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I det här arbetet används Box-Jenkins-metoden för att utveckla en modell av ett elektriskt linjärt
ställdon i en Pin-On-Disc (POD) tribometer.

Efter systemidentifiering tas två regulatorer fram: en H1-regulator och en Proportional-
Integral-Derivative (PID)-regulator. H1-regulatorn bestäms med metoden Mixed Weighted
Sensitivity Loop Shaping . PID-regulatorn bestäms i sin tur genom polplacering.
Regulatorerna utvärderas med hjälp av tre mått: stigtid, översväng i procent, samt
medelkvadratfel (MSE).

Modellen av ställdonet och regulatorerna testas sedan i en Model-In-Loop (MIL)-simulering
i Simulink. Ett antal testfall, där ställdonet arbetar under varierande belastning och utsätts
för externa störningar, simuleras. Resultaten analyseras med en trevägs-ANOVA för att
undersöka växelverkan mellan de oberoende variablerna: typ av regulator, belastningsnivå, och
störningsnivå.

Resultaten tyder på att det endast finns en statistiskt signifikant trevägsinteraktion mellan de
oberoende variablerna när det kommer till stigtiden. Vidare presterar PID-regulatorn bättre
än H1-regulatorn i samtliga mått mätt, förutsatt att inga externa störningar förekommer.
Då externa störningar förekommer presterar dock H1-regulatorn bättre, om än med en liten
marginal.
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Loop Shaping, Pin-on-Disc-tribometer, elektriskt linjärt ställdon, Pin-On-Disc (POD)
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This thesis utilizes the Box-Jenkins method of black-box system identification to develop a
plant model for an electromechanical non-commutated DC linear actuator used as a pin actuator
in a Pin-On-Disc (POD) tribometer. Subsequently, two controllers are designed for the plant
model: an H1 controller and a Proportional-Integral-Derivative (PID) controller. The H1
controller is developed using the Mixed Weighted Sensitivity Loop Shaping method, while
the PID controller is designed through pole placement. The performance of the controllers
is evaluated based on three metrics; rise time, overshoot percentage, and Mean Square Error
(MSE).

The plant model and the controllers are tested in a Model-In-Loop (MIL) simulation
environment in Simulink using test cases where the linear actuator operates under varying
loading conditions and is subjected to external disturbances. The results are analysed using
Three-way ANOVA; to observe and study a three way interaction between the independent
factors; type of controller, load value and level of disturbance, on the three metrics
respectively.

The results indicate that a statistically significant three-way interaction between the independent
factors only exists for the metric rise time. Further findings illustrate that the PID controller
outperforms the H1 controller across all three performance metrics when external disturbances
are absent. However, under conditions involving external disturbances, the H1 controller
demonstrates superior performance, albeit by a modest margin.

Box-Jenkins model, System Identification, H1 Controller, PID Controller, Mixed Sensitivity
Loop Shaping, Electromechanical Non-Commutated DC Linear Actuator, Pin-on-Disc
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Atlas Copco Group has developed a Pin-On-Disc (POD) Tribometer; the purpose being, to study
the dynamics of a threaded fastener tightening and to study the line contact friction between the
gears and housing of its crow-foot tool attachments. Clamp force, the most crucial feature of
any fastened joint, is a black box as it is a highly dynamic phenomenon depending on many
factors, namely the turning angle of the fastener, the pitch of the thread and the tightening
torque which further is proportional to friction. The friction is a function of speed and the
type of surface. There essentially is no way of accurately reading the clamp force outside of a
testing lab. The Tribometer being developed at Atlas Copco aims to simulate these tightening
dynamics and study them. Clearly, a off-the-shelf POD Tribometer would not serve the purpose
of Atlas Copco as they are designed to run at lower speeds and under static load conditions as
against the highly dynamic tests expected to be performed at Atlas Copco. This research was
aimed at developing a more sophisticated plant model for the pin actuator of the mentioned
POD Tribometer followed by the development of a H1 Controller to regulate the pin.

This thesis will contribute further to the work done by Calminder and Xu [1], Lin [2] and Ziad
Raheem and Malmström [3]. Every entity had made significant changes to the software and
the hardware of the tribometer to suite the demand of the control system. Calminder and Xu
chose to deploy a Proportional-Integral (PI) Controller with Model-Following on the tribometer
based on the pole placement method. The controller for the disc (run by a DC motor through
a gearing) was developed using a linear friction model to facilitate easier design while the
controller for the pin was developed on a first order approximation model of the voice coil (the
electromechanical non-commutated DC linear actuator of the pin). Lin developed a cascaded PI
Controller and used the Powell Optimisation method to determine the proportional and integral
gains. Similar models for the disc and pin were used to design the controllers respectively.
Ziad Raheem and Malmström performed a comparison between a PI cascade controller with
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2 1.2. PURPOSE

pole placement design and a Model Predictive Control (MPC) controller. Ziad Raheem and
Malmström discussed about tests performed under an ’operational case’ where the disc and
the pin were operated simultaneously, similar to a real tribometer. The following conclusions
were drawn; the MPC controller is a faster controller while the PI cascade is a more accurate
controller in general for both the disc and the pin. However especially for the pin, the controllers
failed during the operational case as the Root Mean Square Error (RMSE) between the target
force and actual force was excessive and not acceptable. Thus, it was of critical importance
for the mentioned Tribometer to have a robust control system capable of performing operations
having extreme specifications and immunity to noise and disturbances.

Ziad Raheem and Malmström [3] discussed that the pin controller performed poorly under the
operational case. It was seen that the RMSE was extremely high and a steady state was not
achieved. The reason being massive amount of noise at the sampling frequency and the usage of
a first order approximation model of an electromechanical non-commutated DC linear actuator
which carried modeling errors. This issue defined the purpose for the thesis. First, a more
reliable plant model for the linear actuator was to be developed using the Box-Jenkins method
of system identification followed by implementing a H1 Controller to control it. The linear
actuator was treated as a black box due to the absence of information to precisely model the
system. Thus, this research would allow one to understand whether the Box-Jenkins method
of system identification is accurate enough to model a black box system influenced by external
disturbances and noise.

The study was fortified by implementing a H1 Controller for the model. Samad [4] presented
that although H1 is a time tested tool for developing robust controllers, its presence and impact
on the industry was significantly low. This thesis would also attempt to challenge that finding
and examine the performance of the H1 Controller.

The goal of the thesis was to identify and develop a reliable plant model for an electromechanical
non-commutated DC linear actuator, followed by the development of a H1 Controller for it. The
model was also evaluated using an industry accepted Proportional-Integral-Derivative (PID)
Controller. Evaluating the H1 Controller against a PID Controller formed a ground for a
fair comparison. The controller performance was judged using following criteria; overshoot
percentage, rise time and steady state error. The scope of the thesis was comparative in nature, a
case study was considered to be the ideal form for answering the Research Question (RQ).



CHAPTER 1. INTRODUCTION 3

A combination of cases were chosen for the research to gain the full picture of the controllers’
performance. The cases were Normal Load (NL), Extreme Load (EL), No Disturbance (ND)
and High Disturbance (HD).

The case involved testing with a load of 70N exerted by the actuator.

The case involved testing with a load of 130N exerted by the actuator.

The performance of the controllers were compared to a case where no noise or external
disturbance was introduced in the system.

The performance of the controllers were compared to a case where an extreme noise or
disturbance was introduced in the system.

In the physical setup, the linear actuator exerted the force on a rotating disc through the pin.
As depicted in the figure 1.3.1, it was clear that the interaction between the pin and disc
influenced the reading of the load cell, as also confirmed by Ziad Raheem and Malmström
[3] and Calminder and Xu [1]. This interaction was cause behind the noise or disturbance
introduced to the linear actuator system.

Figure 1.3.1: The POD system of the Atlas Copco tribometer.

The NL case was a frequently occurring scenario when physical tests were conducted on the
tribometer, thus it was worth studying the performance of the controllers for such a case. On
the other hand, the EL would explore the performance of the controllers at the limits of the
actuator.

The actuator of concern in the thesis is a electromechanical non-commutated DC linear actuator,
or colloquially termed as a voice coil [5]. Since the tribometer simply operated at 24V , the
maximum force the linear actuator could generate was 130N . The logic behind choosing the
cases could very well be extended to any linear actuator, an electromechanical linear actuator, a
solenoid or simply a voice coil operating at 130N with disturbance being similar to a hydraulic,
electro-hydraulic or a pneumatic linear actuator operating at its maximum capacity alongside
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disturbances. The idea was to test how a linear actuator would behave under two likely scenarios;
at its performance limit and at a value below its performance limit.
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The case study was expected to answer the following RQ and it was answered through Model
In Loop (MIL) simulations.

H1

• Due to limited time, the exploration of controllers was
restricted to PID and H1. Other potential controllers were not investigated.

• All simulation constraints, including maximum voltage and
maximum force, were determined by the inherent physical limitations of the tribometer
setup and could not be modified.

• Continuous use of the linear actuator was expected to alter some
of its physical parameters over time. These changes were not accounted for in the initial
modeling. Furthermore, any future variations in these parameters fall outside the scope
of this thesis and were not captured.

A model for a linear actuator was developed by Ziad Raheem and Malmström [3] and Calminder
and Xu [1] which is referred as First order approximation model (Model1) henceforth. The new
model that was developed in this thesis is referred as Box-Jenkins identification model (Model2)
henceforth. A quick overview of the process flow is represented in figure 1.4.1

Plant model
development

Controller
development

Simulations and
Analysis Conclusion

-Box-Jenkins method of
system identification
-Model Comparison

-H1 Controller
-PID Controller

-MIL simulations
-Three-way ANOVA

-Evaluation of performance
of controllers

Figure 1.4.1: Overview of the methodology in the thesis.

Model1 and Model2 were compared first and foremost by comparing their open loop response
in simulation to the real actuator measurements. The model with the higher percentage of
fit to the validation data and lowest covariance associated between simulation results and real
measurements was chosen for further development, Ljung [6].

Following the MIL simulation a Three-way Analysis of Variance (ANOVA) was performed to
study the results. It was of interest to study group differences between multiple independent
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factors, each independent factor having individual independent groups, without the existence
of a covariate and pertaining a single dependent variable. Tavakkolkhah, Zimmer, and Küffner
[7] illustrated that if N factors each with multiple, nominal and categorical levels were being
studied, a N-factorial ANOVA was a suitable analytical tool. Accordingly, the Three-way
ANOVA was determined to be an appropriate statistical method to analyze the data [8]. The
Three-way ANOVA is a statistical tool to determine if a three way interaction exists between
three independent factors on a single continuous dependent variable [9]. Cazalla et al. [10] and
Bobbitt [11] both displayed how a Three-way ANOVA was an essential tool in understanding
the combined effect of three factors on a single continuous outcome.

The three independent factors were identified as; Type of Controller (H1 and PID), Load case
(NL and EL) and Level of disturbance (ND and HD). The controllers were compared based on
three performance metrics; rise time, steady state error and overshoot percentage as suggested
by Westphal [12]. Each performance metric behaved as a continuous dependent variable and
accordingly, a Three-way ANOVA was performed thrice, once for each dependent variable.
It was with the goal of understanding how the combined effect of the load case and level of
disturbance on the dependent variables depended on the type of controller.

The controllers were developed based on the requirements specified by Atlas Copco Group;
namely, the rise time being between 30 � 80ms, the settling time being a maximum of
100 � 150ms and the overshoot and steady state error being minimal or within an acceptable
range of 20%, Skogestad [13]. A group of test cases were identified from the cases mentioned
earlier and the MIL simulation tests were performed times each. Detailed description of the
methodology is presented in chapter 3.

The test cases spanned over all realistic scenarios an actuator would face, thus, being helpful
for validation. If the results for any one of the cases would fail to show significant difference
between the performance of the controllers, the other case could still be used to deduce
conclusions. Since the focus was purely on MIL simulations, it was important to consider
the internal validity of the tests. Following factors are considered:

1. To avoid accidental selection of a test case more favourable for one controller, 70N

was chosen randomly as the input to the controllers, for the NL case. The conditions for
the EL case were dictated by the physical limits of the actuator.

2. The plant model could seriously affect the behaviour of the controllers,
hence the first part of the thesis was to determine a reliable plant model for an
electromechanical non-commutated DC linear actuator.
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3. The plant model and the controller model were to be represented
as a Linear Time-Invariant (LTI) block for both the controllers.

4. Factors such as simulation duration, types of inputs to the
controller, way of introducing noise in the simulation, etc. were kept consistent when
simulating both the controllers.

5. A 2 Degrees of Freedom (DOF) configuration of the PID Controller
would ensure disturbance rejection as well as desired response. In this manner, the goals
of the PID Controller would align with the H1 Controller.

The research treated the linear actuator as a LTI system; the input and output signal were
assumed to have a linear mapping and the output signal was independent of the time at the
which the input was applied [14].

Baronti et al. [15] and Tahmasebi et al. [16] have illustrated how electromechanical linear
actuators only consisting of a current carrying coil and a core are modelled using basic
principles of physics. Similarly, Dolga et al. [17] has also picturized a model of an advanced
electromechanical linear actuator involving a DC motor and a screw-nut transmission. It can be
deduced that an electromechanical linear actuator can be modelled as a LTI system with voltage
or force or current as input and a measurable quantity such as displacement, force, etc. as an
output.

Since most actuators experience external noise or disturbances during operation, it was
important to study its control under such conditions. In the simulation, this noise or disturbance
was modelled as white noise.

The POD tribometer developed by Atlas Copco Group aims to study the friction between
threaded fastener contacts more effectively and investigate tightening dynamics in greater detail.
Insights gained from experiments conducted on this tribometer will support the development
of advanced fastener tightening tools by Atlas Copco Group. The ultimate objective is to
create tools that are more efficient, reliable, and user-friendly. The analysis performed with this
tribometer will, in the future, enhance the user experience for Atlas Copco s end customers.
Therefore, ensuring the tribometer’s robust functionality is critical.

The methods proposed in this thesis for model development and the design of a new controller
will contribute to making the tribometer more accurate and reliable. This, in turn, will enable
it to produce more authentic and meaningful test results.
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The following chapter discusses the theory behind tribometers, POD tribometers, system
identification and modelling for a black-box system and the controllers used in this thesis.
Chapter 3 dives into the actual methods used to identify the plant model for the voice coil using
Box-Jenkins method of system identification, followed by the development of controllers and
the statistical analysis over the tests. The final chapters discuss the results, draw conclusions
and make comments on the possible future work for such type of a thesis.



H1

A tribometer, in simple terms, is an instrument that measures tribological quantities; such as
coefficient of friction, friction force and wear volume, between two surfaces in contact [18]. The
tribometer has been considered to be one of the best equipment to study friction and wear of
materials and produce repeatability of results on a laboratory level [19]. The POD tribometers
are a common type of rotational tribometers consisting of a rotating disk, mounted horizontally
and a stationary pin pressed onto the disk [20]. The POD tribometers offer great versatility in
terms of test cases and conditions. A typical POD tribometer can be represented as figure 2.1.1.
The disc rotation is made possible through a motor and the load on the pin is commonly applied
through a calibrated dead weight or an actuator.

Figure 2.1.1: A standard POD tribometer setup [20].

9
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The POD tribometer at Atlas Copco Group was developed in-house. The system consisted
of one disc rotating with the help of a DC motor and one pin which exerted load through an
electromechanical non-commutated DC linear actuator. All components were housed in an
aluminium profile chassis, with both the disc and the pin being replaceable. The whole setup
was powered by a 24V DC power supply with dedicated drivers to control the DC motor and the
linear actuator. The system is well depicted in figure 2.2.1 and the system architecture consisting
of all essential sensors, signals and microcontrollers is illustrated in figure 2.2.2.

Figure 2.2.1: POD tribometer of Atlas Copco Group [3].

Figure 2.2.2: System architecture of the tribometer [3].
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�i�@�3 �#�R�u�A�D�3�N�G�C�N�c �L�3�j�@�R�0�c �R�8 �c�w�c�j�3�L �C�0�3�N�j�C�~�,���j�C�R�N �C�c �R�N�3 �R�8 �j�@�3 �L�3�j�@�R�0�c �R�8 �C�0�3�N�j�C�8�w�C�N�< ��

�$�I���,�G �$�R�u �c�w�c�j�3�L �)�f�*�Y �b�C�N�,�3 �3�u���,�j �C�N�8�R�a�L���j�C�R�N ���$�R�n�j �j�@�3 �I�C�N�3���a ���,�j�n���j�R�a �s���c �n�N�G�N�R�s�N ���N�0 �C�j�c

�U�3�a�8�R�a�L���N�,�3 �s���c �C�N�•�n�3�N�,�3�0 �$�w �3�u�j�3�a�N���I �8���,�j�R�a�c�. �C�j �s���c �c���8�3 �j�R �,�R�N�c�C�0�3�a �C�j ���c �� �$�I���,�G �$�R�u�Y �B�j �s���c

�0�3�j�3�a�L�C�N�3�0 �j�@���j �j�@�3 �I�C�N�3���a ���,�j�n���j�R�a �s���c �j�R �$�3 �a�3�U�a�3�c�3�N�j�3�0 ���c �� �H�i�B ���N�0 �� �0�C�c�,�a�3�j�3 �c�w�c�j�3�L�. �H�E�n�N�<

���N�0 �;�I���0 �)�l�9�* �@���0 �c�@�R�s�N �j�@�3 �s���w �j�R �a�3�U�a�3�c�3�N�j �c�n�,�@ �� �U�I���N�j ���c�-
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y(t) = � (t) + w(t) �V�l�Y�S�W

�r�@�3�a�3w(t) �s���c �j�@�3 �0�C�c�j�n�a�$���N�,�3 �j�3�a�L ���N�0� (t)�. �j�@�3 �N�R�C�c�3�A�8�a�3�3 �R�n�j�U�n�j �R�8 �j�@�3 �U�I���N�j�Y �i�@�3 �j�3�a�L�c

�,�R�n�I�0 �$�3 �8�n�a�j�@�3�a �3�I���$�R�a���j�3�0 ���c �8�R�I�I�R�s�c�-

� (t) = G(q; � )u(t) �V�l�Y�l�W

�r�@�3�a�3u(t) �s���c �j�@�3 �C�N�U�n�j ���N�0 �j�@�3 �U�I���N�j �L�R�0�3�I �,�R�n�I�0 �$�3 �s�a�C�j�j�3�N ���c�-

G(q; � ) =
B(q)
F (q)

=
b1q� nk + b2q� nk � 1 + ::: + bnbq� nk � nb� 1

1 + f 1q� 1 + ::: + f nf q� nf
�V�l�Y�k�W

�b�C�L�C�I���a�I�w�. �j�@�3 �0�C�c�j�n�a�$���N�,�3 �j�3�a�L �,�R�n�I�0 �$�3 �3�I���$�R�a���j�3�0 ���c�-

w(t) = H (q; � )e(t) �V�l�Y�:�W

�r�@�3�a�3e(t) �s���c �3�c�c�3�N�j�C���I�I�w �s�@�C�j�3 �N�R�C�c�3 �)�f�* ���N�0 �j�@�3 �L�R�0�3�I �s���c �s�a�C�j�j�3�N ���c�-

H (q; � ) =
C(q)
D(q)

=
1 + c1q� 1 + ::: + cncq� nc

1 + d1q� 1 + ::: + dndq� nd
�V�l�Y�9�W

�i�@�3 �3�\�n���j�C�R�N�c�l�Y�k���N�0�l�Y�9�,�R�n�I�0 �$�3 �0�3�c�,�a�C�$�3�0 �$�w�-nb ���N�0bf �s�@�C�,�@ �0�3�,�C�0�3�0 �j�@�3 �0�3�<�a�3�3 �R�8 �j�@�3

�U�I���N�j�c �L�R�0�3�I�.nc ���N�0nd �s�@�C�,�@ �0�3�,�C�0�3�0 �j�@�3 �0�3�<�a�3�3 �R�8 �j�@�3 �N�R�C�c�3 �L�R�0�3�I �a�3�c�U�3�,�j�C�q�3�I�w�. �s�@�C�I�3nk

�a�3�U�a�3�c�3�N�j�3�0 �j�@�3 �j�C�L�3 �0�3�I���w ���c �N�n�L�$�3�a �R�8 �c���L�U�I�3�c�Y �i�@�n�c�. �� �L�R�0�3�I �0�3�a�C�q�3�0 �n�c�C�N�< �#�R�u�A�D�3�N�G�C�N�c

�L�3�j�@�R�0 �R�8 �c�w�c�j�3�L �C�0�3�N�j�C�~�,���j�C�R�N �,�R�n�I�0 �$�3 �s�a�C�j�j�3�N ���c�l�Y�f���N�0 �q�C�c�n���I�C�c�3�0 ���c�l�Y�k�Y�S�Y

y(t) = G(q; � )u(t) + H (q; � )e(t) =
B(q)
F (q)

u(t) +
C(q)
D(q)

e(t) �V�l�Y�f�W

�7�C�<�n�a�3 �l�Y�k�Y�S�- �#�R�u�A�D�3�N�G�C�N�c �c�j���N�0���a�0 �,�R�N�~�<�n�a���j�C�R�N�Y

�i�@�3 �c�j�a�n�,�j�n�a���I �U���a���L�3�j�3�a�c�-nb; nf; nc; nf ���N�0nk�. �s�3�a�3 �j�R �$�3 �,�@�R�c�3�N �n�c�C�N�< ���U�U�a�R�U�a�C���j�3 �L�3�j�@�R�0�c



�S�: �l�Y�k�Y �b�v�b�i�2�K �B�/�2�M�i�B�7�B�+���i�B�Q�M ���M�/ �K�Q�/�2�H�H�B�M�;

�8�n�a�j�@�3�a �0�3�c�,�a�C�$�3�0 �C�N �,�@���U�j�3�a�k�R�8 �j�@�3 �j�@�3�c�C�c ���N�0 �j�@�3�N �j�@�3 �U���a���L�3�j�3�a�c�-bi ; f i ; ci ���N�0di �. �s�3�a�3 �j�R �$�3

�C�0�3�N�j�C�~�3�0�Y

���c �L�3�N�j�C�R�N�3�0 �C�N �c�3�,�j�C�R�N�S�Y�k�. �+���I�L�C�N�0�3�a ���N�0 �t�n �)�S�* �0�C�c�,�n�c�c�3�0 �j�@���j �j�@�3 �a�R�j���j�C�R�N �R�8 �j�@�3 �0�C�c�G �C�N �j�@�3

�j�a�C�$�R�L�3�j�3�a ���{�3�,�j�3�0 �j�@�3 �8�R�a�,�3 ���U�U�I�C�3�0 �$�w �j�@�3 �I�C�N�3���a ���,�j�n���j�R�a �j�@�a�R�n�<�@ �j�@�3 �U�C�N�Y �B�j �s���c ���I�c�R �N�R�j�3�0

�j�@���j �R�j�@�3�a �8���,�j�R�a�c �c�n�,�@ ���c �0�C�c�G �a�R�j���j�C�R�N �c�U�3�3�0�. �a�R�j���j�C�R�N �0�C�a�3�,�j�C�R�N�. �I�n�$�a�C�,���j�C�R�N�. �3�j�,�Y ���I�c�R ���{�3�,�j�3�0

�j�@�3 �8�R�a�,�3 �8�a�R�L �j�@�3 �U�C�N�Y �B�j �s���c �c���8�3 �j�R �,�R�N�c�C�0�3�a �j�@���j �j�@�3�c�3 �8���,�j�R�a�c �s�3�a�3 �3�u�j�3�a�N���I �0�C�c�j�n�a�$���N�,�3�c �j�R �j�@�3

�U�I���N�j ���N�0 ���a�3 �,�R�n�U�I�3�0 �j�R �j�@�3 �R�n�j�U�n�j�Y �i�R �c�C�L�U�I�C�8�w �j�@�3 �U�I���N�j�. �j�@�3�c�3 �8���,�j�R�a�c �s�3�a�3 �j�a�3���j�3�0 ���c ���c�3�N�c�R�a

�N�R�C�c�3�� �j�@�3 �U�C�N �U�I�n�c ���,�j�n���j�R�a �c�w�c�j�3�L �s���c �,�R�N�c�C�0�3�a�3�0 �j�R �$�3 �b�C�N�<�I�3 �B�N�U�n�j �b�C�N�<�I�3 �Q�n�j�U�n�j �V�b�B�b�Q�W

�c�w�c�j�3�L�. �)�S�*�Y

�i�@�3 �#�R�u�A�D�3�N�G�C�N�c �L�3�j�@�R�0 �s���c �3�c�U�3�,�C���I�I�w �n�c�3�8�n�I �s�@�3�N �j�@�3 �0�C�c�j�n�a�$���N�,�3 �s���c �U�a�3�c�3�N�j ���j �j�@�3 �R�n�j�U�n�j

�a���j�@�3�a �j�@���N ���j �j�@�3 �C�N�U�n�j �R�8 �j�@�3 �U�I���N�j �)�l�9�*�Y �?�3�N�,�3 �C�j �s���c �j�@�3 �L�R�c�j �c�n�C�j���$�I�3 �L�3�j�@�R�0 �8�R�a �c�w�c�j�3�L

�C�0�3�N�j�C�~�,���j�C�R�N ���c �j�@�3 �0�C�c�j�n�a�$���N�,�3�c �s�3�a�3 �R�N�I�w ���{�3�,�j�C�N�< �j�@�3 �R�n�j�U�n�j �R�8 �j�@�3 �U�I���N�j �C�Y�3�Y �j�@�3 �I�R���0 �,�3�I�I

�L�3���c�n�a�C�N�< �j�@�3 �8�R�a�,�3 �<�3�N�3�a���j�3�0 �$�w �j�@�3 �U�C�N�Y �i�@�3 �c�w�c�j�3�L �,�R�n�I�0 �c�j�C�I�I �$�3 �,�R�N�c�C�0�3�a�3�0 �b�B�b�Q ���N�0 �j�@�3

�#�R�u�A�D�3�N�G�C�N�c �L�3�j�@�R�0 �s�R�n�I�0 ���I�I�R�s �� �L�R�a�3 �,���a�3�8�n�I �,�R�N�c�C�0�3�a���j�C�R�N ���N�0 �L�R�0�3�I�I�C�N�< �R�8 �j�@�3 �N�R�C�c�3 �R�a

�0�C�c�j�n�a�$���N�,�3�c �C�N �j�@�3 �c�w�c�j�3�L�Y

�l�Y�k�Y�l�T�a�3�q�C�R�n�c �`�3�c�3���a�,�@ �Q�N �K�R�0�3�I�I�C�N�< �R�8 �H�C�N�3���a ���,�j�n���j�R�a�c

�K�n�I�j�C�U�I�3 �C�N�j�3�a�3�c�j�C�N�< ���j�j�3�L�U�j�c �@���q�3 �$�3�3�N �L���0�3 �j�R �L�R�0�3�I ���N �3�I�3�,�j�a�R�L�3�,�@���N�C�,���I �I�C�N�3���a ���,�j�n���j�R�a�d

�a���N�<�C�N�< �8�a�R�L�H�R�a�3�N�j�y�8�R�a�,�3 ���N�0 �C�N�3�a�j�C�� �$���c�3�0 �3�\�n���j�C�R�N�c �j�R �7�C�N�C�j�3 �2�I�3�L�3�N�j �K�3�j�@�R�0 �V�7�2�K�W ���N�0

�3�u�U�3�a�C�L�3�N�j���I �j�3�,�@�N�C�\�n�3�c�Y

�`�n�U�N�C�3�s�c�G�C �)�l�l�* �C�I�I�n�c�j�a���j�3�0 �0�3�q�3�I�R�U�L�3�N�j �R�8 ���b�C�L�n�I�C�N�G�L�R�0�3�I �8�R�a ���N �3�I�3�,�j�a�R�L�3�,�@���N�C�,���I �N�R�N�A

�,�R�L�L�n�j���j�3�0 �/�+ �I�C�N�3���a ���,�j�n���j�R�a �$�w �C�N�0�C�q�C�0�n���I�I�w �L�R�0�3�I�I�C�N�< �C�j�c �3�I�3�,�j�a�C�,���I ���N�0 �L�3�,�@���N�C�,���I

�,�R�L�U�R�N�3�N�j�c ���N�0 ���I�c�R �j���G�C�N�< �C�N�j�R �,�R�N�c�C�0�3�a���j�C�R�N �c�R�L�3 ���n�u�C�I�C���a�w �,�R�L�U�R�N�3�N�j�c �j�@���j �8�R�a�L�3�0 �� �U���a�j

�R�8 �C�j�c ���c�c�3�L�$�I�w�Y �i�@�3 �0�C�c�j�n�a�$���N�,�3 �j�R �j�@�3 �c�w�c�j�3�L �s���c �L�R�0�3�I�I�3�0 ���c �� ���c�n�a�8���,�3 �s���q�C�N�3�c�c�� �b�C�L�n�I�C�N�G

�L�R�0�3�I�. �a�3�8�3�a �~�<�n�a�3�c�l�Y�k�Y�l���N�0�l�Y�k�Y�k�Y �i�@�3 �c�n�a�8���,�3 �s���q�C�N�3�c�c �j�a���N�c�I���j�3�0 �j�R �j�@�3 �C�a�a�3�<�n�I���a�C�j�C�3�c �R�N �j�@�3

�j�a�C�$�R�L�3�j�3�a �0�C�c�, �j�@���j �C�N�j�a�R�0�n�,�3�0 �U�3�a�j�n�a�$���j�C�R�N�c �C�N �j�@�3 �c�w�c�j�3�L �s�@�C�I�3 �a�R�j���j�C�N�<�Y

�7�C�<�n�a�3 �l�Y�k�Y�l�- �2�I�3�,�j�a�R�L�3�,�@���N�C�,���I �L�R�0�3�I �R�8 �� �I�C�N�3���a ���,�j�n���j�R�a �$�w �`�n�U�N�C�3�s�c�G�C �)�l�l�*�Y
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�7�C�<�n�a�3 �l�Y�k�Y�k�- �/�C�c�j�n�a�$���N�,�3 �L�R�0�3�I ���N�0 �L�R�0�3�I �R�8 ���n�u�C�I�C���a�w �,�R�L�U�R�N�3�N�j�c �)�l�l�*�Y

�#���a�R�N�j�C �3�j ���I�Y �)�S�9�* �c�n�,�,�3�c�c�8�n�I�I�w �0�3�q�3�I�R�U�3�0 �� �0�w�N���L�C�, ���N�0 �j�@�3�a�L���I �L�R�0�3�I �8�R�a ���N

�3�I�3�,�j�a�R�L�3�,�@���N�C�,���I �N�R�N�A�,�R�L�L�n�j���j�3�0 �/�+ �I�C�N�3���a ���,�j�n���j�R�a �R�a �� �q�R�C�,�3 �,�R�C�I�Y �+�I���C�L�c �s�3�a�3 �L���0�3

�j�@���j �j�@�3 �L�R�0�3�I �C�c �c�j�a�C�,�j�I�w �8�R�a �q�R�C�,�3 �,�R�C�I�c�. �@�R�s�3�q�3�a �C�j �,���N ���I�c�R �~�N�0 ���U�U�I�C�,���j�C�R�N �C�N �a�R�j���a�w

�3�I�3�,�j�a�R�L�3�,�@���N�C�,���I ���,�j�n���j�R�a�c�Y �T�a�C�N�,�C�U�I�3�c �R�8�H�R�a�3�N�j�y�8�R�a�,�3 �s�3�a�3 �n�c�3�0 �j�R �0�3�q�3�I�R�U �j�@�3 �8�R�a�,�3 �3�\�n���j�C�R�N

���N�0 �#���a�R�N�j�C �3�j ���I�Y �n�c�3�0 ���N �3�u�U�3�a�C�L�3�N�j���I ���U�U�a�R���,�@ �j�R �U�a�3�0�C�,�j �j�@�3 �q���I�n�3 �R�8K F �. �j�@�3 �8�R�a�,�3 �c�3�N�c�C�j�C�q�C�j�w

�8���,�j�R�a�. �s�@�R�c�3 �q���I�n�3 �0�3�U�3�N�0�c �R�N �j�@�3 �U�R�c�C�j�C�R�N �R�8 �j�@�3 ���,�j�n���j�R�a�c�� �,�w�I�C�N�0�3�a�Y �i�@�3 �j�@�3�a�L���I �L�R�0�3�I �s���c

�0�3�q�3�I�R�U�3�0 �$�w �� �0�3�3�U�3�a �n�N�0�3�a�c�j���N�0�C�N�< �R�8 �j�@�3�D�R�n�I�3�3�{�3�,�j �R�N �j�@�3 �a�3�c�C�c�j���N�,�3 �R�8 �j�@�3 �,�n�a�a�3�N�j �,���a�a�w�C�N�<

�,�R�C�I�Y �#���a�R�N�j�C �3�j ���I�Y �C�L�U�I�3�L�3�N�j�3�0 �j�@�3 �L�R�0�3�I �R�N�b�C�L�n�I�C�N�G���N�0 �q���I�C�0���j�3�0 �C�j �n�c�C�N�< �a�3���I �j�3�c�j�. �R�N�I�w

�j�R �,�R�N�,�I�n�0�3 �j�@���j �c�n�,�@ �� �L�3�j�@�R�0 �R�8 �L�R�0�3�I�I�C�N�< �� �I�C�N�3���a ���,�j�n���j�R�a �C�c ���,�,�n�a���j�3 ���N�0 �,���N �U�a�3�0�C�,�j �j�@�3

���,�j�n���j�R�a�c�� �$�3�@���q�C�R�n�a �s�C�j�@ �<�R�R�0 �U�a�3�,�C�c�C�R�N�Y

�� �0�C�{�3�a�3�N�j ���U�U�a�R���,�@ �s���c ���0�R�U�j�3�0 �$�w �+���I�L�C�N�0�3�a ���N�0 �t�n �)�S�*�. �s�@�3�a�3 �j�@�3 �I�C�N�3���a ���,�j�n���j�R�a �s���c

�a�3�U�a�3�c�3�N�j�3�0 ���c ���N ���U�U�a�R�u�C�L���j�3�0 �~�a�c�j �R�a�0�3�a �j�a���N�c�8�3�a �8�n�N�,�j�C�R�N �s�C�j�@ �q�R�I�j���<�3U ���c �C�N�U�n�j ���N�0 �8�R�a�,�3

F ���c ���N �R�n�j�U�n�j�Y �i�@�3 �R�U�3�N �I�R�R�U �<���C�N �s���c �,���I�,�n�I���j�3�0 ���c �j�@�3 �a���j�C�R �R�8 �j�@�3 �j�R�a�\�n�3 �,�R�N�c�j���N�j ��K coil
m ��

���N�0 �j�@�3 �a�3�c�C�c�j���N�,�3 ��R�� �R�8 �j�@�3 �,�n�a�a�3�N�j �,���a�a�w�C�N�< �,�R�C�I�Y �i�@�3 �j�C�L�3 �,�R�N�c�j���N�j ��� �� �s���c �a�3�,�R�a�0�3�0 �8�a�R�L

�j�@�3 �a�3�c�U�R�N�c�3 �R�8 ���,�j�n���I �j�3�c�j�C�N�< �R�N �j�@�3 �j�a�C�$�R�L�3�j�3�a�Y �i�@�3 �U�I���N�j �L�R�0�3�I �s���c �a�3�U�a�3�c�3�N�j�3�0 ���c �3�\�n���j�C�R�N

�l�Y�e�Y �i�@�3 �0�C�c�j�n�a�$���N�,�3�c ���{�3�,�j�C�N�< �j�@�3 ���,�j�n���j�R�a �s�3�a�3 �j�a�3���j�3�0 ���c ���N�R�C�c�3�� �$�w �+���I�L�C�N�0�3�a ���N�0 �t�n �)�S�* �j�R

�a�3�0�n�,�3 �j�@�3 �,�R�L�U�I�3�u�C�j�w ���N�0 �3�{�R�a�j �R�8 �j�@�3 �L�R�0�3�I�I�C�N�< �j�@�3 �c���L�3�Y

Gcoil =
F
U

=
K

�s + 1
=

K coil
m
R

�s + 1
=

7:429
0:0019s + 1

�V�l�Y�e�W

�� �c�C�L�C�I���a ���U�U�a�R���,�@ �s���c �n�N�0�3�a�j���G�3�N �$�w �x�C���0 �`���@�3�3�L ���N�0 �K���I�L�c�j�a�Ñ�L �)�k�*�. �$�w �j�a�3���j�C�N�< �j�@�3 �I�C�N�3���a

���,�j�n���j�R�a ���c ���N ���U�U�a�R�u�C�L���j�3�0 �~�a�c�j �R�a�0�3�a �j�a���N�c�8�3�a �8�n�N�,�j�C�R�N�Y �?�R�s�3�q�3�a�. �j�@�3 �R�U�3�N �I�R�R�U �<���C�N ���N�0 �j�C�L�3

�,�R�N�c�j���N�j �$�R�j�@ �s�3�a�3 �C�0�3�N�j�C�~�3�0 �j�@�a�R�n�<�@ ���,�j�n���I �j�3�c�j�C�N�< �R�N �j�@�3 �j�a�C�$�R�L�3�j�3�a�Y

�F�a�3�$�c �3�j ���I�Y �)�l�f�* ���N�0 �i�a���N ���N�0 �?�s���N�< �)�l�e�* �$�R�j�@ �C�I�I�n�c�j�a���j�3�0 �j�@�3 �n�c�3 �R�8 �7�2�K �j�3�,�@�N�C�\�n�3�c �j�R �L�R�0�3�I

�j�@�3 �3�I�3�,�j�a�R�L���<�N�3�j�C�, �C�N�j�3�a���,�j�C�R�N ���N�0 �8�R�a�,�3 �<�3�N�3�a���j�3�0 �$�w �3�I�3�,�j�a�R�L�3�,�@���N�C�,���I �I�C�N�3���a ���,�j�n���j�R�a�c�Y

�i���@�L���c�3�$�C �3�j ���I�Y �)�S�f�* �3�u�U�I���C�N�c �j�@���j �7�2�K �$���c�3�0 �j�3�,�@�N�C�\�n�3�c �R�8 �L�R�0�3�I�I�C�N�< ���N �3�I�3�,�j�a�R�L�3�,�@���N�C�,���I

�I�C�N�3���a ���,�j�n���j�R�a �C�c �� �c�j�a�R�N�< �,�R�N�j�3�N�0�3�a�. �@�R�s�3�q�3�a �j�@�C�c �L�3�j�@�R�0 �8���C�I�c �j�R �,���U�j�n�a�3 �j�@�3 �3�{�3�,�j �R�8

�j�3�L�U�3�a���j�n�a�3 �q���a�C���j�C�R�N�c �R�N �c�n�,�@ ���,�j�n���j�R�a�c�Y �i���@�L���c�3�$�C �3�j ���I�Y ���I�c�R ���a�<�n�3�c �j�@���j �j�@�3 �R�U�3�a���j�C�R�N �R�8

�3�I�3�,�j�a�R�L�3�,�@���N�C�,���I ���,�j�n���j�R�a�c �C�N �� �I�C�N�3���a �a�3�<�C�R�N �C�c �N�3�q�3�a �<�n���a���N�j�3�3�0 ���N�0 �j�@�3 ���,�j�n���j�R�a �,���N �q�3�a�w

�s�3�I�I �s�R�a�G �C�N �j�@�3 �c���j�n�a���j�C�R�N �y�R�N�3�Y �i�@�n�c�. �c�C�L�U�I�3 �3�\�n���j�C�R�N�c �,���N�N�R�j �$�3 �,�R�N�c�C�0�3�a�3�0 �q���I�C�0 �3�N�R�n�<�@ �j�R



�S�f �l�Y�:�Y �+�Q�M�i� �̀Q�H�H�2�` �/�2�b�B�;�M

�a�3�U�a�3�c�3�N�j �j�@�3 ���,�j�n���j�R�a�Y �i���@�L���c�3�$�C �3�j ���I�Y �@�3�N�,�3 �3�u�3�L�U�I�C�~�3�c �j�@�3 �,�a�C�j�C�,���I�C�j�w �R�8 �3�u�U�3�a�C�L�3�N�j �$���c�3�0

���U�U�a�R���,�@ �8�R�a �L�R�0�3�I�I�C�N�< �3�I�3�,�j�a�R�L�3�,�@���N�C�,���I �I�C�N�3���a ���,�j�n���j�R�a�c ���N�0 �@�R�s �j�@�3�w �,���N �$�3 �a�3�U�a�3�c�3�N�j�3�0 ���c

�~�a�c�j �R�a�0�3�a �j�a���N�c�8�3�a �8�n�N�,�j�C�R�N�c �n�c�C�N�< �c�w�c�j�3�L �C�0�3�N�j�C�~�,���j�C�R�N�Y

�i�@�3 �U�a�3�q�C�R�n�c �L�3�j�@�R�0�c ���I�I �U�a�R�q�3�0 �j�R �@���q�3 �c�n�,�,�3�c�c�8�n�I �a�3�c�n�I�j�c�. �@�R�s�3�q�3�a �j�@�3�w �c�3�3�L �C�N�c�n�|�,�C�3�N�j �C�N

�,���U�j�n�a�C�N�< �j�@�3 �,�R�L�U�I�3�j�3 �0�w�N���L�C�,�c �R�8 �j�@�3 �c�w�c�j�3�L ���N�0 �j�@�3 �0�C�c�j�n�a�$���N�,�3�c ���{�3�,�j�C�N�< �C�j�Y �i�@�3 �#�R�u�A

�D�3�N�G�C�N�c ���U�U�a�R���,�@ ���0���U�j�3�0 �C�N �j�@�C�c �j�@�3�c�C�c �0�C�0 �N�R�j ���C�L �j�R �n�N�0�3�a�c�j���N�0 �j�@�3�c�3 �0�w�N���L�C�,�c ���N�0 �L�R�0�3�I

�j�@�3�L �$�n�j �a���j�@�3�a �j�a�3���j �j�@�3 �I�C�N�3���a ���,�j�n���j�R�a ���c �� �$�I���,�G�A�$�R�u ���N�0 �j�a�w �j�R �~�N�0 �j�@�3 �$�3�c�j �~�j�j�C�N�< �L�R�0�3�I �8�R�a

�C�j�Y �i�@�C�c �U�a�R�,�3�c�c �s�R�n�I�0 �N�R�j �I�C�L�C�j �j�@�3 �U�I���N�j �L�R�0�3�I �j�R �� �~�a�c�j �R�a�0�3�a �j�a���N�c�8�3�a �8�n�N�,�j�C�R�N �$�w �,�@�R�C�,�3�. �$�n�j

�a���j�@�3�a �I�3�j �j�@�3 �$�3�c�j �~�j�j�C�N�< �L�R�0�3�I �0�C�,�j���j�3 �j�@�3 ���U�U�a�R�U�a�C���j�3 �R�a�0�3�a�Y

���<�n�c�j�a�C�w���N�j�R�. �b�3�j�w�R�U�a���j�R�L�R�. ���N�0 �K�R�,�@�N�C �)�l�4�* �U�a�R�q�3�0 �� �c�n�,�,�3�c�c�8�n�I ���U�U�I�C�,���j�C�R�N �R�8 �j�@�3 �#�R�u�A

�D�3�N�G�C�N�c �L�3�j�@�R�0 �8�R�a �C�0�3�N�j�C�8�w�C�N�< �� �$�I���,�G�A�$�R�u �c�w�c�j�3�L ���N�0 �0�C�c�U�I���w�3�0 �C�j �j�R �$�3 �� �c�n�U�3�a�C�R�a �L�3�j�@�R�0

�R�8 �C�0�3�N�j�C�8�w�C�N�< �� �L�R�0�3�I �s�C�j�@ �,�R�L�U���a�C�c�R�N �j�R �R�j�@�3�a �0�C�{�3�a�3�N�j �R�a�0�3�a �L�R�0�3�I�c�Y �`���$�$���N�C �3�j

���I�Y �)�l�O�* �U�3�a�8�R�a�L�3�0 �� �L�R�0�3�I �C�0�3�N�j�C�~�,���j�C�R�N �R�N �� �,�R�L�U�I�3�u �U�a�R�,�3�c�c �n�c�C�N�< �,�R�L�L�R�N �$�I���,�G�A�$�R�u

�C�0�3�N�j�C�~�,���j�C�R�N �j�R�R�I�c �c�n�,�@ ���c �j�@�3 �#�R�u�A�D�3�N�G�C�N�c �L�3�j�@�R�0�. ���n�j�R�A�`�3�<�a�3�c�c�C�q�3�A�2�u�R�<�3�N�R�n�c �V���`�t�W ���N�0

���n�j�R�A�`�3�<�a�3�c�c�C�q�3�A�K�R�q�C�N�<�A���q�3�a���<�3�A�2�u�R�<�3�N�R�n�c �V���`�K���t�W�Y �i�@�3 �a�3�c�n�I�j�c �c�@�R�s�3�0 �j�@���j �j�@�3 �#�R�u�A

�D�3�N�G�C�N�c �L�3�j�@�R�0 �j�a�C�n�L�U�@�3�0 �j�@�3 �R�j�@�3�a �L�3�j�@�R�0�c�Y

�l�Y�: �+�R�N�j�a�R�I�I�3�a �/�3�c�C�<�N

�l�Y�:�Y�SH1 �+�R�N�j�a�R�I�I�3�a

�i�@�3H1 �L�3�j�@�R�0�c ���a�3 �n�c�3�0 �C�N �,�R�N�j�a�R�I �j�@�3�R�a�w �j�R �c�w�N�j�@�3�c�C�y�3 �,�R�N�j�a�R�I�I�3�a�c �C�N �R�a�0�3�a �j�R ���,�@�C�3�q�3

�c�j���$�C�I�C�y���j�C�R�N �s�C�j�@ �<�n���a���N�j�3�3�0 �U�3�a�8�R�a�L���N�,�3�Y �i�@�C�c �<�n���a���N�j�3�3�0 �U�3�a�8�R�a�L���N�,�3 �,�R�n�I�0 �$�3 �3�I���$�R�a���j�3�0

���c �� �,�R�N�j�a�R�I�I�3�a �j�@���j �s���c �,���U���$�I�3 �R�8 �a�3���,�j�C�N�< �s�3�I�I �j�R �c�3�j �U�R�C�N�j �,�@���N�<�3�c�. ���$�I�3 �j�R �a�3�E�3�,�j �0�C�c�j�n�a�$���N�,�3�c

���N�0 �N�R�C�c�3 ���c �s�3�I�I ���c �I�C�L�C�j �j�@�3 �,�R�N�j�a�R�I �3�{�R�a�j�Y �i�@�3H1 �,�R�N�j�a�R�I �0�3�c�C�<�N�3�a �3�u�U�a�3�c�c�3�c �j�@�3 �,�R�N�j�a�R�I

�U�a�R�$�I�3�L ���c �� �L���j�@�3�L���j�C�,���I �R�U�j�C�L�C�y���j�C�R�N �U�a�R�$�I�3�L ���N�0 �j�@�3�N �~�N�0�c �j�@�3 �,�R�N�j�a�R�I�I�3�a �j�@���j �c�R�I�q�3�c �j�@�C�c

�R�U�j�C�L�C�y���j�C�R�N �)�k�z�*�Y �i�@�3 �j�3�a�LH1 �C�c �c�j�a�C�,�j�I�w �� �L���j�@�3�L���j�C�,���I �j�3�a�L�. �i�@�3 ��H �� �0�3�N�R�j�3�c ���?���a�0�w�A�b�U���,�3��

�s�@�C�I�3 �j�@�3 ��1 �� �0�3�N�R�j�3�c �j�@�3 �j�a���N�c�8�3�a �8�n�N�,�j�C�R�N�c �j�@���j ���a�3 �c�j���$�I�3 ���N�0 �U�a�R�U�3�a �C�N �N���j�n�a�3�Y �i�@�3 �,�R�N�j�a�R�I�I�3�a

�3�c�c�3�N�j�C���I�I�w �L�C�N�C�L�C�y�3�c �j�@�3H1 �N�R�a�L �R�8 �j�@�3 �R�$�E�3�,�j�C�q�3 �8�n�N�,�j�C�R�N�. �C�N �c�C�L�U�I�3 �j�3�a�L�c �C�j �L�C�N�C�L�C�y�3�c �j�@�3

�U�3���G �R�8 �j�@�3 �I���a�<�3�c�j �c�C�N�<�n�I���a �q���I�n�3 �R�8 �j�@�3 �8�n�N�,�j�C�R�N�d ���s�R�a�c�j �0�C�a�3�,�j�C�R�N�. �s�R�a�c�j �8�a�3�\�n�3�N�,�w�� �)�S�k�*�Y

�+�R�N�c�C�0�3�a �� �c�j���N�0���a�0 �,�I�R�c�3�0�A�I�R�R�U �,�R�N�j�a�R�I�I�3�a �,�R�N�~�<�n�a���j�C�R�N�. �C�N�•�n�3�N�,�3�0 �$�w �3�u�j�3�a�N���I �0�C�c�j�n�a�$���N�,�3�c

��d�� ���N�0 �N�R�C�c�3 ��n���. �a�3�8�3�a �~�<�n�a�3�l�Y�:�Y�S�Y



�+�?���T�i�2�` �l�Y �#���+�F�;� �̀Q�m�M�/ �S�e

�7�C�<�n�a�3 �l�Y�:�Y�S�- �b�j���N�0���a�0 �,�R�N�~�<�n�a���j�C�R�N �R�8 �� �,�I�R�c�3�0�A�I�R�R�U �,�R�N�j�a�R�I�I�3�a �)�k�S�*�Y

�b�R�L�3 �,�a�C�j�C�,���I �a�3�I���j�C�R�N�c�@�C�U�c ���q���C�I���$�I�3 �8�a�R�L �j�@�C�c �,�R�N�~�<�n�a���j�C�R�N �s�3�a�3 ���c �8�R�I�I�R�s�c�-

y = ( I + GK )� 1GKr + ( I + GK )� 1d � (I + GK )� 1GKn �V�l�Y�4�W

u = K (I + GK )� 1r � K (I + GK )� 1d � K (I + GK )� 1n �V�l�Y�O�W

e = ( I + GK )� 1r � (I + GK )� 1d � (I + GK )� 1n �V�l�Y�S�z�W

���c �L�3�N�j�C�R�N�3�0 �3���a�I�C�3�a�. �C�j �s���c �R�8 �C�N�j�3�a�3�c�j �j�R �@���q�3 �� �<�R�R�0 �c�3�j �U�R�C�N�j �j�a���,�G�C�N�<�. �<�R�R�0 �0�C�c�j�n�a�$���N�,�3 ���N�0

�N�R�C�c�3 �a�3�E�3�,�j�C�R�N ���N�0 �I�C�L�C�j �j�@�3 �,�R�N�j�a�R�I �3�{�R�a�j �j�R ���,�@�C�3�q�3 �j�@�3 �0�3�c�C�a�3�0 �U�3�a�8�R�a�L���N�,�3 �R�8 �j�@�3 �,�R�N�j�a�R�I�I�3�a�Y

�i�@�3�c�3 �a�n�I�3�c �@�C�<�@�I�C�<�@�j�3�0 �,�3�a�j���C�N �,�a�C�j�C�,���I �j�a���N�c�8�3�a �8�n�N�,�j�C�R�N�c �s�@�R�c�3H1 �N�R�a�L �s���c �j�R �$�3 �L�C�N�C�L�C�y�3�0

�$�w �j�@�3H1 �+�R�N�j�a�R�I�I�3�a�Y �i�@�3 �j�a���N�c�8�3�a �8�n�N�,�j�C�R�N�c �R�8 �C�N�j�3�a�3�c�j �s�3�a�3 ���c �8�R�I�I�R�s�c�-

�7�R�a �<�R�R�0 �c�3�j�A�U�R�C�N�j �j�a���,�G�C�N�< ���N�0 �0�C�c�j�n�a�$���N�,�3 �a�3�E�3�,�j�C�R�N �8�a�R�Ld �j�Ry�-




 (1 + GK )� 1






1
�V�l�Y�S�S�W

�7�R�a �<�R�R�0 �N�R�C�c�3 �a�3�E�3�,�j�C�R�N �8�a�R�Ln �j�Ry�-




 � (1 + GK )� 1GK






1
�V�l�Y�S�l�W

�7�R�a �I�C�L�C�j�C�N�< �j�@�3 �,�R�N�j�a�R�I �3�{�R�a�j �8�a�R�Lr �j�Ru�-




 K (1 + GK )� 1






1
�V�l�Y�S�k�W

�b�R�L�3 �j�a���N�c�8�3�a �8�n�N�,�j�C�R�N�c �@���q�3 �c�j���N�0���a�0 �N���L�3�c �C�N �,�R�N�j�a�R�I �j�@�3�R�a�w�. �N���L�3�I�wS = (1 + GK )� 1�.S �C�c

�,���I�I�3�0 �j�@�3�b�3�N�c�C�j�C�q�C�j�w �8�n�N�,�j�C�R�N���N�0T = 1 � S = (1+ GK )� 1GK �. �s�@�3�a�3T �C�c �j�@�3�+�R�L�U�I�3�L�3�N�j���a�w

�c�3�N�c�C�j�C�q�C�j�w �8�n�N�,�j�C�R�N�Y



�S�4 �l�Y�:�Y �+�Q�M�i� �̀Q�H�H�2�` �/�2�b�B�;�M

H1 �+�R�N�j�a�R�I�I�3�a �/�3�c�C�<�N

�b�R�L�3 �,�R�L�L�R�N �L�3�j�@�R�0�c �R�8 ���U�U�a�R���,�@�C�N�< �j�@�3H1 �+�R�N�j�a�R�I�I�3�a �0�3�c�C�<�N ���a�3 �Q�U�3�N�A�H�R�R�U �b�@���U�C�N�<�.

�+�I�R�c�3�0�A�H�R�R�U �b�@���U�C�N�<�. �c�C�<�N���I �$���c�3�0 ���U�U�a�R���,�@ ���N�0 �N�n�L�3�a�C�,���I �R�U�j�C�L�C�y���j�C�R�N �)�S�k�*�Y �i�@�3 �~�a�c�j �j�s�R

���U�U�a�R���,�@�3�c �s�3�a�3 �R�8 �C�N�j�3�a�3�c�j ���N�0 �s�3�a�3 �3�u�U�I�R�a�3�0 �8�n�a�j�@�3�a �C�N �j�@�3 �j�@�3�c�C�c�Y �Q�U�3�N�A�H�R�R�U �b�@���U�C�N�<

�C�N�q�R�I�q�3�0 �c�@���U�C�N�< �j�@�3 �R�U�3�N �I�R�R�U �j�a���N�c�8�3�a �8�n�N�,�j�C�R�NL(s) = G(s)K (s) �j�R �j�@�3 �0�3�c�C�a�3�0 �c�@���U�3�. �c�I�R�U�3�c

���N�0 �$���N�0�s�C�0�j�@�Y �i�@�3 �+�I�R�c�3�0�A�H�R�R�U �b�@���U�C�N�< �C�N�q�R�I�q�3�0 �c�@���U�C�N�< �j�a���N�c�8�3�a �8�n�N�,�j�C�R�N�c �c�n�,�@ ���cS�.T�.

KS �. �3�j�,�Y �j�R �j�@�3 �0�3�c�C�a�3�0 �c�@���U�3�Y �i�@�C�c ���U�U�a�R���,�@ �C�c ���I�c�R �,���I�I�3�0 ���c�K�C�u�3�0 �r�3�C�<�@�j�3�0 �b�3�N�c�C�j�C�q�C�j�w �H�R�R�U

�b�@���U�C�N�<�Y �b�C�N�,�3 �j�@�3 �,�R�N�j�a�R�I�I�3�a �0�3�L���N�0�3�0 �L�n�I�j�C�U�I�3 �8�3���j�n�a�3�c �I�C�G�3 �<�R�R�0 �0�C�c�j�n�a�$���N�,�3 �a�3�E�3�,�j�C�R�N ���N�0

�c�3�j�A�U�R�C�N�j �j�a���,�G�C�N�< �V�<�R�q�3�a�N�3�0 �$�w �j�@�3S�W�. �<�R�R�0 �N�R�C�c�3 �a�3�E�3�,�j�C�R�N �V�<�R�q�3�a�N�3�0 �$�wT�W ���N�0 �I�C�L�C�j�3�0 �,�R�N�j�a�R�I

�3�{�R�a�j �V�<�R�q�3�a�N�3�0 �$�w �j�a���N�c�8�3�a �8�n�N�,�j�C�R�NKS �W �C�j �s���c �I�R�<�C�,���I �j�R �n�c�3 �j�@�3�K�C�u�3�0 �r�3�C�<�@�j�3�0 �b�3�N�c�C�j�C�q�C�j�w

�H�R�R�U �b�@���U�C�N�<���U�U�a�R���,�@ ���c �C�j �s���c ���$�I�3 �j�R �c�j���,�G ���I�I �j�@�3 �8�3���j�n�a�3�c �C�N�j�R �� �c�C�N�<�I�3 �,�R�c�j �8�n�N�,�j�C�R�N�Y �i�@�3

�,�R�c�j �8�n�N�,�j�C�R�N �,�R�n�I�0 �$�3 �C�0�3�N�j�C�~�3�0 ���c �j�@�3 �0�3�c�C�<�N �R�$�E�3�,�j�C�q�3 �R�8 �j�@�3H1 �+�R�N�j�a�R�I�I�3�a�Y �B�N �R�j�@�3�a �j�3�a�L�c�.

�j�@�3 �,�R�N�j�a�R�I�I�3�a �s���c �a�3�c�U�R�N�c�C�$�I�3 �8�R�a �L�C�N�C�L�C�y�C�N�< �j�@�3H1 �N�R�a�L �R�8 �3�\�n���j�C�R�N�l�Y�S�:�Y

Min

Kstabilizing
















(1 + GK )� 1

K (1 + GK )� 1

GK (1 + GK )� 1
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�V�l�Y�S�:�W

�+�R�N�c�C�0�3�a�C�N�< �j�@�3 �8���,�j �j�@���j �j�@�3 �,�R�N�j�a�R�I�I�3�a �@���0 �� �U�a���,�j�C�,���I ���U�U�I�C�,���j�C�R�N�. �C�j �s���c �N�3�,�3�c�c���a�w �j�R �C�N�,�I�n�0�3

�s�3�C�<�@�j�c �C�N �j�@�3 �,�R�c�j �8�n�N�,�j�C�R�N �)�k�S�*�Y �i�@�3 �s�3�C�<�@�j�c �s�3�a�3 �a�3�U�a�3�c�3�N�j�3�0 ���c�-Ws�.Wu ���N�0Wt �. �3���,�@

���c�c�R�,�C���j�3�0 �s�C�j�@ �j�@�3 �j�a���N�c�8�3�a �8�n�N�,�j�C�R�N�cS�.KS ���N�0T �a�3�c�U�3�,�j�C�q�3�I�w�Y �i�@�3 �,�R�c�j �8�n�N�,�j�C�R�N �R�8 �3�\�n���j�C�R�N

�l�Y�S�:�s�R�n�I�0 �j�@�3�N �$�3�,�R�L�3�-

Min

Kstabilizing
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1

�V�l�Y�S�9�W

�i�@�3 �s�3�C�<�@�j�c �s�3�a�3 �j�R �$�3 �c�3�I�3�,�j�3�0 �$�w �j�@�3 �0�3�c�C�<�N�3�a �R�8 �j�@�3 �,�R�N�j�a�R�I�I�3�a�Y �2���,�@ �s�3�C�<�@�j ���0�0�a�3�c�c�3�0 �,�3�a�j���C�N

�,�@���a���,�j�3�a�C�c�j�C�,�c �R�8 �j�@�3 ���c�c�R�,�C���j�3�0 �j�a���N�c�8�3�a �8�n�N�,�j�C�R�N�d �8�R�a �<�R�R�0 �0�C�c�j�n�a�$���N�,�3 �a�3�E�3�,�j�C�R�NS �N�3�3�0�3�0 �j�R �$�3

�@�C�<�@ ���j �I���a�<�3�a �8�a�3�\�n�3�N�,�C�3�c ���N�0 �a�R�I�I �R�{ ���j �c�L���I�I�3�a �8�a�3�\�n�3�N�,�C�3�c�. �c�C�L�C�I���a�I�w �8�R�a �<�R�R�0 �N�R�C�c�3 �a�3�E�3�,�j�C�R�N�.

�j�@�3T �a�3�\�n�C�a�3�0 �j�R �$�3 �@�C�<�@�3�a ���j �I�R�s�3�a �8�a�3�\�n�3�N�,�C�3�c ���N�0 �a�R�I�I �R�{ ���j �I���a�<�3�a �8�a�3�\�n�3�N�,�C�3�c �)�k�l�*�Y �i�@�3

�c�3�I�3�,�j�C�R�N �R�8 �j�@�3 ���U�U�a�R�U�a�C���j�3 �s�3�C�<�@�j�c �s�R�n�I�0 �<�R�q�3�a�N �j�@�3�c�3 �$�3�@���q�C�R�n�a�c�Y �B�j �s���c �L���N�0���j�R�a�w �j�@���j

�j�@�3 �j�a���N�c�8�3�a �8�n�N�,�j�C�R�N�c �s�3�a�3 �s�C�j�@�C�N �j�@�3 �$�R�n�N�0�c �R�8 �j�@�3 ���c�c�R�,�C���j�3�0 �s�3�C�<�@�j ���c �0�3�U�C�,�j�3�0 �C�N �~�<�n�a�3

�l�Y�:�Y�l�Y



�+�?���T�i�2�` �l�Y �#���+�F�;� �̀Q�m�M�/ �S�O

�7�C�<�n�a�3 �l�Y�:�Y�l�- �B�0�3���I �H�R�R�U �c�@���U�3 �8�R�a �b ���N�0 �i �s�C�j�@�C�N �$�R�n�N�0�c�Y

�B�N �j�@�3 �j�3�a�L�c �R�8 �j�@�3H1 �N�R�a�L�. �j�@�3 �8�R�I�I�R�s�C�N�< �a�3�I���j�C�R�N�c �s�3�a�3 �j�R �$�3 �L���C�N�j���C�N�3�0�-

kWsSk1 < 1; kWuKS k1 < 1; kWtTk1 < 1; 8w �V�l�Y�S�f�W

�B�N �R�a�0�3�a �j�R �c�R�I�q�3 �8�R�a �j�@�3 �,�R�c�j �8�n�N�,�j�C�R�N �R�8 �3�\�n���j�C�R�N�l�Y�S�9�. �j�@�3 �,�R�N�j�a�R�I�I�3�a �,�R�N�~�<�n�a���j�C�R�N �0�3�U�C�,�j�3�0

�C�N �~�<�n�a�3�l�Y�:�Y�S�s���c �a�3���a�a���N�<�3�0 �C�N�j�R �� �H�R�s�3�a �H�C�N�3���a �7�a���,�j�C�R�N���I �i�a���N�c�8�R�a�L���j�C�R�N �V�H�H�7�i�W �8�R�a�L

�c�n�C�j���$�I�3 �8�R�a �� �<�3�N�3�a���I �,�R�N�j�a�R�I �U�a�R�$�I�3�L �)�S�k�*�Y

�V���W �H�H�7�i �8�R�a�L�Y �V�$�W �;�3�N�3�a���I �,�R�N�j�a�R�I �,�R�N�~�<�n�a���j�C�R�N �3�u�U���N�0�3�0�Y

�7�C�<�n�a�3 �l�Y�:�Y�k�- �;�3�N�3�a���I �,�R�N�~�<�n�a���j�C�R�N�c

�r�@�3�a�3 ��w�� �s���c �j�@�3 �q�3�,�j�R�a �R�8 �3�u�j�3�a�N���I �C�N�U�n�j�c�. ��z�� �s���c �j�@�3 �q�3�,�j�R�a �R�8 �R�n�j�U�n�j �c�C�<�N���I �j�R �$�3 �L�C�N�C�L�C�y�3�0�.

��v�� �s���c �j�@�3 �q�3�,�j�R�a �R�8 �L�3���c�n�a�3�L�3�N�j�c ���q���C�I���$�I�3 �8�R�a �j�@�3 �,�R�N�j�a�R�I�I�3�a ��K ���. ��u�� �s���c �j�@�3 �,�R�N�j�a�R�I �c�C�<�N���I

�q�3�,�j�R�a ���N�0 ��P�� �a�3�U�a�3�c�3�N�j�3�0 �j�@�3 �<�3�N�3�a���I�C�c�3�0 �U�I���N�j�Y �i�@�3 �R�$�E�3�,�j�C�q�3 �s���c �j�R �~�N�0 �� �,�R�N�j�a�R�I�I�3�aK �s�@�C�,�@

�$���c�3�0 �R�N �j�@�3 �q�3�,�j�R�av�. �c�@���I�I �<�3�N�3�a���j�3 �� �,�R�N�j�a�R�I �c�C�<�N���Iu �s�@�C�,�@ �c�@���I�I �L�C�N�C�L�C�y�3 �j�@�3 �,�I�R�c�3�0�A�I�R�R�U

�N�R�a�L �8�a�R�Lw �j�Rz �)�S�k�*�Y

�#���c�3�0 �R�N �j�@�3 �~�<�n�a�3�l�Y�:�Y�k�. �j�@�3 �8�R�I�I�R�s�C�N�< �a�3�I���j�C�R�N �,�R�n�I�0 �$�3 �0�3�a�C�q�3�0�-



�l�z �l�Y�:�Y �+�Q�M�i� �̀Q�H�H�2�` �/�2�b�B�;�M

"
z

v

#

= P(s)

"
w

u

#

�V�l�Y�S�e�W

u = K (s)v �V�l�Y�S�4�W

�i�@�3 �0�3�U�3�N�0�3�N�,�w �R�8z �R�Nw �,�R�n�I�0 �$�3 �a�3�U�a�3�c�3�N�j�3�0 �C�N �j�@�3 �8�R�I�I�R�s�C�N�< �L���N�N�3�a�-

z = Fl (P; K )w �V�l�Y�S�O�W

�s�@�3�a�3�.

Fl (P; K ) = P11 + P12K (I � P22K )� 1P21 �V�l�Y�l�z�W

�2�\�n���j�C�R�N�l�Y�l�z�a�3�U�a�3�c�3�N�j�3�0 �j�@�3 �H�H�7�i �8�R�a�L �R�8 �<�3�N�3�a���I�C�c�3�0 �U�I���N�jP ���N�0 �,�R�N�j�a�R�I�I�3�aK �Y �i�@�3

�R�$�E�3�,�j�C�q�3 �R�8 �j�@�3H1 �+�R�N�j�a�R�I�I�3�a �s���c �j�R �~�N�0 �� �,�R�N�j�a�R�I�I�3�aK �j�R �L�C�N�C�L�C�y�3 �3�\�n���j�C�R�N�l�Y�l�z���,�,�R�a�0�C�N�<

�j�R �j�@�3H1 �N�R�a�L�Y

�l�Y�:�Y�l�T�B�/ �+�R�N�j�a�R�I�I�3�a

�i�@�3 �L�R�c�j �8�a�3�\�n�3�N�j�I�w �C�L�U�I�3�L�3�N�j�3�0 �,�R�N�j�a�R�I�I�3�a �C�N �N�n�L�3�a�R�n�c �,�R�N�j�a�R�I �c�,�@�3�L�3�c �C�c �j�@�3 �T�B�/ �+�R�N�j�a�R�I�I�3�a�.

�0�n�3 �j�R �C�j�c �c�C�L�U�I�3 �,�R�N�~�<�n�a���j�C�R�N ���N�0 �3���c�w �C�L�U�I�3�L�3�N�j���j�C�R�N �)�k�k�*�Y �b���L���0 �)�:�* �0�C�c�,�n�c�c�3�0 �@�R�s �j�@�3 �T�B�/

�+�R�N�j�a�R�I�I�3�a �@���0 �� �c�n�$�c�j���N�j�C���I �3�{�3�,�j �R�N �L�n�I�j�C�U�I�3 �c�3�,�j�R�a�c �R�8 �j�@�3 �C�N�0�n�c�j�a�w�. �@�R�s �C�j �s���c ���0�R�U�j�3�0 �$�w

�N�n�L�3�a�R�n�c �,�R�L�U���N�C�3�c ���N�0 �,�R�N�j�C�N�n�3�0 �j�R �<�a�R�s ���c �� �c�j���N�0���a�0 �U�a���,�j�C�,�3 �s�C�j�@�C�N �j�@�3 �C�N�0�n�c�j�a�w�Y �b���L���0

�a�3�8�3�a�a�3�0 �j�R �j�@�C�c �3�{�3�,�j ���c �� ���?�C�<�@�A�B�L�U���,�j �`���j�C�N�<�� ���N�0 ���s���a�0�3�0 �j�@�3 �T�B�/ �� �a���j�C�N�< �R�8 �S�z�z�X�Y

�� �T�B�/ �+�R�N�j�a�R�I�I�3�a �,�R�L�U�a�C�c�3�c �R�8 �j�@�a�3�3 ���,�j�C�R�N�c�d �j�@�3 �T�a�R�U�R�a�j�C�R�N���I �<���C�N �V�F�U�W�. �B�N�j�3�<�a���I �<���C�N �V�F�C�W ���N�0

�/�3�a�C�q���j�C�q�3 �<���C�N �V�F�0�W�Y �i�@�3 �j�@�a�3�3 ���,�j�C�R�N�c �c�n�L �j�R�<�3�j�@�3�a �j�R �8�R�a�L �� �c�C�N�<�I�3 �,�R�N�j�a�R�I �3�{�R�a�j �)�k�k�*�Y

u(t) = K pe(t) + K i

Z t

0
e(t)dt + K d

de(t)
dt

�V�l�Y�l�S�W

�i�@�3 �U�a�R�U�R�a�j�C�R�N���I ���,�j�C�R�N �C�c �n�c�3�0 �j�R �a�3�L�R�q�3 �� �I���a�<�3 ���L�R�n�N�j�c �R�8 �3�a�a�R�a�d �j�@�3 �C�N�j�3�<�a���I ���,�j�C�R�N �U�a�R�q�C�0�3�c

�� �c�C�<�N���I �U�a�R�U�R�a�j�C�R�N���I �j�R �j�@�3 �j�C�L�3 �C�N�j�3�<�a���I �R�8 �3�a�a�R�a ���N�0 �C�j���c �L���C�N �8�n�N�,�j�C�R�N �C�c �j�R �a�3�0�n�,�3 �j�@�3 �c�j�3���0�w�A

�c�j���j�3 �3�a�a�R�a �R�a �R�{�c�3�j�Y �i�@�3 �0�3�a�C�q���j�C�q�3 ���,�j�C�R�N �U�a�R�q�C�0�3�c �� �c�C�<�N���I �U�a�R�U�R�a�j�C�R�N���I �j�R �j�@�3 �0�3�a�C�q���j�C�q�3 �R�8 �j�@�3

�3�a�a�R�a�. ���N�0 �C�j���c �8�n�N�,�j�C�R�N �C�c �j�R �a�3�0�n�,�3 �L���u�C�L�n�L �R�q�3�a�c�@�R�R�j �)�k�k�*�Y



�+�?���T�i�2�` �l�Y �#���+�F�;� �̀Q�m�M�/ �l�S

�T�B�/ �+�R�N�~�<�n�a���j�C�R�N�c

�� �,�R�L�L�R�N�I�w �n�N�0�3�a�c�j�R�R�0 �,�R�N�~�<�n�a���j�C�R�N �R�8 �j�@�3 ���N�w �,�I�R�c�3�0�A�I�R�R�U �,�R�N�j�a�R�I�I�3�a �C�c �0�3�U�C�,�j�3�0 �C�N �~�<�n�a�3

�l�Y�:�Y�S�Y �r�@�3�a�3K �a�3�U�a�3�c�3�N�j�c �j�@�3 �,�R�N�j�a�R�I�I�3�a�Y �B�N �j�@�3 �,���c�3 �R�8 �T�B�/�. �j�@�3 �L�R�c�j �,�R�L�L�R�N �,�R�N�~�<�n�a���j�C�R�N

�C�c �j�@�3 �U���a���I�I�3�I �,�R�N�~�<�n�a���j�C�R�N�. ���c �0�3�U�C�,�j�3�0 �C�N �~�<�n�a�3�l�Y�:�Y�:�Y

�7�C�<�n�a�3 �l�Y�:�Y�:�- �T���a���I�I�3�I �T�B�/ �8�R�a �� �S�/�Q�7 �,�R�N�j�a�R�I�I�3�a�Y

�B�N �� �c�j���N�0���a�0 �T�B�/ �+�R�N�j�a�R�I�I�3�a�. �j�@�3 �U�a�R�U�R�a�j�C�R�N���I ���N�0 �0�3�a�C�q���j�C�q�3 ���,�j�C�R�N�c �s�R�n�I�0 �,���n�c�3 �a���U�C�0

�•�n�,�j�n���j�C�R�N�c �C�N �j�@�3 �,�R�N�j�a�R�I �c�C�<�N���I �0�n�a�C�N�< �c�3�j�A�U�R�C�N�j �,�@���N�<�3�c�Y �i�@�3�c�3 �a���U�C�0 �,�@���N�<�3�c�. �G�N�R�s�N ���c

�U�a�R�U�R�a�j�C�R�N���I ���N�0 �0�3�a�C�q���j�C�q�3 �G�C�,�G �3�{�3�,�j�c�. �,�R�n�I�0 �U�I���,�3 �n�N�0�n�3 �c�j�a�3�c�c �R�N �j�@�3 �~�N���I �,�R�N�j�a�R�I �3�I�3�L�3�N�j

�R�a �U�R�j�3�N�j�C���I�I�w �0�C�c�a�n�U�j �j�@�3 �U�a�R�,�3�c�c�Y �#�C�N�<�C �3�j ���I�Y �)�k�:�* �0�C�c�,�n�c�c�3�c �j�@���j �� �l�/�Q�7 �,�R�N�~�<�n�a���j�C�R�N �R�8 �j�@�3

�T�B�/ �+�R�N�j�a�R�I�I�3�a �,�R�n�I�0 �U�R�j�3�N�j�C���I�I�w ���q�R�C�0 �c�n�,�@ �G�C�,�G �3�{�3�,�j�c�Y �� �l�/�Q�7 �T�B�/ �+�R�N�j�a�R�I�I�3�a �,�R�n�I�0 �$�3

�,�R�N�c�C�0�3�a�3�0 ���c �� �,�R�L�$�C�N���j�C�R�N �R�8 �j�s�R �T�B�/ �+�R�N�j�a�R�I�I�3�a�c�d �R�N�3 �8�R�a �3�I�C�L�C�N���j�C�N�< �0�C�c�j�n�a�$���N�,�3�c ���N�0 �R�j�@�3�a

�j�R �a�3�c�U�R�N�0 �j�R �,�@���N�<�3�c �C�N �j�@�3 �c�3�j�A�U�R�C�N�j �C�N �j�@�3 �8�R�a�L �R�8 �� �,�I�R�c�3�0�A�I�R�R�U �)�k�:�*�Y

�7�C�<�n�a�3 �l�Y�:�Y�9�- �l�/�Q�7 �,�R�N�~�<�n�a���j�C�R�N �8�R�a �T�B�/ �,�R�N�j�a�R�I�I�3�a �8�R�a �C�N�0�n�c�j�a�C���I ���U�U�I�C�,���j�C�R�N�c �)�k�:�*�Y

�b�n�,�@ �� �,�R�N�~�<�n�a���j�C�R�N �s���c �$�3�N�3�~�,�C���I �8�R�a �j�@�3 �j�@�3�c�C�c ���c �j�@�3 �c�3�U���a���j�3 �,�R�N�j�a�R�I �R�q�3�a �0�C�c�j�n�a�$���N�,�3�c ���N�0

�c�3�j�A�U�R�C�N�j �,�@���N�<�3�c �s���c �N�3�3�0�3�0 �j�R �U�a�R�q�3 �j�@�3 �q���I�C�0�C�j�w �0�3�c�,�a�C�$�3�0 �C�N �,�@���U�j�3�a�S�Y �B�j �s�R�n�I�0 ���I�c�R �8�R�a�L

�� �<�R�R�0 �$���c�C�c �8�R�a �,�R�L�U���a�C�c�R�N ���<���C�N�c�j �j�@�3H1 �+�R�N�j�a�R�I�I�3�a �s�@�C�,�@ �C�c �a�3�N�R�s�N�3�0 �8�R�a �,�R�L�U�3�N�c���j�C�N�<

�n�N�G�N�R�s�N �0�C�c�j�n�a�$���N�,�3�c �C�N �j�@�3 �c�w�c�j�3�L ���I�R�N�< �s�C�j�@ �U�a�R�q�C�0�C�N�< �� �c�j���$�I�3 �U�3�a�8�R�a�L���N�,�3�Y



�l�l �l�Y�:�Y �+�Q�M�i� �̀Q�H�H�2�` �/�2�b�B�;�M

�7�C�<�n�a�3 �l�Y�:�Y�f�- �� �l�/�Q�7 �,�R�N�~�<�n�a���j�C�R�N �8�R�a �T�B�/ �+�R�N�j�a�R�I�I�3�a ���0���U�j�3�0 �8�R�a �j�@�3 �j�@�3�c�C�c�Y

�7�R�a �j�@�3 �,�R�N�q�3�N�C�3�N�,�3 �R�8 �s�R�a�G�C�N�<�. �j�@�3 �,�R�N�~�<�n�a���j�C�R�N �L�3�N�j�C�R�N�3�0 �C�N �~�<�n�a�3�l�Y�:�Y�9�s���c �L�R�0�C�~�3�0 �j�R

�j�@���j �R�8 �~�<�n�a�3�l�Y�:�Y�f�Y �i�@�3 �,�R�N�j�a�R�I�I�3�a�c �s�3�a�3 �a�3�N���L�3�0 ���N�0 �a�3���a�a���N�<�3�0 �j�R �$�3 �n�N�0�3�a�c�j�R�R�0 �L�R�a�3 �3���c�C�I�w�Y

Gp(s) �a�3�U�a�3�c�3�N�j�3�0 �j�@�3 �U�I���N�j �L�R�0�3�I�.Gf f (s) �j�@�3 �8�3�3�0�A�8�R�a�s���a�0 �,�R�N�j�a�R�I�I�3�a �j�a���N�c�8�3�a �8�n�N�,�j�C�R�N ���N�0

Gc(s) �j�@�3 �8�3�3�0�$���,�G �,�R�N�j�a�R�I�I�3�a �j�a���N�c�8�3�a �8�n�N�,�j�C�R�N�Y

�B�N�j�3�<�a���I �s�C�N�0�A�n�U

�i�@�3 �2�H �,���c�3 �0�C�c�,�n�c�c�3�0 �c�C�L�n�I���j�C�N�< �� �,�R�N�0�C�j�C�R�N �s�@�3�a�3 �j�@�3 ���,�j�n���j�R�a �s���c ���j �C�j�c �I�C�L�C�j �R�8130N �. �c�n�,�@

�� �,�R�N�0�C�j�C�R�N �,�R�n�I�0 �U�R�j�3�N�j�C���I�I�w �$�a�3���G �j�@�3 �8�3�3�0�$���,�G �I�R�R�U ���c �j�@�3 ���,�j�n���j�R�a �s�R�n�I�0 �,�R�N�j�C�N�n�3 �j�R �$�3 ���j �j�@���j

�U�R�c�C�j�C�R�N �C�N�0�3�U�3�N�0�3�N�j �R�8 �j�@�3 �,�R�N�j�a�R�I �c�C�<�N���I�Y �B�8 ���N �C�N�j�3�<�a���j�C�N�< ���,�j�C�R�N �s���c �n�c�3�0 �C�N �c�n�,�@ �� �c�,�3�N���a�C�R�.

�j�@�3 �C�N�j�3�<�a���I �3�a�a�R�a �s�R�n�I�0 �,�R�N�j�C�N�n�3 �j�R ���0�0 �n�U �R�a ���s�C�N�0�A�n�U���Y �i�@�C�c �s�R�n�I�0 �I�3���0 �j�R �c���j�n�a���j�C�R�N �R�8 �,�R�N�j�a�R�I

�c�C�<�N���I �8�R�a �3�u�j�3�N�0�3�0 �U�3�a�C�R�0 �R�8 �j�C�L�3 �I�3���0�C�N�< �j�R �n�N�0�3�c�C�a�3�0 �R�q�3�a�c�@�R�R�j �R�8 �j�@�3 ���,�j�n���j�R�a �)�k�9�*�Y

�Q�N�3 �U�R�c�c�C�$�I�3 �s���w �j�R �,�R�n�N�j�3�a �j�@�3 �C�N�j�3�<�a���I �s�C�N�0�A�n�U �C�c�c�n�3 �s���c ���0�0�a�3�c�c�3�0 �$�w �¶�c�j�a�Ñ�L ���N�0 �?�¡�<�<�I�n�N�0

�)�k�9�*�Y �i�@�3 �L�3�j�@�R�0 �s���c �,���I�I�3�0 ���$���,�G �,���I�,�n�I���j�C�R�N ���N�0 �j�a���,�G�C�N�<�� ���N�0 �C�j �C�N�q�R�I�q�3�0 �a�3�,���I�,�n�I���j�C�N�< �j�@�3

�C�N�j�3�<�a���I �j�3�a�L �s�@�3�N �j�@�3 �R�n�j�U�n�j �s���c �c���j�n�a���j�3�0�Y

�7�C�<�n�a�3 �l�Y�:�Y�e�- �#���,�G �,���I�,�n�I���j�C�R�N �L�3�j�@�R�0 �c�n�<�<�3�c�j�3�0 �$�w �)�k�9�*�Y

�i�@�3 �c�C�<�N���IeS �s�R�n�I�0 �$�3 �y�3�a�R �s�@�3�N �N�R �c���j�n�a���j�C�R�N �R�,�,�n�a�a�3�0�. �@�R�s�3�q�3�aes �s�R�n�I�0 ���j�j���C�N �� �N�R�N�A�y�3�a�R

�q���I�n�3 �C�N �,���c�3 �c���j�n�a���j�C�R�N �R�,�,�n�a�a�3�0�Y �i�@�3�a�3 �s�R�n�I�0 �$�3 �� �N�3�s �8�3�3�0�$���,�G �I�R�R�U ���a�R�n�N�0 �j�@�3 �C�N�j�3�<�a���I

�3�I�3�L�3�N�j�. �j�@�C�c �8�3�3�0�$���,�G �I�R�R�U �s�R�n�I�0 �0�a�C�q�3 �j�@�3 �R�n�j�U�n�j �R�8 �j�@�3 �C�N�j�3�<�a���j�R�a �c�n�,�@ �j�@���j �j�@�3 �C�N�U�n�j �j�R �C�j �s���c

�y�3�a�R�Y �i�@�3 �C�N�U�n�j �j�R �j�@�3 �C�N�j�3�<�a���j�R�a �s�R�n�I�0 �$�3�-



�+�?���T�i�2�` �l�Y �#���+�F�;� �̀Q�m�M�/ �l�k

1
Tt

es +
K
Ti

e = 0 �V�l�Y�l�l�W

�2�\�n���j�C�R�N�l�Y�l�l�,�R�n�I�0 ���I�c�R �$�3 �a�3���a�a���N�<�3�0 ���c�-

es = �
KT t

Ti
e �V�l�Y�l�k�W

�7�a�R�L �j�@�3 �~�<�n�a�3�l�Y�:�Y�e�. �j�@�3 �8�R�I�I�R�s�C�N�< �a�3�I���j�C�R�N �,�R�n�I�0 �$�3 �0�3�a�C�q�3�0�-

es = u � v �V�l�Y�l�:�W

�2�\�n���j�C�R�N�l�Y�l�:�. ���I�R�N�< �s�C�j�@ �3�\�n���j�C�R�N�l�Y�l�k�,�R�n�I�0 �8�n�a�j�@�3�a �$�3 �a�3�U�a�3�c�3�N�j�3�0 ���c �8�R�I�I�R�s�c�-

v = ulim +
KT t

Ti
e �V�l�Y�l�9�W

�b�C�N�,�3ulim �. �j�@�3 �c���j�n�a���j�C�R�N �I�C�L�C�j ���N�0e�. �j�@�3 �3�a�a�R�a �@���0 �j�@�3 �c���L�3 �c�C�<�N�. �j�@�3 �,�R�N�j�a�R�I �c�C�<�N���Iv �s�R�n�I�0

���I�s���w�c �$�3 �<�a�3���j�3�a �j�@���Nulim �Y �i�@�C�c �s�R�n�I�0 �U�a�3�q�3�N�j �j�@�3 �C�N�j�3�<�a���j�R�a �8�a�R�L �s�C�N�0�C�N�< �n�U �)�k�9�*�Y ���N

���U�U�a�R�U�a�C���j�3 �q���I�n�3 �R�8 �j�@�3 �<���C�N1/ Tt �s���c �j�R �$�3 �,�@�R�c�3�N �j�R ���,�@�C�3�q�3 �j�@�3 �0�3�c�C�a�3�0 �U�3�a�8�R�a�L���N�,�3�Y

�7�C�<�n�a�3�l�Y�:�Y�e�0�C�c�U�I���w�3�0 �� �,�R�N�~�<�n�a���j�C�R�N �R�8 �� �c�j���N�0���a�0 �U���a���I�I�3�I �T�B�/ �+�R�N�j�a�R�I�I�3�a�. �@�R�s�3�q�3�a �c�C�N�,�3 �j�@�3

�j�@�3�c�C�c �n�j�C�I�C�c�3�0 �� �l�/�Q�7 �,�R�N�~�<�n�a���j�C�R�N�. �j�@�3 �,�R�N�j�a�R�I ���a�,�@�C�j�3�,�j�n�a�3 �s���c �a�3���a�a���N�<�3�0 �C�N �j�@�3 �8�R�I�I�R�s�C�N�<

�L���N�N�3�a�-

�7�C�<�n�a�3 �l�Y�:�Y�4�- �l�/�Q�7 �,�R�N�j�a�R�I�I�3�a �s�C�j�@ �$���,�G �,���I�,�n�I���j�C�R�N�Y

�7�a�R�L �j�@�3 �~�<�n�a�3�l�Y�:�Y�f�. �j�@�3 �,�R�N�j�a�R�I �I���s �,�R�n�I�0 �$�3 �s�a�C�j�j�3�N ���c �j�@�3 �8�R�I�I�R�s�C�N�<�-

u = Gf f (s)r � Gc(s)y =
T(s)
R(s)

r �
S(s)
R(s)

y �V�l�Y�l�f�W

�i�@�3 �n�j�C�I�C�c���j�C�R�N �R�8 �$���,�G �,���I�,�n�I���j�C�R�N �L�3�j�@�R�0 �a�3�\�n�C�a�3�0 �c�3�U���a���j�C�N�< �j�@�3 �C�N�j�3�<�a���I ���,�j�C�R�N �8�a�R�L �j�@�3 �a�3�c�j
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�R�8 �j�@�3 �j�a���N�c�8�3�a �8�n�N�,�j�C�R�N �s�@�C�,�@ �,�R�n�I�0 �$�3 �s�a�C�j�j�3�N ���c �8�R�I�I�R�s�c�-
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�B�N �j�@�3 ���a�,�@�C�j�3�,�j�n�a�3 �0�C�c�U�I���w�3�0 �C�N �~�<�n�a�3�l�Y�:�Y�4�j�@�3 �j�3�a�LT f / Rf �a�3�U�a�3�c�3�N�j�c �j�@�3 �8�3�3�0�A�8�R�a�s���a�0

�,�R�N�j�a�R�I�I�3�a �j�a���N�c�8�3�a �8�n�N�,�j�C�R�N �s�@�C�I�3 �j�@�3 �j�3�a�LIf r �c�C�L�U�I�w �a�3�U�a�3�c�3�N�j�c �j�@�3 �C�N�j�3�<�a���I �U���a�j �R�8 �j�@�3

�,�R�N�j�a�R�I�I�3�a�Y �B�N �� �c�C�L�C�I���a �8���c�@�C�R�N�. �j�@�3 �j�3�a�LSf / Rf �a�3�U�a�3�c�3�N�j�c �j�@�3 �8�3�3�0�$���,�G �,�R�N�j�a�R�I�I�3�a ���N�0 �j�@�3

�j�3�a�LIfy �C�c ���c�c�R�,�C���j�3�0 �s�C�j�@ �j�@�3 �C�N�j�3�<�a���I �U���a�j�Y �i�@�3 �<���C�NK �oant �c�3�a�q�3�c ���N �C�0�3�N�j�C�,���I �U�n�a�U�R�c�3 �j�R

�j�@���j �R�8 �j�@�3 �<���C�N1/ Tt �8�a�R�L �~�<�n�a�3�l�Y�:�Y�e�Y

�T�B�/ �+�R�N�j�a�R�I�I�3�a �i�n�N�C�N�< �K�3�j�@�R�0�c

�7�R�a �j�@�3 �T�B�/ �+�R�N�j�a�R�I�I�3�a �j�R �s�R�a�G ���c �0�3�c�C�a�3�0�. �C�j �C�c �L���N�0���j�R�a�w �8�R�a �C�j�c �U���a���L�3�j�3�a�c �V�F�U�. �F�C�. �F�0�. �3�j�,�Y�W

�j�R �@���q�3 �U�a�R�U�3�a �q���I�n�3�c�Y �i�@�3�a�3 �3�u�C�c�j �L�n�I�j�C�U�I�3 �L�3�j�@�R�0�c �j�R �0�3�a�C�q�3 �j�@�3 �L�3�N�j�C�R�N�3�0 �U���a���L�3�j�3�a�c�. �� �8�3�s

�R�8 �j�@�3�L ���a�3 �,�I���c�c�C�,���I �x�C�3�<�I�3�a�A�M�C�,�@�R�I�c �L�3�j�@�R�0�c�. �H�R�R�U �b�@���U�C�N�<�. ���N���I�w�j�C�,���I �i�n�N�C�N�< �L�3�j�@�R�0�c ���N�0

�T�R�I�3 �T�I���,�3�L�3�N�j �)�k�9�*�Y �Q�N�3 �L�3�j�@�R�0 �j�@���j �c�j�R�R�0 �R�n�j �s���c �j�@�3 �U�R�I�3 �U�I���,�3�L�3�N�j �L�3�j�@�R�0�c �s�@�C�,�@ �s���c

�c�C�L�U�I�w ���N ���j�j�3�L�U�j �j�R �C�0�3�N�j�C�8�w �� �,�R�N�j�a�R�I�I�3�a �j�@�a�R�n�<�@ �j�@�3 ���U�U�a�R�U�a�C���j�3 �,�I�R�c�3�0�A�I�R�R�U �U�R�I�3�c�Y �b�C�N�,�3 �j�@�3

�L�R�0�3�I�c �0�3�a�C�q�3�0 �8�a�R�L �j�@�3 �#�R�u�A�D�3�N�G�C�N�c �L�3�j�@�R�0 �R�8 �c�w�c�j�3�L �C�0�3�N�j�C�~�,���j�C�R�N �s�3�a�3 �3�u�U�3�,�j�3�0 �j�R �$�3 �3�C�j�@�3�a

�~�a�c�j �R�a �c�3�,�R�N�0 �R�a�0�3�a �L�R�0�3�I�c�. �C�j �s�R�n�I�0 �$�3 �,�R�N�q�3�N�C�3�N�j �j�R �n�c�3 �j�@�3 �U�R�I�3 �U�I���,�3�L�3�N�j �L�3�j�@�R�0 ���c �C�j �s���c

�L�3���N�j �3�u�,�I�n�c�C�q�3�I�w �8�R�a �I�R�s�3�a �R�a�0�3�a �L�R�0�3�I�c�Y

�`�3�8�3�a�a�C�N�< �j�R �~�<�n�a�3�l�Y�:�Y�f�. �j�@�3 �,�I�R�c�3�0�A�I�R�R�U �j�a���N�c�8�3�a �8�n�N�,�j�C�R�N �8�a�R�Lr �j�Ry �,�R�n�I�0 �$�3 �s�a�C�j�j�3�N ���c�-

G(s) =
Gf f (s)Gp(s)

1 + Gc(s)Gp(s)
�V�l�Y�l�O�W

�i�@�3 �U�R�I�3�c �j�R �$�3 �0�3�j�3�a�L�C�N�3�0 �s�3�a�3 �$���c�3�0 �R�N �j�@�3 ���,�@���a���,�j�3�a�C�c�j�C�, �3�\�n���j�C�R�N���-

1 + Gc(s)Gp(s) = 0 �V�l�Y�k�z�W

�2�\�n���j�C�R�N�l�Y�k�z�s�R�n�I�0 �,�R�N�j���C�N �� �U�a�3�0�3�j�3�a�L�C�N�3�0 �,�R�N�j�a�R�I�I�3�aGc(s) �s�@�C�,�@ �,�R�n�I�0 �$�3 �T�B �R�a �T�B�/

�R�a ���N�w �R�j�@�3�a �,�R�N�~�<�n�a���j�C�R�N �s�@�R�c�3 �U���a���L�3�j�3�a�c �N�3�3�0�3�0 �j�R �$�3 �0�3�,�C�0�3�0�Y �i�@�3�c�3 �U���a���L�3�j�3�a�c �s�3�a�3

�,���I�,�n�I���j�3�0 �$�w �3�\�n���j�C�N�< �j�@�3 �,�@���a���,�j�3�a�C�c�j�C�, �3�\�n���j�C�R�N�l�Y�k�z�j�R ���N �3�\�n���j�C�R�N �,�@���a���,�j�3�a�C�c�3�0 �$�w �a�3�I���j�C�q�3

�0���L�U�C�N�< �V� �W ���N�0 �7�a�3�\�n�3�N�,�w �Vwi �W�Y �i�@�3 �U�R�I�3�c �j�R �$�3 �U�I���,�3�0 �s�3�a�3 �3�c�c�3�N�j�C���I�I�w �j�@�3 �q���I�n�3�c �R�8� ���N�0
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wi �a�3�c�U�3�,�j�C�q�3�I�w�Y

�l�Y�:�Y�k�T�a�3�q�C�R�n�c �`�3�c�3���a�,�@ �R�N �+�R�N�j�a�R�I�I�3�a �/�3�c�C�<�N �8�R�a �2�I�3�,�j�a�R�L�3�,�@���N�C�,���I

���,�j�n���j�R�a�c

�i�@�3�a�3 �3�u�C�c�j�c �U�I�3�N�j�w �G�N�R�s�I�3�0�<�3 ���$�R�n�j �j�@�3 �0�3�q�3�I�R�U�L�3�N�j �R�8 �,�R�N�j�a�R�I�I�3�a�c �8�R�a �I�C�N�3���a ���N�0 �a�R�j���a�w

�3�I�3�,�j�a�R�L�3�,�@���N�C�,���I ���,�j�n���j�R�a�c ���I�R�N�< �s�C�j�@ �c�C�L�C�I���a �H�i�B �c�w�c�j�3�L�c�Y �i�@�3 �0�C�c�,�n�c�c�3�0 �a�3�c�3���a�,�@�3�c �U�a�R�q�C�0�3�0

�C�N�c�C�<�@�j �C�N�j�R �,�R�N�j�a�R�I�I�3�a �0�3�q�3�I�R�U�L�3�N�j �j�R ���,�@�C�3�q�3 �3�u�3�L�U�I���a�w �c�3�j �U�R�C�N�j �j�a���,�G�C�N�<�. �c�3�N�c�R�a �N�R�C�c�3�.

�L�R�0�3�I�I�C�N�< �n�N�,�3�a�j���C�N�j�C�3�c�. ���N�0 �3�u�j�3�a�N���I �0�C�c�j�n�a�$���N�,�3�c�Y

�`�n�U�N�C�3�s�c�G�C �)�l�l�* �c�n�,�,�3�c�c�8�n�I�I�w �0�3�L�R�N�c�j�a���j�3�0 �j�@�3 �n�c�3 �R�8 �� �T�B �+�R�N�j�a�R�I�I�3�a �s�C�j�@ �� �8�3�3�0�$���,�G ���N�0 �8�3�3�0�A

�8�R�a�s���a�0 �,�R�N�~�<�n�a���j�C�R�N �j�R �,�R�N�j�a�R�I ���N �3�I�3�,�j�a�R�L�3�,�@���N�C�,���I �N�R�N�A�,�R�L�L�n�j���j�3�0 �/�+ �I�C�N�3���a ���,�j�n���j�R�a�Y

�`�n�U�N�C�3�s�c�G�C �n�c�3�c �j�@�3 �c�C�L�C�I���a �T�B �+�R�N�j�a�R�I�I�3�a �s�C�j�@ �c�I�C�<�@�j �L�R�0�C�~�,���j�C�R�N�c �j�R ���I�c�R �,�R�N�j�a�R�I �� �/�+ �L�R�j�R�a

���N�0 �$���I�I�A�c�,�a�3�s �$���c�3�0 �I�C�N�3���a ���,�j�n���j�R�a�Y �#�R�j�@ �j�@�3 �,�R�N�j�a�R�I �c�j�a���j�3�<�C�3�c �C�N�q�R�I�q�3�0 �q�R�I�j���<�3 ���c ���N �C�N�U�n�j

���N�0 �j�@�3 ���,�j�n���j�R�a �8�R�a�,�3 ���c ���N �R�n�j�U�n�j�Y �`�n�U�N�C�3�s�c�G�C �0�C�c�,�n�c�c�3�0 �j�@���j �j�@�3 �,�R�N�j�a�R�I�I�3�a �U�3�a�8�R�a�L�3�0 �$�3�j�j�3�a

���j �@�C�<�@�3�a �I�R���0�c�Y �?�R�s�3�q�3�a�. �0�3�c�U�C�j�3 �j�@�3 �q���I�n�3 �R�8 �j�@�3 �I�R���0�. �j�@�3 �,�R�N�j�a�R�I�I�3�a �,�R�n�I�0 �N�R�j �,�R�L�U�I�3�j�3�I�w

�3�I�C�L�C�N���j�3 �j�@�3 �3�u�j�3�a�N���I �0�C�c�j�n�a�$���N�,�3�c �C�N�j�a�R�0�n�,�3�0 �C�N�j�R �j�@�3 �c�w�c�j�3�L�Y �� �<�R�R�0 �c�j�3���0�w �c�j���j�3 �c�C�<�N���I

�s���c �N�R�j ���,�@�C�3�q�3�0 ���j �j�@�3 �R�n�j�U�n�j ���N�0 �j�@�3 �K�3���N �b�\�n���a�3 �2�a�a�R�a �V�K�b�2�W �q���I�n�3�c �a�3�L���C�N�3�0 �@�C�<�@ ���N�0

�n�N�0�3�c�C�a���$�I�3�Y

���N ���j�j�3�L�U�j �s���c �L���0�3 �$�w �+���I�L�C�N�0�3�a ���N�0 �t�n �)�S�* �j�R �,�R�N�j�a�R�I �j�@�3 �R�n�j�U�n�j �8�R�a�,�3 �R�8 ���N

�3�I�3�,�j�a�R�L�3�,�@���N�C�,���I �N�R�N�A�,�R�L�L�n�j���j�3�0 �/�+ �I�C�N�3���a ���,�j�n���j�R�a�Y �+���I�L�C�N�0�3�a ���N�0 �t�n �3�L�U�I�R�w�3�0 ��

�T�B �,�R�N�j�a�R�I�I�3�a �s�C�j�@ �L�R�0�3�I �8�R�I�I�R�s�C�N�< �R�N �j�@�3 �8�3�3�0�A�8�R�a�s���a�0 �,�R�N�~�<�n�a���j�C�R�N ���N�0 �,�R�L�U���a�3�0 �C�j�c

�U�3�a�8�R�a�L���N�,�3 ���<���C�N�c�j �� �T�B�/ �+�R�N�j�a�R�I�I�3�a�Y �i�@�3 ���n�j�@�R�a�c �0�C�c�,�n�c�c�3�0 �j�@���j �n�U�R�N �C�N�j�a�R�0�n�,�C�N�< �3�a�a�R�a�c �C�N

�j�@�3 �c�w�c�j�3�L�. �j�@�3 �T�B �+�R�N�j�a�R�I�I�3�a �s�C�j�@ �L�R�0�3�I �8�R�I�I�R�s�C�N�< �c�C�<�N�C�~�,���N�j�I�w �C�L�U�a�R�q�3�0 �j�@�3 �c�3�j�A�U�R�C�N�j �j�a���,�G�C�N�<

�R�8 �j�@�3 �R�n�j�U�n�j �q���a�C���$�I�3 ���c ���<���C�N�c�j �j�@�3 �T�B�/ �+�R�N�j�a�R�I�I�3�a�Y

�x�C���0 �`���@�3�3�L ���N�0 �K���I�L�c�j�a�Ñ�L �)�k�* �c�n�,�,�3�c�c�8�n�I�I�w �C�I�I�n�c�j�a���j�3�0 ���N ���U�U�I�C�,���j�C�R�N �R�8 �� �K�T�+ �+�R�N�j�a�R�I�I�3�a

�j�R �,�R�N�j�a�R�I ���N �3�I�3�,�j�a�R�L�3�,�@���N�C�,���I �N�R�N�A�,�R�L�L�n�j���j�3�0 �/�+ �I�C�N�3���a ���,�j�n���j�R�a ���c �s�3�I�I�Y �i�@�3 �a�3�c�3���a�,�@

�3�u���L�C�N�3�0 �j�@�3 �a�C�c�3 �j�C�L�3�. �R�q�3�a�c�@�R�R�j �U�3�a�,�3�N�j���<�3 ���N�0 �j�@�3 �`�K�b�2 �q���I�n�3�c �R�8 �j�@�3 �R�n�j�U�n�j �c�C�<�N���I�Y

���N ���j�j�3�L�U�j �s���c �L���0�3 �j�R �,�R�N�j�a�R�I �j�@�3 �R�n�j�U�n�j �8�R�a�,�3 �R�8 �j�@�3 ���,�j�n���j�R�a �C�N �j�@�3 �U�a�3�c�3�N�,�3 �R�8 �N�R�C�c�3

���N�0 �0�C�c�j�n�a�$���N�,�3�c�Y �x�C���0 �`���@�3�3�L ���N�0 �K���I�L�c�j�a�Ñ�L �0�C�c�,�n�c�c�3�0 �j�@���j �K�T�+ �+�R�N�j�a�R�I�I�3�a �8�n�a�N�C�c�@�3�0

�n�N���,�,�3�U�j���$�I�3 �`�K�b�2 ���N�0 �R�q�3�a�c�@�R�R�j �q���I�n�3�c �s�@�3�N �,�R�L�U���a�3�0 ���<���C�N�c�j �j�@�3 �U�3�a�8�R�a�L���N�,�3 �R�8 �� �T�B

�+�R�N�j�a�R�I�I�3�a�Y

�i���@�L���c�3�$�C �3�j ���I�Y �)�S�f�* �@�C�<�@�I�C�<�@�j�3�0 �j�@�3 �n�c�3 �R�8 �a�R�$�n�c�j �,�R�N�j�a�R�I �j�3�,�@�N�C�\�n�3�c �I�C�G�3 �j�@�3H1 �+�R�N�j�a�R�I�I�3�a �j�R

�,�R�N�j�a�R�I ���N �3�I�3�,�j�a�R�L�3�,�@���N�C�,���I �I�C�N�3���a ���,�j�n���j�R�a�Y �i���@�L���c�3�$�C �3�j ���I�Y �0�3�q�3�I�R�U�3�0 �� �L�R�0�3�I �8�R�a �j�@�3 ���,�j�n���j�R�a

�C�N�q�R�I�q�C�N�< �j�@�3 �U���a���L�3�j�a�C�, �n�N�,�3�a�j���C�N�j�w �R�8 �j�@�3 �0�w�N���L�C�,�c �R�8 �j�@�3 �c�w�c�j�3�L ���N�0 ���a�<�n�3�0 �j�@���j �� �a�R�$�n�c�j
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�@���q�3 ���I�a�3���0�w �0�3�c�,�a�C�$�3�0 �j�@�3 �L���j�@�3�L���j�C�,���I �8�R�a�L �R�8 �j�@�3 �#�R�u�A�D�3�N�G�C�N�c �L�R�0�3�I�Y �7�n�a�j�@�3�a�. �c�3�I�3�,�j�C�N�< �j�@�3

���U�U�a�R�U�a�C���j�3 �R�a�0�3�a�c �8�R�anb�.nc�.nf �.nd ���N�0nk �s���c �,�a�n�,�C���I �j�R ���,�,�n�a���j�3�I�w �0�3�c�,�a�C�$�3 �j�@�3 �L�R�0�3�I�Y �i�@�3

�R�U�3�N �I�R�R�U �c�j�3�U �a�3�c�U�R�N�c�3 �c�@�R�s�N �C�N �~�<�n�a�3�k�Y�l�Y�k�c�@�R�s�3�0 �� �0�3�I���w �R�8 �S �c���L�U�I�3 �$�3�j�s�3�3�N �C�N�U�n�j ���N�0

�R�n�j�U�n�j�Y �i�@�n�cnk = 1�Y

�7�C�<�n�a�3 �k�Y�l�Y�k�- �Q�U�3�N �H�R�R�U �c�j�3�U �a�3�c�U�R�N�c�3 �R�8 �j�@�3 �I�C�N�3���a ���,�j�n���j�R�a�Y

�i�@�3 �c�j�3�U �a�3�c�U�R�N�c�3 �C�N�0�C�,���j�3�0 �j�@���j �j�@�3 �L�R�0�3�I �,�R�n�I�0 �$�3 �3�C�j�@�3�a �� �~�a�c�j �R�a�0�3�a �L�R�0�3�I �R�a �� �@�C�<�@�I�w �0���L�U�3�0

�c�3�,�R�N�0 �R�a�0�3�a �L�R�0�3�I�Y �i�@�n�c�. �j�@�3 �R�a�0�3�a �j�R �$�3 �,�@�R�c�3�N �8�R�anb ���N�0nf �s���c �8���C�a�I�w �c�C�L�U�I�3�Y �i�@�3 �R�a�0�3�a�c

�R�8nc ���N�0nd �s�3�a�3 �C�j�3�a���j�3�0 ���N�0 �j�@�3 �U�3�a�,�3�N�j���<�3 �R�8 �~�j �j�R �j�@�3 ���,�j�n���I �a�3�,�R�a�0�3�0 �0���j�� �s���c �3�u���L�C�N�3�0

���,�,�R�a�0�C�N�<�I�w�Y �K�R�0�3�I�S�. �R�a �j�@�3 �U�I���N�j �L�R�0�3�I �0�3�q�3�I�R�U�3�0 �$�w �x�C���0 �`���@�3�3�L ���N�0 �K���I�L�c�j�a�Ñ�L �)�k�* �s���c



�k�z �k�Y�l�Y �/�2�p�2�H�Q�T�K�2�M�i �Q�7 �i�?�2 �K�Q�/�2�H �7�Q�` �i�?�2 �H�B�M�2���` ���+�i�m���i�Q�`

�a�3�U�a�3�c�3�N�j�3�0 �$�w �3�\�n���j�C�R�N�k�Y�S���N�0 �s�R�n�I�0 �$�3 �a�3�8�3�a�a�3�0 ���cGp�Y

Model1 = Gp =
5:76

0:0007s + 1
�V�k�Y�S�W

�V���W �+�R�L�U���a�C�c�R�N �R�8 �q���a�C�R�n�c �L�R�0�3�I�c �s�C�j�@ �3�c�j�C�L���j�C�R�N �0���j���Y�V�$�W �+�I�R�c�3�a �q�C�3�s �R�8 �j�@�3 �L�R�0�3�I�c�� �~�j�Y

�7�C�<�n�a�3 �k�Y�l�Y�:�- �+�R�L�U���a�C�c�R�N �s�C�j�@ �0���j�� �n�c�3�0 �j�R �3�c�j�C�L���j�3 �j�@�3 �L�R�0�3�I�c�Y

�K�n�I�j�C�U�I�3 �N�3�s �#�R�u�A�D�3�N�G�C�N�c �L�R�0�3�I�c �s�3�a�3 �0�3�q�3�I�R�U�3�0 ���N�0 �j�@�3 �U�3�a�,�3�N�j���<�3 �R�8 �~�j �s���c �3�u���L�C�N�3�0�. �L�R�a�3

�C�N�8�R�a�L���j�C�R�N �,���N �$�3 �8�R�n�N�0 �C�N ���U�U�3�N�0�C�u�� �Y �i�@�3 ���q���I�C�0���j�C�R�N �0���j���� �c�@�R�s�N �C�N �~�<�n�a�3�k�Y�l�Y�:�s���c �C�N �8���,�j

�j�@�3 ���3�c�j�C�L���j�C�R�N �0���j�����d �n�c�3�0 �j�R �0�3�a�C�q�3 �j�@�3 �L�R�0�3�I ���N�0 �j�@�3 ���q���I�C�0���j�C�R�N �0���j���� �8�a�R�L �~�<�n�a�3�k�Y�l�Y�9�s���c

�j�@�3 �0���j�� �n�c�3�0 �j�R �c�R�I�3�I�w �,�@�3�,�G �j�@�3 �U�3�a�,�3�N�j���<�3 �R�8 �~�j �R�8 �j�@�3 �L�R�0�3�I�Y �i�@�3 �@�C�<�@�3�a �j�@�3 �U�3�a�,�3�N�j���<�3 �R�8

�~�j�. �j�@�3 �$�3�j�j�3�a �j�@�3 �L�R�0�3�I�Y �+�I�3���a�I�w�. �j�@�3 �L�R�0�3�Ibj11221�V�N�R�L�3�N�,�I���j�n�a�3 �3�u�U�I���C�N�3�0 �C�N ���U�U�3�N�0�C�u�� �W

�@���0 �� �c�C�<�N�C�~�,���N�j�I�w �$�3�j�j�3�a �U�3�a�,�3�N�j���<�3 �R�8 �~�j �,�R�L�U���a�3�0 �j�R �R�j�@�3�a �L�R�0�3�I�c ���N�0 �3�c�U�3�,�C���I�I�wGp�Y �i�@�3

�,�R�N�j�C�N�n�R�n�c �j�a���N�c�8�3�a �8�n�N�,�j�C�R�N �a�3�U�a�3�c�3�N�j�C�N�< �j�@�3 �0�w�N���L�C�, �L�R�0�3�I �R�8bj11221�C�c �U�a�R�q�C�0�3�0 �C�N �3�\�n���j�C�R�N

�k�Y�l�Y

G(s)bj 11221 =
11:85s + 4:766� 105

s2 + 675:9s + 7:652� 104
�V�k�Y�l�W



�+�?���T�i�2�` �k�Y �K�2�i�?�Q�/�Q�H�Q�;�v �k�S

�V���W �+�R�L�U���a�C�c�R�N �R�8 �q���a�C�R�n�c �L�R�0�3�I�c �s�C�j�@ �q���I�C�0���j�C�R�N �0���j���Y�V�$�W �+�I�R�c�3�a �q�C�3�s �R�8 �j�@�3 �L�R�0�3�I�c�� �~�j�Y

�7�C�<�n�a�3 �k�Y�l�Y�9�- �+�R�L�U���a�C�c�R�N �s�C�j�@ �0���j�� �a�3�c�3�a�q�3�0 �8�R�a �q���I�C�0���j�C�N�< �j�@�3 �L�R�0�3�I�c�Y

�i�@�3 �\�n���I�C�j�w �R�8 �j�@�3 �0�3�a�C�q�3�0 �L�R�0�3�I �,�R�n�I�0 �$�3 �E�n�0�<�3�0 �s�C�j�@ �j�@�3 �@�3�I�U �R�8 �� �a�3�c�C�0�n���I ���N���I�w�c�C�c�Y �i�@�3G(s)

�<�C�q�3�N �$�w �3�\�n���j�C�R�N�l�Y�k�0�3�c�,�a�C�$�3�0 �j�@�3 �L�R�0�3�I �0�w�N���L�C�,�c ���N�0H (s) �<�C�q�3�N �$�w �3�\�n���j�C�R�N�l�Y�9�0�3�c�,�a�C�$�3�0

�j�@�3 �0�C�c�j�n�a�$���N�,�3 �0�w�N���L�C�,�c�. �R�a �C�8 �j�@�3 �0�C�c�j�n�a�$���N�,�3 �,�R�n�I�0 �$�3 �,���j�3�<�R�a�C�c�3�0 ���c �� ���s�@�C�j�3 �N�R�C�c�3�� �)�k�O�*�Y

�� �<�R�R�0 �0�w�N���L�C�, �L�R�0�3�I �s�R�n�I�0 �I�C�3 �s�C�j�@�C�N �j�@�3 �,�R�N�~�0�3�N�,�3 �a�3�<�C�R�N�. �0�3�~�N�3�0 ���c �,�a�R�c�c�A�,�R�a�a�3�I���j�C�R�N

�R�a ���t�+�R�a�a���Y �b�C�L�C�I���a�I�w�. �� �<�R�R�0 �0�C�c�j�n�a�$���N�,�3 �L�R�0�3�I �s�R�n�I�0 ���I�c�R �I�C�3 �C�N�c�C�0�3 �j�@�3 �,�R�N�~�0�3�N�,�3 �a�3�<�C�R�N�.

�0�3�~�N�3�0 ���c ���n�j�R�A�,�R�a�a�3�I���j�C�R�N �R�a �����n�j�R�+�R�a�a�� �)�f�* �)�k�O�*�Y �7�C�<�n�a�3�k�Y�l�Y�f�0�C�c�U�I���w�3�0 �j�@�3 �a�3�c�C�0�n���I ���N���I�w�c�C�c

�R�8 �j�@�3 �L�R�c�j ���,�,�n�a���j�3 �L�R�0�3�I �0�3�q�3�I�R�U�3�0�dbj11221���N�0bj11121�Y �i�@�3 �,�a�R�c�c�A�,�R�a�a�3�I���j�C�R�N �R�8bj11221

�$���a�3�I�w �I�C�3�0 �C�N�c�C�0�3 �j�@�3 �,�R�N�~�0�3�N�,�3 �a�3�<�C�R�N �R�n�j �R�8 ���I�I �j�@�3 �L�R�0�3�I�c �0�3�q�3�I�R�U�3�0�Y �i�@�n�c�. �C�j �s���c �,�R�N�c�C�0�3�a�3�0

�j�@�3 �L�R�c�j ���,�,�n�a���j�3 �L�R�0�3�I�Y �?�R�s�3�q�3�a�. �j�@�3 ���n�j�R�A�,�R�a�a�3�I���j�C�R�N �8���C�I�3�0 �j�R �I�C�3 �C�N�c�C�0�3 �j�@�3 �,�R�N�~�0�3�N�,�3 �a�3�<�C�R�N

�L���G�C�N�< �j�@�3 �0�C�c�j�n�a�$���N�,�3 �L�R�0�3�I �I�3�c�c �a�3�I�C���$�I�3�Y

�7�C�<�n�a�3 �k�Y�l�Y�f�- �`�3�c�C�0�n���I ���N���I�w�c�C�c �R�8 �L�R�0�3�I�c�Y

�i�@�3bj11221�L�R�0�3�I �s���c �� �c�n�U�3�a�C�R�a �L�R�0�3�I ���N�0 �j�@�n�c �s���c �U�a�R�L�R�j�3�0 �j�R �K�R�0�3�I�l�. �j�R�A�$�3 �n�c�3�0 �8�R�a



�k�l �k�Y�l�Y �/�2�p�2�H�Q�T�K�2�M�i �Q�7 �i�?�2 �K�Q�/�2�H �7�Q�` �i�?�2 �H�B�M�2���` ���+�i�m���i�Q�`

�8�n�a�j�@�3�a �0�3�q�3�I�R�U�L�3�N�j�Y �?�R�s�3�q�3�a�. �j�@�3 �j�a���N�c�8�3�a �8�n�N�,�j�C�R�N �R�8G(s)bj 11221�. �U�a�R�q�C�0�3�0 �C�N �3�\�n���j�C�R�N�k�Y�l�.

�,�R�N�j���C�N�3�0 �� �L���c�c�C�q�3zero���j40225rad/ s�Y �+�R�L�U���a���j�C�q�3�I�w�. �j�@�3poles�s�3�a�3 ���j �� �L�n�,�@ �I�R�s�3�a �q���I�n�3

�R�8532rad/ s ���N�0143:8rad/ s �a�3�c�U�3�,�j�C�q�3�I�w�. ���c �R�$�c�3�a�q�3�0 �C�N �j�@�3 �U�R�I�3�c�A�y�3�a�R�c �U�I�R�j�k�Y�l�Y�e�Y �b�n�,�@ ��

�@�n�<�3 �q���I�n�3 �s�R�n�I�0 �N�R�j �,�R�N�j�a�C�$�n�j�3 �c�C�<�N�C�~�,���N�j�I�w �j�R �j�@�3 �0�w�N���L�C�,�c �R�8 �j�@�3 �c�w�c�j�3�L ���N�0 �j�@�3zero �s���c

�3�I�C�L�C�N���j�3�0 �s�@�C�I�3 �G�3�3�U�C�N�< �j�@�3 �c�j�3���0�w�A�c�j���j�3 �a�3�c�U�R�N�c�3 �,�R�N�c�j���N�j�Y

�7�C�<�n�a�3 �k�Y�l�Y�e�- �T�R�I�3�c ���N�0 �x�3�a�R�c �R�8 �j�@�3 �$�E�S�S�l�l�S �L�R�0�3�I�Y

�i�@�3 �N�3�s �j�a���N�c�8�3�a �8�n�N�,�j�C�R�N �s���c �a�3�8�3�a�a�3�0 ���cG(s)bj 11221mod ���N�0 �s���c �a�3�U�a�3�c�3�N�j�3�0 �$�w �3�\�n���j�C�R�N�k�Y�k�Y

�i�@�3 �3�\�n���j�C�R�N �s�R�n�I�0 �$�3 �,�R�N�c�C�0�3�a�3�0 ���c �K�R�0�3�I�l �8�R�a �j�@�3 �a�3�c�j �R�8 �j�@�3 �j�@�3�c�C�c�Y

Model2 = G(s)bj 11221mod =
4:766� 105

s2 + 675:9s + 7:652� 104
�V�k�Y�k�W

�� �c�w�c�j�3�L���j�C�, �q���I�C�0���j�C�R�N �s���c �L���0�3 �$�3�j�s�3�3�Nbj11221���N�0bj11221mod �j�R �,�R�N�~�a�L �j�@���j �j�@�3 �I���j�3�a

�s���c �~�j �j�R �a�3�U�a�3�c�3�N�j ���N �3�I�3�,�j�a�R�L�3�,�@���N�C�,���I �N�R�N�A�,�R�L�L�n�j���j�3�0 �/�+ �I�C�N�3���a ���,�j�n���j�R�a�Y �7�C�<�n�a�3�k�Y�l�Y�4��

�C�N�0�C�,���j�3�0 �� �N�3���a �c�C�L�C�I���a �c�j�3�U �a�3�c�U�R�N�c�3 �8�R�a �$�R�j�@bj11221���N�0bj11221mod�Y �i�@�3 �U�R�I�3�c �8�R�a �j�@�3

�j�a���N�c�8�3�a �8�n�N�,�j�C�R�N �a�3�U�a�3�c�3�N�j�3�0 �$�w �3�\�n���j�C�R�N�k�Y�k�3�u�U�a�3�c�c�3�0 �C�N �j�@�3 �~�<�n�a�3�k�Y�l�Y�4�$�s�3�a�3 �c�j���$�I�3�Y



�+�?���T�i�2�` �k�Y �K�2�i�?�Q�/�Q�H�Q�;�v �k�k

�V���W �b�j�3�U �a�3�c�U�R�N�c�3 �,�R�L�U���a�C�c�R�N �$�3�j�s�3�3�N �L�R�0�3�I�c�Y�V�$�W �T�R�I�3�c �R�8 �$�E�S�S�l�l�S�L�R�0

�7�C�<�n�a�3 �k�Y�l�Y�4�- �b�w�c�j�3�L���j�C�, �q���I�C�0���j�C�R�N �R�8 �L�R�0�3�I�c

�V���W �#�R�0�3 �U�I�R�j �,�R�L�U���a�C�c�R�N �$�3�j�s�3�3�N �L�R�0�3�I�c�Y
�V�$�W �+�R�L�U���a�C�c�R�N �$�3�j�s�3�3�N �~�j �R�8 �j�@�3 �$�E�S�S�l�l�S ���N�0 �L�R�0�C�~�3�0
�$�E�S�S�l�l�S �L�R�0�3�I�c�Y

�7�C�<�n�a�3 �k�Y�l�Y�O�- �b�w�c�j�3�L���j�C�, �q���I�C�0���j�C�R�N �R�8 �L�R�0�3�I�c

�i�@�3 �$�R�0�3 �U�I�R�j �8�a�R�L �~�<�n�a�3�k�Y�l�Y�O�����N�0 �j�@�3 �U�3�a�,�3�N�j���<�3 �R�8 �~�j �,�R�L�U���a�C�c�R�N �8�a�R�L �~�<�n�a�3�k�Y�l�Y�O�$���I�c�R

�c�@�R�s�3�0 �c�C�L�C�I���a�C�j�C�3�c�Y �i�@�3 �3�{�R�a�j�c �U�a�R�q�3�0bj11221mod �j�R �$�3 �,�R�L�U���a���$�I�3 �j�R �j�@�3 �R�a�C�<�C�N���Ibj11221

�L�R�0�3�I�Y �i�@�n�c�. �j�@�3 �0�w�N���L�C�, �L�R�0�3�I �8�R�a ���N �3�I�3�,�j�a�R�L�3�,�@���N�C�,���I �N�R�N�A�,�R�L�L�n�j���j�3�0 �/�+ �I�C�N�3���a ���,�j�n���j�R�a

�s���c �� �c�3�,�R�N�0 �R�a�0�3�a �j�a���N�c�8�3�a �8�n�N�,�j�C�R�N�Y



�k�: �k�Y�k�Y �/�2�p�2�H�Q�T�K�2�M�i �Q�7H1 �+�Q�M�i� �̀Q�H�H�2�`

�k�Y�k�/�3�q�3�I�R�U�L�3�N�j �R�8H1 �+�R�N�j�a�R�I�I�3�a

�i�@�3 �K�R�0�3�I�l �0�3�q�3�I�R�U�3�0 �8�a�R�L �j�@�3 �U�a�3�q�C�R�n�c �c�3�,�j�C�R�N �s���c �a�3�N���L�3�0 ���c ��Gp�onew�� ���N�0 �K�R�0�3�I�S ���c

��Gp�oold�� �8�R�a �j�@�3 �c���G�3 �R�8 �n�N�C�8�R�a�L�C�j�w �0�n�a�C�N�< �0�3�q�3�I�R�U�L�3�N�j�Y

Model2 = Gp�onew =
4:766� 105

s2 + 675:9s + 7:652� 104
�V�k�Y�:�W

Model1 = Gp�oold =
5:76

0:0007s + 1
�V�k�Y�9�W

�i�@�3 �$�R�0�3 �U�I�R�j �8�a�R�L �~�<�n�a�3�k�Y�k�Y�S�C�N�0�C�,���j�3�0 �$�R�j�@ �j�@�3 �L�R�0�3�I�c �j�R �$�3 �c�j���$�I�3�. �@�R�s�3�q�3�aGp�onew �@���0

�� �j�C�<�@�j�3�a �I�C�L�C�j �R�N �j�@�3 �$���N�0�s�C�0�j�@ �s�@�C�,�@ �s���c �C�0�3���I �8�R�a �j�@�3 �0�3�q�3�I�R�U�L�3�N�j �R�8 ��H1 �+�R�N�j�a�R�I�I�3�a ���c �C�j

�c�C�<�N�C�~�,���N�j�I�w �0�3�U�3�N�0�3�0 �R�N �$���N�0�s�C�0�j�@ �8�a�3�\�n�3�N�,�C�3�c�Y

�7�C�<�n�a�3 �k�Y�k�Y�S�- �#�R�0�3 �U�I�R�j �,�R�L�U���a�C�c�R�N �R�8 �,�R�N�c�C�0�3�a�3�0 �L�R�0�3�I�c�Y

�m�N�0�3�a�c�j���N�0�C�N�< �j�@�3 �,�I�R�c�3�0�A�I�R�R�U �$�3�@���q�C�R�n�a �R�8Gp�onew �s���c �3�c�c�3�N�j�C���I�Y �i�@�3 �,�I�R�c�3�0�A�I�R�R�U �#�R�0�3

�U�I�R�j �U�a�R�q�C�0�3�0 �C�N�c�C�<�@�j �C�N�j�R �j�@�3 �c�w�c�j�3�L���c �$���N�0�s�C�0�j�@�. �s�@�C�,�@ �0�3�~�N�3�c �j�@�3 �R�U�3�a���j�C�R�N���I �8�a�3�\�n�3�N�,�w

�a���N�<�3 �s�@�3�a�3 �j�@�3 �,�R�N�j�a�R�I �a�3�L���C�N�c �3�{�3�,�j�C�q�3 �)�S�k�*�Y ���c �c�@�R�s�N �C�N �7�C�<�n�a�3�k�Y�k�Y�l�. �j�@�3 �$���N�0�s�C�0�j�@ �s���c

�0�3�j�3�a�L�C�N�3�0 �j�R �$�3982:3rad/ s�Y



�+�?���T�i�2�` �k�Y �K�2�i�?�Q�/�Q�H�Q�;�v �k�9

�7�C�<�n�a�3 �k�Y�k�Y�l�- �� �,�I�R�c�3�0 �I�R�R�U �#�R�0�3 �U�I�R�j �R�8 �j�@�3 �U�I���N�j �L�R�0�3�I�Y

�+�@���U�j�3�a�l �0�C�c�,�n�c�c�3�0 �j�@�3 �n�c�3 �R�8�K�C�u�3�0 �r�3�C�<�@�j�3�0 �b�3�N�c�C�j�C�q�C�j�w �H�R�R�U �b�@���U�C�N�<�j�R �0�3�c�C�<�N �j�@�3H1

�+�R�N�j�a�R�I�I�3�a ���N�0 �U���a�j�C�,�n�I���a�I�w �j�@�3 �n�c�3 �R�8 �j�@�3 �s�3�C�<�@�j�cWs; Wu ���N�0Wt�Y �i�@�3 �s�3�C�<�@�j�c �<�R�q�3�a�N�3�0 �j�@�3

�$�3�@���q�C�R�n�a �R�8 �j�@�3 �,�R�N�j�a�R�I�I�3�a�. ���c �0�3�~�N�3�0 �C�N �2�\�n���j�C�R�N�c�l�Y�S�:���N�0�l�Y�S�9�Y �;�R�R�0 �c�3�j�A�U�R�C�N�j �j�a���,�G�C�N�< ���N�0

�0�C�c�j�n�a�$���N�,�3 �a�3�E�3�,�j�C�R�N �s�3�a�3 �c�C�<�N�C�~�,���N�j�I�w ���{�3�,�j�3�0 ���j �I�R�s�3�a �8�a�3�\�n�3�N�,�C�3�c�. ���N�0 �j�@�n�c �j�@�3�b�3�N�c�C�j�C�q�C�j�w

�7�n�N�,�j�C�R�NS �@���0 �� �I�R�s�3�a �q���I�n�3 ���j �I�R�s�3�a �8�a�3�\�n�3�N�,�C�3�c�Y �H�C�G�3�s�C�c�3�. �N�R�C�c�3 �@���0 �� �j�3�N�0�3�N�,�w �j�R �$�3

�C�N�j�a�R�0�n�,�3�0 ���j �@�C�<�@�3�a �R�U�3�a���j�C�N�< �8�a�3�\�n�3�N�,�C�3�c ���N�0 �j�@�n�c �j�@�3�+�R�L�U�I�3�L�3�N�j���a�w �b�3�N�c�C�j�C�q�C�j�w �7�n�N�,�j�C�R�N

T �@���0 �� �I�R�s�3�a �q���I�n�3 �q���I�n�3 ���j �@�C�<�@�3�a �8�a�3�\�n�3�N�,�C�3�c�Y

�i�@�3 �s�3�C�<�@�jWs �s���c �3�u�U�a�3�c�c�3�0 ���c �� �~�a�c�j�A�R�a�0�3�a �j�a���N�c�8�3�a �8�n�N�,�j�C�R�N ���c �0�3�c�,�a�C�$�3�0 �$�w �2�\�n���j�C�R�N�k�Y�f�Y

�i�@�3 �0�3�c�C�<�N�3�0 �s�3�C�<�@�j �s���c �a�3�U�a�3�c�3�N�j�3�0 �$�w �2�\�n���j�C�R�N�k�Y�e�)�S�k�*�Y

Ws(s) =
s

M + wbs

s + wbsA
�V�k�Y�f�W

Ws(s) =
0:5s + 40
s + 0:004

�V�k�Y�e�W

�b�C�L�C�I���a�I�w�. �Q�I�R�R�L�C ���N�0 �b�@���8���C �)�:�z�* �0�C�c�,�n�c�c�3�0 �� �a�3�U�a�3�c�3�N�j���j�C�R�N �R�8 �j�@�3 �s�3�C�<�@�jWt ���c �3�u�U�a�3�c�c�3�0 �C�N

�2�\�n���j�C�R�N�k�Y�4���N�0 �j�@�3 �0�3�c�C�<�N�3�0 �s�3�C�<�@�j �s���c �<�C�q�3�N �$�w �2�\�n���j�C�R�N�k�Y�O�Y

Wt (s) =
s

wbt
+ 1

M
As
wbt

+ 1
�V�k�Y�4�W

Wt (s) =
0:007143s + 0:5
7:143e � 07s + 1

�V�k�Y�O�W



�k�f �k�Y�k�Y �/�2�p�2�H�Q�T�K�2�M�i �Q�7H1 �+�Q�M�i� �̀Q�H�H�2�`

���N �C�N�j�n�C�j�C�q�3 ���U�U�a�R���,�@ �s���c ���0�R�U�j�3�0 �j�R �0�3�c�C�<�N �j�@�3 �s�3�C�<�@�jWu �. �s�C�j�@ �C�j�c �j�a���N�c�8�3�a �8�n�N�,�j�C�R�N �$�3�C�N�<

�c�j�a�R�N�<�I�w �C�N�•�n�3�N�,�3�0 �$�w �j�@�3 ���,�j�n���j�R�a���c �$���N�0�s�C�0�j�@ �)�:�S�*�Y �i�@�3 �s�3�C�<�@�j �C�c �a�3�U�a�3�c�3�N�j�3�0 �$�w �2�\�n���j�C�R�N

�k�Y�S�z�. �s�@�C�I�3 �j�@�3 �0�3�c�C�<�N�3�0 �s�3�C�<�@�j �C�c �c�U�3�,�C�~�3�0 �C�N �2�\�n���j�C�R�N�k�Y�S�S�Y

Wu(s) =
rmax

umax

s + wba10� 4

s + wba
�V�k�Y�S�z�W

Wu(s) =
5:417s + 0:05319

s + 982
�V�k�Y�S�S�W

�i�@�3 �0�3�c�C�<�N �R�8 �j�@�3 �s�3�C�<�@�j�c�k�Y�e�.�k�Y�O���N�0�k�Y�S�S�s���c �8�n�a�j�@�3�a �3�I���$�R�a���j�3�0 �C�N ���U�U�3�N�0�C�u�#���N�0 �a�3�U�a�3�c�3�N�j�3�0

�C�N �j�@�3 �~�<�n�a�3�k�Y�k�Y�k���Y

�V���W �/�3�c�C�<�N�3�0 �r�3�C�<�@�j�c �8�R�a �j�@�3 �,�R�N�j�a�R�I�I�3�a�Y�V�$�W �/�3�c�C�<�N�3�0 �r�3�C�<�@�j�c �C�N �j�@�3 �a�3�I�3�q���N�j �,�R�N�j�a�R�I �$���N�0�s�C�0�j�@�Y

�7�C�<�n�a�3 �k�Y�k�Y�k�- �r�3�C�<�@�j�c

�� �c�j���$�C�I�C�y�C�N�< �,�R�N�j�a�R�I�I�3�a �s���c �0�3�q�3�I�R�U�3�0 �n�c�C�N�< �j�@�3�K�C�u�3�0 �r�3�C�<�@�j�3�0 �b�3�N�c�C�j�C�q�C�j�w �H�R�R�U �b�@���U�C�N�<

�L�3�j�@�R�0 �8�R�a �3�\�n���j�C�R�N�l�Y�l�z�Y ���c �j�@�3 �N���L�3 �c�n�<�<�3�c�j�c�. �j�@�3 ���H�R�R�U�c�� �R�a �j�@�3�b�3�N�c�C�j�C�q�C�j�w �7�n�N�,�j�C�R�NS

���N�0�+�R�L�U�I�3�L�3�N�j���a�w �b�3�N�c�C�j�C�q�C�j�w �7�n�N�,�j�C�R�NT �L�n�c�j �I�C�3 �s�C�j�@�C�N �j�@�3 �$�R�n�N�0�c �<�C�q�3�N �$�w �j�@�3 �s�3�C�<�@�j�c �8�R�a

�j�@�3 �,�R�N�j�a�R�I�I�3�a �j�R �$�3 �c�j���$�I�3�Y �i�@�3 �I�R�R�U �c�@���U�C�N�< �a�3�c�n�I�j�c �8�R�a �j�@�3 �0�3�q�3�I�R�U�3�0 �,�R�N�j�a�R�I�I�3�a ���a�3 �a�3�U�a�3�c�3�N�j�3�0

�C�N �7�C�<�n�a�3�k�Y�k�Y�:���Y



�+�?���T�i�2�` �k�Y �K�2�i�?�Q�/�Q�H�Q�;�v �k�e

�V���W �H�R�R�U �b�@���U�C�N�< �R�8 �j�@�3S ���N�0T �j�a���N�c�8�3�a �8�n�N�,�j�C�R�N�c�Y
�V�$�W �H�R�R�U �b�@���U�C�N�< �R�8 �j�@�3S ���N�0T �j�a���N�c�8�3�a �8�n�N�,�j�C�R�N�c �C�N �j�@�3
�a�3�I�3�q���N�j �,�R�N�j�a�R�I �$���N�0�s�C�0�j�@�Y

�7�C�<�n�a�3 �k�Y�k�Y�:�- �H�R�R�U �b�@���U�C�N�<

�i�@�3�b�3�N�c�C�j�C�q�C�j�w �7�n�N�,�j�C�R�NS ���N�0�+�R�L�U�I�3�L�3�N�j���a�w �b�3�N�c�C�j�C�q�C�j�w �7�n�N�,�j�C�R�NT �8�R�I�I�R�s�3�0 �j�@�3 �0�3�c�C�a�3�0

�c�@���U�3�Y ���,�,�R�a�0�C�N�<�I�w�. �j�@�3 �,�R�N�j�a�R�I�I�3�a �s���c �0�3�3�L�3�0 �C�0�3���I �8�R�a ���U�U�I�C�,���j�C�R�N�Y �b�G�R�<�3�c�j���0 �)�S�k�* �0�C�c�,�n�c�c�3�0

�j�@���j �� �U�a���,�j�C�,���I �,�R�N�j�a�R�I�I�3�a �L�n�c�j �c���j�C�c�8�w �j�@�3 �$���N�0�s�C�0�j�@ �a�3�\�n�C�a�3�L�3�N�j�c�. ���c �c�j���j�3�0 �$�w �3�\�n���j�C�R�N

�k�Y�S�l�Y �i�@�3 �8�a�3�\�n�3�N�,�wwbs �a�3�U�a�3�c�3�N�j�3�0 �j�@�3 �$���N�0�s�C�0�j�@ �8�R�a �j�@�3�b�3�N�c�C�j�C�q�C�j�w �7�n�N�,�j�C�R�N�. �c�C�L�C�I���a�I�w�.wbt

�a�3�U�a�3�c�3�N�j�3�0 �j�@�3 �$���N�0�s�C�0�j�@ �8�R�a �j�@�3�+�R�L�U�I�3�L�3�N�j���a�w �b�3�N�c�C�j�C�q�C�j�w �7�n�N�,�j�C�R�N���N�0wc �c�3�a�q�3�0 ���c �j�@�3

�,�I�R�c�3�0�A�I�R�R�U �,�a�R�c�c �R�q�3�a �8�a�3�\�n�3�N�,�w �R�8 �j�@�3 �,�R�N�j�a�R�I�I�3�aK (s) ���N�0 �j�@�3 �U�I���N�jG(s)�Y

wbs < w c < w bt �V�k�Y�S�l�W

�i�@�3 �~�<�n�a�3�k�Y�k�Y�9�C�N�0�C�,���j�3�0 �j�@���jwc �s���c67:76rad/ s �s�@�C�,�@ �I�C�3�c �$�3�j�s�3�3�N40rad/ s ���N�0140rad/ s�.

�j�@�3 �$���N�0�s�C�0�j�@ �q���I�n�3�c �R�8wbs ���N�0wbt �a�3�c�U�3�,�j�C�q�3�I�w�Y

�7�C�<�n�a�3 �k�Y�k�Y�9�- �+�I�R�c�3�0 �I�R�R�U �#�R�0�3 �U�I�R�j �R�8 �j�@�3 �,�R�N�j�a�R�I�I�3�a ���N�0 �U�I���N�j�Y



�k�4 �k�Y�:�Y �/�2�p�2�H�Q�T�K�2�M�i �Q�7 �T�B�/ �+�Q�M�i� �̀Q�H�H�2�`

�i�@�3 �K�B�H �c�C�L�n�I���j�C�R�N �3�N�q�C�a�R�N�L�3�N�j �s���c �0�3�q�3�I�R�U�3�0 �C�N�b�C�L�n�I�C�N�G�. �� �c�j���N�0���a�0 �,�I�R�c�3�0�A�I�R�R�U �,�R�N�j�a�R�I�I�3�a

���a�,�@�C�j�3�,�j�n�a�3 ���c �U�3�a �j�@�3 �~�<�n�a�3�l�Y�:�Y�S�Y �7�C�<�n�a�3�k�Y�k�Y�f�a�3�U�a�3�c�3�N�j�3�0 �j�@�3 ���,�j�n���I �,�R�0�3 �n�c�3�0 �j�R �a�n�N �j�@�3

�j�3�c�j�c�Y

�7�C�<�n�a�3 �k�Y�k�Y�f�- �b�C�L�n�I���j�C�R�N �R�8 �j�@�3H1 �+�R�N�j�a�R�I�I�3�a ���N�0 �U�I���N�j �C�N �b�C�L�n�I�C�N�G�Y

�k�Y�:�/�3�q�3�I�R�U�L�3�N�j �R�8 �T�B�/ �+�R�N�j�a�R�I�I�3�a

�7�C�<�n�a�3�l�Y�:�Y�4�0�C�c�,�n�c�c�3�0 �j�@�3 ���a�,�@�C�j�3�,�j�n�a�3 �R�8 �j�@�3 �T�B�/ �+�R�N�j�a�R�I�I�3�a ���0�R�U�j�3�0 �C�N �j�@�3 �j�@�3�c�C�c�Y �7�R�a

�,�R�N�q�3�N�C�3�N�,�3�. �j�@�3 �U�I���N�j �L�R�0�3�IGp(s)�. �j�@�3 �8�3�3�0�$���,�G �,�R�N�j�a�R�I�I�3�aGc(s) ���N�0 �j�@�3 �8�3�3�0�A�8�R�a�s���a�0

�,�R�N�j�a�R�I�I�3�aGf f (s) �s�3�a�3 �a�3�U�a�3�c�3�N�j�3�0 ���c �U�3�a �3�\�n���j�C�R�N�c�k�Y�S�k�.�k�Y�S�:���N�0�k�Y�S�9�a�3�c�U�3�,�j�C�q�3�I�w�Y

Gp(s) =
4:766� 105

s2 + 675:9s + 7:652� 104
=

b
s2 + as + c

=
B(s)
A(s)

�V�k�Y�S�k�W

�b�3�,�j�C�R�N�l�Y�:�Y�l�L�3�N�j�C�R�N�3�0 �j�@�3 �N�3�3�0 �8�R�a �� �U�a�3�0�3�j�3�a�L�C�N�3�0 �,�R�N�j�a�R�I�I�3�a �$�3�8�R�a�3 �U�a�R�,�3�3�0�C�N�< �s�C�j�@
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T (s) = t0A0(s) (3.24)

Gyr(s) =
B(s)T (s)

Acl(s)
=

B(s)t0A0(s)

Am(s)A0(s)
=

B(s)t0

Am(s)
(3.25)

To have a zero steady-state error, the condition described by equation 3.26 needed to be met.
Treating that condition to be true, the value of t0 was derived through the operations given by
equation 3.27.

Gyr(0) = 1 (3.26)

Gyr(0) =
B(0)t0

Am(0)
= 1 (3.27)

t0 =
Am(0)

B(0)
=

!2
1

b
(3.28)

From equations 3.28, 3.24 and 3.15 the feed-forward transfer function was constructed, refer to
equation 3.29.

Gff (s) =

!2
1

b
(s2 + 2�2!2 + !2

2)

s(s + r0)
(3.29)

The controllers were re-organised to accommodate the back calculation method for avoiding
integral wind-up, displayed by equations 3.30 and 3.31 respectively.

Gc(s) =
Kds + Kp � Ki/r0

s + r0| {z }
Sf
Rf

+
Ki/r0

s| {z }
Ify

s

(3.30)

Gff (s) =
t0s + 2t0�2!2 � t0!2

2/r0

s + r0| {z }
Tf
Rf

+
t0!2

2/r0

s| {z }
Ifr

s

(3.31)

The poles were chosen based on iterations that provided the desired response from the controller,
the final values chosen were listed in the Table 3.4.1.
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Pole Value
�1 0.9
�2 0.9
!1 200
!2 200

Table 3.4.1: Chosen value of the poles.

Accordingly, the controller parameters had the following values, as depicted in table 3.4.2.

Parameter Value
Kp 53.353
Ki 3357.1
Kd 0.217
r0 44.065

Table 3.4.2: Values of PID Controller parameters

The MIL simulation was performed in according to the architecture from figure 2.4.8.
Refer to figure 3.4.1.

Figure 3.4.1: Simulation of the PID Controller and plant in Simulink.
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The tests were conducted in accordance with the internal validity criteria outlined in the first
chapter. Eight test groups were identified for the MIL simulations, as summarized in Table
3.5.1.

1 H1 NL ND
2 H1 NL HD
3 H1 EL ND
4 H1 EL HD
5 PID NL ND
6 PID NL HD
7 PID EL ND
8 PID EL HD

Table 3.5.1: Test groups for the MIL simulations.

Chapter 1 elaborated on the test cases; where Normal Load (NL) signified a load of 70N and
Extreme Load (EL) signified a load of 130N . The High Disturbance (HD) case introduced
disturbance in the simulation as a band-limited white noise signal with variance of 0:1(N2) and
a sampling time of 0:01 seconds. The white noise signal was seeded using a random number
generator that ensured the signal would be unique for every simulation run. The No Disturbance
(ND) case essentially introduced a disturbance signal of variance 0(N2). Every test group was
run a total of times. The total simulation period was 2 seconds and the load was introduced
in the MIL simulation as a to the controller at 1 second of the simulation period.
Information regarding the rise time, the overshoot percentage and the steady-state error was
captured from the simulation. The three performance metrics were defined as follows:

The amount of time in needed for the plant’s output signal to rise from
10% to 90% of the reference signal’s value [12].

The percentage by which the peak of the plant’s output signal exceeded
the reference signal [12]. Refer to Equation 3.32.

Overshoot =
ypeak � yref

yref

� 100 (3.32)

The difference between the plant’s actual output signal and the desired
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output signal after the settling time has passed. This was quantified using the MSE approach
[12], refer to Equation 3.33.

MSE =
1

n

nX
i=1

(ydesired � yactual)
2 (3.33)

The controllers discussed in the previous section were designed to satisfy certain performance
requirements prescribed by Atlas Copco Group. The rise time and settling time were quantified
before hand, the acceptable limit for the overshoot was decided to be 20% [13]. The MSE was
calculated only after 100ms were passed after introducing the set-point change. This was done
assuming that the output signal must have settled by then or at least the signal was expected
to be settled. Thus, the MSE of the signal was calculated from the simulation period, between
1:1 seconds and 2 seconds.

The reference signal (step input), the actual plant output signal and the simulation time signal
were logged to the workspace from the environment for processing and
calculating the metrics. The necessary signals for every test group described in the table 3.5.1
were stored as a under the respective test group.

Ranganathan [42] discussed that if multiple groups with unpaired data are to be compared the
ANOVA is a correct analytical technique. Analysis of Variance (ANOVA) is a tool to understand
the differences in the means of multiple groups by comparing the variances rather than the
means themselves [43]. Chapter 1 introduced the purpose and the definition of the Three-way
ANOVA.

The procedure for performing the Three-way ANOVA was inspired from the LAERD stastistcs
guide [9] and was performed in IBM SPSS Statistics software. The basic conditions
for executing a Three-way ANOVA is to have a single continuous dependent variable,
three independent factors each with two or more categorical independent groups and have
independence of observations between the groups. The basic requirements met by the data,
were simply followed by three more critical conditions. The critical conditions were tested
using the IBM SPSS Statistics software.

The first condition was to check for outliers in the value of the dependent variable. Any
unusually large or small value of the dependent variable could have a negative impact on the
Three-way ANOVA. The outliers were detected by observing box-plots for the various cases.
The second critical condition was to examine whether the data was distributed normally, since
normal distribution of the data forms the backbone of any statistical analysis [44]. The test of
normality was checked by performing a Shapiro-Wilk’s test in the IBM SPSS Statistics software.
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The test was recommended by LAERD statistics guide [9] since the sample size of the data
was less than 50 samples. The third test was to check for homogeneity in the variance of the
dependent variable in all combinations of the groups of the independent variables. Levene’s
test of homogeneity was used to asses the same.

The IBM SPSS Statistic software used the GLM Univariate procedure to perform a Three-
way ANOVA with a significance level of 0:05 [9]. The goal was to asses whether a three-way
interaction was present within the independent variables for the given dependent variable. The
mean-line graph and the test of between-subjects effect were used to report whether a three-way
interaction was evident.



The response of the system to step-input based set point changes were presented in this
section. The figures 4.1.1 and 4.1.2 were the first out of the five planned tests for each of
the eight test cases. The response of the H1 Controller and the PID Controller pertaining to a
common test group were plotted in one figure to help visualize the difference between the two
controllers.

The figures 4.1.1a and 4.1.1b displayed the results of the NL case.

(a) Step response for NL and ND case. (b) Step response for NL and HD case.

Figure 4.1.1: Step response for NL cases.

Visibly, the PID Controller had a much smaller rise time when compared to the H1 Controller
for both the cases. Pertaining to the No Disturbance (ND) case the overshoot was negligible and

45
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the steady state error was nearly zero. However, further analysis was need to make a comment
regarding the overshoot percentage and the MSE value for the High Disturbance (HD) case.
Similarly, figures 4.1.2a and 4.1.2b illustrated the results of the HD case.

(a) Step response for EL and ND case. (b) Step response for EL and HD case.

Figure 4.1.2: Step response for EL cases.

The PID Controller superseded the H1 Controller by having a smaller rise time for both the
cases. The overshoot percentage and the steady state error was negligible for the ND case.
However, further analysis was needed to judge the overshoot percentage and MSE values of the
HD case.

The Three-way ANOVA required checking for outliers in the value of the dependent variable.
Box-plot C.1.2b indicated that the case of PID Controller with NL and HD contained one
outlier and one extreme outlier. The outliers were classified as genuinely unusual values and the
analysis was continued with the assumption that the effect of the outliers will be insignificant
[9]. The Shapiro-Wilk’s normality test revealed the rise time values to be normally distributed.
However, the assumption of homogeneity of variances was violated, as assessed by Levene’s
test for equality of variances. Figure 4.1.3 and the between-subjects effect test revealed that a
statistically significant three-way interaction was observable. Detailed information can be found
in appendix C.1.
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Figure 4.1.3: Multiple line mean of rise time, IBM SPSS Statistics.

The mean and the standard deviation of the five runs of each test group were calculated and
presented in the table 4.1.1. Since the tests were MIL simulations, the results for the No
Disturbance (ND) case furnished precisely the same values for all five runs, thus the standard
deviation for the test groups 1; 3; 5 and 7 was zero.

1 H1 Controller, NL, ND 32.2 0
2 H1 Controller, NL, HD 36.38 4.24
3 H1 Controller, EL, ND 32.7 0
4 H1 Controller, EL, HD 31.87 2.73
5 PID Controller, NL, ND 15.5 0
6 PID Controller, NL, HD 14.76 1.154
7 PID Controller, EL, ND 14.7 0
8 PID Controller, EL, HD 14.62 1.37

Table 4.1.1: Mean and standard deviation of the rise times of different test groups.

The means and standard deviation values were represented as error charts for more intuitive
understanding. The circles represented the mean value and the whiskers represented the
standard deviation of the five test runs for an individual test group. The markings belonged
to the results for the H1 Controller while the markings belonged to the PID Controller.
Figures 4.1.4a and 4.1.4b displayed the rise time mean and standard deviation values for the NL
case.
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(a) Rise time comparison for NL and ND. (b) Rise time comparison for NL and HD.

Figure 4.1.4: Rise time comparison for NL case.

Similarly, figures 4.1.5a and 4.1.5b displayed the mean and the standard deviation values for the
EL case.

(a) Rise time comparison for EL and ND. (b) Rise time comparison for EL and HD.

Figure 4.1.5: Rise time comparison for EL case.

Box-plot C.2.4a indicated that the case of H1 Controller with EL and HD contained one outlier.
The outlier was similarly classified a genuinely unusual value and the analysis was continued
with the assumption that it’s effect will be insignificant. The Shapiro-Wilk’s normality
test revealed the overshoot values to be normally distributed. However, the assumption of
homogeneity of variances was violated, as assessed by Levene’s test for equality of variances.
Figure 4.1.6 and the between-subjects effect test revealed that there was no statistically
significant three-way interaction between the independent factors. Detailed information can
be found in appendix C.2.



CHAPTER 4. RESULT AND ANALYSIS 49

Figure 4.1.6: Multiple line mean of overshoot, IBM SPSS Statistics.

The mean and the standard deviation values of the overshoot percentage for all the tests can be
found in table 4.1.2. For reasons explained earlier, the test groups having No Disturbance (ND),
the standard deviation value remained .

%

1 H1 Controller, NL, ND 0 0
2 H1 Controller, NL, HD 12.51 1.114
3 H1 Controller, EL, ND 0 0
4 H1 Controller, EL, HD 7.03 1.51
5 PID Controller, NL, ND 0.16 0
6 PID Controller, NL, HD 16.026 3.76
7 PID Controller, EL, ND 0.17 0
8 PID Controller, EL, HD 8.99 0.757

Table 4.1.2: Mean and standard deviation of the overshoot percentage of different test groups.

A similar graphical representation was used to illustrate the means and standard deviation values
of the test groups. Figures 4.1.7a and 4.1.7b displayed the mean and standard deviation value
of the overshoot percentage for the NL case.
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(a) Overshoot comparison for NL and ND. (b) Rise time comparison for NL and HD.

Figure 4.1.7: Overshoot comparison for NL case.

In addition, figures 4.1.8a and 4.1.8b displayed the mean and standard deviation values for the
test case of EL.

(a) Overshoot comparison for EL and ND. (b) Overshoot comparison for EL and HD.

Figure 4.1.8: Overshoot comparison for EL case.



CHAPTER 4. RESULT AND ANALYSIS 51

Box-plots C.3.4a and C.3.4b illustrated that the case of H1 Controller with EL and HD and the
PID Controller with EL and HD each consisted of one outlier. The outliers were identified as
genuinely unusual values and the analysis was continued with the assumption that the effect of
these outliers will be insignificant. The Shapiro-Wilk’s normality test revealed the MSE values
to be normally distributed while the assumption of homogeneity of variances was violated,
as assessed by Levene’s test for equality of variances. Figure 4.1.9 and the between-subjects
effect test revealed that there was no statistically significant three-way interaction between the
independent factors. Detailed information can be found in appendix C.3.

Figure 4.1.9: Multiple line mean of MSE, IBM SPSS Statistics.

The mean and the standard deviation values for the final performance metric, the Mean Square
Error (MSE), were represented in table 4.1.3.

1 H1 Controller, NL, ND 0 0
2 H1 Controller, NL, HD 13.658 1.156
3 H1 Controller, EL, ND 0 0
4 H1 Controller, EL, HD 14.094 2.61
5 PID Controller, NL, ND 0 0
6 PID Controller, NL, HD 16.158 5.356
7 PID Controller, EL, ND 0 0
8 PID Controller, EL, HD 17.97 5.697

Table 4.1.3: Mean and standard deviation of the MSE of different test groups.
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