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Quantum dynamics is the study of time-dependent phenomena in fundamental processes of
atomic and molecular systems. This thesis focuses on systems where nature reveals its quantum
aspect; e.g. in vibrational resonance structures, in wave packet revivals and in matter wave
interferometry. Grid based numerical methods for solving the time-dependent Schrödinger
equation are implemented for simulating time resolved molecular vibrations and to compute
photo-electron spectra, without the necessity of diagonalizing a large matrix to find eigenvalues
and eigenvectors.
Pump-probe femtosecond laser spectroscopy on the sodium potassium molecule, showing a
vibrational period of 450 fs, is theoretically simulated. We find agreement with experiment by
inclusion of the finite length laser pulse and finite temperature effects.
Complicated resonance structures observed experimentally in photo-electron spectra of hydrogen- and deuterium chloride is analyzed by a numerical computation of the spectra. The
dramatic difference in the two spectra arises from non-adiabatic interactions, i.e. the interplay
between nuclear and electron dynamics. We suggest new potential curves for the  ¾ · and
¾ · states in HCl· .
It is possible to guide slow atoms along magnetic potentials like light is guided in optical fibers. Quantum mechanics dictates that matter can show wave properties. A proposal
for a multi mode matter wave interferometer on an atom chip is studied by solving the timedependent Schrödinger equation in two dimensions. The results verifies a possible route for an
experimental realization.
An improved representation for wave functions using a discrete set of coherent states is
presented. We develop a practical method for computing the expansion coefficients in this nonorthogonal set. It is built on the concept of frames, and introduces an iterative method for
computing a representation of the identity operator. The phase-space localization property of
the coherent states gives adaptability and better sampling efficiency.
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Chapter 1
Introduction
- why quantum dynamics?
Quantum mechanics is the prevalent theory of the basic constituents of the world and their dynamics. The outstanding conceptual and experimental challenge is to understand the underlying
dynamics and relate to what we see and touch. We use powerful telescopes to augment the eye
to be more sensitive to light, from the gamma ray to the microwave region, and study the large
scale structure of the universe around us. In a similar manner we sensitize our touch on the
small scale by modern experimental apparatuses, e.g. atomic force microscopy and, in a more
abstract way perhaps, by e.g. playing with Bose-Einstein condensates [1].
The stage for this thesis is limited to non-relativistic quantum mechanics. The basic constituents are atomic nuclei, electrons and light, which are described by the time-dependent
Schrödinger equation [2]








 

 


(1.1)

The quantum mechanical system is described by the state , which is an element in a
Hilbert space. The notable feature of this linear equation is the permission to superpose different states, the foundation of all quantum aspects, e.g. interference and entanglement. The
 is specified from the constituents of the system by well defined quantizing rules
Hamiltonian 
[3]. The state at a given time completely determines the future evolution since the equation is
of first order in time.
By the use of computers it is feasible to solve the quantum equations for more than simplified model systems. Numerical experiments are carried out, to test the consequences of basic
theory and to complement experiments. Specifying the discussion to molecules, the electronic
motion has for a long time been studied by quantum methods. The field of ab-initio computations of electronic structure is well developed with many powerful methods for treating
many-electron systems. The nuclear motion problem is not as well explored; partially because
a lot of chemistry can be understood by considering classical motion, and partially because
quantum dynamics is hard, and often requires a prior computation of a potential energy surface,
a very difficult problem by itself.
My interest in numerical methods for solving the time-dependent Schrödinger equation was
initiated by the review paper by Garraway and Souminen [4]. These numerical tools open up the
1
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possibility of simulating experimental signals. Many cases are emerging where the quantum and
time-dependent aspect of nuclear motion is important, some which are studied in this thesis. For
a review on femtosecond spectroscopy as a mean of creating molecular wave packets see e.g.
[5]. One often used motivation for understanding basic molecular processes is the possibility
to control chemical reactions, see e.g. [6]. Another type of time domain experiments are time
resolved photoelectron angular distributions, see [7]. Probing alignment of photo-fragments
[8] can give new insight into the interaction of molecular levels during breakups. Combining
the experimental techniques for creating Bose-Einstein condensates with molecular physics to
study cold collisions, gives unprecedented accuracy in determining molecular levels. These are
only a few examples.

Chapter 2
Numerical methods
For a two surface system the time-dependent Schrödinger equation has the general form










 
  







 





 












 





   

   





(2.1)

where  is a kinetic energy operator and  are potential energy operators and couplings. This
equation can be generalized to several surfaces by adding more rows and columns of operators
and kets, but for notational simplicity we retain only two. More discussion on the concept of
potential surfaces is found in chapter 3. In chapter 3 and 4 we will see specific examples of the
origin of the potentials and the couplings.
We consider for the moment only coupling elements of potential type, i.e.  is a function
of the position operator only. If we formulate the above equation in the position representation,
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(2.2)

we see that two things have to be dealt with.


First, how to represent the wave functions  

 



Second, how to calculate the time evolution of an initial wave function.

on a computer.

The next two chapters discuss a powerful and much used scheme for this. However, different
choices of both representation and propagation can be made, one suggestion is presented in
chapter 5.

2.1 Grid based methods
Consider for now a one dimensional system. The wave function can be represented by giving
its values at discrete grid points,  , and the sampled values are stored as a vector of complex
3
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numbers   . One way of viewing this vector is as a stepwise sampling of the wave function,
and to find the continuous curve in between we can use interpolation, e.g. use local polynomial
interpolation. Another way is to view the representation as an expansion in a basis set, so
constructed as to give expansion coefficients equal to the value of the function at the grid points.
Such methods are called collocation methods. Here we view it as a pseudo-spectral method
[9]. The derivatives are computed by a Fourier transform, which implies that the grid must
be equidistant and have periodic boundary conditions. This is actually equivalent to use finite
differences to infinite order [9]. Via the fast Fourier transform (FFT), which scales favorably as
   where  is the number of grid points, differentiation becomes efficient.
The grid has to cover spatially and fully resolve the wave function for the dynamics of
interest. The resolution is governed by the Nyquist sampling theorem, oscillations in the wave
function must be sampled at least twice per period. Physically, the Nyquist sampling theorem
limits the maximal momentum representable



 







(2.3)

    

(2.4)

  

where  is the distance between each grid point. Hence, each grid point can represent a spatial
extent of  and a momentum extent from   to  . This is a phase-space area of  

per grid point, which will be discussed further in chapter 5. Sometimes it is possible to estimate
in advance the maximal momentum needed from energy conservation. Often a convergence
test done by decreasing the separation  is simpler. To monitor the size of high momentum
coefficients in the momentum representation is another possibility. If the wave function is band
width limited the accuracy increases fast with increased grid resolution. For realistic physical
systems the wave function decreases at least exponentially for large momenta in nearly all cases.
It is computationally easy to apply an operator   in the grid representation since the
position operator is diagonal in the position representation


   



By using the FFT we can transform to the momentum representation

  





   

    

In this representation it is easy to apply an operator,
since the momentum operator is diagonal
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depending on the momentum only

  
 



(2.5)

   



     





(2.6)
(2.7)

Extension to representing a multi component wave function as in (2.2) consists of using one
vector for each component.

2.2 Split-operator propagation
If the Hamiltonian is time-independent then a formal solution to the time-dependent Schrödinger
equation (1.1) is given by the evolution operator



 





 


(2.8)
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The Hamiltonian often contains both position and momentum operators and is hard to exponentiate. A very elegant solution to this problem exists if the Hamiltonian is on the form
    , i.e. is separable as a sum of momentum operators and position operators.
This is the case for many physical systems, where the momentum type operator is the kinetic
operator   . By using the Baker-Campbell-Hausdorff [10] formula one can approximate
the evolution operator as

  



 






 








 











 





  

(2.9)

Due to the symmetric splitting the above equation is accurate up to second order in  . This
scheme was first introduced by Feit and Fleck [11, 12], in the mathematics community a similar idea goes under the name of operator splitting, see Strang [13]. Note that when performing
consecutive applications of (2.9), the last exponential involving the kinetic operator can be combined with the first exponential in the following application, then equation (2.9) is simplified
to



 


 

 









(2.10)

In principle the very first and last step should be only half the time step in the kinetic operator,
but this error can often be neglected in comparison with the many time steps. A pleasant feature
of the split operator approximation is that it is explicitly unitary due to the exponential form of
the operators.
Consider first one single surface. We apply the potential exponent operator in the position
representation and the kinetic exponent operator in the momentum representation. To transform
between the position and momentum representations we use FFT and its inverse
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(2.11)

The method is straightforward to implement, and is easy to extend to higher dimensions. Inflexibilities due to the equidistant grid are discussed more in chapter 5. Moreover, the multidimensional grid is always a multi-dimensional box, which sometimes cannot be well adapted
to the problem. The total number of grid points in many dimensions increases exponentially
since the box volume is a length to the power of the dimension.
To introduce the multi component (several surfaces) matrix operator in equation (2.2), the
split operator formalism is used again to split the diagonal part from the off diagonal coupling
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(2.12)

A diagonal matrix is straightforward to exponentiate but also the pure off-diagonal matrix can
be exponentiated using the general formula




   









      
      





(2.13)
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If the Hamiltonian is explicitly time-dependent but commutes for different time then the exponent in the propagator (2.8) has to be replaced with an integral over time. This is incorporated
in the split operator method as a step approximation of the integral over each time step . If
the Hamiltonian does not commute at different times then the evolution operator is a Dyson
series [3], which is the time ordered evolution operator. This is also compatible with the split
operator approximation which implements time ordering down to the  level.
Thus when there is explicit time dependence in the Hamiltonian the time step has to be short
enough to resolve the temporal changes. When the coupling is a very fast harmonic oscillation
in time with frequency  ,





          
(2.14)
 , as is the case for a light pulse, the time step must be
with a slowly varying envelope 






extremely short to follow the variations. One way to allow longer time steps is to use the
rotating wave approximation (RWA) [4, 14]. By transforming one component of the states in
  , we get
(2.1) with an oscillating phase,   

  


 
  
 


   


 









 

  



 






 

 









(2.15)



The purpose of the transformation is to counteract the oscillation in the coupling  . The new

coupling becomes  

 . The rotating wave approximation is to neglect the double
frequency, fast oscillation. This is valid if the oscillation is far away from resonance condition.
Thus the important resonant contribution can be included by shifting the surface 2 down and
using only the slowly varying coupling   . The effect of the coupling is greatest in regions
where surface 1 and the shifted surface 2 are close.
Other frequently used propagator methods include e.g. the short iterative Lanczos [15],
Chebychev polynomial expansion [16] and the venerable Runge-Kutta [17].

  





2.3 Time-dependent vs time-independent approach
In quantum mechanics textbooks one usually focuses on energy eigenstates and eigenenergies.
From them one can of course extract anything of interest, the problem is essentially solved if
these quantities are known. The time evolution operator (2.8) is diagonal in the energy eigenbasis and is trivial to apply. However, finding the eigenstates can be very hard, and sometimes one
wants to extract information where knowledge of all eigenstates is an unnecessary hard detour.
As an example consider the auto-correlation function

       

 











 




 




 







 





 


(2.16)

After a Fourier transform we get the spectral density contained in the initial state

½
½
    ½      ½  
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(2.17)
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From this we can compute the probability of a state ©´¼µ to be found in a specific eigenstate without having to diagonalize the Hamiltonian to find the eigenstates. In other words,
equation (2.17) gives an estimate of the spectrum of the Hamiltonian weighted by the initial
state. Similarly, the eigenstates can be found by a Fourier transform of the wave function at an
eigenenergy. This method can be improved into a competitive method for computing eigenenergies and eigenstates by filter diagonalization [18]. From other correlation functions one can
extract essentially any observable quantity, see e.g. [19, 20]. As an example, the reaction rate
for a chemical reaction can be extracted from flux-flux correlation functions [21, 22, 23].
In chapter 3 we use a time-dependent approach to compute the photo-electron spectrum
of hydrogen chloride, a time-independent property. Formally the propagation must be taken
to infinite time to get the exact spectrum, but by propagating a shorter time a rough estimate
of the spectrum is obtained. A short time computation can show a strong peak even if it is
extremely narrow, to find the same peak by energy searching in time-independent methods can
be cumbersome. The same phenomena actually arises in experiment, to get ultra-precise energy
resolution the system must be measured on for a long time [24]. The time domain analysis gives
also a conceptually useful perspective on many molecular processes. As numerical schemes,
the time-independent and time-dependent methods complement each other and have different
strengths and weaknesses.

8
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Chapter 3
Molecular systems
Conventionally, molecules are pictured as “balls-and-sticks”, where the balls are the nuclei
and the sticks represent the electronic “glue” that keeps the atoms together. The electrons
are treated as quantum mechanical objects; otherwise atoms would not even be stable since
the classical electron would loose energy by radiation and quickly spiral inward and collide
with the nucleus. Hence, electrons are discussed in terms of “orbitals” (wave functions) and
electron densities. There in no discussion of the fact that electrons have to be treated as quantum
mechanical entities, in the atomic/molecular context. The nuclei are very often modeled as
classical particles with well-defined positions. This also leads to the concept of molecular
geometry. In this chapter we will study experiments where also the nuclear motion has to be
put in a quantum mechanical context.
By quantum dynamics of molecules we mean that also the nuclear motion - vibrations,
dissociation and rearrangements - is treated by quantum mechanics.

3.1 What are potential energy surfaces?
In molecular physics and chemistry the potential energy surface is a very useful concept irrespectively if one uses quantum or classical mechanics to describe nuclear dynamics. Paper I
analyzes an experiment where ultra-short laser pulses were used to reveal, in “real time”, the
quantum dynamics on an electronic potential surface in the NaK diatom. The single potential
surface dynamics has been used with success in many cases, but there is an increasing awareness that there are a large class of systems where a single surface is not enough, e.g. in chemical
reaction dynamics [25]. One example is the photo-electron spectra of hydrogen chloride studied in paper II. To understand the potential surface concept and the possible breakdown of the
single surface picture we review the background of the Born-Oppenheimer approximation and
the adiabatic-diabatic transformation.
The non-relativistic molecular Hamiltonian for the combined system of electrons and nuclei
is






n  n-n  e  n-e  e-e
n   e
9

(3.1)
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where the potential parts,  , are spin-independent Coulomb pair potentials.  are the kinetic energy operators. Conventionally, the nuclear-nuclear repulsion is included in the elec e . The other necessary ingredient (somewhat ad hoc in a non-relativistic
tronic Hamiltonian, 
context) is the spin-statistics connection making it necessary to impose a symmetric (antisymmetric) state under exchange of identical bosons (fermions). Bosons are particles with
integer spin while fermions have half integer spin. All electrons are identical and have spin
1/2 and hence must be anti-symmetric, leading to the Pauli exclusion principle. One way to
view the symmetrization postulate is as an extra constraint on the solutions of the Schrödinger
equation.
A one electron state lives in a Hilbert space which is a product space of the continuous
three-dimensional spatial states and the two state spin space
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(3.2)

The nucleus is described by a similar state
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(3.3)


but here we will neglect the nuclear spin and use only the spatial part     Ê ÊÊ.
The total molecular state, consisting of
electrons and
nuclei, can be built up as linear
combinations of product states
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(3.4)

properly symmetrized by . All solutions to the full Schrödinger equation can be written in this
way. The state in (3.4) contains all information on the molecule, even the overall translation
properties. For analyzing and understanding the molecule, and to make it at all possible to find
solutions, it is better to break down the problem in more manageable pieces. This is where the
potential energy surfaces comes in.
A practical way of solving the full Schrödinger equation is to start with the electronic Hamiltonian in equation (3.1). For notational convenience we concatenate all nuclear coordinates into
the symbol Ê and all electron into Ö and also the nuclear masses into
(rather a matrix). Find
electronic states that satisfy
   Ê
 
 e Ê

    Ê
 
Ê

(3.5)

This is no easy task, electronic structure calculations is a science by itself. These electronic
states are called adiabatic states and depend parametrically on the nuclear position operators,
  are the adiabatic potential energy surfaces. The total molecular state can then
and the Ê
be written using these electronic states as
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(3.6)
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This is a bit simpler than the formulation in (3.4), now we only have to find the nuclear states
 . Inserting (3.6) into the time-dependent Schrödinger equation and using the commutation
relation



(3.7)
          
 





gives the following set of coupled equations for the nuclear states
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(3.8)
(3.9)
(3.10)

We have the relation






 








        

(3.11)

which can be used to write the equations (3.8) in an equivalent way
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(3.12)



This way of writing the equations emphasizes the role of the coupling matrix  as a vector
potential [26, 27].
The Born-Oppenheimer approximation is possible to formulate from equation (3.8). By
neglecting entirely the first and second derivative terms,     and    , the problem separates into independent equations for each electronic configuration. One single surface determines the dynamics. The approximation is conventionally motivated by the small mass of the
electron compared with the nuclei, so that the electrons instantaneously adjust to the nuclear
geometry. This is a much to simplified picture and does not say much about what really takes
place. What is more appropriate to look at is the separation between different adiabatic potential surfaces compared to the coupling strength, e.g. the Massey parameter [28]. If this is
small then the approximation may break down, as we will see an example of in section 3.4. If
the Born-Oppenheimer approximation breaks down then one has to solve the coupled equations
(3.8), but still the potential energy surfaces are useful as a concept.
Consider the :th adiabatic surface. Even if the off-diagonal vector potential couplings to
other surfaces in equation (3.12) can be neglected entirely and even if the diagonal part 
is small in magnitude it may still impose its effect in the form of a non-single-valuedness of
the electronic states globally. To reclaim single-valuedness a geometric phase [29] is introduced. This effect can be important if there is a conical intersection somewhere, one example
is Na¿ [30].
Since the electronic adiabatic states are but one possible set of states for expanding the total
state in (3.6), other choices may sometimes be more appropriate. One specific difficulty of
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 , i.e. depend on both
the adiabatic representation is that the coupling is of the type   
nuclear position and momentum. For example, the split-operator method in section 2.2 fails
since it relies on the Hamiltonian to be separable in position and momentum. Furthermore the
couplings may be very sharply peaked as a function of nuclear coordinates leading to numerical
difficulties.

By introducing a new set of electronic states 
   that fulfill




  

  
 

 






(3.13)

or at least approximately zero, all couplings transform to be only dependent on nuclear coordinates. This is called a diabatic representation




  









  
 







(3.14)



The diabatic states, and hence the unitary transformation matrix   , is not necessarily unique
and there can be several possible diabatic states. Trivially adiabatic states arise if one chooses
as electronic basis the electronic eigenstates for one fixed geometry, but then we are more or
less back at solving the full molecular Schrödinger equation in one shot. In the diabatic picture
the Schrödinger equation (3.8) becomes
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(3.15)





where all momentum couplings have been transformed to pure potential couplings,

 








 


 

  
 





(3.16)



The obvious question is if this transformation is possible. The trivial diabatic basis is always
possible but such a basis is very inefficient, requiring many electronic states to describe the
states at a different nuclear geometry. The short answer is that for triatomic or larger molecules
the only possible strictly diabatic basis is the trivial diabatic one, as was shown in the seminal
paper by Mead and Truhlar [27]. It is possible to do the diabatic transformation along one
direction in the nuclear configuration space but not along all directions simultaneously. This
makes it possible to do the transformation in the case of diatoms. For polyatomic molecules it
might be possible to find an approximately diabatic transformation.
The requirement for an approximate diabatic basis within a finite set of electronic states,

  , is if it is possible to to represent all the derivatives of the states
    
as
   
«


linear combinations of the former states, within some approximate limit. There are states for
each nuclear direction . If this is possible then the diabatic transformation can be performed.
This corresponds to only considering the non-adiabatic coupling to be large for electronic states
within the subset of electronic states and neglecting the rest. An example, if we use a (finite)
configurational interaction description [31] of the electronic states the differentiation of them
consists of two parts, first the variation of the configuration coefficients and second the variation
of the configurations themselves. If the latter is neglected we have the situation described above.
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If a strictly diabatic basis is sought, it might very well be necessary to use the complete set of
electronic states to describe the derivatives of them. The diabatic condition (3.13) then requires
each nuclear directional derivative of the electronic state to be orthogonal to all electronic states
(entire Hilbert space). Hence the differentiated state must be the zero state. Thus it follows
that the diabatic states must be invariant under any change of nuclear geometry, i.e. the trivial
diabatic case is the only possible.
Finally, one should note that a Born-Oppenheimer molecular state is not a product state,
see e.g. reference [32]. In the words of equation (3.6) the Born-Oppenheimer approximation
implies that the total state for the electronic state  is










 

 

(3.17)

where the electronic ket is both a state in the electronic Hilbert space and an operator on the
nuclear ket. Thus it is not a product state. In the position representation,

   





  

(3.18)



meaning that in general the nuclear and electronic degrees of freedom are entangled. Therefore
the Born-Oppenheimer state incorporates much of the electron-nuclear correlation.

3.2 Interaction with classical light
The interaction of a spin-less quantum particle of electric charge  moving in three dimensional
space and an external classical electromagnetic field is given by the minimal coupling Hamiltonian [3]
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(3.19)

where and  are the electromagnetic vector and scalar potential respectively. If the electromagnetic field is not very large the square of the vector potential can be neglected. Then it is
possible to write

   ¾      

  ¾      



















(3.20)

For a electromagnetic field corresponding to a (linearly polarized) plane wave of frequency
in direction we can use [33]



           
(3.21)
   
(3.22)
  , leading to the interaction operator  
Furthermore in this gauge we have
 
  . This is the interaction operator in the velocity gauge. By using the gauge
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freedom to make a gauge transformation using       we get

              
¼







(3.23)

   
  
(3.24)

In the dipole approximation,  
, the vector potential is zero and hence we can use the
length gauge interaction operator
       , where    is the
  
¼




















electric dipole operator. This is the most frequently used picture.
For a molecular system the dipole operator becomes the sum of the electronic and nuclear
dipole operators. This means that light can induce both vibrational (and rotational) and electronic excitations. Using the electronic state basis the total dipole interaction operator becomes
a  dependent coupling matrix
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(3.25)
(3.26)

When considering transitions between different electronic states the nuclear dipole interaction
does not contribute since it only has diagonal elements.

3.3 Femtosecond pump-probe spectroscopy of NaK
Femtosecond lasers have become a very useful tool for studying molecular dynamics [34]. It is
experimentally possible to create molecular wave packets by these ultra short light pulses, and
track the time evolution to probe fundamental molecular processes. By manipulating the laser
pulse, control of chemical reactions might be realized.
In a joint experimental and theoretical work the wave packet dynamics of the sodium potassium molecule, NaK, was studied. This diatom is stable as a diluted gas and can be produced
by heating a mixture of the two alkali metals Na and K in an oven at approximately 700 K. The
vibrational period in the ground state is about 270 fs making it feasible to resolve the dynamics
of this molecule with the 85 fs FWHM pulse length femtosecond laser. The experiment was a
one-colour pump-probe scheme and utilized a laser tuned to 790 nm wave length. With a beam
splitter the light was divided into a “pump” beam and a probe “beam”. The probe beam was
routed via a translatory stage that imposes a time delay on the probe beam relative to the pump
beam. A length delay of 0.3 m corresponds to a time delay of of 1 fs.
The molecule is hit by two consecutive short laser pules, time separated by , and then
the subsequent molecular and/or atomic fluorescence is detected. In the present experiment
detection of fluorescence from the two Na D-lines at 589 nm was used. The final experimental
signal is the variation of this fluorescence intensity as a function of the time separation, as is
shown in the upper trace in figure 3.1.
To theoretically simulate the signal we first have to find which electronic states that are
important for this specific excitation. From the work of Magnier and Millié [35] high quality
adiabatic potential curves could be found, which are illustrated in figure 3.2. The 790 nm pump
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Figure 3.1: The fluorescence intensity as a function of pump and probe laser pulse time separation. Below the frequency content of the signals are shown, 2.2 THz corresponds to a period of
450 fs.

−1

Energy (cm )
30000
28000

1

3 Π

26000
24000

1.98 ps

22000
20000

Probe

0.03 ps

18000
1

A Σ

16000
14000
12000
10000
8000

Pump

6000

1

X Σ

4000
2000
0
−2000
5.0

6.0

7.0

8.0
9.0
10.0 11.0
Nuclear separation (a.u.)

12.0

13.0

Figure 3.2: The three potential energy curves of NaK important for the pump-probe experiment.
Some typical snapshots of the wave packets are shown, the initial ground state, the excited state
after the 85 fs pump laser pulse is over, after propagating to the outer turning point and finally the
wave packet trapped on the probe surface after the probe pulse is over. Pump probe separation
was 1.98 ps corresponding to approximately the fifth peak in the fluorescence trace.
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pulse excites the molecule from the ground state to the A ½ · state, which is then excited to
the ½  state by the probe pulse. These are the three states we include in the dynamics. The
probe state curve correlates to atomic Na(3s)+K(3d) but dissociation does not occur, after the
excitation the molecule is vibrationally bound in the  ½  state. The mechanism of producing the
Na(3p) state from which the atomic florescence is detected is not totally clear. One candidate
is a molecular radiative transition to the  ½ · state which likely have non-adiabatic coupling to
induce predissociation to some of the states correlating to the Na(3p)+K(4s) limit. The assumption we make is that the fluorescence is proportional to the total population in the probe state
½ . Experimentally the signal has a modulation of about 50 percent which indicates that the
process of producing D-line fluorescence is quite efficient. Note that the time scale of producing
the spontaneous radiation is much longer than the pump-probe time scale.
The procedure of computing the signal, assuming zero temperature, is as follows. Initially
the molecule is in the vibrational and rotational ground state      of the electronic
ground state X ½ · . The laser pulse interacts with the molecule and excites it to the pump
state, with the center of the pump pulse defining time zero. Nuclear dynamics will be induced in
the pump state A½ · , and after a time  the second pulse excites from this state to the probe
state. Well after the second pulse is over the total population in the probe state is computed. The
variation of this population with the time separation constitutes the signal. The nuclear problem
is one dimensional, only the internuclear distance  is relevant. The femtosecond pulses are
explicitly included in the propagation, so we are including all effects of a finite pulse length.
The laser pulse is modeled as a oscillating electric field with a Gaussian envelope pulse
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The full width half maximum time width of the light intensity is
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For a 85 fs pulse the energy width is about 21 meV or 173 cm ½ . The A state has at the
equilibrium  = 79.85 cm ½ which corresponds to 417.7 fs. Hence the pulse is wide enough in
energy to excite several vibrational states, creating a localized wave packet on the A curve. The
transition dipole operator is
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where we assume the transition dipole moment to be constant in lack of available ab-initio
values. The structure of the coupled time-dependent Schrödinger equation to solve is
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The pump pulse is centered at time ½ and the probe pulse is centered at time ¾ .
The pump pulse creates a wave packet localized at the inner turning point on the A curve,
as shown in figure 3.2. The probe pulse can only transfer population to the third curve if there
is population on the A curve close to the outer turning point, which can be understood if we
shift the electronic curves with the laser energy. Remember the rotating wave approximation
discussed in chapter 2. The potentials intersect at    a.u. for the pump pulse and at  
 a.u. for the probe pulse. We can now understand the features in the theoretical fluorescence
signal shown in figure 3.3. At time zero the intensity is zero, only after half a vibrational
period the first maximum occurs at a time of 0.2 ps. Following is one maximum per vibrational
period, and over a time of 20 ps the signal dampens. The dampening is due to the anharmonic
potential, the initially localized wave packet starts to spread out and therefore the amplitude of
the signal oscillations is dampened. The long time behaviour is discussed later. If we compare
the the theoretical signal with the experimental we see qualitative agreement. However the
experimental period is 45010 fs and the theoretical is 435 fs, a little bit on the short side.
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Figure 3.3: Theoretically simulated fluorescence signal with initial molecule at zero temperature.

We have so far neglected the fact that the molecules are produced in a hot oven at a temperature of 700 K. To include temperature in quantum mechanics we have to represent the quantum
states by a density operators instead of state vectors. This formalism also allows interaction
with an environment, which is exactly what a heath bath is. In the present case we can treat
the molecules as isolated systems after they have left the oven. The gas is very diluted and
the mean collision time is long compared to the pump-probe time scale. Therefore the initial
state is a Boltzmann density operator but the subsequent dynamics is pure Hamiltonian. The
initial density operator is diagonal in the eigenstates, with eigenvalues according to the Boltzmann distribution. Each of the diagonal states evolve independently, since the diagonal form
is not disturbed by pure Hamiltonian dynamics. Hence we can make one simulation for each
initial state and then sum the fluorescence signals together weighted by Boltzmann factors. A
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temperature of 700 K means for the NaK molecule that the ten lowest vibrational states in the
ground state is populated. Assuming the same temperature for the rotational motion, states up
to about  =120 is important. To simplify, only a representative set of the rotational states was
included. The result is shown in the lower trace in figure 3.1, the theoretical signal is shifted
down purely for illustrative purpose. As can be seen we have an almost perfect agreement.
The theoretical signal now has a longer period of about 446 fs compared to 435 fs for the zero
temperature signal, which can be understood as an effect of the anharmonic potential. A higher
excitation in the ground state means that you end up higher up on the potential energy surface A
and therefore the vibrational period is longer. The rotational excitation modifies the potential by
the centrifugal force and hence the vibrational period. The main effect when summing different
rotational signals together is to more quickly dampen the signal, more in accordance with the
experimental signal.
There is a general feature of quantum dynamics that can show up in femtosecond spectroscopy. If we study the signal for longer times, figure 3.3, we see revivals [36]. At about
90 ps the signal variation is coming back to full strength and the period is the same as it was in
the beginning. At half time, 45 ps, we see a partial revival and looking closer we see that the
frequency of the oscillations is doubled. The concept of revivals has been studied extensively,
see e.g. [37, 38], and are also connected to interference effects in quantum carpets [39]. The
original reference on revivals is Averbukh and Perelman [36] who studied electron wave packet
dynamics. Let us illustrate with a simple model; assume that we have an anharmonic system
with eigenenergies according to
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At the revival time,
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all the phases in the exponent is an integer times  and therefore add up to reconstruct the
initial state. At fractional times of  the phases are grouped in subgroups with similar phase
modulo  , e.g. at half time we have two groups with difference. This is what is seen as two
wave packets creating the doubled frequency oscillations at time 45 ps in figure 3.1.
In the present case no revivals could be found experimentally, it is due to the rotational temperature washing out the revivals. A partial washing out was found in the present theoretical
treatment but when including all rotational states in a calculation by Hansson [40] a more or less
complete wash out was found. Thus it is important to exercise care when selecting representative rotational states, and a random set is probably better than the equidistant chosen in paper I.
Revivals were seen in a different experiment by Heufelder [41] with colder NaK molecules.
We have an ongoing project of understanding pump probe spectroscopy of Rb ¾ [42] , which
is interesting since it probes spin-orbit coupled surfaces.
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3.4 Non-adiabatic effects in photo-electron spectra of
HCl and DCl
In a photo-ionization experiment on HCl [43] the cross section showed a broad background
with superimposed Fano resonance peaks [44], indicating an interference between bound and
continuum states. The spectra for DCl was very different, which would suggest non-adiabatic
processes and a break-down of the Born-Oppenheimer approximation. The photons were produced in an electron undulator and the monochromator was set at an energy of 64 eV. The
photo-electrons were energy analyzed by an electron spectrometer, and the overall energy resolution is around 30 meV. The theoretical treatment of this experiment is presented in paper II.
In order to simulate the experiment we consider the initial state as a neutral molecule in
its electronic and vibrational ground state, perturbed by an electromagnetic field producing an
excited ion and an outgoing electron. The spectral intensity at a given energy is the probability
of finding a state with the outgoing electron at the given energy. The Hamiltonian for the system
is
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where the  is the interaction operator corresponding to the oscillating electromagnetic field.
Within first order perturbation theory the rate of detecting an outgoing photo-electron with
energy  is
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where    corresponds to the vibrational state in the electronic ground state . The final
state        corresponds to an outgoing electron with energy  and a molecular ion
with energy  . This is a (scattering) eigenstate with energy    . Asymptotically, with
respect to the outgoing electron, the molecule is in a (possibly excited) ionic state denoted by

. We rewrite equation 3.37 in a time-dependent picture using a representation of the Dirac
delta function

  









Æ

 











(3.38)

We get
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If the overlaps            do not depend on the outgoing electron state, the nuclear
state can be treated as independent of the outgoing electron
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This is a projection of the total state, by the electronic (ion + electron) state, onto the nuclear
subspace. The inner summation over  can be simplified to give
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(3.41)

 is the nuclear Hamiltonian for the excited state and where we introduce the auto
where 
correlation function for the nuclear dynamics




    





   





      

   

(3.42)

Hence we can compute the photo-electron spectra via the Fourier transform of the correlation
function for dynamics on the ionic potential curve using the initial state    , given by the
transition dipole operator working on the ground state. If the transition dipole operator is not
dependent on the nuclear coordinates we get a copy of the vibrational state  on the ionic state.
The above approximation means that the outgoing electron does not disturb the remaining
ionic molecule. This can be assumed to be valid since the electron has a very high energy,
around 38 eV, due to the 64 eV photon energy and the binding energy range studied is around
26 eV. Furthermore, within the same approximation, a similar spectra would be obtained if
detecting a fixed electron energy and varying the incoming photon energy.
The formalism can be extended to a case where several (possibly coupled) ionic states are
involved in the final state. The dynamics is determined by the multi-surface Hamiltonian for
the ion
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where and  denote two coupled ionic states. Again we prefer to use diabatic states in the
computation, and then  is the non-adiabatic potential coupling as in equation (3.15).
Consider the features of the experimental spectrum for HCl and DCl in the 26 eV band,
shown in figure 3.4. The broad band indicates a bound-free photo-dissociation while the discrete
peaks indicates a bound-bound transition. But the spectrum for HCl is clearly not a simple
overlay of two spectra. We see complex structure in the peaks, indicating a non-negligible
interaction between the bound and free states. For DCl we see a very different spectrum. First,
as could be expected, the interval between the peaks is smaller since we have slower vibrations
due to the higher mass. Second, and most important, DCl have an entirely different shape and
intensity of the peaks, actually some peaks have almost completely vanished. The electronic
spectra are very dependent on the reduced mass of the system and on the interplay between
nuclear and electronic dynamics, due to the fact that there are intrinsic quantum mechanical
differences between HCl and DCl.
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Figure 3.4: Experimental photo-electron spectra for HCl and DCl [43]. Figure courtesy F.
Burmeister.
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Adiabatic potentials for the HCl ion were computed by Hiyama and Iwata [45]. Two states
are relevant in the energy range of interest, ¾ · and ¾ · . They are shown as circles in figure 3.5 and are a nice example of an avoided crossing. From the figure it seems possible to
understand the two adiabatic curves as arising from two coupled diabatic states, which is also
supported by the analysis by Hiyama and Iwata. The lower adiabatic curve has one-hole character at short bond lengths and two-hole-one-particle character at long bond lengths whereas
the upper adiabatic curve has the opposite character. We assume the dissociative diabatic curve
to be of exponential form and the bound diabatic curve of Morse form with a Ê-independent
coupling. The dashed lines in the figure are fitted diabatic curves from the above ansatz. Using
these curves in the computation of the photo-electron spectra gave only qualitatively correct
spectra. The broad band peak was off by about 1.5 eV and the resonance peaks were too small
in intensity and had too small spacing. As was pointed out by Hiyama and Iwata, the dissociation limit is off by about one eV, which can explain the bad result. One should keep in mind
that the ab-initio calculation is quite hard to perform since the energy is high.
To improve the potentials we tried to fit the theoretical HCl spectrum to the experimental
one. We could reduce the number of parameters for the potentials to five by using the experimentally known dissociation limits (from ionizing potential and level spectra of the Cl ion). By
inspection and a non-linear least square optimization the spectra in figure 3.6 were obtained.
Note that only the HCl spectrum was used for constructing the potentials, still the DCl spectrum is well reproduced. The broad spectrum envelope is narrowed for the deuterated molecule
compared with hydrogen chloride, which is due to the initial ground state being narrower in the
heavier molecule. The individual resonance profiles are well described, at the first four to five in
HCl and first six in DCl. We reproduce the remarkable difference in intensity of the resonance
profiles, and this is only due to the mass difference, which is the only parameter changed. The
general feature is that the bound states in the bound diabatic curve interact with the continuum
of the free states on the dissociative adiabatic state and become resonances. The model system
of a single discrete state interacting with a flat continuum was studied by Fano [44], and the resonances are called Fano resonances. The interaction responsible in this case is the non-adiabatic
coupling of the two states.
The features of the spectra can be understood from the time dependence of the nuclear probability densities, shown in figure 3.7. In the left figure we project the density on the dissociative
diabatic state and in the right we project it on the bound diabatic state. Most of the population
dissociates very quickly within 15 fs giving rise to the broad envelope, but some get trapped
for a while before dissociating and give rise to the resonance profiles. Note however that the
vibrations are not located on the bound adiabatic state and therefore we cannot attribute them
entirely to the bound adiabatic curve - the non-adiabatic interaction is too strong. On the other
hand if we study the diabatic projection of the density in figure 3.8, the bound vibrations are
still not located on one single curve, the non-adiabatic interaction is too weak. We have a case
of intermediate strength and neither the adiabatic nor the diabatic picture is dominating.
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Figure 3.6: Computed (line) and experimental (dots) photo-electron spectra of HCl (top) and
DCl (bottom).
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Figure 3.7: Nuclear probability density as a function of time in the adiabatic representation.
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Figure 3.8: Nuclear probability density as a function of time in the diabatic representation.

Chapter 4
Cold atom systems
The ability to capture and cool atoms in external potentials is an interesting technology, both for
fundamental physics experiments and maybe for novel quantum devices [46]. The workhorse in
this field is the magneto-optical trap (MOT) [47, 48]. If an atom is absorbing light from a laser
beam it receives a momentum kick by the photon. The absorbed photon is later spontaneously
emitted in a random direction. This emission gives back a recoil momentum, and the net mean
effect is a force on the atom in the direction of the beam. If the light is red detuned from the
atomic transition, the force is less than if on resonance. When the atom move toward the laser
beam, the light is Doppler shifted closer to resonance and the force increases, slowing the atom.
Cooling in all directions can be achieved by crossing six light beams at right angles. This result
in a region where the atoms behave as being in molasses. Cooling well below 1 mK is feasible
with this technique. To have also spatial confinement and trapping, a magnetic quadrupole field
is added to modify the atomic absorption. The field is produced by placing two coils together
with opposite current direction, see figure 4.1. The magnetic field is zero in the middle and its
magnitude increases linearly with distance from this point. If the atom has a nonzero magnetic
moment the levels will be Zeeman split in regions of nonzero magnetic field. Away from the
center the atom will feel a restoring force induced by the modified absorption rate due to the

Figure 4.1: The configuration
of the magnetic quadrupole
field and cooling laser beams
in a magneto-optical trap.
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shifted levels. For example, an atom to the right of the quadrupole center is more likely to absorb
from the beam coming from the right, see figure 4.1. Thus the MOT has the dual property of
cooling the atoms and confining them to a small region around the quadrupole zero.
Energy
States attracted
to field minima
F=2
States repelled
by field minima

Magnitude of magnetic field

Figure 4.2: Magnetic trapping potentials due to the
Zeeman induced level splitting of atomic energy levels.

Atoms in the MOT are slow enough to be trapped by pure magnetic potentials. Magnetic
trapping is a consequence of the Zeeman shift,        , where  is the Bohr
magneton,  the Landé factor and  the magnetic quantum number.   is the position
dependent magnetic field magnitude. This interaction gives several adiabatic surfaces; they
correspond to the eigenvalues of the magnetic-spin interaction Hamiltonian for each spatial
point , i.e. the atomic spin is locally aligned with the magnetic field at each point. See figure
4.2 for illustration. Atoms in the high energy eigenstates are called “low field seekers” and are
trapped. If the magnetic field is exactly zero somewhere the two states are degenerate and have a
conical intersection, where non-adiabatic transitions from the upper bound surface to the lower
unbound surface can take place (Majorana transitions). Therefore an additional overall bias
field is often added to the magnetic trap in order to avoid these transitions to unbound surfaces.
The trapping potentials can be realized by a tiny electric wire carrying a current and a bias field.
Such traps have been experimentally realized [49, 50, 51]. The guiding potential along the wire
is for the atoms what an optical fiber is for light. Subsequently, trapping potentials with more
complicated geometries have been built, see e.g. [1, 52, 53]. The trapping wires are nowadays
micro-fabricated using semiconductor technologies, hence the concept of an atom chip. In the
next section we study a proposal for an atomic matter wave interferometer, presented in paper
III. The tools developed for quantum dynamics in molecules are very suitable for modeling
also such mesoscopic devices. To compute the time-evolution of wave packets in the guiding
potentials we use a two-dimensional implementation of the split-operator method.

4.1 A matter wave interferometer
Matter wave interferometers are in many cases orders of magnitudes more sensitive than optical
interferometers due to the particle mass. Miniaturization of such devices would allow several
interferometers to be put on one atom chip and to connect them into a large network, significantly more complex than possible with traditional experimental techniques. Therefore it is
important to understand the behaviour of tightly confined atoms inside micro-traps. The interferometer must work in a robust way and be operable even under different preparations of the
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incoming state. The interference fringes must also have high enough contrast. In the present
case the incoming state is to be produced in a MOT and is therefore significantly hotter than
a Bose-Einstein condensate. In paper III we argue that the proposed interferometer scheme is
operable in a multi-mode regime.
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Figure 4.3: The guiding configuration for the interferometer (top). The transverse adiabatic
eigenstates (middle) and the adiabatic potential curves (lower).

The guiding path geometry is shown in figure 4.3. The matter wave is sent in from the
left and to the first beam splitter. The atoms are tightly confined in the transverse plane by
the magnetic trap along each wire, but can propagate in the longitudinal direction. We make
a two dimensional model in the plane of the longitudinal direction and the in plane transverse
direction. The transverse potential was modeled as a harmonic oscillator of with frequency  ¼ .
The potential is split into a double well when approaching the beam splitter, as shown in figure
4.3, and becomes two independent harmonic oscillators of  ¼ frequency in each interferometer arm. Analogous to when we defined adiabatic potentials as the electronic eigenvalues in
molecules, we can define the transverse eigenstates for each  position, shown in figure 4.3.
Consider the two lowest curves. A state initially in the transverse ground state    goes
into the symmetric state in the arm when entering the first beam-splitter. If the relative phase
is preserved in the arms it goes back into the ground state at the beam combiner. If the relative
phase is changed with  , corresponding to a change from the symmetric to the antisymmetric
state in the arms, it goes up to the first excited state    when the arms combine. This way we
see that we actually have a four port interferometer, the two in-ports are the transverse    
and the two out-ports are the same    . The amplitudes for these two states are changed by
a phase shift inside one of the arms, precisely as for an optical Michelson interferometer. The
same is true for the next pair of states, and this is the reason why the interferometer works in
a multi mode regime. This behaviour is illustrated in figure 4.4. A very important property of
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each beam splitter is the 50-50% splitting independent of the transverse mode or the longitudinal speed. To introduce the relative phase shift within the arms two possibilities exists; make
one of the arms longer or raise the potential in one arm.

Figure 4.4: The behaviour of the interferometer for different incoming modes and different
relative phase shifts, for a longitudinal wave packet with well defined momentum. The three
times shown is for the wave packet entering the first beam splitter, recombining after the second
beam splitter and propagated for a longer time in the exit guide.

The transverse mode structure is hard to observe experimentally, but there is also an induced
longitudinal structure that is more robust to observe. When the phase shift is odd and the initial
   mode go to the final    transverse mode, this costs energy which has the effect of
reducing the longitudinal speed of the wave packet. Similarly, wave packet speed increases by
going from    to   . The effect is also seen in figure 4.4. Note especially the case
for half integer phase shift, after combining at the second beam splitter the wave packet is a
superposition of the two transverse states which give transverse oscillations. But, at later times
the longitudinal speed difference lead to two separating wave packets, one of each mode. The
longitudinal separation increases as time goes on, enlarging the pattern and making detection
feasible.
An experimentally realistic initial state is not the longitudinal wave packet with well defined
momentum but rather a much more localized state (from the confining MOT) which expand
rapidly due to the momentum uncertainty. In the computation we modeled this by an initial
state that was a transverse ground state and a Gaussian of width m in the longitudinal
direction. The atoms used was lithium, which are quite light, and the transverse confining har-
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monic oscillator potential has the frequency 1.5 MHz, which is achievable in the lab. The phase
shift is introduced by making the lower arm longer, and the overall length of the interferometer
was . For the computation we used    grid points in a Galilei boosted frame. By
following the wave packet, fewer grid points in the longitudinal direction was needed. The time
evolution of the two dimensional density is shown in figure 4.5. With the longitudinal narrow
initial state the large momentum span covers several phase shifts and the high speed components traverse the interferometer first. At the immediate end of the interferometer there is a time
variance of the transverse mode content, from pure ground state to mixed to pure first exited and
back again. Total density, summed over all transverse modes, is more or less constant at this
point. But, after some time the speed difference of the modes leads to a relative longitudinal
shift of the different wave components and observable longitudinal density variations. This is
illustrated in figure 4.6.
A tunneling beam splitter was theoretically modeled with similar methods in a nice paper
by E. Andersson et. al. [54].
There is a connection between wave dynamics in the interferometer and molecular quantum dynamics on coupled states; maybe one can learn something about molecules from guided
matter waves. The transverse eigenstates correspond to the electronic eigenstates and longitudinal motion correspond to nuclear dynamics. The mechanism for interference shown above is
a breakdown of the corresponding Born-Oppenheimer approximation. It might be possible to
do a three dimensional simulation by first finding the two-dimensional transverse eigenstates,
compute non-adiabatic couplings, and then do a coupled surface computation.
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Direction of propagation

Time

b)
c)
d)
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n=0

n=1

n=0
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Figure 4.5: The time evolution of the atom density probability in the interferometer. A narrow
initial wave packet expand rapidly to the state entering the first beam-splitter at time a). b-e)
shows the subsequent time evolution trough the short upper arm and the longer lower arm. After
recombining, structure is present in the density, see d-e) and figure 4.6.

CHAPTER 4. COLD ATOM SYSTEMS

30

a)

i)

ii)
Direction of
propagation

Inside interferometer

b)

i)

ii)

Figure 4.6: Induced longitudinal density variations immediately after the interferometer (top)
and for a later time (below). The first state is the same as the last in the previous figure 4.5.

Chapter 5
Phase-space approach to quantum
dynamics
The main motivation for the study in paper IV and V is to find a more optimal basis set for
representing a quantum state. The most optimal choice is probably the eigenbasis, or a good
approximation of it, to the Hamiltonian. But, if we have access to such a basis we have nearly
solved the problem. The good thing about the spatial grid representation is the general and
problem neutral features. We want to keep the generality of the spatial grid representation but
have more flexibility.
The inflexibility of the spatial grid is that the phase-space representability area is always a
rectangle. Remember that the maximum momentum was limited by Nyquist sampling theorem.
The area of this phase-space rectangle is

ph-sp  

(5.1)

where N is the number of grid points in the spatial grid. Several examples where the equidistant
sampling is not efficient are pointed out by e.g. Kosloff in [55]. Harmonic oscillator states are
circular in phase-space and a rectangle covering a circle need more area. Defining sampling
efficiency as the number of converged eigenstates by the number of grid points, the maximal
number becomes about 0.78 for harmonic oscillator states represented in a spatial grid. Things
become even worse for anharmonic states, e.g. eigenstates in a Morse oscillator. ( An example
is shown in paper IV for dynamics in Rb¾ .)
In the above discussion we did not properly define what we mean with a phase-space in
quantum mechanics. Classical mechanics is very often analyzed in phase-space, i.e. the combined space of coordinates and conjugate momenta [56]. There are some nice properties of
the classical phase-space. Given a Hamiltonian a point in phase-space uniquely determines the
trajectory. Trajectories never cross and the phase-space area is preserved during the dynamics,
if we consider a circle of initial points they may move and deform but the area inside will be
preserved. This leads to Liouvilles theorem of (locally) preserved phase-space density. The
interesting “obstacle” when carrying the concept over into quantum mechanics is the uncertainty relation. One cannot localize a state to a point in phase-space. There are several ways of
defining a phase-space distribution, as we will see in the next section.
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In this chapter we use a discrete set of phase-space localized states and propose a practical
scheme for using them as basis functions. One evolution scheme built on the thawed Gaussian
approximation [57, 58] is implemented. The dynamics is fully quantum by using short enough
time steps in the propagation.

5.1 Coherent states and phase-space distributions
In classical mechanics a harmonic oscillator is a massive particle restored to an equilibrium
position by a force that is proportional to the displacement from equilibrium. Such a system
has an oscillation frequency which is independent of the amplitude of the vibrations, thereby
the name harmonic.
When quantizing the harmonic oscillator, a set of eigenstates and eigenenergies are obtained


 







¾   ¾¾
 
      


(5.2)
(5.3)




    and    ,


The Hamiltonian is symmetric if the coordinates are scaled, 
and can be written almost as a product of two conjugate operators
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The annihilation and creation operators are
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(5.6)

To study the dynamics it is very convenient to use eigenstates to the annihilation operator












(5.7)

These states are called Gaussian coherent states, see [59] for a general review on coherent states.
The ground state is the coherent state with  , and all other coherent states are generated by
the displacement operator
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(5.8)

The eigenvalue is a complex number which means that we have a two parameter continuous
set of states. The Gaussian coherent states are in the position representation given by



 















  




 








(5.9)









The expectation value of position and momentum for a coherent state are    and    ,
from now on we use units where   . Furthermore, coherent states are of minimum variance,
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i.e. they give an equality in the Heisenberg uncertainty relation, which implies a phase-space
localization. The relation between the eigenvalue  and the phase-space position    is  
    .
The overlap between two coherent states is given by



 
¼








¾   ¾   £¼

¼ ¾
¼ ¾
           



¼

 ¼   ¼ 

 



(5.10)

which is never exactly zero but decays fast with increasing phase-space distance.
There are two main properties of the coherent states that will be of paramount utility. First,
the time evolution of a coherent state in the harmonic oscillator is simply a change of  and 
according to a classical trajectory. That means that a coherent state does not change shape, only
the position in phase-space changes. Sometimes the coherent states are therefore used to make
a connection to the classical limit of quantum mechanics [60]. Second, they can be used as a
continuous representation of quantum states. The resolution of identity is the double integral
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and can be used to expand any state as
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where    . Coherent states have been used extensively as an analytical tool in
quantum optics [10, 59].
The first quantum mechanical phase-space distribution proposed was the Wigner distribution [61, 62]
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(5.13)

It is the expectation value of a hermitian operator and hence is a real function. The marginal
distributions are correct, e.g. if we integrate     over momentum  we obtain the spa¾
tial probability density 
. However, the distribution cannot be interpreted as a phasespace probability distribution since it can be negative. Nevertheless, it is very useful. One
can use the Wigner distribution to obtain other distributions with other properties simply by
convolving it with a function    . One of these distributions is of particular relevance
for us, namely the one suggested by Husimi [63]. He used a Gaussian convolution function
    ½   ¾  ¾ , where  is a width parameter. If we chose   , the
Husimi distribution becomes the square of the overlap
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(5.14)
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This distribution function is thus strictly positive. As a minor sacrifice in the present context,
we have to give up the marginal distribution property of the Wigner distribution. In quantum
optics the Husimi distribution is know as the -distribution.
In the following when we talk about the phase-space density we shall mean the Husimi
distribution. As an example, the Husimi distribution for a harmonic oscillator eigenstate with
   is shown in figure 5.1.
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Figure 5.1: The wave function for
an    excited state in the harmonic oscillator and its Husimi distribution.

5.2 Discretized coherent state representation and frames
What about using the coherent states as basis functions for representing wave functions? Can
they be used for quantum dynamics? Since they are localized in phase-space it might be possible to chose any covering shape in phase-space, and not only a rectangle. The continuous
representation of the wave function in equation (5.12) requires a continuous set of basis functions, which cannot be stored on a computer. The idea is therefore to use a discrete grid of the
coherent states. This is not an entirely new idea but here we analyze, extend and improve the
concept into a practical and quite efficient scheme. Two things must be dealt with. First, how
close together do we have to put the coherent states in order to have a complete basis? The
answer to this is essentially that we need exactly one basis function per Planck area in phasespace, which is quite intuitive (c.f. Bohr-Sommerfeldt quantization). Second, how do we deal
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with the fact that coherent states are non-orthogonal? The “canonical” answer is to orthogonalize by diagonalizing the overlap matrix. Here we propose an alternative and more efficient
iterative method for computing a “local inverse”.
In paper IV the discretized representation and convergence properties of the iterative refinement was tested. Paper V puts a more rigorous mathematical foundation for the method, mostly
by connecting to the work in Gabor analysis but also sketches a formal proof of convergence
of the iterative refinement, not restricted to the coherent state representation but valid for any
frame. The aim is also to introduce the Gabor analysis to the physics audience by showing a
practical method/algorithm for using the representation in computations.
Several proposals to use a phase-space lattice with exactly one function per  area have
been put forward. Gabor proposed to use time-frequency shifted Gaussians for the application
to communication theory [64]. What is known as a von Neumann lattice [65] is essentially
the same but was more focused on quantum mechanics. Using precisely this lattice density is
known to result in unstable reconstruction of functions [66].
The questions of completeness and convergence can be studied using the concept of frames
[67], which is a generalization of bases. Gabor analysis is the study of function representation by time-frequency lattice functions, generalized to all densities. Recently, Feichinger and
Strohmer edited a review book on Gabor analysis [66], which is mostly used for signal and
image analysis, and seems to be an emerging research field.
For the purpose of using the concept in quantum mechanics, we use Dirac notation. Consider the Hilbert space ¾  , and a set of building blocks (functions),    , indexed by .
Can we write any state   as a linear combination of the building blocks? How do we compute
the expansion coefficients  in       ? Both question are answered [66, 68] by
the following.
Construct the frame operator,

Ê



 

 


  

(5.15)

Definition: If the frame operator is bounded from below and above

  







then the set   constitutes a frame.


 is defined as  
The operator inequality 
A frame is complete, and
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(5.16)
.
(5.17)
(5.18)

Æ  . The set of states  Æ  is
is a way of obtaining one set of expansion coefficients as  

called the canonical dual frame. The possibility of inverting the frame operator is guaranteed
by the boundedness property in equation (5.16). In general, a frame may be over-complete, but
this can be advantageous since the reconstruction can be made more numerically stable. The
expansion coefficients are not unique. To compute them by taking the overlap of the corresponding canonical dual with the expanded state constitutes only one possible choice. Hence,
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the frame expansion coefficients for any function can be computed given a method of finding a
dual frame. While the inversion of the frame operator is always possible it might be very hard,
 ½ notation.
notwithstanding the innocent simplicity of the 
Returning to the coherent states; we make a rectangular grid of coherent states in phasespace, separated by  and  in space and momentum respectively. Two integers   are
used to index this set, but to simplify notation we concatenate them into one, ,

           

     

(5.19)

The area of one lattice rectangle is   and we define a phase-space sampling density according to

 



(5.20)

If it is equal to one we have exactly one state per Planck constant phase-space area or  in
units of . Note here that the equivalent area per grid point in the spatial grid is also  , this is
what we have to compare with when discussing efficiency.
When is the set of coherent states (5.19) a frame? It has been proved that if the density is
strictly larger than one the set is a frame.

    is a frame.
(5.21)
This was proved for the special case
    by Daubechies [68] in 1986 and in the



general case by Seip and Wallsten [69, 70] and Lyubarskii [71] independently in 1992.
Æ
From (5.17) the identity operator is   
. For the present method we need a matrix
representation of the identity constructed as

      
  


(5.22)

Representation of any state can made as

  

          
  
  




(5.23)

where     is what we from now on call overlap coefficients; they are computed by
taking the overlap with each Gaussian basis function. By use of the matrix representation of
identity, we can perform computations within the coherent state expansion. A scalar product
between two states  and   can be computed as

   
  

  





(5.24)

where  and  are the overlap coefficients for  and   respectively. Applying an operator
becomes

  
 



   




(5.25)
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if we know the matrix elements

    




(5.26)



For operators of the form   
Ý  the matrix elements can be computed easily using the
properties of the coherent states as


 Ý      ord£  












(5.27)

Ý  is the normal ordered operator; all annihilation operators are to the left of
where ord 
the creation operators. The normal ordering shall respect the anti-commutation relation for the
creation and annihilation operators. Examples of operators of this form are all operators which
are polynomial in  and , i.e. it is very general.
There is a connection to the Husimi distribution. We can interpret the modulus of each
overlap coefficient  ¾ as the value of the Husimi distribution sampled at the point     .
One advantage of the method is its adaptability; we can chose to throw away all points with
small amplitude. This can improve the sampling efficiency, provided the density does not
have to be much larger than one. Otherwise, we may gain adaptability to the prize of needing
much denser grid than the equivalent density for the spatial grid, and this is not desirable. To
summarize, we know that the density formally only have to be just larger than one, but we also
have to show that it is possible to find the matrix in (5.22). In the next section we will show
that an iterative method provides this.
5.3 Local inversion - iterative refinement
We have found that it is possible to find a
´¼µ


´·½µ


 Æ
 

matrix by an iterative procedure
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To study convergence, define the sequence of operators
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(5.29)



 ´µ converges to the identity operator, provided the
In paper V we show that this operator 
density is more than one and the upper frame bound  is strictly less than two. The first criterion
is equivalent to the set of coherent states being a frame, and the later criterion can always be
fulfilled by preconditioning of the frame. The rate of convergence is “super-exponential”, i.e.

the number of significant digits is doubled in each iteration. I.e. (5.29) converges as  ¼¾ , where
¼ is determined by the frame bounds. Define the sequence of states
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  converges to the identity, these states converge to a dual frame. There can be several posIf 
sible dual frames, but it was shown in paper V that by the iterative refinement, (5.30) converges
precisely to the canonical dual frame
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(5.31)

There can be different sets of coefficients  giving the canonical dual. But we can construct
the unique canonical representation by defining

Æ





Æ Æ 


(5.32)



Computing this matrix is no extra effort, it is equal to the second term in equation (5.28).
Still the there is a question of the practical use of iterative refinement, the matrices are
in principle infinite. Efficient computations of the  matrix can be performed by using the
translation properties of the coherent states. Translating the states in phase-space gives only a
phase correction to the overlaps in equation (5.10). Then it is possible to relate the whole 
matrix from one column as
     
(5.33)

The iterative refinement can be very efficiently performed on only one column of  . For example we can choose the column corresponding to neighbours to the coherent state located at
origo, . Therefore it is warrant to call this scheme a local inversion of the frame operator.
The convergence of the iterative refinement for different sampling densities is shown in
figure 5.2. One column of the  matrix is shown in figure 5.3 for the case   . The
canonical dual is shown in figure 5.3.
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Figure 5.2: Convergence of iterative refinement for different densities  . Machine precision is
about  . Note the rapid convergence for even modest oversampling.
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Figure 5.3: One column of  Æ shown as a
function of position in
phase-space.

0.8

0.6

0.4

0.2

0

−0.2
−10

−5

0
x

5

10

Figure 5.4: The solid
line show the position
representation of one
dual state 
 Æ . The
phase-space density is
  . Two nearestneighbour
coherent
states are shown with a
dashed line.

39

CHAPTER 5. PHASE-SPACE APPROACH TO QUANTUM DYNAMICS

40

5.4 A propagator
We now develop a method for quantum evolution using the representation developed above.
The natural choice is to try to find the matrix elements of the evolution operator. Using the
identity operator      we get





 

  
        














(5.34)





Hence the overlap coefficients are time evolved by

 







  

 

(5.35)

 



If we can propagate each coherent state   and compute the overlap with the unpropagated
coherent states, we are able to construct the propagator.
Now the property that coherent states move almost along classical trajectories comes into
play. For short times an initial Gaussian stays Gaussian to a good approximation if the potential
is smooth enough. Thawed Gaussians [57] are generalizations of the coherent states in equation
(5.9), they can describe squeezed states where the momentum is “chirped” as a function of
position.
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The squeeze parameter is a complex number determining the shape of the Gaussian,   is
again the position in phase-space and  is an overall phase. A nice property is the possibility
of computing the overlap between two differently squeezed states analytically. The thawed
Gaussian approximation is derived by letting the
 parameters become time-dependent
and using the time dependent variational principle. The phase-space trajectory will follow a
classical trajectory, the shape parameter will be determined by the monodromy (stability)
matrix and the phase  will increase by the classical action with a correction term dependent
on . We use the thawed Gaussian approximation to compute the time evolution for a short
      ,
time step,     , and then the matrix elements of the propagator   

can be computed. When performing several applications of the short time propagator the result
is a fully quantum mechanical propagation for long times. One way to view the propagator is
as a short time semi-classical propagation followed by a resampling in the original set of basis
states.
Paper IV is a proof-of-the-concept study, where we did not use the sparseness of the matrices but stored the full propagator and  matrices. Note that in paper IV we used the    
expansion coefficients instead of the overlap coefficients and then the propagator becomes the
 , instead. Time stepping consisted
reversed order matrix multiplication,      
of consecutive matrix-vector multiplications. In paper V we introduce the local formalism for
 which makes it possible to use the  matrix without storing more than one column. The
implementation of this scheme for propagation without storing the full  matrix and computing the evolution operator elements directly when needed, is currently being worked on. This
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is necessary in order not to have to store a matrix, which becomes very large in more than
one dimension. It is possible to extend both the representation and the propagator to several
dimensions, but then an efficient implementation is mandatory.
After paper IV, I have learned that the short time propagator was used in a similar scheme
called “hybrid dynamics” by Huber et. al. [72]. They used standard techniques for diagonalizing
the overlap matrix, and they noted that it would be nice to find a method for finding a “local
inversion”.
There are many more possibilities for a propagator remaining unexplored. The Hamiltonian
is an example of an operator of the form (5.27), and hence we can apply this operator to a state.
Then one could for example implement Runge-Kutta time stepping [17] or do a Chebychev
polynomial expansion (involves powers of the Hamiltonian) of the evolution operator.

5.5 Some illustrations
Consider again the excited oscillator state in figure 5.1. The grid representation needed 64 grid
points to be able to represent the    eigenstate. The discretized coherent state representation need only 44, as is show in figure 5.5. Any arbitrary function is possible to represent, see
figure 5.6.
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Figure 5.5: Size of overlap coefficients in the coherent state representation (lower), together with
(top) the real part of the continuous
representation in equation (5.12).

In paper IV vibrational motion in the heavy diatom Rb ¾ illustrated both the gain in sampling
efficiency of the representation and the time step convergence of the thawed Gaussian propagator. The ground state potential has an equilibrium position of 7.7 a.u. An initial wave packet of
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Figure 5.6: A chirped function where the oscillation frequency depends on position (left) together with the overlap coefficients (right).
unit width was released far out at Ê=20 a.u. and was propagated within coherent state representation using thawed Gaussian propagator. As a comparison, ordinary split operator propagation
in a spatial grid was also made, including as a reference solution a brute force diagonalizing to
find the eigenstates.
A classical particle released at the Ê=20 a.u. position has a “pear”-shaped form due to the
anharmonic Morse potential. At long distances the momentum is low but when closing in to
the equilibrium point, momentum is increased to a maximum. At the inner turning point the
momentum changes sign abruptly and the trajectory goes back out again. A rectangle covering
this trajectory must necessarily have a larger area than the inside of the trajectory. Therefore, to
represent the quantum dynamics a spatial grid needs dense sampling over a long range, in the
present case 512 grid points in the range 4 to 25 a.u. are needed. The coherent state grid with a
sampling density    required only 280 grid points as shown in figure 5.7. The quantum
wave packet does not behave as the classical particle, the initial localized state disperses and
after some time spreads out over the entire range. In the figure we see a snapshot of the wave
function at time 6.3 ps. As can be seen it has spread out also in phase-space but here we see the
effect of localization within a region around the classical trajectory. Hence only the grid points
marked was necessary, and we could throw away the interior points and the high momenta
points at large .
Convergence with respect to the time step is shown in figure 5.8. The split operator curve
follows the expected slope corresponding to the   ¿  error per time step. No analytical
estimates for the accuracy of the thawed Gaussian approximation exists, but as we see for this
example the (initial) slope is steeper than   ¿ .
To summarize, for vibration in Rb¾ the coherent state representation need fewer grid points
and the thawed Gaussian propagator can do longer time steps than the split operator propagator
in the spatial grid.
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Figure 5.7: Coherent state representation for a vibrational state in Rb¾ after a time of 6.3 ps.
The initial state was released at    Bohr. The 280 phase-space grid points are illustrated in
the upper figure.
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Concluding remarks
By using numerical simulations, basic quantum dynamical processes in molecules and other
systems can be quantitatively analyzed. Many aspects remain to be explored. There is one very
interesting thread to follow, namely the dynamics for open quantum systems. By extending
quantum dynamics to such systems on can begin to describe electron transfer, molecules on
surfaces and reaction dynamics in solutions. One example is adsorbate dynamics induced by a
scanning tunneling microscope tip.
Performing quantum dynamics in many dimensions is extremely difficult today. The basic
for this is reason is the “dimensional catastrophe”, the size of the Hilbert space increase exponentially with the number of degrees of freedom. Improving numerical algorithms is necessary,
and the discretized coherent state representation may be one aspect of this. Finding possible
approximations to quantum dynamics is another route, and today this is the only way to go for
larger systems. There has, for example, been many successful applications of semi-classical
approximations.
The field of frame analysis is hard to encompass, many aspects are intertwined. Wavelet
analysis is for example one aspect I have not mentioned. Further understanding of localized
non-orthogonal sets may be useful in many context and not only for quantum dynamics. Despite
the relative ease of using the canonical matrix representation of the identity, developed in the
thesis, improvements may be found. The computer codes are a bit difficult to code if one want
to really explore the adaptability. The phase-space grid points should be dynamically allocated
and deallocated during the time evolution. I also have a nagging feeling that there may be better
representations of the identity than the canonical. Especially ones with even better localization
than in figure 5.3 are desirable.
Due to the difficulty of computing potential energy surfaces first, and then performing quantum dynamics, combining quantum dynamics and traditional electronic structure calculations is
desirable. However, the conceptual advantage of understanding simple/small stems first should
not be underestimated.
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[53] J. Reichel, W. Hänsel, and T. W. Hänsch, Phys. Rev. Lett. 83, 3398 (1999).
[54] E. Andersson, M. T. Fontenelle, and S. Stenholm, Phys. Rev. A 59, 3841 (1999).
[55] R. E. Wyatt and J. Z. Zhang, eds., Dynamics of molecules and chemical reactions (Marcel
Dekker, Inc., 1996), chap. 5.
[56] H. Goldstein, Classical Mechanics (Addison-Wesley publishing company, 1980).
[57] E. J. Heller, J. Chem. Phys. 62, 1544 (1975).
[58] E. J. Heller, Les Houches session LII 1989, Chaos and quantum physics (North Holland,
1991), p. 547 ff.
[59] J. R. Klauder and B.-S. Skagerstam, Coherent States - Applications in Physics and Mathemathical Physics (World Scientific, 1985).
[60] R. F. Fox and M. H. Choi, Phys. Rev. A 61, 032107 (2000).
[61] E. Wigner, Phys. Rev. 40, 749 (1932).
[62] M. Hillery, R. O’Connel, M. Scully, and E. Wigner, Phys. Rep. 106(3), 121 (1984).
49

[63] K. Husimi, Proc. Phys. Math. Soc. Japan 22, 264 (1940).
[64] D. Gabor, J. IEEE (London) 93(III), 429 (1946).
[65] J. von Neumann, Mathematical Foundations of Quantum Mechanics (Princeton University
Press, 1955).
[66] H. G. Feichtinger and T. Strohmer, eds., Gabor analysis and algorithms: theory and applications (Birkhäuser Boston, 1998).
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