, another term defined by
René Baire. To illustrate these concepts, some explicit examples of functions of the first class
are provided.

Finally, in chapter 4, we present Baire category theorem on general metric spaces, together
with several examples of using the category method on well known metric spaces. We shall also
include some applications of the Baire category theorem in the field of functional analysis.
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CHAPTER 1. INTRODUCTION

The main results of this thesis are the following:
In section 2.2 we prove the equivalence between five different versions of the Baire category

theorem on the real line.
In section 3.2 we give explicit examples of some well known functions of the first class.
In section 4.2 we show that the set of piecewise linear functions is of the first category, and

a dense subset of the set of all continuous functions on the unit interval.
In section 4.4 we give a set theoretical proof of the statement that the unit interval can not

be expressed as a countable sequence of non-empty disjoint closed sets.
In section 4.5 prove certain property of functions with derivatives of all orders on the unit

interval.
In section 5.4 we examine subspaces of well known Banach spaces with respect to category.
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Chapter 2

Baire category theorem on the real line

The main theme of this chapter is to present the fundamental definitions of the category method,
to give a proof of the Baire category theorem, and to prove equivalence between five versions
of the theorem. However, we shall first revise some basic concepts from topology and prove
some statements, needed throughout this thesis. Section 2.3 contains a comparison between
the notion of category and that of countability, and section2.5 provides a proof of the Uniform
boundedness theorem to illustrate an application of the Baire category theorem.

2.1 Basic topology

Definition 2.1 (Neighborhood). For any pointx0 ∈ R and any real numberε > 0, the set of
point

{x : |x0−x| < ε}
is called aneighborhoodof x0. This is often written asNε(x0) or B(x0, r). On the real line, a
neighborhood corresponds to an open interval(x0− ε,x0 + ε), centered aboutx0.

Definition 2.2. All sets and all points mentioned below are understood to be subsets and points
of R.

(i) A point x ∈ E is said to be aninterior point of E if there exists a neighborhoodNε(x),
such thatNε(x) ⊂ E.

(ii ) A point x ∈ E is said to be anisolated pointof E if there exists a neighborhoodNε(x),
such thatNε(x)∩E = {x}.

(iii ) A point x is said to be anaccumulation point xof E, if every neighborhood ofx contains
at least one point, not equal tox, in E. That is,(Nε(x)\{x})∩E 6= /0.

(iv) E is said to beclosedif all accumulation points ofE are points inE.

(v) A closure of a setE, denoted byE, is the union ofE and all accumulation points ofE.

(vi) E is said to beopenif every point inE is an interior point ofE.

(vii) The interior of a setE, denoted byE◦, is the set containing all interior points ofE.

(viii ) Thecomplementof a setE, denoted byEc, is the set of all points not contained inE.
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CHAPTER 2. BAIRE CATEGORY THEOREM ON THE REAL LINE

(ix) A point x is said to be aboundary point xof E, if every neighborhood ofx contains points
both inE and inEc. That is,Nε(x)∩E 6= /0 andNε(x)∩Ec 6= /0.

(x) Theboundaryof a setE, denoted by∂E, is the set containing all boundary points ofE.

(xi) E is said to beperfect, if E is closed and every point inE is an accumulation point ofE.

Definition 2.3 (Dense). Given two setsA,B ⊂ R. We say thatA is densein B, if A ⊂ B and
every open intervalI that intersectsB also intersectsA.

Definition 2.4 (Nowhere dense). Given a setA⊂ R. We say thatA is nowhere dense, provided
that every open intervalI contains an open subintervalJ ⊂ I , such thatJ∩A = /0.

Definition 2.5. The following three definitions are fundamental concepts ofthe Baire category
theorem.

(i) Sis said to be of thefirst categoryif it can be represented as a countable union of nowhere
dense sets.

(ii ) S is said to be of thesecond categoryif it is not of the first category.

(iii ) S is said to beresidualif its complement,Sc, is of the first category.

Theorem 2.6. Let A⊂ R, thenA is open if and only ifAc is closed.

Proof. Suppose thatA is open. Prove thatAc is closed. Letp be an accumulation point ofAc.
Then every neighborhood ofp intersectsAc, and thereforep can not be an interior point ofA.
SinceA is open,p is in Ac. HenceAc is closed.

Suppose thatAc is closed. Prove thatA is open. Choosep∈A, sincep is not an accumulation
point of Ac, there exists a neighborhood,N, aboutp such thatN∩Ac = /0. But this means that
N ⊂ A, sop must be an interior point ofA. HenceA is open.

Theorem 2.7. Let A⊂ B⊂ R, thenA is dense inB if and only if A⊃ B.

Proof. Assume thatA is dense inB. Prove thatA ⊃ B. Let x ∈ B and assumex /∈ A. By
assumption,A is dense inB, so every neighborhood ofx contains points from bothA andB.
Thus by definition,x is an accumulation point ofA. SoA⊃ B.

Conversely, assume thatA⊃ B. Prove thatA is dense inB. Given an arbitrary open interval
I such thatB∩ I 6= /0, we must show thatA∩ I 6= /0. By assumption,I ∩A 6= /0. Let x be any point
in I ∩A. Suppose also thatx /∈ A. Thenx is an interior point ofI and an accumulation point of
A. Let N be a neighborhood ofx such thatN ⊂ I . SinceN∩A 6= /0 we have thatI ∩A 6= /0. SoA
is dense inB

Theorem 2.8. Let A⊂ R andB = R\A. ThenA is a closed nowhere dense set inR if and only
if B is an open dense set inR.

Proof. Assume thatA is closed and nowhere dense inR. Prove thatB is open and dense in
R. B is open sinceA is closed (by theorem 2.6). By assumption, we know that for every open
interval I there exists an open subintervalJ ⊂ I such thatA∩ J = /0. This means thatJ ⊂ B,
henceJ ⊂ I ∩B, thusI intersectsB. SoB is open and dense inR.

10



2.1. BASIC TOPOLOGY

Now, assume thatB is open dense inR. Prove thatA is closed and nowhere dense inR. A
is closed, sinceB is open. By assumption every open intervalI intersectsB. Now letJ = I ∩B.
J is open since bothI andB are open. Moreover,J ⊂ B and therefore can not intersectA. Thus
for every open intervalI there exists an open subsetJ, such thatA∩ J = /0. SoA is closed and
nowhere dense inR.

Theorem 2.9. Let F be a closed set. Then the set of boundary points has an empty interior.

Proof. AssumeF is closed. Prove that the∂F contains no open interval. SinceF is closed we
have

∂F ⊂ F.

Thus, if ∂F contains an open intervalI , thenI ⊂ F, thusI must be contained in the interior of
F , and thereforeI can not be in∂F.

Theorem 2.10. Let I be an open interval andA be a set, inR. ThenI intersects bothA andAc

if and only if I contains a boundary point ofA.

Proof. AssumeI has a non-empty intersection both withA and Ac. Prove thatI contains a
boundary point ofA. Let a,b∈ I , such thata∈ A andb∈ Ac. We may assume thata < b (see
remark 2.11). Let

z= sup{x : a≤ x≤ b andx∈ A}.

SinceR has the least upper bound property, and supremum is taken from a set bounded above
by b, we have thatz exists. Froma≤ z≤ b it follows thatz∈ I . We shall continue by proving
thatz is a boundary point ofA.

If z∈ A, thenz 6= b. For anyδ > 0, such thatz < z+ δ < b, we have that the interval
J = [z,z+ δ] is a subset ofI . Also, J contains points fromAc, since otherwisez+ δ is a larger
candidate for the supremum. So everyJ (and henceI ) contains points fromA andAc. If z∈ Ac,
thenz must be an accumulation point ofA. Thus every open interval aboutz contains points
from A andAc. It follows thatz is a boundary point ofA.

Conversely, assume thatI contains a boundary point ofA, show thatI intersectsA andAc.
Let z be a boundary point ofA in I . SinceI is open,z is an interior point. Thus there exists an
open intervalJ aboutz in I . Now, J contains points fromA andAc, sincez is a boundary point
of A. ThusI intersects bothA andAc.

Remark 2.11. The assumptiona < b in the proof of theorem 2.10 impose no restriction on
eitherA or Ac. Since if no sucha andb can be found, we could substituteB = Ac and continue
the proof usingB instead ofA. From here on we can finda ∈ B andb∈ Bc, such thata < b.
Since any boundary point fromB, by definition is a boundary point ofA, the theorem holds.

Theorem 2.12. A is a nowhere dense subset ofR if and only if A contains no interval. That is,
(A)◦ = /0

Proof. Suppose thatA is nowhere dense. Prove thatA contains no interval. By using an indirect
proof, we assume thatA contains an intervalI . But this is an immediate contradiction toA being
nowhere dense. ThusA contains no interval.

Suppose thatA contains no interval. Prove thatA is nowhere dense. Assume, thatA fails to
be nowhere dense inR, then there exits an open intervalI such that the setA∩ I is dense inI .
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CHAPTER 2. BAIRE CATEGORY THEOREM ON THE REAL LINE

By theorem 2.7 we know that
A⊃ (A∩ I)⊃ I .

So,A contains the intervalI . We have reached a contradiction. HenceA is nowhere dense.

Theorem 2.13(Cantor’s lemma). If {Fn} is a nested sequence of non-empty closed sets inR,
such thatFn ⊃ Fn+1 for all n, then

∞
\

n=0

Fn 6= /0.

Proof. To show that the intersection is non-empty, we need to find a point x∈R such thatx∈Fn

for all n.
Let an = inf(Fn) andbn = sup(Fn). Since allFn are closed we know thatan,bn ∈ Fn. Define

In = [an,bn]

By the construction ofIn we know thatI j ⊂ Ii if j > i and therefore

I j ∩ Ii 6= /0. (1)

Also we have thatFn ⊂ In. The sequence{an} is infinite and non-decreasing with an upper
bound (b1). Then

x = sup(an)

exists. We know thatx≥ an for all n∈ N. We must show thatx≤ bn for all n∈ N. Assume that
there existsbi such thatbi < x. Sincex is a supremum of{an} there exists somea j such that
bi < a j ≤ x. But this would mean that

ai ≤ bi < a j ≤ b j .

We have found two intervalsIi andI j that shares no points. This contradicts assertion (1), hence
there existsx∈ R such thatan ≤ x≤ bn for all n, which implies thatx∈ In for all n.

Finally, we show thatx is in everyFn. If x = ai for somei, then it follows thatx is in every
Fn. If x /∈ {an} thenx must be an accumulation point of{an}, and since allFn are closed,x is a
point in everyFn.

Corollary 2.14. If {In} is a nested sequence of non-empty closed intervals inR, such that
In ⊃ In+1 for all n∈ N and|In| → 0, then

∞
\

n=0

In = {x}

for some pointx∈ R.

Proof. By Cantor’s lemma (theorem 2.13) we know that the intersection is non-empty. Suppose
that it contains at least two pointsx1 < x2. This means that the closed interval[x1,x2] is a subset
of every open intervalIn. But since|In| → 0 we can findN > 0 such that|[x1,x2]| > |In| for
n > N which is impossible. So,x1 andx2 can not both be points in the countable intersection of
In.

Theorem 2.15. A prefect set is uncountable.

12



2.2. BAIRE CATEGORY THEOREM

Proof. Suppose thatS is a perfect set. Prove thatS is uncountable.
Assume thatS is countable and defined as

S= {s1,s2, . . .}.

To arrive at a contradiction, we construct a nested sequenceof non-empty closed sets inS, such
that the intersection contains no element fromS.

By assumptionS is perfect, so every point inS is an accumulation point ofS. Let s1 be a
point in SandI1 be any neighborhood ofs1. Sinces1 is an accumulation point we now thatI1
contains infinitely many other points fromS. Now, assume thatIn is an open interval such that
In∩S is infinite. Proceed inductively, by defining an intervalIn+1, such that:

(i) In+1 is an open neighborhood of some point inIn∩S

(ii ) In+1 ⊂ In

(iii ) |In+1| < 1
2|In|

(iv) sn /∈ In+1

SinceIn+1 is a neighborhood of some point inS, it satisfies our induction hypothesis thatIn+1∩S
should be infinite. So we can proceed with our construction ofa countable sequence ofIn. Now
define

An = In∩S,

where bothIn andSare closed, thusAn is closed. Alsosm /∈ An if m< n. Let

A =
∞

\

n=1

An.

ThenA⊂ Ssince eachAn is a subset ofS. We know that thatA is non-empty. So a point inA
must be a point inSbut that contradicts our construction ofA, since no point inS is in everyAn.
The assumption thatS is countable, must be false.

2.2 Baire category theorem

The Baire category theorem can be expressed in different forms. We present five versions of
this theorem and give proof of their equivalence.

(1) Every interval[a,b] is a set of the second category.

(2) R is of the second category.

(3) Every residual subset ofR is dense.

(4) Any countable union of closed sets with empty interior has an empty interior.

(5) Any countable intersection of open dense sets is dense.

First, we choose to prove the third version of the theorem. Secondly, we present how the other
versions can be derived.

Theorem 2.16(Baire category theorem). Every residual subset ofR is dense.

13



CHAPTER 2. BAIRE CATEGORY THEOREM ON THE REAL LINE

Proof. Let A be residual inR. We must show that an arbitrary intervalI ⊂ R intersectsA. Since
A is residual, its complementB = R\A is of the first category, and can be expressed as

B =
∞

[

i=1

Bi,

whereBi are nowhere dense sets inR. We now inductively define a sequence of closed non-
degenerate intervals{In}, as follows

(i) I1 ⊂ I

(ii ) B1∩ I1 = /0.

We know that suchI1 exists sinceB1 is nowhere dense. As induction hypothesis, we assumeIn
has an empty intersection withBn. We now defineIn+1, such that

(i) In+1 ⊂ In

(ii ) Bn+1∩ In+1 = /0.

Such intervalIn+1 exists, sinceBn+1 is a nowhere dense set. By this,In+1 satisfies our induction
hypothesis. The construction can proceed. The countable intersection of these intervals is non-
empty. Let

I ′ =
∞

\

n=1

In 6= /0

By the construction ofI ′ we knowI ′∩B = /0. It follows that I ′ ⊂ A, and sinceI ′ ⊂ I , we have
that the intervalI intersectsA. So,A is dense inR.

Remark 2.17. In the doctoral thesis of René Baire [1] we find the theorem presented as “the
continuum constitutes a set of the second category”. The outline of the proof of Baire is very
similar to the proof given in this thesis. First Baire assumes thatP is a set of the first category
in R, henceP is the countable union of nowhere dense setsPn. Then he constructs a nested
sequence of closed intervals, such thatIn does not intersectPn. By assigning the pointM to
be the intersection of allIn, M can not be inP. Thus, Baire conclude thatR is not of the first
category.

Now, we shall prove equivalence between the five versions of the theorem.

Proof. (3) ⇒ (1) Assume that every residual set inR is dense. Prove that every interval is
of the second category. If an intervalI = [a,b] were of the first category, thenR \ I would be
residual inR. Hence by (3) dense inR. But the setR\ I can not be dense, since(R\ I)∩ I = /0.
Hence we have a contradiction, thus an interval can not be of the first category.

Proof. (1) ⇒ (2) Assume that every interval is of the second category. Prove thatR is of the
second category. Suppose that (2) were false. Then we can expressR as a countable union

R =
∞

[

i=0

Ri,

whereRi are nowhere dense sets. Then any arbitrary intervalI = [a,b] can be expressed as

I =
∞

[

i=0

Ri ∩ I .

14



2.2. BAIRE CATEGORY THEOREM

But the setRi ∩ I is again nowhere dense for everyi. Thus I is of the first category, which
contradicts our assumption that (1) holds. So,R is of the second category.

Proof. (2)⇒ (3) Assume thatR is of the second category. Prove that every residual set inR is
dense. Suppose that (3) were false, then there exists a residual subsetA, in R, not dense inR.
This means that there exist an intervalI such thatA∩ I = /0. SinceA is residual the complement
set,R\A, is of the first category. This would mean that the intervalI also is of the first category,
sinceI ⊂ R\A. We will now proceed by proving that if an interval is of the first category then
the whole real line must be of the first category.

First, we show that ifI is of the first category then any closed interval is of the firstcategory.
Let Φa,b be a linear bijective mapping between any interval[a,b] of non-zero length to the unit
interval [0,1].

Φa,b(x) =
x−a
b−a

Φa,b : [a,b] 7→ [0,1]

Φ−1
a,b(x) = x(b−a)+a Φ−1

a,b : [0,1] 7→ [a,b]

Note that the functionΦ is a dilation fromR into R, and in it simplest form, when the length of
the interval is not changed, a pure translation.

SinceI is of the first category, we can find chained mappings that mapI to any other bounded
interval. For exampleΦ−1

c,d(Φa,b(x)) maps[a,b] 7→ [c,d]. Hence any bounded interval is of the
first category (see remark 2.18).

Finally, sinceR can be expressed as

R =
∞

[

n=1

[−n,n],

and every interval is of the first category, thenR must be of the first category. But that contradicts
our assumption that (2) holds.

Remark 2.18. In the previous proof we used the fact that the mappingsΦ andΦ−1 preserve
category, and sinceI was assumed to be an interval of the first category, the image of I under any
combination ofΦ andΦ−1 is again of the first category. The proof of this statement is deferred
until theorem 4.11.

So far we have proved the Baire category theorem expressed inform (3) and also showed
that

(3) ⇒ (1) ⇒ (2) ⇒ (3),

which means that we have equivalence between the first three versions of the Baire category
theorem. Next, we continue by showing that version (4) and (5) are equivalent and (3)⇒ (5)
and (4)⇒ (3).

Proof. (5)⇔ (4) To show that (5) and (4) are equivalent, we shall first define two setsA andB,
such that

A =
∞

\

n=0

An,

and the complement ofA, as

B = R\A = R\
∞

\

n=0

An =
∞

[

n=0

R\An.

15



CHAPTER 2. BAIRE CATEGORY THEOREM ON THE REAL LINE

Assume that (5) is valid. LetAn be open and dense sets inR. Then by (5) we know thatA
is dense. SinceAn are open dense sets we know (by theorem 2.8) that the setsBn are closed
and nowhere dense sets. It follows thatB satisfies the assumptions in (4). Suppose now thatB
contains some intervalI . ThenA∩ I = /0, in contradiction to (5). Thus,B has an empty interior.

Conversely, assume that (4) is valid. LetBn be closed sets with empty interiors (i.e. nowhere
dense). By (4) we know thatB has an empty interior. We also know (by theorem 2.8) thatAn

are open and dense, and thus satisfy the assumptions in (5). Suppose now thatA is not dense.
Then there exists an intervalI such thatA∩ I = /0 and thusI ⊂ B, in contradiction toB being
nowhere dense. ThusA must be dense.

Proof. (3)⇒ (5) As in version (5) we assume thatAn are open dense sets, and we define

A =
∞

\

n=0

An.

We shall prove thatA is dense. Since the complement ofAn is nowhere dense, and

Ac =
∞

[

n=0

Ac
n,

it follows thatAc is of the first category. ThusA is residual. By (3) it follows that the residual
setA, is dense.

Proof. (4) ⇒ (3) As in version (3) we assume thatA is a residual set inR. We need to prove
thatA is dense. SinceA is residual, we know thatB= Ac is of the first category, thus there exists
a sequence of nowhere dense setsBn, such that

B = Ac =
∞

[

n=0

Bn.

By theorem 2.12 we know thatBn has an empty interior. Thus by (4)

B′ =
∞

[

n=0

Bn,

we have thatB′ has an empty interior. SinceB is a subset ofB′, B has an empty interior. It
follows that arbitrary interval intersectsA, thusA is dense.

2.3 Cantor set

The sets of the first category are in some sense defined in termsof countability, since they
can be expressed as the countable union of nowhere dense sets. A natural question to ask, is
whether there is an immediate relation between the propertyof first category and the property
of countability. In this section we will find that there existboth countable and uncountable sets
of the first category on the real line.

Theorem 2.19. Let E be a set of the first category. Then for any intervalI = (a,b), the setI \E
is uncountable.
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Proof. SinceE is of the first categoryE can be expressed as a countable union of nowhere
dense setsEi. Suppose that the setI \E is countable, then this set can be expressed as a union
of singleton setsei .

I \E =
∞

[

i=0

ei

The intervalI can be defined as

I =(I \E)∪ (I ∩E) =
(

∞
[

i=0

ei

)

∪
(

I ∩
∞

[

i=0

Ei

)

=

=
(

∞
[

i=0

ei

)

∪
(

∞
[

i=0

I ∩Ei

)

=
∞

[

i=0

ei ∪ (I ∩Ei)

SinceEi ∩ I are nowhere dense sets and sinceei are nowhere dense sets. ThenI is of the
first category. But this contradicts the Baire category theorem. So,I \E is uncountable.

Theorem 2.20. Let A be a countable set inR. ThenA is of the first category inR.

Proof. This theorem follows immediately from the fact that a set containing a single point inR,
is nowhere dense, and any countable set inR can be expressed as a countable union of single
points. Thus, a countable set is of the first category.

We can easily construct countable sets of the first category,for exampleN andQ are exam-
ples of such sets. It is however harder to picture an uncountable set being of the first category.

The Cantor set, which we in this section will construct, havethese properties: uncountable
and of the first category. The construction is done stepwise,starting with the unit interval

K0 = [0,1].

Divide this interval in three equal parts and remove the middle part fromK0 and letK1 be

K1 =

[

0
3
,
1
3

]

∪
[

2
3
,
3
3

]

.

Continue by removing the middle third from all closed intervals inK1 to obtainK2

K2 =

[

0
9
,
1
9

]

∪
[

2
9
,
3
9

]

∪
[

6
9
,
7
9

]

∪
[

8
9
,
9
9

]

.

In this manner we construct a sequence of setsKn, such that

(i) K1 ⊃ K2 ⊃ K3 ⊃ . . .

(ii ) Kn is the union of 2n closed, pairwise disjoint, intervals, each of length 3−n.

We will now call the countable intersection theCantor set,

K =
∞

\

n=0

Kn.

Theorem 2.21. The Cantor setK is a prefect set.
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Proof. SinceK ⊂ [0,1], it is bounded.K is also closed since it is a countable intersection of
closed sets.

It now remains to show that every pointp in K is an accumulation point ofK. LetNε(p) be a
neighborhood, and letn be a number such that 1/3n < ε. We must show that this neighborhood
contains some other point fromK. Sincep is a point inKn it must be a point in one of the closed
disjoint interval components ofKn, sayL. With respect toKn+1 the intervalL will be divided
into two closed intervals,L0 andL1. The pointp must be in one of these intervals, sayL0, pick
any pointq ∈ K ∩ L1. We have now found another pointq ∈ K such that|p− q| ≤ 1/3n < ε.
This proves thatK is perfect.

Theorem 2.22. The Cantor setK is nowhere dense.

Proof. Assume that there exists an intervalI ⊂ K. Let λ be the length of the interval, and letn
be a number such that 1/3n < λ. If I were a subset ofK then I must also be contained inKn,
but all closed intervals that constitutesKn all have length 1/3n, i.e none of these intervals could
contain the intervalI . SinceI was arbitrary, we have proved thatK contains no interval, and
thusK is nowhere dense.

By theorem 2.15 it follows that the Cantor set is uncountable, and by definition, it is a set of
the first category. We conclude this section by an observation on the structure ofK.

Definition 2.23. Let K1st be the set of all endpoint of every interval component inK. We say
that these points are of thefirst kind in K. Let K2nd = K \K1st. We say that these points are of
thesecond kindin K.

In each step of the Cantor set construction we have 2n+1 points of the first kind inKn. Thus
there are countably many points of the first kind inK. SinceK is a uncountable set, the points
of the second kind must be uncountable.

Suppose thatI is an open interval, such thatK ∩ I 6= /0. Then there exists some interval
componentKni such thatKni ⊂ I . This means that

K∩ I 6= /0 ⇔ K1st∩ I 6= /0 ⇔ K2nd∩ I 6= /0.

Thus,K1st andK2nd are dense inK.

2.4 Fσ- and Gδ-sets

The Borel sets,Fσ andGδ, form two classes of sets. It is immediate from theorem 2.26 that
these classes have a significance for the category method. Weshall also see in the proceeding
chapter, that the Borel sets are important when describing the set of points of continuity of real
functions.

Definition 2.24. S is said to be aFσ-set if S can be expressed as a countable union of closed
sets.

Definition 2.25. S is said to be aGδ-set if S can be expressed as a countable intersection of
open sets.

Theorem 2.26. A denseGδ-set inR, is a residual set.
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Proof. Let A be a denseGδ-set. Then there exist a sequence of open setsGn, such that

A =
∞

\

n=0

Gn.

SinceA is dense it follows thatGn is dense for everyn = 1,2, . . . . By considering the comple-
ment ofGn we have thatGc

n is a closed and nowhere dense set. Thus

Ac =
∞

[

n=0

Gc
n,

is a set of the first category. It follows thatA is a residual set.

Theorem 2.27. This theorem states how the propertiesGδ andFσ are preserved under union
and intersection operations.

(i) The intersection of any collection ofGδ-sets is aGδ-set.

(ii ) The union of any collection ofFσ-sets is again aFσ-set.

Proof. We first prove(i). Let A(i) be a countable collection ofGδ sets. Let

A(i) =
∞

\

k=0

G(i)
k ,

whereG(i)
k are open sets. Now form the intersection

A =
∞

\

i=0

A(i) =
∞

\

i=0

(
∞

\

k=0

G(i)
k ) =

∞
\

i,k=0

G(i)
k .

So, A is a countable intersection of open sets, thus we have thatA is a Gδ-set. Secondly, we
prove(ii) . Let B(i) be a countable collection ofFσ sets. Let

B(i) =
∞

[

k=0

F(i)
k ,

whereF(i)
k are closed sets. Now form the union

B =
∞

[

i=0

B(i) =
∞

[

i=0

∞
[

k=0

F (i)
k =

∞
[

i,k=0

F(i)
k .

So,B is a countable union of closed sets, thus we have thatB is aFσ-set.

Theorem 2.28. Let I be a closed interval inR, and letA be some subset ofI . ThenA is aGδ-set
if and only if I \A is aFσ-set.

Proof. Assume thatA is aGδ-set. Prove thatI \A is aFσ-set. By assumption we can expressA
as the intersection of open sets

A =
∞

\

i=0

Gi .
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Then consider the complement ofA relative toI ,

I \A = I \
∞

\

i=0

Gi =
∞

[

i=0

I \Gi =
∞

[

i=0

I ∩Gc
i .

SinceGi are open sets, thenI ∩Gc
i are closed sets. HenceI \A is the union of closed sets, thus

aFσ-set.
Conversely, assume thatI \A is aFσ-set. Let

I \A =
∞

[

i=0

Fi,

whereFi are closed sets. ThenA can be expressed in terms ofFi,

A = I \
∞

[

i=0

Fi = I ∩
(

∞
\

i=0

Fc
i

)

. (2)

We observe that any closed interval[a,b] is aGδ-set, since it can be expressed as the countable
intersection of open sets

[a,b] =
∞

\

n=0

(a− 1
n
,b+

1
n
).

By definition, the intersection of the open sets,Fc
i , is aGδ-set. Thus, by theorem 2.27, it follows

thatA is aGδ-set.

Theorem 2.29. Let A⊂ [0,1] be a countable set, dense in[0,1]. ThenA is not of the typeGδ.

Proof. Assume thatA is countable. Prove thatA is not aGδ-set. Suppose thatA is a Gδ-set.
Then there exists open sets,Gi , such that

A =
∞

\

i=0

Gi.

SinceA is dense in[0,1], everyGi is dense in[0,1]. The complement of a dense open set is
nowhere dense, so

[0,1]\Gi

are nowhere dense sets. The complement ofA

[0,1]\A = [0,1]\
∞

\

i=0

Gi =
∞

[

i=0

[0,1]\Gi

is therefore of the first category since it is the union of nowhere dense sets. But that would lead
us to the conclusion thatA is residual, and thus by 2.19, can not be countable. SoA can not be
aGδ-set.

Theorem 2.30. The set of all rational points in[0,1] is of typeFσ but notGδ.

Proof. SinceQ is countable, so isS= [0,1]∩Q. By previous theoremS is not aGδ-set. How-
ever,Scan be described as a countable union of singleton sets, and thereforeS is aFσ-set.
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Theorem 2.31. The set of all irrational points in[0,1] is of typeGδ but notFσ.

Proof. Let S= [0,1] \Q. SinceQ is a countable set we can defineQ as a countable sequence
Q = {q1,q2, . . .}. So

S= [0,1]\
∞

[

n=1

{qn} =
∞

\

n=1

[0,1]\{qn} =
∞

\

n=1

(0,1)\{qn}

since(0,1)\{qn} is open for everyn, we have expressedSas a countable intersection of open
sets. ThusS is aGδ-set.

Suppose thatS is aFσ-set,

S=
∞

[

n=1

Fn.

SinceS is residual in[0,1]. By Baire category theorem (2.16) there exists aFi and an open
interval I ⊂ [0,1] such thatFi is dense inI . But sinceFi is closed we have thatI ⊂ Fi, and
therefore contains both rational and irrational numbers, in contradiction toS containing only
irrationals. Thus,S is not aFσ-set.

2.5 Uniform boundedness

The Uniform boundedness theorem, a classical theorem in analysis, can be proved by using the
Baire category theorem. The proof illustrates a usage pattern for the Baire category theorem
which will appear in the proof of other statements throughout this thesis, as in the examples
2.36, 3.19 and in the proof of theorems 3.22, 4.21, 4.24.

The key idea is that the Baire category theorem is used to showthat some pointwise property
holds on a larger set.

Definition 2.32 (Pointwise bounded). A collectionF, of functions defined onE ⊂ R, is said to
bepointwise boundedif, for eachx∈ E, the set

{ f (x) : f ∈ F}

is bounded. This means that for every fixedx ∈ E there exists a numberMx ≥ 0 such that
| f (x)| ≤ Mx for all f ∈ F.

Definition 2.33 (Uniformly bounded). A collection F, of functions defined onE ⊂ R, is said
to beuniformly boundedif there exists a numberM ≥ 0 such that| f (x)| ≤ M for all x∈ E and
for eachf ∈ F.

Lemma 2.34. Let f be a continuous function on a closed intervalI ⊂ R. Then the set

F = {x : | f (x)| ≤ α}

is closed for any positive real numberα.

Proof. Assume thatf is continuous onI . Prove thatF is closed. Letx be a limit point ofF.
Then there exists a sequence{xn} in F such thatxn → x. By assumption

| f (xn)| ≤ α.
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Since f is continuous atx we have thatf (xn) → f (x) and therefore we have

| f (x)| ≤ α.

Sox∈ F, and sincex was an arbitrary accumulation point ofF, we have thatF is closed.

Theorem 2.35(Uniform boundedness). Let F be a pointwise bounded collection of continuous
functions on a closed intervalE ⊂ R (possibly the wholeR). Then there exists an open interval
I ⊂ E and a constantM such that

| f (x)| ≤ M for every f ∈ F and everyx∈ I .

Proof. The idea of the proof is to construct a sequence of subsets ofE in a special way such
that we can use the Baire category theorem to show that interval I exists. ConstructFn as

Fn = {x : | f (x)| ≤ n for all f ∈ F}.

SinceF is pointwise bounded (for everyx∈ E) the sequence will eventually fillE asn→ ∞. So

E =
∞

[

n=1

Fn.

Since eachf ∈ F is continuous, eachFn is closed (according to lemma 2.34). Now,E is the
countable intersection of closed sets, soE is closed. SinceE is of the second category, we know
from the Baire Category Theorem that not allFn can be nowhere dense. At least one set, sayFn0

must therefore be dense in some open intervalI ⊂ E. Hence,

Fn0 ⊃ I .

But sinceFn0 is closed we have thatI ⊂ Fn0. Finally, this leads us to the conclusion that

| f (x)| ≤ n0 for every f ∈ F and everyx∈ I

The following example uses the Baire Category theorem in a similar way as in the proof of
the Uniform boundedness theorem.

Example 2.36. Let { fn} be a sequence of continuous functions on[0,1] and suppose that

lim
n→∞

fn(x) = 0

for all x∈ [0,1]. Show that there exists an interval[c,d] ⊂ [0,1] so that, for all sufficiently large
n, | fn(x)| < 1 for all x∈ [c,d]

To prove this statement, we will use a similar reasoning as inthe proof of the Uniform
boundedness theorem. Define a sequence of closed sets

FN = {x : | fn(x)| ≤ 1/2 for everyn≥ N}.

We must ensure that the union ofFN fills the unit interval. Suppose that there exists a point
p∈ [0,1] such thatp /∈ FN for everyN. But we also know that the sequence{ fn(p)} converges
to 0. From the definition of limit we can for anyε, say 1/2, find a numberN0 such that

n > N0 ⇒ | fn(p)−0| < 1/2.
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But that would mean thatp∈ FN0. So, the union of allFN must fill the interval.

[0,1] =
∞

[

N=0

FN

Applying, the Baire category theorem, we can obtain a setFM, such thatFM is dense in some
subinterval[c,d] ⊂ [0,1]. SinceFM is closed we have[c,d] ⊂ FM. So, for everyx ∈ [c,d] we
have thatx∈ FM and therefore| f (x)| < 1.
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Chapter 3

Functions of the first class

One of the main problems that René Baire addressed in his doctoral thesis, was to characterize
discontinuous real functions that can be represented by a series of continuous real functions. It
was in this context that he introduced the notion of category. In this chapter we will present
some explicit examples of these functions, and present a theorem due to Baire.

3.1 Basic definitions

Definition 3.1 (Pointwise convergence). Let { fn} be a sequence of functions defined on a com-
mon domainD. If the limit

lim
n→∞

fn(x)

exists for allx∈ D, we say that{ fn} converge pointwiseon D. This limit defines a function on
D

f (x) = lim
n→∞

fn(x),

we write fn → f , to denote pointwise convergence.

It is well known that the pointwise limit of a sequence of continuous functions need not
be continuous. But, the continuity of the limit function, can be guaranteed under additional
assumptions on the character of convergence.

Definition 3.2 (Uniform convergence). Let { fn} be a sequence of functions defined on a com-
mon domainD. We say that{ fn} converge uniformlyto f on D, if for every ε > 0 there exists
N such that

n≥ N ⇒ | fn(x)− f (x)| < ε for all x∈ D.

A classical theorem states that the limit of a uniformly convergent sequence of continuous
functions is continuous. However, pointwise limits also have some traces of continuity, as we
will see in this chapter.

Definition 3.3 (Function of the first class). A function f , is said to be afunction of the first class
or aBaire 1 functionif it is the pointwise limit of some sequence of continuous functions.

The importance of this definition follows, in particular, from the fact that any derivative is a
function of the first class.
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Proposition 3.4. Let F be a differentiable function onR. The derivative function

F ′(x) = lim
n→∞

F(x+1/n)−F(x)
1/n

can be expressed as a pointwise convergent sequence, where

fn(x) =
F(x+1/n)−F(x)

1/n

and
fn → F ′.

Each fn is continuous onR and fn → F ′. So,F ′ is a function of the first class.

Example 3.5. This is an example of the fact that a derivative of a continuous function need not
be continuous. Letf be a function defined onR by

f (x) =

{

x2 sin(1/x) : x 6= 0
0 : x = 0

It is well known thatxsin(1/x) → 0, asx→ 0. The derivative off atx = 0 is

f ′(0) = lim
h→0

h2 sin(1/h)−0
h

= lim
h→0

hsin(1/h) = 0.

For anyx 6= 0 we can calculate the derivative algebraically

f ′(x) = 2xsin(1/x)−cos(1/x).

The first term converges to zero asx→0. For the second term, cos(1/x), consider two sequences
{ 1

2nπ} and { 1
(2n+1)π}. These sequences converge to zero asn → ∞. But cos(2nπ) = 1 and

cos((2n+ 1)π) = −1 for all n, thus cos(1/x) does not have a limit asx→ 0. This means that
the limit of f ′(x) asx→ 0 does not exists, so the derivative off is discontinuous atx = 0.

3.2 Examples of first class functions

To determine that some functionf is of the first class we can try to construct a pointwise
convergent sequence of continuous functions,fn, such thatfn → f . In the following examples,
we will consider some real valued functions of one variable,and we will use a piecewise linear
curve inR2 to approximate the function. By refining the points in the curve we can achieve
pointwise convergence.

Definition 3.6. Given a finite set of pointsA, where{a0, . . . ,an} is an increasingly ordered
rearrangement ofA, and a real valued function,f , defined on the interval[a0,an]. We define
Φ( f ,A) to be the piecewise linear plane curve connecting the points(ai , f (ai)) for every i =
0, . . . ,n.

Since the curve is piecewise linear, and the set{a0, . . . ,an} is ordered increasingly, the curve
describes a continuous function from[a0,an] into R.
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Example 3.7. A step function,f , defined on a closed interval[0,1] have the property that the
interval can be subdivided into a finite number of intervals

0 = a0 < a1 < · · · < ak = 1,

where f (x) = ci on the open interval(ai ,ai+1) for everyi = 0,1, . . . ,k−1, andf (ai) = di for ev-
ery i = 0,1, . . . ,k. It follows that the set of points of discontinuity off is a subset of{a0, . . . ,ak}.
Figure 3.1 illustrates a step function on[0,1] having four points of discontinuity.

0 = a0
a1 a2 a3 a4

a5 = 1

Figure 3.1: Step Function

To show that f is a function of the first class, we will create a sequence of continuous
functions, { fn}, such thatf is the pointwise limit of fn on [0,1]. Since our goal is to use
a piecewise linear curves to approximatef , we shall define a sequence of setsAn such that
Φ( f ,An) converge pointwise tof for increasingn.

Let An consists of the points

a0, . . . ,an ; a0+
δ
n
, . . . ,an−1+

δ
n

; a1−
δ
n
, . . . ,an−

δ
n
,

whereδ is defined as

0 < δ = min
i=0,...,k−1

|ai −ai+1|
4

.

Observe, that we can order the points in every setAn, such that

ai < ai+
δ
n

< ai+1−
δ
n

< ai+1

holds for everyi = 0, . . . ,k−1. Let fn be the function described by the piecewise linear curve
Φ( f ,An). Figure 3.2 illustrates the behavior of the curve at some point ai .

ai − δ
n ai +

δ
n

ai−1 ai ai+1

Figure 3.2: Piecewise linear curve atai
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Now we show thatfn → f on [0,1]. Let x be any point in[0,1]. If x ∈ {a0, . . . ,an} then
x = ai for somei. Thus

fn(x) = fn(ai) = f (ai) = f (x).

If ai < x < ai+1 for somei, then we must ensure that

ai +
δ
n

< x < ai+1−
δ
n

(1)

for sufficiently largen. Let
γ= min{|x−ai |, |x−ai+1|}.

Then, for anyn> δ/γwe have that (1) holds. Thusfn(x) = ci = f (x). So fn converge pointwise
to f on [0,1], and thusf is of the first class.

Example 3.8. In example 3.20 we showed that the Riemann function, defined on [0,1], is con-
tinuous at every point except at every rational point in the interval[0,1]. We now show that this
function is a function of the first class.

Let D = {d0,d1, . . .} be the set of all rational numbers in the interval[0,1]. We can assume
that d0 andd1 are the endpoints, 0 and 1. For everyn we defineDn = {d0,d1, . . . ,dn} to be a
finite subset ofD. Let

δn < min
0≤i< j≤n

{ |di −d j |
4

}

.

Since the setD is dense on the interval[0,1] we have thatδn converge to zero asn grows
infinitely large.

0 1d4−δ4 d4 +δ4

d0 d1
d2 d3d4

f (d4)

Figure 3.3: Fourth step of Riemann function approximation

For any numbern > 0, letAn consists of the points

d0, . . . ,dn ; d2+δn, . . . ,dn−1+δn ; d1−δn, . . . ,dn−δn.

Though we have not assumed any order of the points in eachAn, we still have that

0 < di < d j < 1 ⇒ di < di+δn < d j−δn < d j

for every i, j = 0, . . . ,n. From the piecewise linear curveΦ( f ,An), we define a continuous
function, fn, describe by the curve. Figure 3.3, illustrates an example of the continuous function
f4(x).
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We will now show thatfn → f . Let x be any point in[0,1]. If x is rational, thenx = dN for
some indexN, such that

n > N ⇒ fn(x) = fn(dN) = f (dN) = f (x).

If x is irrational, we know thatf is continuous atx and f (x) = 0. Thus for anyε > 0 there exists
δ > 0, such that

|x−y| < δ⇒ | f (x)− f (y)| = | f (y)| < ε.

Since fn are piecewise linear, we have that for everyn there exists two consecutive points
an,bn ∈ An such thatIn = [an,bn] is an interval of linearity containingx. Also the maximal
length of intervals of linearity tends to zero, forn sufficiently big. Thus there exists someN,
such that forn≥ N we haveIn ⊂ (x−δ,x+δ). Now, this means that

n≥ N ⇒ fn(x) ≤ max{( f (an), f (bn))} < ε.

Since,ε can be arbitrary small, we have thatfn(x) → 0 at any irrational point. Thus, we have
showed that for every point in[0,1], f is the pointwise limit of a sequence of continuous func-
tions. So, by definitionf is a function of the first class.

Example 3.9. Now we will consider the Dirichlet function defined onR, and show that this
function have no points of continuity and that this functionis not a function of the first class.
Let

f (x) =

{

1 : x∈ Q

0 : x /∈ Q

First, to show that this function is discontinuous at every point, we must show that for every
x0 ∈ R, there exists anε > 0, sayε = 1/2 such that we can not find anyδ such that

|x0−x| < δ⇒ | f (x0)− f (x)| < ε = 1/2

but sinceQ andR \Q are dense inR, any interval|x0 − x| < δ contains both rational points
and irrational points, this means that we can always find a point x such that|x0 − x| < δ and
| f (x0)− f (x)| = 1 > ε no matter how smallδ we choose.

Secondly, we prove that the Dirichlet function is not a function of the first class. Assume
that there exists a sequence of continuous functionsfn having f as pointwise limit.

Let x1 ∈ Q, by assumptionfn(x1) → 1, so there exists an indexn1, such that

fn1(x1) > 3/4.

Since fn1 is continuous, there exists a closed neighborhoodI1 = [x1−δ1,x1+δ1] of x1, such that

x∈ I1 ⇒ fn1(x) > 3/4.

Now, continue by lettingx2 ∈ I̊1\Q, and sincefn(x2) → 0 there exists indexn2 > n1, such that

fn2(x2) < 1/4.

Since fn2 is continuous, there exists a closed neighborhoodI2 = [x2−δ2,x2+δ2] of x2, such that

I2 ⊂ I1

|I2| <
1
2
|I1|

x∈ I2 ⇒ fn2(x) < 1/4.
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Continue this process choosing rational points for odd indexes and irrational points for
even indexes. Letx ∈ R be the intersection of all closed intervals{In}. Thus, we have two
subsequences of{ fn(x)}

fn2i+1(x) → a≥ 3/4 asi → ∞

and
fn2i (x) → b≤ 1/4 asi → ∞.

The sequence{ fn} does not converge pointwise, since we have found two subsequences of
{ fn(x)} converging to different values. Thusf is not a function of the first class.

Theorem 3.10. Let f be defined on[a,b] and continuous at every point except a countable set
of points of discontinuity. Thenf is a function of the first class.

Proof. To prove thatf is a function of the first class we will create a sequence of continuous
functions havingf as pointwise limit.

Let D be the countable set of points of discontinuity off . Let C be some countable dense
subset of the points of continuity off . Let

S= C∪D = {s1,s2,s3, . . .}.

We can enforces1 and s2 to be the endpoints of the interval[a,b]. Now we define a nested
sequence of finite sets

S1 = {s1,s2, . . .sk1}
S2 = {s1,s2, . . .sk2}
Sn = {s1,s2, . . .skn}

under the condition, that for any indexn and for everyx ∈ Sn, there existsy ∈ Sn such that
|x−y| < 1

2n . This will ensure that given any intervalI ⊂ [a,b] we can always findSm such that
I contains points fromSm, formally

|I | ≥ 1
2m ⇒ I ∩Sm 6= /0. (2)

Let fn be the continuous function described by the piecewise linear curveΦ( f ,Sn). Now
we need to prove that the sequencefn converge pointwise tof .

Let x0 ∈ [a,b]. If x0 ∈ S then there exists some indexj such thatx0 = skj and thus for any
n > j we have that

fn(x) = fn(skj ) = f (skj ) = f (x).

If x0 /∈ Sthen we know thatf is continuous atx. Thus for anyε > 0 there existsδ> 0 such that

|x0−x| < δ⇒ | f (x0)− f (x)| < ε. (3)

Let m be such thatδ > 1/2m. By (2) we know that

(x0−δ,x0)∩Sm 6= /0
(x0,x0 +δ)∩Sm 6= /0.

Thus there exist two consecutive pointss′,s′′ ∈ Sm, such that

x0−δ< s′ < x0 < s′′ < x0 +δ,
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3.3. OSCILLATION AND CONTINUITY

and that no other points inSm are closer tox0. By (3) we have that

| f (x0)− fm(s′)| = | f (x0)− f (s′)| < ε. (4)

Since fm is linear on the interval[s′,s′′], we can estimatefm(x0) by

| fm(x0)− fm(s′)| ≤ | fm(s′′)− fm(s′)| = | f (s′′)− f (s′)| < 2ε. (5)

Now, combine (4) and (5) to deduce

| fm(x0)− f (x0)| ≤ | fm(x0)− fm(s′)|+ | fm(s′)− f (x0)| < 3ε.

Since the pointx0 andε were chosen arbitrary, we have proved thatfn converges pointwise tof
on [a,b]. Thus, f is a function of the first class.

Corollary 3.11. Let f be a monotone function on an interval[a,b], then f is a function of the
first class.

Proof. In Rudin [4] page 96, we find a proof of the well known fact that every monotonic
function, defined on an interval, has at most a countable set of points of discontinuity. It now
follows from theorem 3.10 thatf is a function of the first class.

3.3 Oscillation and continuity

In this section we will examine the points of continuity and points of discontinuity of real func-
tions. The oscillation of a function, provides means by which we can measure the discontinuity
of a function.

Definition 3.12. Let f be defined on a non-degenerate intervalI . We define theoscillation of f
on I as the quantity

ω( f ; I) = sup
x,y∈I

∣

∣

∣
f (x)− f (y)

∣

∣

∣
.

From this definition we see that for any setsA andB, and for some a functionf defined on
A andB, we have

A⊂ B⇒ f (A) ⊂ f (B) ⇒ ω( f ;A) ≤ ω( f ;B). (6)

This is true sinceω is defined to be the supremum of the image ofA andB of f . Also theω
function is bounded below by zero.

Definition 3.13. Let f be defined on a neighborhood ofx0. We define theoscillation of f at x0
as the quantity

ωf (x0) = lim
δ→0

ω( f ;(x0−δ,x0 +δ)).

Theorem 3.14. Let f be defined on a closed intervalI (may be all ofR). Then, for anyγ> 0,
then the set

F = {x : ωf (x) ≥ γ},
is closed.

31



CHAPTER 3. FUNCTIONS OF THE FIRST CLASS

Proof. Let x be a limit point ofF. Then there exists a sequence{xn} in F such thatxn → x. By
assumption we have that

ωf (xn) ≥ γ

for everyn. Suppose now thatx /∈ F , thenωf (x) = α < γ. By definition there exists aδ > 0,
such that

ω( f ;Nδ(x)∩ I) < γ. (7)

Sincex is a limit point ofxn, we can find somexi ∈ Nδ(x). Also, xi is an interior point ofNδ(x),
thus we can find a neighborhood ofxi , such that

Nr(xi) ⊂ Nδ(x). (8)

Sincexi is a point inF, we have

ω( f ;Nr(xi)) ≥ ωf (xi) ≥ γ.

By (6) and (8), it follows that

ω( f ;Nδ(x)) ≥ ω( f ;Nr(xi)) ≥ γ.

But this contradicts (7). Sox∈ F, and thusF is closed.

Theorem 3.15(Baire). Let f be a bounded function on[a,b]. Assume thatωf (x0) ≤ α for any
x∈ [a,b] (α ≥ 0). Then for anyε > 0 there exists aδ > 0, such that for every intervalI ⊂ [a,b]
with |I | < δ, we have that

ω( f ; I) < α + ε.

Proof. By assumptionωf (x0) ≤ α for everyx∈ [a,b]. Thus, for any pointx∈ [a,b] and given
anyε > 0 there exists a neighborhoodNr(x) such that

ω( f ,Nr (x)) < α + ε.

From this we define a real valued functionδ(x) for everyx∈ [a,b], such that

ω( f ,Nδ(x)(x)) < α + ε.

Now, the union of allNδ(x)(x) is an open cover of[a,b]. Moreover, the union of allNδ(x)
2

(x) is

still an open cover. Since[a,b] is closed and bounded we know that there exists a finite subcover,
thus

[a,b] ⊂ Nδ(x1)
2

(x1)∪ ·· ·∪Nδ(xk)
2

(xk).

Now let

δ = min
{δ(x1)

2
, . . . ,

δ(xk)

2

}

.

Given any intervalI ⊂ [a,b] such that|I | < δ. Let Nδ(xi )
2

(xi) be one set covering the midpoint

(a+b
2 ) of the interval. SinceNδ(xi )

2
(xi) must cover more than half of the intervalI , we have that

I ⊂ Nδ(xi)(xi).

Thus we have proved thatω( f , I) < α + ε.
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Theorem 3.16. Let f be defined on an intervalI and letx0 ∈ I . Then f is continuous atx0 if
and only if

ωf (x0) = 0.

Proof. Assume thatf is continuous atx0. Prove thatωf (x0) = 0. Since f is continuous atx0,
then for anyε > 0 there existsδ > 0, such that

|x−x0| < δ⇒ | f (x)− f (x0)| < ε/2.

We can express this in terms of a supremum

sup
x∈Nδ(x0)

| f (x)− f (x0)| < ε/2. (9)

Now, we need to ensure that the oscillation of the functionf in the neighborhood ofx0 is
bounded byε

ω( f ;Nδ(x0)) = sup
x,y∈Nδ(x0)

| f (x)− f (y)| ≤

≤ sup
x∈Nδ(x0)

| f (x0)− f (x)|+ sup
y∈Nδ(x0)

| f (x0)− f (y)|

< ε/2+ ε/2 = ε.

Sinceε was arbitrary, and
ωf (x0) ≤ ω( f ;Nδ(x0)) < ε,

it follows that
ωf (x0) = 0.

Conversely, assume thatωf (x0) = 0. Prove thatf is continuous atx0. By theorem 3.15 we
know that for anyε > 0 there exists aδ > 0 such that

ω( f ;Nδ(x0)) < ε.

We observe that
sup

x∈Nδ(x0)

| f (x0)− f (x)| ≤ sup
x,y∈Nδ(x0)

| f (x)− f (y)| < ε

so, we can conclude that
|x−x0| < δ⇒ | f (x0)− f (x)| < ε.

Thus, f is continuous atx0.

Theorem 3.17. Let f be defined on a closed intervalI (which may be all ofR). Then the setC
of points of continuity off , is aGδ-set, and the setD of points of discontinuity off is aFσ-set.

Proof. Let

Dn = {x : ωf (x) ≥
1
n
}.

We know (by theorem 3.14) thatDn are closed sets. We need to show that the countable union
of all Dn fills D. Suppose thatx∈ D, then

ωf (x) = α > 0.
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Let n be a number such thatα > 1/n. This means thatx∈ Dn. So we have that

D =
∞

[

n=1

Dn.

HenceD is aFσ-set. SinceC = I \D, we have thatC is aGδ-set (by theorem 2.28).

Theorem 3.18. Show that a function is continuous except at the points of a first category set if
and only if it is continuous at a dense set of points.

Proof. Let f be continuous at every point inC, and discontinuous at every point inD. Assume
thatC is dense inR. Show thatD is a set of the first category. We know thatC is aGδ-set, so

C =
∞

\

n=0

Gn.

whereGn are open sets. Also,C is dense, so everyGn must be dense. ThusC is a countable
intersection of open dense sets. We can defineD as

D = R\C =
∞

[

n=0

R\Gn.

that is,D is the countable union of nowhere dense sets, soD is of the first category.
Now, assume thatD is of the first category. Show thatC is dense. We know thatD is a

Fσ-set of the first category, soD is a countable union of closed nowhere dense sets, thus the
complement,C is a residual set inR. By the Baire category theorem,C is dense inR.

Example 3.19. Assume that a functionf is discontinuous at every point of an interval[a,b].
Then there exists a numberγ> 0 and an intervalI ⊂ [a,b] such that

ωf (x) ≥ γ for anyx∈ I .

Define a sequence of closed sets

Bn =
{

x : wf (x) ≥
1
n

}

,

and let

B =
∞

[

n=0

Bn.

We know thatBn is closed, and also thatB = [a,b]. From the Baire category theorem, we know
that at least one,BM, is dense in some intervalI ⊂ [a,b]. Moreover, sinceBM is closed we have
that

I ⊂ BM.

Hence,ωf (x) ≥ 1
M for everyx∈ I and by lettingγ= 1

M , we have proved the statement.
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Example 3.20. This example will show that there exists a function, discontinuous on a count-
able and dense set of points. The Riemann function defined on the open interval[0,1] as

f (x) =

{

1/q : x = p/q wherep/q is an irreducible rational number
0 : x is irrational orx = 0

We will now show that this function is continuous at every irrational point, and discontinuous
at every rational point.

To show thatf (x0) is continuous at any irrational pointx0. We must ensure that for any
ε > 0 there existsδ > 0 such that

|x0−x| < δ⇒ | f (x0)− f (x)| < ε.

Let m be a number such thatε > 1/m and consider the set of points having| f (x)| > 1/m. This
set is finite, since there are only finitely many irreducible rationalsp/q∈ [0,1] with p≤ q < m.

We haveε > 1/m, so we can choose someδsuch that the closed interval|x0−x|< δcontains
no point from the finite set havingf (x) > 1/m. Thus we know that

|x0−x| < δ⇒ | f (x0)− f (x)| = |0− f (x)| ≤ 1/m< ε.

Hence f is continuous at every irrational number. Consider any rational point p/q in [0,1].
Then, since every neighborhood ofp/q contains irrational numbers, we have that

| f (x)− f (p/q)| = 1/q

for every irrational numberx. So, f is discontinuous at every rational point.

3.4 Baire theorem

We started this chapter, by stating that a function of the first class has traces of continuity.
The previous examples have indicated that the set of discontinuity points may be dense on the
domain of the function. The next lemma, and the proceeding theorem, due to Baire, shows that
a first class function can not be everywhere discontinuous.

Lemma 3.21. Let f be a function of the first class on[a,b]. Then, for anyγ> 0, the set

E = {x : ωf (x) ≥ γ for everyx∈ [a,b]},

is closed and nowhere dense.

Proof. By theorem 3.14 it follows that the setE is closed. Assume thatE is dense in some
interval I , then sinceE is closed we have thatI ⊂ E. Thus the oscillation off at every point in
I is greater or equal toγ.

Let fn be a sequence of continuous functions converging pointwiseto f on [a,b]. Given
0 < ε < γ/8 and some arbitrary pointx0 ∈ I̊ , by pointwise convergence offn, we have that there
exists an0 > 0, such that

| fn0(x0)− f (x0)| < ε. (10)
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Since everyfn is continuous we have that there exists a closed neighborhood I0 ⊂ I of x0, such
that

x∈ I0 ⇒ | fn0(x0)− fn0(x)| < ε. (11)

By (10) and (11) we have that

x∈ I0 ⇒ | f (x0)− fn0(x)| < 2ε. (12)

Sincex0 ∈ I0 ⊂ E, there exists some other pointx1 ∈ I̊0, such that

| f (x0)− f (x1)| ≥ γ. (13)

We repeat the same reasoning with the pointx1. Since fn converge pointwise we can find
n1 > n0, such that

| fn1(x1)− f (x1)| < ε. (14)

Since everyfn is continuous we have that there exists a closed neighborhood I1 of x1, such that
I1 ⊂ I0, |I1| < |I0|/2 and

x∈ I1 ⇒ | fn1(x1)− fn1(x)| < ε. (15)

By (14) and (15)

x∈ I1 ⇒ | f (x1)− fn1(x)| < 2ε. (16)

Now, we combine (12), (13) and (16)

x∈ I1 ⇒ | fn0(x)− fn1(x)| > γ−4ε > γ/2. (17)

Now, we proceed by induction. Assume that for some index number k, we have obtained

I0 ⊂ I1 ⊂ ·· · ⊂ Ik−1 ⊂ Ik (18)

x0 ∈ I̊0 , x1 ∈ I̊1 , . . . ,x k−1 ∈ I̊k−1 , xk ∈ I̊k (19)

fn0, fn1, . . . , fnk−1, fnk, (20)

such that

| f (xk)− f (xk−1)| ≥ γ (21)

| fnk(xk)− f (xk)| < ε (22)

x∈ Ik ⇒ | fnk(x)− f (xk)| < 2ε. (23)

SinceIk is a subset ofE there exists a pointxk+1 ∈ I̊k, such that

| f (xk+1)− f (xk)| ≥ γ. (24)

This satisfies the induction hypothesis (21). Sincefn converges pointwise tof , we can find
nk+1 > nk, such that

| fnk+1(xk+1)− f (xk+1)| < ε. (25)
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This satisfies the induction hypothesis (22). By continuityof fnk+1, there existsIk+1 ⊂ Ik, such
that

|Ik+1| < |Ik|/2 (26)

xk+1 ∈ I̊k+1 (27)

x∈ Ik+1 ⇒ | fnk+1(xk+1)− fnk+1(x)| < ε. (28)

By (25) and (28) we have that

x∈ Ik+1 ⇒ | fnk+1(x)− f (xk+1)| < 2ε. (29)

By assertion (29), we have satisfied the induction hypothesis (23) fork+1, and the construction
can proceed. Also, for each induction step we use assertion (25) and (28), together with the
induction assumption (23) to deduce

x∈ Ik+1 ⇒ | fnk+1(x)− fnk(x)| > γ−2ε−2ε > γ/2.

Let the pointx be the intersection of allIn. Then for everyk, we have

| fnk+1(x)− fnk(x)| > γ/2.

But this means that{ fnk(x)} diverge. So, under the assumption made,fn can not converge
pointwise on[a,b]. Thus,E can not be dense inI , it follows thatE is nowhere dense.

Theorem 3.22(Baire theorem). Let f be a function of the first class on[a,b], then f is contin-
uous except at a set of points of the first category.

Proof. Let D be the set of points of discontinuity off . Define a sequence of sets

En = {x : ωf (x) ≥ 1/n for everyx∈ [a,b]}.

By previous theorem 3.21, we have that everyEn is nowhere dense. Since, the countable union
of all En fills D (as showed in proof of theorem 3.17), we have thatD is of the first category.

Example 3.23. This example illustrates that two functions need not share the first class prop-
erty, although the two functions are defined on the same domain and have the same set of points
of continuity. Thus the converse of theorem 3.22 is false. Let K be the Cantor set, and define

f (x) =

{

1 : x∈ K
0 : otherwise

g(x) =

{

1 : x∈ K2nd

0 : otherwise

Prove thatf andg are continuous on every point of[0,1] \K. Suppose thatx0 ∈ [0,1] \K.
Thenx0 is an interior point, since[0,1] \K is open. Thus there exists a neighborhoodNδ(x0)
contained in[0,1]\K. Then, for every pointx∈ Nδ(x0) we have thatf (x) = 0 andg(x) = 0. So
f andg are continuous at every point in[0,1]\K.

Prove thatf andg are discontinuous at every point inK. For anyx∈ K, we have that any
neighborhood ofx contains points fromK, K1st andK2nd. Thus there will always exist a point
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y in any neighborhood ofx, such that| f (x)− f (y)| = 1 and likewise forg. So f andg are
discontinuous onK.

Prove thatf is a function of the first class. We will create a sequence of continuous functions
{ fn} having f as the pointwise limit on[0,1]. The construction of eachfn will follow the steps
in the construction of the Cantor set (section 2.3).

Let K1st
n = {a0,a1, . . . ,ak} be increasingly ordered (finite) set of points of the first kind in

Kn. Let An consist of all points inK1st
n together with the following points

(ai +
1

3n+1 ) for everyi = 1,3, . . .k

(ai −
1

3n+1 ) for everyi = 2,4, . . .k−1.

We can order the points inAn as

a2i−2 < a2i−1 < a2i−1 +
1

3n+1 < a2i −
1

3n+1 < a2i < a2i+1

for everyi = 1, . . . ,(k−1)/2. We also note that

a2i−2 ≤ x≤ a2i−1 ⇒ fn(x) = 1

a2i−1 +
1

3n+1 ≤ x≤ a2i −
1

3n+1 ⇒ fn(x) = 0.

Let fn be the continuous function described by the piecewise linear curveΦ( f ,An).

1 f2

K2

0 11
3

2
3

a0 a1 a2 a3 a4 a5 a6 a7

Figure 3.4: f2 of the function sequence

Now we show thatf is the pointwise limit offn. If x∈ K then fn(x) = 1 for everyn. If on
the other handx /∈ K we have that for some indexi, and for sufficiently largen we have

a2i−1 +
1

3n+1 < x < a2i −
1

3n+1 .

Thus, fn(x) = 0. So f is the pointwise limit of{ fn}, and thereforef is of the first class.

Prove thatg is not a function of the first class. We apply the same reasoning as in example
3.9 (Dirichlet function). Assume there exists a sequence ofcontinuous functions{gn} such that
gn → g. Let x1 ∈ K1st, then there exists an indexn1 such that

gn1(x1) < 1/4,
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and sincegn1 is continuous, there exists a closed neighborhoodI1 of x1, such that

p∈ I1 ⇒ gn1(p) < 1/4.

Now, letx2 ∈ K2nd∩ I̊1, then there exists an indexn2 such that

gn2(x2) > 3/4,

and sincegn2 is continuous there exists a closed neighborhoodI2 of x2, such that

p∈ I2 ⇒ gn2(p) > 3/4

having I2 ⊂ I1 and |I2| < 1
2|I1|. Now we continue this construction to get the sequence{gni}.

Let x =
∞

\

i=1

Ii . But since

gn2i (x) → a≥ 3/4

and
gn2i+1(x) → b≤ 1/4.

We have defined two subsequences of{gn(x)}, converging to different values. Thus{gn(x)}
have no unique limit point. So, the assumption thatg is a function of the first class is false.
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Chapter 4

Metric spaces

In section 2.1, we defined some basic topological propertiesof points and sets on the real line.
All these definitions relied on the fact that the real line canbe equipped with a distance function:
the absolute value function.

For example, consider the neighborhood of a point, it is defined as all points within a certain
distance of that point. An open set is defined in terms of neighborhoods. A nowhere dense set
is defined in terms of open sets.

We will in this chapter see that all these definitions are valid in more general sets, sets that
are equipped with some distance function. We also present Baire category theorem for arbitrary
complete metric spaces and some applications of the theorem.

4.1 Basic definitions

Definition 4.1. A metric spaceis a tuple(X,d) whereX is a set andd is a real valueddistance
functionor ametric, defined onX×X, satisfying the following conditions:

(i) d(x,y) ≥ 0

(ii ) d(x,y) = d(y,x)

(iii ) d(x,y) = 0⇔ x = y

(iv) d(x,z) ≤ d(x,y)+d(y,z)

On the real line, the metric induced by the absolute value function, is commonly referred to
as theusual metric. Thus,(R, | • |) is a metrics space, where condition (iv) is the well known
triangle inequality.

Definition 4.2 (Neighborhood). Let (X,d) be a metric space. For any pointx0 ∈ X and any real
numberε > 0, the set of points

{x : d(x0,x) < ε}
is called aneighborhoodof x0 or open ballcentered atx0 of radiusε. This set is often denoted
asB(x0, r).

The basic topological definitions given in 2.2, all rely on the notion of neighborhoods. So,
without any changes we can reuse these definition in relationto some general metric space
(X,d), considering sets and points inX instead of the real line.
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Definition 4.3 (Dense). Given a setA⊂X. We say thatA is denseif every open setG intersects
A.

Definition 4.4 (Nowhere dense). Given a setA⊂ X. We say thatA is nowhere denseprovided
that every open setG contains an open subsetJ ⊂ G, such thatJ∩A = /0.

Definition 4.5 (Category). The definitions we have given of the first category and the second
category, ultimately rely on the notion of neighborhoods. Thus, we can state these definitions
for any metric space(X,d).

(i) S⊂ X is said to be of thefirst categoryif it can be represented as a countable union of
nowhere dense sets.

(ii ) A set is said to be of thesecond categoryif it is not of the first category.

(iii ) A set is said to beresidualin X if its complement is of the first category.

Definition 4.6 (Cauchy sequence). Let (X,d) be a metric space and let{xk} be a sequence in
X. If, for any ε > 0, there exists aN > 0, such that

n,m> N ⇒ d(xm,xn) < ε.

We say that{xk} is aCauchy sequenceor that{xk} is Cauchy.

Definition 4.7 (Complete). A metric space(X,d) is completeif every Cauchy sequence con-
verge.

Particular important metric spaces are obtained if we consider linear spaces(or vector
spaces) having metric functions defined by theirnorms.

Definition 4.8. A normed space Xis a linear space with a norm defined on it. ABanach space
is a complete normed space. Anormon a linear space is a real-valued function onX, denoted
by

‖x‖

satisfying the following conditions for anyx,y∈ X and any scalarα

(i) ‖x‖ ≥ 0

(ii ) ‖αx‖ = |α|‖x‖

(iii ) ‖x‖ = 0⇔ x = 0

(iv) ‖x+y‖ ≤ ‖x‖+‖y‖

A norm defines a metric onX×X, by

d(x,y) = ‖x−y‖.

Definition 4.9. Let (X,d) and(Y,e) be metric spaces. A bijective mappingf is called ahome-
omorphismif both f and f−1 are continuous. If such mapping exists(X,d) and (Y,e) are
homeomorphic.
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Theorem 4.10. Let (X,d) and(Y,e) be homeomorphic metric spaces, andf a homeomorphism.
ThenA is nowhere dense inX if and only if f (A) is nowhere dense inY.

Proof. We first we make a general observation. Sincef is a homeomorphism we know thata is
a limit point ofA if and only if f (a) is a limit point of f (A). Thus

f (A) = f (A).

Now, assume thatA is nowhere dense and suppose thatf (A) is not nowhere dense, then there
exists an open ballB, such that

B⊂ f (A) = f (A).

By applying f−1, we get
f−1(B) ⊂ A,

Since f is continuous,f−1(B) is open. So,A is dense in the open ballf−1(B), in contradiction
to A being nowhere dense. Thus,f (A) is nowhere dense.

Conversely, assume thatf (A) is nowhere dense. Suppose thatA is not nowhere dense, then
there exists an open ballB, such that

B⊂ A

By applying f , we get
f (B) ⊂ f (A) = f (A),

Since f−1 is continuous,f (B) is open. So,f (A) is dense in the open ballf (B), in contradiction
to f (A) being nowhere dense. Thus,A is nowhere dense.

Corollary 4.11. Let (X,d) and (Y,e) be homeomorphic metric spaces, andf a homeomor-
phism. ThenA is of the first category if and only iff (A) is of the first category.

Proof. Let
A =

[

An,

thus we have
f (A) = f (

[

An) =
[

f (An).

By previous theorem it follows thatAn is nowhere dense if and only iff (An) is nowhere dense.
Thus,A is of the first category if and only iff (A) is of the first category, as required.

Remark 4.12. This corollary shows that the category of a set is preserved under a homeomor-
phism. Such properties are called atopological properties.

4.2 Examples of metric spaces

Example 4.13. ConsiderC[0,1], the set of all continuous functions on[0,1]. Show that

d( f ,g) = sup
t∈[0,1]

| f (t)−g(t)|

is a metric. This metric is called theuniform metric.
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We have to show thatd satisfies all four conditions in 4.1. We see thatd( f ,g) ≥ 0, since it
is the supremum of an absolute value. Also, we have that

d( f ,g) = sup| f (t)−g(t)| = sup|g(t)− f (t)| = d(g, f ).

Suppose thatf = g. Then, for everyt we have thatf (t) = g(t). Sod( f ,g) = 0. Conversely,
suppose thatd( f ,g) = 0, then we know that| f (t)− g(t)| = 0 for everyt, thus f = g on the
interval. Finally, we consider the triangle inequality.

d( f ,h) =sup| f (t)−h(t)| ≤ sup| f (t)−g(t)|+ |g(t)−h(t)|
≤sup| f (t)−g(t)|+sup|g(t)−h(t)| = d( f ,g)+d(g,h).

Example 4.14. Show thatC[0,1], with the uniform metric, is a complete metric space.

Let{ fn} be a Cauchy sequence. We need to prove that this sequence converges to a function
in C[0,1]. Given someε > 0 there exists a numberN, such that

| fi(x)− f j(x)| < ε for everyx∈ [0,1] and for everyi, j ≥ N.

So, for anyx∈ [0,1], { fn(x)} is a Cauchy sequence inR, and therefore has a limit inR. Let

f (x) = lim
n→∞

fn(x).

Thus, f is the pointwise limit offn. But we need to ensure uniform convergence. Sincefn is a
Cauchy sequence, there exists a numberN, such that for everyn > N, we have

| fN(x)− fn(x)| < ε for everyx∈ [0,1]. (1)

Then for everyx∈ [0,1],

| fN(x)− f (x)| = lim
n→∞

| fN(x)− fn(x)| ≤ ε. (2)

From (1) and (2) it follows that

| fn(x)− f (x)| = | fn(x)− fN(x)|+ | fN(x)− f (x)| < 2ε,

for everyx∈ [0,1] andn > N. Thus, fn converges uniformly tof on [0,1]. Since, a uniformly
convergent sequence of continuous functions converges to acontinuous function on a closed
interval (see [5] page 384). If follows thatf is continuous, and therefore,C[0,1] is a complete
metric space.

Example 4.15. Show that the set of all piecewise linear functions is a densesubset ofC[0,1].

For any f , we need to show that every open ballB( f , r) contains a piecewise linear function.
Since, we have the uniform metric, it is sufficient to find a sequence of piecewise linear functions
converging uniformly tof .

Since, f is continuous on the closed interval[0,1], it is uniformly continuous. Thus for any
ε > 0 there existsδ > 0, such that

|x−y| < δ⇒ | f (x)− f (y)| < ε. (3)
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Let An be a set defined as

An = { i
2n : i = 0, . . . ,2n}.

Let n be a number, such thatδ> 1/2n. Let fn to be the piecewise linear function defined by the
curveΦ( f ,An). Now, we shall estimate the distance between the functionf and the sequence
of piecewise linear functions. Letx0 be any point from[0,1]. Then,

(x0−δ,x0)∩An 6= /0
(x0,x0 +δ)∩An 6= /0.

This means that there exist two consecutive points,m
2n and m+1

2n in An, such that

x0−δ<
m
2n < x0 <

m+1
2n < x0 +δ.

The function fn is linear on the interval[ m
2n ,

m+1
2n ], so

∣

∣

∣
fn(x0)− fn(

m
2n )

∣

∣

∣
≤

∣

∣

∣
fn(

m+1
2n )− fn(

m
2n )

∣

∣

∣
=

∣

∣

∣
f (

m+1
2n )− f (

m
2n)

∣

∣

∣
< ε. (4)

By (3) and (4), we have
∣

∣

∣
f (x0)− fn(x0) ≤

∣

∣

∣
f (x0)− f (

m
2n )

∣

∣

∣
+

∣

∣

∣
fn(

m
2n )− fn(x0)

∣

∣

∣
< 2ε.

Sincex0 was arbitrary, andε andδ was chosen independent ofx0, we can state that for anyn

δ > 1/2n ⇒ sup
∣

∣

∣
f (t)− fn(t)

∣

∣

∣
< 2ε.

Thus, fn converges uniformly tof . So, the set of all piecewise linear curves is a dense subset of
C[0,1].

Example 4.16. Show that the set of piecewise linear functions is a set of thefirst category.

Let P denote the set of all piecewise linear functions. LetPn ⊂ P be the set of all piecewise
linear functions havingn intervals of linearity. We can express

P =
∞

[

n=1

Pn.

So, we need to prove thatPn are a nowhere dense sets. Fix arbitraryn. Let f ∈ Pn and consider
B( f , r) of any radius. Let

g(t) =
r
2

sin(2π4n t)+ f (t).

Thend( f ,g) = r
2, thusg is in B( f , r). Now, define the neighborhoodB(g, r/2). We aim to prove

that this neighborhood contains no piecewise linear function fromPn. Let

h∈ B( f , r)∩Pn.

and suppose thatd(g,h) < r/2, thus

d(g,h) = sup|g(t)−h(t)| = sup
∣

∣

∣

r
2

sin(2π4n t)+ f (t)−h(t)
∣

∣

∣
< r/2. (5)
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Observing that the termr
2 sin(2π4n t) oscillate between the points( r

2) and(− r
2), 4n times on

the unit interval. Thus, the termf (t)− h(t) must also oscillate between strictly positive and
strictly negative values, 4n times, for (5) to hold. But, since the termf (t)−h(t) is a piecewise
linear function with at most 2n−1 intervals of linearity, this is impossible.

So, the open ballB(g, r/2) contains no functions fromPn. Sincen was arbitrary, we have
thatPn are nowhere dense sets andP is a set of the first category.

4.3 Baire category theorem

Theorem 4.17. Let (X,d) be a complete metric space. IfA is of the first category, thenX \A is
dense inX.

Proof. We shall prove that an arbitrary open ballB0(x0, r0) in X, intersectsX \A. We may
assume thatr0 < 1/2. SinceA is of the first category, we have

A =
∞

[

n=1

An,

where everyAn is nowhere dense. SinceA1 is nowhere dense, there exists some open ball
B1(x1, r1), such that

B1 ⊂ B0

B1∩A1 = /0
r1 < r0/2

Continue by induction. Assume thatBk(xk, rk) is a non-empty open ball, such that

Bk ⊂ Bk−1

Bk∩Ak = /0

rk <
1
2

rk−1.

Let Bk+1(xk+1, rk+1) be a non-empty open ball, such that

Bk+1 ⊂ Bk

Bk+1∩Ak+1 = /0

rk+1 <
1
2

rk.

SinceAk+1 is nowhere dense, we now that suchBk+1 exists. By this, we have that the induction
hypothesis is satisfied, so the construction can proceed. The center of each open ballBn defines
a sequence{xn}, this sequence is Cauchy, since for anyε > 0 andN, such that 2−N < ε, we have

d(xi ,x j) ≤ d(xi ,XN)+d(x j ,xN) ≤ 1
2N < ε for i, j ≥ N.

By assumptionX is complete, soxn → x. Sincexn ∈ Bn for everyn, we have thatx =
T

Bn. But
this means thatx∈ B0 andx /∈ A. So,B0∩ (X \A) is non-empty. ThusX \A is dense.
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4.4. DECOMPOSITION OF INTERVALS

A frequently used, and equivalent version, of the Baire category theorem is formulated as
follows:

Theorem 4.18. Let (X,d) be a non-empty complete metric space, then it is of the secondcate-
gory in itself.

Proof. (4.17)⇒ (4.18) We proceed by an indirect proof. Assume thatX is of the first category.
Then, by (4.17),Xc = /0 is dense inX. Thus we have arrived at a contradiction. So,X must be
of the second category.

Proof. (4.18)⇒ (4.17) Let X be a complete metric space, then by (4.18) we have thatX is of
the second category. We shall prove that for anyA⊂ X of the first category,X \A is dense. Let
B0(x, r) be any open ball inX, and letB[x, r/2] ⊂ B0 be a non-degenerate closed ball. Thus,B
is a complete metric space, and by (4.18) in itself of the second category. Since,A is of the first
category inX we can expressA as

A =
[

Ak,

whereAk are nowhere dense sets. Moreover,A∩B is of the first category inB, since otherwise
someAk would be dense in some open ballB′ ⊂B, and this would mean thatAk are not nowhere
dense inX. Since,B is of the second category, it follows thatB must contain some point from
Ac. ThusB0∩A 6= /0, soX \A is dense.

Corollary 4.19. Suppose thatA is a subset of the second category in a complete metric space
(X,d), and

A =
∞

[

k=1

Ak

whereAk are closed sets. Then at least one ofAk contains an open ball.

Proof. By Baire category theorem, at least oneAk is not nowhere dense. This means that the
closure ofAk can not have an empty interior, thus containing some open ball. It follows, since
Ak are closed, that this open ball is a subset ofAk.

4.4 Decomposition of intervals

Theorem 4.20. The closed interval[0,1], can not be expressed as a countable union of non-
empty disjoint closed sets.

Proof. We will proceed by an indirect proof.X = [0,1], endowed with the usual metric, is a
complete metric space. Assume thatX can be expressed as

X = [0,1] =
∞

[

n=1

Fn,

whereFn are closed disjoint sets. LetDn = Fn\ F̊n be the set of boundary points ofFn. EachDn

is a non-empty set. Since, by hypothesis,Fn is a closed, non-empty proper subset ofX, Fn and
Fc

n both intersect the open interval(0,1) and by theorem 2.11 we know that the interval contains
boundary points fromFn. ThusDn are non-empty sets.
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Let K be defined as the countable union of these boundary sets

K =
∞

[

n=1

Dn =
∞

[

n=1

Fn\ F̊n = X \
∞

[

n=1

F̊n.

K is closed, since it is the complement of a countable union of open sets. Thus,K is a
complete metric space. Applying Baire category theorem on

K =
∞

[

n=1

Dn,

we know that at least oneDm contains some open ballBK. We can defineBK(x, r) = B(x, r)∩K,
whereB is a corresponding open ball inX. Thus,

BK ⊂ Dm, (6)

where we know thatDm does not contain the wholeB, since by theorem 2.9,Dm contains no
interior. Thus, we can splitB into a union of subsets ofK andKc, as follows

B = (B∩K)∪ (B∩Kc)

= (B∩Dm)∪ (B∩
[

F̊n).

Suppose, thatB∩ F̊i is non-empty, for somei 6= m. We know thatB is not a subset of̊Fi, since
B∩Dm 6= /0. So,B must contain at least one boundary point fromF̊i, by theorem (2.10). But,
this is impossible sinceBK only contains boundary points fromFm. So, we have that

B = (B∩Dm)∪ (B∩ F̊m).

We have found an open ballB contained inFm. But this means thatB is a subset of the interior
of Fm, and therefore can not intersectK. This contradictsBK being non-empty. Thus,[0,1] can
not be expressed as a countable union of disjoint closed sets.

4.5 Algebraic polynomials

Consider a real valued continuous functionf defined on[0,1]. We know that if f has annth
derivative that is identically zero on[0,1], then f is a polynomial of degree at mostn−1.

Theorem 4.21. Let f be a real valued function having derivatives of all orders on[0,1]. Sup-
pose that for everyx there is an integern(x), such that

f (n(x))(x) = 0.

Then f coincides with some polynomial on[0,1].

Proof. Let X = [0,1], thenX is a complete metric space. Let

En = {x : f (n)(x) = 0}.

Since the inverse image of{0} is closed for continuous functions, we have thatEn are closed
sets. By hypothesis, for everyx there exists an integern, such thatf (n)(x) = 0, thus

X =
∞

[

n=0

En.
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By Baire category theorem we know that at least one ofEn has a non-empty interior. Let

σ = {n : E̊n 6= /0}.

Now we consider the union of these interiors, let

G =
[

n∈σ
E̊n. (7)

SinceE̊n are open sets inX, we know (see [5] page 155-156) that there exists a unique sequence
{I (n)

k } of open disjoint intervals whose union is̊En

E̊n =
[

k

I (n)
k . (8)

We know thatf (n) = 0 for everyx∈ I (n)
k , thus f coincides with a polynomial of degree less than

n on I (n)
k . We also have

G =
[

n,k

I (n)
k . (9)

We prove thatG is dense. LetI ⊂ X be any open interval. We can express

I =
[

n

I ∩En,

and it follows from the Baire category theorem that at least one of theI ∩En contains some open
interval I ′. Thus,I ′ ⊂ I andI ′ ⊂ E̊n, and thereforeI ′ ⊂ G. This means thatG∩ I is non-empty,
and sinceI was arbitrary interval,G is dense.

Let n0 = min(σ), then we state that̊En0 = [0,1]. We continue by an indirect proof in three
steps, assuming

E̊n0 6= [0,1]. (10)

First, we proveG 6= [0,1], by showing that at least one boundary point ofE̊n0, is in none of the

open sets̊En. Given some interval componentI (n0)
k , we know by (10) thatI (n0)

k 6= [0,1]. Let α be

one of the endpoints of the intervalI (n0)
k , such that 0< α < 1. Suppose thatα ∈ G, thenα must

be an interior point of some open intervalI (n1)
l , for n1 > n0. So,α is both an interior point of

I (n1)
l and a boundary point ofI (n0)

k . Let J′ be some neighborhood ofα, contained inI (n1)
l . Then,

sinceα is a boundary point ofI (n0)
k , we know thatJ′ has a non-empty intersection withI (n0)

k .

ThusI (n0)
k andI (n1)

l have a non-empty intersection. LetJ be an open interval, such that

/0 6= J ⊂ I (n0)
k ∩ I (n1)

l .

We know thatf (n1)(x) = 0 on I (n1)
l , but also thatf (n0)(x) = 0 onJ. It follows that f coincides

with some polynomial of degree less thann0 on I (n1)
l , thus

I (n1)
l ⊂ E̊n0.
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Any two intervals inE̊n0 are either equal or disjoint, and since we arrived atJ being non-empty,
we have

I (n1)
l = I (n0)

k ,

This lead us to the conclusion thatα is both a boundary point and an interior point ofI (n0)
k ,

which is impossible. Thus,α /∈ G and it follows thatG 6= [0,1].
Secondly, we prove thatH = X \G is prefect. We have seen thatG is an open and dense

proper subset of[0,1], thusH is non-empty, closed and nowhere dense in[0,1]. Suppose thatH
is not perfect. Then there exists a pointy∈ H, suchy is an isolated point ofH. This means that
y is the common endpoint of two disjoint intervals,I (n)

i andI (m)
j . Suppose thatn > m, then by

continuity of f (n) we have thatf (n)(y) = 0, and sincef coincides with a polynomial of degree

less thatn on I (m)
j , we havef (n) = 0 on the open intervalI (n)

i ∪{y}∪ I (m)
j , thusy∈ E̊n, soy /∈ H.

Hence,H is closed and contains no isolated points, by definitionH is prefect.
Third and last, we shall arrive at a contradiction, thus falsifying assumption (10). SinceH

is a closed subset ofX, H is a complete metric space. We can expressH, as

H =
[

n

En∩H.

By the Baire category theorem, we have that for some fixedn, En∩H contains an open ball
BH = B∩H, whereB is the corresponding open ball inX. SinceBH is a subset ofEn, we have
that f (n) = 0 onBH . By the definition of the derivative

f (n+1)(x) = lim
y→x
y∈BH

f (n)(x)− f (n)(y)
x−y

= lim
y→x
y∈BH

0−0
x−y

= 0,

we have thatf (m)(x) = 0 for everyx∈ BH and everym≥ n. We observe that this limit exists for
everyx∈ BH , sinceBH is perfect.

SinceH is nowhere dense,B has a non-empty intersection with some of the open intervals
definingG. Let K be such open interval, then sinceK is a subset ofEm for somem. We have
that f (m)(x) = 0 for everyx∈ K.

If m≤ n. Then by differentiatingf (m)(x), n−m times, we get thatf (n)(x) = 0 onK.
If m> n. Then any boundary pointα of K ∩B is in BH . Thus we have that

f (n)(α) = f (n+1)(α) = · · · = f (m−1)(α) = f (m)(α) = 0.

Since f (m)(x) = 0 on the intervalK ∩B, we can calculate the integral fromα to some arbitrary
point x∈ K∩B,

0 =

Z x

α
f (m)(t)dt = f (m−1)(x)− f (m−1)(α) = f (m−1)(x),

thus f (m−1)(x) = 0 onK∩B. We can repeat this integration, to derive thatf (n)(x) = 0 onK∩B.
Since this holds for any intervalK, intersectingB, we have thatf (n)(x) = 0 onB. It follows that
B∩H is empty, but we have arrived atBH being non-empty under the assumption (10). Thus
we can conclude thatEn0 = [0,1].

So, the set of intervals{In0
k } contains only one intervalIn0

0 = [0,1], and thereforef n0(x) = 0
throughout the interval[0,1]. It follows that f coincides with a single polynomial on[0,1] of
degreen0−1.
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4.6 Nowhere differentiable functions

We know that a continuous function need not be differentiable at every point of its domain. For
examplef (x) = |x|, is continuous but not differentiable at 0. We start this section by defining
thesawtooth function, a periodic continuous function having countably many points of nondif-
ferentiability.

During the later half of the nineteeth century, several examples of nowhere differentiable
continuous functions were presented. One, which we will present in this thesis, is due to Van
der Waerden.

Definition 4.22. Thesawtooth function, is a real valued continuous function defined onR, as
follows

Φ(x) = min{x− [x], [x]+1−x}.
It is a periodic function of period 1. For any integeri we have thatΦ(i) = 0 andΦ(i + 1

2) = 1
2,

where 1
2 is the maximum value. We also note that, for anym> 0, the functionΦ(mx) have a

one side derivative numerically equal to|m|, at every point. HoweverΦ(x) is not differentiable
at points fromZ since the right and left derivative does not coincide.

 0

 1

 0  1  2  3  4

Φ(5x)
Φ(x)

x

Figure 4.1: Sawtooth functionΦ(x)

Example 4.23. This example of a nowhere differentiable continuous function was presented by
Van der Waerden. It is based on a series of sawtooth functionsof decreasing period length.

Let

f (x) =
∞

∑
n=1

10−n Φ(10nx) (11)

By WeierstrassM-test (see [5] page 377), we have that the infinite series (11)converge
uniformly to f on R, thus f is continuous onR.

We shall now prove thatf is nowhere differentiable. Fix anyx, and letm be arbitrary
positive number. Define

δm = ± 1
10

10−m,

where the sign is chosen such thatΦ is linear between 10m(x+δm) and 10mx. This is possible
since|10mδm| = 1/10. We also observe, that if 10nδm is an natural number, we can use the fact
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x

Figure 4.2: Van der Waerden nowhere differentiable function

thatΦ is periodic, to obtain

Φ(10n(x+δm))−Φ(10nx) = 0, (12)

whenevern > m. We conclude that
∣

∣

∣

f (x+δm)− f (x)
δm

∣

∣

∣
=

∣

∣

∣

∞

∑
n=1

10−n

δm

(

Φ(10n(x+δm))−Φ(10nx)
)
∣

∣

∣

=
∣

∣

∣

m

∑
n=1

10−n

δm

(

Φ(10n(x+δm))−Φ(10nx)
)
∣

∣

∣

=
∣

∣

∣

m

∑
n=1

10−n

δm

(

10nδm

)
∣

∣

∣
=

m

∑
n=1

1.

Note that we used (12) to reduce the infinite series to a finite sum ofm terms. By lettingm→ ∞,
we have thatδm→ 0. Thus f is not differentiable atx. Sincex was arbitrary, it follows thatf is
nowhere differentiable.

The following theorem is a transcript from [3] pages 45-46.

Theorem 4.24. The set of all nowhere differentiable functions inC[0,1] is dense.

Proof. To prove this we will consider the complement. That is, we will prove that the set of
functions that have a finite derivative at some point, is a setof the first category.

Let En be the set of functionsf , such that for some 0< x < 1−1/n, we have that

| f (x+h)− f (x)| ≤ nh,

for every 0< h < 1−x. The union of allEn will contain all functions having a finite right hand
derivative at some point in[0,1).

First, we need to show thatEn is closed. Letf be any function in the closure ofEn, and let
{ fk} be a sequence inEn that converges tof . Since fk is in En there exists a sequence of{xk},
such that for eachk,

0≤ xk ≤ 1−1/n

| fk(xk +h)− fk(xk)| ≤ hn

for all 0 < h < 1−xk. Since{xk} is a bounded sequence of real numbers, there exists a subse-
quence that converge to some 0≤ x≤ 1−1/n. For increased readability, we may assume that
the index variablek carry this subsequence, thus

xk → x.
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Observe, that if 0< h < 1− x, we have that 0< h < 1− xk holds for sufficiently largek. By
repeated use of the triangle inequality, we derive

| f (x+h)− f (x)| ≤| f (x+h)− f (xk +h)|+ | f (xk +h)− fk(xk +h)|+
+ | fk(xk +h)− fk(xk)|+ | fk(xk)− f (xk)|+ | f (xk)− f (x)| ≤

≤| f (x+h)− f (xk +h)|+d( f , fk)+nh+d( fk, f )+ | f (xk)− f (x)|.

By letting k→ ∞, and using that fact thatf is continuous atx andx+h, it follows that

| f (x+h)− f (x)| ≤ nh.

Hence, by definition,f is in En, soEn is closed.
Secondly, we need to show thatEn is nowhere dense. Recall that the set of all piecewise

linear functions is dense inC[0,1]. By using the fact thatEn is closed, it is sufficient to show
that, given a piecewise linear function,f , an arbitrary open ballB( f ,ε) will contain elements
from X \En.

We will use the sawtooth functionΦ (see definition 4.22) to create a function inB( f ,ε), that
can not be inEn. Let M be the maximum slope of the piecewise linear functionf , and letm be
some number, such that

mε > M +n

and let
g(x) = f (x)+ εΦ(mx).

x

f (x)
f (x)± ε

g(x)

Figure 4.3: Functionsf (x) andg(x)

We see thatd( f ,g) = 1
2ε < ε, sog is in the open ballB( f ,ε). But, since the termf (x) at

most have slope numerically equal toM, andεφ(mx) has slope numerically equal toεm, which
is by definition greater thenM +n for everyx, it follows that,g will have right derivative greater
thann for everyx in [0,1−1/n]. Thereforeg is not inEn. HenceEn is nowhere dense.

Now, we can conclude that the set of functions, with a right derivatives at some point, is
a set of the first category. Analogous, we can repeat these steps for left derivatives. Thus, the
set of nowhere differentiable functions is a residual set, and by Baire category theorem a dense
set.

Remark 4.25. It should be noted that eachEn in the previous proof, may contain nowhere
differentiable functions. Thus, we can not say that complement of the union of allEn contains all
nowhere differentiable functions. What we do know, is that the set of all nowhere differentiable
functions, inC[0,1], contains aGδ dense residual subset.
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4.7 Lipschitz-Hölder continuous functions

Definition 4.26. A function, defined on[0,1], is said to beLipschitz-Ḧolder continuousor α-
Hölder if for some 0< α ≤ 1, and for some constantA,

| f (x)− f (y)| ≤ A|x−y|α (13)

holds for everyx,y ∈ [0,1]. If α = 1, the function is said to beLipschitz continuousand the
constantA is calledLipschitz constant.

Definition 4.27. Let Lip α denote the the set of all Lipschitz-Hölder continuous functions for a
fixed 0< α ≤ 1.

It follows directly from (13) that any Lipα function is continuous on[0,1], thus Lipα ⊂
C[0,1]. Before we proceed our investigation of the Lipα functions, we will need the following
inequality.

Lemma 4.28. Let x,y be any non-negative real number and 0< α < 1, then

(x+y)α ≤ xα +yα . (14)

Or equivalent, wheny > 0, if we substitutet = x/y

(t +1)α ≤ tα +1. (15)

Proof. Since (14) is reduced to an equality, ify= 0, we need only consider the case wheny> 0.
Equivalence between the two versions, follows from,

(t +1)α ≤ tα +1

⇔ (
x
y

+1)α ≤ (
x
y
)α +1

⇔ (x+y)α ≤ xα +yα .

To prove the inequality (15), we defineg as the right hand side minus the left hand side,

g(t) = tα +1− (t +1)α

Now,g is greater or equal to zero for allt ≥ 0, sinceg(0) = 0, andghas a non-negative derivative
for everyt > 0. Indeed,

g′(t) = αtα−1−α(t +1)α−1

= αtα−1
(

1− (1+
1
t
)α−1

)

= αtα−1
(

1− (
1

1+1/t
)1−α

)

> 0.

Thus fort > 0, it follows thatg is a non-negative function. So, the inequality (15) holds.

Example 4.29. For a fix 0< α < 1, the functionf (x) = xα is defined on[0,1]. It is notLipschitz
continuous, since it has an unbounded derivative asx tends to zero. However, it is Lipα, as we
now prove. We note thatf is monotonically increasing sincef ′(x) > 0 on(0,1).

Let 0≤ x < y≤ 1, and leth = y−x, then

0≤ | f (x)− f (y)| = (x+h)α −xα ≤ hα = |x−y|α ,

by using the inequality from lemma (4.28). Thus,f is in Lip α.

54
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Theorem 4.30. Lip α is a set of the first category inC[0,1].

Proof. Let An be the set of continuous functions on the unit interval, suchthat

| f (x+h)− f (x)| ≤ nhα (16)

for anyx∈ [0,1−1/n] and for every 0< h < 1/n. Since any function in Lipα will be in some
An for n sufficiently large, we have that the countable union of allAn contains Lipα. Next, we
will prove thatAn is closed.

Let f be in the closure ofAn, and let{ fn} be a sequence of functions inAn, converging to
f . Thus for givenε > 0 there existsN, such that

n > N ⇒ d( f , fn) < ε.

For anyx∈ [0,1−1/n] we have that

| f (x+h)− f (x)| ≤
≤ | f (x+h)− fn(x+h)|+ | fn(x+h)− fn(x)|+ | fn(x)− f (x)| ≤
≤ 2ε+nhα ,

for every 0< h < 1/n. Sinceε was arbitrary we have thatf is in An. So,An is closed.
Finally, we will prove thatAn is nowhere dense. SinceAn is closed, it is sufficient to show

that any open ball centered atf contains functions from the complement ofAn. Let B( f ,ε) be
an open ball. Let

g(x) = f (x)+ εΦ(mx)α ,

where we use the sawtooth function to the power ofα, and letm> 0 be a real number, such that

εmα = 2n. (17)

Sinced( f ,g) = ε(1
2)α < ε, we have thatg∈ B( f ,ε). Now, we show thatg can not be inAn,

by proving that (16) does not hold for at least one point. Pickx = 0, and proceed by

|g(0+h)−g(0)| =
∣

∣

∣
( f (h)+ εΦ(mh)α)− ( f (0)+ εΦ(0)α)

∣

∣

∣
≥ (18)

≥
∣

∣

∣
| f (h)− f (0)|− |εΦ(mh)α |

∣

∣

∣
= (19)

=
∣

∣

∣
| f (h)− f (0)|− ε|Φ(mh)α |

∣

∣

∣
. (20)

We now consider the two terms in the expression (20). Ifh is sufficiently small we have thatΦ
is linear, and using (17), we have

ε|Φ(mh)α | = εmα hα = 2n hα .

Also, since
| f (h)− f (0)| ≤ nhα ,

we can deduce, that forh sufficiently small, we have

|g(0+h)−g(0)| > |nhα −2nhα | = nhα .

Thus,g is not inAn. So,An is nowhere dense. This proves that Lipα is a subset of a set of the
first category inC[0,1], and therefore a set of the first category.
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4.8 Hilbert sequence spacel p

Definition 4.31. Let p≥ 1 be a fixed real number. Each element of the spacel p is a sequence
x = {xn} of numbers, such that

∞

∑
n=1

|xn|p < ∞. (21)

The metric is induced by the norm

‖x‖p =
( ∞

∑
n=1

|xn|p
)1/p

.

It can be proved thatl p is a complete metric space (see [2] pages 11-15 for details).Since
the l p metric space consists of convergent series we will frequently use inequalities of series
and convergence tests when dealing with objects in a sequence space. We continue this chapter
by stating some inequalities that we need to further study the sequence space. The following
inequality reveals thatl p ⊂ lq.

Theorem 4.32(Jensen’s inequality). Let 1≤ p < q < ∞ , then for any real valued sequencexn,
we have

(
∞

∑
n=1

|xn|q)1/q ≤ (
∞

∑
n=1

|xn|p)1/p. (22)

or by substituting andr = p/q andyn = xq
n, we get

(
∞

∑
n=1

|yn|)r ≤
∞

∑
n=1

|yn|r , (23)

Proof. We use induction to prove the inequality (23). Letk = 1, then

|y1| = (
1

∑
n=1

|yn|)r ≤
1

∑
n=1

|yn|r = |y1|.

Now assume that the inequality holds for somek. By repeated use of the inequality from lemma
(4.28), it follows

(
k+1

∑
n=1

|yn|)r = (
k

∑
n=1

|yn|+ |yk+1|)r ≤
k

∑
n=1

|yn|r + |yk+1|r =
k+1

∑
n=1

|yn|r .

This satisfies our induction hypothesis, thus the inequality holds for anyk.

Finally, we will also need theMinkowski inequalityfor sums.

( ∞

∑
n=1

|xn +yn|p
)1/p

≤
( ∞

∑
n=1

|xn|p
)1/p

+
( ∞

∑
n=1

|yn|p
)1/p

,

or if we express this inequality in term of the norm, we get thetriangle inequality

‖x−y‖p ≤ ‖x‖p +‖y‖p.

The proof of this inequality can be found in ([2] pages 14-15).
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Example 4.33. Let l p andlq be sequence spaces, wherep < q. Show thatl p is a proper subset
of lq.

We already know thatl p is a subset oflq. To see thatl p is a proper subset, we need to find a
convergent sequence inlq that diverge inl p. Let

x = { 1

n1/p
}.

It follows that
∞

∑
n=1

(
1

n1/p
)p =

∞

∑
n=1

1
n
,

which is the form of the divergent harmonic series. On the other hand

∞

∑
n=1

(
1

n1/p
)q =

∞

∑
n=1

1

nq/p
< ∞,

whereq/p > 1, which is a convergentp-harmonic series. Thusx is in lq but notl p.

Example 4.34. Given 1≤ p < q < ∞ and the corresponding sequence spacesl p andlq. Show
that l p is a set of the first category inlq.

To prove this, we will show thatl p can be expressed as a countable union of nowhere dense
sets. LetAn be a subset ofl p, defined by

An = {x∈ l p : ‖x‖p ≤ n}.

Since every point inl p will be in someAn, l p is equal to the countable union of allAn. First,
we show thatAn is a closed set inlq. Let a be in the closure ofAn. Let {ak}, from An, be a
sequence, such that

‖ak−a‖q → 0.

By definition of thelq norm, we have that for everyi = 1,2. . .

|a(i)
k −a(i)| ≤ ‖ak−a‖q,

thus

lim
k→∞

a(i)
k = a(i). (24)

Sinceak is in An, we have that for every numberN

N

∑
i=0

|a(i)
k |p ≤ np.

By letting k→ ∞, we get by (24)
N

∑
i=0

|a(i)|p ≤ np.

And since this holds for any numberN, we can passN to infinity,

∞

∑
i=0

|a(i)|p ≤ np.
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Thusa∈ l p anda∈ An. SoAn is closed.
Secondly, we show thatAn is nowhere dense inlq. SinceAn is closed it is sufficient to show

that any open ball,B(a, r) in lq contains points fromAc
n. If a∈Ac

n this follows immediately, thus
we only have to consider the case whena∈ An.

Let b = ξ−a, whereξ ∈ lq\ l p, such that

‖ξ‖q = r/2.

Then,‖b−a‖q = ‖ξ‖q = r/2 < r. Thusb is in B(a, r). However,b is not inAn, since that would
imply thatξ must be inl p, by

‖ξ‖p ≤ ‖ξ−a‖p +‖a‖p = ‖b‖p +‖a‖p.

So,An is a nowhere dense subset oflq for everyn, thusl p is a set of the first category inlq.
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Chapter 5

Some basic principles of functional
analysis

Baire category theorem has various applications in functional analysis. In this chapter we will
examine three theorems of great importance, which are derived from the Baire category theo-
rem.

5.1 Open mapping theorem, Banach theorem

Definition 5.1 (Open mapping). Suppose thatΛ mapsX into Y, whereX andY are metric
spaces. IfΛ(A) is open for every open setA⊂ X, then we say thatΛ is anopen mapping.

We know that, for continuous mappings, the inverse images ofopen sets are open, but that
the image of open sets need not be open for continuous mapping. The next theorem, the Open
mapping theorem, states conditions under which bounded linear operators are open mappings.
We first need to present two lemmas.

Lemma 5.2. Let X be a Banach space andY be a normed space. IfΛ : X → Y is a bounded
linear operator, and ifΛ(x) is of second category inY, then there exists an open ballBY(0,ε) in
Y, such that

BY(0,ε) ⊂ ΛBX(0,1)

Proof. We know thatX can be expressed as the union of open balls of increasing radius, by

X =
∞

[

k=1

k B(0,
1
2
).

Thus, by linearity ofΛ, we have

Λ(X) =
∞

[

k=1

k Λ(B(0,
1
2
)).

As Λ(X), is of the second category, at least onek Λ(B(0, 1
2)) is dense in some open ball. Since

y = kx is a homeomorphism fromY onto itself, we have thatΛB(0, 1
2) is dense in some open

ball. Thus, there existsBY(y,ε), such that

BY(y,ε) ⊂ Λ(B(0,1/2)).
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By the invariance of the metric, we can move this open ball to be centered about 0.

BY(0,ε) = BY(y,ε)−y⊂ Λ(B(0,1/2))−y.

Let y0 ∈ BY(0,ε), then it follows thaty0 + y∈ Λ(B(0,1/2)) andy∈ Λ(B(0,1/2)). Thus there
exists two sequencesan,bn in B(0,1/2), such that

Λan → y0 +y

Λbn → y.

Since‖an − bn‖X < 1/2+ 1/2 = 1, we have thatan − bn ∈ B(0,1), and by linearity ofΛ we
have

Λ(an−bn) = Λan−Λbn → y0 +y−y= y0

As, y0 was arbitrary, and since we have found a sequence inB(0,1) whose image converge to
y0, it follows that

y0 ∈ ΛBX(0,1).

ThereforeΛBX(0,1) contains the open ballBY(0,ε).

Lemma 5.3. Let X be a Banach space andY be a normed space, and letΛ : X →Y be a bounded
linear operator. Suppose there exists an open ballBY(0,ε) in Y, such that

BY(0,ε) ⊂ ΛBX(0,1)

then
BY(0,ε) ⊂ ΛBX(0,2).

Proof. We need to prove that for anyy ∈ BY(0,ε), y is contained inΛBX(0,2). Let U =
ΛBX(0,1), and lety0 ∈U , such that

‖y−y0‖ < ε
1
2
, (1)

Suchy0 exists inU , since every point inBY(0,ε) can be arbitrary close, approximated by points
from U . Also, there exists ax0 ∈ BX(0,1) such thatΛx0 = y0. By (1), we have

y−y0 ∈
1
2
U ,

and by linearity ofΛ, we have that

1
2
U =

1
2

ΛB(0,1) = ΛB(0,
1
2
).

Choosey1 ∈ 1
2U andx0 ∈ BX(0, 1

2) such thatΛx1 = y1, and

‖y−y0−y1‖ < ε
1
4
,

this means thaty−y0−y1 ∈ 1
4U . We can continue this process to arrive at two sequences{xn}

and{yn}, such that

yn ∈
1
2n

U ; xn ∈ BX(0,
1
2n

)

yn = Λxn

‖y−y0−·· ·−yn‖ < ε
1
2n

.
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Let zn = x0+ · · ·+xn. Since‖xn‖< 1/2n, we have thatzn is a Cauchy sequence in the complete
metric spaceX, thus have a limit inX,

zn → z.

Moreover,z∈ BX(0,2), since

‖z‖ = ‖
∞

∑
n=0

xn‖ ≤
∞

∑
n=0

‖xn‖ <
∞

∑
n=0

1
2n = 2.

Finally, we need to show thaty = Λz. Consider

‖y−Λzm‖ = ‖y−Λ
m

∑
n=0

xn‖ = ‖y−
m

∑
n=0

Λxn‖ =

= ‖y−
m

∑
n=0

yn‖ ≤ ε
1

2m,

by passingm→ ∞, we have‖y−Λz‖ = 0. Thusy = Λz, and sincey was arbitrary point from
BY(0,ε), we have that

BY(0,ε) ⊂ ΛBX(0,2).

Theorem 5.4(Open mapping theorem). Let X be a Banach space andY a normed space, and
let Λ : X →Y be a linear bounded operator. IfΛ(X) is of the second category inY, thenΛ is an
open mapping.

Proof. LetA be any open set inX. We prove the theorem by showing that for anyy= Λx∈Λ(A)
the setΛ(A) contains an open ball abouty = Λx. Let B(x, r) ⊂ A. By, invariance of the norm,
we have

B(0,1) =
1
r
(B(x, r)−x).

By lemma 5.2 and 5.3, there exists an open ballBY(0,ε), such that

BY(0,ε) ⊂ Λ(B(0,1)),

thus

BY(0,ε) ⊂ 1
r

Λ(B(x, r)−x)

⇔ BY(0, rε) ⊂ ΛB(x, r)−Λx

⇔ BY(y, rε) ⊂ ΛB(x, r).

It follows thaty is an interior point ofΛ(A). And sincey was arbitrary, it follows thatΛ(A) is
open inY.

Corollary 5.5. If we, in addition to the Open mapping theorem, requireΛ to be one-to-one.
ThenΛ−1 is a continuous linear operator.

Proof. By assumptionΛ is both onto and one-to-one, thus the inverse exists and is a linear
operator. SinceΛ is an open map it follows that the inverse is continuous.
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Theorem 5.6 (Banach theorem). Let X be a Banach space andY a normed space, and let
Λ : X →Y be a linear bounded operator. IfΛ(X) is of the second category inY, thenΛ(X) = Y

Proof. As in the proof of lemma 5.2, we know we can expressΛ(X) as

Λ(X) =
∞

[

k=1

k Λ(B(0,1)),

and sinceΛ(X) is of the second category, we have thatΛ(B(0,1) contains an open ballBY(0,ε).
Lemma 5.2 ensures that this ball can be centered about 0, and lemma 5.3 implies that

BY(0,ε) ⊂ Λ(B(0,2).

This means that we can expressY as

Y =
∞

[

k=1

kBY(0,ε) ⊂ Λ
(

∞
[

k=1

k (B(0,2)
)

= Λ(X).

But, by assumption,Λ(X) is a subset ofY. It follows thatΛ(X) = Y.

Remark 5.7. Another approach (see Kreyszig [2]), when presenting the Banach theorem is to
assume thatΛ(X) is ontoY, whereY is a Banach space. This assumption allow us to apply the
Baire category theorem on the complete metric spaceΛ(X) to find the open ballBY(0,ε).

5.2 Closed graph theorem

Definition 5.8 (Closed graph). Let X andY be normed spaces, and letΛ be a linear operator,
mappingX into Y. ThenΛ is aclosed linear operatorif the graphof Λ

G(Λ) = {(x,Λx) : x∈ X},

is a closed set in the normed spaceX×Y.

Theorem 5.9(Closed graph theorem). Let X andY be Banach spaces andΛ be a closed linear
operator fromX into Y, thenΛ is a bounded linear operator.

Proof. SinceX andY are complete normed spaces, so isX×Y, and sinceG is a closed set in
X×Y, we have thatG is complete. We define two projections ontoX andY respectively

πX : G(Λ) −→ X

(x,Λx) 7−→ (x)

πY : X×Y −→Y

(x,y) 7−→ (y)

BothπX andπY are bounded, since

‖πX‖ ≤
‖πX((x,Λx))‖
‖(x,Λx)‖ =

‖x‖
‖(x,Λx)‖ ≤ ‖x‖+‖Λx‖

‖(x,Λx)‖ =
‖(x,Λx)‖
‖(x,Λx)‖ = 1,
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holds for anyx∈ X. Similar forπY, by

‖πY‖ ≤
‖πY(x,y)‖
‖(x,y)‖ =

‖x‖
‖(x,y)‖ ≤ ‖x‖+‖y‖

‖(x,y)‖ =
‖(x,y)‖
‖(x,y)‖ = 1.

Since,πX is a bijective mapping the inverse,π−1
X , exists and is a linear operator,

π−1
X : X −→ G(Λ)

(x) 7−→ (x,Λx).

Moreover,G is complete, soπX is an open mapping (by the Open mapping theorem), and thus
the inverse is a bounded linear operator. Finally, we see that

Λ = πY ◦π−1
X ,

where the product of two bounded linear operators is bounded, it follows thatΛ is bounded.

Remark 5.10. If the domain ofΛ is not the whole ofX, we can still use the Closed graph
theorem, but we need the additional assumption that the domain of Λ is closed inX.

Example 5.11. An example of an unbounded linear operator whose graph is closed is the dif-
ferential operator onC[0,1]. The proof of this can be found in ([2] pages 294). A consequence
of the closed graph theorem is that the domain of the differential operator can not be closed in
C[0,1].

5.3 Uniform boundedness theorem

Theorem 5.12(Uniform boundedness theorem). Let {Λn} be a sequence of bounded linear
operators from a Banach spaceX into a Banach spaceY. Suppose that the sequences{‖Λnx‖}
are bounded for everyx, in some setX0 of the second category inX, by some real valued
constantcx

‖Λnx‖ ≤ cx for everyn = 1,2, . . .

Then the sequence{‖Λn‖} is bounded.

Proof. Let
Ak = { x : ‖Λnx‖ ≤ k for everyn = 1,2, . . .}.

First we show thatAk is closed. Leta∈ Ak andai ∈ Ak, such thatai converge toa. Fix n. We
have thatΛn is continuous, thus

‖Λnai‖→ ‖Λna‖,
and since‖Λnai‖ ≤ k, we have that‖Λna‖ ≤ k, it follows thata∈ Ak. Secondly, since everyx
in X0 will be in someAk, we have

X0 =
∞

[

k=1

Ak.

Since,X0 is of the second category inX, at least oneAk contain an open ballB(x0, r). Let x be
arbitrary point inX, and define

z=
x
‖x‖

r
2

+x0.
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From this we obtain
x

‖x‖ =
2
r
(z−x0).

We see thatz∈ B(x0, r). Now, boundedness ofΛn follows from

‖Λn‖ ≤ ‖Λn
x

‖x‖‖ = ‖Λn(
2
r
(z−x0))‖ =

2
r
‖Λnz−Λnx0‖ ≤

4
r

k,

since this yields for anyn, andx was arbitrary point inX.

5.4 Examples

Given a setX and some subsetY we can determine ifY is a set of the first category by trying
to explicitly expressY as a countable union of nowhere dense sets. We have throughout this
thesis seen examples of this technique; in (4.34) we showed that l p ⊂ lq is a subset of the first
category; in (4.30) we showed that Lipα is a subset of the first category inC[0,1].

We now add another example to this list. The Lebesgue spaces,Lp on the unit interval,
where 1≤ p < ∞ can be studied with respect to category. The norm is defined as

‖ f‖p =
(

Z 1

0
| f (t)|pdt

)1/p
.

Example 5.13. Let L1 andL2 be Lebesgue spaces on the unit interval. Show thatL2 is a subset
of the first category inL1.

Let
An = { f : ‖ f‖2 ≤ n}.

Every function inL2 will be in someAn, thus the union of allAn is L2. We first prove thatAn is
closed. Letf ∈ An and fk ∈ An, such that

‖ f − fk‖1 → 0.

It follows that{ fk} converges in measure tof . By Riesz Theorem, there exists a subsequence
{ fkj } converging tof almost everywhere. We have

Z 1

0
fkj (t)

2dt ≤ n2,

for every j = 1,2, . . . . Applying Fatou’s Lemma, we obtain
Z 1

0
f (t)2dt ≤ n2.

Thus f ∈ An. Hence,An is closed. Next, we show thatAn is nowhere dense. LetB( f ,ε) be any
open ball inL1. As An is closed it is sufficient to find one point inB( f ,ε) not inAn to prove that
An is nowhere dense. Let

h(t) =
1√
t

ε
4
.

We know thath∈ L1 and‖h‖1 = ε/2, and thath /∈ L2. Let g = f +h, then

‖ f −g‖1 = ‖h‖1 = ε/2,

Thus,g∈ B( f ,ε), butg /∈ An. So,An is nowhere dense. It follows thatL2 is of the first category.
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Another approach to determine if a subsetX is of the first or the second category in some
setY, is to use the Uniform boundedness theorem.

Example 5.14. Show thatL2 is a subset of the first category inL1.

Set
gn(x) = n χ[0,n−2](x).

Then‖gn‖2 = 1. We now define a sequence of linear functionals onL1, as follows

Λn f =

Z 1

0
gn(t) f (t)dt.

For any f ∈ L1, we have that

|Λn f | =
∣

∣

∣

Z n−2

0
n f(x)dx

∣

∣

∣
≤ n

Z n−2

0
| f (x)|dx≤ n‖ f‖1.

Thus, Λn is a bounded, linear functional onL1. For any f ∈ L2, it follows from Cauchy’s
inequality, that

|Λn f | ≤ ‖ f‖2‖gn‖2 = ‖ f‖2.

for everyn = 1,2, . . . . Thus{|Λn f |} is bounded at any pointf ∈ L2. If we assume thatL2 is of
the second category inL1, then by the Uniform boundedness theorem,‖Λn‖ is bounded. This
means that there exists a numberC > 0, such that

|Λn f | ≤C‖ f‖1, (2)

for everyn = 1,2, . . . and for everyf ∈ L1. Now we define

f (n)(x) = n2 χ[0,n−2](x),

it follows that‖ f (n)‖1 = 1 for everyn = 1,2, . . . . However, applying

Λn f (n) = n3 1
n2 = n,

we have thatΛn f (n) → ∞, in contradiction with (2). So,L2 can not be of the second category,
henceL2 is a subset of the first category inL1.

Example 5.15. Show thatl1 is a subset of the first category inl2.

Define a sequence of linear functionals onl2, as follows

Λnx =
n

∑
i=1

xi .

By the inequality of algebraic mean and quadratic mean, it follows that

|Λnx| ≤
√

n

√

n

∑
i=1

x2
i ≤

√
n‖x‖2.
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Thus, eachΛn is a bounded linear function onl2. For anyx∈ l1 we have

|Λnx| =
n

∑
i=1

xi ≤ ‖x‖1.

Thus{|Λnx|} is bounded at any pointx∈ l1. If we assume thatl1 is of the second category in
l2, then by the Uniform boundedness theorem,‖Λn‖ is bounded. This means that there exists a
numberC > 0, such that

|Λnx| ≤C‖x‖2, (3)

for everyn = 1,2, . . . and for everyx∈ l2. Now we define

x(n) = (
1√
n
, . . . ,

1√
n
,0, . . .),

such that‖x(n)‖2 = 1 for everyn = 1,2, . . . . But

Λnx(n) =
n√
n

=
√

n.

It follows thatΛnx(n) → ∞, in contradiction with (3). So,l1 can not be of the second category,
hencel1 is a subset of the first category inl2.

Also, the Open mapping theorem can be used in a similar way. Given a normed spaceX
and Banach spaceY whereX ⊂Y, and if there exists a bounded linear open mappingI from X
intoY, such that the mapping is not onto. Then by the Open mapping theorem,I(X) must be of
the first category inY.

Example 5.16. Show thatLq is a subset of the first category inLp on the unit interval, when
1≤ p < q < ∞.

SinceLq is continuously embedded inLp, there exists a real valued constantC, such that

‖ f‖p ≤C‖ f‖q,

for every f ∈ Lq. Let I be the inclusion map,

I : Lq −→ Lp

( f ) 7−→ ( f ).

Since,Lq is a proper subset ofLp, we have thatI is not onto. Also,I is bounded, since

‖I‖ = sup
f∈Lq

‖I f ‖p

‖ f‖q
= sup

f∈Lq

‖ f‖p

‖ f‖q
≤ sup

f∈Lq

C‖ f‖q

‖ f‖q
= C.

So, by the Open mapping theorem,Lq = I(Lq) can not be of the second category, thusLq is of
the first category inLp.

Example 5.17. Show thatl p is a subset of the first category inlq where 1≤ p < q < ∞.

We have seen thatl p is a proper subset oflq. Also, we recall that the norms are such that

‖x‖p ≥ ‖x‖q,
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for all x∈ l p. Let I be the inclusion map,

I : l p −→ lq

(x) 7−→ (x).

Since,l p is a proper subset oflq, we have thatI is not onto. Also,I is bounded, since

‖I‖ = sup
x∈l p

‖Ix‖q

‖x‖p
= sup

x∈l p

‖x‖q

‖x‖p
≤ sup

x∈l p

‖x‖p

‖x‖p
= 1.

So, by the Open mapping theorem,l p = I(l p) can not be of the second category, thusl p is of the
first category inlq.

The last two examples can be generalized into the following theorem, by realizing that the
norm have certain properties.

Theorem 5.18. Let X,Y be Banach spaces, whereX ⊂Y. Assume that the norms are such that

‖x‖Y ≤ ‖x‖X ,

for everyx∈ X, and for every real numberA > 0, there existsx∈ X, such that

A‖x‖Y < ‖x‖X . (4)

ThenX is a subset of the first category.

Proof. Suppose thatX is of the second category. LetI be the inclusion map

I : X →Y.

I is one-to-one. Also,I is bounded, since

‖I‖ = sup
x∈X

‖Ix‖Y

‖x‖X
= sup

x∈X

‖x‖Y

‖x‖X
≤ sup

x∈X

‖x‖X

‖x‖X
= 1.

By the Banach theorem, we have thatI(X) = Y. HenceI is onto. Therefore the inverse,I−1,
exists and is a linear operator. By the Open mapping theorem,I−1 is bounded. Then for any
x∈ X, we have

‖x‖X = ‖I−1x‖X ≤ ‖I−1‖ ‖x‖X ≤
≤ ‖I−1‖ ‖x‖Y.

Let A = ‖I−1‖+1. Then according to (4) there exists somex∈ X, such that

(‖I−1‖+1)‖x‖Y < ‖x‖X ≤ ‖I−1‖‖x‖Y.

But this means that,
‖x‖Y < 0,

which is impossible. The assumption thatX is of the second category is false, thusX is of the
first category.
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