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Sammanfattning 

Autonoma fordon måste ha högre säkerhetsstandarder. För att upprätthålla detta kategoriseras 

olika delsystem i det autonoma fordonet till olika säkerhetsnivåer av branschen. Problemet 

uppstår när dessa delsystem krävs för att interagera med varandra. Syftet med denna avhandling 

är att bygga och studera interaktionen mellan två system i ett autonomt fordon. De två systemen 

här är vägplanering och nödbromssystem (AEBS) som tilldelas olika säkerhetsnivåer. Model 

Predictive Control (MPC) används för att bygga interaktionen mellan vägplanering och 

nödbromssystem. Nödbromssystemets aktiveringszon är modellerad som polygon och kallas 

säkerhetszonen för det autonoma fordonet. Formen på denna polygon är en funktion av en 

beslutsvariabel för MPC. När det gäller säkerhetszonen används Farkas lemma för att 

ytterligare begränsa fordonet att stanna inom väggränsen och undvika statiska hinder. 

Två scenarier byggs och studeras för att se konsekvenserna av interaktioner mellan dessa två 

olika system. För att studera denna interaktion utförs simuleringarna med och utan 

interaktionen mellan säkerhetszonen och vägplaneringssystemet. Detta hjälper oss att 

visualisera och förstå de faktorer som påverkar säkerhetszonens storlek och form. Viktiga 

resultat av denna avhandling är att demonstrera den oönskade aktiveringen av AEBS och den 

anpassningsform som ändrar naturen hos säkerhetszonen som en del av MPC. Dessa resultat 

visar vikten av att säkerhetszonen är en del av MPC för att förhindra oönskad aktivering av 

AEBS. Analysen i denna avhandling tillhandahåller en metod genom vilken dessa två olika 

standardsystem (AEBS och sökplanerare) kan integreras i ett autonomt fordon. 
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Abstract 

Autonomous vehicles are required to have higher standards of safety. To enforce this , different 

subsystems in the autonomous vehicle are categorised to different safety levels by the industry. 

The problem arises when these subsystems are required to interact with each other. The 

objective of this thesis is to build and study the interaction between two systems in an 

autonomous vehicle. The two systems here are the path planning and the emergency braking 

system (AEBS) which are assigned different safety levels. Model Predictive Control(MPC) is 

used to build the interaction between the path planning and the emergency braking system. The 

zone of activation of the emergency braking system is modelled as polygon and is called the 

safety zone for the autonomous vehicle. The shape of this polygon is a function of a decision 

variable of the MPC. With respect to the safety zone, Farkas’s lemma is used to further 

constrain the vehicle to stay within the boundary of the road and avoid static obstacles. 

Two scenarios are built and studied to see the implications of the interactions of these two 

different systems. To study this interaction, the simulations are carried out with and without 

the interaction of the safety zone with the path planning system. This helps us in visualizing 

and understanding the factors influencing the size and shape of the safety zone. Key results of 

this thesis are to demonstrate the unwanted activation of the AEBS and the adaptive shape 

changing nature of the safety zone as a part of the MPC. These results demonstrate the 

importance of the safety zone being a part of the MPC, to prevent unwanted activation of the 

AEBS. The analysis contained in this thesis provides a methodology by which these two 

different standard systems(AEBS and path planner) can be integrated in an autonomous 

vehicle. 
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1 Introduction 

This chapter will describe the background for this thesis, along with the methods seen in 

literature for development of an autonomous path planner. This section will later identify 

relevant research questions that we hope to solve, by the end of this document. All the necessary 

assumptions to answer the questions will also be identified and listed. 

1.1 Background 

With the ever-increasing traffic on roads, there is a burgeoning demand for smart autonomous 

cars. As the demand for smart autonomous cars increases, there is an increased push in 

academia and industries to come up with smart algorithms for autonomous cars. Autonomous 

and non-autonomous cars in many research settings have been found to be safer on roads 

because of smarter collision avoidance algorithms. This has led to increased standards on safety 

for autonomous cars. 

Safety focuses not only on passive safety systems for the passengers of  the autonomous vehicle 

but also on active safety systems such as lateral control, emergency braking of the vehicle and 

so on. The integration of active and passive safety systems on an autonomous platform of 

vehicle that conforms to a higher SAE level(SAE Level 3 and above)[1] is a wide research area 

that is being investigated. When any feature in an autonomous car is linked with safety, it 

makes the system highly safety critical. By this we refer to all the features that have a direct 

significance to human life in case of their malfunction. 

 ISO 26262 in [2] lays down the framework for the standards for the autonomous vehicle from 

which safety critical standards have been derived. The standard introduces four Automotive 

Safety Integrity Levels (ASILs). ASIL D  relates to a malfunction that has a life-threatening or 

fatal result. Therefore, ASIL D requires the highest assurance that safety requirements are met. 

An example of ASIL D can be that of an airbag. We know that, if failure of deployment of the 

airbag happens in an automobile it can lead to loss of life. On the other hand, if we take the 

example of an infotainment system in a vehicle, the failure of which is not a life-threatening 

issue hence can be assigned a lower safety level such as QM.  

To ensure that safety critical system is maintained with higher ASIL standards, these systems 

are usually treated as an individualistic system. They are usually having their own set of 

subsystems which are also ensured to have a higher ASIL standard. An important question then 

arises that if there are two such systems with different ASIL standard, how should then one 

system with higher ASIL standard interact with another system a lower ASIL standard? 

The aim of this thesis to build and study the interaction of two such different levels of ASIL 

system. The first system here is a path planner system in an autonomous vehicle which is at a 

lower ASIL standard. The second system here is the Autonomous Emergency Braking (AEB) 

which is an advanced active safety system, which is, at the highest ASIL standard because of 

its safety critical nature. 

The research questions in the later chapters will aim at finding relevant questions that help us 

to build and study the interaction between these two different systems which are assumed to be 

at different ASIL standards. 
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1.2 Literature Review 

The research in autonomous vehicles is a wide ocean with plenty of approaches to deal with 

different cases of autonomy. The different areas found relevant in investigating this thesis are 

path planning, obstacle avoidance, stability and feasibility of the solution in MPC. 

The area of path planning algorithms has been studied for a long time [3]. In the literature 

review below only the recent developments regarding this path planning algorithms are being 

studied. In [4] the ego car trajectory is predicted based on constant yaw rate and acceleration 

motion model for other traffic recipients on the road. In [5] fail safe motion planning is done 

by computing emergency manoeuvres based on prediction of the traffic participants. In [6] 

hierarchical MPC is used for trajectory generation and tracking. 3D based potential field based 

on trigonometric function of the road and exponential function of obstacles is used for 

trajectory generation based on multiple constraints [7]. In the paper by [8] various path 

planning methods for automatic collision avoidance are seen like state lattice planner, 

predictive constraint based planning and spline based planning. 

When designing a controller for an autonomous car, safety is one of the key factors that needs 

to be addressed. There are various ways by which this has been done in an autonomous 

framework. Two popular paradigms that have been seen are a complete autonomous collision 

avoidance system or designing an active safety system for example autonomous emergency 

braking (AEB) in an MPC framework. In the paper by [9], concepts of threat assessment and 

novel approaches to design an active safety system using NMPC is used for a semi-autonomous 

car. Threat assessment based vehicle collision avoidance is presented in the paper by [10]. In 

such papers the threat assessment metric is designed usually based on  time to collision (TTC) 

or distance to given obstacles. The concept of safe driving envelopes is also seen and explored 

in the paper by [11]. Here the author integrates local path planning and path tracking based on 

two safety envelopes where one envelope is considered for stability and the other envelope is 

considered for obstacle avoidance. Another idea that has been seen in [12] where the authors 

perform motion planning via optimization of risk quantified by collision velocity. We also see 

usage of mixed integer programming(MIP) with the design of a barrier function for obstacle 

avoidance in the paper by [13]. All these approaches in literature have one thing in common 

which is the use of MPC in some form, along with designing of constraints to develop the 

algorithm of MPC in the form of a solvable optimization problem. We have also seen numerous 

algorithms for real time collision detection which are usually used in gaming but can be 

deployed for autonomous vehicle in the book by [14]. 

The formulation of MPC has been a topic of research in academia where researchers investigate 

the MPC framework for different models. One such work is by [15] where a Quasi Infinite 

horizon approach for non-linear model handling non-linear equalities has been studied. A 

probabilistic model in the design of the ego car and its environment in the framework for MPC 

is studied by [16]. A Hierarchical model of MPC is investigated in [6] for trajectory generation 

and tracking. The use of neural networks in a frame work of MPC for real time computation 

has been studied by [17] for designing a flight controller.  

Other studies that have also been carried out for autonomous vehicles involve collision 

avoidance and lane keeping which is done with a combination of optimal controller and a fuzzy 

controller as seen in [18]. An understanding of safety systems such as emergency brake and 

building a safety margin give us the idea of important test scenarios . We would have to think 
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about these test scenarios, while building a system that has interaction between two safety 

levels. For this, work by [19] and [20] seem to give insight to the users about the architecture 

of the underlying safety system in an autonomous vehicle that would be best suited. A study of 

various ways to develop test scenarios and validation of autonomous vehicles has also been 

studied and observed in the work by[21]. 

The extensive work done in these literatures and different approaches for the study of 

autonomous vehicles leads us to the conclusion that there is no one exact method for designing 

the control system for autonomous vehicles. The approach changes based on the scenario and 

the case being studied. However, the study of MPC is being used to perform the study of 

obstacle avoidance using a non-linear MPC formulation along with constraints on safety 

system as a method to describe relevant research questions and approach to solve the research 

questions identified as a step forward in the development of autonomous vehicles. 

1.3 Research Questions 

J3016 defines an Operational Design Domain (ODD) as “operating conditions under which a 

given driving automation system or feature thereof is specifically designed to function, 

including, but not limited to, environmental, geographical, and time-of-day restrictions, and/or 

the requisite presence or absence of certain traffic or roadway characteristics.” 

The Operational Design Domain used in this thesis is of an ego vehicle moving on a single 

narrow lane road. The obstacle present in the road is static (stationary) and modelled as regular 

polygons. The presence of dynamic obstacles (non-stationary) has been not been considered in 

the design of this Operational Design Domain (ODD) to constrain the research domain and 

simplify the overall optimization problem. However, a method to include dynamic obstacle is 

briefly hinted upon in the section 4.3.1. 

 

In the statement of research questions considered here, the following definitions are used 

● Threat - Potential source of harm caused by malfunction. 

● Hazardous event - Combination of a threat and a situation that can lead to an accident 

if not handled appropriately. 

● Safe state - System state that avoids a hazardous event. 

● Safety zone - Zone with guaranteed detection of threats and guaranteed transition to a 

safe state. 

● Safe stop - Transition from a hazardous event to a safe state. 

● Ego vehicle - The vehicle with autonomous capabilities 
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Figure 1:Top View of Autonomous vehicle with Depiction of Safety Zone 

 

The given figure shows the ASIL D safety zone of the autonomous vehicle with obstacle 

detection and the cases if the geometry of safety zone is passed to MPC path planner and if it 

is not. 

To put the idea in a mathematical form let the safety zone be defined by a set 𝑍𝑠 and the 

obstacles detected to be defined by a state 𝑥𝑜  

The constraints can be defined to be, 

𝑥𝑜 ∉ 𝑍𝑠. 

Where we do not want the state 𝑥𝑜belong to the set 𝑍𝑠which essentially translates to that the 

obstacles should not enter the safety zone. 

As once the obstacle enters the safety zone safety controller will be triggered braking action 

will take place. 

In the case we see that the path planner does not find a feasible solution, the AEBS is triggered. 

Since the AEBS is placed at a higher safety standard such as ASIL D, we assume that AEBS 

has an overriding capability over other system with lesser ASIL ranking. 

However, we can imagine formulating these constraints as functions𝑓(𝑥𝑜 , 𝑧𝑠), possibly varying 

with time, probably imagined to be a function of distance between the safety zone and obstacle. 

These constraints can be modelled to have some leeway in terms of distance maintained from 

the obstacle based on different road and traffic conditions. If, the above constraints can be 

removed and instead visualized as cost that can be introduced in the objective function, this 

would lead to the circumstances where the optimizer finds a feasible solution to the problem 

but at the expense of triggering the AEBS. This would happen because the optimizer would no 
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longer have a constraint while solving the objective function, therefore there would be greater 

chance of the obstacle entering the safety zone of the ego vehicle. 

The above problem statement can be summarized as a constrained path-planning model 

predictive controller (MPC) that takes the geometry (shape and size) of the safety zone of a 

braking safety controller into account, leading to an associated cost in the objective function. 

This prompts the following questions: 

1) Comparing this constrained path-planning MPC with one that does not take the safety zone 

into account, what are the implications on efficiency of the path-planning and the activation 

rate of the safety controller. 

2) What is optimal geometry (shape and size) for efficiency and activation rate? 

The term efficiency here implies the ability of the path planner to be able to effectively ensure 

that the ego car reaches its destination without the activation of AEBS.  

The activation rate in the context of the research question means, activation of the AEBS 

without the awareness of the path planning system. 

The use case that will be considered is a single lane rural road with the ego vehicle stopping 

behind parked stationary vehicles on the road and also turning on a L-shaped road passing 

stationary obstacles or vehicles on the road. Monte Carlo Simulations could be a plausible 

approach to studying the questions in this use case and will be (at least initially) considered. 

The research questions considered here will be answered under the following limitations 

● The safety controller (AEBS) is implemented and fixed. 

● The safety controller executes a safe stop when a hazardous event is detected. 

● The safe state is the vehicle standing still. 

The approach for solving these research questions can be both quantitative and qualitative. 

Extensive literature review on existing research is required to design the given plant model and 

conditions. Also, results may be compared with experimentally collected data on the test 

vehicle. The idea is to build a plant model of the test vehicle and implement with testing the 

path-planning controller designed in this thesis assuming a given AEBS controller designed by 

the supplier for braking. 

1.4 Architecture Overview and Scope  

In this part of the thesis, we will explain the general architecture scheme that has been used in 

this thesis and the scope to which this thesis has confined itself. 
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Figure 2: General Architecture Layout for Autonomous Vehicle 

 

The figure Figure 2 shows the general architecture that is deployed in an autonomous vehicle 

environment and the area marked in green is the scope this thesis is confining itself to. 

A general assumption that is been taken throughout the thesis is that the information provided 

by the perception part in this architecture is pre-provided. Static objects, lane detection and free 

space information are the key pieces of information available to the system. All static objects 

on the road are mapped by minimum bounding boxes and represented as regular four-sided 

quadrilaterals. The information provided by the planning part of the algorithm is also assumed 

to be available in the form of a set of latitude and longitude waypoints to the MPC re-planner. 

The key area in this thesis that has been focused on mainly is the design of MPC based re-

planner and a possible method to take in the information of the safety system. 

1.4 Delimitations 

1) The plant model designed in this thesis is constrained to a non-linear bicycle model as 

elaborated in chapter 2.2. 

2) Only low speeds (speeds of <30 km/hr) is used for describing the motion of the ego 

vehicle. 

3) Only static obstacles are used for modelling of obstacles on the road. 

4) Errors and uncertainty in perception have been ignored. In other words, all sensors 

associated in the system are ideal. 
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5) Two scenarios are used for generalising all scenarios on the road. The first scenario is 

a straight road scenario where the ego vehicle needs to stop before a static obstacle. 

The second scenario is an L-shaped road where the ego vehicle is required to 

manoeuvre around a static obstacle on the L-shaped turn, much details are explained 

in the Result section of Chapter 7. 

6) The safety controller Advanced Emergency Braking System (AEBS) is implemented 

and fixed. 

7) The safety controller executes a safe stop when a hazardous event is detected. 

8) The safe state is the vehicle standing still. 

1.5 Methodology 

This section describes the research methodology used to answer the research question set up 

by the previous section. 

The thesis can be broken into four basic key important subtopics that need to be solved into 

reach a solution for thesis. The first being , finding a way to model the controller that can be 

used for implementing the system dynamics along with considering the various limitations that 

a given  system must abide. For this a qualitative study of various research papers available in 

academia is used to develop a key understanding of the approaches available and the limitations 

under each method is qualitatively analysed and the most suitable technique is taken , which is 

seen in the literature review of each individual chapter of the thesis. Based on the qualitative 

analysis Model Predictive Controller was found to be the most feasible method to integrate 

system along with ensuring that the system follows its limitations. The next part involved 

defining the plant model to be considered for designing the system to be controlled. In this 

thesis the plant to be modelled is the autonomous ego vehicle. The ego vehicle is broken down 

in its essential mathematical form by using the reference [22]. Here the plant to be controlled 

is treated as a simple bicycle model, which the system can be approximated at lower speeds. 

After this the necessary constraints that the dynamic system needs to be limited to for example 

(staying in the lane of the road) is identified . 

Mathematical formulation of the various constraint in the framework of MPC is again 

interpreted from other forms of the same given constraint observed in literature. For example, 

the idea of collision avoidance from the concept of safety corridor or separating axis theorem 

is reformulated in terms of Farkas lemma, to be able to be used in the MPC framework. 

Similarly, constraints for keeping the ego vehicle in the given corridor is formulated by using 

a combination of Farkas lemma and the idea of constraining the vertices of a polygon. 

The thesis then also focuses on a way to ensure the feasibility and repeatability of MPC 

algorithm using the idea of terminal cost function and the idea of a solving a constant cost 

function. 

Finally, the results are then computed using a combination tools from MATLAB and YALMIP 

[23] where two different scenarios are considered . The first one being with the safety zone 

included as a part of MPC algorithm and the second one being without. Along with these two 

different situations are considered too. The first one being making a turn on an L-shaped road 

with an obstacle. The second one being making a complete stop on a straight road just before 

an obstacle. Both these scenarios were considered both with and without the safety zone. A 
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comparative qualitative study is used in the conclusion by seeing the behaviour of the system 

with and without the safety zone. 

1.6 Ethical Implications 

The following points have been considered when looking at the ethical implication of this thesis. 

1) Considering the time frame in which the research must be concluded, all possible scenarios 

and cases might be extremely hard to check making the product not completely safe, which 

makes it not a fully safe system. 

2) There might be case scenarios that might be difficult to conclude when it comes to safety of 

braking where there can be no correct answers, under such conditions the technologies 

feasibility can be in doubt. 
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2 Vehicle Modelling 

This part of the thesis focuses on internal vehicle model used in MPC architecture and the 

plant  model used for the simulation architecture used for in this research. Numerous models 

have been studied in literature for modelling the vehicle in MPC, based on the requirements, 

a synopsis of which is seen in this thesis. Model parameters used for this thesis have also been 

identified and calculated and the limitations of the model used have also been discussed. 

2.1 Background 

Here are numerous varieties of  vehicle models used in formulation of MPC. These models 

vary based on the design of MPC and the functionality in which the MPC has been deployed. 

MPC in autonomous vehicle environment has been used for a variety of purpose such as 

trajectory planning and following, obstacle avoidance, smoothness in driving  and so on. Based 

on the functionality of the MPC, different vehicle models have been used which we will see in 

the literature examples, and the difference with other models available. The paper by [24] uses 

a linearized kinematic slip model of the vehicle to plan a path for the vehicle and asses threat 

using MPC. In the paper by [25] a unicycle model of the vehicle was used in designing the 

MPC and using potential field to perform obstacle avoidance using MPC. In the paper by [26], 

a detailed truck model is used for MPC which works on a dynamic model of MPC exploring 

both a bicycle model and 4-wheeled model of the vehicle. The bicycle model as shown in this 

paper requires lesser computation time when compared to a 4-wheeled model. A detailed 

description of the difference in using of kinematic and dynamic model was described in [27] 

where MPC with for trajectory tracking with lesser computation time was seen in the kinematic 

model of the vehicle. The vehicle model based on these literature reviews has been selected to 

be a kinematic bicycle model of the vehicle, to reduce the computation time for solving a non-

linear MPC problem along with fewer parameter identification. One of the most difficult parts 

of using the dynamic model of the car in MPC is to accurately estimate the tire stiffness which 

has been observed to be dependent on the function of the velocity of the vehicle. For lower 

speeds a linear tire model is used for estimating the tire stiffness, but at higher speeds a more 

complex non-linear tire model is used for estimating stiffness. To simplify these further for the 

purpose of simulation we opted for a non-linear bicycle model of the vehicle. For this thesis , 

only lower velocities of the autonomous car are of interest hence a bi-cycle model is preferred 

over a complex 4-wheel dynamic model. 

2.2 Non-Linear Kinematic model 

The non-linear kinematic model of the vehicle is designed using the following states of the 

vehicle which are position of the vehicle in the global coordinate frame denoted by X and Y. 

The velocity of the vehicle denoted by V and the heading angle of the vehicle denoted by 𝜓 . 

This model is designed by taking two inputs to the vehicle which are the acceleration ‘a’ and 

the body slip angle 𝛽. 
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Figure 3: Kinematic-Bicycle Model of Vehicle 

In Figure 3 we see the depiction of the kinematic-bicycle model of the vehicle which 

approximates the front and rear wheel of the vehicle as single wheels, much like a bicycle. The 

equations (1) below describe the relation of the various states of the vehicle with the inputs by 

the following set of equations. 

 

𝑋 = 𝑉 ∗ 𝑐𝑜𝑠(ψ + β)

𝑌 = 𝑉 ∗ 𝑠𝑖𝑛(ψ + β)

ψ =
𝑉 ∗ 𝑠𝑖𝑛(β)

𝑙𝑟

𝑉 = 𝑎

 

 

(1a) 

(1b) 

(1c) 

(1d) 

Note here in the above equation (1) of dynamics of the vehicle the only unknown parameter to 

identify is  𝑙𝑟 which is the position of the lateral axle from the COG of the vehicle which can 

easily be estimated using the geometry of the vehicle. 

One can also find a relation of the steering angle δ𝑓 with side slip angle β of the vehicle with 

the help of geometry observed in Figure 3 and the relation is given by the following equation 

2, 

 β = 𝑎𝑟𝑐𝑡𝑎𝑛 (
𝑙𝑟 ∗ 𝑡𝑎𝑛(δ𝑓)

𝑙𝑓 + 𝑙𝑟
) . (2) 

Here 𝑙𝑓 denotes the distance to the front axle of the vehicle from the COG. 

However, in this thesis we use the body slip angle instead of the relationship with front steering 

angle δ𝑓. Furthermore, instead of using above differential equations in continuous form we 

discretise the model with the sampling time 𝑇𝑠 to be used in the MPC formulation. 

If ‘t’ denotes the time at an instance, then ‘t+1’ denotes the time at the next instance. Then the 

differential equation 2 can be discretised and written in the following manner 
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𝑋(𝑡 + 1) = 𝑋(𝑡) + 𝑉(𝑡) ∗ 𝑐𝑜𝑠(ψ(t) + β(t)) ∗ 𝑇𝑠

𝑌(𝑡 + 1) = 𝑌(𝑡) + 𝑉(𝑡) ∗ 𝑠𝑖𝑛(ψ(𝑡) + β(𝑡)) ∗ 𝑇𝑠

ψ(𝑡 + 1) = ψ(𝑡) +
𝑉(𝑡) ∗ 𝑠𝑖𝑛(β(𝑡)) ∗ 𝑇𝑠

𝑙𝑟
𝑉(𝑡 + 1) = 𝑉(𝑡) + 𝑎(𝑡) ∗ 𝑇𝑠

 

 

(3a) 

(3b) 

 

(3c) 

 

(3d) 

 The discretized model described in the thesis by equation (3) to simulate both the plant model 

in the MPC as well as model for simulation of the real plant will be used. 

This discretized model will helpful in solving the optimization problem of the MPC and the 

study the behaviour of the MPC in path re-planning. 
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3 Path Planning Control 

A Model Predictive Controller is used for path planning for the autonomous ego vehicle in this 

thesis. This section will explain the theory behind the model predictive control and the reason 

for using this control strategy for solving the problem statement defined in this thesis. This 

section will also explain the MPC formulation used along with the concepts adopted from the 

state-of-the-art research, along with the proof for the concepts used in this work. 

3.1 Problem Statement 

Earlier research has shown the use of path planning algorithm such as D*, A* and so on to find 

an effective path to a destination from the start of the ego vehicle’s journey. These algorithms 

are usually used in an offline context to look for a path on the map and is used to look for a 

path in a pre-defined scenario. When using the word offline we understand these paths are 

usually static and do not change dynamically with sudden change in the environment 

conditions, for example the sudden presence of an obstacle. As such we require an online path 

re-planner which takes the path generated by the offline path planner and makes suitable 

changes to the ego vehicle’s condition using the dynamic real time road conditions. The 

algorithm that has been explored in this thesis for the purpose of path re-planning is model 

predictive control. The purpose for using MPC is the benefit of having the prediction nature of 

MPC along with constraint handling of the MPC algorithm to find a suitable path re-planned 

for the ego vehicle online. 

3.2 Model Predictive Control 

Model Predictive Control is one of the strategies used for finite horizon optimal control 

problems. This control strategy minimizes a performance-based objective (cost function) for 

forward based plant dynamics that accounts for the limitations of input and performance as 

constraints to the control strategy. We can think of MPC to use a model of the plant to predict 

future states of the plant and optimize a set of inputs such that the constraints are also satisfied 

within the prediction horizon while minimizing the cost function. MPC was originally 

developed in 1970s for petrochemical industries, and because of its high computational 

requirements was only used for slow processes. However, with development of fast hardware 

and better computational power MPC is finding its application in autonomous cars.  

The algorithm sequence is as follows. At each time step, t, the current plant state is sampled 

and a cost-minimizing control sequence spanning from time t to the end of a control horizon 

of n sampling intervals, t+n∆t, is computed subject to inequality constraints. The first element 

in this input sequence is implemented at the current time and the process is repeated at 

subsequent time steps. 

The MPC algorithm is an optimization problem that takes the future predicted state of the 

system and calculates the necessary input. Among the calculated inputs, the first input is given 

to the actual plant and the process is repeated for the next iteration. The optimization problem 

is optimized over a cost function usually defined by the user which considers the states and the 

input to the plant. The plant model used to predict the future states is a mathematical 

approximation of the dynamics of the system that gives an idea of what the next immediate 
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state of the system will be. Usually a one-step discretized system is preferred for this 

approximation. The model used for prediction can be linear or non-linear and has been shown 

to influence the computational capacity of the MPC algorithm as seen in research by [27][26]. 

The general MPC formulation is as follows for the system along with assumptions for the 

system. The MPC formulation taken here is for a non-linear system, because as we see in the 

following chapters, a nonlinear model of the plant has been used to describe the model used 

for prediction in the MPC frame work as seen in the literature [15].   

 𝑥(𝑡)̇ = 𝑓(𝑥(𝑡), 𝑢(𝑡)),   𝑥(𝑡) = 𝑥𝑜 (4) 

 Where we know that equation (4) describe a set of non-linear equations, followed by a set of 

state and input constraints as shown below 

                                                    
𝑢(𝑡) ∈ μ  ∀𝑡 ≥ 0, 

𝑥(𝑡) ∈ χ  ∀𝑡 ≥ 0 

 
(5) 

Where 𝑥(𝑡) ∈ χ ⊆ 𝑅𝑛 and 𝑢(𝑡) ∈ μ ⊆ 𝑅𝑚 denotes the vector of states and inputs respectively. 

The set of feasible input values are denoted by μ and the set of feasible states are denoted by 

χ. We assume μ 𝑎𝑛𝑑 χ satisfy the following assumptions as described below. 

Assumption 1 : μ ∈ 𝑅𝑚𝑖𝑠 𝑐𝑜𝑚𝑝𝑎𝑐𝑡 𝑎𝑛𝑑 χ ∈ 𝑅𝑛 𝑖𝑠 𝑐𝑜𝑛𝑛𝑒𝑐𝑡𝑒𝑑 𝑎𝑛𝑑 (0,0)  ∈ μ 𝑥 χ  

In its simplest form, μ , χ are given by box constraints of the form: 

 μ ≔ {𝑢 ∈ 𝑅𝑚|𝑢𝑚𝑖𝑛 ≤ 𝑢 ≤ 𝑢𝑚𝑎𝑥} (6a) 

  χ ≔  { 𝑥  ∈ 𝑅𝑛| 𝑥𝑚𝑖𝑛  ≤ 𝑥  ≤ 𝑥𝑚𝑎𝑥}  (6b) 

Here 𝑢𝑚𝑖𝑛 , 𝑢𝑚𝑎𝑥 and 𝑥𝑚𝑖𝑛, 𝑥𝑚𝑎𝑥 are given constant vectors. 

Assumption 2: The vector field 𝑓: 𝑅𝑛𝑥 𝑅𝑚 → 𝑅𝑛𝑖𝑠 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 𝑎𝑛𝑑 𝑠𝑎𝑡𝑖𝑠𝑓𝑖𝑒𝑠 f(0,0) = 0. In 

addition, it is locally Lipschitz continuous in x. 

Assumption 3 : The system (4) has an unique continuous solution for any initial conditions in 

the region of interest and any piecewise continuous and right continuous input function 

u(.):[0,𝑇𝑝]→ μ. 

In order to distinguish between the real system and the system model used to predict the future 

in the controller we denote the internal system model variables by a bar �̅� , �̅�. 

The finite horizon open loop optimal control problems described above is mathematically 

formulated as follows 

 𝑚𝑖𝑛(𝑢)̅̅ ̅̅̅(.)𝐽(𝑥(𝑡), (𝑢)̅̅ ̅̅ (. ); 𝑇𝑐, 𝑇𝑝) (7) 

 

With  

 𝐽(𝑥(𝑡), (𝑢)̅̅ ̅̅ (. ); 𝑇𝑝, 𝑇𝑐) ≔ ∫ 𝐹 ((𝑥)̅̅ ̅̅ (τ), (𝑢)̅̅ ̅̅ (τ))
𝑡+𝑇𝑝

𝑡

𝑑τ (8) 
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Subjected to 

 (𝑥)̅̅ ̅̅ (τ) = 𝑓 ((𝑥)̅̅ ̅̅ (τ), (𝑢)̅̅ ̅̅ (τ)) , (𝑥)̅̅ ̅̅ (𝑡) = 𝑥(𝑡) (9a) 

 (𝑢)̅̅ ̅̅ (τ) ∈ μ, ∀τ ∈ [𝑡, 𝑡 + 𝑇𝑐] (9b) 

 (𝑢)̅̅ ̅̅ (τ) = (𝑢)̅̅ ̅̅ (τ + 𝑇𝑐), ∀τ ∈ [𝑡 + 𝑇𝑐, 𝑡 + 𝑇𝑝] (9c) 

 (𝑥)̅̅ ̅̅ (τ) ∈ χ, ∀τ ∈ [𝑡, 𝑡 + 𝑇𝑝] (9d) 

Where 𝑇𝑃 𝑎𝑛𝑑 𝑇𝑐 are prediction and control horizon with 𝑇𝑝 ≥ 𝑇𝑐 . 

The standard quadratic form used for the function 𝐹(𝑥, 𝑢) here in this thesis is 

 𝐹(𝑥, 𝑢) = (𝑥 − 𝑥𝑟)
𝑇𝑄(𝑥 − 𝑥𝑟) + (𝑢 − 𝑢𝑟)

𝑇𝑅(𝑢 − 𝑢𝑟) (10) 

Where 𝑥𝑟  and 𝑢𝑟 denote the reference value for states and input respectively, Q and R represent 

positive definite weighting matrices. As seen in the initial condition of (9a)  the system model 

to predict the future state is initialised by the actual system state that has been measured. 

We now start formulating the MPC algorithm used in this thesis based on general formulation 

observed in literature as seen above. 

Since in the formulation used in this thesis 𝑇𝑐 = 𝑇𝑝 we can conveniently omit the general 

constraint shown in (9c) where we have the assumption 𝑇𝑐 ≠ 𝑇𝑝 so the values of input beyond 

𝑇𝑐 till 𝑇𝑝 was made to be constant of the last value of u calculated which is (𝑢)̅̅ ̅̅ (τ + 𝑇𝑐). We 

have also chosen to calculate the objective function based on tracking of states reference and 

not tracking of reference inputs, to reduce the complexity of overall MPC formulation. 

Another important fact to observe is that, in this thesis the model being used for the MPC is 

the discrete model of the system and the plant therefore the overall integral is replaced by 

summation. 

Given the above assumptions made for the purpose of solving the research questions for this 

thesis, we change the generalised MPC formulation of a continuous system to a generalised 

formulation of MPC for the discrete form. 

 𝑚𝑖𝑛(𝑢)̅̅ ̅̅̅(.)𝐽(𝑥(𝑡), (𝑢)̅̅ ̅̅ (. ); 𝑇𝑝) (11) 

With, 

 𝐽(𝑥(𝑡), (𝑢)̅̅ ̅̅ (. ); 𝑇𝑝) ≔ ∑ 𝐹 ((𝑥)̅̅ ̅̅ (τ), (𝑢)̅̅ ̅̅ (τ))
𝑡+𝑇𝑝

𝑡
 (12a) 

 (𝑥)̅̅ ̅̅ (τ) = 𝑓 ((𝑥)̅̅ ̅̅ (τ), (𝑢)̅̅ ̅̅ (τ)) , (𝑥)̅̅ ̅̅ (𝑡) = 𝑥(𝑡) (12b) 

 (𝑢)̅̅ ̅̅ (τ) ∈ μ, ∀τ ∈ [𝑡, 𝑡 + 𝑇𝑝] (12c) 

 (𝑥)̅̅ ̅̅ (τ) ∈ χ, ∀τ ∈ [𝑡, 𝑡 + 𝑇𝑝] (12d) 

 𝐹(𝑥, 𝑢) = (𝑥 − 𝑥𝑟)
𝑡𝑄(𝑥 − 𝑥𝑟) + (𝑢)𝑡𝑅(𝑢) (13) 
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The closed loop control which is designed for the optimization problem is given by 

 𝑢∗(τ) ≔ (𝑢)∗̅̅ ̅̅ ̅̅ (τ; 𝑥(𝑡), 𝑇𝑝), 𝜏 ∈ [𝑡, δ] (14) 

Where δ here represents the sampling instances. 

3.3 Stability of MPC 

The two major problems to discuss when using  MPC are the feasibility of MPC and the 

stability guarantee of the MPC controller. When spoken about feasibility of MPC problem 

usually they are referring to the feasible solution to the optimization problem defined in the 

MPC framework. When we speak about stability, we are considering the trajectories of the 

dynamics of the system to converge to an equilibrium point. We should also understand that 

we need to ensure recursive feasibility which means the presence of a feasible solution at every 

instance of iteration of the MPC in the defined simulation period. However, ensuring recursive 

feasibility does not imply stability of the MPC. An MPC controller may be recursively feasible 

but does not mean that the controller is stable. A detailed account of how stability and 

feasibility of a solution has been observed in this thesis is provided in the Chapter on stability 

and feasibility of MPC. 

3.4 Advantages of MPC 

The advantage of using MPC is the ability of the algorithm to predict the future states of the 

dynamics of the system while considering the numerous constraints imposed on the system. 

The constraints can be of numerous types. Environmental constraints like road boundary, road 

conditions are usually modelled as state constraints as seen in numerous literature studies. One 

such example is demonstrated by [28], in their work. The constraints can also account for 

actuator limits. Example of  actuator constraints are, maximum acceleration limit that can be 

given to the acceleration pedal of the vehicle or the steering constraints, which are limitations 

to the turning of the car. Constraints can also be designed to account for comfort of the driver. 

One such way of doing this is demonstrated by [24]. In Andersons’ work we see that he uses 

change in input states as part of the cost function and imposes limitation to the changes in input. 

This idea ensures that there is no large sudden change in the actuator inputs, thereby ensuring 

a smooth ride for the driver. These advantages make MPC a suitable control mechanism to be 

used for autonomous vehicles. The predictive nature of MPC can also be used to predict a 

future path without a reference path which gives it a level of autonomy in deciding the lane and 

avoiding other obstacles in the road as seen in [29] or in [30]. In addition to these, MPC can 

also be used to correctly follow the reference path with robust disturbance rejection by 

introducing constraints to account for disturbances in the actuator or in the measured state as 

seen in. These advantages make MPC a suitable algorithm that has been used in this thesis to 

account for the safety zone of the path planner. 
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4 Obstacle Avoidance in MPC  

This section of the thesis mainly focuses on obstacle avoidance in ego cars. It explains the 

constraint formulation used in the MPC to avoid obstacles as well as other constraints that 

involve keeping the ego car within a given lane, and the limitations on the actuator. 

4.1 Problem Statement 

There are numerous algorithms available in literature that are used for avoiding obstacles in 

real time. This section will provide a summary of the few strategies listed in literature along 

with ways to deploy them and the reason for using a given strategy. 

4.2 Background 

Numerous strategies have been seen for obstacle avoidance both offline and online for 

application pertaining an autonomous vehicle. 

Offline algorithms like A* or D* can avoid obstacles and plan a path around the obstacles, 

where the obstacles can be of any geometry. Based on the complexity of the geometry of the 

obstacles, these path planning algorithms can be modified to account for changes in geometry  

based on the mapping of the spaces. However, these algorithms are static, and the optimized 

paths are calculated offline, prior to the vehicle’s journey. The basic principles for these 

algorithms use the concept of Voronoi spaces that a given map is divided into. Each of these 

spaces is then converted into a node. Each node is further given a weight based on the relative 

position to its nearest start node and a weight based on its relative position to its destination. 

Based on the sum of the weights of these relative positions, the shortest optimized path can be 

found to the destination. In MPC framework, the path generated by the A* and D* algorithm 

act as a reference value for the MPC. The path generated by these coordinates are usually just 

coordinates which the MPC then accurately tracks .The dynamics of the vehicle and the road 

conditions are also considered while performing the tracking. Under such conditions the 

purpose of the MPC is more of a trajectory follower. Based on the velocity, acceleration and 

other references for the dynamics of the system can be calculated which can then be given to 

the MPC to track accurately as seen in [7]. In this thesis we are assuming that the path planner 

is giving us a basic path to track which is essentially following the centre line of the road which 

will be explained in the section of simulation setup. 

An example of online path planning that has been observed in literature is the use of an artificial 

potential field to find a feasible path around the obstacle. Here the basic idea has been to model 

a potential field for the ego vehicle in the form of road potential field, obstacle potential and so 

on. Obstacles fields are generally repulsive in nature which ensures that the ego vehicle do not 

collide with them. Road potential fields are attractive so that the vehicles stay within the 

prescribed road boundary and do not move out of the road boundary [29]. 

Another way of achieving online path planning in the Model Predictive formulation is the use 

of corridor constraints in the MPC framework. In the corridor constraint approach, constraints 

are designed for the position coordinates of the vehicle to remain within a certain limit which 

is calculated based on the size of the obstacle and the position of the obstacle. The optimization 
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algorithm of the MPC considers this constraint while predicting the future states and 

minimizing the cost function to provide suitable inputs to the actuators of the system[24]. 

Although, the above methods have shown to be successful in literature to act as path planners 

for the autonomous vehicle, they have a strict limitation on the size of the safety zone, which 

is non-adaptable. The purpose of this thesis is to come up with a path planner that accounts for 

the shape of the safety zone and successfully plans a path around an obstacle as shown in the 

problem statement chapter of the thesis. To account for the shape of the safety zone and the 

vehicle along with successfully planning a path around the vehicle Farkas’s lemma has been 

used which will be explained in detailed in the subsequent section along with the proof and its 

implementation in this thesis with a slight modification from the available literature. 

4.3 Implementation and constraint formulation 

This section includes the different constraint formulation for the MPC algorithm used in this 

thesis. The constraint formulations are classified in three different categories which are the 

constraints for obstacle avoidance, staying in given lane boundary and the actuator limitation 

constraints. 

4.3.1 Obstacle Inclusion 

The MPC formulation used in this thesis is using a non-linear MPC as shown in the chapter on 

MPC formulation. Along with this formulation another key ingredient that has been 

implemented in this thesis is the use of Farkas’s lemma. 

To explain the implementation of Farkas lemma in this thesis, certain mathematical 

terminologies are revisited such as the definition of half spaces, polyhedron and polytope. 

Geometrically a half space in 2D space ℝ2 is defined as the set of all the points that can lie on 

either side of an arbitrary straight line defined in the 2D space ℝ2. 

 

Figure 4: Half-space representation in geometry 

In Figure 4, above, it is seen that the line Ax+b=0 divides the ℝ2 into two distinct half spaces 

defined by Ax+b<0 and Ax+b>0 . Here A denotes the coefficient of x1 and x2 and x denotes 

the coordinates x1 and x2. 

Using the idea of half-space, the concept of polyhedron and polytope is further developed. A 

polyhedron is represented geometrically as intersection of finite number of closed half-spaces. 
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                                         𝑋 = 𝑥|𝑎1
𝑇𝑥 ≤ 𝑏1, 𝑎2

𝑇𝑥 ≤ 𝑏2, … . 𝑎𝑚
𝑇 𝑥 ≤ 𝑏𝑚  

where in generalised form it can be further written as 

𝑋 = 𝑥|𝐴𝑥 ≤ 𝑏 where 𝐴 = [𝑎1, 𝑎2, … 𝑎𝑚]𝑇 and 𝑏 = [𝑏1, 𝑏2, … 𝑏𝑚]. A polytope can then be 

defined as a bounded polyhedron. Figure 5a and 5b show the representation of the polyhedron 

and polytope respectively. 

 

 

 

 

 

 

Polyhedron and polytope defined here are always convex. Using these basic terminologies, we 

define the model the car and the obstacle as two different polytopes defined by the following 

equation (15). 

We define the ego car and the obstacle as two different polytopes 𝑍1 𝑎𝑛𝑑 𝑍2 where the set 𝑍1 

denotes all those points that lie within the ego car and 𝑍2 denotes the set of all those points that 

lie within the obstacle.  

Mathematically they can be described as the following equation 

 𝑍1 = {𝑧 ∈ ℝ2|𝐴1𝑧 ≤ 𝑏1 }and Z2 = {z ∈ ℝ2|A2z ≤ b2} (15) 

Geometrically the set 𝑍1 𝑎𝑛𝑑 𝑍2 can be imagined as two separate 4-sided polygons as shown 

in Figure 6 below 

Figure 5a: Representation of unbounded polyhedron 

Figure 5b: Representation of bounded polyhedron or polytope 
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With the mathematical formulation of both ego car and the obstacle defined by equation (15) 

we can then mathematically formulate the condition for collision avoidance of the ego car and 

the obstacle. 

 

 

 𝑍1 ∩ 𝑍2 =  ϕ (16) 

 With the help of equation (16) the condition for collision avoidance is that the intersection of 

the sets defined by 𝑍1 𝑎𝑛𝑑 𝑍2 should be an empty or null set. Algebraically this would imply 

that we have two sets of linear inequalities that should not have a common solution for them to 

not collide with each other. This can be alternatively represented as 

 {𝑧 ∈ ℝ2|𝐴𝑧 ≤ 𝑏} =  ϕ (17) 

 

Here, 

                                                            𝐴 = [𝐴1  𝐴2]
𝑇 , 𝑏 = [𝑏1  𝑏2]

𝑇            

Where we know that 𝐴1, 𝑏1 ∈ 𝑍1𝑎𝑛𝑑𝐴2, 𝑏2 ∈ 𝑍2.  

With the help of these formulations we can then use Farkas lemma which can be modified to 

be written in the MPC framework as explained in the literature by [25] and [31] which is shown 

here mathematically as 

 ∃ν ≥ 0, 𝑠. 𝑡 𝐴ν = 0 & 𝑏ν < 0 (18) 

Here ν denotes the decision variable that needs to be defined in addition with states and inputs 

to the MPC system. The equation (18) is formulated as additional constraints for the MPC 

system along with constraints to the dynamics, states and inputs to the system. 

Here we see that the matrix 𝐴 𝑎𝑛𝑑 𝑏 captures the information about the dimension of the 

obstacle and the ego vehicle. This is seen by the following set of equations  

Figure 6:Geometric Representation of ego car and obstacle as polygons defined as polytopes 
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Let, the polygon for the ego car be defined by the vertex points (xf1,yu1) , (xf2,yd1),(xb1,yu2) 

and (xb2,yd2). These four coordinates can then be used to define lines L1, L2, L3 and L4. The 

polygon Z1 can then be written as the union of these half spaces defined by these lines. 

 𝑍1 = ⋃𝐿𝑖

4

𝑖=1

 (19) 

Similarly, the obstacles can also be defined as the union of the half spaces defined by the lines 

formed by the coordinates (xo1, yo1), (xo1, yo2), (xo2, yo1) and (xo2, yo2). Notice that to 

define the ego car we are using all distinct coordinates of x and y whereas to define the obstacle 

we are using only two distinct values of coordinates x and y. This is not necessary and has only 

be done to simplify the computation. It can also be utilized for shapes other than quadrilaterals. 

  

 

 

 

 

 

 

 

 

 

 

 

The general equation of the line is described the equation below. 

 (𝑌 − 𝑌1) ∗ (𝑋2 − 𝑋1) = (𝑋 − 𝑋1) ∗ (𝑌2 − 𝑌1) (20) 

 

Hence Equations of the line L1 to L4 are given by, 

 L1 = (yd1 + yu1) ∗ x + (xf2 − xf1) ∗ y
≤ xf1 ∗ (yd1 + yu1) + yu1 ∗ (xf2 − xf1) 

(21) 

 L2 = (−yd2 − yu2) ∗ x + (xb2 − xb1) ∗ y
≤ xb2 ∗ (yd2 + yu2) − yu2 ∗ (xb1 − xb2) 

(22) 

 L3 = (yu2 − yu1) ∗ x + (xb1 + xf1) ∗ y
≤ xf1 ∗ (yu2 − yu1) + yu1 ∗ (xb1 + xf1) 

(23) 

       L4 = (yd2 − yd1) ∗ x − (xb2 + xf2) ∗ y ≤ −xf2 ∗ (yd1 − yd2) +
yd1 ∗ (xb2 + xf2)  . 

(24) 

 

(Xo1,Yo1) 

(Xo1,Yo2) 

(Xo2,Yo1) 

(Xf1,Yu1) 

(Xf2,Yd1) 

(Xb1,Yu2) 

(Xb2,Yd2) 

(Xo2,Yo2) 

L1 

L2 

L3 

L4 

 Figure 7:Picture showing the co-ordinates of the ego car and the obstacle 
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In Generalised form the equations can be written as, 

 𝐿1 = 𝐿𝑥1 ∗ 𝑥 + 𝐿𝑦1 ∗ 𝑦 ≤ 𝐶𝑙1 (25) 

 𝐿2 = 𝐿𝑥2 ∗ 𝑥 + 𝐿𝑦2 ∗ 𝑦 ≤ 𝐶𝑙2 (26) 

 𝐿3 = 𝐿𝑥3 ∗ 𝑥 + 𝐿𝑦3 ∗ 𝑦 ≤ 𝐶𝑙3 (27) 

 𝐿4 = 𝐿𝑥4 ∗ 𝑥 + 𝐿𝑦4 ∗ 𝑦 ≤ 𝐶𝑙4. (18) 

 

So, by putting the equations in vector form we can represent the above equations as, 

 𝐴1 =

[
 
 
 
𝐿𝑥1 𝐿𝑦1

𝐿𝑥2 𝐿𝑦2

𝐿𝑥3 𝐿𝑦3

𝐿𝑥4 𝐿𝑦4]
 
 
 

, 𝑧 = [𝑥 𝑦], 𝑏1 = [

𝐶𝑙1

𝐶𝑙2

𝐶𝑙3

𝐶𝑙4

] , 𝐴1 ∗ 𝑧 ≤ 𝑏1. (29) 

Since we know that the ego car changes its position with time, the time dependency is 

associated with the matrix as A(t) and b(t). 

The motion of the ego car is composed of rotation and translational motion. Mathematically 

we can represent the motion of the ego car in the time dependency of the ego car  𝑍1(𝑡) as 

shown in the mathematically expression below and the proposition to prove the expression as 

shown by [30]. 

 𝑍1(𝑡) = 𝑅(𝑡) ∗ 𝑍1(0) + 𝑇(𝑡) (30) 

Where R(t) represents the rotational orthogonal matrix and T(t) describes the transitional 

motion of the ego car. 

To use the relation between matrix 𝐴1 𝑎𝑛𝑑 𝑏1 with respect to rotational matrix and translational 

matrix R(t) and T(t) respectively we will use show the theorem and its proof in [30]. 

Theorem 1: For all t >0, we have, 

𝐴1(𝑡) = 𝐴1(0) ∗ 𝑅(𝑡)𝑇𝑎𝑛𝑑 𝑏(𝑡) = 𝑏(0) + 𝐴1(0) ∗ 𝑅(𝑡)𝑇 ∗ 𝑇(𝑡). 

We know that, 

𝑍1(𝑡) = {𝑧 ∈ ℝ2|𝐴1(𝑡) ∗ 𝑧 ≤ 𝑏1(𝑡)} 

= {𝑧 ∈ ℝ2, ∃𝑧𝑖 ∈ 𝑍1(0) 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑧 = 𝑅(𝑡) ∗ 𝑧𝑖 + 𝑇(𝑡)}. 

Let F denote the set  

𝐹 = {𝑦 ∈ ℝ2, 𝐴1 ∗ 𝑅(𝑡)𝑇 ∗ 𝑧 ≤ 𝑏1 + 𝐴1 ∗ 𝑅(𝑡)𝑇 ∗ 𝑇(𝑡)} 

To establish the proof, we must establish that 𝑍1(𝑡) = 𝐹 . Initially let us consider 𝑍1(𝑡) ⊂ 𝐹 

and consider a point  𝑧 𝑖𝑛 𝑍1(𝑡) so by definition there should be a point in 𝑧𝑖 in 𝑍1(0) such that 

𝑧 = 𝑅(𝑡) ∗ 𝑧𝑖 + 𝑇(𝑡) 

Let us multiply the above equation by 𝐴1(𝑡) ∗ 𝑅(𝑡)𝑇 we get  

𝐴1(𝑡) ∗ 𝑅(𝑡)𝑇 ∗ 𝑧 = 𝐴1(𝑡) ∗ 𝑅(𝑡)𝑇 ∗ 𝑅(𝑡) ∗ 𝑧𝑖 + 𝐴1(𝑡) ∗ 𝑅(𝑡)𝑇 ∗ 𝑇(𝑡) 
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Since the matrix defined for rotation is orthogonal, we have 𝑅(𝑡)𝑇 ∗ 𝑅(𝑡) = 𝐼 , which is the 

identity matrix, therefore we get 

𝐴1(𝑡) ∗ 𝑅(𝑡)𝑇 ∗ 𝑧 = 𝐴1(𝑡) ∗ 𝑧𝑖 + 𝐴1(𝑡) ∗ 𝑅(𝑡)𝑇 ∗ 𝑇(𝑡) 

Which shows us that 𝑧 ∈ 𝐹 ; 

For the inclusion of 𝐹 ⊂ 𝑍1(𝑡) ,let 𝑧 ∈ 𝐹 and consider a point z* such that 

𝑧∗ = 𝑅(𝑡)𝑇 ∗ (𝑧 − 𝑇(𝑡)) 

 

Multiplying the above equation by A1 we get 

𝐴1 ∗ 𝑧∗ = 𝐴1 ∗ 𝑅(𝑡)𝑇 ∗ (𝑧 − 𝑇(𝑡)) 

Since we know that 𝑧 ∈ 𝐹 which would imply that 

𝐴1 ∗ 𝑧∗ = 𝐴1 ∗ 𝑅(𝑡)𝑇 ∗ (𝑧) − 𝐴1 ∗ 𝑅(𝑡)𝑇 ∗ (𝑇(𝑡)) ≤ 𝑏1 

Which tells us that 𝑧∗ ∈ 𝑍1(0) therefore concluding that 𝑧 ∈ 𝑍1(𝑡). 

Using Theorem 1 along with Farkas lemma can help us include the dynamics and the shape of 

the obstacle and the ego car in the constraint of MPC . However, in this thesis for the sake of 

simplification we chose to consider the obstacle as stationary and a quadrilateral in the shape 

of a square or rectangle. 

Considering the obstacle as stationary would imply that 𝑍2(𝑡) = 𝑍2(0) ∀𝑡 > 0. Note that 

information of the dynamics of the obstacle can easily also be taken into the account in the 

same manner as dynamics of the ego car using theorem 1. 

 

4.3.2 Constraints for staying in Lane. 

This section will explain the constraints for staying in the lane for the MPC problem. Two  

different lane scenarios were developed and explored. The constraints to design were built 

using two different concepts. One approach involves Farkas lemma to be used again to stay in 

the given lane and the other, constraining the vertex points of the polygon to remain within a 

road corridor at every instance of time. 

Scenario 1: Consider a straight road scenario with no bends as shown in the figure 7 below 

Scenario 2: Consider a 90 degree turn road, or L – shaped road with a single sharp bend. 

To use the Farkas lemma for staying within a given road, we use the fact that the polygon to 

represent the obstacles can also be used to represent areas outside the road boundary as virtual 

obstacles which the ego car has to avoid.  
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Figure 9: Zone outside the Polygon with the 

vertices defined of the external zone 

 

 

 

Consider the road to be made up of a polygon 𝑍3 in case of a straight road and the L-shaped 

polygon to be made up of combination of polygon 𝑍3 + 𝑍4 and the areas outside the polygon 

to be complement of the polygon which can be considered as virtual obstacles for which the 

Farkas lemma can be applied. 

Each of these complements of the polygon can be treated as separate obstacles as shown in  

Figure 8 which can used in Farkas lemma. 

To demonstrate the use of Farkas lemma for keeping the car in the given road, we will consider 

the scenario of the L-shaped road. 

 

 

  

The polygon Z5 comprises of the information about the lane boundaries. Let the coordinates 

Y1=Y2 and Y3=Y4, along with X1=X4 and X2=X3. The equation of the polygon Z5  can then 

be given as in terms of half spaces. 

Figure 8: Scenario showing a straight road and L-shaped road with the polygon and the area outside 

polygon showing the complement . 
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𝐿1 = 𝑋 ≥ 𝑎 = (𝑋1 = 𝑋4)
𝐿2 = 𝑋 ≤ 𝑏 = (𝑋2 = 𝑋3)
𝐿3 = 𝑌 ≤ 𝑐 = (𝑌3 = 𝑌4)
𝐿4 = 𝑌 ≥ 𝑑 = (𝑌1 = 𝑌2)

 (31) 

Where a, b, c and d would contain the information about the road boundary where ‘a’ encodes 

the information about the beginning of the lane’s ,’b’ will encode the information about the 

point which turn of the lane starts, ‘c’ will encode the information about the end of the lane till 

which the path needs to be planned and ‘d’ will encode the information of the size of the 

horizontal lane width. 

Since this is a static information (denoting static obstacles) and does not change with translation 

and rotation motion of the polygon Z5 .  The corresponding equations of matrix Z5 can be 

defined as, 

 𝑍5 = 𝐴5 ∗ 𝑧 ≤ 𝑏5. (32) 

           

 

Where A5 and b5 are: 

 𝐴5 = [

1 0
−1 0
0 1
0 −1

] , 𝑏5 = [

𝑏
−𝑎
𝑐

−𝑑

] , (33) 

  𝑍1 ∩ 𝑍5 =  ϕ (34) 

So, the condition defined above tells us that  the intersection of the polygons Z1 and Z5 to be a 

null set. The definition of polygon Z1 corresponding to the ego car can be seen by equation (30) 

which covers the information about the dynamics of the ego car along with its dimension. Since 

now , all the necessary information to solve the Farkas lemma is available from the constraint 

formulation, Farkas lemma conditions can be applied as seen by equation (18). With the help 

of above example, one can show the conditions required by the ego car to stay in a lane by 

implementing Farkas lemma. This is not an effective method as this requires modelling every 

half space that is not associated with the lane as corresponding polygons representing a 

different virtual obstacle. 

To ensure that the constraint of the car staying in the corridor remains intact, the following idea 

is used along with the Farkas lemma. The vertices defining the polygon of the ego car is 

constrained to be within a given corridor. This ensures that all the points inside the polygon are 

also constrained to be within the corridor. 

Let the position of the centre of gravity of the ego car in the global co-ordinate be defined by 

the superscript of *, therefore the COG of the ego car position in global frame of reference can 

be written as 𝑋𝐶
∗ , 𝑌𝐶

∗. Let the evolution of the 𝑋𝐶
∗ , 𝑌𝐶

∗ with respect to time be given by the 

following equation, where f(d) defines the dynamics of the system in global coordinate and Ts 

define the sampling time. 
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𝑋𝐶

∗(𝑡 + 1) − 𝑋𝐶
∗(𝑡) = 𝑓(𝑑) ∗ 𝑇𝑠

𝑌𝐶
∗(𝑡 + 1) − 𝑌𝐶

∗(𝑡) = 𝑓(𝑑) ∗ 𝑇𝑠
  (35) 

 

To constrain the vertices of the polygon in the corridor, we must first find the vertices of the 

polygon in the global coordinate. To get the position in the global coordinate, we first transfer 

the system to local co-ordinate as we know the relative position of the vertices with rest respect 

to COG in the local co-ordinate, and transfer it back from local to global. To transfer from 

global to local we multiply the coordinates by the inverse of the rotational matrix, which is  

𝑅−1(𝑡). Once we have the local coordinates, we can compute the vertices with respect to the 

COG of the system, which is nothing but the dimension of the car. 

 

 

 

As we can see in Figure 10 , the vertices of the ego car can be measured with respect to COG 

of the ego car in local-coordinate where lf, lb gives us the position of the front back x -

coordinates of the vehicle and bd, bu gives us the y-coordinates of the vehicle. Using this 

information, we return to global co-ordinates to find the vertices in the global frame. This is 

demonstrated by the following equations. 

  𝑅−1 ∗ [
(𝑋𝐶

∗(𝑡 + 1) − 𝑋𝐶
∗(𝑡))

(𝑌𝐶
∗(𝑡 + 1) − 𝑌𝐶

∗(𝑡))
] = 𝑅−1 ∗ [

(𝑓(𝑑) ∗ 𝑇𝑠)

(𝑓(𝑑) ∗ 𝑇𝑠)
] ± [

𝑙𝑓,𝑏

𝑏𝑢,𝑑
] (36) 

Notice the sign convention for the vertices in the above equation, this has been decided by 

assuming that the COG 𝑋𝑐, 𝑌𝑐 have initially started with position (0,0). 

To return to the global position multiply the above set of equations back by R(t). It is known 

that R(t) is orthogonal, hence R(t)* 𝑅−1(𝑡) is equal to identity matrix, therefore the equations 

take the final form of, 

 [
𝑋∗

𝑌∗] = [
(𝑋𝐶

∗(𝑡 + 1) − 𝑋𝐶
∗(𝑡))

(𝑌𝐶
∗(𝑡 + 1) − 𝑌𝐶

∗(𝑡))
] = [

(𝑓(𝑑) ∗ 𝑇𝑠)

(𝑓(𝑑) ∗ 𝑇𝑠)
] ± 𝑅 ∗ [

𝑙𝑓,𝑏

𝑏𝑢,𝑑
]. (37) 

Figure 10:Vertices position w.r.t. COG in local frame 
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Using the above set of equations, we know the position of the vertices of the ego car in the 

global frame, which can now be constrained using the minimum-maximum size of the lane 

which in this thesis is the position of the lane. 

In Case 1: Condition for a straight lane, instead of using Farkas lemma, we can directly 

constrain the vertices of the ego car to be within the lane boundary. 

In Case 2: We use the approach of Farkas lemma, along with modifications of min-max 

conditions of case 1 to constraint the car in the L-shaped corridor. 

 
𝑌𝑚𝑎𝑥 ≤ 𝑌∗ ≤ 𝑌𝑚𝑖𝑛

𝑋𝑚𝑎𝑥 ≤ 𝑋∗ ≤ 𝑋𝑚𝑖𝑛
 (38) 

In the equation above, Xmax and Xmin would encode the information on vertical boundaries of the road.  

Ymax and Ymin will encode the information on horizontal boundaries of the road. 

4.3.3 Actuator Constraints 

Apart from constraining the X and Y coordinates of the given polygon, we must constrain the 

inputs of the system to remain within a fixed bandwidth of operation. The inputs to the system 

here are the acceleration and the sideslip angle which dictates the steering of the car. 

 −𝑎𝑚𝑖𝑛 ≤ 𝑎 ≤ 𝑎𝑚𝑎𝑥 (39) 

Here -amin corresponds to the maximum deceleration that needs to be given to the vehicle for it 

to come to a complete halt and amax corresponds to maximum acceleration to be given to the 

vehicle which depends on the maximum saturation of the actuator. 

Similarly, we have the conditions for body slip angle, which dictates the steering of the vehicle. 

We can see that the body slip angle is related to steering angle of the vehicle by a one to one 

function mapping by the following equation. 

 β = 𝑎𝑟𝑐𝑡𝑎𝑛 (
𝑙𝑟 ∗ 𝑡𝑎𝑛(δ)

𝑙𝑓 + 𝑙𝑟
) (40) 

 Where 𝑙𝑟 is the distance of the rear axle of the vehicle from the COG and 𝑙𝑓is the distance to 

the front axle from the COG and δ is the steering angle of the vehicle. By constraining the body 

slip angle of the vehicle, we can constrain the steering of the vehicle. The angle β is also 

constrain using the min and the max conditions as shown by the equation below, 

 −βmin ≤ β ≤ βmax. (41) 

4.4 Reference Generation 

In order plan a path by avoiding obstacles on the road, we require the MPC to track the states 

of the ego car which is given by [𝑥 𝑦 𝑣 ψ]. These states govern the dynamics of the car on the 

road. Based on the road scenarios these references change which is then given to the MPC for 

tracking. This section will demonstrate the various references given for tracking of the states 
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in the condition corresponding to a straight road and the conditions corresponding to an L-

shaped road. 

4.4.1 Generating reference points 

In the straight road scenario, we want ideally the ego car to follow the centreline of the road, 

which would imply the states Y and ψ need to be corresponding to the centreline line of the 

road.  

 

Figure 11:Ego vehicle following a straight path 

The given figure 11 shows the centreline of the road and the corresponding reference point of 

the centreline .In global frame we take the Y value at the centre being 0 and the heading 

required for the car to travel in this straight path to be 0 degree. The velocity reference can be 

taken as the velocity to be maintained in the given road condition and the X reference is taken 

the position calculated based on the previous optimized value, moving in a linear manner and 

spaced as per the velocity of the vehicle. 

 

Xref = xopt + vopt ∗ T𝑠

Yref = 0
ψref = 0

Vref = constant

 

 

(42a) 

(42b) 

(42c) 

(42d) 

In the above equation 𝑥𝑜𝑝𝑡 𝑎𝑛𝑑 𝑣𝑜𝑝𝑡 are the optimized values of the x position and velocity 

that has been calculated during N-1 iteration of the MPC problem. 𝑉𝑟𝑒𝑓 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 refers to 

the constant velocity that needs to be maintained in the given lane. In the condition for the L-

shaped path, the reference path is generated using Bezier curves. 

The goal of the MPC is to follow the path generated by the Bezier curve, while following the 

centreline of the road. 

The Bezier curve is generated by using a quadratic equation by using three control points. In 

this thesis the Bezier curve approximates the path generated by the higher-level path planner. 

The Bezier curve is constructed by using three control points 𝑃𝑜 , 𝑃1 𝑎𝑛𝑑 𝑃2 

𝑋𝑟𝑒𝑓(𝑡), 𝑌𝑟𝑒𝑓(𝑡) denote the reference points for the X and Y coordinates for the L-shape 

condition of the road.  
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 [
𝑋𝑟𝑒𝑓(𝑡)

𝑌𝑟𝑒𝑓(𝑡)
] = [

(1 − 𝑡2) ∗ 𝑃𝑜,𝑥 + 2 ∗ 𝑡 ∗ (1 − 𝑡) ∗ 𝑃1,𝑥 + 𝑡2 ∗ 𝑃2,𝑥

(1 − 𝑡2) ∗ 𝑃𝑜,𝑦 + 2 ∗ 𝑡 ∗ (1 − 𝑡) ∗ 𝑃1,𝑦 + 𝑡2 ∗ 𝑃2,𝑦
] (43) 

The Bezier curve generated above is done offline in the path planner and passed to the MPC 

trajectory follower in the manner of a look up table. The corresponding point that the ego-car 

needs to be located at is according to the Bezier curve generated based on its actual global X* 

and Y* coordinates and the velocity by which it is traversing the path at that given time. 

However, we should be aware that the Bezier curve generated is not continuous and available 

in form of discrete points. So, if one finds a point which is unable to locate on the Bezier curve, 

we interpolate the reference points based on the previous points that has been found on the 

Bezier curve. In this thesis, care has also been taken that if the point has deviated too far from 

the centreline of the road based on the generated Bezier curve, the points have been by default 

referenced back to the centreline of the road. This approximation is valid in the real world too, 

where we expect the ego-car to follow the centreline or stay in the centre of the road while 

traversing. 

 

 

 

Once the path reference point for the X and Y point is generated, we can calculate the further 

reference values for the other dynamics of the system, where we take 𝑉𝑟𝑒𝑓 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 

corresponding to the constant velocity that needs to be maintained on the road. 

The yaw angle with respect to the reference is given the following equation which takes in the 

reference points of 𝑋𝑟𝑒𝑓 𝑎𝑛𝑑 𝑌𝑟𝑒𝑓 taken from the Bezier curves. 

 ψ𝑟𝑒𝑓,𝑖 = 𝑎𝑟𝑐𝑡𝑎𝑛 (
𝑌𝑟𝑒𝑓,𝑖+1 − 𝑌𝑟𝑒𝑓,𝑖

𝑋𝑟𝑒𝑓,𝑖+1 − 𝑋𝑟𝑒𝑓,𝑖
) (44) 

With the help of Bezier, therefore in this we were able to compute the reference trajectory for 

an L-shaped road. 

  

Figure 12: L-shaped road with Bezier Curve generated 
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5 Safety Zone 

Safety Zone in this thesis refers to the area designed around the ego vehicle such that presence 

of any obstacle within this area would trigger the emergency manoeuvre of the ego vehicle. 

Emergency manoeuvre for this thesis would correspond to triggering of the Autonomous 

Emergency Braking System (AEB) such that vehicle comes to a complete standstill. However, 

this thesis does not focus on the implementation of the AEB system, but more on the cause for 

triggering of the AEB system. The triggering of this system is interpreted geometrically as the 

collision of the ego car polygon with road boundary and the obstacle boundary. 

This section of the thesis explains the safety zone. It also involves interpreting the safety zone 

in the MPC algorithm and its suitable adaptation in the obstacle avoidance. By incorporation 

of the Safety zone in Farkas lemma, and the new path generated after the incorporation of the 

Safety zone into the MPC. 

5.1 Literature Review 

In Literature, we see that there is no fixed description of the safety- zone for  autonomous cars. 

We see numerous interpretations of the safety zone, in [32], we understand safety zone as area 

on the road where the ego car moves to in case the safety controller is triggered. In the paper 

by [30], the idea of safety zone was developed as the minimum area that the ego car should 

have in order to be able to perform a safety manoeuvre. This is based on two common metrics 

,which are the time to collision(TTC) and the avoidance manoeuvre time(AMT). In the thesis 

by [24] the concept of safe corridor was used to define obstacle free zones on the road where 

the ego car can safely navigate. 

5.2 Safety Zone in Thesis 

Within the purview of this thesis the idea of safety distance is defined as the minimum braking 

distance the ego car needs to maintain to prevent head on collision with the obstacle. In this 

thesis the focus is only on static obstacles on the road, along with treating areas outside the lane 

of the road as virtual obstacles. We know through Newtonian mechanics that braking distance 

is a function of velocity of the body in motion. We can therefore define the braking distance 

by the following equation. 

 𝑣2
𝑓𝑖𝑛𝑎𝑙 = 𝑣2

𝑖𝑛𝑖𝑡𝑖𝑎𝑙 + 2 ∗ 𝑎𝑚𝑖𝑛 ∗ 𝑆𝑏𝑟𝑎𝑘𝑒 (45) 

Here 𝑉𝑓𝑖𝑛𝑎𝑙 = 0 as this responds to complete stop of the vehicle and 𝑎𝑚𝑖𝑛 corresponds to the 

maximum deceleration that the ego car can produce. Here 𝑆𝑏𝑟𝑎𝑘𝑒 is the braking distance. To 

further increase this braking distance, we multiply this safety distance (Sbrake) by a factor of k 

which ensures a higher margin of safety. 

 𝑆𝑏𝑟𝑎𝑘𝑒 = 𝑘 ∗
𝑣𝑖𝑛𝑖𝑡𝑖𝑎𝑙

2

2 ∗ 𝑎𝑚𝑖𝑛
 (46) 

Once the safety distance is calculated we include this distance to the dimension of the vehicle, 

which then can be part of the obstacle avoidance constraint in Farkas lemma. This technique 
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helps us to make the safety zone as a part of the MPC controller, along with finding an optimal 

size of the safety zone based on the velocity of the ego vehicle which also acts as a decision 

variable for the MPC algorithm. 

 

 

 

 

 

 

 

 

 

 

 

Figure 13, denotes the ego car along with safety zone that surrounds the car as a function of 

safety distance. The incorporation of the safety zone with dimension of the ego vehicle is done 

by the following equations:  

As we see in Figure 10 the location of points of the vertices of polygon with respect to COG 

in local coordinates is given by 

 

𝑋𝑓1 = 𝑋𝑐 + 𝑙𝑓
𝑌𝑢1 = 𝑌𝑐 + 𝑏𝑢

𝑋𝑓2 = 𝑋𝑐 + 𝑙𝑓
𝑌𝑑1 = 𝑌𝑐 − 𝑏𝑑

𝑋𝑏1 = 𝑋𝑐 − 𝑙𝑟
𝑌𝑢2 = 𝑋𝑐 + 𝑏𝑢

𝑋𝑏2 = 𝑋𝑐 − 𝑙𝑟
𝑌𝑑2 = 𝑌𝑐 − 𝑏𝑑

 

 

(47a) 

(47b) 

(47c) 

(47d) 

(47e) 

(47f) 

(47g) 

(47h) 

Notice in the above equation Xc and Yc are the position of the COG in local co-ordinates which 

we take it to be (0,0) in order to have symmetry in the shape of the polygon. Due to the position 

being defined about COG of the vehicle, we distribute the coordinates with appropriate signs 

around the origin. Once we have these coordinates in the local frame, we add the safety distance 

to these coordinates. 

Figure 13: Diagram denoting ego car along with safety zone 

Red-Zone denoting ego 

car  

(0,0) 

Y 

X 

Green-Zone denoting Safety zone 

around ego car as function of 𝑆𝑏𝑟𝑎𝑘𝑒 
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𝑋𝑓1 = 𝑋𝑐 + 𝑙𝑓 + 𝑆𝑏𝑟𝑎𝑘𝑒

𝑌𝑢1 = 𝑌𝑐 + 𝑏𝑢 + 𝑆𝑏𝑟𝑎𝑘𝑒

𝑋𝑓2 = 𝑋𝑐 + 𝑙𝑓 + 𝑆𝑏𝑟𝑎𝑘𝑒

𝑌𝑑1 = 𝑌𝑐 − 𝑏𝑑 − 𝑆𝑏𝑟𝑎𝑘𝑒

𝑋𝑏1 = 𝑋𝑐 − 𝑙𝑟
𝑌𝑢2 = 𝑋𝑐 + 𝑏𝑢

𝑋𝑏2 = 𝑋𝑐 − 𝑙𝑟
𝑌𝑑2 = 𝑌𝑐 − 𝑏𝑑

 

 

(48a) 

(48b) 

(48c) 

(48d) 

(48e) 

(48f) 

(48g) 

(48h) 

Here 𝑆𝑏𝑟𝑎𝑘𝑒 is defined as per equation (46) and added only to the front coordinates of the ego 

car in this thesis only for looking at obstacles ahead. However, one can also add it to the rear 

of the vehicle, in case of situations to be aware of rear obstacles too. The condition that has 

been assumed in this thesis is only for observing static obstacles ahead on the road, for 

reduction in complexity. Once we have the new coordinates of the vertices of the polygon, we 

can continue to use Farkas lemma defined by equation (18). With the help of this formulation 

we are not only to include the safety zone as part of the MPC algorithm but also calculate the 

optimum size of the safety zone that needs to be maintained to avoid the obstacles, as the safety 

zone in itself is a part of the decision variable of the MPC. This helps to answer the research 

question we hope to answer, which we defined in the beginning of this thesis. 
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6 Stability and feasibility in MPC 

This section deals with feasibility and stability of the MPC that has been used in this thesis 

based on the available literature. The MPC formulation in this thesis is of non-convex and of 

non-linear kind making the discussion on stability and feasibility of controller highly 

important. 

6.1 Background and Implementation 

In literature, various methods have been seen to ensure feasibility of solution obtained from 

the optimization problem. As mentioned earlier in the literature , it is seen that the optimization 

problem that is required to solve in this MPC is of non- convex and non-linear kind. The plant 

model that has been explored is of non-linear nature and the constrained designed for the MPC 

in terms of Farkas lemma gives the constraints the nature of being non-convex. 

The approach that has been studied to solve such problem has been topic of research among 

many academies. In lectures by [33], research by [34] the common scheme that has been used 

to solve the stability and feasibility of MPC is the design of a terminal cost function and the 

design of a terminal constraint which when applied to the MPC algorithm ensures the stability 

and feasibility of MPC solution. A check to ensure feasibility of the solution for linear system 

has been also been provided by [35], where he suggests using Farkas lemma to check for 

recursive feasibility of MPC before designing the constraints. In the work by [36] he uses the 

idea of designing a maximum invariant set to increase the robustness for MPC. The key idea 

that has been inferred, is to design the terminal constraints for the MPC in a manner that it 

drives the dynamics of the system to its maximum invariant set, thereby increasing the overall 

robustness of the MPC. 

Since the constraints derived for MPC have been found to be of highly non-convex nature, 

because of the coupling of dynamics in the constraint formulation, it has been challenging to 

design and visualize a terminal constraint set. We have adopted from the literature the design 

of a terminal cost function in the form of a Lyapunov function as seen in [33] given by the 

following equations 

 

𝐽𝑁 = 𝑚𝑖𝑛𝑥,𝑢  ∑ 𝑥𝑖
𝑇 ∗ 𝑄 ∗ 𝑥𝑖 + 𝑢𝑖

𝑇 ∗ 𝑅 ∗ 𝑢𝑖

∞

𝑖=𝑁

𝑠. 𝑡: 𝑋𝑖+1 = 𝐴 ∗ 𝑋𝑖 + 𝐵 ∗ 𝑈𝑖

 

 

(49) 

Here 𝐽𝑁 denote the terminal cost function and N denotes the prediction from which the 

constraints imposed on the MPC are not active and is calculated towards infinity. The idea of 

defining the Lyapunov function for the defining the terminal cost function, is one which is very 

common literature with its proof available in numerous literature resources to ensure the 

stability of the MPC. 
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The definition of Lyapunov stability is given as follows and derived from [33] where  the 

equilibrium point at the origin of the system 𝑥(𝑘 + 1) = 𝐴𝑥(𝑘) + 𝐵𝐾(𝑥(𝑘)) = 𝑓𝐾(𝑥(𝑘)) is 

said to be Lyapunov stable in 𝑋 if for very 𝜖 > 0, there exists 𝛿(𝜖) > 0 such that for every 

𝑥(0) ∈ 𝑋: 

||𝑥(0)|| ≤ 𝛿(𝜖) ⇒ ||𝑥(𝑘)|| < 𝜖 ∀𝑘 ∈ 𝑁 

Based on the above definition of the Lyapunov stability and idea the terminal cost function 𝐽𝑁 

is calculated as 

 𝐽𝑁 = 𝑋𝑁
𝑇 ∗ 𝑃 ∗ 𝑋𝑁 (50) 

Here in the above equation P is the solution of discrete- time algebraic Riccati equation as 

shown in the equation (50). 

The bounds the tail of the MPC from N to ∞ by imposing the control law 𝑢 = 𝐾𝐿𝑄𝑅 ∗ 𝑥. 

Here ,𝐾𝐿𝑄𝑅 = −𝑅−1 ∗ 𝐵𝑇 ∗ 𝑃 and P is defined as the solution of the equation below 

 𝑃 = 𝐴′ ∗ 𝑃 ∗ 𝐴 − 𝐴′ ∗ 𝑃 ∗ 𝐵 ∗ (𝐵′ ∗ 𝑃 ∗ 𝐵 + 𝑅)−1 ∗ 𝐵′ ∗ 𝑃 ∗ 𝐴 + 𝑄 (51) 

Here A, B are the linearized dynamics of the plant at the equilibrium point by taking the 

Jacobian of the non-linear dynamics and R is defined as the weight on the inputs, and Q as the 

weights on the states of the MPC when the constraints imposed on the MPC are activated. 

To ensure feasibility of MPC , instead of designing terminal constraint set which were much 

harder to implement considering the non-convex nature of the constraints, the algorithm used 

by [25] to ensure the failsafe nature of the MPC when using Farkas lemma. 

Along with the above idea of Lyapunov function for terminal cost function, the idea is first to 

calculate the solution for a constant cost function (which is considered as 0) and use the solution 

obtained from the cost function as initial values for the MPC with the states and input in the 

cost function. 

If the solution to either of the optimization problem (constant cost function or the MPC cost 

function) provides an infeasible solution. Initially values are re-calculated without Farkas 

lemma as constraints. The solution from this is then used as initial values to re-calculate for the 

MPC with the states and inputs in the cost function. 
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             A basic flowchart of this methodology is depicted by the following figure. 

 

                                                Figure 14: Algorithm used for ensuring  feasibility 
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7 Results  

This section deals with results calculated and computed during the implementation of the 

algorithm on MATLAB. The following results were built using the YALMIP platform [23]  on 

MATLAB using the IPOPT solver. In this section the path planner with and without the safety 

zone for different positions of the obstacle and different road scenarios will be demonstrated. 

Scenario 1: L-shaped roads with obstacles present on the turning of the road with the MPC 

aware of the safety zone with Obstacle at (26, 2) position in the horizontal manner and 

starting at the initial state of X=0,Y=0 , ψ = 0, V=5. 

Table 1:Weights on States and Inputs for MPC Scenario-1 

System States Weights(Q) Input Weights 

X (position in horizontal 

direction) 

10 a (acceleration of ego car) 0.1 

Y (position in vertical 

direction) 

10 β (side slip angle of 

vehicle) 

0.1 

V (velocity of ego car) 900   

ψ (Heading angle) 10   

 

 

Figure 15:General Layout of the Simulation Explaining Various Parts 
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Figure 16:At t=0s: Position of Ego car with safety zone 

 

Figure 17: At t=10s :Position of ego car 
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Figure 18:At t=20s: Position of Ego car 

 

Figure 19: At t=35s: Position of Ego car 
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Figure 20:At t=45s: Position of Ego car 

 

The above images  display the various position of the ego car  with the change in the safety 

zone at different time instances. The key thing  to notice in these images is the ability of the 

ego to avoid the static obstacle in the road while being aware of the shape of its safety zone. 

This was one the questions hoped to answer. The second part to notice is that t=20s and t=35s 

the safety zone of the car changes based on its position to the obstacle. At t=20s the safety zone 

first becomes smaller to avoid the obstacle , and at t=35s we see the safety regain its shape 

once the obstacle has been avoided. In all these instances we all notice that the ego is also aware 

of the boundary of the road in which it is present. 

The next set of images will show us the scenario in which the information of the safety zone is 

not available to the higher level path planner and see the corresponding results associated with 

such conditions. 
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Figure 21:At t=0s: Position of the ego car 

 

Figure 22:At t=10s: Position of the ego car 
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Figure 23: At t=20s: Position of the Ego car 

 

The above images show the position of the ego car without the safety zone being included in 

the higher level MPC path planner. In these set of images, we see that the safety zone interferes 

with the obstacle and the road boundary at t=20s, thereby prompting the car to perform its 

emergency manoeuvre, which in this case is to immediately halt the vehicle. The emergency 

manoeuvre has not been demonstrated in this thesis as this is out of the scope of the thesis. 
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Scenario 2: L-shaped roads with obstacles present on the turning of the road with the MPC 

aware of the safety zone with Obstacle at (26,2) position in the vertical manner and starting at 

the initial state of X=0,Y=0 , ψ = 0, V=5. 

 

 

Figure 24:At t=0s , Position of the ego car  in the road 

 

Figure 25: At t=10s: Position of the ego car in the road 
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Figure 26: At t=20s:Position of ego  car on the road 

 

Figure 27: At t= 35s: Position of the ego car on the road 
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Figure 28: At t=45s: Position of the ego car on the road 

Here in these set of images we see that the ego car is avoiding the obstacle in a manner that it 

is aware that there is only one possible option of the ego car to avoid the obstacle thereby 

making the turn. Here the key images to notice are at t=20s and t=35s where the ego car is able 

to avoid the obstacle by ensuring that the safety zone does-not interfere with the obstacle by 

changing the shape of the safety zone. The corresponding weight matrices for the input and the 

states have been shown below for such conditions. 

 

Table 2: Weights on States and Inputs for MPC for Scenario 2 

System States Weights(Q) Input Weights 

X(position in 

horizontal direction) 

10 a(acceleration of ego 

car) 

0.1 

Y(position in 

vertical direction) 

10 β(side slip angle of 

vehicle) 

0.1 

V(velocity of ego 

car) 

1000   

ψ(Heading angle) 10   
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Figure 29: At t=0s, Position of the car on the road 

 

Figure 30: At t=10s, Position of the obstacle on the road 
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Figure 31: At t=20s, Position of the obstacle on the road 

In these set of images, we see that the safety zone interferes with obstacle at t=20s, although 

the safety zone changes with the velocity as it hopes to maintain the ego within the corridor of 

the road. Notice in the images that the ego car at t=20s we see that the ego car avoids the 

obstacle and keeps in the corridor of the road, but the safety zone interferes with the obstacle. 

We maintain the same weights on the states and the inputs of the MPC system as the one where 

the safety zone is integrated in the MPC path planning process. 
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Scenario 3: Straight Road with Obstacle, where the objective is for the Vehicle is to just stop 

before the obstacle without the safety zone interfering with the obstacle and starting at the 

initial state of X=0,Y=0 , ψ = 0, V=5. 

 

Figure 32: At t =0s: Position of the ego car on the straight road 

 

Figure 33: At t=10s: Position of the ego car on the road 
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Figure 34: At t=20s: Position of ego car on the road 

 

Figure 35: At t=35s: Position of ego car on the road 
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Figure 36: At t=45s, Position of ego car in the road 

In this scenario, the ego car changes the safety zone according to the velocity. The ego car is 

starting from t=20,35,45s has the safety zone decreasing before the car can stop. Another 

constraint in this system is that the ego car has been confined to stay in the centreline of the 

straight road. This is another way to check that the safety zone is incorporated in the MPC and 

change in the safety zone with the MPC’s optimization algorithm. This kind of setup will be 

helpful in cases where the car needs to stop before a traffic signal or halt at a fixed location due 

to other external reason. Also notice the right-hand bar graph showing the prediction of the 

states, we see that the velocity and acceleration states are predicted to have a value 0. This 

clearly shows that the MPC prediction for all future values has led to the car being halt 

 

In contrast to the given scenario, we observe the conditions where the safety zone is not 

incorporated as part of the MPC. Here we expect the safety zone to stop the car prematurely 

much before the time where we expect the car to stop, because of the triggering of the AEBS. 

 

 

 

 

 

 

 



 

62 
 

 

Figure 37: At t=0s: we see position of the car and the safety zone 

 

Figure 38: At t=10s: position of the car and the size of the safety zone 
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Figure 39: At t=20s: we see the position and size of the obstacle 

A point to be noted here is that just to visualize the result, we have taken the size of the safety 

larger than the one taken in the previous cases. We observe here that the car does-not shrink 

the safety zone in accordance to the position it needs to stop. We notice that in the previous 

case where the safety zone was included as a part of the MPC the car stopped at the correct 

position, just before the obstacle, but in the case where the safety zone is not part of the MPC, 

the ego car has come to a complete halt ,than it was expected to stop. This is evident from the 

Figure 39 where we see the intersection of the safety zone with the obstacle. If we notice the 

velocity and acceleration bar plots in the Figure 39, we see that these values calculated by the 

path planner are not zero as the ego car has come to the halt position because of the activation 

of AEBS. 
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8 Discussions & Conclusions 

To summarize the important results observed in the thesis, we first revisit the questions that we 

set out to answer in the beginning of the thesis which are 

1) Comparing this constrained path-planning MPC with one that does not take the safety zone 

into account, what are the implications on efficiency of the path-planning and the activation 

rate of the safety controller. 

2) What is optimal geometry (shape and size) for efficiency and activation rate? 

 Both the questions are answered using the two scenarios that were demonstrated in the result 

section of the thesis. 

In Scenario 1 and Scenario 2, we expect the ego vehicle to turn around a static obstacle, shaped 

as a regular rectangular polygon or come to a complete halt just before the obstacle. Here we 

notice that the road is in the form of a L-shaped and a straight road respectively and we expect 

the ego car to be within this road corridor. We see that the safety zone adapts itself according 

to the velocity of the ego car and the proximity of the ego car from the obstacle. Here the 

relative weights on the matrices for the states and inputs play an influential role in the direction 

and the following reference trajectory. Trial and error methods were used to find an optimal 

solution for the MPC path following and planning algorithm used in the thesis. We also 

observed that certain weights guaranteed a feasible solution for the MPC while few others 

guaranteed an infeasible solution for the MPC. There are no one set of unique values of weights 

on the state and input matrices that guarantees a feasible solution to the MPC algorithm. The 

activation rate in the thesis refers to the activation of the AEBS of the ego car. This is basically 

modelled in terms of geometry as the intersection of the safety zone polygon with the road 

boundary or the static obstacle. This understanding will help us to justify the solution of he 

second research question. 

We also see that by making the shape of the safety zone as a function of the decision variable 

in the MPC, we are able to include the safety zone as a part of the optimization problem . In 

this case we define the safety zone as a function of braking distance which is in turn a function 

of velocity (a decision variable) of the MPC. This helps us to make the safety zone as a part of 

the optimization algorithm thereby ensuring that we get an optimized shape on each solution 

of the optimal trajectory calculated by the MPC. By making the safety zone as a part of the 

optimization algorithm, the MPC not only provides us with the optimal trajectory but also the 

optimal shape and size. This thereby helps us in answering the second research question that 

involved finding the optimal geometry of the safety zone. We demonstrate this in the thesis by 

modelling the safety zone as a quadrilateral which is an extension of the ego cars geometry. 

This is done by extending the original ego car geometry as function of braking distance as 

mentioned before. Considering the quadrilateral as a base geometry, we now continuously vary 

the size of the quadrilateral as a part of the optimization problem in MPC, to find the optimum 

size and shape. The base geometry could also be modelled as any other closed polygon for 

example a triangle, a pentagon and so on. Since the autonomous vehicle can be subjected to a 

variety of scenarios, the shape of the base polygon can be anything, which can be difficult to 

conclude. For the sake of simplicity and generalization a quadrilateral shape was considered to 

demonstrate the dynamic nature of the safety in the optimization algorithm. 
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To answer the first research question of the including the safety zone and integration of safety 

zone in the path planner , we compare with the algorithm with the one that does not involve 

inclusion of safety zone in the path planner. In scenarios pertaining to traverse a L-shaped road, 

we observe that even though there is an optimal path available near the obstacle the ego car 

comes to a halt because of the safety zone intersecting the obstacle while making a turn. In the 

case of the scenario where we expect the car to halt just before the static obstacle, we see that 

the ego car halts before the desired point. This clearly shows us that, as the safety zone is not 

integrated as a part of the MPC path following and planning algorithm, the ego car is unable to 

steer around a feasible path without the triggering of the AEBS. Along with this when we study 

the second scenario, we expect the safety zone to complete overlap with the dimension of the 

vehicle. This is done to ensure that the ego vehicle stops just before the obstacle without 

triggering the AEBS. This again demonstrates the integration and optimization of the safety 

zone as a part of the MPC. 

In cases where we have the static obstacle present directly on the reference path for scenario 1 

of the ego car , the emergency brake is activated much before the ego car can steer around the 

obstacle. Other factors that might influence the activation of the emergency brake activation 

are the nature (static , dynamic) of the obstacle along with the size and shape of the obstacle 

also plays a significant role in the change in shape of the safety zone around the ego car. The 

thesis has been limited to modelling a rectangular shaped, static obstacle whose size is 

determined by ensuring there is always a feasible path to travel on the road for the ego car. 

The weights for tuning the MPC has been selected based on trial and error to find a solution 

for the optimizer. An observation that has been seen is that weights on the states are usually 

higher compared to the input given to the system. The reason for doing so, is to ensure higher 

precedence and more emphasis is given to the ego vehicle to maintain its states when compared 

to its inputs. Since the inputs to the system need to change more easily to maintain the 

constraints on the states, lesser weights have been given to the inputs of the system. There is 

no unique values of the weights on the input and the states that ensure a solution to the MPC 

problem. The weights to find a solution and tune the system depend on the definition of 

dynamics defined in the system, the geometry of the safety zone and the position and size of 

the obstacles on the road.  

The Cases have been designed considering that most real-world scenarios can be visualized as 

a straight road, a L-shaped road or combination of them. However, this thesis, limits to static 

obstacle and the presence of dynamic obstacle on the road has been mentioned as part of future 

work. Another reason for selecting these scenarios was to greatly reduce the computation time 

for solving the optimization problem. 

The shapes that were evaluated before moving towards the design of trapezium for the safety 

zone are the triangle and a regular rectangular shape. 

Since we are considering for obstacles in front of the ego vehicle, an isosceles triangle was 

designed with apex towards the rear end of the vehicle. The isosceles triangle was considered, 

considering the basic geometry of the footprint of the ego vehicle which is a rectangle. Since 

the rectangle has two pair of equal sides, the design of an isosceles triangle seemed apt for 

enclosing the ego vehicle.  

The problem in designing an isosceles triangle for the safety zone was to ensure the ego vehicle 

is always completely inside the safety zone. Since the shape and size of the isosceles triangle 
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was always changing as a function of safety distance in the MPC optimization algorithm. It 

was difficult to ensure that the ego vehicle always remains bounded by the safety zone under 

all circumstances. Another difficulty that was observed was to guarantee a solution for the 

MPC optimization problem for every new shape of the isosceles triangle. 

Another geometry shape that was considered was a regular rectangular shape that surrounds 

the ego vehicle. Here the problem of only varying the length of the rectangle in longitudinal 

direction with the braking distance, didn’t account for the steering of the vehicle in the lateral 

direction. This didn’t give the ego vehicle enough time to come to a halt in case of a sudden 

change in direction of the vehicle due to manoeuvring. To avoid this unsafe manoeuvring, the 

idea of using rectangle that changes the shape and size in the forward direction both in lateral 

and longitudinal direction is considered. Since we are considering the change in shape and size 

in the forward direction of the rectangle, this gives rise to the design of an isosceles trapezium 

for the safety zone of a rectangular ego vehicle. 
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9 Future Work 

This part of the thesis explains the future scope of the thesis, with ideas that can be implemented 

to improve the overall efficiency and practicality of the work. 

The plant model selected in the above thesis work and elaborated in chapter 2.2 based on past 

literature work has been a non-linear bicycle model. The underlying assumption in selecting 

the bicycle model has been that the ego car is moving at low speeds. This constraint has been 

selected to simplify the parameter identification in the models along with decrease in 

computation time for the solver. It would be valuable interest to evaluate the performance of 

different plant models with greater information of dynamics involved to design the ego vehicle. 

This would also correspond to also not limiting the ego vehicle to only low speeds. 

The thesis has not focused on the areas of uncertainty of perception. This would influence the 

shape of the safety zone around the ego vehicle. The aim of the shape of the safety zone around 

the vehicle is to ensure that the ego vehicle is safe under all scenarios of failure. It would be of 

interest to see , the influence of the uncertainty of perception on the shape and size of the safety 

zone. One idea, to introduce the influence of uncertainties in perception can be studied in the 

work on Responsible Sensitive Safety by Mobileye [37]. 

Another possible area of work, that needs to explore would be to build more detailed road 

scenarios , rather than generalised scenarios of a straight road and an L-shaped road. 

Assumptions have been made to work on the generalised scenarios of a straight road an L-

shaped road to reduce computational burden. It would be significant to explore more complex 

scenarios such as presence of dynamic obstacles with random behaviour. A good example 

would be cyclist cutting lane in front of an ego vehicle and so on. 

One fact that has been observed in the literature that can increase the overall efficiency of the 

Farkas lemma computation in the MPC framework is the implementation of the back-curling 

method. 

The method basically considers only the visible sides of the polygon with respect to the obstacle 

while applying Farkas lemma as shown by [31] and mentioned by [25]. Apart from this, the 

thesis is limited in its scope in simulation of the system on MATLAB, it would be of great 

importance to study the results in operation of a real-time vehicle platform. An important scope 

of study would also be running the above algorithm with an actual path planner and study the 

nature of the result, rather than an assumed reference path planner. 

We also find that an important scope of work worth investigating would be also to find robust 

constraints and conditions to guarantee feasibility and stability. One approach that has been 

found to be useful is the designing of terminal set as a terminal constraint under which 

guarantee of feasibility of MPC solution can be assured. We observed that since the constraints 

defined are of non-convex nature, defining a terminal set under such conditions is another area 

of work that needs to be researched too. In this thesis static obstacles are used for path re-

planning by MPC, it would be of interest to study by future researchers the change of safety 

zone with non-static obstacles under different road conditions. 
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