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Abstract

This paper presents a novel method for designing an adaptive control system using radial basis function neural network.
The method is capable of dealing with nonlinear stochastic systems in strict-feedback form with any unknown dynam-
ics. The proposed neural network allows the method not only to approximate any unknown dynamic of stochastic nonlinear
systems, but also to compensate actuator nonlinearity. By employing dynamic surface control method, a common problem
that intrinsically exists in the back-stepping design, called “explosion of complexity”, is resolved. The proposed method is
applied to the control systems comprising various types of the actuator nonlinearities such as Prandtl-Ishlinskii (PI)
hysteresis, and dead-zone nonlinearity. The performance of the proposed method is compared to two different baseline
methods: a direct form of backstepping method, and an adaptation of the proposed method, named APIC-DSC, in which the
neural network is not contributed in compensating the actuator nonlinearity. It is observed that the proposed method
improves the failure-free tracking performance in terms of the Integrated Mean Square Error (IMSE) by 25%/11% as
compared to the backstepping/APIC-DSC method. This depression in IMSE is further improved by 76%/38% and 32%/
49%, when it comes with the actuator nonlinearity of PI hysteresis and dead-zone, respectively. The proposed method also
demands shorter adaptation period compared with the baseline methods.

Keywords Actuator nonlinearity - Dead-zone - Adaptive neural network dynamic surface control (ANNDSC) -
Nonlinear stochastic systems - Prandtl-Ishlinskii hysteresis model - Strict-feedback systems

1 Introduction

Fault tolerant control systems with actuator failure com-
pensation have received many interests from the
researchers of industrial control field over decades [1-7].
Serious studies in computer science have been dedicated to
address important theoretical and practical questions,
raised in adaptive nonlinear control systems, where
dynamic surface control (DSC) method served as a novel
useful tool for designing adaptive control systems,
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especially for nonlinear strict-feedback [8], [9], and frac-
tional-order [10] systems.

An important research question, which was not addres-
sed in those studies [11-21], is effect of stochastic
behaviors and Prandtl-Ishlinskii (PI) hysteresis on the
system performance. PI or backlash-like hysteresis and
dead-zone phenomena are considered as the two important
general nonlinearities, seen in the literature. However, a
general adaptive control method with the capability of
incorporating both stochastic and nonlinear behaviors of
the control system, including the joint Prandtl-Ishlinskii
hysteresis and dead-zone phenomena, cannot be seen in
those studies in an objective way. One of the problems in
developing such a generalized method corresponds to sta-
bility of the methods at the presence of an unknown
nonlinearity.

Dynamic surface method has been employed by several
neural network-based methods for nonlinear control sys-
tems [9, 12, 21-24]. However, this is not true for stochastic
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nonlinear systems, when general nonlinearities such as PI
hysteresis and dead zone appear in the actuators. To the
best of our knowledge, the presented methods are mainly
based on the backstepping method, which makes this
method an appropriate baseline study [25]. To a lesser
extent, a nonlinear stochastic system was studied, under the
condition of actuator dead-zone, which considers either the
time-delay [17, 18], or pure-feedback control design
method [20]. It is important to note that in most of practical
cases, the control systems, i.e., autonomous vehicle sys-
tems, nonlinear stochastic conditions are involved [26, 27].
In addition to these conditions, nonlinear behaviors such as
dead-zone and hysteresis are typically seen in the actuators
[11-19, 21]. Ignoring such the conditions can lead to
serious flaws like internal instability and physical damages.
However, recently adaptive dynamic surface control for
uncertain nonstrict-feedback systems is investigated in
[28, 29].

In this paper, neural network in conjunction with
dynamic surface control design is employed to introduce a
novel method of adaptive control design for nonlinear
stochastic systems with a general class of different actuator
nonlinearities, including PI hysteresis and dead-zone.
These nonlinearities might be a result of actuator aging, a
faulty condition of the actuator, or its intrinsical charac-
teristic. The unknown dynamics of the system are inno-
vatively approximated using a Radial Basis Function
(RBF) neural network, where the universal approximation
capability of the method makes it possible to approximate a
wide range of nonlinear Lipschitz functions. Furthermore,
the minimal-learning-parameters algorithm is elaboratively
employed to reduce the number of adaptive parameters in
an online updating way, which effectively reduces the
calculational complexities. In order to show effectiveness
of the RBF in both the parameter approximation, and in the
nonlinearity compensation of the actuators, a sophistication
of the method is also proposed as a baseline method for
comparison. In this baseline, compensation of the actuator
nonlinearity is performed using an adaptive eliminating
term.

The stability analysis of the proposed method along with
the baseline are theoretically proved and confirmed by
simulation. Performance of the direct method of back-
stepping is also investigated as another baseline for com-
parison. It is shown that the proposed controller guarantees
the boundedness of all the closed-loop signals, where the
tracking error remains in an arbitrary small vicinity of the
origin, in terms of the mean quartic value. It is shown that
the proposed method exhibits superior performance both in
the failure-free condition and in different cases of the
actuator nonlinearity, compared to the baselines.

The presented method offers extensive applications in a
broad range of the engineering and industrial fields such as
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flight control [30], autonomous vehicle control systems
[31, 32], turbo-machine design [33-35], piezo-actuators
[36] and micro-electro-mechanical-systems (MEMSs) [37],
and also in various military applications [38].

The main contributions of the paper are: (1) presenting a
novel neural network-based method for designing adaptive
controller for nonlinear stochastic system with broad range
of the actuator nonlinearity, (2) presenting a sophistication
of the method as a baseline for the study, in which non-
linearity of the actuator is directly compensated without
using the neural network, (3) analytically proving stability
of the mentioned methods in failure free condition and also
at the presence of the actuator nonlinearities, i.e., PI hys-
teresis, and dead-zone, (4) exploring performance of the
direct backstepping method, detailed in [12], for a broad
range of the actuator nonlinearity, as the second baseline
study, (5) comparing the proposed method along with the
two baselines using different cases of actuator nonlineari-
ties, and studying privileges and limitations of each of the
methods.

The paper is organized as follows. Section 1, presents a
literature review on the previously published studies. In
Section 3, preliminaries and problem statements are
described. In Section 4, the methods along with the theo-
rems are presented, which contains the main contributions
of the paper. Simulation examples are presented in Sec-
tion 5. In Section 6 and 7, discussion and conclusion of the
paper are presented, respectively. In addition to the main
sections of the paper, there are also five appendices, in
which details of the theorem proofs are included
accordingly.

2 Related studies

Actuator failure can occur in many practical systems,
named plants, that may lead to the plant instability and
even sometime catastrophic events [1—7, 27, 39-44].
Systematic design methods for different nonlinear control
systems have been studied in the form of the strict-feed-
back, pure feedback, and block-strict-feedback [45], where
various direct methods have been investigated for the
purpose of actuator failure compensation [39-44]. Back-
stepping design method was proposed as a systematic
adaptive controller design, which is still considered as one
of the mostly used methods for nonlinear systems. Back-
stepping-based methods for compensation of the actuator
failures such as sliding-mode control [42], and adaptive
failure compensation [5, 39, 41, 43, 44, 46—49] have been
proposed for several practical and theoretical systems.
Among these methods, the problem of accommodating
infinite number of actuator failures/faults in control sys-
tems has been investigated in [5]. Backstepping method
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was theoretically studied to be employed for adaptive
control design for the parameter-strict-feedback systems
[43], and its capabilities in compensating actuator nonlin-
earities for a flight control system were investigated [11].
Radial Bases Function (RBF) neural network has been
integrated with backstepping method to overcome the
problem of uncertain nonlinear systems in pure-feedback
form with PI hysteresis [21]. Backstepping controller
design method using adaptive neural networks was pro-
posed in conjunction with variable separation and minimal-
learning-parameters algorithm technique for stochastic
nonlinear single—input-single—output systems in the form
of nonstrict-feedback with unknown backlash-like hys-
teresis [21], strict-feedback [20], and pure-feedback [50],
[51].

Although the backstepping design technique has many
useful benefits for the designers, it suffers from an inherent
problem, called ‘explosion of complexity’, that occurs with
increasing system order, due to the continuously differen-
tiation of virtual control signal and system states. Dynamic
Surface Control (DSC) method was introduced as another
alternative method, which resolves explosion of complex-
ity [8-10, 23, 32, 36-38, 52, 53]. It avoids continuous
differentiation of virtual control inputs leading to ‘explo-
sion of terms’. DSC has been privileged over backstepping
in several studies [9]. Integration of adaptive neural net-
work and DSC was studied in nonlinear strict-feedback
systems [12], and also in time-delayed nonlinear systems
[15], under failure-free condition of the actuators, as well
as a certain form of the PI hysteresis [16]. The effect of
actuator dead-zone in nonlinear systems was separately
studied for adaptive DSC method [23].

Application of dynamic surface method has been studied
in several applied researches, such as controlling pneu-
matic servo system [32], trajectory tracking control of
underactuated surface vehicles [36], suppressing chatter in
a micro-milling machine with piezo-actuators [37], con-
trolling micro-electro mechanical gyroscope systems [38],
controlling process of continuous heavy cargo airdrop of
nonlinear transport aircraft [52], controlling of spacecraft
terminal safe approach with actuator saturation [53], and
precise position tracking problem of permanent magnet
synchronous motors [54].

In many practical systems their parameters, and
dynamics, as well as the corresponding disturbances are
unknown, but can likely show stochastic and mostly non-
linear characteristics. Details of a complete course of
stochastic systems and stochastic differential equation are
found in [17], [18].

Adaptive neural networks were employed in conjunction
with the dynamic surface technique for nonlinear stochastic
systems with either time-delays or dead-zone in the actu-
ators [15]. A certain class of nonlinear systems, but not

stochastic, with unknown Prandtl-Ishlinskii hysteresis was
studied by X. Zhang et al. and the performance of the
design method was investigated [22]. In this study, an
adaptive neural DSC controller was constructed to elimi-
nate the effect of unknown actuator hysteresis. The adap-
tive neural network was utilized in DSC design method to
stabilize nonlinear time-delay systems with unknown dis-
turbances [9]. Adaptive neural network control systems
have been investigated for specific cases of uncertain
nonlinear strict-feedback systems [12], and also a class of
time-delay nonlinear systems with PI hysteresis with
dynamic uncertainties [16—18]. Nevertheless, for nonlinear
stochastic cases, the adaptive neural network dynamic
surface design was studied only under the condition of time
delayed and actuator dead-zone [25].

3 Preliminaries and problem statement

A stochastic nonlinear system with strict-feedback can be
defined by its state variable x = [x;,xz, .. .7xn]T € R™

dx; = (gx2 +f1)dt + Y dy

dx; = (giXiy1 +f;)dt + Yd b, < g; < by
1<i<n

d'xn = (gnu +f”l)dt + lpﬂdlp7
y =X,

where  is an r-dimensional variable introduced as stan-
dard Brownian motion defined on a complete probability
space,' and f;(+), gi(-) : R x R* — R, /] : R x R* — R’
are unknown smooth functions in x; € R’ with zero initial
conditions [25]. It should be noted that # in Eq. (1) is the
control input that is by itself the output of an actuator,
which can be subjected to different nonlinearities such as
Prandtl-Ishlinskii (PI) hysteresis, or dead-zone.
Prandtl-Ishlinskii (PI) hysteresis is a nonlinearity
defined as follows:
R
) = pov(t) ~ [P0 @)
0
where u(t) is the output of the actuator, v(¢) is the input
signal to the actuator, p(r) is the density function, p, =
fgp(r)dr is a constant which depends on the density
function p(r), and F,[v](r) is a function, describing the

nonlinearity behavior, and named the “play operator” [13].
It should be noted that Eq. (2) decomposes the hysteretic

' The comprehensive details of Brownian motions and complete
probability space can be found in [54].
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action into two terms, describing the linear reversible part
and the nonlinear hysteretic behavior, at its first and the
second terms, respectively. This decomposition is crucial
since it facilitates utilization of the currently available
control techniques for the controller design [15]. An
actuator with PI hysteresis is a component with memory,
and therefore its value depends on its previous outputs in
time. Consequently, for an input v(¢) € C,,[0,7g], where
C[0,1g] is the space of piecewise monotone continuous
functions, and the play operator is defined by:

Fe[viu_1](0) = f:(v(0),u-1)
Frlviua](t) = fr(v(0), Frlv; ua](6:), (3)
fOI‘l‘,‘<l‘§l‘,‘+1Cli’ld0§i§N— 1,

with
fr(v,u) = max(v — r,min(v + r, u)) (4)

where 0 = 1o <ty <...<ty = fg is a partition of [0, ] such
that the function v is monotone on each of the sub-interval
[ti,ti41], and u_; € R is the general initial condition [13].
Consider the PI-model expressed by the play operator in
(7), the hysteresis output u(z) can be expressed as [14]:

u(t) = pov(t) — dpl(r) (5)

where

dp(r) = / P(r)F, V] (1)dr, with py = / p(r)dr (6)
0 0

It should be noted that (11) is bounded, and the detailed
description of its boundedness is discussed in [16-20].
Furthermore, in this paper it is assumed that the charac-
teristics of PI hysteresis nonlinearity in the actuator is
unknown and should be estimated by the controller.

Actuator dead-zone is another form of the nonlinearity
model can be described as follows:

8r (V)7V§bl
0, by<v<b, (7)
8r (V),VZbr

u=D()=

where u is the output of the dead-zone, v is the input of the
dead-zone, b; <0 and b, > 0 are unknown parameters of
the dead-zone, which should be estimated by the control
system, named as the start and end of the dead-zone,
respectively. The output of the dead-zone is not measur-
able, and therefore the smooth and bounded first derivative
functions g;(v) and g.(v) are employed to express the
output. In order to achieve a pseudolinear relationship
between the input and output of the dead-zone, the fol-
lowing expression is often employed:

u(t) = D(v) = KT (£)®(r)v + d(v) (8)
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where detailed description of functions K7 (¢),®(t), and
d(v) can be found in [16]-[19]. However, K7 (¢)®(t) is
bounded, |d(v)| <p*, and p* is an unknown positive con-
stant [19].

One way to approximate the unknown dynamic of the
actuator nonlinearity is the use of a Radial Basis Function
Neural Network (RBF). It provides universal approximat-
ing capability, by which any unknown continuous function
f(Z) : R* — R can be approximated as follows:

f2)=wT(2) +6(2) 9)
where Z € Qz C R? is the input vector with g being the
neural networks input dimension,
W =[wi,wa, - ,wl]T € R', is the weight vector of neural

networks with / > 1, the neural networks node number, and
UZ)=1[c1(Z),6,(Z),---,¢(Z)] is the basis function vector
with ¢;(Z) being chosen as Gaussian function following the
form:

;i(Z)_eXp<_ (Z_'ul),:z(z_'ul)>?l_ 13"'71 (10)

The p; = [w;, -+, 1] is the center of the respective
field and g; is the width of the Gaussian function [25]. 6(Z)
is the approximation error and satisfies |0(Z)| <e, &€ > 0.
W7 is the ideal constant weight vector [25] and is defined
as:

(11)

WeR' | xeQ,

W*T = argmin { sup | f(x) — WTC(X)|}

For simplicity, by using the minimal-learning-parame-
ters algorithm an unknown constant 6 is introduced as:

1 ST
Hmax{bm||W,-T|§J 1,2,...,n} (12)

We consider a stochastic nonlinear system in strict-
feedback form with unknown dynamics where the actuator
is subjected to a nonlinearity. The method proposed by the
following sequels employs a radial basis neural network to
estimate unknown dynamics of the system, and hence to
design the adaptive control method.

4 Methods
4.1 Overview

The proposed control design method is based on using the
dynamic surface as a systematic controller design in con-
junction with an adaptive RBF neural network to serve as a
global approximator meant for unknown dynamics, non-
linearities, and stochastic behaviors of the system. The
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method which we call Adaptive Neural Network Dynamic
Surface Control (ANNDSC) is independently investigated
for nonlinear stochastic strict-feedback systems using three
different actuator characteristics: linear, nonlinear with
dead-zone, and nonlinear with hysteresis characteristics.
The probability boundedness of all the closed-loop signals
will be proven via stability analysis in an analytic way, and
the simulations support the theories for all the three cases
of the actuator nonlinearity.

In order to demonstrate effectiveness of RBFNN in
compensating actuator nonlinearity, a modification of the
ANNDSC method is introduced as a baseline for compar-
ison. This baseline method is named Adaptive PI Com-
pensation using Dynamic Surface Control (APIC-DSC),
where the adaptive term is employed to directly compen-
sate the PI hysteresis nonlinearity. The stability analysis of
the last method is also analytically proven. In order to show
effectiveness of both the ANNDSC and the APIC-DSC,
compared to the existing design method, another baseline is
defined based on the direct implementation of the back-
stepping design method. Technical details of the design
method for this baseline are found in [25]. For further
clarity, and meanwhile maintaining continuity of the sub-
jects, proofs of the presented theorems are included in the
appendices.

4.2 The proposed method ANNDSC

Consider a nonlinear stochastic strict-feedback system
defined by Eq. (1), ANNDSC offers an iterative procedure
with n steps (n is order of the system) for designing the
control system. At each step of the method, the error sur-
face is firstly calculated by subtracting state variables from
the desired output. Then, the calculated error is passed
through a first-order filter, for all the steps, but the last step.
An RBF neural network employs the filtered error to
approximate dynamic of the system. The error surface {S;},
for step i, 1<i<n, is defined as:

Si=xi—z,1<i<n,

(13)

where x; and z; are the corresponding state variable and
desired state value, respectively. For i = 1, z; = y,, where
v, is the reference input, the desired output of the system.
The proposed procedure involves n successive steps of
computation, as depicted in Fig. 1.
A virtual control input X;;; is defined at each step:
1

20,‘
= |:}i70:|756i = [xlv‘ .

X = —kSi — —S07(2)0(Z), 1<i<n, Z

wxi]v (14)

(15)

1 ~
V= xn+l = _ann - gsf,aé/,{(zn)gn (Zn)v

where the a;, k; are the design parameters, {;(Z;) are the
radial basis functions of the corresponding neural network,

and 0 is an estimation of 0. The virtual control input is
passed through a low-pass filter to obtain the desired value
for the next state:

€i+12i+1 + 2iv1 = = (16)

,1<i<n—1
Xi+1
where the €1,1<i<n—1 are the design constants.
Finally, the RBF neural network weights are approximated
using the following expression:
Py LI} 6T ~
0= Zz—agsj G (2)5(2) — ko0

J

J=1

(17)

where 1 is a design constant, and Cj(-), 1<j<n are the
basis functions of the neural network. The RBF neural
network is indeed composed of two layers. The first layer
incorporates [ nodes. Each node i (1 <i <) corresponds to
a Gaussian function of center #;, and width y,;. The three
parameters (I, n;, ;) are treated as the design parameters.
The second layer is a linear superposition of the Gaussian
functions, using the learning weight W. Norm of the
learning weights is employed for the approximation.

Theorem 1 Applying the ANNDSC controller design
method, to a nonlinear stochastic strict-feedback system
with a linear actuator and any unknown dynamics, Eq. (1),
guarantees the boundedness in probability of all closed-
loop signals of the system.

Proof 1 The comprehensive proof of this theorem is
explained in Appendix 2.

Theorem 2 Applying the ANNDSC controller design
method, to nonlinear stochastic strict-feedback systems
with any unknown dynamics, Eq. (1), which is subjected to
a hysteresis nonlinearity in its actuator, guarantees that all
the closed-loop signals of the system remain bounded in
probability.

Proof 2 The comprehensive proof of this theorem is
explained in Appendix 4.

Theorem 3 Applying the ANNDSC controller design
method, to a nonlinear stochastic system in strict-feedback
form with any unknown dynamics, Eq. (1), subjected to
actuator dead-zone nonlinearity, guarantees the bounded-
ness in probability of all closed-loop signals of the system.

Proof 3 The comprehensive proof of this theorem is
explained in Appendix 5.
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Fig. 1 Flowchart of the

proposed method, ANNDSC,
for nonlinear stochastic systems

in the form of strict-feedback

Initial conditions and design params. initialization:
(=1, [ko, Ky, .., k), [X4 (0), ..., X4 (0)), [@4, o0 @ ), 8(0),
RBFNN params. set [num. of layers, widths, intervals)

Si=x-z

v

1 .
a1 = —kSi—5= S26¢l (204 (2y),
aq

Zl = [fll é]! fl = [xh "'Fx(]I

€41Z151 + Zi41 = X4

YES
NO

;A ;
e Z_zslsd(zlkl(zl) — ko®.

Lincar Actuator Hysteresis Nonlinearity

Actuator Lincarity
Status

Dead-Zone Nonlinearity

u=v u(t) =K"()®(t)v + d(v) u(t) = pyv(t) - d[v](t)

Experimentation of ANNDSC is herein described ft, which is subjected to a nonlinear stochastic condition.
through a practical example of a hypersonic aircraft = The control system comprises two separate controllers, for
cruising at a Mach number of 15 and an altitude of 110,000  the velocity and the flight path angle [24]. Dynamic of the
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flight path angle can be expressed by the state equation
system (Eq. 18) using three state variables:

[7,0,q)"
dx; = (f|(x1) + g (x1)x2)dt + ¥, dyy
dx, = x3dt + lﬁzdlﬁ
dxs = (f3(x1,%2,x3) + g3(x1,%2)u)dt + y;dyy

y =X

T
X = [x17-x27-x3] =

(18)

The three state variables 7, 0 and ¢ are the flight path
angle, the altitude, and the pitch rate, respectively. The
functions f,(x1), f3(x1,%2,%3), g,(x1), and g5(x;,x;) are
the nonlinear functions describing dynamic of the system.
The ;, 1 <i <3 are unknown smooth functions, and u is a
constant number. Details of finding dynamic model of the
system are found in [24]. The system defined in Eq. (18)
demonstrates dynamics of a nonlinear stochastic strict-
feedback plant. The flight path y can be controlled using
the ANNDSC.

4.3 Adaptive Pl compensation DSC (APIC-DSC)

In ANNDSC, the proposed neural network provided suf-
ficient tools both for the control design and for compen-
sating the actuator nonlinearity. The proposed baseline of
APIC-DSC is introduced to investigate effect of using
neural network for compensating the actuator nonlinearity,
proposed by ANNDSC. In this baseline study, an adaptive
PI hysteresis compensator is proposed using direct method,
in conjunction with the adaptive RBF neural network to
compensate actuator nonlinearity of kind Prandtl-Ishlinskii
(PI) hysteresis, in contrast with ANNDSC in which the
neural network undertook the compensation task. as
defined in Egs. (2) to (5). In this situation, for each step i,
i <i<n, the error surface and the virtual control inputs are
defined as in Eq. (13) and Eq. (14). Figure 2 illustrates
flowchart of the method.

The virtual control input is passed through a low-pass
filter to obtain the desired value for the next state:

€iv1Ziv1 21 =7 ,1<i<n—1
il

(19)

where €;,1,1 <i<n — 1 are design parameters. The con-
trol input is:

Xn+1

R
:—k,,Sn—z 2 S0 (z +/ B, (1, IF, V(1) [dr
0

(20)

where the a;, k; are design parameters, (;(Z;) are the radial

basis functions, 0 and p b, are the estimations of 6 and Ppo>

respectively. The ﬁPo is approximated using an adaptive
law:

—q <p < .

gi)\pa(ﬂ r) _ Vpr[’S HF [u | + O'ppo(l‘ r):| 0—pp0 = Praxs
! 7O-pp0(t’r)app0 > Pinax>

1)

where thes and p,, are positive design parameters,

Py, (t,7) = p(t,7) /Py, and pp,,. = (Pmax/po). Finally, the

RBF weights are approximated using the following adap-
tive law:

n

0= Zzazsfc% 1)5(2) — kol

J=

(22)

where / is a design constant, and {;(-), 1 <j<n are the
basis functions of the neural network.

It can be seen from (22) and (21) that both the nonlin-
earities and the system dynamics are approximated using
the adaptive law in Eq. (22) resulted from the neural net-
work weights; however, the density function of the PI
integral is directly approximated using the adaptive law in
Eq. (21).

Theorem 4 Applying the APIC-DSC controller design
method, to a nonlinear stochastic system with any unknown
dynamics, subjected to actuator PI hysteresis nonlinearity
guarantees the boundedness in probability of all closed-
loop signals of the system.

Proof 4 The comprehensive proof of this theorem is
explained in Appendix 6.

5 Simulation results

Performance of the proposed ANNDSC method, along with
the two baseline methods, is evaluated and compared in a
tracking problem using a 3rd-order benchmark system.
Details of the benchmark system are found in [25]. Another
alternative benchmark of 2rd-order system can be found in
[25], but we used the 3rd-order ones with more complex-
ities to explore performance of the methods and hence
provide a better comparison, under a rather complex con-
dition. This benchmark for study considers a stochastic
nonlinear system in strict-feedback form:
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Fig. 2 Flowchart of the baseline
method, named APIC-DSC, for m
nonlinear stochastic systems in

strict-feedback form

Initial conditions and design params. initialization:
i= ll lkOI kl: oo :kn ]' [xl (0)1 vy Xn (0)], [al' vy p ]: 9(0)1
RBFNN params. set [num. of layers, widths, intervals]

<

NO

2=y, VES

Su=x-2 (=i+1

Il X

1 &
o1 = —kiS “'27‘539('{(21)(1(2().
Zl = [i’(vé]: fl = [xll"'lx‘]J

YES
€i412141 + 25y = Xy
NO
= 2
A 6 -
P A $7(2)8,(2)) = ko
=

I

-a-ﬁ (t,r) = _Yprllsr{“Frlul(t)l + a"Po(t'r)]' 0= ﬂi’o S Pmax
at’ P’ —aﬁpo(t,r), ﬁpo > Pmax

y

R
v=2%,,,+ f ﬁpo(t, )| F[v](t)|dr
0
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dxy = ((0.3 +x7)x, — 0.8 sin(xy))ds + x; sin(x; )do,
dxy = ((14x3)x3 —x2 — 0.56 — x{ — \/x1)dt + x; cos(x)dw,

dx; = <(l.5 + sin(xyx;))u — 0.5x3 — %x% — x§x3 — ﬁ) dt
+ 3»)61(3"*§da)7
y=x
yr = sin(z)
(23)

The simulation study considers a failure-free condition
together with two other cases of the actuator nonlinearity,
i.e., actuator dead-zone, and the actuator PI hysteresis for
the proposed method, ANNDSC, along with the two
baseline design methods, named APIC-DSC and back-
stepping design, respectively. The ANNDSC-based con-
troller for the failure-free, and the two cases of
nonlinearity, is designed using Eqs. (13)—(17) as follows:

S| =x; — Y |

= —kiS _—2Sf0C1T(Z1)Cl(Zl)’
2a;

€% +22 = x,,

$H=x — 2,

1 ~
x3 = —k2S2 = 555003 (22)5(22),
a,

€333 +23 = x5,
$3 =x3 — 23,

TR
v =—k3S3 — ﬁb%HC?(Za)Cs(Za),
3

A Y ~
0= Y01 55 S (202 — ko,
k

-~ -~

where Z, = S1,Z, = [S51,52,0], Z3 = [81, 52,53, 0], p(r) =

e 0057017 1 e [0, 10], v(r) = M3 1 € [0, 271, and
u_; =0 are the input vectors of neural networks. Equa-

tion (24) shows the design steps of a control system of
order 3, which clearly involves three design steps. At each
of the step, firstly the error surface S; is calculated by
subtracting the desired value z; from the actual value of
state x;. Using the error surface, along with the neural

network weights, @, the virtual control input of the step,
Xit1, s estimated. The desired value is calculated for each
step by passing the virtual control input signal through a
first-order filter, except for the final step, where the actual
control input is directly generated. Subsequently, the neural
network weights are found using the adaptive law, by
which the unknown dynamics and nonlinearities of the
system will be approximated.

The design parameter set for the simulation is
[k(), kl,k27 k3}, [al,a27a3], €) = 0.006, and €3 = 0.008,
which are obtained empirically considering the transient
performance, the limitations on control effort growth, the
closed-loop internal stability of the system, and

improvement in the tracking error. The simulation runs
under the initial condition of
[x1(0), x2(0), x3(0)]” = [0,0.6,0.4], 6(0) = 0.1. The three
RBF neural networks W1{,(Z,), W1{,(Z,), and W1 {5(Z5)
are chosen to contain eleven nodes with the centers spaced
evenly within the intervals [-5,5],
[-5,5] x [-5,5] x [-5,5], and
[—5,5] x [-5,5] x [-5,5] x [-53,5], respectively.

The APIC-DSC baseline controller for the system in
Eq. (23) is designed using Eqgs. (13), (14), (19)-(22). This
controller is completely similar to Eq. (24), unless the
controller input signal:

TR
v =—k3S3 — 2—61253055(23%3(23)
3

R
+ /ﬁpo(ta | F:[v](2)|dr,
0
gﬁ (t r) _ { _VprSEzFr[u](t)A_ ypro-ﬁ[lg(t’ r)’ﬁpo > Prax
ot P _Vprgppo(t’ r)7pl70 <Pmax 7

(25)

where [ko, k, k2, k3], [ai,a2,a3] are design parameters,
obtained empirically likewise the ANNDSC case.
Pmax = 0.2,R =2,7,, = 1,0 = 2, and other parameters are
similar to the previous simulation step. The backstepping
case is entirely implemented as detailed in [25].

Simulation results of these three cases are depicted in
Figs. 3,4, 5, 6 and 7. The system output is depicted against
the reference sinusoidal input, for all the three methods,
under the three actuator conditions.

Minimal deflection from the desired form of sinusoidal
wave is seen for all the methods and conditions. In order to
quantitate the deflection from the desired output, the Inte-
grated Mean Square Error of the actual outputs is calcu-
lated with respect to the inputs. Figure 4 demonstrates the
IMSE for the all methods and conditions.

Outperformance of ANNDSC is seen for all the case
with the minimal IMSE. In the tracking problem, lower
IMSE is regarded as an indication of the better perfor-
mance. For the failure free cases, the relative depression in
IMSE of the proposed method is observed to be 25% and
11% as compared to the backstepping and APIC-DSC,
respectively. Nevertheless, effectiveness of the method is
further highlighted when there is a nonlinearity condition
in the actuator. For the PI hysteresis, the proposed method
improves the tracking performance by 76% and 38% as
reflected by the relative IMSE for the backstepping and
APIC-DSC method, respectively. For the dead-zone non-
linearity, this relative outperformance is, however, 32%
and 49%, showing a good improvement in the tracking
performance. For the dead-zone condition, the APIC-DSC
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(a) Failure-Free Condition
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Fig. 3 Output of the three control systems and the reference input, for three different characteristics of the actuators
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offers the worst IMSE, implying that improvement in the
PI hysteresis is served at the expense of impairing the
performance for other condition, when direct method is
employed. It is also seen that all the methods offer their
optimal performance at the absence of the actuator
nonlinearity.

In order to investigate internal stability of the control
methods, closed-loop signals and states of the three control
systems are plotted with different actuator nonlinearities.
Figure 5 shows the closed-loop states.

The close-loop signals of the APIC-DSC are consider-
ably higher than the ANNDSC and the backstepping,
showing further tendency to internal instability in practical
situations, even though the values are bounded. This is
confirmed by the control input signal, depicted in Fig. 6.

The ANNDSC method exhibits smaller control effort,
compared to the two baselines. The control input signal of
ANNDSC shows smoother and low oscillatory waveform,
which provides a more reliable functionality in practice.
The risk of the internal stability is by far highest for the
APIC-DSC, even though the outputs are not far different
for all the methods. It is important to note that high
amplitude of the control input signal can practically put the
system into the risk of actuator saturation. These conditions
sometimes make finding a control strategy impractical,
despite showing acceptable tracking.

Figure 7 demonstrates adaptive law of the three
methods.

As seen in Fig. 7, the adaptive law, @, damps quicker for
the ANNDSC and APIC-DSC, revealing faster conver-
gence for the neural network-based methods compared to
the backstepping one. Figures 8 and 9 show the system
outputs and the control inputs, for a case of the joint dead-

Fig. 4 Integrated Mean Square

Error (IMSE) of a tracking 0,03
problem for the proposed

method (ANNDSC), the

baseline methods 1 (APIC- 0,025
DSC), and the baseline method
2 (backstepping), under 0,02

different conditions of failure-
free, actuator dead-zone and

. .. 0,015
Prandtl-Ishlinskii (PI)
hysteresis
0,01
0,00546733
0,005

Backstepping Design

0,004649831

0,004116205 -
0 -

Failure-Free Actuator

zone and PI hysteresis nonlinearities, occurring at two
different time instances.

All the three methods show good performance in
tracking the output. However, the APIC-DSC dramatically
increases the control inputs on the occurrence of the dead-
zone. This makes the APIC-DSC an inappropriate candi-
date for the practical situations, where such the large value
of the control input put the system into the risk of
saturation.

6 Discussion

The paper suggested an adaptive control design method for
nonlinear stochastic systems with a general class of the
actuator nonlinearity. In contrast to the existing techniques
relying on the backstepping design method [11]-[21], the
proposed method employed dynamic surface control
design, along with neural networks through an algorithm of
minimal learning parameters, to avoid the “explosion of
complexity” and decline the computational efforts. This
favorable feature which cannot be seen in the backstep-
ping-based methods will become especially important for
the systems with increased order. Such the implementation
improves agility of the design method to be suitable for an
online application. The paper proved boundedness of all
the closed-loop signals and convergence of all the error
signals to a small vicinity of the origin at the presence of
two different nonlinearities, commonly seen at the actua-
tors, dead-zone and hysteresis, in both analytic and simu-
lation manners.

Although certain nonlinearities have been investigated
in recent studies [25], the joint dead-zone and hysteresis
were not included in the studies. In many practical

IMSE

0,025401327

0,018866688
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0,002898055 .
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Fig. 5 Comparison of the
closed-loop states of the
proposed control system
(ANNDSC) along with the
baseline methods APIC-DSC
and backstepping in the tracking
problem. The three actuator
nonlinearities are separately
illustrated for the third order
system with the three state
variables
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Fig. 5 continued
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9,

Backstepping with Actuator Pl Hysteresis Nonlinearity
T T T

State Variables

21

Time (sec)

State Variables

ANNDSC with Actuator Hysteresis Nonlinearity
T T T

10 15
Time (sec)

APIC-DSC with Actuator Hysteresis Nonlinearity
T

25 30

State Variables

T T

L Il

Fig. 5 continued

@ Springer

2 3
Time (sec)



Neural Computing and Applications

(a) Failure-Free Condition
800 T T T T T
--~ Backstepping Tracking
600 - 1 = ANNDSC Tracking B
! - = = APIC-DSC Tracking
400 - 4
1,
i
L \ i
200 .h:ﬁ::; ':
- " i
3 b
£
e
T -200(
o
-400 -
-600
-800 (-
-1000 L - ! ! L
0 1 2 3 4 5 6
Time (sec)
Actuator Dead-Zone Nonlinearity
(b) 700 : : . : :
Backstepping Tracking
600 - N = ANNDSC Tracking
0" \ - = =APIC-DSC Tracking
500
400

Control Input
N
o
o

100
0
-100
-200
-300 1 1 1 1
0 1 2 3 4 5 6
Time (sec)
Actuator Pl Hysteresis Nonlinearity
(c) oo w . ] i :
Backstepping Tracking
600 1 = ANNDSC Tracking B
g :. = = =APIC-DSC Tracking
N
‘
400 e
200
2
£ 0 il gt
° vt ey ¥ Y
= NI 5 1
£ -200 l'lil"‘gl i -
2 'Iil"’,
© l”‘.:l
L]
400 - !::::‘ 1
i
-600 - MY 4
II !
1
-800 - : -
-1000 1 1 1 1 1
0 1 2 3 4 5 6
Time (sec)

Fig. 6 Control input of the three systems in the tracking problem, described in the sequel
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Fig. 7 Adaptive law of the three methods for the tracking problem
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applications, actuators can accidentally encounter with any
of the dead-zone and hysteresis, due to the aging. It is
sometimes critically important to consider such the con-
ditions in the design method.

We introduced a baseline method for nonlinear
stochastic system, named APIC-DSC, sophisticated for
compensating the actuator hysteresis. In this baseline
method, adaptive neural network is not invoked for the
compensation. It is analytically proved that the closed-loop
signals remain bounded in probability. This method
although shows acceptable performance for the failure-free
and also for the hysteresis conditions, but dramatically
increases the control input at the presence of the dead-zone.

Considering Figs. 5 and 9, the control effort of the
ANNDSC is much less than the two other baseline meth-
ods. It is possible to improve the tracking at the cost of
increasing the control effort. It might, however, lead to

Fig. 8 Output of the three 2 :

actuator saturation or internal instability of the system. It
was observed that the control effort is by far lower for
ANNDSC than the two baseline methods.

In this study, the proposed method was empirically
optimized by jointly considering the tracking performance
and the control effort. Among the design parameters, the
set of [ko, ki1, k2, k3] and [ay, az, a3] have more effect on the
transient and the steady state characteristics of the system
where the k3, and a3 directly affect the control input of the
system. However, the proposed method can be well-inte-
grated with the genetic algorithm for finding an optimal set
of the design parameters. This is also true for other meta-
heuristic methods, or natural-based algorithms, such as ant
colony algorithm. For our baseline study of backstepping
method, we used the same set of the design parameters
described in [25] as an initial set, and followed similar
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empirical procedure for improving the performance, as was
done for ANNDSC and APIC-DSC.

Selecting an appropriate sampling rate plays an impor-
tant role in efficient performance of any control system. A
low sampling rate can lead to system instability, while on
the other hand, an excessive sampling rate increases
redundant complexities. A recent study proposed an
interesting systematic method, named FIRCEP, that can be
easily employed for finding an optimal sampling rate [55].

We used MATLAB R2017b for the simulations and
analysis. Nowadays, there are various platforms, commer-
cially available for efficient implementation in the practical
situations and real plants, such as PLC systems with strong
computational power. It is obvious that such the imple-
mentations demand a level of the practical considerations.

7 Conclusion

This paper proposed a novel adaptive design method for
nonlinear stochastic control systems using neural network.
The proposed method was investigated under joint condi-
tions of the actuator nonlinearities, defined as the dead-
zone and the Prandtl-Ishlinskii hysteresis. Stability analy-
sis was analytically studied and confirmed by the simula-
tion results in a tracking problem. Performance of the
proposed method was compared to a baseline of widely
used method, the backstepping method. It is observed that
using the proposed neural network in conjunction with the
dynamic surface method, considerably enhances perfor-
mance of the control design method, and meanwhile
decreases the computational complexities as well as the
control effort.

Appendix 1

Consider the following stochastic system:

dx = f(x,t)dt + h(x,t)dy (26)

where x = [x1,x, .. .,xn]T €R", Y is an r-dimensional
standard Brownian motion defined on the complete prob-
ability space (Q, F, P), and Q is a sample space, F is a o-
field, {F,},- is a filtration, P is a probability measure,

andf : R" x R" — R", h:R"xR"™ — R™ are locally
Lipschitz functions inx € R,
withf(0,¢) = 0,h(0,7) = 0,Vr>0.

Definiton 1 Wang et al. [25] For any given V(x,1)¢€

C*'(R" x R*;R"), associated with the stochastic differential
Eq. (26), we define the differential operator L as follows:
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2
LV = a—v avf Ly {Tavh}

ox? (27)

Remark 1 The term %Tr{hT%%/h} is called Itd correction term, in
which the term %27‘{ introduces a high level of complexity to the
controller design procedure in comparison with the deterministic case
[25].

Lemma 1 Wang et al. [25] Consider the stochastic system (Eq. 26)
and assume that f(x,), and h(x,7) are C' in their arguments and
f(0,1), and h(0, ) are bounded uniformly in 7. If there exist functions

V(x,1) € C*'(R" x R*,R"), wi(®), pup(®) € Koo, constants
ag > 0,by >0, such that.
o ([x]) < V(x, 1) S ([x]), LV < agV(x, 1) + bo (28)

then the solution process of Eq. (26) is bounded in probability.

Lemma 2 Young’s Inequality:

o 1
<—xf+—=pLp-1)g—1)=1a>0 29
W x| +qaq\y| (p=D(g—1)=1Lua (29)
where the constants p,q,ando. are chosen properly

depending on the circumstances [25].

Lemma 3 Wang et al. [25] For any continuous function f(x) : R* —
R with f(0) =0,x = [x,x2,...,x,)", there exist positive smooth
functions h;(x;) : R — R*,j=1,2,...,n, such that.

x)[ < ;|xj|hj ()

(30)

Appendix 2

A consistent technique is used to arrive at the conclusions
in Eq. (45), Eq. (62), and Eq. (46), which is described in the
following sequel. The aim is to approve the following
equation:
1 4
8iSThi(Zi) < FSG G (Z)G(Z) + Easz +7 8?S§1
—¢1<i<n (31)
Using the expanded expression of /;(Z;) in Eq. (63), for
the g;53h;(Z;) term in Eq. (63), 1 <i<n it can be written
as:
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S hi(Zi) = ¢S] (W7 Ci(Z) + 6:(2)
e ()o@ resto@, o)
———
secondterm

firstterm
For the first term in Eq. (32) using the Young’s

inequality (4) with the corresponding parameters
x= Si%IIW?HCi(Z),y =g, P =q=2, o=a; and for
second term in Eq. (32) with the corresponding parameters
x=8ig, y=0(Z), p=4/3, g =1, a=1,16(Z)| <=

respectively, it yields:

g,S3 (Z) < 2562 W;*I;Vi* "Vi*zc,-T(Zi)Ci(Zi)
=! *2
+3a & +gelst+ i <s fzvlf & (z)z)
<, §9
a4 iS4 el

(33)

where a; > 0 and ¢ > 0. Equation (33) in its simplified
form can be written as follows:

&SI < 3 SS0CT (20 (20) + Sy + S aist

L

1
+ZS?,1§i§n (34)

By this expression, Eq. (31) is proved.

Appendix 3

Proof of the theorem 1 (Stability analysis)

The proposed controller design method is based on a multi-
step recursive design algorithm. In this method, the adap-
tive neural network approach is implemented using the
dynamic surface control in conjunction with minimal-
learning-parameters algorithm in a recursive manner. At
the end of each design step, the resulting data are sent to
the next design step. The number of design steps is n,
which is equal to the number of the system order. At the
end of 1 <i<m—1 steps, a virtual control signal and a
first-order filter are generated, which are sent to the next
step. Consequently, in the final step, n, the actual control
signal is generated, which is sent out from the controller to
the actuator.
Step 1

Define the first error surface as:
S] =X1 =Y (35)
dS, = dx; — y,dt = (g;x2 +f1 — y,)dt +y,dy (36)

By using a stochastic Lyapunov function, it is obtained:

~

:—S4 0 5= -0 (37)

where / is a design constant. Using the 1t6’s formula, we
have?:

L3 _ 2
LV, =S}(gix2 +f1 — V) +§S%‘ﬁ1T‘//1 — A 1bm5 0 (38)

3 3
>SS, < 5810l (39)
Replacing Eq. (39) in Eq. (38) yields:
. 3
o) + 251<P11

_ A .3 3 4
— 4 lbm50 <S?<81X2 +f1 _yr+551(ﬂ%1> "‘Zgisélt

LV, <S8} (gyx2 +f1 —

3 4 A
— g8t — 2, ~0
481 1 0 s
(40)
define:
., 3 3 4
P £f| —yr+551(/’%1 +Zg‘151 (41)
1

4

By adding and subtracting %gﬁSl term to the right-hand
side of Eq. (40), and substituting the result in Eq. (41), we
have:

_ 3 1
LV, <8} (g1x2 +f1) *Zgﬁs?
“1, 3j 3 17 34
= bn00< S |t gt | —gast
——
. unknownterm
— 27'b,,00 (42)

Now we approximate the unknown term, g; 'f,, using a
RBFNN [25]. Defining:

hi(Z;) = gi_'I; =W;T(zZ) +

i

0i(Zi),|0i(Zi)| < & (43)

where the Z; = [ii,é}j: [xp,--
hi(Z,) in the unknown term of Eq. (42) yields:

,X], 1 <i<n. Putting

3 4 _ A
LV, <g,8x + g5 h (Z)) — Zg;sj‘ - lbmg 0 (44)

Using Eq. (31), the term S}g,41(Z;) can be rewritten as:

2 Using (5), since , (0) = 0, thus there is a function ¢, () such that
¥i(S1) = S1on(S1)
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b, 3
Sighi(Zy) < 75?95?(21)51@1) +5 a1b12u +48154
1
14
+ &
4

(45)
and Eq. (44) becomes:

2 1PM Ty

_ - by, 1
1

by 1 1
LV, <gSx; + 2725?9{{(21)(1 (Z)) +=d?bl, + &}
1

1 1—1 A
+ Z?‘f — A bmg 0
(46)

By choosing , as the virtual controller as follows:

3 b, 1 1 1 1
Lvls—(kl—5>bm8‘,‘+ ( sSY(Z0)G(20) - )+ 185 + by + 5 aiby + 4

Combining Eq. (51) and Eq. (50) and substituting the x,
term in Eq. (47) by the resulting, along with mathematical
simplification yields:

LV, < —kig St + g
b,

+}0

3(52 +¥2)

(srstct@a@) - 0) + Jaith + ol

(52)

Here the Young’s inequality is employed with the

parameters p = %,q = 1,0 =1, and applying to the term
2153(S2 + y,) in Eq. (52), we obtain:

3 1
8151(S2 +y,) < 81S1+ 8152+ 81)’2 (53)

Now combining Eq. (53) and Eq. (52) and using the
expression b, < g; <by,1 <i<n in (6), yields:

T3
—_—
X L (54)
< oSt ( S (204 (2) — ) +bwys +5 azb2 w78 H1/48183, ¢ = (ki = 3/2)bw, 1 <i<n,
LV,
1 g7
Xs —kiS1 — 7%51 0C (Z1)61(Z1) (47) Defining Ly in the following yields Eq. (55):
and by integrating it with the x, term of Eq. (46) and simple IV, < — 015? + b_’” 0 <L2 S?ClT(Zl)Cl (Z) — é)
mathematical manipulation, we have: A 2ay
1 4,155 1, (55)
+ZbMy2 —|—§ale +Z8]

LV, < —kig, St +85] (Xz ~ X )
2
b , <\ 1 1
" Z)(Z) — 0 @bl + e}
+}0< SS8H(2) 8 (2y) ) T4
(48)
Introducing a new state variable z5, and let y, pass

through a first-order filter with a time constant €, to obtain
2 as:

€+ 2= % (49)

define the second error surface as follows:
Széxz -2 (50)
define the first filter error as follows:

WEn — - = —6b (51)
X2
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1
LV, <LV, +Zgls‘2‘

Step 2 i, (2<i<n)

In order to maintain a systematic analysis and design
procedure, and also for the brevity of the paper, a new state
variable is defined as x(n_H)éu. Now the design procedure
is pursued as previous design steps. The derivative of the
second error surface in Eq. (50), or equivalently of its
generalization, the ith error surface in Eq. (65), is obtained
as:

1
ds; = (gix(i+1) +fi +; (Zi - x-))dl +Ydy,2<i<n

(56)

Defining a stochastic Lyapanov function as:
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1 1
Vi=Viy+=S+-y 57
(-1 7S T gV (57)
And applying the Ito’s lemma to Eq. (57) results in:
— 1
LV, =LV4)+ 18071)5?
1 -
+S; <gix(i+l) it (zi — x,-))

3 i 3
+ S ] (— 248, > + 53T {G/Gi}
—

*

(58)

where Bj(e), and Tr{G!(e)G;(e)} are continuous and
smooth functions, which have maximums of M;, and N;
respectively. By applying the same method in Eq. (39) to
the “*’ term of Eq. (58), and using Young’s inequality with
$3Sted,

the parameters of i =2 as X =rp,1, >0, ¥ = =

(P7‘17 OC) =

2<i<n:

1
LV,§ - +Si3(,~x,~ + i+<Zi_>>
Lvos 8+ Hfi + = X

2

1

—|—4 (i lS4 —1S4q)”+ r —|— r; 225?(2;51%0”)
J

(2,2, \/E), similar generalization3 is driven for

; 3
+3; (—%JFBI') +53Tr{G Gi}
(59)
An unknown function f_i is defined as follows [25]:
- 1 B 1 3.5
) 2
3 . i—1 3 4
+ 7S (Z S; wé) +58S; (60)
=
and substituting in Eq. (59) yields [12]:

LV, <LViyy + 8} (i) +F) — 54 + V, + (*?JrBi)

3 _ -
+50Tr{G{Gi} <LV + &S] | X+ &,
N——

unknownterm
P (** +Bi ) + %yiTr{GfTGi}
(61)

3 A generalization of the technique employed in Eq. (B.5) will result
in:

7S2¢ lp < *154(,0“4’ l" + I’7212S4 <Zsz¢tj>

Similar to the previous design step, the specified un-
known term is approximated using an RBFNN (Eq. 43),
and relying on Eq. (31) we have:

1 3 1
gisfh,-(z)<FS,60§ (Z)(Z )+_az'2b12\4 1 “S4+481
LV; STV 1) + 8iSixis) + =5 8000 (2)0i(Z:)

2a 2 !
1 ,, 1 3 Vi 3 T
—a;b —=+B; —yTr{G; G;
+2al M 4l+4rl+yl< fl+ >+2y r{ i }
(62)
Simple mathematical manipulation based on using X (i

i+1)
as the control input, u, yields:

- ==k

1 —~
- =80 (z)(Z),2<i<n—1
X(i+1) Zaiz i Cz( )C( ) Sixn

LVi< -+ iSi( ; )—ki S
Lvy o0\ T xgey) T

b 67 1,, 1,3
i)Si by ++
oSyt ZkZ) + 54 it

; 3
+; (——' +B,~> + EyiTr{GiTG,-}, 2<i<n—1 (63)
€i

Now, the control input y
first-order filter )

(i+1) is low-pass-filtered by a

E(i+1)i(i+1) + Zip1 = ;(i+l),2§i§n -1 (64)
The error surface defined by S, along with the filter error

v, is found at each step as follows:

S =X 1) — 21, 2<i<n— 1

Y(H-l)éz(iﬂ) = X(it1) = — €aig1) Liv1), 2<i<n—1

(65)

The derivative of Lyapunov function is consequently
obtained as follows

LV; SW( 1)+ &S} (Siet) + Y1) + X — Xrn)) — kigiS}

1 1 3
Se0T(Z)0(Z) + Eaizbifl + ZS? +or

2225 4"
Vi 3 T 7
+y,- “c +Bi |+ E)’iTi’{G,- Gi} <LV
]
+ 882 (Sisn) + ¥ir1)) —kigiSt
—_—

%

Se0LT(Z)0(Z) +

1,
22 bM 41

3, 3 Yi T .
. o ARy Zv.T e 2<i<n-—1
+4,+y,( f+ )+2y, r{G]G;}, 2<i<n

(66)

Considering the term ‘*’ can be written as:
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3 1
giSi3 (S(i+1) + )’(i+1)) < Eg,-S? + Zgis?i+1)

1
+Zgiy?i+1)72§i§n —1

(67)

and using Eq. (54) fori = 2, and also taking Eq. (1) into
account in which b, <g; <by, 1 <i<n, the derivative of
the Lyapunov function becomes:

(i=1)

bm - (iil) ;L X
(o +79(z L))
= J

(11

+= Zazbjzw—ﬁ- Zs

(L, s ki— b |8+ Loys?
JFZ E*Fm — i*E m Si+1 MO (41
Jj=2 J J N—_——

Ci

! L buager s, 1,
4bMy I-H) 2 251 02:’; (Zl)(l(zl) +* b +Z :
3 3
+3 ?fyff’ﬂ,B 2T {G1G)
(68)

where ¢; = (k; — 3)b,. Applying the Young’s inequality
with the parameter set of (p,q,o) = (4/3,4,&M;) and
(p,q,2) = (2,2,9N;) to the first and the second term of “*’
in Eq. (68), respectively, results in:

1
YiBi <y3M< ;&M Dy M}
4(51Mi)4

3, r 3, 3 2.4 3 2
—y:Tr{G; G; S*iNiS*ﬁiNt it Ni
Vi {GiGi} <y 4( )y 4(0:N;)?
SRN]
4 40
(69)

where &; and ¢J; are constants. Therefore, Eq. (68) becomes:
LVZ<< ZCJS4+ m (ZZ 2 Z)QJ(ZJ) _é>
Jj=1 I
+—Za?b2 Ze +Z bu § M) §(19N) L)y
2e4 4 n By
Hea)

+ZbMS?i+1

V3 B; +3y,Tr{GTG}< (&:M;)3+

FNE®
N
N———
+
EN .
S
<
)
£
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The above inequality is simplified by defining Ly, as
follows: I

by 3<i<n—1 (71)

i by A 0
LV.“2CfS?+zE<Zz2J @) 9)
L E

1
LV <LV; + 7S]

j=1 j=1
! bM 3 4 3 2 4
+ ZZ <4 + 7 (EM)" + 7 (0;) J>y,
=
13 3¢~ , 1
" Z (454 - 4192> "3 = ERCBIC

Then, the It6’s formula for the stochastic Lyapunov
function of the nth step is derived as follows:

n bVMN n /’L . .
Lv, < —ZCfS?JF,«L"(ZMSfC;T(ZJ)éj(Z/) —9>
j j=1 <4
1 " by 3, s
22 a?b?, + ng;‘—&-;(fﬂ-z(@%)‘-&-
3
+Z<4§4 4192> Z ’f

3 » 1
7 (ON) —gj>y}‘

(72)

The above equation is simplified by using the following
expressions:

LV, < —Zc,

koD
§ o+ 00+ f,

Z

(73)

WN;)" | =d; >0,2<j<n
30)) =4

The term ‘*° can be modified using the Young’s
inequality as follows:

~§=~(9—~)=—~2+~0
0 0 0 0 0

Hence, Eq. (72) becomes:
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kobw [ 0> 07
V<_ZC/ Z +—<—7+7 + B <

kob kobm
“3es -3 Do g,
~
By
(75)
K bm
ZCJS4 Z - 92+ﬁ1<—061V+ﬁ1,
. . kobw >
o :mln{4cj>4djak0a1:1a27"'an}7ﬁ1 ﬁ0+70
where o = min{4cj, 4d; ko, j=1,2,..., n}, and
B =Po +%02. Consequently, the nth stochastic Lya-
punov function is:
LV, < —oV+ B (76)

According to Lemma 1 of Appendix 1 using the control
signal, u, all the closed-loop signals of the entire system
remain bounded in probability, and the output signal,
y = x, tracks the reference input of the system.

Appendix 4

Proof of theorem 2 (effect of hysteresis
in actuators):

Assuming the system, described in (1), is subjected to an
actuator hysteresis defined by a Prandtl-Ishlinskii (PI)
model. The play operator of the model is defined by
Egs. (2)—(6). The control system and the input to the model
are defined by Eq. (12) and Eq. (5), respectively. If the
analysis and design procedure is pursued as in Section B,
all the steps would be similar to Egs. (35)— (67). The
derivative of the error surface is found relying on Eq. (56)
using the last term of Eq. (35):

ds, — (gnpov(l) — &, d](t) + £, +€1_n (Z” - >_<n>>dt

+ i, di
(77)

In order to investigate stability of the system, a
stochastic Lyapunov function is chosen as:

Vo=V 78

t+ 453 + 4yn (78)
where y;,,2<i<n—1 is the error of the i th filters,
which are defined by Eq. (51) and Eq. (65). Using the Itd’s

formula along with Eq. (36) in Eq. (37) yields:

LVn = LV(nfl)
1
#5380 = 2Dl 41, - (- 1))

3
+5 Szl/jnlpn +yn (__+B > +§ynTr{G:Gn}
(79)

where B;(e) and Tr{G!(e)G
smooth functions, showing maximums of M;, and N;
respectively. By following similar design procedure as
described in the previous sequel by derivations Eq. (58)—
Eq. (68), it can be easily found that the above inequality
becomes:

(o)} are continuous and

1
LV, < = +—gu- Si
Lv,., 450D
1
n n
+ = nS4q),m+4 n+yn< yn+B)
3 n—1 2 3
-2 2 2 T
+4rn n S4<]_Zl @g) +5ynTr{GnGn} (80)

By defining £, as follows:

1 3, 1
- :fn + ; (Zﬂ - Xn> +§nanpnn +1g(n71)S”

2
3 a0 [ 2 34
—|—4rn n“S, (ZS +Zg,1S,,—

j=1

—
=

g dv](r)  (81)

Eq. (80) becomes:

3_.
- _gngsn

LV, <LV | +S5; 1

8nP0 V(t) +fn
——

8n

3, . 3 _
+omn (—Z—JFB”) + 50 TH{G G} <LV

3 3,
—3 ~17 3 b
+gnS,,< )+ g fn ) 4gnS +4rn
unknownterm
3 Yn 3 T
+ Yul — E_ + Bn + EynTr{Gn Gn}

(82)
where g = &lo- The unknown term in Eq. (107) is
approximated using an RBFNN as follows:

hn(zn) = g771} = W:TCn(Zn) + 5:;(Zn)a |5n(zn)| < Sn,Zn
= [xv 0]
(83)

The derivative of the Lyapunov function leads to:
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LV, < = 4+ =S((t) + h(Z,)) - 2
S te (1) + hn(Zn)) g 1

3
+y3 (—y—" + B,,> +50Tr{G1G,} < Lo+ buS2v(1)
6’1

3 3
-S*h,(Z,) — > -38,
b Sz —3 5+ 3

3
+ EynTr{GZG,,}
(84)

Expanding the term éSZhn(Zn) in Eq. (84) using the
derivation Eq. (34) and replacing in Eq. (3) yields:

)6(Zn) + 5 a2b2

LV, < = 4 buS0) + 2 S0 (2, 5%

| " 2q2 7"
1, 3 : 3 .
+4 n+4 n+yn(_a+B”>+§y"Tr{GnG”}
(85)

By choosing v(t) = —k,S, — 2a2539C( #){(Z,) and

using Eq. (70), the above derivation becomes:

s (- S asts oo X s @ -0)
1, 1,
+§Zaij+ZZI:£j
= p=
(n—1) % 3 ) 1 A
+Z< (&M;)*+ 7 (0N) _g>yj
J
3(” 1)
+Z<E4+4192>+ ]Z;r +— bMyl+])>

1
B Om_ 6 212
kb S4+2ZS,10(§,1( n)En(Zn) + 5 a,by

1 3 Yn 3 T
+4 n+4 n+yn<_€_n+B”>+§y”Tr{GnGn}
(86)

where ¢; = (ki — 3)b, k; are design parameters, &; and ¥;
are constants. Furthermore, due to the boundedness of (6),
Eq. (50) is also bounded, relying on the affecting term of
(6) in Eq. (50). As shown before, Eq. (50) is similar to
Eq. (69) for i = n. Hence, from this step onwards, the
stability analysis is similar to Eq. (70)-Eq. (76) and gives
the same results. Consequently, according to Lemma 1 of
Appendix 1 using the virtual control input signals (14), the
designed control input signal, v(¢), the (n — 1) low-pass
filters (16), and the adaptive law of RBFNN weights (17),
g(t), all of the closed-loop signals remain bounded in sense
of the probability, and therefore the output of the system
y = x; tracks the reference input signal, y,, with an arbi-
trarily small error. Thus, the proposed controller design
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method guarantees the closed-loop stability of the entire
system at the presence on unknown actuator hysteresis, and
the system dynamics.

Appendix 5

Proof of theorem 3 (effect of dead-zone
in actuator)

Assume that the system (1) is subjected to an actuator
dead-zone as defined by Egs. (7), (8). Similar to the
designing steps described in (19-61), rewriting Eq. (55)
based on (13) gives:

ds, = (g,l (K" (O)0(t)v +d(v)) + f, +é <Zn - ;H) >dt

+,dy
— (87000 + gd0) 41,4 (3= ) Ja
v "
(87)
Choosing a stochastic Lyapunov function as:
Vi = Va1 4+ S4 41 yn (88)

and using the Itd’s formula, we have:
LV, =LV
+ 83 (g,l (KT () @(t)v +d(v)) +f, + ]n (Zn Xn))
+3 Szab Y+, (—y"+B > +§ynTr{GZGn}
(89)
Relying on the following considerations:

<2818y +4 bnaxp” (90)

2
3., 4 3, -2 2 2
ZSnl/jnlp < ;ns (Pnn 4 Tn + rp S4 ZS (Pij

defining the auxiliary function £ and performing simple

Youngs Inequality : S3g,d(v)

mathematical manipulations yield:
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1 3,
fn + ; (Zn — Xn> + EnS,,(p,m

- :fl'[
3,0 [E, 2 34
T n-S, 25 @ +Zg(n71)5n+18315n
=

3 3 n
4gnzS +3n +yn(7L+B >
3 - 1=
+ 250 Tr{GLGo} <LVium) + 35, (v(r)+ & s )

N———

unknownterm

3 3 In
_Zgn3S +4r,,+y3,(—e—n+3n>
3 T 1 N
+§)’nTr{GnGn} +meaxp
o1)

where o =g, KT (1)®(1), is defined in Eq. (55).

]:V(yH)
Similar approximation is applied to the unknown term in
Eq. (92) as in Eq. (61), using an RBFNN, which leads to:

_ 3 4
LV, < LV(nfl) + gnsz(V(t) + hn(Zn)) - Zgzn n

3 n 3
+4 - +yn<—y—+B > +§ynTr{G,{Gn}

+- bmaxa*“ <LV 1) + buSav(t) + 8uSiha(Z,)
3 3, Vn
- n"S - Bn
18 +- 17 >+, ( + )
3 r 1 .
+ EYnTl’{G,, Gn} + meaxp
(92)

Using the same technique employed in Eq. (62) for the
above equation yields:

1
Lv, < + buSiv(t +—s§9c (i(Z0) + 5 anb;
Ly, oS+ S SO )2 + 5t
T N ] R I I Tr{G.G,}
4 n 4 Ty yn €n n 2yn n—n
1
_bmax *
+4 p
(93)
Choosing v(t) as follows:
v(t) = —knSn — ﬁSgHCT( 2)C(Zn) (94)

Replacing Eq. (71) along with simple mathematical
manipulations gives:

j=1 j=1 J
l(”71> - 1(”*1) .
+§Za]~bM—|—4Z£]
j=1 j=1
by 3 : 3 2 .
+ o T 7 EM) 7 (ON) == )y
=2
(n=1) (n—1)
13\ 3, 1,
+ < 2z +4792> T2 > +szy(i+1>>
j=2 =2
I b_’" ggT ¢ 2b2 l
St 3 S (B (20) + 5 0y + gt
3 3
—|—Zrﬁ - y —l—ynB + = ynTr{G G, }—!— bmaxP”

*

(95)
Using Eq. (68) for the “*’ term in Eq. (96), and replacing

in the above derivation yield:
n b
LV, < — Z S} + -

22“2b2 42 +Z<45 4192)
+Z<bM %“M)%*z(ﬁfo) LAY

] 2 j=2
+ meaxp*
(96)
Now choosing the following expression results:
- L) 64T ~
0=> 555 (2)5(2) ko (97)
j=1 J
l y b’ —I——zn: +zn:<i+ ) > —I-—zn:rz
M 4 2
2 45 = \4¢q; 4 =’
1 *
+ meaxp
=py>0
1 b 3 4
(___M__(f,M,)? 3 (0N) > 4 >02<j<n
€j 4 4

As it is shown, in comparison with Eq. (73), f, is the
only changed term and from this step onwards this proof is
similar to Eq. (74)-Eq. (76) proving the system stability.
Based on Lemma 1 of Appendix 1 using the virtual control
input signals (19), the designed control input signal, v(z),
the (n — 1) low-pass filters (21), and the adaptive law of

RBFNN weights (22), /é(t), all of the closed-loop signals
remain bounded in sense of the probability, and the output
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of the system y = x; tracks the reference input signal of the
system, y,, with an arbitrarily small error. Thus, the pro-
posed controller design method guarantees the closed-loop
stability of the entire system in the presence of unknown
dead-zone in actuator, and system dynamics.

Appendix 6

Proof of theorem 5 (direct ANNDSC
compensation of Prandtl-Ishlinskii
hysteresis in strict-feedback nonlinear
stochastic systems)

A direct adaptive neural network controller is designed
specifically for nonlinear stochastic systems in strict-feed-
back form (6) subjected to an unknown Prandtl-Ishlinskii
(PI) hysteresis as defined in Egs. (2) to (6). Rewriting
Eq. (56) for nth design step and simple mathematical
manipulations yields:

s, = (gnoaovm — A1)+, + - (zn - x,,)>df

+ b, dy
1
= (gnpo"(f) +fn +— (Zn - ))dt
€, Xn
R
=g o 6E B0 | di -+,
0
(98)
where p, (t,r) = p(t,r)/py [10]. Choosing a stochastic

Lyapunov function as:

by
V —an"‘ Si+_n+ / (tr)d (99)
4 4 2y, 0P o
which is included a specific term for estimating the density
function of PI hysteresis where p,, := p,, (t,7) — pp,,,» With
ﬁpo(t, r) being the estimation of pp,(7); Ppu.. = (Pmax/Po),

and y,, is positive design parameters [12]. As like Eq. (47)-
Eq. (50) based on Ito formula results:
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1
LV, <LVi, 1)+ Zg(nfl)S;t

1
+ S?l (gnPOV(t) +fl’t + E_ (Zl’l - xn))

2 n
n

*

3 R
+§YnTr{G5Gn} - g”p0|Sl31| .({Ppo(tv )| F (1) |dr

3 n
+>8%yly, +yi(—é—+3 )

bu® . 0 .
+V7pr‘(l)‘pp0(t’ l‘)@[)(l, I‘)dl"
(100)

Using Eq. (58) for the term “*

2
3, 1
—Szlﬁ Y, < —nS4(/),m + 4rn + —r n254 (Z (/)5)
j=1

(101)

’ in Eq. (94), we have:

Combining the above derivations with the auxiliary
function £ defined as follows gives:

1 3
o= +(zn— > +7nSngoﬁn
+7 r—2n25 §j52 +1g S +3gS
4 n—1)°n 4 n

3

_ 3
LV, <LV + 82| gwpo v(6) +F0 | =280, + 572
~—— 4 4

8n

n 3 TV, ..
+y (—y— +B, ) + 5 Tr{G, G} <LV( )

+2S | v+ g 'f,
N——

unknownterm

3 n
— 78S, + o +y,,(y+B >
3
+§ynTr{G,{Gn} — g0 |S°] {pp()(r, r)|F,[v](t)|dr
gn
b 0
+ gpm (1,r) 2Pt r)dr

(102)

where g = 8o As in Eq. (61), the unknown term in

Eq. (96) is approximated using Eq. (53). A simple substi-
tution in Eq. (96) gives:
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[V}

3 2
4gn S + - r,

n 3 o
+y, (7 é— + B,,) + zy,,Tr{G,{G,,} <LVuo1) + buSiv(1)

LV, <LV, 1) + &S3(v(t) + hi(Z,)) — 3

3 3, ;
+ ESihn(Z ) — 8n’ S + -, P2+ yn _ + B,
S——— 4 4 En

*

3 R
+3 yaTr{GIG,} — 2|S,| { P (t, 1) |, V](2)|dr

bM 0
d
P or) )i

(103)

Applying the same technique used in Eq. (62) to the “*’
term in Eq. (104) leads to:

1
Lvn < - +bmS3V m 560 T n)sn\%&n 784
S O S g
|/pp0 (¢, r)|FrV](0)|dr + = ynTr{G G,}
+— @by +b“ 5 (w)%ﬁ(nr)dr%ri

0Py,

+y,31(—i—”+Bn>

(104)
Choosing v(z) as follows:
V(t) = —knSn — FSiHC ( )C( n)
+ [ bl0lar (105)
0

Integrating the above equations using Eq. (71) gives:

(n—1 n—1)
2,2 4
+§ Z iy +1 &
=1 j=1
(f’l*l) bM 3 % 3 19 2 1 4
+ FZZ T+Z(§iMJ) +4( iN;) Ty Y
(n—1) (n—1)
1 3 3 ) 4
+ +— |+ ri +-b
2 (46;‘ 419%) 120 ’”y“*”)
b 1
—c,,Si S0 C,TL(ZH)C (Z,) + a’b? Zsﬁ
3 3
o g, +2y,Tr{GlG,}
4 €n 2
20 [ ) (S5t SO Jar
Vpr Oppo ) ot ’ pri¥n 7
(106)
By choosing £ p(t,r) as follows, we obtain [12]:
a ( ) — —'))erSi“Fr[M](l)' + Gﬁp(.(t? i’)}, OSPApU Spmax
atppo _O—ﬁpn (t7 r)7 pApU > Pmax
(n—1) . (=) , R
LV, < |- Z: c]Sj+75 Z; 5256 (2)6(2) = 0
i= i= J
(n—1) . 1(’171) A
+§ZafbM+Zzl: SJ
Jj= Jj=
(n—1)
by 3 ¢ 3 2 1 4
+ z; <T + 4 (éle)% "’Z (ﬁle) )yj
=
(n=1) 1 3 3(” 1) ) S4
+ + + ri 4 bMy — S,
j; 4¢) 407 4; j +1)
o g ~(Z,)¢ (Z)+1 abl, + 4 lay 3
2a 2 ”0 n \=njsn\=n 4°n 4'n
Yn 3 T
+y,, ——+B +§ynTr{GnGn}
(107)

where ¢ is a positive design parameter. As it is shown,
Eq. (65) is an adaptive way to directly estimate the density
function of PI hysteresis. Using this technique makes the
expression in Eq. (107) almost identical to the expression
in Eq. (67). Hence, the remaining steps of the stability
analysis procedure are similar to the similar expressions of
Eq. (67) and result in the same ultimately uniformly
boundedness in probability. It is therefore concluded that,
according to Lemma 1 of Appendix 1 and using the virtual
control input signals (19), the designed control input signal,
v(t), in Eq. (106), the (n — 1) first-order filters (21), the
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adaptive law of RBFNN weights (22), /G\(t), and the
adaptive law of density function Eq. (107) all of the closed-
loop signals remain bounded in sense of the probability,
and the output of the system y = x; tracks the reference
input signal of the system, y,, with an arbitrarily small
error. Thus, the proposed controller design method guar-
antees the closed-loop stability of the entire system in the
presence on unknown actuator hysteresis and the system
dynamics. It should be noted that the key point in this
design method is the direct estimation of the PI integral via
estimating of its density function and involving the asso-
ciated term in the control input signal Eq. (107).
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