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Abstract

Boundedness of the maximal operator and the Calderén—Zygmund singular integral
operators in central Morrey—Orlicz spaces were proved in papers (Maligranda et al.
in Collog Math 138:165-181, 2015; Maligranda et al. in Tohoku Math J 72:235-259,
2020) by the second and third authors. The weak-type estimates have also been proven.
Here we show boundedness of the Riesz potential in central Morrey—Orlicz spaces
and the corresponding weak-type version.
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1 Orlicz spaces and central Morrey-Orlicz spaces

First of all, we recall the definition of Orlicz spaces on R" and some of their properties
to be used later on (see [24] and [26] for details).
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A function ®: [0, 0c0) — [0, 0o) is called an Orlicz function, if it is an increasing
continuous and convex function with ®(0) = 0. Each such a function & has an integral
representation & (u) = 0” d>’+(t) dt, where the right-derivative <I>’+ is anondecreasing
right-continuous function (see [24, Theorem 1.1]). We will write below estimates
for everywhere differentiable Orlicz function ®, but then using the above integral
representation, these estimates will be true for almost all # > 0 with its right-derivative

@/, instead of derivative ®’. Of course, we have estimates
®w) <ud () < ®Qu) forall u> 0. (1)

If we want to include in the Orlicz spaces, for example, spaces L>°(R"), L? (R™")N
L*°(R™) and L? (R") 4+ L*°(R") for 1 < p < oo, then we need to consider a broader
class of functions than Orlicz functions, the so-called Young functions. A function
®: [0,00) — [0, 00] is called a Young function, if it is a nondecreasing convex
function with lim,_, o+ ®(u) = ®(0) = 0, and not identically 0 or oo in (0, c0). It
may have jump up to co at some point # > 0, but then it should be left continuous
atu.

Let (2, X, 1) be a o-finite complete nonatomic measure space and LO%(Q) be the
space of all u-equivalent classes of real-valued and X-measurable functions defined
on Q.

For any Young function ®, the Orlicz space L® (S2), which contains all f € LO(Q)
such that fQ D(e]l f(x)])du(x) < oo for some ¢ = e(f) > 0 with the Luxemburg—
Nakano norm

||f||L<l>:inf{8>OZ / ¢>(|fi—x)|)d,u(x)§l}, 2)
Q

is a Banach space (cf. [24, pp. 70-71], [26, pp. 15-16], [27, pp. 125-127] and [38, pp.

67-68)). The fundamental function of the Orlicz space L®(R) is

oro® = Ixallo@ = Ix0.uanllLeqo.00n = 1/®7(1/0),

where x4 is the characteristic function of the set A C Q,7 = u(A) and ! is the
right-continuous inverse of ® defined by & lw) = inf{u > 0: ®) > v} with
inf ¥ = oo.

To each Young function ® one can associate another convex function ®*, i.e., the
complementary function to ®, which is defined by

®*(v) = sup [uv — ®(u)] for v > 0.

u>0

Then ®* is also a Young function and ®** = &. Note thatu < ®~! (u)CIJ"‘_I (u) <2u
for all u > 0.

We say that a Young function @ satisfies the As-condition and we write shortly
D e Ay, if 0 < &(u) < oo for u > 0 and there exists a constant D> > 1 such that

OQ2u) < Dy®(u) forall u > 0. 3)

@ Springer



Boundedness of the Riesz potential in central Morrey—Orlicz spaces Page3of26 22

In this paper we consider Orlicz spaces L®(R") on R" with the Lebesgue mea-
sure. Then we define the Morrey—Orlicz spaces M ®*(R") and central Morrey—Orlicz
spaces M ®.2(0). In the 2000s, several authors (for example, F. Deringoz, V. S. Guliyev,
J. J. Hasanov, T. Mizuhara, E. Nakai, S. Samko, Y. Sawano, H. Tanaka and others)
defined Orlicz versions of the Morrey space, i.e., Morrey—Orlicz spaces, and investi-
gated the boundedness for the Hardy-Littlewood maximal operator and other operators
on them (see, for example, [11, 19, 20, 34, 39] and the references therein). The Orlicz
version of central Morrey spaces, i.e., central Morrey—Orlicz spaces were defined in
papers by the second and third authors. They investigated boundedness on central
Morrey—Oirlicz spaces of the Hardy—Littlewood maximal operator in paper [28] and
also boundedness of the Calderén—Zygmund singular integral operators on them in
paper [29]. In this paper we present conditions under which the Riesz potential is
bounded on central Morrey—Orlicz spaces.

For any Young function ®, number A € R, aset A C R"” with 0 < |A| < oo and
for f € LO(R") let

1
I fll®,2,4 = inf {e > 0: x/ <I>(|f(x)|)dx§1},
|AI* Ja

€
and the corresponding (smaller) expression

1

. u
I fllo,2,4,00 = inf {& > 0: sup ®(—) —d(fxa,u) = 1},
u>0 e |A]

where d(f,u) = [{x € R": [f(x)| > u}|. Note that || fllor,A00 < [Ifll®.1.4
provided that the expression on the right is finite. In fact, if || f||o,2.4 < ¢, then for
arbitrary u > 0 we have

1>%[<I><|f(x)|>dxz%/ d)('f(x)')dx
[Al1* Ja ¢ [A1* Jixea: |f () >u) ¢

e (%) drm,

and || fllo.x,A.00 < c. Hence, || fllo.x, 4,00 < [ fllo.n.A-

Using these notions and considering open balls B(xg, r) with a center at xo € R"
and radius r > 0, i.e. B(xg,7) = {x € R": |x — x9| < r}, and also open balls
B(0, r) = B, with a center at 0 we can define Morrey—Orlicz spaces M®*(R") and
weak Morrey—-Orlicz spaces W M ®*(R"):

xo€R",r>0

M®*(R") = {feL}OC(R"): Iflpes = sup I fllonBeon <oo} )

and

xp€eR",r>0

WM‘D'}‘(R"):{-feLzloc(Rn)f||f||WM¢~A sup ||f||q>,x,3<xw>»°°<°°}' ©
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22 Page4of26 E. Burtseva et al.

Similarly, we can define central Morrey—Orlicz spaces M®*(0) and weak central
Morrey-Orlicz spaces W M®7(0):

M®*0) = {f € LipeR"): || fllygo0) = sup I f w08, < OO} (6)

r>0

and
WM®*(0) = {f € Lige®"): 1 flwarer o) = e 17101500 < } 7
r>

All these spaces are Banach ideal spaces on R” (sometimes they are {0}, that is,
they contain only all functions equivalent to 0 on R"). Moreover, we have contin-

1 1
uous embeddings M®*(R") — WMP*R"), M®*(0) — WM®*(0) and also

MOARY) <> MPA(0), WMPARY) <> WM (0).

Let us recall that the normed subspace X = (X, || - |l x) of L°(R) is an ideal space
on Q:if f, g € X with |f(x)] < |g(x)| for u-almost all x € 2, and g € X, then
f e Xand | fllx < |lgllx- Here and further, for two Banach ideal spaces X and Y,
we use the symbol X < Y rather than X C Y for continuous embedding. Moreover,

the symbol X £> Y indicates that X < Y with the norm of the embedding operator
not bigger than C, i.e., || flly < C || fllx forall f € X.

Note that Morrey—Orlicz spaces and central Morrey—Orlicz spaces are generaliza-
tions of Orlicz spaces and Morrey spaces (on R"). In particular, we can obtain the
following spaces (see [28] for more details):

(1) (Orlicz and weak Orlicz spaces) If A = 0, then

M®*O®R") = M®00) = L*(R") and
WMPOR"Y) = WM®P00) = WL®R").

(i) (Beurling—Orlicz and weak Beurling—Orlicz spaces) If A = 1, then
M®Y (R = B®*(R") and WM (R") = WB®[R").

As for B®(R") and W B®(R"), see [28].

(iii) (Classical Morrey, weak Morrey, central Morrey and weak central Morrey
spaces) If ®(u) = uP,1 < p < oo and A € R, then M®*R") =
MPAR"), WM®*(@R") = WMP*[R") and M®*0) = MP*0),
WM®*(0) = WMP*(0).

Here MP*(R"), WMP-*R™), MP-*(0), WMP-*(0) are the classical Morrey,
weak Morrey, central Morrey and weak central Morrey spaces, respectively.

We want to note that MP*(R") # {0} if and only if 0 < A < 1 (see [6, Lemma
11) and MP-*(0) # {0} if and only if A > O (see [4, 6, 7]). Moreover, MPORY) =
MPO0) = LP(R") and MP-1(R") = L®(R") (see [25, Theorem 4.3.6]). However,

L®(R") — MP1(0) and the inclusion is strict. For example, in one-dimensional case
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Fx) =300 2"P xppnia-m (x]) € MP1(0)\L*®(R'). Of course, for0 < A < 1the

1
inclusion MP-*(R") — MP*(0) holds and is strict for 0 < A < 1 (a suitable example
we can find in [22, p. 156]). Itis also true thatif | < p < g < 00,0 < pu <A < 1
and % = FT“, then

MEERY) <> MPAR™) and M9H0) <> MP*(0). 8)

Both inclusions are proper (see, for example, [21]); the second embedding in (8) is
also true for 1 < A < pu. The embeddings (8) follow by the Holder—Rogers inequality
with % > 1, since for any xo € R” we have

rlq
/ If(x)lpdx§</ |f<x)|qu> | B(x0, )| 7P/
B(xq,r) B(xq,r)

1 p/q 1 p/a-tup/
=\ If(X)quX> | B (xo, r)|~PraTHPH
('B(-x07 r)|* fB(xO,r)

1 .y pla )
= - B 7 ’
(IB(xO,r)W /B(x()’r)lf(x)l x) | B(x0, )|

and from the factthat 1 — p/g +up/g=Wwm - p/g+1=—-1—-1)+1=Ar

If the supremum in definitions (4)—(7) is taken over all » > 1, then we will
have corresponding definitions of non-homogeneous Morrey—Orlicz spaces, non-
homogeneous weak Morrey—Orlicz spaces, non-homogeneous central Morrey—Orlicz
spaces and non-homogeneous weak central Morrey—Orlicz spaces.

2 The Riesz potential in Lebesgue, Orlicz and Morrey spaces

The Riesz potential of order a € (0, n) of alocally integrable function f € LO(R") is
defined as

Io f(x) Z/ fL?z—ady’ for x € R". ©)]
re X =yl

The linear operator [, plays arole in various branches of analysis, including potential
theory, harmonic analysis, Sobolev spaces and partial differential equations. Therefore,
investigations of the boundedness of the operator I, between different spaces are
important.

The classical Hardy—Littlewood—Sobolev theorem states that if | < p < g < o0,
then a Riesz potential /, is of strong-type (p, ¢), that is, bounded from L”(R")
to LY(R") if and only if 1/g = 1/p — a/n. For p = 1 < q < 0o Zygmund
proved that [, is of weak-type (1, ¢), that is, bounded from LY(R") to WL4(R"),
where 1/q = 1 — a/n. The weak-L? space WL (R") = L9°°(R"), called also the
Marcinkiewicz space, consists of all f € LO(R") such that the quasi-norm || f lg,0c0 =
sup,~ot {fx e R": | f(x)| > 1}]/4 is finite. The proofs of these results we can find in
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the books [15, pp. 125-127], [16, pp. 2-5], [40, pp. 117-121], [41, pp. 150-154] and
[42, pp. 86-87].

The boundedness of I, from an Orlicz space L®(R") to another Orlicz space
LY (R") was studied by Simonenko (1964), O’Neil (1965) and Torchinsky (1976)
under some restrictions on the Orlicz functions @ and W. In 1999 Cianchi [10] gave a
necessary and sufficient condition for the boundedness of I, from L®(R") to LY (R")
and from L®(R") to weak Orlicz space W LY (R"). Another sufficient conditions for
boundedness of the Riesz operator I, (and even for a generalized fractional operator
1,,) were given in 2001 by Nakai [32, 33]. Then in 2017, Guliyev—Deringoz—Hasanov
in [20, Theorem 3.3], gave more readable necessary and sufficient conditions for the
boundedness of 7, from L®(R") to WLY (R") and from L®(R") to LY (R").

Results concerning boundedness of the Riesz potential between Morrey spaces
were first obtained by Spanne with the Sobolev exponent 1/q = 1/p — «/n, and this
result was published in 1969 by Peetre [36]:if 0 <o <n,1 < p <n(l —1)/a,0 <
A<1,1/g=1/p—a/nand ./p = u/q, then the Riesz potential /, is bounded from
MP*R") to M?-*(R™). Then in 1975 a stronger result was obtained by Adams [1], and
reproved by Chiarenza—Frasca [9]. Adams proved boundedness of I, from M?-*(R")
to M41*(R"™) with a better exponent g, namely 1/g; = 1/p — a/[n(1 — 1)]. Adams
result is stronger than the Peetre—Spanne theorem because ¢ < g; and (1 — w)/q =

(1 — A)/q1, from which follows the embedding M7'-*(R") ci> MH*(R™) and this
means that the target space M7""*(R") is smaller than target space M9-*(R") in the
Peetre—Spanne result. Central Morrey spaces MP+*(0) were first introduced in [14, p.
607] and in [2, p. 5] (see also [8, p. 257] and [13, p. 500] for A = 1). Further studies
of the central Morrey spaces and their generalizations were investigated, for example,
in [6, 17, 18, 37].

Result on the boundedness of the Riesz potential in these spaces was proved by Fu—
Lin—Lu [12, Proposition 1.1]:if | < p <n(l —=A)/a,0 <A <1,1/g=1/p —a/n
and A/p = u/q, then the Riesz potential I, is bounded from MP?-*(0) to M4-*(0)
(see also [5, 17, 18]). Komori-Furuya and Sato [23, Proposition 1] showed that Adams
type result on boundedness in central Morrey spaces does not hold. They showed that
if 1—7“ = 22— %anda/n < 1/p — 1/g < a/[n(1 — )], then I, is not bounded
from MP*(0) to M?*(0) because /g = r/p — (1/p —a/n —1/q) < 1/p.

We will generalize the last results to central Morrey—Orlicz spaces. In Theorem 2,
the necessary conditions for boundedness of ,, are given, and in Theorem 3 — sufficient
conditions are presented.

In the proof of boundedness of the Riesz potential in the central Morrey-Orlicz
spaces we will need some necessary estimates. We will present them in the next
section.

3 Some technical results
To prove the main results of this paper, we need some technical calculations. In order

not to hide the main ideas in proofs of the main results we collect such calculations in
Lemma 1 below.
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Lemma 1 Let ® be a Young function, ®* its complementary function, 0 < A < 1 and
r > 0. Then

() [p [ dx <21B:* [ fllox5, lIgllows. 5,
. B,NB(xo, - B *
(i) 1 XB oo llow 5, < m|B£)\CS ol -1 (wm‘B(J{O’m)l),where B,NB(xg, ro) #

@ forxg € R" and rg > 0.

In particular, | x5, | il iy

n particu ar, * S —_—

p XB, l®*,,B, 1B,

a1 (1B _ 1

Gii) 115, 05,5, = 1/ (§25) and lxs, o o) = STET e
t > 0.

: vt (1B _ 1

() s, om0 = 179" (iRl ) and e w0 = grgrrs o
anyt > 0.

Proof (i) This estimate was proved in [29, Lemma 2.6].

(ii) Since for u > 0 we have ®* ) < u (cf. Lemma 2.6 in [29]) it follows

_u_
o=l

foru = 1B that
[B-NB(x0,r0)|

XB(xo,ro)(x)|Br|)\ dx

B o (=l ) B, nB
4 [B,NB(x0.70)] | B, (x0, 70)|

=/ P* 151 dx
— B, |*
BNB(x0.r0) ) 1(m)|3r ﬂB(x(),ro)|
B A
151 dx = |B,|*.

~ By N B(x0, r0)| JB,nB(x0.r0)

-1 1B * |BrNB(x0,r0)| -
Hence, || xB(xg,ro) l@*,4,8, < P (\BrﬂB(xo,ro)l B , and (ii) follows.

(iii) Let 7 > 0. Since ®(® 1 (u)) < u for any u > 0 it follows that

/‘D 1 07 B / o (0! ( i ) dx
t |Brth| |Brth|

r r t

B s

= f S
|B, N Byl

B.NB;

and so [|xg, lo,.5 <1/®! ( LAk ) On the other hand,

| BN B
I I B,NB
1> A/@(—X&(x) )dx=<1>< )' o
| By | J X8 ll®.5..8, IxB N8/ Bl
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22 Page8of26 E. Burtseva et al.

or

| B, |* _— 1 )
|B-N Bl —  lxslloxrs

Since u < ®~!(®(u)) for any u > 0 such that ®(u) < oo we obtain

o 1B . 1 1
o' (e )z (o)) 2 ———,
| B N By| lxB @, B, lxB, o, B,

which together with the previous estimate gives equality || x g, .2, 5, = 1/ o-! (I l‘?%‘;rl
Thus,
1
||XB,||M®J\(0) = sup || xs, llo.x, B, = sup W
r>0 r>0 o— (lBrthl)
[ 1 1
= max | sup , sup ]
- B, |* - | B, [*
= ot () = o ()
[ 1 1 ] 1
= max | su , su = ,
2 O (1B, 1) e gt CORREC
and point (iii) of the lemma has been proved.
(iv) For t > 0 we have
u
sup (=) —— |{x € B,: x,(x) > ul|
u>0 e |Br|
B, NB 1 |B-NB
= sup ¢(E) # = d(-) #
O<u<l € |Br| & |Br|
Thus,
. 1 |Br N Btl
I xB o800 =inf 1&>0: P~ | ———— <1
€ | Br|
1 B, |* B, |*
< inf {8 >0:- <! <¥>} < 1/q>—1 (&)’
€ |Br N B |B, N B
because 1/¢ < ©_l(d>(1/e)). On the other hand, since 1 > CI>(”XB \|<1>]A - )‘%ﬂﬁ"
t AL Br 00 r

it follows that

1 ~1 1 _1 |B,|*
— < P(——) ) = ? — .
IxB, o5, B, 00 lxB, o, B, 0 | B, N By

which together gives the first equality in (iv). The second equality in (iv) has the same
proof as the second equality in (iii). O

@ Springer
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4 On the norm of the dilation operator in central
Morrey-Orlicz spaces

For any a > 0 and x € R" we define the dilation operator D, by

Daf (x) = f(ax)., [ eL'®".
The dilation operator is bounded in central Morrey—Orlicz spaces M ®*(0) and we
will calculate its norm. For this purpose quantity s4-1 is needed for the Orlicz function

o:

o1
set (D) = sup 28D o, (10)
>0 (O ]( )

Theorem 1 If @ is an Orlicz function, 0 < A < 1 and a > 0, then the operator norm
of Dy is

I1Dallpgo0)— e ) = So-1 (“n(H)> ' (11

Proof By definition of sq-1, for any s > 0, a > 0, we have

o-! (an(k—l)s) < sgt (an(x—l)) q)—l(s)’

and so
o1 (an()\—l)s) |
P|———= | < (CID_ s ) =
Sp-1 (a"()‘*l)) (s)
For a"*~Dg = & (u) we have u = &1 (a”u_l)s) and

o —2 ) <a""Pow), foranyu > 0. (12)
Sgp-1 (a”()‘—l))

Therefore, from (12) it follows that for any f € M ®.20) and r > 0,

1Dy f ()] )M

Sp-1 a”()‘ 1) ||f||M<I>,A(0)

/ | f(ax)| dx
S(b 1 Cln(}L 1)) ”f”M(D’)‘(O)

- If )
=a" | ® d
a / (Scpl (an*=D) ||f||M<l>ﬁA(0))

Bar
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S afnan(lf)») / CD |f(y)| dy S a*)»nlBarll
£ v 0

ar

vy (ar)™ = | B[,

— a—kn

which means that || Dy f || yy0.1 0y < sp-1 (a"*~ V) || 1l 00 Here, v, = |By].
To show that (11) holds we consider the characteristic function x g, (x) of the ball
B;, t > 0. Note that D, xp, (x) = xB, Ja (x). Moreover, by Lemma 1(iii) we get

1 DaxB, | mor0) o '(B) &1 (p D)
>0 11xB; lme ) >0 ¢_1(|Bt/a|)‘_l) >0 p—1 (v%*](é)n(?»*l))
(D_l s (‘D_l sa”()‘_l)
= sup (s) = sup ( ) = 5g-1(a"* D).
>0 CD_I(an(l_)\)s) >0 CD_I(S)
This brings us to (11). O

5 The Riesz potential in central Morrey-Orlicz spaces—necessary
conditions

We begin to study the boundedness of the Riesz potential, first finding the necessary
conditions for its boundedness.
Theorem2 Let 0 < @ < n, ®, ¥ be Orlicz functions and 0 < A, u < 1.

(1) If the Riesz potential 1, is bounded from M .2(0) to MY-*(0), then there are
positive constants C1, Co such that

(@) ur @@ <, v wh ) foranyu > 0.
(b) S\I,—I(I/tﬂil) < wn s¢71(u)‘71)f0r any u > 0.
A

(i) If there exists a small constant ¢ > O such that ¢ < 3” ; with vo = 1 and
e

. et
liminf ——— =
t—00 \IJ—l([M)

3

then I, is not bounded from M®*(0) to MY-"(0).

Proof (i) (a) Lett > 0 and x € B,. In this case we have

Iy xB, (x) = / Ix — y[* " dy > 2% "|B,| = 0,29 "t*
By

or

n—o

1% xp,(x) = Lo x B, (x) XB, (X).

n
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Then

n—o n—o

1 1s X B, ||M‘l’-u(o) <

n n

2% xB, | pwr o) < C llxB, N o0y

and by the Lemma 1 (iii) we obtain

tO( znfot ]
< C ,
v-L(B ) T v, @B Y

which means

r“ 2w c
< .
@A ey T v @l (o =D

Thus,

n—o

tﬂl/}’lq)—l (vjln—lt)u—l)

IA

Cwp e,

Un

which by a simple change of variables can be rewritten as
ume~ W < ¢ T wH!) forany u > 0,

where €] = 2"~/ ¢,

(i) (b) First, note that we have identity
Io(Dy f)(x) =t “D;(Iy f)(x) for any ¢t > 0.

In fact,

f(ty) / - f) = 17D, (Iy f)(x).

Io(D f)(x) = /| yln—e — tx|—@

Now, let f € M®*(0). Using the above identity and applying Theorem 1 we obtain

1 (D2 Pllagenoy = 1~ 1D llagvnoy = 1 591" 7D) o f a0y

Assumption of boundedness of I, and reuse of Theorem 1 gives

o

e fll pgv0) = e (D f) Nl a0

Sy-1 (["(M—l))
ta
B —
- Sy-1 (tn(l’l“_l))

ta

=C— n(—1)
=c sq,fl(t"(u—l))sq’"(t ) 1L g o)

CID: £l pre (o)
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22 Page 120f 26 E. Burtseva et al.

or

a/nsqu (uk—l)

u
”]Otf”M‘pv#(O) <C R l(ul'l’_l) ”f”Mq))‘(O) for any u > 0.
w-

Thus,

) ua/nsq)_l (uk—l)
o SN pgwnoy < C ;I;% I £ 1l pre.x 0)-

sg-1(ur=hy
uoz/ns(l)i1 (MA— l)

Sy—1@h=T)
get a contradiction. Therefore,

We must have that inf,,~ ¢ = ¢ > 0 since otherwise I f = 0 and we

C
qu—l(ult_l) < — u"‘/”sq,q(uk_]) for any u > 0.
c

(ii)) We follow the same argument as in [23, Proposition 1]. Let R > 1, xg =
(R,0,...,0) e R" and fr(x) = xB(xg,1)(x). Then

1
I/ llygos o) = supinf{e > 0: —— / o (Koexbw) 4y <)
r>0 | B

£
By
. 1 1
=sup1nf{8>0:—A / (O3 dxgl}
r>0 |B,| &
B,NB(xg,1)
B, N B(xg, 1 1
= supinf{s > 0: M@ (—) < 1}
r>0 | B, | 2
B, N B(xg, 1 1
= sup inf{s > 0: MQD <—> < l},
r>R—1 |Br| 3

because if 0 < r < R — 1then |B, N B(xg, 1)| = 0. Thus,

1
I fRlpg000) = sup

_ —1 |Br|}L ’
r=R=1 @ (g gt 1)

We will consider two cases: R — 1 < r < R and r > R. In the first case, using
calculations from [6, p. 161], we can prove that for n > 2

n n
|B, N B(xg, )| <230, (%) ,

and so
A A An pn A A
|Br| > v, r R - Uy Rkn - U R)\n
Z = 7 P .
|Br N B(xg, 1| 220,11 220, 2" v,
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Forn=1and R — 1 <r < R with vg = 1 we have

|Br|)» (2,,))» 2)»’,.)\—1 2)»R)»—l
— = >
|BNB(xg, D r—R+1 1-&1" R
2)»R)» A
- SR =y R > L RM
R_ R(Rr—l) 200
In the second case, |B, N B(xg, 1)| < |B(xg, 1)| = v, and
|B,|" - v > Aol gin
|B, N B(xg, DI = vy, — " ’
Thus,
I /R = [ : : }
o, max .
RIM®20) = b 1( RM) o1 (v R

Since U"—" > /7= with vy = 1 (see [3, Theorem 2]), it follows that znzj—’:“ > 1 and

)L
then g < v)‘ 1 which gives

1

An
i RM)

I fR M@0y <
o1 (

Next, we will estimate I, fg. If x, y € B(xg, 1) then |[x — y| < 2 and we obtain

XBGeg,1) (V)

oa—n
x— y|r lx —yI" " dy

Iy frR(X) =
B(xg,1)

> 27" |B(xr, DI XBg,1y(¥) = 277" 00 XB(xg,1) (%)

Thus,

o SR pgwe0) = sup o fRIN, 1B, = Mo SR 1. Brys

=inf{5>0: / W(W) dx§|BR+1|“}.

Br+i

Since x € B(xg, 1) and Bg+1 N B(xg, 1) = B(xg, 1) it follows that

Vo Frlagono) = inf{e so: w(?""w/e) dx < |BR+1|“}
B(xg,1)NBR+1
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B pLER 3 pLETR
VI EE) v o)
20—y,

v

vt ()

Making the substitution t# = v/~ 24" R we obtain

A
A q)*l Un t)\.
cD*] ( Un R)L}’l) (ZVH»)»}'! Vp—1
e fR I prw.n0) > pa-n 2" — pa-n

IR0 "yl g guny Ik

A

chl < U; )\.)
— Un—1 -1 A
2o Un > 2a—2n—)m v o (Ct )

>
= ontin \Ij—l(t/,b) n \11—1(;#) ’
and
Lo fr ypv. &t
lim inf L@ TR0 a2 o liminf © ) _
R—co || fRII g (0 t—~oo Wl(rn)
Thus, the operator I, is not bounded from M ®.2(0) to MY-#(0). O

6 The Riesz potential in central Morrey-Orlicz spaces - sufficient
conditions

We want to prove boundedness of the Riesz potential 7, between two different central
Morrey—Oirlicz spaces. The following lemmas are important for proving the main
result.

Lemma?2 Let 0 < o < n, ® be an Orlicz function and 0 < . < 1. If f € M®*(0),
then there exists a constant C3 > 0 such that

Lf (V)] o0 1. dt
/]R dy < Cs ||f||M<P,>»(o)/ PRl S (o) "

mB, |yI"* B, |
forallr > 0.

Proof We prove this lemma using the same arguments as in the proof of Theorem 7.1
in [35] and Lemma 2.5 in [29]. From the Lemma 1 (i) and (ii) it follows that

1) °°/ 1) - 1 /
dy = d _— d
fR = j§:l ’ ys;:l: Gy |, Iy

n—o
g, |y i \Byj1, 1V N
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o0

_ 1
— 2n—av1 a/n /
n Z |B2jr|1—a/n B

j=1

o
—a+1_ 1—a/n Ar—1
< 2" TN By P fllg sy, I l0e B,

J=1

1 Oldy

2.

O~ 1(|By, MY
|B2jr|}'71

IA

o0
A—1
Cy Y 1By, MM fllons,,
j=1

G S 1 aory [Pl dt
= 5 flen S 1By [ (1 By, ) / @
nln2 JX:; g ' Byj1,| 1

C} o [1B2/] di
v : t(x/nq)—l Z‘)\_l =“
2 e ;/l e

=1,

IA

g1 a1y 4l
C3 1 f Il pre20) | (OT () -
B

vl

_ 1— . .
where Cg = pn—atly /" and C3 = %Cé Thus, we arrive to the assertion of
Lemma 2. O

Next, we show the following well-definedness of I, f when f € M®*(0).

Lemma3 Let 0 < o < n, ® be an Orlicz function and 0 < A < 1. If the integral
fl%il /el (tk_l)% is convergent for any r > 0 and f € M®*(0) then the Riesz
potential 1 f is well-defined.

Proof We will prove this lemma using the same arguments that were presented in the
proof in [30, Theorem 2.1]. Let f € M®*(0), r > 0 and x € B,, and let

lo f(x) = 1o (f xB,)(X) + L (f (1 — xB,,))(x). (13)

Since fxp, €L 1 (R™), the first term is well-defined. Indeed, in view of [31, Theorem
1.1, Chapter 2] the requirement Iy | f xp,,| # oo for any f € M®*(0) and r > 0 is
equivalent to

AL+ 1y " fWldy < oo,
By

The last inequality is true since [[(1 + |[yD* "o a, B, = % and by
Lemma 1 (i) we obtain

A+ 1D F DIy < 21Bor 1 fllo, b, 1+ YD low 5,85,
By

(14 2r)@"
@) 1By 1 e = o

< 2|By, *

@ Springer



22 Page 16 of 26 E. Burtseva et al.

For the second term for any x € B, we have

PAS I 52”_“[ PACOID
R

|I’L*Dt

L (F (1= x5, ) ()| sf

RM\B,, X — y["™* "By, |y

Since the 1ntegralf B 1@/ p=1 (A= 1)‘1’ is convergent forany » > Oand f € M®*(0)

it follows from Lemma 2 that I, (f (1 — xB,,))(x) is well-defined for all x € B,.
Further, since for0 < s < r,

fXst + f(l - XBz_;) = fXBzr + f(l - XBzr)v

it follows that for x € By C B,,

Lo (f xBo ) (X) + Lo (f (1 = XB,))(X) = Lo (f XB,, ) (¥) + Lo (f (1 — xB,,)) (X).

This shows that I, f is independent of B, containing x. Thus, I, f is well-defined on
R". O

Now we will present sufficient conditions on spaces so that the operator I, is
bounded between distinct central Morrey—Orlicz spaces. In the proofs of these esti-
mates we will use estimates from [28] for the Hardy—Littlewood maximal operator.
The Hardy—Littlewood maximal operator M is defined for f € L! (R") and xe R”"
by

loc

1
Mf(x) = EEEW / [fDIdy.
B(x,r)

Then, for an Orlicz function ® and 0 < A < 1, this operator M is bounded on M ®,A 0),
provided ®* € A,, that is, there exists a constant Cy > 1 such that

IMf lpe0) < Co ll fllgory forall f e M®*(0) (14)
(see [28, Theorem 6(i)]). Moreover, M is bounded from M ®*(0) to W M ®-*(0), that

is, there exists a constant ¢o > 1 such that | Mf |y ey < collfllpes ) for all
f € M®*(0) (see [28, Theorem 6(ii)]).

Theorem3 Let0 < a < n, @, ¥ be Orlicz functions and either0 < A, u < 1, A # u
or A = = 0. Assume that there exist constants C4, C5 > 1 such that

X ey, dl 1, pu—1
(o) < o WY forallu > 0 (15)
u
and

® | r* dt 1t
/ tn (7) - <CsV '(—) forallu > 0andforallr >0. (16)
u u
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() If ®* € Ay, then I is bounded from M®*(0) to MY*(0), that is, there
exists a constant Ce > 1 such that || 1o f | pv.e) < Co | fllpe0) for all
f e M®*0).

(i) The operator 1y is bounded from M®0) to WMY-H(0), that is, there exists
a constant cg > 1 such that || 1o fllwyvn) < 6 | fllpyero) for all f e
M2 0).

Remark 1 The same conclusions hold for non-homogeneous versions of M ®.2(0) and
MY1(0).

Remark 2 From the estimate (15) we get the inequality (a) in Theorem 2(i). Namely,
using the concavity of the function ®~! we get

00 2u
@ dt @ dt @
/ﬁqu(tH)T > /ﬁqfl(ﬂ*l)T > und N (Qu* 2
u u
In2 o _
> Sy ® Yt .

Remark 3 Note that if either A = & > 0O or A = 0 and ;> 0, then estimate (16)
doesn’t hold.

Remark4 1f . = p = 0, then inequalities (15) and (16) are the same. Moreover,
condition (15) in this case is a sufficient condition for boundedness of I, from Orlicz
space L®(R") to weak Orlicz space W LY (R"), and if additionally ®* € A, then I,
is bounded from Orlicz space L® (R") to Orlicz space LY (R") (proof we can find, for
example, in [20, Theorem 3.3]).

In the proof of Theorem 3 the following lemma plays a crucial role.

Lemma4 Let 0 < o < n, ®, W be Orlicz functions, ®* € Ay and either 0 < A, u <
1, A # porh = p = 0. Ifthe estimate (16) holds, then there exists a constant C7 > 1
such that

[f ()l
L

/ v
C7 11 f e o)

-

dx < |B/|*, forall f € M®*(0)andr > 0.

Proof Let f € M®*(0). We write I, (f x B,,) as follows

Ia(fsz,)(x):/ EPACDI :/| | aMd

By X — ¥ |x — y|"—«

+/| | SM@ — I f() + B f (),
x—y|>

l[x — y|*—«
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22 Page 18 0f 26 E. Burtseva et al.

where § > 0 will be defined later on. It is known that
JLf () < Cs |Bs|" M(f xp,,) (x).
where Cg = % C5. Note that for any parameters # > 0 and r > 0 we have
2u

o
a 1 r)‘ dt @ 1 r)‘ dt
tn®d — | — = tn®d — ) —
t t t t

u u

Thus, applying (16) we obtain

2
J <—0C;Cg—F—=
1f(x)_1112 5 8(1)7]('?2”?)
Bs

M (f xBy. ) (X).

Following Hedberg’s method we get for J> f (x)

2k=15<|x—y|<2ks

okl gy / £ ) X80 () dy

lx—y|<2ks

(
(21 gen f 1) X ks )1 .

Boy

k=1
o0
=)
k=1
o
k=1
From Lemma 1 (i) and (ii) it follows that

o0
Df ) < 21Bor M flonssy Y5 O X g ks 058y,
k=1

00
< n—a+l I f1l®.2.B,, Z(ZkS)D‘*’”BZr N B(x, 2k3)|
k=1

~CD_1 |BZr|)\
|Bor N B(x,2%8) )
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Taking into account that ud (1 /u)is increasing and | B2, N B(x, 2k8)| < |B(x, 2K8)|
we obtain

s A
- — — |BZr| k
Bf) 227 f o, Y280 1<_ Ber, 258
’ k:zl |B(x, 256)|
s 2
- 1 (1B
=270, I f o5, D (258)% 07! <_
k=1 | Boks|
C/ o0 i ‘sz |
3 @] |BZr| / dt
= Bois|n ® 1zt at
im0 22 1B <|Bm|) :
B ‘szflal
C/ 00 |BZk3‘ .

g By 1M\ dt
<3 Boiela / P! | Bor | dt
) I fllo 4, B, ZI ks - z

k=1

|sz715‘

[ | By 1M d
@ p) t
< ||f||q>,k,32,/mq> 1(%)7
| Bs|
< G5 C3 1 f llygor 0" (M) |
| Bs|

Now we choose § > 0 such that

Mf) g <|Bzr|*>

Coll fllyory | Bs|

where the constant Cy is from (14). Then

2 1 (1B ®
N1 f(x) < — CsCs Co || fllpgor0) ¥ : — ).
In2
and

/ MOy gy + D
By |'x _y|n “

& —1 (1B "

Thus, with Cg = 2 Cs max (25CoCs, C3) we obtain

£ i g (M)
—d C @000V By || ———— .
/Bz, L dy < ol fllyen (| o (CollfIIMm(O)))
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Then
Lf
fBZ n—a dy
rlx =yl M
C9||f||M¢v)~(0) ”Mf”Mq))‘(())

_ ) g (MI) )
1M Il pre.0)

Finally, with C; = 2"(*=% Cy we get

Lf ()]
————dy
1 fBZr _ yln—a 1 M
/q, = dx < A/CD F@ N\ oy
| B |* 4 C7 11 f e o) |B| IMf Ny 0)
and we arrive to the statement of this lemma. O

Proofof Theorem3 (i) Let 0 < @« < nand 0 < A < 1,0 < u < 1. Let also
f € M®*(0) and r > 0. Since I, f is well-defined by Lemma 3, we prove only that

o f 1 w0y < Co Il f I pge 0y

Now, by (13), for C¢ = 2 max(C7, 2"~%C3 Cy), it follows that
1,
f ” [1o f (x)] dx
2 Co Il f | o0

! [ (f 252) () [ o (et~
— | ——————1]d — Y d
= 2/3,. <c7||f||M«>,x(o>) T, (2"_“C3C4||f||M<I>-A(0)> :

1
= - D).
2(1+ 2)

From Lemma 4 we get that I} < |B,|* forallr > 0.
Next, we estimate I. Since for x € B, and |y| > 2r we have [x| < r < % and

[x =yl > |yl = |x]| > %,it follows that

|1a(f(1—xB2,>>(x>|s/ Mdyszn—"‘/R 'f|f,,y_)a'dy. (17)

RM\B,, X — y["7¢ m\ By, |V

By Lemma 2 and the estimate (15) we obtain

|f I

B, T dy
fR \Bar [y["—“ dx < W (i/ ta/”CDl(t)‘l)£>
C3 Ca || fll pror (o) - 4 J1By| 4
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= v (VB ) < IBo

Thus, for x € B,

PSP

/ / v fRn\Bzr |y|n—e J B |IL—1 B, B |M
2 = x < |B> . < .
)y C3Cy ||f||M<I>,A(0) ' ' '
Hence,
1 1,
/ LG D
|Br|* /B, Co Il f Il o2 (0

and so

o f 1l w0y < Co Il f I pge 0y

(i1) Similarly to the previous case, by (13), we obtain for u > 0

g [ M@
ce Il f Il pre0)
- Ly (M x5, ) . 1y [ Me(fQ = x8,)) )]
2\ allfllyero 2\ 22t Gy Cy |l fll ooy

1
= (I 1),
2(3+4)

with ¢ = 2 max(c7, 2"4F C3Cy), ¢7 = 2" M +leg and ¢g = 2 Cs max (50
Cg, C3).
Since W (u)d(g,u) = vd(g, vl) = vd(W(g),v) forany u > 0 with v =

W (u) and
1,
d(w (TN N <)+ d (.
csll f iy 0y
it follows that

v 1
sup ) d o f ()] ,u) <sup " d (I3, u) + sup "
u>0 |Br|* CfJ”f”M‘DJ\(O) u>0 |Br|* u>0 |Br|*

d (s, u).

From the proof of Lemma 4 for all » > 0

L=w [ 1o (f X By, ) (X)] < llBrlﬂ_x @ Mf(x)
7 1Lf 1l prer o) 2 IMf llw o0
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22 Page220f26 E. Burtseva et al.

and

Lo s Mf(x)
sup d (I1,u) < sup d| =|B/| | ———— |, u
u>0 |B | u>0 |B | 2 ||Mf||WM<I>.?»(())

1 p MF(x)
F8up e d (@ | e |
2 >0 |Bl IMf llw a0

) Mf(x) 1
= —sup - d u) < -
2 u>0 | B ||Mf||WM<M(o) 2

For 14, using Lemma 2 we obtain

1, 1— 1
L= | a({( XBy.)) (%) < Lip
2=+ C3 Cy || fll o (o) 2

and

N =

1 1 1
sup d (14, u) < sup <—|B |“_1,u> = —supu d( ,u) <
=0 |B | =0 |B w2 2 4=0 |B,|

Thus,

v I
p Y (a1
w0 | Br[* \ coll fllpre0 o)
and || Lo f lwarve 0y = <6 1S e 0)- o
Example1 Let0 <a <n,1 < p < @,05)\ < 1, and

D) =u?, Yu)=u? with 1 <p<gqg < o0.

Then ®*(u) = (p — 1) p~P'uP’, where 1/p + 1/p' = 1 and ®*Qu) = 27 d*(u),
that is, ®* € Aj;. The estimate (15) holds since

\/\OO ta/nq)—l(t)\—l) ﬂ _ \/\Oot%+L;l ﬂ — 1 u%"l‘)hl;,l
t t 1
u u ) n
. . n(1—x) 1 _ 1
forall u > 0, where the last integral is convergent because p < =_—.If il -
&_ __&_l_g_&_l
andp , then & ot =7 - n)—q qand
oo —
/ ta/ncb—l(tx—l)ﬂ: q MHT] __4 \IJ L,
u t 1—u 1-—
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that is, the estimate (15) holds. Also estimate (16) holds since for all u, r > 0

From the Theorem 3 we get the Spanne—Peetre type result proved in [12, Proposition
1.1], that is, the Riesz potential I, is bounded from M”-*(0) to M49*(0) under the
conditionsl<p<@,0§k< I, L=1_2gpq2 = &
g p n P q
Remark 5 1t is easy to see that for 0 < A < 1 if &, ®; are two Orlicz functions
and there exists a constant k > 0 such that ®;(u) < & (ku) for all u > 0, then

k
I flloyn.a < k|l fllo,.1, 4 provided the right side is finite. Furthemore, MR s

M P22 Ry and M P14 (0) & M2 (0). Hence it follows that if two Orlicz functions
@, O, are equivalent, i.e. there exist positive constants k1, kp such that @ (kju) <
Oy (u) < Dy (kou) for all u > 0, then MP1*(R"Y) = MP2*(R") and M®1*(0) =
M ¢2’)‘(0) with equivalent norms.

n(1—2)
o

Example2 Let0 <a <n,0<Ai<1,1<p< ,a > 0and

1
_ ur forO <u <1, ) T
O (u) =13 1 Ul (u) =u4 withl < p < g < 0.

u? (I +Inu)=* foru>1,

fli=1_¢2a &
g —p n’p

ity as in the Example 1. If 0 < u < 1, then using the fact that function (1 + In tk_l)_a

%, then condition (15) is satisfied. Really, for u > 1 we have equal-

is strictly increasing of variable 7 on (0, 1], we get (1 + In tk’l)_a <lfor0O<t<1
and so

o0 dt U ot dt ® 4 a1 dt
/ ta/n®_l(t)\._1)7=/ tn+ P (1+lnt)n—1)—a_+ tn+ P —
u

u

IA
—
3

.
SR
+
N3
- | 5;

Il
Tl =

>
5|

|
Q
:\
D

that is, the estimate (15) holds. Next, we consider condition (16). If u > r*, then

A
(M dt L [ a1 dt re a1 w1 i
tnd — | — =vrvr tn P — = un P =qriu qulII — ).
u t t u t —% u

1
P
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22 Page240f 26 E. Burtseva et al.

Letnow 0 < u < r*. Then, (I+1In ?)_a < 1 as an increasing function of # on (0, ]

andsinceu <t < r,

® o (M dt PSP PN dr o [ e 1 dt
tnd [ —) = = t7 7 (14 1n— =4 (T —
u t t u t t e t

we have

that is, the estimate (16) holds. The function o Lis increasing, unbounded, obviously
concave on (0, 1) and concave for large u. Therefore, there exists a concave function
on (0, oo) which is equivalent to ®~! and so ® is equivalent to an Orlicz function.
Also we have equivalence

Ou) ~ ub forO<u <1,
u? (1 +Inu)® foru > 1.

Moreover, since

{tl/p(l—lnt)” for0 <7 <1,
S(D l(t) =

tV/r fort > 1,
it follows that the Matuszewska—Orlicz index Bo-1 = % and so 1 = ﬂ -+ - =
ﬂi* + Bo-1 = ﬁi* + % or for = —£5 < oo, which means that ®* € A2 (for

definitions and properties of indices — see [26, pp. 87-89]). Thus, by Remark 5, the
space M ®*(0) is a Banach space and by Theorem 3 the Riesz potential I, is bounded
from M®*(0) to MY-#(0) = M27(0).

Example 3 Let0<a<n,O§A<1,1<p<@,0§b§aand

1 1
O 'w)=ur 1+ |Inu))™® and V') =u7 (1 + |Inul)® for u > 0.

If ; = - — % g q , then conditions (a), (b) of Theorem 2(i) and (15), (16) are
satisfied. The calculatlons are similar to those in Example 2 so we will omit them here.
Observe only that

se-1(t) =114 |In1))?%, sg1(t) =91 + |Inz])°.
Then, the functions ®~!, ¥~! are increasing, unbounded and concave near 0 and
for large u, and so the inverses ®, W are equivalent to Orlicz functions. Thus, by

Remark 5, the spaces M ®.2(0), MY-#(0) are Banach spaces and by Theorem 3 the
Riesz potential I, is bounded from M 2.2(0) to MY (0).
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