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Gas modulation refractometry (GAMOR) is a methodology for assessment of gas refractivity, molar density,
and pressure that, by a rapid gas modulation, exhibits a reduced susceptibility to various types of disturbances.
Although previously demonstrated experimentally, no detailed analysis of its ability to reduce the pickup of drifts
has yet been given. This work provides an explication of to what extent modulated refractometry in general, and
GAMOR in particular, can reduce drifts, predominantly those of the cavity lengths, gas leakages, and outgassing.
It is indicated that the methodology is insensitive to the linear parts of so-called campaign-persistent drifts and
that it has a significantly reduced susceptibility to others. This makes the methodology suitable for high-accuracy

assessments and out-of-laboratory applications.
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1. INTRODUCTION

Fabry—Perot cavity (FPC)-based refractometry is a sensitive
laser-based methodology for assessment of gas refractivity, molar
density, and pressure. By measuring the refractivity, » — 1,
where 7 is the index of refraction, the density of the gas can be
calculated by the use of the Lorentz—Lorenz equation, and, if its
temperature is also measured, its pressure can be assessed by an
equation of state [ 1]. The technique has demonstrated detection
of gases with both high precision and good accuracy over a wide
range of molar densities and pressures (for the latter, ranging
from low millipascals to hundreds of kilopascals) [1-16]. Recent
works have indicated that the methodology also has the poten-
tial to replace current pressure standards, in particular in the 1 Pa
to 100 kParange [17].

The methodology is built on the fact that the index of refrac-
tion constitutes the ratio of an optical length in the presence and
absence of gas; for FPC-based refractometry, with and without
gas in the cavity, here referred to as L (=nLy) and Ly, respec-
tively. In practice, the optical lengths are assessed by measuring
the frequency of a laser that is locked to a longitudinal mode of
the cavity. By this, the shift of the frequency of the mode that
takes place when gas is let into an FPC will be transferred to a
shift in the frequency of the laser light [18]. Since frequency is
the entity that can be assessed with highest accuracy in our soci-
ety (up to one part in 10'° and potentially even one partin 10'%)
[19], it opens up extraordinary abilities regarding precision and
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dynamic range. Hence, refractometry is therefore often based on
FPCs[1,2,4,5,10,20,21].

The conventional means of assessing refractivity by the
use of FPC-based refractometry is to assess Ly and L in two
separate assessments. However, in practice, this is not trivial,
since experimental systems are in general affected by a variety
of disturbances on different time scales; high-frequency dis-
turbances, denoted noise, periodic disturbances, referred to as
fluctuations, and slow (often monotonic) disturbances, termed
drifts. Although a number of procedures frequently are utilized
to reduce disturbances, the assessments are still often limited by
their residual amounts. Of special importance is that the cavity
spacer material is subjected to uncontrolled deformation due
to thermal expansion, aging, relaxations, and diffusion of gas
into the material that can change its length in an unpredicted
manner [1]. This severely limits the performance and usability
of FPC-based refractometry.

There are several means to alleviate this. One is to utilize a
dual-Fabry—Perot cavity (DFPC) in which two cavities, bored
in the same cavity spacer, one serving as the measurement cavity
and one as the reference cavity, are simultaneously addressed
by two laser fields [1,5,6,10,22-25]. In this case, the shift in
the frequency of the laser light can directly be measured as the
shift of the beat signal between the two laser fields. An advan-
tage of this is that any change in length of the cavity spacer that
affects the two cavities equally does not affect the refractivity
assessment. However, since the lengths of two cavities bored
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in the same spacer also can fluctuate or drift dissimilarly over
time, DFPC-based refractometry will still pick up disturbances
from cavity deformation, although often to a significantly lesser
extent than when a single FPC is used.

Other means to alleviate the limitations are to construct the
DFPC of low thermal expansion glass, e.g., ultralow expansion
glass (ULE) [1,24] or Zerodur [2,6-11,13,26-29], place itin a
highly temperature stabilized environment (a combined gas and
vacuum chamber) [1], and let the system relax and equilibrate
for long time periods after each gas filling or emptying process
[1]. However, several of these actions are cumbersome to pursue
and increase the complexity of the systems. This limits the use of
the technology outside well-controlled laboratories.

An alternative is to utilize a methodology that can reduce
the influence of disturbances. One such is gas modulation
refractometry (GAMOR) [14,15,30-34]. This methodology is
built upon two principles, here referred to as two cornerstones;
viz., (i) the refractivity of the gas in the measurement cavity is
assessed by a frequent referencing of filled measurement cavity
beat frequencies to evacuated cavity beat frequencies, and (ii) the
evacuated measurement cavity beat frequency at the time of
the assessment of the filled measurement cavity beat frequency
is estimated by use of an interpolation between two evacuated
measurement cavity beat frequency assessments, one performed
before and one after the filled cavity assessments. By this, the
GAMOR methodology reduces swiftly and conveniently the
pickup of various types of disturbances in refractometry systems,
not only those from changes in length of the cavity caused by
drifts in the temperature of the cavity spacer, but also several of
those that have other origins (e.g., those from gas leakages and
outgassing) [32,35].

It has been experimentally shown that the GAMOR method-
ology, when applied to a DFPC refractometry instrumentation
utilizing a nontemperature-stabilized cavity spacer made of
Zerodur, could reduce the influence of drifts more than 3 orders
of magnitude (decreasing the standard deviation from 6.4 Pa to
3.5 mPa) [30]. For pressure assessment in the 5 kPa range, the
methodology has demonstrated a sub-parts per million (10)
precision [31].

The methodology has also opened up for the use of noncon-
ventional cavity-spacer materials; a GAMOR-based system
based on an Invar-based DFPC refractometer has recently
been realized and characterized [14,33]. It was found that, for
a pressure at 4303 Pa, it could provide a minimum deviation
of 0.34 mPa [which corresponds to a sub-0.1 ppm relative
deviation (or precision)] [14].

This system has, in turn, been used to demonstrate a novel
procedure for assessment of cavity deformation [36]. It was
shown that the high precision of the instrumentation allows for
an assessment of cavity deformation to such a high accuracy that
its uncertainty contributes to the uncertainty in the assessment
of pressure of N, with solely a fraction of the uncertainty of its
molar polarizability, presently to alevel of a few parts per million
[36]. This implies, in practice, that cavity deformation is no
longer a limiting factor in GAMOR-based FP refractometer
assessments of pressure of Nj.

All these extraordinary achievements originate largely from
the ability of the technique to reduce the influence of disturb-
ances, in particular fluctuations and drifts [14,15,30-34]. In
fact, as it has recently been scrutinized in some detail [16],
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the GAMOR methodology has allowed the influence of such
disturbances to be reduced to such an extent that the precision
plays a virtually insignificant role in the assessment of pressure;
the extended uncertainties are dominated by, for one GAMOR
system, the uncertainty in the molar polarizability of the gas
addressed (for the case with nitrogen, 8 ppm) and, for another
(a transportable) system, the assessment of the temperature
(26 ppm). Since the assessment of changes of pressure is pre-
dominantly given by the precision of the instrumentation, the
GAMOR methodology has also significantly increased the
capability of refractometer systems to assess changes of pressure.

However, until recently, no detailed analysis of the ability
of GAMOR to reduce the pickup of fluctuation and drifts had
been given. To remedy this, it was recently explicated how gas
modulation can reduce the influence of fluctuations to FP-based
systems [32,37]. To continue the scrutiny of the influence of
gas modulation on FP-based refractometry, this work reports
on the extraordinary ability of modulated refractometry in
general, and GAMOR in particular, to reduce the influence of
drifts in FP-based refractometry [38]. It does so by providing
a comparison (both an estimate based on a theoretical analysis
and an experimental assessment) of the abilities of several types
of refractometry methodology: unmodulated noninterpo-
lated (UMNI) refractometry [both single-Fabry—Perot cavity
(SFPQ) refractometry and DFPC refractometry]; unmodulated
interpolated (UMI) refractometry; modulated noninter-
polated (MNI) refractometry; and modulated interpolated
refractometry, here referred to as GAMOR [39].

To quantitatively estimate the extent to which the various
methodologies are affected by various types of drifts, we will
first, in Section 2, give a short description (using a common
nomenclature) of how they assess refractivity, molar density, and
pressure. We will then, after various types of drifts are defined,
in the Sections 3.B and 3.C, provide a general model of drifts
of the frequencies of the cavity modes (and thereby of the beat
frequency) during a measurement campaign and assume that
they can comprise both linear and nonlinear parts. This will
be followed, in Sections 3.D and 3.E, by a description of how
the modeled drifts affect the assessment of the shift of the beat
frequency in the various methodologies considered. Section 3.F
identifies the main origins of the drifts to be: (7) drifts of the
cavity lengths; and () leakages or outgassing into the system.
Sections 3.G and 3.H scrutinize (and estimate) the influence of
these types of drifts on the assessment of refractivity and pressure
by the various types of FPC-based methodologies addressed.

Although it has previously been experimentally demon-
strated that GAMOR has an ability to significantly reduce drifts
[30], no quantitative comparison of to what extent the various
methodologies addressed are affected by different types of drifts
has yet been given. To circumvent this shortcoming, addi-
tional experimental demonstrations of this are presented here.
Following Section 4, which gives information about the exper-
imental setup used, Section 5 therefore provides assessments of
the influence of a given number of drifts (deliberately induced
under controlled conditions) on the various methodologies
addressed. Section 6 provides a summary and conclusions.

Finally, it should be noted that this work deals with the
ability to mitigate the influence of drifts on FPC-based refrac-
tometry in general and GAMOR in particular. Hence, it
mainly addresses the ability to improve on the precision. It also
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improves on the accuracy until the precision no longer plays any
role in the total uncertainty budget. This ability is of increasing
importance the lower the addressed pressure. The uncertainty
budget for the GAMOR experimental system used in this work
has been presented in a recent work [16].

2. THEORY-MEANS OF ASSESSMENT OF
REFRACTIVITY, MOLAR DENSITY, AND
PRESSURE IN FPC-BASED REFRACTOMETRY

The modulated FPC-based refractometry methodologies
are based on the same fundamental principle as ordinary
(unmodulated) (UM) refractometry; they measure the change
in refractive index between two situations, with and without
gas in the measurement cavity. This implies that they are all
governed by the same basic expressions.

A. Assessment of Gas Refractivity from a Measured
Shift in Beat Frequency

It has been found convenient to express the refractivity of the
gas under scrutiny assessed by FPC-based methodologies as a
function of the shift of the beat frequency between the two laser
fields probing the two cavities, A f, and, when mode jumps
take place, the shift in mode number of the mode addressed in
the measurement cavity, Ag,,, when the latter is filled with (or
emptied of) gas [40], as

no1= 28 (1)

1-Af+e,

where A f is the relative shift of the beat frequency given
by A f/v®, where v is the evacuated cavity frequency
of the measurement laser; and Ag,, is a shorthand nota-
tion for Ag,,/q?”, where ¢'© is the number of the mode
addressed in the evacuated measurement cavity [31]. €, is a
refractivity-normalized relative cavity deformation, defined as
(8L, /LD)/(n— 1), where §L,, and L are the change in
length of the measurement cavity when it is filled with gas and
the length of the measurement cavity when being evacuated,
respectively.

The shift in beat frequency between the two laser fields prob-
ing the two cavities, A £, is, in turn, given by

Af= fo.p — fo.0, ()

where f(o4)and f(o,0) are the beat frequencies assessed when the
measurement cavity is filled with gas and evacuated, respectively,
which, in turn, are given by

[fooz i) ®
ﬁowo) = vr - Vm ’

where v(?) represents the frequency of the reference laser, which,
in this work, for all types of DFPC-based methodologies, is
assumed to address an evacuated reference cavity, while it, for
SFPC-based refractometry, refers to an external frequency refer-
ence. v and V@ are the frequencies of the measurement laser
addressing the measurement cavity containing the gas whose
properties or amount are to be assessed and when it is evacuated,
respectively. A compilation of the nomenclature used is given in
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Supplement 1. A recipe for how to assess €, with an accuracy in
the low parts per million range has recently been given [36].
Note that Eq. (1) is valid for all types of refractometry in
which the amount of gas in a single FPC is altered, including
both UM methodologies (SFPC as well as DFPC refrac-
tometry) and modulated ones (MNI refractometry as well as

GAMOR) [41].

B. Assessment of Gas Density and Pressure from
the Gas Refractivity

The conversion of refractivity, » — 1, to gas molar density, p,
is performed through the extended Lorentz—Lorenz equa-
tion, given by Eq. (SM-20) in the supplementary material of
Ref. [31], which implies that the density can be assessed from
the assessed refractivity by

p=——(n—D[1+b,i(n— D], )

3Ag
where Ap and b4,_; are the dynamic molar polarizability and
a series expansion coefficient, respectively, where the latter is
given by —(1 +4Bg/A%)/6, where, in turn, By is the second
refractivity virial coefficient in the Lorentz—Lorenz equation for
the type of gasaddressed [31,35,42,43].
The corresponding pressure, P, can thereafter be obtained
from the density as

P=RTp[1+ B,(T)p], (5)

where R is the ideal gas constant, 7 is the temperature of the gas,
and B, (7T) isa density virial coefficient [1,44].

3. MODELING OF DRIFTS OF THE CAVITY
MODES AND AN ASSESSMENT OF THEIR
INFLUENCE ON VARIOUS TYPES OF
FPC-BASED REFRACTOMETRY

Since the assessment of refractivity by the use of FPC-based
refractometry methodologies comprises more than one mea-
surement of the measurement cavity mode frequency (when
assessed as beat frequencies, fio 4) and fo,0)), performed at dis-
similar time instances (with and without gas in the measurement
cavity), and the beat frequency depends on several properties of
the system used, a refractivity assessment will be affected by the
drifts that take place in the system between the time instances of
the individual assessments.

Since the leading term of Eq. (1) for the refractivity is
A f/v® ) and the relative drift in v”) over any appreciable
amount of time is significantly smaller than that of A £, the
error (or uncertainty) in the assessed refractivity, denoted
8(n — 1), can be assessed as 8[Af]/v,(,?), where §[A f7] repre-
sents the error (or uncertainty) in the assessment of the shift in
the beat frequency from drifts that take place when the measure-
ment cavity is filled from vacuum to the pressure to be assessed

(i.e.,in A f).

A. Types of Drift
Although both cornerstones upon which the GAMOR method-

ology relies contribute to a reduction of the influence of drifts,
they do not do so to the same extent for all types of drifts. It
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is therefore of importance to distinguish between those that
affect the cavity mode frequencies persistently and continu-
ously during the entire measurement campaign, irrespective
of the state of the gas modulation cycle, here referred to as
campaign-persistent drifts (for simplicity denoted drifts of
TypeI), from those that are reset once per gas modulation cycle
by the gas evacuation process (so the drift process starts over for
each modulation cycle), here referred to as cycle-limited drifts
(referred to as drifts of Type II). The Type II drifts, in turn, are
separated into two subcategories, viz., (a) those that affect the
refractivity of the gas in the reference cavity and (b) those that
affect the refractivity in the measurement cavity. Drifts of the
physical lengths of the cavities are thus drifts of Type I. Leakages
and outgassing into the reference cavity represent drifts of Type I
for the case the reference cavity is sealed off during the entire
measurement campaign while they constitute drifts of Type Ila
for the case the reference cavity is evacuated once per gas modu-
lation cycle. Leakages or outgassing into the measurement cavity

are of Type IIb.

B. Model for the Drifts of the Evacuated Cavity Mode
Frequencies

Since drifts represent disturbances that take place on long time
scales [38], it is possible to model the error (or uncertainty) of
the shift in the beat frequency due to drifts in terms of a Taylor
expansion. To do this in an as general manner as possible, we will
assume that the evacuated cavity mode frequency for each cavity
i (where 7 = m or r, representing the measurement and the ref-
erence cavity, respectively) and for each gas filling-and-emptying
process (or gas modulation cycle), vz-(o) (¢), can be written as a
Taylor series expanded around the time instance when the filled
measurement cavity assessment, f{o, )18 made, which is at tg,as

©

vl@)(t) = v;o)(tg) + (%) (r—1)

(4

RS
+5< al;; ) (t—1)"+ Ol(t—1)°],  (6)

(4

where (9 vl-(o) /02),, and (321)50)/ Btz)tg are the first- and second-
order derivatives of the frequency of the cavity mode addressed
in the evacuated cavity 7 with respect to time at #,, representing
the linear and first-order nonlinear drift rates, respectively. The
O[(r — 1,‘g)3 ]-term denotes the sum of all higher-order contri-
butions in the Taylor series expansion, which, close to the center
point of the expansion (i.e., for small values of # — #,), becomes
the least significant term (often negligible).

C. Corresponding Drifts of the Evacuated
Measurement Cavity Beat Frequency

If the frequencies of the cavity modes drift, the beat frequencies,
i.e., fio,¢) and f(o,0), will also drift. Equation (3) indicates that,
if the evacuated cavity mode frequencies have time dependences
according to Eq. (6), the evacuated measurement cavity beat
frequency, f(0.0)(¢), can be expressed as
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Mode frequency

(b)

Beat frequency

foo

time

Fig. 1. Schematic illustration of possible drifts of the evacuated
cavity mode frequencies and the corresponding beat frequency.
(a) Evacuated cavity mode frequencies of the modes addressed in the
two cavities exposed to drifts, v (¢) and V9 (), given by Eq. (6);
(b) corresponding evacuated measurement cavity beat frequency,
fi0,0)(2), representing their difference, given by Eq. (7).

0
S0.00(1) = flo.0)(5) + < J;((;’O)) (t—1,)
74

+ 1(82ﬁ0~0>

S\ ) (t—1)* + Ol(t —2,)°], (7)

where

oy () = v, (6g) — v, (s)
(45),-(50), - (5)
./, ar /., o/,
9’ foo)\ _ [9v? 32vO @)
a2 ), \ a2 ), a2 ),
4 4

4

An example of this is given in Fig. 1. The frequencies of
the cavity modes of the two evacuated cavities, v¥(#) and
vff) (t), when exposed to both linear and nonlinear drifts
according to Eq. (6) [in this case with (81)1.(0)/ at), >0 and
(821)50)/ 8t2),g < 0], are schematically illustrated by the two
curves in panel (a), while the corresponding evacuated measure-
ment cavity beat frequency, fo,0)(#), given by their difference,
i.e.,, by Eq. (7), is given by the green solid curve in panel (b).

By incorporating a sufficient number of terms in the Taylor
series in Egs. (6) and (7), it is possible to make vlgo)(t) and
f(0,0)(#) arbitrarily accurate representations of the drifts of the
evacuated mode frequencies and the evacuated measurement
cavity beat frequency, respectively.

D. Influence of the Modeled Drifts of the Evacuated
Measurement Cavity Beat Frequency on the
Assessment of the Shift of the Beat Frequency in
Various Types of FPC-Based Methodologies

In refractometry, to allow thermal equilibration to take place
in the system (which, for some types of systems, in particular
those with large gas volumes, for which the pV work performed
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by the gas is substantial [45], and with significant heat islands
[46], can take substantial amount of time), the evacuated and
filled measurement cavity assessments are often well separated
in time from each other (often with time separations of days,
from time to time with even longer separations). Although
common measurement procedures generally prescribe repeated
measurements of any assessed quantity, it is not customary to do
so in refractometry, since this would take even longer time spans.
We will consider this and, when solely a single gas filling and
evacuation process is performed during a given measurement
campaign, we will here refer to itas UM refractometry.

Moreover, as is shown below, although it is also advantageous
to perform an evacuated measurement cavity assessment more
than once per campaign, not all refractometry protocols pre-
scribe such a procedure. When UM refractometry is performed
with only one evacuated measurement cavity assessment, it
will henceforth be referred to as UMNI refractometry. When
more than one evacuated measurement cavity assessment is
performed during a measurement campaign, it is possible to
perform interpolation between consecutive such assessments.
When such a procedure is used together with UM refractometry,
itwill henceforth be referred to as UMI refractometry.

When more than one filling and evacuation of the measure-
ment cavity assessment is performed during a measurement
campaign, the procedure will here be referred to as modulated
refractometry. Similar to the case with UM refractometry, when
this is performed, it can be performed either without or with
interpolation between such consecutive assessments. When
performed without, it will be referred to as MNI refractometry;
while when performed with interpolation, i.e., when modulated
interpolated refractometry is performed, it will be referred to as
GAMOR.

Largely depending on the construction of the system, all four
types of methodologies have been used (and are used) in various
ways in laboratories worldwide. To allow for a comparison of the
relative advantages of the various types of methodologies, and an
estimate of their abilities to reduce the pick-up of drifts, all these
methodologies (UMNI, UMI, MNI, and GAMOR) will below
be described, scrutinized, and compared in some detail.

1. Noninterpolated Refractometry

To allow for a comparison between various types of methodolo-
gies, we will initially, irrespective of whether we deal with UM
or modulated refractometry, assume that the evacuated and the
filled measurement cavity assessments take place at the time
instances #, and #,, respectively (where #, > #,). This implies
that noninterpolated (NI) methodologies assess the shift in beat
frequency as expressed by Eq. (2), as

Af(tnv tg) = ﬁO,g)(tg) - ﬁ0,0)(tn)' (9)

However, due to drifts, this shift will differ from the (ideal)
beat frequency shift that should be used in Eq. (1) if a drift-free
assessment should be performed, which would take place if
S0,y and fio,0) would be assessed at the same time instance,
denoted A (2, t,). For the case when the drifts are either of
Type I or Ila (i.e., when the drifts do not affect the gas in the
measurement cavity), this is defined as
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A fltg, 1) = flo.g) (%) — fio.0)(%)- (10)

Use of Eq. (9) for assessment of the beat frequency therefore
gives rise to an error in the assessments.

For these types of drifts, this error, denoted 8§[A f(2,, #,)],
is given by the difference between these two = shifts,
ie, Af(t,, t,) — Af(4, t,). Making use of Egs. (9) and
(10) implies that this error can, for the NI methodologies, be
written as

S[A f(t0, t)] = fl0.0)(%) — flo.0)(%n)- (11)

This shows that, when such methodologies are used, the error
(or uncertainty) in the shift in beat frequency, 8[A 1, which
produces an error (or uncertainty) in the assessed refractivity,
8(n—1), ofS[Af]/v,(”O), can, for drifts that are either of Type
I or Ila, be represented by the difference between the evacuated
measurement cavity beat frequencies f(o,0)(¢) atz, and z, [47].

Note that while f{9,0)(#,) in Eq. (11) is the accessible and
measured evacuated measurement cavity beat frequency
assessed at #,, f(0,0)(#;) represents the actual (but nonmeasur-
able) evacuated measurement cavity beat frequency when the
measurement cavity is filled with gas, i.e., at t,. To estimate
8[A f(2,, t,)], itis therefore of importance to consider possible
time developments of the evacuated measurement cavity beat
frequency in the presence of drifts, i.e., f{0,0)(2)-

A possible such drift, given for a single filling-and-emptying
process (or a single gas modulation cycle) by Eq. (7), which is
schematically shown in Fig. 1(b), is illustrated in more detail
by the blue solid curve (the uppermost curve in the center of
the graph) in Fig. 2. While the latter of the two evacuated cavity
measurement beat frequencies in Eq. (11), ie., fo.0)(%:),
is represented by the leftmost cross in Fig. 2, the former,
i.e., f0.0)(#,), is indicated by the red circle. Making use of
Eq. (7) for the evacuated measurement cavity beat frequency at
%, Eq. (11) indicates that the error (or uncertainty) in the shift of
the beat frequency from drifts of either Type I or Ila that appears
in assessments performed by NI refractometry, §[A £(2,, #,)],
can be written swiftly.

UMNI refractometry: For the UMNI methodology
(for which the evacuated measurement cavity assessment is
performed ata time instance #,, = 0), this can be written as

3f<o.0>> . l(azf(o,m
4
7

ot 2 02

S[Af(#,=0,1)]= ( ) #+ 0l

(12)
MNI refractometry: For the MNI methodology, the same

expression can, for modulation cycle 7, be written as

d
SIA (2, 1)1 = (%) (t; — 1)
g

2 at?

2
- l(@) (t, — ,)* + Ol(t; — ,)°].
Ig

(13)

2. Interpolated Refractometry

UMI refractometry: When UM refractometry is performed,
it is often possible to make one evacuated measurement cavity
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f00)

fo0)

I O[Af(tn,tg, tnir)] -

f0.0)

(5[Af(tm t!l)]

tu t_q tu'H

Fig. 2. Blue solid curve (the uppermost in the center of the graph):
the evacuated measurement cavity beat frequency for modulated
refractometry in the presence of drifts, f{o,0)(¢), as given by Eq. (7)
(for a case with (3ﬁ0,0)/8t)tg >0 and (82ﬁ0,0)/8t2),g <0). The
beat frequency at time #,, at which the gas measurement is performed,
denoted fio,0)(%), is marked by a red circle. The beat frequency mea-
sured at time £,, f{0,0)(%,), is marked by the leftmost cross (x). Both
NI methodologies (i.e., UMNI and MNI) consider f{o,0)(%,) to be
an appropriate representation of f(g ) for the entire gas filling-and-
emptying process (or gas modulation cycle), respectively, represented
by the red horizontal line (the lowermost in the center of the graph).
The long (leftmost) green vertical line, denoted 8[A f1(z,, #,)] and
defined by Eq. (13), illustrates, for drifts of Type I or Ila, the error in
the assessment of the beat frequency for both these methodologies,
mainly given by either of Eq. (20), (21), or (22). The slanted black
straight line represents the estimated evacuated measurement cavity
beat frequency, f(o,m (45 t, 2,41), created by a linear interpolation
between two evacuated measurement cavity beat frequency assess-
ments (marked by the two crosses, x) when either of the interpolated
methodologies (UMI or GAMOR) is used [according to Eq. (12) or
(13), respectively] with an instrumentation affected by drifts of Type
(the case with UMI refractometry is illustrated by the figure with £, = 0
and #,41 = famp). The short (rightmost) red vertical line, denoted
8[A f(2,, t,, t,41)] and defined either by Eq. (16) or (19), illustrates
the error (or uncertainty) in the assessment of the beat frequency
made when the GAMOR methodology is used in an instrumentation
exposed to such types of drifts. Note that, for a well-constructed refrac-
tometry system, dominated by slow drifts, and, in particular, when
modulation (with short modulation cycles) is used, the curvature of
S0 (#) in the figure is, for illustrative purposes, greatly exaggerated.
In such cases, the residual error (or uncertainty) when GAMOR is
applied (the vertical red arrow) can be significantly smaller than what is
schematically illustrated in the figure.

assessment at the start of the measurement campaign and
one at its end. Assuming that the first takes place at a time 0,
and denoting the time instance for the latter 7y, the inter-
polated evacuated measurement cavity assessment for UMI
refractometry can be assessed, for all time instances during the
measurement campaign, i.e., for0 < < femp» A8

ﬁ0,0)(tcmp) — f0.0)(0) ,

cmp

F10.0) (2, tamp) = f10,0(0) + (14)

By subtracting this interpolated evacuated measurement
cavity beat frequency at the time of the assessment of the filled
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measurement cavity beat frequency (i.e., at ), j;(0,0)(l‘ s Lemp)s
from the measured (drift-influenced) beat frequency during gas
filling, f{0,5)(%), a Type I drift-corrected net beat frequency,
denoted A fumi(%,), results. This entity represents the A f'to be
used in Eq. (1) when UMI is performed.

In this case, the error in the assessment of the evacuated
measurement cavity beat frequency (performed at #,), now
denoted 8[A f(#;, temp) Jumi, is no longer given by Eq. (11), but
rather, by

SIA f(ty, temp)lunt = fi0.0)(8) — fro.0) (g, temp)- (15)

For Type I drifts (i.e., drifts of the lengths of the cavities and,
for the case when the reference cavity is sealed-off during the
entire measurement campaign, leakages and outgassing into
this cavity), for which the evacuated cavity mode frequencies are
continuous functions of time also outside the range of a single
filling-and-emptying process (or gas modulation cycle) [48], the
interpolation process will reduce the errors (uncertainties) of the
beat frequency. For this type of drift, for which ];(0,0) (g temp)
is schematically represented by the slanted black line in Fig. 2,
and when UMI is performed, the leading term of the error
(or uncertainty) in the assessment of the shift of the evacuated
measurement cavity beat frequency [obtained by use of Egs. (7),

(14),and (15)] is given by

1| /92
SLA 10, rg,tcmanMI:—z[(#) }r;, (16)
edr

where the subscript ; indicates that the drifts are of TypeI.

GAMOR: As was alluded to above, the GAMOR method-
ology can be described as a combination of two cornerstones,
viz., a frequent referencing of filled measurement cavity beat
frequencies to evacuated cavity beat frequencies and, to assess
the evacuated measurement cavity beat frequency at the time
of the assessment of the filled measurement cavity beat fre-
quency, the use of an interpolation between two evacuated
measurement cavity beat frequency assessments, one performed
before and one after the filled cavity assessments. To clarify the
role of the two cornerstones on the ability of the methodology
to reduce the pickup of drifts, the principles of GAMOR per-
formed on an experimental system exposed to drifts of Type I,
i.e., campaign-persistent drifts, are schematically illustrated in
Fig. 3.

Panel (a) illustrates the pressure in the measurement cavity,
which, according to cornerstone (7), is alternately evacuated
and filled with gas (upper red curve) while the reference cavity
is held at a constant pressure (in this case for simplicity chosen
to be at vacuum, lower blue curve). This implies that the influ-
ence of drifts, which, in general, affect the frequencies of both
the measurement and the reference lasers [although possibly
to dissimilar extent, as shown in panel (b)], and thereby the
assessed beat frequency [the upper black curve in panel (c)], can
be reduced by shortening the modulation cycle period; for a
given drift rate, the shorter the gas modulation cycle time is, the
less will the assessed beat frequency be affected by drifts [49].

In addition, according to cornerstone (i), the evacuated
measurement cavity beat frequency is estimated by the use of a
linear interpolation between two evacuated measurement cavity
beat frequency assessments performed in rapid succession—for
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Fig.3. Illustration of the principles of GAMOR on an experimental

system exposed to drifts of Type I, i.e., campaign-persistent drifts,
displayed over two full modulation cycles. (a) displays, as functions
of time, the pressures in the measurement cavity, P, (¢), (the upper
red curve) and in the reference cavity, P, (#), (the lower blue curve).
(b) shows the corresponding frequencies of the measurement and
reference lasers, v,,(#) (the lower red curve) and v, (¢) (the upper blue
curve), respectively, in the presence of drifts (for display purposes,
in the absence of mode jumps and offset to a common frequency
Vo). (c) illustrates the corresponding beat frequencies: by the upper
black curve, the measured one in the presence of the gas modulation,
So.9)(®), and, by the lower green line, the estimated evacuated mea-
surement cavity beat frequency, ];(0,0) (., t, ty+1), which, according to
Eq. (17), has been constructed as a linear interpolation between two
evacuated measurement cavity assessments (taken at the positions of
the crosses). (d), finally, displays, by the black curve, the drift-corrected
shift in beat frequency, A f;(#), at each time instance given by the
difference between the beat frequency measured with gas in the mea-
surement cavity, f{o, o) and the (intercycle) interpolated evacuated
measurement cavity beat frequency, fNEO‘O)(tn, t, t,41). The circles in
the two lowermost panels illustrate the parts of the data that are used
for evaluation of the gas refractivity; the red and the green circles in
(c) represent fg 4 (%) and ]?(0.0)(% fg» tat1), respectively, while the
red circle in (d) corresponds to their difference, i.c., A f;(%). The
drifts and the slope of the interpolated evacuated measurement cavity
beat frequency have been greatly exaggerated for display purposes.

cycle 7, one performed at a time #,, denoted f{9.0)(%,), and the
other a time #,11, denoted f{g,0)(#,+1), both marked by crosses
in Fig. 3(c). By this intercycle interpolation, the evacuated mea-
surement cavity beat frequency can be estimated at all times #
during a modulation cycle. For cycle 7, for which 7, < ¢ < 2,44,
itisestimated as

ﬁ0,0)(tnv t tn+1) — ﬂ0,0) (tn) 4 ﬂ0.0) (tn+l) - ﬁU,O) (tn)

(t—1,).
(17)

tn+1 —

Vol. 38, No. 8/ August 2021 / Journal of the Optical Society of America B 2425

For the case with drifts of Type I, this (intercycle) interpo-
lated value is represented by the green line in Fig. 3(c). The value
of the estimated evacuated measurement cavity beat frequency
at the time when the filled measurement cavity assessment is
performed, denoted ];(0,0)(% tgs tiy1) is marked by a green
circle.

Similar to the case with UMI refractometry, by subtracting
the estimated (interpolated) evacuated measurement cavity beat
frequency [ ];(0,0) (4, t, t,41), the green line] from the measured
(drift-influenced) beat frequency during gas filling [ fo ¢)(2),
the black curve], both in panel (c), an intercycle Type I drift-
corrected net beat frequency, denoted A f;(#) and represented
by the black curve in panel (d), results. The value of this curve at
tg, i.e., A f(2,), represents the A f to be used in Eq. (1) when
GAMOR is performed [50].

In this case, the error in the assessment of the evacuated mea-
surement cavity beat frequency (performed at #,), now denoted
S[A f (24, ty, tay1)] G, is given by

S[A f(tas ty, tur )]G = fr0,0)(2g) — fi0.0 (s tgs tay1). (18)

Again, for Type I drifts, the interpolation process can reduce
the errors (uncertainties) of the beat frequency. For this type of
drift, for which ﬁ0,0)(tnv Zg» tat1) is schematically represented
by the slanted black line in Fig. 2, the leading term of the error
(or uncertainty) in the assessment of the shift of the evacuated
measurement cavity beat frequency [obtained by use of Egs. (7),
(17),and (18)] is given by

IEE
8[Af(tﬂ’ lgs tﬂ+1)]G =7 [<M> :| (tg - tn)z-
edr

2 012

(19)

This entity is schematically illustrated by the short (right-

most) red vertical line in Fig. 2, denoted §[A f(2,, 2,, ,11)].

This shows that the effect of cornerstone (7) on drifts of Type |

is to eliminate the dependence of its linear part. Together with

the modulation process that forms one part of the GAMOR

principle, this has a profound effect on the resilience to drifts of
Typel.

E. Influence of the Length of the Gas Filling and
Emptying Cycle on the Assessment of the Shift of
the Beat Frequency in Various Types of
Methodologies

To estimate the role of, on the one hand, the modulation pro-
cedure, and on the other hand, the interpolation process, it
is convenient to rewrite the above expressions in terms of the
length of the gas filling and emptying cycle, which, for the
UM methodologies, for simplicity, is assumed to be given by
the length of the measurement campaign, zmp, while for the
modulated ones, it is given by #,4; — #,, henceforth denoted
¥ mod- TO assess the influence of drifts of the cavity lengths, leak-
ages, and outgassing into the cavities, it is convenient to also
express the expressions for the errors (or uncertainties) in the
assessment of the shift of the evacuated measurement cavity beat
frequency in terms of the individual frequencies of the modes
of the evacuated cavities, i.e., v!? (#) and v{? () for the various
methodologies addressed.
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1. UMNI Refractometry
SFPC-based refractometry: For the case when SFPC-based

refractometry is performed, the reference laser is not stabilized
with respect to any reference cavity bored in the same spacer
block as the measurement cavity; it is instead stabilized by
some other (external) means. Its frequency will therefore not
be affected by any drift influencing the cavities. Under the
assumption that this external stabilization is adequate, i.e., that
vfo)(t) = vr(o)(tg) = Ufo)(tn) under the entire measurement
campaign, this implies that, for any drift that can be expressed
by the Taylor series expansion given in Eq. (6) (i.e., from drifts
of Type I orIla), the leading term of the error (or uncertainty) in
the assessment of the shift of the beat frequency for SFPC-based
refractometry when UMNI is performed, 8[A f (tcmp)]%F&IC\H,
can be written, by the use of Egs. (8) and (12), as

)
SIA £ (temp) Rinins = —cUM(a;j ) femps (20)
%
where {um represents the fraction of the entire campaign into
which the filled measurement cavity assessment is performed,
defined as #, / temp.

This shows that the error (or uncertainty) in conventional
SFPC-based UMNI refractometry is predominantly given by
a product of the first-order derivative of the frequency of the
mode addressed in the evacuated measurement cavity (its linear
drift rate), (81),(,?)/ Bt)tg, and the separation in time between
the assessments of the two beat frequencies [ f{0,0)(0) and
J0.0)(#)], here expressed as {umtemp. This error (or uncer-
tainty) is illustrated by the long (leftmost) green vertical line, for
generality denoted [A f(2,, 2,)], in Fig. 2.

DFPC-based refractometry: For the case when DFPC-
based UMNI refractometry is performed, the reference laser
is addressing a reference cavity bored in the same spacer block
as the measurement cavity and is therefore likewise exposed
to drifts. Again, making use of Egs. (8) and (12) implies that
the leading term of the error (or uncertainty) in the assessment
of the beat frequency in DFPC-based UMNI refractometry,
S[Af (tcmp)]gf/ﬁgl, can be written as

v v
S[Af(tcmp)]gll\:/})l\cll ={um |:< 8:,‘ ) - ( 3:‘ ) ] Lemp-
4 %

(21)
This shows that in conventional DFPC-based UMNI refrac-
tometry, the error from drifts of Type I or Ila is primarily given
by a product of the difféerence between the first-order derivatives
of the frequency of the mode addressed in the evacuated cavities,
(0 u§°>/at),g — (0 vy(,?)/at),g, (i.e., the difference in linear drift
rates of the two cavities), and the separation in time between the
Jo.e) and f(o,0) assessments, i.e., {UMZmp- Also, this error (or
uncertainty) is schematically illustrated by the long (leftmost)
green vertical line denoted §[A £(#,, #,)] in Fig. 2.

2. MNI Refractometry

When modulation is used without interpolation, i.e., when
MNI refractometry is performed, the methodology provides
an assessment of the beat frequency with an error (or uncer-
tainty), 8[A f(#mod )IMn1, that has a form similar to that for
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DFPC-based UMNI refractometry, Eq. (21), that, according to
Eq. (13), most conveniently can be written as

P |: @ v
8[A (tmod )]MNIZQ‘M ( . ) _( “ ) % mod s
or e ot e
(22)

where ¢/ represents the fraction of the gas modulation cycle,
% mod » into which the filled measurement cavity assessment is
performed, defined as (¢, — #,) /# mod-

However, although of similar form, Egs. (22) and (21) differ
by the fact that the length of the gas modulation cycle for MNI
refractometry, #mqd, is significantly shorter (often orders of
magnitude) than the time separation between the assessments
of fio.¢) and f{o,0) in the UM case, i.e., femp. This indicates that
MNI refractometry is significantly less affected by drifts of the

evacuated cavity modes than UMNI refractometry.

3. UMI Refractometry

When UM refractometry is used with interpolation, which pre-
dominantly takes place in systems in which it takes a substantial
amount of time to reach thermal equilibration (primarily those
with large gas volumes and pronounced heat islands), i.e., when
UMLI is performed, in systems in which there are drifts of Type
I, Eqgs. (8) and (16) indicate that the leading term of the error (or
uncertainty) in the assessment of the shift of the evacuated mea-
surement cavity beat frequency is given by

8[Af(tcmp)]UMI

_ _Somd —Sum) v _ v 2
2 arr ), arr ), |
£ gd7

(23)

where the subscript ; indicates that the drifts are of Type .

4. GAMOR

When modulated refractometry is used with interpolation,
i.e., when GAMOR is performed, which can be the case in
systems in which thermal equilibration swiftly (on the time scale
of seconds) is reached (primarily those with small gas volumes
and no heat islands) [51], and for the case when the system is
affected by drifts of Type I, Eq. (19) indicates that the leading
term of the error (or uncertainty) in the assessment of the shift of
the evacuated measurement cavity beat frequency is given by

S[A f(tmod )G

__(M(l — ) 321)7(0) B 321)7(,?) 2
B 2 ar? ), arz ), | med
¢ el s

(24)

As for the NI cases, although Eqs. (23) and (24) are of similar
form, they differ by the fact that the length of the gas modula-
tion cycle for GAMOR, # 44, is significantly shorter than the
time separation between the assessments of f{o o) and fo,0) in
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the UM case, i.e., femp- This indicates that GAMOR refractom-
etry is significantly less affected by drifts of the evacuated cavity
modes than UMI refractometry.

5. Interpolated Refractometry in the Presence of Drifts of
Typella

In both interpolated methodologies (i.e., UMI and
GAMOR), the interpolations given by Eqs. (14) and (17)
do not have any effect on cycle-limited drifts (i.e., drifts
of Type II), since for these fo,0)(fcemp) = f(0,0)(0) and
J0.0(#n1) = fi0.0)(#,)> whereby £0.0)(femp» Zemp) = f(0.0)(0)
and £0.0)(ta» tut1s Tar1) = f0.0)(t), which in turn implies
that Egs. (15) and (18) revert to Eq. (11). This implies that the
errors (or uncertainties) in the assessment of the shift of the beat
frequency from such drifts of the evacuated measurement cavity
modes by the UMI and GAMOR methodologies are given
by the expressions of the error (or uncertainty) in the assess-
ment of the shift of the beat frequency of the corresponding NI
methodologies (UMNI and MNI refractometry), i.e., Egs. (21)
and (22). Hence, when drifts of both Type I and Ila are present
simultaneously, the errors (or uncertainties) in the shift of the
beat frequency are, when interpolation is applied, for the case
with UMI, given by a combination of Egs. (21) and (23), viz.,

) [Af(tcmp)]UMI

v v
= . - z fcm
fom ( 9 ) ( T ) ’
g & dlla
Cum(1 = ¢um) | (920 ©@ v 2
2 ar? /, arr ), |
g an

(25)

while for the case with GAMOR, they are given by a combina-
tionof Egs. (22) and (24), i.e.,

S[A f(tmod )

. (av§°>> <8vff)>
=60M - ? mod
9t % i e 11

(4

(I =¢m) | (0200 vl 2
- - nod-
2 ar /, ar /,
¢ el

(26)

Here, the first terms (marked with subscript 11,) represent
the drifts in the frequency of the mode addressed from drifts
of Type Ila (primarily drifts due to leakages and outgassing in
the reference cavity if evacuated once per gas modulation cycle;
see below) while the second term denotes drifts of Type I (pre-
dominantly drifts in the physical lengths of the cavities, and, for
the case when the reference cavity is sealed off during the entire
measurement campaign, drifts from leakages and outgassing in
this cavity).

This shows that although the interpolated methodologies
have an ability to reduce the influence of drifts of both Type I
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and ITa (with respect to the UM methodologies), they simul-
taneously have an ability to reduce the effect of drifts of Type I
significantly more than those of Type Ila. However, as was
alluded to above, since #moq is significantly shorter than zemp,
they do so to dissimilar degrees.

F. Origin of Drifts of the Evacuated Cavity Mode
Frequencies

Aswas alluded to above, the main origins of drifts of the assessed
evacuated cavity mode frequencies are drifts of the physical
lengths of the cavities and leakages and outgassing into the two
cavities. To assess the influence of the former, we will simply
express the evacuated cavity lengths as L(9(z) and L (z),
respectively.

To assess the influence of the latter, we will first consider
leakages and outgassing into an evacuated reference cavity
[i.e., when the reference cavity is not completely empty but
rather contains a minute amount of gas with a time-dependent
nonunity index of refraction, i.e., a finite (nonzero) refractivity],
which leads to a small but not insignificant drift of the index
of refraction in the reference cavity, denoted ngReS)(t). Since
the measurement cavity is being actively evacuated while the
evacuated measurement cavity assessments [i.e., the f{9,0)(2,)
and f{0,0)(#,4+1)] are taken, we will assume that any leakages
and outgassing into this cavity will not affect the evacuated
measurement cavity assessments. This implies that the residual
index of refraction in this cavity will be the same, 728, at all
evacuated measurement cavity assessments, in particular when
f0,0)(:) and f{0,0)(#,41) are assessed. This implies that the
frequencies of the modes addressed in the evacuated reference
and measurement cavities, UV(O) (¢) and v,(,?) (), can be expressed
asEgs. (SM-1) and (SM-2) in Supplement 1.

The case with leakages and outgassing into the measurement
cavity when it is not being evacuated, which thus constitutes a

drift of Type IIb, is dealt with separately below.

G. Influence of Drifts of the Cavity Lengths,
Leakages, and Outgassing into the Cavities on the
Assessed Refractivity and Pressure for Various Types
of Drift

1. Dirifts of Typeland lla

The assumptions leading to Egs. (SM-1) and (SM-2) in
Supplement 1 imply that it is possible to express the first- and
the second-order derivatives of the mode frequencies, 81);0) /ot
and 8%v lgo) /9#%, which are needed in Eqs. (20)—(26), in terms of
derivatives of the evacuated cavity lengths, the residual refractive
index in the reference cavity, and the leakage and outgassing rate
into the measurement cavity.

As is shown by Egs. (SM-7) and (SM-8) in Supplement 1, the
derivatives for the reference cavity can be expressed in terms of
LO, 1O, 7R and 7R while those for the measurement
cavity can be expressed in terms of £ and 7 (where we have
used the conventional nomenclature with a single and double
dot representing the first and second derivative with respect to
time, respectively).

Furthermore, regarding leakages or outgassing, utilizing
the fact that it is possible to express the residual refractivity in
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the reference cavity, 8¢ — 1, in terms of its residual pressure

as PO — ¢ (1) 1) where 0 = 2RT/(BAry),
where, in turn, A/, is the molar polarizability of the gas
leaking (or outgassing) into the cavity, denoted //0, makes it
possible to write hiRes) and 'rigRes) as ]"r(Res) /61, and ij,(Res) /10>
respectively. This implies that the first- and the second-order
derivatives of the frequency of the mode addressed in the cav-
ity 4, i.e., 8v50)/3t and 82\)50)/8#, can be expressed, as given
by Egs. (SM-10)—(SM-15) in Supplement 1, for the reference
cavity, in terms of 2, L, PR and PR By use of these
expressions, and the aforementioned fact that § (% — 1) is given
by 8(A £)/v®, it is possible to obtain, for the various types of
EPS-based refractometry methodologies addressed in this work,
expressions for the errors (or uncertainties) in the assessment of
refractivity from drifts of Type I and Ila, (% — 1)1 1., as given
by Egs. (SM-16)—(SM-21) in Supplement 1.

When addressing pressure of a species x, these errors (or
uncertainties) provide errors (or uncertainties) in the associated
pressure, § P 11,, thatare given by

0P = 68(n — D)1, (27)

where ¢, isgivenby 2R T/ (3 AR ).

2. Drifts of Type llb

Leakages and outgassing into the measurement cavity while it is
not being evacuated, which thus constitutes a drift of Type IIb,
will not affect properties of the evacuated measurement cavity
assessments. Instead, they will affect the refractivity of the gas in
the measurement cavity when itis pressurized. Moreover, aslong
as the refractometer is assessing a pressure produced by a device
under test (DUT), the gas that leaks or outgasses into the mea-
surement cavity will replace the same amount (or pressure) of
the gas that is addressed. Since the gas that leaks or outgasses into
the measurement cavity can have a refractivity that is dissimilar
to that of the gas addressed—the former consists of gas with
a molar polarizability of Az //,, while the latter is assumed to
consist of a gas with a polarizability of Az ,—despite a constant
pressure, the refractivity in the cavity can, while the measure-
ment cavity is being filled or held at a constant pressure, change

anamount§(z — 1)y given by Eq. (SM-22) in Supplement 1.

Although this is a real alteration of the refractivity in the
cavity, the experimentalist normally is unaware of these leakages
or outgassing processes, whereby he/she will unwittingly, by the
use of Egs. (4) and (5), relate this to a molar density solely using
amolar polarizability of the gas addressed, gas x, i.e., Ag . This
will provide an error (or uncertainty) of the assessed pressure,
8 Py, thatis given by

Aryjo 1) P, tup  for the UM methodolgies

3Py, = s
¢ (AR.//,; _

Ap.x

1) Pt mod for the modulated methodolgies,
(28)

where P, is the leakage rate of gas into the measurement cavity.
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H. Influence of Drifts of the Cavity Lengths,
Leakages, and Outgassing into the Cavities on the
Assessed Refractivity and Pressure in Various Types
of Methodologies

1. UMNI Refractometry

SFPC-based refractometry: As is shown in Supplement 1
[by use of Eqs. (SM-16) and (SM-25)], which are based on
Egs. (20), (27), and (28), it is possible to express the leading
term of the combined error (or uncertainty) in the assessment
of pressure for conventional SFPC-based UMNI refractivity,
8P, LSIE/II)IEI:I’ as

LO 14 :

SEPC m R,/

8 P = CUM|: §x—L(0) + ( . 1) Pmi| temp»
m X 1,

(29)
where ng) is the length of the measurement cavity, while Lgs) is

its rate of change.

DFPC-based refractometry: As can be concluded from a
comparison of Egs. (20) and (21), the error (or uncertainty) in
the assessment of the shift of the beat frequency from drifts of
Type I or Ila for DFPC-based refractometry differs from that
for SFPC-based refractometry by the fact that the former also
comprises corresponding expressions (with reversed sign) for the
reference cavity. Since there is no gas replacement phenomenon
in the reference cavity, when the gas leaks (or outgasses) into
it, the error (or uncertainty) in the assessment of pressure for
conventional (UM) DFPC-based UMNI refractivity, SPI?&II)\]CI,
can, based on Egs. (21), (27), and (28) [by use of Egs. (SM-17)
and (SM-25) in Supplement 1], similarly be expressed as

B
o238 =com {5 (235 - 1 )

Ar.1/o Aryo '
I [ R// P(Res) + (R—’l/ — ]) Pm:|} tcmp’
AR x AR,x s
(30)

where the (Ag,1/0/ AR x) PV(RCS) term is not to be included in the
case the reference cavity is constantly evacuated.

2. MNI Refractometry

Similarly, based on Eqs. (22), (27), and (28) [and by use of Egs.
(SM-18) and (SM-26) in Supplement 1], the error (or uncer-
tainty) in the assessment of pressure for MNI refractometry,
8 Py, can be expressed as

jO O
8Pyt = S {s‘x <W - LT,,?)>

Ar1r AR/ :
+[ Artjo P(Res)+<R_’l/_1> Pm]} ? mod>
ARx AR,x s
(31)

where again the first term within the brackets is to be excluded
in the case when the reference cavity is constantly evacuated.
Since #moq normally is significantly shorter than ey, this
clearly indicates that, for a given set of drifts, MNI refractometry
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provides significantly less amounts of errors (or uncertain-
ties) (often orders of magnitude less) than what conventional
(DFPC-based) UMNI refractometry does.

3. UMI Refractometry

When UMI is performed, since the drifts in the lengths of the
cavities are of Type I and the leakages and the outgassing into the
measurement cavity are of Type IIb, the error (or uncertainty)
in the assessment of pressure, § Pymi, can, based on Egs. (25),
(27), and (28) [and by use of Egs. (SM-19) and (SM-26) in

Supplement 1], be written as

Vol. 38, No. 8/ August 2021 / Journal of the Optical Society of America B

2429

of the drifts conventional DFPC-based UMNI refractome-
try experiences (where we for simplicity have assumed that
Zum = & = ¢). This shows that the use of modulation reduces
the influence of drifts (of Type I) by an amount given by the
ratio of the gas modulation time and the campaign time. For
the case with # 04 being 100 s (which is a typical condition for
GAMOR) and #¢yp, is 24 h (which in not uncommon for systems
with long thermal equilibration times), thisamounts to 1072,
For the UM methodologies—UMI versus UMNI: A com-
parison between Egs. (32) and (30) illustrates that also the
use of interpolation reduces the amount of drift refractivity
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for the cases when the reference cavity is: () sealed off during
the entire measurement campaign (thus providing drifts of
Type I), (b) evacuated once per gas modulation cycle (whereby
the leakage and outgassing in the reference cavity are of Type
ITa), and (¢) constantly evacuated, respectively. In deriving these,
we have neglected some terms in the last parts of the expressions
because of their smallness; the full expressions of the cases of
drifts of Type I and Ila are given by Eqs. (SM-19)-(SM-21) in
Supplement 1.

4. GAMOR

For the GAMOR methodology, §P;, can, based on
Eqgs. (26)—(28) [and the same expressions in Supplement 1],
for the same various cases, similarly be written as

methodologies pickup in UM methodologies, viz., that UMI
picks up solely a fraction,

L _ 1
(1 —¢um) <W N LT,‘,”)

> (™
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of the drifts the lengths of the cavities that DFPC-based UMNI
refractometry experiences. This shows though that the actual
amount of improvement the interpolation brings depends on
the type of drift, and, in particular, the amount of nonlinear
drift, the system experiences.

(34)
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5. Comparison of the Abilities of the Refractometry
Methodologies Addressed to Reduce the Pickup of
Various Types of Drifts

These expressions provide a means to compare the ability of the
refractometry methodologies addressed to reduce the pickup
of various types of drifts. For simplicity, we will illustrate this
concept in some detail for drifts of Type I, represented by drifts
the lengths of the cavities. Drifts of Type II will be shortly
commented on below.

For the NI methodologies—MNI versus UMNI: It can first
be observed that the introduction of modulation in NI method-
ologies, i.e., MNI refractometry, reduces some of the drifts
that UMNI picks up. A comparison between Egs. (31) and
(30) shows that MNI picks up solely the fraction #mod /Zemp

GAMOR versus UMNI: It can then similarly be concluded
[by a comparison between Eqs. (33) and (30)] that GAMOR,
which combines modulation with interpolation, picks up solely
afraction,

(5-5).
(1 - ;M) Lﬁo) LS;?) z‘mod (35)
= (0 - (0
2 (Lﬁ) _ LE”’) Lemp
10 T Lo

of the drifts the lengths of the cavities that DFPC-based UMNI
refractometry experiences.

For the interpolated methodologies—GAMOR versus UMI:
A comparison between Egs. (32) and (33) indicates, finally,
that the GAMOR methodology has the ability to reduce the
pickup of drift of Type I, with respect to UMI, by a factor of
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(£ mod / tcmp)z. For the same conditions as considered above, this
amounts to 107°,

For the case of drifts of Type 11, a similar analysis reveals that
GAMOR has the ability to reduce the influence of such drifts
with respect to both UMNI and UMI refractometry by a factor
of #mod /temp- It is interesting to note that GAMOR has the
ability to reduce the influence of drifts of Type II to the same
extent it can reduce the influence of low-frequency fluctuations
[37], while it can reduce drifts of Type I significantly better.

4. EXPERIMENTAL SETUP

Over the years, a variety of GAMOR instrumentation and
procedures have been developed [13,14,29-31,33-36]. While
the first versions utilized a simple design and were constructed
to carry out proof-of-principle demonstrations [13,29,30,35],
the later realizations have been gradually upgraded to improve
on their performance, first regarding precision [14,30,31]
and lately, accuracy [33,36]. Moreover, whereas early real-
izations were based upon DFPC-spacers made of Zerodur
[13,29,30,35], the high resilience to drifts of GAMOR has
allowed us to address cavities made of Invar [14,33,36]. This
material has a number of advantages as compared to Zerodur,
which makes it attractive for quantitative assessments of pres-
sure; e.g., since it has a high thermal conductivity, it can provide
high thermal homogeneity, which facilities assessment of
gas temperature, and since it is a metal, it can also easily be
machined [14].

Common for all GAMOR systems is that they have been
based on DFPC systems with free spectral ranges (FSRs) of
around 1 GHzand finesse values of 10%. Each cavity is probed by
an Er-doped fiber laser emitting light within the C34 commu-
nication channel, i.e., around 1.55 pum, that is coupled into an
acoustic-optic modulator (AOM) for fast locking feedback and
an electro-optic modulator (EOM) modulated at 12.5 MHz for
Pound-Drever—Hall locking.

1|
Cavity 1 | |
Trans. —¢
Detector D ¢ Pt100 e D
._'
Cavity 2

‘Ref Beat.
Detector

Fig.4. Schematicillustration of the refractometry part of the exper-
imental system. Black lines with arrows represent electrical signals, blue
lines optical fibers, and red lines free-space beam paths. Each arm of the
refractometer consists of an Er-doped fiber laser (EDFL), an AOM, a
voltage-controlled oscillator (VCO), an EOM, a fiber splitter (90/10),
and a field programmable gate array (FPGA). The beat frequency
between the two arms is monitored by a detector (Beat. Detector)
whose output is sent to a frequency counter. Details of the system are

given in Ref. [14]. Reproduced with permission from Ref. [14].
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To accommodate large shifts in cavity mode frequencies,
the systems comprise an automatic relocking routine; when
the wavelength-regulation feedback to a laser falls below or
exceeds some preset levels, the laser makes automatically (within
a fraction of a second) a controlled mode jump. To assess and
regulate the temperature of the cavity spacer, in all but the earli-
est GAMOR instrumentation, the gas is monitored by Pt-100
sensors placed in holes drilled into the cavity spacer [14]. In
addition, to assess pressure with appropriate accuracy, the most
recent instrumentation has been equipped with an automated
temperature regulating and assessment system in which the tem-
perature of the spacer is assessed by the use of a thermocouple
working close to zero temperature difference with respect to an
automated, miniaturized, custom-made fixed-point cell based
upon the well-defined melting point of gallium [33].

A schematic illustration of the Invar-based DFPC instrumen-
tation used for the assessments in this work is shown in Fig. 4.
Details of the system are given in Ref. [14].

5. RESULTS-COMPARISON OF THE ABILITY OF
UMI REFRACTOMETRY, MNI REFRACTOMETRY,
AND GAMOR TO MITIGATE THE INFLUENCE

OF DRIFTS

A. Assessment of Data

Since a well-constructed refractometry system only shows
small numbers of drifts whose presence and magnitude can be
elusive and difficult to quantify, to quantitatively assess to which
degree various methodologies are capable of mitigating drifts,
it is advisory to address a system in which there are significant
and quantifiable numbers of drifts. To validate the predictions
derived in Section 3, experimental investigations have therefore,
in this work, been made on a refractometry system that is delib-
erately affected by a substantial amount of drift, v7z., one not in
thermal equilibrium. This does not imply that the abilities of
the various methodologies addressed to mitigate the influence
of drift only appear (or are of importance) in systems with sig-
nificant amounts of drift; on the contrary, they take place also in
well-stabilized systems with less amounts of drifts.

To clearly illustrate and quantitatively assess the ability of
these methodologies to reduce the influence of drifts (in par-
ticular to assess their dependencies on the length of the gas
modulation cycle, while clearly separating the influence of
temperature-induced drift of the cavity length from the tem-
perature dependence that originates from the conversion of
pressure from molar density by the use of an equation of state),
measurements were taken from the Invar-based refractometry
system described above with the measurement cavity being
constantly evacuated while the temperature of the cavity spacer
was increased from room temperature (23°C) to the melting
temperature of Ga (which is at 29.76°C). As a result of this,
the length of both cavities increased monotonically during this
process. Since the changes in length of the two cavities were
not identical (the heating process affected the two cavities in
a slightly dissimilar manner), the beat frequency between the
two laser fields drifted over time. Figure 5 shows a period of
56 h of this 91.5 h long heating procedure, for simplicity hence-
forth referred to as the measurement campaign. The data show
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Fig.5. Temperature-induced drift in the Invar-based DFPC refrac-
tometry system expressed as the assessed beat frequency as a function
of time during 56 h of a 91.5 h long heating process during which
the temperature of the system was increased from room temperature
(23°C) to the melting point of Ga (29.76°C), here referred to as the

measurement campaign .

that this temperature-induced change gave rise to a drift of the
lengths of the cavities that, over this period of time, decreased
the detected beat frequency, 13 MHz.

Since a shift in beat frequency of § (A f) mainly corresponds
to a shift in refractivity, §(n — 1), ofS(Af)/v,(’?) and a shift in
pressure, 8 P, of ¢, 8(A £)/v?, where v'¥ for the light used
takes a value of 1.93 x 10" Hz and ¢, /v for nitrogen takes,
under room temperature conditions, a value of 1.86 Pa/MHz
[36], this implies that, over the period of time addressed,
this drift corresponds to an apparent shift in refractivity of
6.7 x 1078, which represents an apparent change in pressure of
24 Pa.

To assess the ability of the various methodologies addressed
above to reduce the influence of drifts (to assess the influence
of both interpolation and the length of the gas modulation
cycle on the pickup of the drifts), the data shown in Fig. 5 were
evaluated by appropriate data evaluation procedures of the four
methodologies addressed above, first the NI methodologies
(UMNI and MNI refractometry) followed by the interpolated
ones (UMI refractometry and GAMOR), where the modulated
methodologies were evaluated for 10 different gas modulation
cycle lengths, ranging by factors of 2 from 100 to 51,200s.

B. Ability of the NI Methodologies to Mitigate the
Influence of Drifts

Figure 6 shows the result from an evaluation of the data dis-
played in Fig. 5 by use of NI refractometry, i.e., by the UMNI
and MNI methodologies. Panel (a) shows, by the individual
markers, the assessed pressure as a function of time for MNI
refractometry (thus 8 Pyni) for the set of gas modulation cycle
lengths (from the lowermost set to the uppermost: 100, 200,
400, 800, 1600, 3200, 6400, 12,800, 25,600, and 51,200 s).
Panel (b) displays, by the small-dot markers, the same data as a
function of the length of the gas modulation cycle, # 04 - The
open circle at 201,600 s represents the assessed pressure when
evaluated by the UMNI methodology, i.e., 8 POYhG, (which
thus solely produces a single data point, with the assessment of
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Fig. 6.  Pressure evaluated from the empty cavity measurements

displayed in Fig. 5 evaluated by the NI methodologies. (a) Pressure
evaluated by the MNI refractometry methodology, i.e., § Py, for
10 different gas modulation cycle lengths (from the lowermost to
the uppermost: 100, 200, 400, 800, 1600, 3200, 6400, 12,800,
25,600, and 51,200 s); (b) same entity as a function of the length of
the gas modulation cycle. For each gas modulation cycle length, each
individual data point represents the pressure assessed by a single gas
modulation cycle. The open circle in (b) at 201,600 s represents the
assessed pressure evaluated by the UMNI methodology (with the
assessment of the measurement cavity frequency performed after half
of the campaign time, i.e., with ¢yp = 0.5 and #m, =201, 600s),
ie., 8 POIRS. For comparison with the MNI assessments, the level of
this assessment is illustrated by the dashed line. Note the logarithmic

scale of (b).

the measurement cavity frequency carried out after half of the
campaign time, i.e., with {ym = 0.5). Since the assessments are
made by an evacuated measurement cavity, all the assessments
displayed represent deviations from the true value (which is
0 Pa). Hence, they all represent the error from the drift of the
data each methodology picks up under various conditions.

First, panel (b) shows that the pressure assessed by the UMNI
methodology provided a value of 15.6 Pa. It also shows that the
pressures assessed by the MNI methodology, which range from
4 Pa into the sub-millipascal region, are consistently below that
of the UMNI methodology.

Second, panel (a) indicates that the pressure assessed by the
MNI methodology decreases (predominantly) monotonically
with time, in qualitative agreement with the general behavior of
the assessed beat frequency in Fig. 5, which, in turn, originates
from the fact that the system is successively approaching stable
temperature conditions. This implies that in Fig. 6(b), in which
every group of MNI markers represents a given cycle length and
each individual marker in each group corresponds to an individ-
ual gas modulation cycle assessment, the uppermost assessments
result in general from the first part of the measurement cam-
paign (in which the drift is largest) while the lowermost ones
originate from its last part. These data do not only show that
for each gas modulation length, there is a significant spread
in assessed pressure, they also show that the assessed pressure
decreases with decreasing gas modulation cycle length. The
values range, for the longest gas modulation cycle (51,200 s),
from 4.0 to 2.5 Pa, and, for the shortest (100 s), from 19 mPa
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and downwards (with some assessments outside the scale of the
plot, i.e., in the sub-0.1 mPa region).

These MNI data confirm qualitatively the alleged statement
that the length of the time separation between the evacuated
and the filled measurement cavity assessments has a significant
impact on the error (or uncertainty) of the assessments. It thus
supports the assumption that a modulation procedure, with its
short gas modulation cycle length, efficiently can mitigate the
influence of drifts on assessments of refractivity, molar density,
and pressure by refractometry.

It is interesting to note that the MNI assessments also quan-
titatively are in good agreement with the predictions by the
dominating sources of errors (or uncertainties) in MNI refrac-
tometry that to leading order are given by Eq. (22). Since it is
possible to estimate, from Fig. 5, that the difference in linear
drift of the two cavities, i.e., (0 u,<°>/at)tg — (av,(,?)/at)tg , ranges
from 120 to 20 Hz/s over the time period addressed, and since ¢
takes a value of 0.5, Eq. (22) indicates that the expected shift in
beat frequency should, for the case with the longest gas modu-
lation cycle (51,200 s), range from 3 to 0.5 MHz (via values of
2.2 and 1.3 MHz at the time instances for the first and the last
data points in the data set, taken after 14 and 42 h, respectively),
which correspond to shifts in pressure ranging from 6 to 1 Pa (via
4.1 and 2.4 Pa at the same two time instances). This is in good
agreement with the data shown in Fig. 6, which, for the same
gas modulation cycle length and the same two time instances,
provide 4.0 and 2.5 Pa, respectively.

The same expression predicts that, for the shortest gas modu-
lation cycle (100 s), the assessed shift in beat frequency should
range from 6 to 1 kHz, which corresponds to shifts in pressure
ranging from 10 to 2 mPa. Although the assessed pressure for
each modulation cycle ranges from 19 mPa and downwards, the
values for the first part of the data set gravitates around 12 mPa
(19 mPa is a single outlier), this is likewise in good agreement
with the findings shown in Fig. 6. This confirms the validity of
Eq. (22) for MNI refractometry.

C. Ability of the Interpolated Methodologies to
Mitigate the Influence of Drifts

A similar analysis for the interpolated methodologies displays
an even more potent ability to mitigate the influence of drifts.
Figure 7 shows, by its two panels, a corresponding evaluation of
the same set of data (the evacuated measurement cavity assess-
ments displayed in Fig. 5) by the interpolated methodologies
(GAMOR and UMI). Panel (a) shows the assessed pressure as
a function of time for the GAMOR methodology for the 10
different gas modulation cycle lengths (100 to 51,200 s), while
panel (b) displays the same entity as a function of gas modula-
tion cycle length. The open circle at 201,600 s represents here
the assessed pressure when evaluated by the UMI methodology,
providing a single value of § Pymy of 3.6 Pa. Note the difference
in scale between the panels (a) in Figs. 6and 7.

First, a comparison of the UMI data point in Fig. 7 with the
UMNI data in Fig. 6, which are 3.6 and 15.6 Pa, respectively,
provides a first verification of the assumption that interpolation
(in this case, between the first and the last parts of the measure-
ment campaign) can serve as a means to reduce the pickup of

drifts.
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Fig. 7.  Pressure evaluated from the empty cavity measurements

displayed in Fig. 5 evaluated by the interpolated methodologies.
(a) Pressure evaluated by the GAMOR methodology, i.e., § Pg, for the
same 10 gas modulation cycle lengths as in Fig. 6, i.e., 100-51,200 s;
(b) same entity as a function of the length of the gas modulation cycle.
Each individual data point represents an individual pressure assessment
for the given gas modulation cycle length. The open circle in (b) repre-
sents the assessed pressure when evaluated by the UMI methodology
with the assessment of the measurement cavity frequency after half of
the campaign time (i.e., that with {yp = 0.5 and 7, =201, 600s),
i.e., 8 Pymi. For comparison with the GAMOR assessments, the level
of this assessment is illustrated by the dashed line. Note the logarithmic
scale of (b).

Second, a comparison of the panels (b) in Figs. 6 and 7 indi-
cates that the maximum assessed pressures by GAMOR for
each cycle length, which for the longest gas modulation cycle
(51,200 s) is 0.3 Pa and for the shortest (100 s) 11 mPa, are
consistently lower than those assessed by use of the MNI meth-
odology (which ranged from 4 Pa downwards). This confirms
the alleged statement that, irrespective of whether modulation
is used or not, interpolation can mitigate the influence of drifts
on assessments of refractivity, molar density, and pressure by
FP-based refractometry.

Third, panel (b) reveals that the GAMOR-assessed pressures
are consistently lower than those assessed by use of the UMI
methodology. This confirms the alleged statement that, even
when interpolation is used, the modulation procedure can
additionally mitigate the influence of drifts on assessments of
refractivity, molar density, and pressure by refractometry.

The GAMOR data are also in good agreement with the
estimates based on the leading order contribution to the errors
(or uncertainties), given by Eq. (18). It can, from Fig. 5, be
concluded that the difference in second-order derivatives of the
beat frequency, i.e., (azu,(")/atz),g - (Bzvﬁf)/atz)tg, for the
longest cycle lengths (51,200 s), takes values that range from
5x 1074 Hz/s*> and downwards. Since ¢(1—2¢)/2=1/8,
this implies that Eq. (18) predicts a contribution to the beat fre-
quency for this gas modulation cycle length of 0.16 MHz, which
corresponds to a pressure of 0.3 Pa, while for a cycle length of
100 s, it corresponds to 0.6 Hz, which represents a pressure in
the sub-0.1 mPa range. While the estimated data for the longest
cycle length (0.3 Pa) agree very well with the ones evaluated by
the GAMOR methodology [uppermost curve in Fig. 7(a)], the

estimates for the shortest modulation cycle length are far below
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the assessed ones [given by the leftmost group of data points in
Fig. 7(b)]. In this case, the errors in the assessments originate
predominantly from other types of processes, e.g., noise and
fluctuations, not addressed in this work. The data taken at the
longer cycle lengths verify well though the predictions given by
the Eq. (18) above.

D. Comparison between the Abilities of UMI and MNI
Refractometry to Mitigate the Influence of Drifts

The data above also provide a possibility to compare the relative
advantages of interpolation over gas modulation regarding
the ability to mitigate drifts. Figure 7(b) shows that the UMI
methodology provides a pressure value of 3.6 Pa, while Fig. 6(b)
shows that the MNI methodology picks up pressure assessments
that range from 4 Pa and downwards, with those corresponding
to 100 s cycle lengths consistently being below 19 mPa. This
indicates that MNI has the ability to outperform UMI when
it comes to reduction of the influence of the drift of the data in
Fig. 5.

E. Comparison between the Abilities of the
Modulated Methodologies to Mitigate the Influence
of Drifts

The data also provide a possibility to compare the benefit of
interpolation for the modulated methodologies (MNI and
GAMOR) regarding the ability to mitigate drifts. Since the
true value of an assessment of refractivity (and thereby pressure)
in an evacuated measurement cavity is 0 Pa, it is possible to
estimate the uncertainty of the assessments for a particular gas
modulation cycle length of the modulated methodologies as
the root mean square of all pressures assessed over the entire
measurement campaign at that particular cycle length, § Prys.
Performing such an analysis of the data given above provides,
for the MNI refractometry methodology, the uncertainties
shown by the black markers in the upper curve in Fig. 8. These
data show that the uncertainty in the assessment decreases sig-
nificantly with decreased length of the gas modulation cycle,
from 3.3 Pa (for a gas modulation cycle length of 51,200 s) to
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*
100¢ *
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Fig.8. Error (or uncertainty) in the assessment of pressure, § Prys,

for a given modulation cycle length, defined as the root mean square
of the assessed pressures, as a function of the length of the modulation
cycle evaluated by the use of MNI refractometry and the GAMOR
methodology, given by the uppermost and lowermost data sets,
respectively.
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7 mPa (for a length of 100 s). The lower set of data represents
the corresponding cases for the GAMOR methodology. These
data again indicate that the uncertainties in the assessments are
consistently lower than for the MNI methodology and that they
decrease with decreased length of the gas modulation cycle, in
this case, from 0.2 Pa to 2 mPa for same set of gas modulation
cyclelengths.

This illustrated the advantage of GAMOR over the MNI
methodology when the data contain drifts.

6. SUMMARY AND CONCLUSIONS

It has previously been both prophesized and shown experimen-
tally that the GAMOR methodology has the ability to reduce
the influence of noise, fluctuations, and drifts on refractometry
assessments [13,14,29-32,35]. In an early realization, it was
demonstrated that the methodology was capable of reducing
drifts from a DFPC-based refractometry system with no active
temperature control by up to 3 orders of magnitude, from the
pascal to the millipascal range [30]. More recently, a GAMOR
system has demonstrated, when assessing pressure at 4303 Pa, a
minimum Allan deviation of 0.34 mPa, which corresponds to a
relative deviation of 0.08 ppm [14]. This extraordinary ability
has been attributed to a measurement procedure that is based
upon two cornerstones: (i) one being that the refractivity of the
gas in the measurement cavity is assessed by the use of a rapid gas
modulation procedure that allows for a repetitive referencing
of the filled measurement cavity beat frequency assessments
to evacuated cavity assessments, while (ii) the other is that the
evacuated measurement cavity beat frequency is estimated
based on an interpolation between two assessed evacuated
measurement cavity beat frequency measurements.

It has been alleged that both these features contribute to the
extraordinary ability of the methodology to reduce the number
of fluctuations and drifts the methodology picks up, which, in
turn, improves on its precision [32]. It was recently shown that
cornerstone (7) provides the GAMOR methodology with an
ability to significantly reduce the influence of periodic disturb-
ances, referred to as fluctuations, in the system [32]. However,
hitherto, the fundamental cause for the ability of the GAMOR
methodology to reduce the influence of slow (monotonic)
disturbances, denoted drifts, has not yet been elucidated. This
work has therefore scrutinized this issue.

Using a Taylor-series-based model of drifts of the frequencies
of the cavity modes, expressions are derived that illustrate how
drifts affect the assessed shift in beat frequency and thereby
refractivity and pressure in various types of FPC-based refrac-
tometer systems. A comparison between the expressions for
the influence of drifts on the conventional FPC-based UMNI
methodologies [i.e., either Egs. (20) and (21) or Egs. (29) and
(30)] reveals that while conventional SFPC-based UMNI
refractivity is limited by the drift of the frequency of the mode
addressed in the measurement cavity (and thereby primarily
the linear drifis in the length of the measurement cavity and
its residual pressure) during the time between the empty and
filled cavity assessments, i.e., Lemps conventional DFPC-based
UMNI refractivity is affected only by the difference in drifts
of the frequencies of the modes addressed in the two cavities
(and thereby primarily the difference in the linear drift rates of
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the length of the two cavities) during the same time interval.
On the other hand, the latter is additionally affected by leak-
ages and outgassing in the reference cavity. This illustrates the
well-known fact that if a DFPC spacer can be made so that the
differential drift is significantly smaller than the common drift,
pe., if |00 /00), — (v®/00), | <|@v?/07), |, and the
leakages and outgassing in the reference cavity can be held low,
DFPC-based refractometry will be considerably less affected by
drifts than SFPC-based refractometry.

Although, at first glance, it might seem that MNI refractom-
etry does not bring in any significant advantage as compared
to conventional DFPC-based UMNI refractometry regard-
ing the influence of drifts [since their responses, given either
by Egs. (21) and (22) or Egs. (30) and (31), have the same
parametric dependence]; in reality, it does so. There are two
reasons for this. The first is that the repetitive assessments in
modulated refractometry provide a time separation between
the gas filling and emptying processes (then referred to as the
gas modulation cycle time) that is significantly shorter than in
conventional DFPC-based UMNI refractometry; it is, for the
modulated methodologies, given by a fraction £ of the gas
modulation cycle time, i.e., {s# mod> While for conventional
UMNI refractometry methodologies, it is given by the time
separation between the evacuated and filled measurement cavity
assessments, i.e., UM Zmp- By this, any given drift will affect the
measurement significantly less in the modulated methodologies
than in the UM ones: for the case with # 4 being 10% sand femp
10° s, by up to 3 orders of magnitude less.

The second is that the repetitive assessment allows for a
large number of assessments during a limited time; still for the
case when # 04 is 10? times smaller than temps the modulated
methodologies allow for 10° gas modulation cycles for each
gas filling-and-emptying process in the conventional UMNI
refractometry methodologies. This opens up for the possibility
of an averaging process that will allow for both a reduction of
white noise (in the case considered, by a factor of 30) [31] and a
significant reduction of the influence of fluctuations (between a
factor of unity and 10°, depending on the Fourier frequency of
the fluctuation) [32].

As was alluded to above, cornerstone (i7) provides GAMOR
with additional advantages regarding the influence of campaign-
persistent drifts, i.e., drifts of Type I. Equation (26) [as well as
Eq. (33)] shows, first of all, that the GAMOR methodology does
not have any dependence on the linear part of such drifts; it is
only affected by their nonlinear parts. This originates from the
fact that cornerstone (7) converts the linear parts of the drifts
to small amount of errors (or uncertainties) [given by Eq. (22)
as well as Eq. (31)] that cornerstone (z7) thereafter, by its inter-
polation procedure, effectively eliminates. The linear parts of
the drifts of Type I will therefore not contribute to the error
(or uncertainty) in the GAMOR signal. This thus verifies the
alleged property that GAMOR is immune to the dominating
linear parts of campaign-persistent drifts [14,30,31].

Equations (26) and (33) additionally reveal that for drifts of
Type I, GAMOR is solely affected by the difference in the non-
linear parts of the drifis of the two cavities (i.e., the difference in
the nonlinear parts of the changes of the lengths of two cavities,
and, for the case with a sealed-off reference cavity, also the dif-
ference in the nonlinear part of the leakages and outgassing into
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the reference cavity). In addition, a comparison first between
Egs. (20)—(26), and then Egs. (29)—(33), shows that while the
influence of drifts decreases linearly with the time between the
assessments of the evacuated and filled measurement cavity
assessments for the conventional UMNI methodologies as
well as MNI refractometry, for the interpolated methodolo-
gies (i.e., the UMI methodology and GAMOR), it decreases,
for drifts of Type I, quadratically with the same time period.
Moreover, the maximum value of {(1 —¢)/2 is 1/8, which
additionally reduces the influence of drifts of Type I

For the other types of drift (i.e., for cycle-limited drifts
from leakages and outgassing of Type Ila or IIb), the UMI
methodology and GAMOR are affected by drifts as the MNI
methodology, i.e., by the difference in their linear drifts over the
gas modulation cycle time.

An important difference between the UM and the modulated
methodologies (either UMNI and MNI refractometry, or UNI
refractometry and GAMOR) is that the modulated ones are
functions of the length of the gas modulation time, 74, while
the others depend on the length of the measurement campaign,
femp- Since it is not uncommon that #med /fmp is in the order of
1073, the modulated methodologies can outperform the UM
ones by up to 3 orders of magnitude for drifts of Type II, and up
to 6 orders of magnitude for drifts of Type L.

Experiments show that a refractometer that is exposed to
deliberately induced temperature drifts giving rise to a change in
beat frequency, that, when evaluated according to conventional
DFPC-based UMNI refractometry, corresponds to an apparent
change in pressure of 24 Pa will, when analyzed by use of UM
interpolation (i.e., the UMI methodology) provide pressure
with a smaller error (solely 3.6 Pa). When, on the other hand,
the same data are evaluated as if they would have modulated
(i.e., by the MNI methodology), it will give rise to apparent
pressures ranging solely between 3.3 Pa and 17 mPa (given as
RMS values, for cycle lengths of 51,200 and 100 s, respectively).
When the GAMOR methodology is used, the corresponding
numbers are 0.2 Pa and 2 mPa, respectively. It is also shown that
these numbers agree with the predicted mitigations given by
the leading order terms of the expression for the evaluation of
pressure.

This shows that the modulated methodologies indeed have
the ability to reduce the influence of drifts, and more so the
shorter the gas modulation cycle length, and additionally more
when interpolation is used for the assessment of the empty mea-
surement beat frequency (i.e., when GAMOR is performed),
in the present case (when GAMOR is used with a gas modula-
tion cycle length of 100 s) by more than 4 orders of magnitude
(from 24 Pa to 2 mPa). Naturally, for the cases with less drifting
refractometry systems, the relative advantage of the modulated
methodologies might not be as large as this, since they can only
reduce the uncertainties to levels corresponding to other sources
of disturbances, but they will, nevertheless, in all cases mitigate
the influence of drifts.

For the case when the refractometry system is exposed to
significant amounts of drifts, and in particular when high pres-
sures are addressed, it is possible that a GAMOR-based system
is limited by residual nonlinear drift components. In such cases,
it is possible to extend the interpolation procedure to be based
on more than two evacuated measurement cavity assessment
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data points (e.g., four) and make use of a nonlinear fit for the
estimated evacuated measurement cavity beat frequency. By
this, the influence of not only the linear but also the quadratic
component of the drift can be eliminated.

All this indicates that the modulated refractometry method-
ologies in general, and GAMOR in particular, have significantly
better ability to mitigate the influence of drifts on the assessment
of refractivity, molar density, and pressure than the conven-
tional UMNI refractometry methodologies. It also implies that
they can be used with excellent performance under a variety of
conditions, including not fully stabilized ones.
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