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Abstract

The properties of the continuous-time, high-cycle fatigue model of Ottosen et al. [Int. J. Fatigue, 30:996-1006 (2008)] is in-
vestigated for challenging stress states. We derive an analytical solution to the damage per cycle for cyclic, proportional stress.
Numerical investigations for 7050-T7451 aluminum alloy and AISI 4340 steel alloy show exponential convergence to a constant
damage per cycle for cyclic proportional stress, and Wynn’s epsilon algorithm for sequence acceleration improves the convergence
rate. Fatigue damage is well predicted for an applied proportional stress, but damage is severely underpredicted for rotary stress

states or combinations of tension/compression and torsion.

Keywords: High-cycle fatigue, Nonproportional stress, Fatigue model

1. Introduction

Fatigue in metals is a complicated system phenomenon that
depends on many factors including surface treatment and sur-
face roughness, environmental conditions, component size and
related stress gradient effects. Even with all these factors
taken to be constant, predicting the fatigue life resulting from
a general stress history is a challenging problem. Most fa-
tigue models are based on cycle-counting algorithms in com-
bination with a theory for damage accumulation such as the
Palmgren—Miner rule. Cycle-counting requires the identifica-
tion of load reversals or closed hysteresis loops, which can only
be identified by considering the stress history. An alternative
approach is to integrate a fatigue damage parameter in the time
domain [1, 2, 3, 4], thus enabling fatigue life prediction based
on an evolving stress state rather than a given stress history.
Particularly, the continuous-time fatigue (CTF) model of Ot-
tosen et al. [3], also referred to as the continuum approach to
fatigue, emerges as a simple and versatile method, where the fa-
tigue phenomenon is modeled as an evolution of state variables
governed by rate-independent differential equations.

We consider the crack initiation stage of high-cycle fatigue
(HCF) of an isotropic material subjected to a cyclic, multi-
axial, nonproportional stress evolution. By HCF we mean a
rate-independent fatigue process involving predominantly elas-
tic deformations with more than 10* cycles to failure. The crack
initiation stage of fatigue includes accumulation of permanent
microstructural damage, followed by nucleation, growth and
coalescence of microcracks into a dominant crack [5]. Dur-
ing this process, the microdamage is assumed to be spatially
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distributed with negligible effect on the constitutive behavior of
the material. The experimentally observed fatigue life, as quan-
tified by cycles to failure, is assumed to be dominated by this
crack initiation stage. That is, the number of cycles spent in
the subsequent stages of stable and unstable macroscopic crack
propagation [5] is neglected.

The concept of the cycle is extremely useful in many fa-
tigue applications. However, for general stress histories—
which can be envisioned as directed paths in six-dimensional
stress space—it is not obvious how to define cycles (see
e.g. Refs. [6, 7, 8]). This problem is inherent to all cycle
counting-based fatigue models. An important benefit of the
CTF model of Ottosen et al. is that damage is integrated in
the time domain without any need for identifying cycles, and
that the method offers a unified treatment of uniaxial/multiaxial,
proportional/nonproportinal and cyclic/noncyclic stress evolu-
tions [3]. The possibility to treat general stress histories is
pivotal to the industry trend towards integral structures, where
large free-formed parts with nondistinct or varying stress paths
replace assemblies of struts, bars and beams.

Ottosen and co-workers [3] formulated a CTF model inspired
by kinematic hardening in plasticity [9]. This original formu-
lation considers HCF in isotropic materials. It is based on the
concept of an endurance surface centered at a deviatoric back-
stress, and an increasing, scalar variable representing damage.
The evolution of the backstress and damage is governed by two
ordinary differential equations (ODEs). This CTF model gives
a good prediction of the Wohler curves for AIST 4340 steel al-
loy for a range of the mean stress, and qualitatively captures the
behavior of the fatigue limit for nonproportional stress [3].

Several modifications and extensions to the original CTF
model have been proposed in the literature. Stress gradi-
ent effects were incorporated into the CTF model by Ot-
tosen et al. [10]. This crucially enables automatic handling
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of stress concentrations in complex geometries. Furthermore,
Holopainen and co-workers [11, 12] formulated a CTF model
for transversely isotropic materials, as well as a CTF model for
anisotropic materials where the damage is modeled as a ten-
sor field [13]. An extension to include low-cycle fatigue has
also been proposed [14]. Brighenti ez al. [15] suggested a more
general expression for the endurance surface, and demonstrated
fair agreement between modeled fatigue life and experimen-
tally observed fatigue life for a range of steel alloys subjected
to nonproportional stress. However, this could only be achieved
by modifying the material parameters depending on the stress
history, which implies that predicting fatigue for general stress
histories is currently beyond the capability of the CTF model.

In this work, we reexamine the original CTF model of Ot-
tosen et al. [3] to uncover fundamental properties of the model.
We derive an analytical solution for the damage development
due to proportional cyclic stress, including a closed-form ex-
pression for fatigue in simple shear. Also, we propose an ac-
celeration scheme based on Wynn’s epsilon algorithm [16] for
cyclic loading. Finally, we investigate the mechanisms respon-
sible for difficulties in predicting fatigue for nonproportional
stress histories with this model. To this end, we investigate the
fatigue predicted by the CTF model for 7050-T7451 aluminum
alloy and AISI 4340 steel alloy subjected to different states of
nonproportional stress.

2. Theory

Considering the postulated properties of HCF, neither the
elastic constitutive behavior, nor the macroscale geometry is
affected by damage until failure. Thus, we take the stress evo-
lution o (¢) in a material point to be a given function of time in
the fatigue analysis.

2.1. Governing equations

The fatigue model of Ottosen et al. [3] is based on the con-
cept of an endurance surface {0 | B(0, @) = 0} defined by an
endurance function 8 and a deviatoric backstress . Damage
development only occurs during onloading when 8 > 0 and
S > 0. The endurance function is taken to be [3]

Bo.0) = o [oa(@, @)+ At@) =S, (1)
€
where S is the endurance stress, A is a material constant, and
tr(x) denotes the trace of a tensor x. The effective stress oo
is based on the deviatoric stress s = dev(o’), where dev(x) =
X — %tr(x)d is the deviator of a tensor x, and ¢ is the unit tensor.
Particularly, we have

oer(o.a) = \[3ls -l @

where ||x|| = +/x: x is the Frobenius norm induced by the
Frobenius inner product x : y = tr(xy™) of second-order ten-
sors x and y. Thus, we may envisage the endurance surface as
a cone with its axis intersecting @ while being parallel to the
hydrostatic line in principal stress space (Fig. 1).

Figure 1: Endurance surface 8 = 0 (cone) and deviatoric plane tr(o) = 0 (rect-
angle) in principal stress space.

The damage is represented by a scalar D, ranging from D = 0
for the undamaged material to a critical value D = 1, herein
representing the damage at failure. The state variables @ and D
are governed by the initial value problem (IVP) [3, 17]

@ = (s — ) CHPB)HPB)B, a(0) =0, (3a)
D = g(BHPBH(PB)B, D(0) =0, (3b)

for almost every time r > 0. Here, C > 0 is a material con-
stant, and g is some function such that g(5) > 0 whenever
B > 0. A superposed dot denotes time-derivative, and H de-
notes the Heaviside step function. Note that there is no need
to include a damage-dependent factor on the right-hand side of
Eq. (3b), since that factor can be eliminated using a change of
variables [17].

By time differentiation of Eq. (1), while using Eq. (2), we
find that [10]

SB= %(s—a'):,_ %(s_a):a'+Atr(d')
lls — all lls — al
s(s-a) 3 . .
5 1§ — /3lls—al| CHB)H At s
S 8= 3l - @l CH@HS + Aw(@)
4)
where Eq. (3a) was inserted. From Eq. (4), we have
.1 (s—a) | .
Se §C—HH]=§ L3+ At(o),
[sc+ iCls —al H@HG|p = 300 s+ Ao
>0
(5)
and by defining a rate function
1 _
W, o, @) = [ g(s D v Auo|.
Set+ \3Cls—ag VISl
(6)

we find through inspection of Eq. (5) that H(v) = H(f), and

that H(3)3 = H(v)v. It is then possible to eliminate ¢ from the

right-hand side of the evolution Eqs. (3a) and (3b), giving
a=(s—a)CHPBH®W), a(0) =0, (7a)
D = gBHBHO), DO)=0.  (Tb)



There is a jump on the right-hand side of Eq. (7a) due to the
factor H(B). Thus, the uniqueness of its solution a(f) can be
questioned. We show, however, that the solution «(t) is indeed
unique for the special case of proportional stress in Appendix
A, and assume that this uniqueness extends to cases of nonpro-
portional stress. Then, it follows from standard theory that the
solution to Eq. (7b) is unique.
By taking the trace of Eq. (7a), we obtain the [IVP

%tr(a’) = —t(@)CHB)HW)v, t[@©0)] =0, (8)

It is readily confirmed that tr(@) = 0, t > 0, solves this problem.
Thus, the solution to Eq. (7a) remains deviatoric, as required.

2.2. Periodic, proportional stress

For the CTF model, it has been previously demonstrated for a
periodic tensile/compressive cyclic stress, that the incremental
damage per cycle in the steady-state can be expressed in terms
of the maximum and minimum applied stress [3, 15]. Below,
we extend this result to all periodic, proportional stress histo-
ries.

For a periodic, proportional stress the stress tensor can be
expressed as

o=S(e, ©))

where e is a constant tensor such that |le|| = 1, tr(e) > 0, and
S (t) = o : e. The deviatoric stress is

s = S(f)dev(e). (10)

For some function a(#), we can express the backstress as (Ap-
pendix B)
@ = a(t)dev(e) + a (1), (In

where @ is deviatoric and orthogonal to dev(e) in the sense
that dev(e) : @, = 0. Inserting Egs. (10) and (11) into Eq. (7a)
yields

adevie) + &, = [(S — a)dev(e) — a, ]CHB)HW)Y, (12)

with @(0) = 0 and @, (0) = 0. By identifying terms orthogonal
to dev(e) in Eq. (12), we obtain

&, = —a, CHB)H®)v, a,(0)=0. (13)
We confirm that @, = 0, # > 0, solves this [VP. Consequently,
the backstress is reduced to

a = a(t)dev(e), (14)

so that we now only need to determine (7).

The analytical solution for the steady-state backstress evolu-
tion is obtained by solving evolution Eq. (3a) specialized for
proportional stress. Inserting Eqs. (10) and (14) into Eq. (2)

yields
y=y3-iue? (15

oei(S,a) = YIS - al,

S max

@max

@min

S min

Figure 2: Sample evolution of the backstress « (solid line) for a periodic uni-
axial stress (dashed line), showing cycles j = 1,2,... For this particular case,
$ changes sign two times per cycle. The dotted lines indicate the analytical
solution for @y, and @max.

where we used that dev(e) : dev(e) = 1 — tr(e)®. Thus, the
endurance function of Eq. (1) and its derivative become

B = SL(yIS —al+A'S -S.), (16a)
€

B= Sie[ysgn(s —a)$ - @) +A'S],

(16b)
respectively, where A" = Atr(e) > 0 is introduced for conve-

nience, and sgn(x) is the sign function. Inserting Egs. (10),
(14), (16a) and (16b) into Eq. (3a) yields

c . . .
Q= [y sgn(S — a)(S — @) + A's] (S —)HPBHEB). (17)

With the additional requirements that S shifts sign exactly
two times each cycle, Eq. (17) can be integrated analytically
using the same method as for the uniaxial case presented in Ref.
[3]. The details are found in Appendix C. Thus, the maximum
and minimum of «(¢) during a cycle are obtained as functions of
the maximum and minimum of S(#): @max = Xmax(S max> S min)
and @min = Tmin (S maxs Smin)‘

A sample evolution of the backstress, integrated using
IVP (7a) for a cyclic uniaxial applied stress, is plotted in Fig. 2,
where the analytically obtained values for @i, and @py,x from
Appendix C are indicated by tick marks. The explicit fourth or-
der Dormand—Prince method (ode45 in Octave [18]) is used for
integrating IVPs. The backstress exhibits a transient, and then
evolves into a steady-state cyclic behavior. This transient is in-
terpreted as a manifestation of localized inelastic deformations
associated with damage development inside the matrix of grains
dominated by elastic deformation, c¢f. introduction of Ref. [3].

The fatigue limit for cyclic, proportional stress is obtained
by requiring that S(S min, @) = 0 and B(S max, @) = 0 in Eq.



(16a), for some unknown backstress @eo € (S min, S max)- That is,

1 ’
0= _[Y(Smax_a'oo)"'A Smax_Se],

18
Se (18a)
1
0= = [=7(Smin = @) + A"Smin = Se]. (18b)
e

By eliminating @ and introducing the effective stress am-
plitude o, = %(S max — Smin) and the effective mean stress
Om = %(S max + S min), we find that

g, =8S.—A'op. (19)

At the fatigue limit, the amplitude of the cyclic stress depends
linearly on the mean stress, which is commonly depicted using
a Haigh diagram.

In the particular case of uniaxial tension/compression o (¢),
we have S(7) = o(?), tr(e) = 1 and vy = 1, so that the effective
stress amplitude 0, = (Omax — Omin)/2 1S equal to the actual
amplitude of o(¢). In the case of simple shear 7(#), we have
S(f) = V27(p), tr(e) = 0 and v = +/3/2, which gives an effec-
tive stress amplitude o, = \/g(rmax — Tmin)/2 consistent with
the von Mises effective stress amplitude. In Appendix C, we
also obtain closed-form expressions for @max(S max, S min) and
@max (S max» S min) 10 the case of simple shear.

As observed in Sect. 2.2 and Fig. 2, periodic proportional
stress leads to a steady-state cyclic evolution of the backstress
a(t). Then, by integration of Eq. (3b) over one cycle of the
steady-state, following the method of Ottosen et al. [3], the in-
cremental damage per cycle becomes

AD = G{B[S min» amin(S max» Smin)]}
+ G{ﬁ[S max» @max (S max Smin)]}7 (20)

where G(B8) = foﬁ g(B")dp’, and the function B(S, @) refers to
Eq. (16a). This demonstrates that AD = AD(S max, S min) for
periodic, proportional stress, provided that $ shifts sign exactly
two times each cycle. Hence, it is possible to express the fatigue
criterion in terms of a stress constraint:

NfAD(SmaXaSmin) < l’ (21)

with Ny the number of cycles to failure. Here, we have ne-
glected effects of the transient (Fig. 2), understanding that the
damage accumulated in the steady-state dominates HCF.

2.3. Damage sequence acceleration

Integrating the full stress history of the material across the
large number of cycles in HCF leads to a great computational
cost. Whenever a steady-state exists, this computational cost
can be reduced using extrapolation. Further improvements may
be gained by employing some method of acceleration.

For a cyclic applied stress of period T, let D; = D(jT),
j = 0,1,2,... be the damage after the jth cycle, as obtained
by integration. The incremental damage between cycles is
AD; = %(Djﬂ — Dj_y). If a steady-state exists, we have
AD; — AD when j — oo, for some constant value AD. More-
over, if {AD j};';l is a converging sequence, it may be acceler-
ated by standard sequence acceleration methods.

Herein, we apply Wynn’s epsilon algorithm to the trun-
cated sequence {AD j};?:l. This recursive method is formulated
as: [16]

D =0, j=12...n (20
e = AD;, j=12....n, (22b)

. . 1 k=1,...,.n-1

() B 0 D B B ’
€1 = G T E]ij+1) _ 6}({1) { j=1,...,n—k, (22¢)
where 652_2]{), k=1,2,..., L%J provides increasingly better

approximations for AD. That is, only elements with even sub-
scripts approximate AD. We obtain the accumulated damage
after N > n cycles by linear extrapolation:

-1
Dy =D, +(N-nel®, k= V J (23)

3. Results and Discussion

We proceed to numerically investigate the properties of the
fatigue model in the context of periodic, biaxial, nonpropor-
tional stress. For this, we choose the same function

g(B) = Ke'*, (24)

as in Refs. [3, 10], where K > 0 and L > 0 are nondimen-
sional material parameters. First, however, the parameters of
the model are fit to uniaxial experimental data.

3.1. Parameter fit to uniaxial test

The CTF model has five material parameters, S, A, C, K
and L, which we fit to experimental fatigue data in the litera-
ture for 7050-T7451 aluminum alloy [19], as well as AISI 4340
tempered to 1380 MPA ultimate stress [19]. In those experi-
ments, unnotched, cylindrical test specimens were subjected to
cyclic stress in tension/compression at room temperature. The
number of cycles to failure Ny at different stress amplitudes
o, and stress ratios R were reported as triplets (Ny;, 0ai, R,
i=1,2,...,n,. We digitized the experimental data using the
Engauge Digitizer Software [20].

The fatigue model is fit to the ng data points by minimizing a
sum of squared errors,

N

min " [0u(Nii, R S, A, C K, L) = o, (25)
Se >0, —

A=0,c>0, 7

K>0,L>0

where 0,(Nt,R;S.,A,C,K,L) is the numerically obtained
model prediction of the stress amplitude. A BFGS quasi-
Newton optimization algorithm (fminunc in Octave [18])
yields a fair fit to the experimental data for 7050-T7451 (Fig. 3)
and AISI 4340 (Fig. 4), with parameters as compiled in Table 1.
The standard deviation of log,,(c4;) — log;(c,) is 0.0562 and
0.0243, respectively, for 7050-T7451 and AISI 4340 (insets of
Figs. 3 and 4).



600 —

T T T o
500 T TTT T T
- B i
500 - & 7 .
£ 200 4 1
E 0
\ s e
\ S
@ < 100 p b
400 L \\ = -t 14
? J\’/\ L1 | | ]
% 300 ™ 50 100 200 500
= e oai [MPa] i
S
200 - .
O _oE-@n g |
100 - Tl -
AA% VN AA_)%A_)_)
() Ll Ll NEEEn| Ll L
103 104 10 100 107 108

Nt

Figure 3: Parameter fit for 7050-T7451 aluminum alloy. The lines represent the
model fit while the scatter data points are measurements conducted at different
stress ratios: R = —1 (circles, solid line), R = 0 (squares, dashed line), R =
0.1 (diamonds, dash-dotted line) and R = 0.5 (triangles, dotted line). Arrows
indicate runout. In the inset, the predicted stress amplitude o, (Ng;, R;) for each
measured life Ny; is plotted against measured stress amplitude o;. The dashed
lines indicate one standard deviation (0.0562) of the logarithm of o,.

Material Se A C K L
[MPa] [107°]
7050-T7451 113.3  0.2611 0.5039 5.111 2.556
AISI 4340 467.8 0.2397 3.023  41.70 4.967

Table 1: Fatigue parameters for 7050-T7451 aluminum alloy corresponding to
the fit in Fig. 3, and for AISI 4340 steel alloy corresponding to the fit in Fig. 4.

3.2. Biaxial, nonproportional stress

A fair predictive capability can be expected in the range of
proportional stresses spanned by the experiments to which the
CTF model is fit. From previous investigations, the model also
predicts the endurance limit for nonproportional load cases [3].
The question remains whether the CTF model, at least qualita-
tively, predicts the fatigue life for nonproportional stresses. The
response to nonproportional stress was investigated for both
7050-T7451 and AISI 4340, but since no remarkable qualitative
differences were observed between those materials, we only re-
port the details for 7050-T7451 aluminum alloy below.

Biaxial, nonproportional testing is often conducted using
thin-walled cylinder specimens, subjected to elongation and
torsion, see e.g. Ref. [21]. Thus, we consider a combination
of tension/compression and simple shear, fluctuating with zero
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Figure 4: Parameter fit for AISI 4340 steel alloy. The lines represent the model
fit while the scatter data points are measurements conducted at different stress
ratios: R = —1 (circles, solid line), R = 0 (squares, dashed line) and R = 0.43
(triangles, dotted line). Arrows indicate runout. In the inset, the predicted stress
amplitude o,(Ng;, R;) for each measured life Ny; is plotted against measured
stress amplitude o,;. The dashed lines indicate one standard deviation (0.0243)
of the logarithm of o,.

mean stress at a constant angular frequency w:

(0] .
o1 = — sin(wt), (26a)
V2 cos %
(&40] .
o1 = — sin(wt + ¥), (26b)
V6 cos %
op=0x3=013=03=0, (26¢)

where oy > 0 is a constant, and ¥ € [0, %] is the phase dif-
ference between tension and simple shear. An in-phase (IP)
stress state is obtained for ¢y = 0. For this IP stress fluctua-
tion, the effective stress amplitude is o, = 0 according to the
framework in Sect. 2.2. We also consider out-of-phase (OP),
nonproportional stress fluctuations with ¢ > 0. Note that the
phase dependence of the amplitudes of o1, and 071, is chosen to
ensure that the maximum von Mises-equivalent stress reversal
takes the same value o for all values of . Thus, the OP stress
paths pass through the extrema of the IP stress path (Fig. 5a).
Also, this ensures that all stress paths have the same minimum
circumscribed circle (MCC, see Ref. [22]) in deviatoric stress
space, where the 90° OP stress traces this MCC exactly (Fig.
5b). This makes the stress paths comparable in a von Mises
sense.

For IP and 60° OP stress, the damage develops similarly to a
staircase function, at an angular frequency of 2w, which derives
from the applied stress (Fig. 6a). After a transient, the back-
stress of IP and 60° OP stress develop into repeating cycles in
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Figure 5: a Stress variation for tension combined with simple shear of different
phase difference: IP (dash-dotted line), 60° OP (dashed line) and 90° OP (solid
line). b The same paths in the deviatoric plane.

the deviatoric plane (Fig. 6b). However, for 90° OP stress the
damage develops at an angular frequency that does not appear
to have any simple relation to the applied angular frequency
(Fig. 6a), and the path of the backstress describes a spiral with
multiple cusps. Eventually, this spiral narrows towards a sta-
tionary point (Fig. 6b). The cusps in the path of the backstress
for 90° OP are due to the nonlinearity created by the step func-
tions in the evolution Eq. (3a), which intermittently arrests the
evolution of the backstress.

To further investigate this unexpected behavior of the govern-
ing ODEs, we integrate for 300 cycles with oy = 150 MPa and
¥ = {0°,60°,90°}. The beginning of the sequence {AD j};‘;l of
damage increments per cycle is illustrated in Fig. 6¢, showing
convergence for IP and 60° OP after a few cycles, contrasted by
a prolonged transient for 90° OP. We also plot the magnitude of
the relative difference between the incremental damage and the
approximated steady-state incremental damage AD =~ ADsq
(Fig. 6d). This difference diminishes to a noise floor for all
cases, demonstrating the existence of a steady-state.

Stress-controlled fatigue experiments including OP stress
fluctuations are scarce in the literature. However, strain-
controlled nonproportional fatigue tests of 7075-T651 alu-
minum alloy tubular specimens have been reported for the HCF
regime [21]. These experiments show that OP stress fluctu-
ations shorten fatigue life, as compared to the IP case [21].
The linear elastic material behavior during the crack initiation
phase, and our assumption that crack initiation dominates fa-
tigue life in the HCF regime, imply that OP stress fluctuations
also shorten fatigue life in stress-controlled HCF. The behav-
ior for a range of steel alloys is qualitatively similar [23, 24].
With the present model and with o9 = 150 MPa and 90° OP,
however, the damage per cycle in the steady-state is a fac-
tor 4 smaller than the damage increment per cycle for IP stress,
which is irreconcilable with experiments.

3.3. Rotary stress

For a rotary stress state, the invariants of the stress tensor re-
main constant while the principal stress directions vary. As a
result, each plane through the material experiences stress rever-
sals so that fatigue damage is to be expected. Fatigue models

based solely on stress invariants will necessarily fail to predict
any damage. Critical plane models, on the other hand, con-
sider the fluctuations of the traction vector on each plane of the
material [25, 26], and thus capture the stress reversals for ro-
tary stress states. The critical plane models are computationally
expensive due to the maximization of fatigue across all planes
and points in the material [27, 26], which is avoided in the CTF
model.

For the CTF model, we consider a rotating state of simple
shear stress with stationary principal stresses 07/ V3 and 0:

go
011 = =0 = —— cos(wt), (27a)
V3
o1z = 22 sin(wr) (27b)
2= —F7= 5
V3
0'3320'1320'23:0. (27C)

This applied stress, which may be difficult to achieve experi-
mentally, corresponds to circular path in deviatoric stress space
with tr(o") = 0. Its geometrical simplicity makes it suitable for
identifying the reason for the misprediction of fatigue life for
nonproportional stress (Sect. 3.2).

The damage development of the rotary stress state in Egs. 27a
through (27¢) is compared to fully reversed shear with the same
magnitude, that is, with o, = % sin(wt) and all other stress

components zero. The rotary stress states display a damage
development similar to that of the 90° OP case: The damage
per cycle decreases and becomes very small as compared to
the damage per cycle in the corresponding proportional case of
fully reversed shear (Fig. 7a). Also, while the backstress of the
proportional case displays cyclic behavior, the backstress of the
rotary stress spirals around the point @ = 0 on a path with cusps
corresponding to intermittent arrested states (Fig. 7b).

Although planes in the material experiences full stress rever-
sals for the rotary stress state, the CTF model predicts much
less damage for the rotary stress than for proportional stress.
We believe that this is a misprediction of the model due to its
failure to predict damage when the stress moves tangentially to
the endurance surface.

3.4. Damage sequence acceleration

As observed above, the sequence {AD j};‘;l converges to a
limiting AD, at least for proportional stress or nonproportional
stress with a moderate phase difference. For these instances of
convergence, that is when AD exists, it is possible to accelerate
the sequence using standard methods. Herein, we evaluate the
effectiveness of Wynn’s epsilon algorithm for the combination
of tension/compression and simple shear with ¢ = {0°,60°} and
oo = 150 MPa.

In the case of IP stress, the magnitude of the relative dif-
ference between the incremental damage and the approximated
steady-state incremental damage diminishes exponentially to
the noise floor in ten cycles (Fig. 8a). Wynn’s epsilon algorithm
accelerates this sequence of incremental damage, so that only
five to six cycles are needed to reach the noise floor (Fig. 8a).
For OP stress with i = 60° the rate of convergence is impaired.
Wynn’s epsilon algorithm improves the rate of convergence, but
not as efficiently as for the proportional IP stress case.
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Figure 6: Cyclic stress fatigue for 7050-T7451 aluminum alloy. @ Damage development in the cases of IP (dash-dotted line), 60° OP (dashed line) and 90° OP (solid
line) stress variation for tension combined with simple shear, and o9 = 150 MPa. b The development of backstress for the first 60 cycles of stress. ¢ Incremental
damage against cycle number for o) = 150 MPa in the cases of IP (diamonds), 60° OP (squares) and 90° OP (circles). d Development of relative difference to

steady-state damage per cycle.
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Figure 7: a Incremental damage against cycle number for 7050-T7451 alu-
minum alloy with ogp = 150 MPa in the cases of fully reversed shear (diamonds)
and rotary simple shear (triangles) . b The development of backstress for the
first 60 cycles of rotary simple shear.

4. Conclusions

For proportional, cyclic stress, which shifts sign exactly two
times each cycle, the CTF model can be integrated analytically
to yield the damage per cycle in the steady-state. Particularly,
the damage per cycle can be written on closed form for the case
of simple shear. In numerical simulations, the damage per cycle
converges exponentially to a constant value.

The CTF model gives a fair fit to the Wohler curves of 7050-
T7451 high-strength aluminum alloy. This fit has a standard
deviation of 0.0517 in the base-10 logarithm of the stress ampli-
tude. The same conclusion is drawn for AISI 4340 steel alloy,
with a standard deviation of 0.0243.
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Figure 8: Development of relative difference to steady-state damage per cy-
cle for 7050-T7451 aluminum alloy with 09 = 150MPa and a ¢ = 0° (dia-
monds) and corresponding accelerated sequence (plus symbols), and b ¢ = 60°
(squares) and corresponding accelerated sequence (triangles).

For a combination of cyclic, tensile/compressive and shear
stress, with a moderate phase difference, the CTF model pre-
dicts a constant damage per cycle, and a fatigue life close to
that of proportional cyclic loading of the same effective stress
amplitude. Moreover, in cases of proportional, cyclic stress, or
for nonproportional stress with a moderate phase angle, Wynn’s
epsilon algorithm can be used to accelerate the sequence of
damage increment per cycle. This can be useful for reducing
the computational effort for complicated cyclic stress histories.

For a rotary stress state of simple shear, or for a combination



of cyclic, tensile/compressive and shear stress with a 90° phase
difference, the CTF model exhibits an extended transient with
intermittent arrested states . The predicted fatigue life is four
times that of a proportional cyclic stress with the same effec-
tive stress amplitude. This contrasts experiments in the litera-
ture that demonstrate a reduced fatigue life for nonproportional
stress [21]. We observe that the problems with arrested states
appear for stress paths that are tangential to the endurance sur-
face, which is particularly clear for rotary simple shear (Fig. 7).
Hence, a remedy is likely to be found by modifying the gov-
erning ODEs to produce a nonzero damage increment for such
tangential stress paths.

The CTF model investigated herein has many virtues, which
we further establish by demonstrating uniqueness and new an-
alytical solutions for proportional, cyclic stress. However, to
use the CTF model in practice for predicting the fatigue life
of, e.g., integral metallic structures subjected to multiple out-
of-phase loads across a wide frequency range, it is necessary
to ensure that the prediction is at least conservative for every
conceivable load. As demonstrated above, further development
of the model to address the issues observed for nonproportional
and rotary stress is needed. We hope to be able to develop a
gently modified CTF model that addresses these issues in the
future.
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Appendix A. Uniqueness of evolution for proportional
stress

For a proportional stress, Eq. (9), we use the framework in
Sect. 2.2 with Egs. (1), (2), (6) and (7a) to obtain the ODE

a=(S —a)CHPBH(), (A.1)
with 8 = (S, @) according to Eq. (16a) and
_ysenS —a)+ A" (A.2)

Se+CyS —a

where we recall that 1 <y < v/3/2 and A’ > 0. For realistic
materials, we must have A" < vy to ensure that v > 0 during
onloading in the case {S —a < 0 A § < 0}. The right-hand
side of Eq. (A.1) has a discontinuity in @ at S(S,a@) = 0 due
to the H(B) factor. Consequently, the standard requirement of
Lipschitz continuity for uniqueness of solution is not fulfilled.
Consider the general framework of a one-dimensional ODE

X = f(x,1),

where f may be discontinuous in the first variable at fixed iso-
lated points. A continuous function x(¢) that satisfies Eq. (A.3),

teR, (A.3)

except at isolated points where X may not be defined, is called
a solution of Eq. (A.3). We are interested in conditions for
right uniqueness [28] of such solutions, where right unique-
ness means that every two solutions satisfying x(zy) = x* for
a given x* coincide on a closed time interval fy < t < t;. For
x* being a point of discontinuity of f, let f*(x*, ) and f~(x*,1)
denote limits of f(x,7) from the right and left w.r.t. x, respec-
tively. If f*(x*,7) > O and f~(x*,1) < 0, then a solution x(¢) of
Eq. (A.3) starting at x* is non-unique since, loosely speaking, x
can take any of the values f*(x*,1) or f~(x*,f), and arbitrarily
move the solution to the right or to the left. On the other hand,
when both of the limits have the same sign, under some further
smoothness assumptions for f, a solution can be shown to be
right unique. Even less restrictive, Theorem 2, page 110, in Fil-
ippov [28] shows that right uniqueness holds, under additional
smoothness assumptions, if one of the inequalities f*(x*,7) <0
or f~(x*,t) > 0 are satisfied.

Given these facts we consider Eq. (A.1). Introducing « =
sgn(S — a) in Eq. (16a) gives

SB=ky(S —a)+A'S —S.. (A.4)

Depending on the value of «x, we then make a change-of-
variable
X =ky(S —a)+A'S - S, (A.5)

so that 8 = x/Se, H(B) = H(x,) and x, = x; = 0 is a possible
discontinuity point. This point is fixed in the new variable x,
meaning that when Eq. (A.1) is rewritten in this variable, the
theorem of Filippov, cited above, applies. Using Eq. (A.5), Eq.
(A.1) becomes

de = fulxe 1) = (ky + A)S — ky[S — a(x)ICH(x)H (v, )V
(A.6)
with )
B (ky +A")S
TS OYlS —axl’

We identify the following mutually excluding cases:

(A7)

I (ky +A")S = 0: Eq. (A.7) gives v, = 0 and, furthermore,
Eq. (A.6) gives X, = 0, thus ensuring uniqueness.

II. (ky + A)S < 0: Eq. (A.7) implies that v, < 0 so that
X, = (ky + A’)S, ensuring uniqueness.

II. (ky +A’)S > 0: From Eq. (A.6), we have £ (0,1) = (ky +
A")S > 0, so that uniqueness is ensured by the theorem of
Filippov at the possible discontinuity point x, = x; = 0.

Since the cases I, II and III cover all possible situations, unique-
ness is ensured for the solution of Eq. (A.1).
Appendix B. Orthogonality in deviatoric tensor space

Let Vgey denote the set of deviatoric, symmetric tensors, that
is

Viey = {x e R¥3 | x = x7, tr(x) = 0}. (B.1)
For a symmetric tensor e, we introduce the subspace
V) = {xdev(e) | x € R}, (B.2)
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Figure C.9: Proportional, cyclic loading in the steady-state. Solid lines indicate
S (t) when 8 > 0, while dashed lines indicate S(f) when 8 < 0. The dash-dotted
line represents a(f). Damage development occurs from state (i) to state (ii), and
from state (iii) to state (iv).

and its orthogonal complement

V, = {xJ_ [x, : x| = O,Vx” S VH} (B.3)

Then, since Vg, is a Hilbert space, the Projection theorem as-
serts that every x € Vg, can be uniquely decomposed as

x = xdev(e) + x_, xeR, x, eV,. (B.4)

Appendix C. Analytical solution for proportional stress

We define « = sgn(§ — @), so that |[S — a| = k(S — @). The
backstress evolution Eq. (17) for proportional stress becomes
@ = S£[Ky(5‘ —a@)+A'S1S - a)HPBHP), (C.1)
S
where 8 and f3 are given by Egs. (16a) and (16b), respectively.
As pointed out in Appendix A, it is required that A’ < 7 for
realistic materials.

For a cyclic, proportional stress such that $ changes sign ex-
actly two times each cycle, and with an amplitude sufficiently
large to create fatigue, we assume that a(f) develops into a
cyclic steady-state (Fig. 2). Following Ref. [3], we define state
(i) as the point in a cycle when 8 = 0, 83 > 0 and S > 0, state
(ii) when S reaches its maximum, state (iii) when 8 =0, 3 > 0
and S < 0, and state (iv) when S reaches its minimum (Fig.
C.9). From this scenario, we have a; = a;y, @j; = @;i, and we
know that states (i) and (iii) are on the endurance surface, so
that Eq. (16a) gives

_ Se+ YQiv

Si=——7—, Sii =

Se —yaj
A +y ’

o (C.2)

To solve Eq. (C.1), we make a substitution w = S — @, which
gives a separable differential equation in each interval (i) to (ii),

and (iii) to (iv):

1+ 2%y d

— 2 1o (C.3)
1 - S—EW dS

We seek to calculate a;(Si, Siv) and a;y (S5, Siv), which in turn
yield the incremental damage per cycle according to Eq. (20).

Appendix C.1. Case A’ =0

For simple shear stress, when tr(e) = 0, we have A” = 0,
v = V3/2, and Eq. (C.2) gives

2 2
Si =iy + \/jSe, Siii = @i — \/j5e~ (C4
3 3
Moreover, Eq. (C.3) simplifies to
3kC |dw
1+ 4/z—w|—=1 C.5
( \/;se W) ds >

Integration of Eq. (C.5) from (i) to (ii) with x = 1, and from (iii)
to (iv) with k = —1, respectively, gives a system of Eqs.

cs. e6cC
_—\/g + 4—Se(Sii — i) - i+ @y =0, (C.6a)

CS. 6C
- L(C’/iv - S +aii— ey = 0. (C.6b)

N

By adding Eq. (C.6b) to Eq. (C.6a) and using that S > a5 >
@iy > Siy, we have

As =S — ;i = @iy — Sy, (C.7)

for some stress difference As > 0. We insert As = S;; — @;; and

;i — @y = Si; —Siv—2As into Eq. (C.6a), giving a second-order
polynomial equation with one positive solution

88§ 3C 1
As(Si,Si) = 1) = — L+ 4/=—=(S;i =Sy +-C2—-1].
s(Sii, Siv) \/gc \/ \/; e(S Siv) (& }

(C.8)
We then obtain a; = S; — As(Si,Si) and @y = Sy +
As(Sii, Siv)-

Appendix C.2. Case ()0 <A’ <vy

For 0 < A’ < v, integration of Eq. (C.3) from state (i) to (ii)
with ¥ = 1, and from state (iii) to (iv) with x = —1, respectively,
gives a system of equations

Setyai o Se 1+ &€ (i - Si) 0
———— —Si— A TC =0,
A +y A'C 1+m(Aa'iv_Se)

(C.9a)
Se —yaiy S Se . 1+ 45 (i - Si)
=, SvTac i =
A -y A'C 1+m(Aa’ii—Se)

(C.9b)

With degenerate cases like A’ = vy excluded, this system of
equations implicitly defines @;;(Si,Siv) and @iy (Si, Siv) such
that S > a3 > ajy > Siv.
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